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Abstract

In time delay estimation the correlator or, equivalently, matched filter estimator is
widely used. Examples of its usage can be found in the global positioning system (GPS),
radars and code division multiple access (CDMA) communication systems. Although
widely used its performance is not studied in general case until recently. Partially this
study is done in this thesis.

If interfering signals like multipath or multiple access signals exist in addition to
additive white Gaussian noise, as in GPS and CDMA, the correlator is not a maximum
likelihood (ML) estimator. However, it is known that the correlator produces consistent
estimates in the existence of multipath interference if the delay separation is larger than
the correlation time of the signal (in direct sequence spread spectrum applications such
as GPS and CDMA, the correlation time approximately equals the chip duration of the
spreading code). It also performs well in the existence of multiple access interference
(MAI), if the powers of the MAI signals are equal to the power of the desired signal.

In this thesis the asymptotic distribution of the correlator estimator is derived in
multisignal environments. Using the result, it can be analytically shown, that in these
benign interference cases the exact ML estimator and the correlator estimators perform
equally well in the sense that their asymptotic covariance matrices are equal. The thesis
also verifies the well known result that if the signals are orthogonal, then the correlator
and ML estimators perform equally. In addition, the correlator’s asymptotic performance
is investigated also in the inconsistent case by slightly extending the earlier results found
in the literature.

Also the resolution of the correlator estimator is investigated. It is numerically shown
that the correlator estimator can produce consistent estimators even if the delay separa-
tion is less that the chip duration, which is commonly believed to be the resolution limit
of the correlator. This can happen in fading channels where the multipath amplitudes
are uncorrelated or just slightly correlated. This result seems to be fairly unknown.

In addition to the classical ML estimator, where all the unknowns are assumed to be
deterministic, also an improved ML estimator is investigated. This other ML estimator
is obtained by assuming that the amplitudes are Gaussian distributed. It is an improved
estimator in the sense that its asymptotic covariance, say , is less positive definite
than that of the classical ML estimator , i.e., is positive semidefinite.
More importantly, this result is valid independent of the fact are the amplitudes really
deterministic or Gaussian. This well known result is shown in this thesis to be valid also
if the signals contain more than one unknown parameter, which occurs, for example, in
direction-of-arrival estimation when two angles per arrival are to be estimated.

Keywords: Cramér-Rao bound, covariance, separable linear model, superimposed
signals
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Symbols and Abbreviations

a.e. Almost everywhere
As Assumption
BAN Best asymptotically normal
CAN Consistent asymptotically normal
CDF Cumulative distribution function
CDMA Code division multiple access
DOA Directions-of-arrival
DS/SS Direct sequence spread spectrum
EMV Enhanced minimum variance
ESPRIT Estimation of signal parameters via rotational invariance tech-

niques
Ex Example
GPS Global positioning system
GSM Global system for mobile communications
IID Independent identically distributed
MDL Minimum description length
ML Maximum likelihood
MSE Mean square error
MUSIC Multiple signal classification
MVDR Minimum variance distortionless response
PDF Probability density function
SNR Signal to noise ratio
E{ } Mathematical expectation
∗, T, H Complex conjugate, transpose and complex conjugate transpose
R, C Real and complex numbers
IL L× L identity matrix
0p×m p×m matrix of zeros
1p×m p×m matrix of ones



∇γx(γ) Gradient of a functional x(γ) with respect to a vector γ ∈ Rp.

∇γ ∇γTx(γ) A matrix whose ijth element is ∂2x(γ)
∂[γ]i∂[γ]j

P−→ Convergence in probability (see the definition on p. 23)
D−→ Convergence in distribution (see the definition on p. 24)
‖x‖ Euclidian norm: ‖x‖2 = xHx

(x, y)A Inner product of vectors x and y with respect to a positive defi-
nite matrix A: (x, y)A = yHAx

‖x‖A A norm with respect to a positive definite matrix A: ‖x‖2
A =

xHAx

|a| Absolute value of a scalar: |a| = √
a∗a

Re, Im Real and imaginary part
tr The trace of a matrix
det The determinant of a matrix
ln Natural logarithm
rank The rank of a matrix
null The null space of a matrix
dim The dimension of a vector space
⊗ Kronecker product of matrices (see definition in footnote at p.

46)
� Elementwise matrix multiplication (Hadamard (Shur) -product)
· Scalar multiplication or (reqular) matrix multiplication
A > B, A ≥ B Short notations for positive definite and semidefinite matrix A−B

vec Stacks columns of a matrix to a column vector
diag(x1, . . . , xp) A p× p diagonal matrix with diagonal elements x1, . . . , xp

S† Moore-Penrose pseudoinverse of a matrix S: S† = (SHS)−1SH

yk ∈ CN A data vector
K The number of data vectors
y The total data vector
S(θ) The signal matrix
θ, θ̄ The signal parameter vector and the parameter vector with the

true parameters
S The signal matrix with true parameters (S = S(θ̄))
Ry The data correlation matrix

R̂y The sample correlation matrix
ak An amplitude vector
Ra The amplitude correlation matrix
si(θil) A signal waveform
θil ∈ RB The parameter vector of a waveform
B The number of parameters in θil



M The number of different waveforms
Lm The number of copies of the mth waveform
L The number of signal waveforms and their copies in S(θ)

P(θ), P A projection matrix P(θ) = S(θ)
(
SH(θ)S(θ)

)−1
SH(θ) and the

projection matrix with the true parameters
P⊥(θ), P⊥ A projection matrix P⊥ = IN − P(θ) and the projection matrix

with the true parameters
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1 Introduction

The direct sequence spread spectrum (DS/SS) technique has been applied in po-
sitioning, communications and radar (Kaplan 1996, Peterson et al. 1995, Skolnik
1980). Of these applications, different radio positioning systems, as well as mobile
communication systems, are of wide interest at the moment. The global position-
ing satellite navigation system GPS (Kaplan 1996, Braasch & Van Dierendonck
1999)1 is a good example of a widely spread DS/SS system. In DS/SS systems,
the correlator or, equivalently, the matched filter estimator is widely used for time
delay estimation, or for code synchronization as delay estimation is often called. If
the desired signal is buried at the additive white Gaussian noise (AWGN), then the
correlator estimator is a maximum likelihood (ML) estimator. If, in addition to
AWGN, there exist also other signals like multipath or multiple access signals, as in
GPS and code division multiple access (CDMA) systems, the correlator estimator
is not a maximum likelihood estimator anymore.

It is well known that even in the presence of interference, the correlator can
sometimes produce consistent delay estimates. One case occurs in a multipath
channel if the delay separation of multipaths is larger than the chip duration
of the spreading code. Another case occurs in a multiple access channel where
different signals have (almost) equal powers. In CDMA systems, equal powers are
guaranteed by using the power control. In GPS, this follows from the fact that the
signals propagate very long distances (20 000 - 26 000 km) so that the received
powers on the surface of the Earth are almost equal. In other cases, the correlator
estimator is, in general, inconsistent.

One purpose of this thesis is to investigate the performance of the correlator
estimator in both the consistent and inconsistent cases, and to compare its perfor-
mance to the performance of the ML estimator. The details of this are explained
more carefully later in this chapter. Before that, a brief discussion about the
performance analysis of parameter estimators, of which the delay estimators are
special cases, is given.

A particular problem in parameter estimation is to analyze the performance
of an estimator. The performance characteristics provide a partial answer to the

1(Braasch & Van Dierendonck 1999) is in the special issue of Proceedings of the IEEE con-
cerning GPS.
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question of which estimator to choose from the several candidates for a partic-
ular problem. Other point of view is, for example, computational complexity.
Alternative methods of analyzing the performance are mathematical analysis and
computer simulations. Also a mixture of these two methods can be used. This
occurs especially in cases where mathematical analysis has to be terminated at a
point where mathematical difficulties arise, so that the analysis has to be finished
by computer simulations or calculations. Computer simulations can also be used
to verify the results of the mathematical analysis. On the other hand, mathemat-
ical analysis can be used to verify the results obtained by computer simulations.
By these means the two methods support each other.

A goal in a performance study is to find the cumulative distribution function
(CDF) or the probability density function (PDF) of an estimator, which includes
typically investigations for the mean, the covariance and possibly also for other
higher moments. If the CDF of data is known, then the Monte Carlo computer
simulation method2 can be used to find the performance. If the required CDF
is not known, then the bootstrap and subsampling, from which the Jacknife is a
special case, computer simulations methods can be used (Politis 1998, Zoubir &
Boashash 1998). Of these three computer simulation methods, the latter two are
not widely known. The bootstrap may sometimes fail, especially if the estimator is
linear and its distribution is not asymptotically normal (Politis 1998, p. 53) and the
subsampling method should be used instead. If the CDF (or PDF) of observed data
is known, or, in other words, the data is generated by a known model, the finite-
sample mathematical analysis might sometimes (especially if unknown parameters
are linearly dependent on the data) be possible, see (Kay 1993). It is, however,
impossible if the CDF is unknown. Also, it may be too difficult even if the CDF is
known. An alternative method that may be tried in these cases is the asymptotic
analysis, where it is assumed that a large, infinite, amount of data is available so
that limit theorems of the probability theory can be used to obtain the desired
results.

The results obtained in the asymptotic analysis are used to approximate the
performance of an estimator in practical cases (Lehmann 1991, p. 331). Are the
approximations useful in practice where often only small, or moderate, data records
are available? The answer is twofold: yes and no. In some cases, these results
are accurate enough to predict, or approximate, the estimators’ performance in
practice and sometimes not. Unfortunately there are no general rules to check the
validity of the asymptotic approximation, but for a particular problem this may be
checked by computer simulations. In this thesis, numerical checks are not made,
in general. The interested reader is referred to these results from other papers
mentioned in the text. It was argued in (Stoica 1998) that the asymptotic results
are accurate enough if the estimation errors are reasonably small, i.e., in a region
where the estimator is useful. A good feature of the asymptotic analysis is that it
often provides results that are valid for a wide class of CDFs, i.e., with one analysis
many situations are covered. Indeed, it is a goal in the statistical literature to find
the most general conditions for a result to be valid. On the other hand, it is a
nice property of an estimator if it has good asymptotic properties. This means

2See (Politis 1998) for a brief introduction.
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that the estimator has a good performance where it should have, i.e., if a large
amount of data is available. In this thesis, some limit theorems of the probability
theory are introduced and applied in order to find the asymptotic properties of
few estimators, which are then compared by using these asymptotic results.

The Aims and Outline of the Thesis

An often used model in statistics is a separable linear model which contains both
linear and nonlinear unknown parameters. In this thesis, estimation of the non-
linear model parameters (e.g., time delays), and, especially the large sample per-
formance analysis of the used estimators is discussed in a special case where ob-
servations are modeled to contain the signal part embedded in additive (white)
Gaussian noise. The linear parameters (called amplitudes) are treated as nuisance
parameters, i.e., they are important for the model but the real interest is in the
nonlinear parameters. In this thesis, the performances of the correlator and two
different maximum likelihood estimators are derived and compared. The first ML
estimator is obtained in a classical way, by assuming that all the unknown param-
eters are deterministic. This ML estimator is called the classical ML estimator.
Another ML estimator is obtained by assuming that the linear parameters are
Gaussian distributed. The reason for this assumption is explained in more detail
later but, in general, it is made in the hope of obtaining a better estimator. This
ML estimator is simply called the ML estimator.

One contribution of the thesis is the investigation of the performance of the
correlator in both the consistent and inconsistent cases, examples of which were
given at the beginning of this chapter. In the consistent case, which is a rather
interesting case in delay estimation, the results seems to be new, whereas in the
inconsistent case the earlier results3 (Hawkes & Nehorai 1998) are slightly extented.
Another contribution is the investigation of the resolution of the correlator, i.e,
to investigate the limit by which two parameters can be separated. It is widely
believed that the correlation time of a signal4 is the limit. In this thesis, it is
numerically shown by evaluating an asymptotic ambiguity function, that also the
correlator can in some cases produce consistent estimates even if the parameter
separation is less than this limit. The third contribution is in the comparison
of the asymptotic covariance of the correlator to that of the ML estimators in
the consistent case. It is shown that in cases where the correlator is believed to
perform well, it has the asymptotic covariance matrix equal to that of the classical
ML estimator, i.e., the correlator performs well. The fourth contribution is in the
comparison of the ML estimators in the case that the signals contain more than
one nonlinear parameter each. This extends the results presented for the single
signal parameter case, see (Ottersten et al. 1993) and the references therein.

In Chapter 2, background for the performance studies is given. In Section
2.1, parameter estimation and small and large sample properties of estimators are

3That appeared while writing the first version of the complete manuscript.
4For spreading sequences this is (almost) equal to the chip duration.
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discussed in general. The Cramér-Rao bound and the terms unbiased, efficient,
consistent and asymptotically efficient estimator are introduced. In Section 2.2,
a problem where an estimator is found by minimizing a criterion is considered.
Methods and tools to find the asymptotic properties of such an estimator are
discussed in detail. The approach in this thesis is to use weak consistency, i.e.,
convergence in probability, and convergence in distribution. The central limit
theorem is used to obtain the asymptotic distributions. In Section 2.3 the signal
model, some possible applications and assumptions are introduced.

In Chapter 3, the maximum likelihood estimation method is discussed. The
method itself is introduced and its general asymptotic analyses appearing in the
literature are briefly reviewed in Section 3.1. Some methods presented in the
literature used to “eliminate” the nuisance parameters from the model are also
discussed. Greater stress is put on applying the maximum likelihood method for
the separable linear model. The classical approach, where all the parameters are
assumed to be deterministic, is presented first in Section 3.2. In the other maxi-
mum likelihood approach used in this thesis, and discussed in Section 3.3, the linear
nuisance parameters are eliminated by assuming that they are Gaussian random
variables and then integrated out. The previous analyses of these estimators are
carefully reviewed and differences to the thesis analyses are emphasized. The re-
viewed papers serve also as points from where the numerical results can be found.
The principles of the correlator estimator are discussed in Section 3.4. Although
the correlator has a long and honorable history, it seems that there have been no
closed form analysis results for it until recently, for example, in the review paper
(Krim & Viberg 1996, Table 1) the statistical performance of the correlator was
not presented in the general case. Recently, (Hawkes & Nehorai 1998) presented
an analysis of the correlator in the (general) inconsistent case. The resolution of
the correlator is also discussed in detail in this section.

In Chapter 4, asymptotic distributions of the estimators are derived mainly
by following the lines of the analysis of the prototype problem and the methods
given therein. An attemp to keep the derivations readable is made, so that long
mathematical derivations are left to the appendices. The maximum likelihood
estimators are analyzed in Sections 4.1 and 4.2. In the analysis of the correlator
(Section 4.3), the results in the consistent case are new and in the inconsistent
a case slight extension of the results in (Hawkes & Nehorai 1998) is presented.
Since the invention of the correlator in the 40’s, it has been widely believed that
the correlator has a limited resolution, i.e., the correlator can not be a consistent
estimator if the parameters are too closely spaced in a parameter space. It is
numerically shown that this belief is not true in general.

In Chapter 5, the asymptotic covariance matrices of the estimators are compared
with each other and with the corresponding Cramér-Rao bounds. In the classical
case, where all the unknown parameters are assumed to be deterministic, it is
shown how to easily obtain the bound from the results presented in (Scharf &
McWhorter 1993). In the comparison of the maximum likelihood estimators, the
contribution is in the generalization of the earlier results, i.e., it is shown that
the results found for the single signal parameter case are valid also if the signals
contain more than one parameter each. The form of the asymptotic covariance
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of the correlator is quite complex, so that the comparison of the correlator and
maximum likelihood estimators is difficult, or maybe even impossible, except in
a few simple cases. One case is when signals in the model are orthogonal. In
this case the correlator and the maximum likelihood estimators are expected to
have equal asymptotic covariances (Van Trees 1971, section 10.5.3), which will
be shown. Another case is when the (cross)correlations between the signals are
small. It is shown that also in this case, the asymptotic covariances are equal.
In delay estimation, this occurs in two interesting situations where the correlator
estimator is expected to perform well. One case is that a rather long, direct
sequence spreading code is used in multipath channels, and delay separation is
larger than the chip duration. Another case occurs if long codes are used in
multiple access channels. In Chapter 6, the research is summarized, conclusions
are drawn and suggestions for future work are given.



2 Preliminaries

The background for the performance studies of estimators is given, and mathemat-
ical tools to solve the problems that occur in these studies are discussed in this
chapter. In Section 2.1, parameter estimation in general, and small and large sam-
ple properties of estimators, in particular, are discussed. The Cramér-Rao bound,
definitions of unbiased, efficient, consistent and asymptotically efficient estimators
are introduced. In Section 2.2, the problem where an estimator is found by min-
imizing a criterion is considered. A method to find the asymptotic properties of
such an estimator is presented. The method is based on the convergence in prob-
ability and in distribution, the properties of which are discussed. In Section 2.3,
the signal model, its possible applications and the assumptions used throughout
the analysis part of the thesis are introduced.

2.1 Parameter Estimation

In estimation, observations are used to draw conclusions about an unknown phe-
nomenon that can not be observed directly. Often, the observations are assumed,
or modeled, to be formed according to a certain rule. In parameter estimation, this
rule is characterized by unknown parameters. The aim of parameter estimation
is simply to estimate these unknown parameters so that the phenomenon can be
explained. Naturally, the estimation process should also include examination of
the validity of the model. In this thesis, however, only the parameter estimation
aspect is considered.

Often, the observations are assumed to be random variables defined in a proba-
bility space. Assumed statistical properties can be used in derivation of estimators,
or statistics as they are sometimes called, i.e., rules according to which parameter
estimates are calculated. Different assumptions and/or estimation strategies lead,
in general, to different estimators. The different estimation methods are discussed,
for example, in (Kay 1993, Kazakos & Papantoni-Kazakos 1990, Sorenson 1980).
One problem in estimation is to select the best estimator for a given problem. One
possible way to do this is to investigate the performance characteristics of different
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estimators. Another problem is to check what occurs to the estimator if the as-
sumptions are not correct; do the performance characteristics change dramatically.
Some characteristics are discussed in this section. The results and discussion below
are given for the observations that are similar to the observations of this thesis.
Most results are, however, valid or similar results can be given also if different
assumptions about the observations are made.

In this thesis, the observations yk, k = 1, . . . , K are assumed to be independent
N-dimensional complex random variables, i.e., random vectors. It is assumed
that the observations are absolute continuous so that their probability density
functions (PDFs) exist. It is furthermore assumed that the PDFs are continuous.
For a general discussion about random variables see, for example, (Cramér 1971,
Papoulis 1991).

Let p(y; γ̄) be the PDF of the total data vector y = [yT
1 . . . yT

K]T ∈ CKN

parameterized by the deterministic real1 parameter vector γ̄ ⊆ Ω, where Ω ⊂ Rξ

is the parameter space. The parameters γ̄ are called the true parameters. In
parameter estimation, the true parameters are unknown and are to be estimated.
The estimator, say γ̂, is a function of the observations, i.e, γ̂ = γ̂(y). The estimator
is therefore a random variable, vector valued if γ is a vector. In this thesis, it is
assumed that the estimator is a continuous function of y but this does not need to
be the case in general. One desired property of an estimator is unbiasedness, which
means that the expected value of γ̂ is γ̄. Another property is that the estimator
should have as low variance for each element of γ̂ as possible. In order to know
how small the covariance matrix of an estimator is, there should be a benchmark,
a lower limit, to which the covariance can be compared. One such benchmark is
the Cramér-Rao (lower) bound (Kay 1993, Chapter 3). The Cramér-Rao bound
is a bound in the sense that if C is the covariance matrix of the estimator γ̂ and
the Cramér-Rao bound is denoted as CRB, then C−CRB is a positive semidefinite
matrix, i.e., for all nonzero vectors x ∈ Rξ it holds xT(C − CRB)x ≥ 0, which is
often briefly denoted as C ≥ CRB. The Cramér-Rao bound is exact in the sense
that also the equality case may happen. In such a case, i.e., if C = CRB, the
estimator is called efficient.

Before discussing the Cramér-Rao bound for unbiased estimators a few obser-
vations are given. First, the Cramér-Rao bound exists also for functions of γ, say
g(γ), for biased estimators and a much more general class of estimators than used
here (Cramér 1971, Chapter 32), (Zacks 1971, Chapter 4). Secondly, the Cramér-
Rao bound is not the only lower bound. The other bounds are tighter in some
situations, for example, if nonlinear parameters are estimated in low signal to noise
ratios (Bell et al. 1997, Zeira & Schultheiss 1993, 1994), although they are often
harder to evaluate. For discussions about these bounds see, for example, (Bell
et al. 1997, Barankin 1949), and (Ibragimov & Has’minskii 1981, Section I.7). In
(Bhapkar & Srinivasan 1994) a bound that is tighter than the Cramér-Rao bound
is derived for the situation where the model contains also nuisance parameters,
i.e., the parameters of secondary interest.

1Complex parameters are divided into real and imaginary parts.
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2.1.1 The Cramér-Rao Bound

Let γ̂ be an unbiased estimator of γ̄. Then

Eγ̄{γ̂ − γ̄} =

∫
−

(γ̂ − γ̄)p(y; γ̄)dy = 0ξ×1, (2.1)

where 0ξ×1 is ξ×1 vector of zeroes and
∫

− dy is a short notation for
∫

− · · · ∫−

dy1 . . . dyK, which is a short notation for
∫

− · · ·∫− d[y1]1 . . . d[yK]N, where
[yl]i denotes the ith element of the vector yl. Since the elements are complex,∫

−
d[yl]i =

∫
−

∫
−

dRe{[yl]i} dIm{[yl]i}. The notation Eγ̄ means that the
expectation is taken with respect to the PDF of y with the true parameters. In
the analysis part of the thesis, just the expectation symbol E is used, but it should
be understood that the expectation is taken with respect to the PDF formed by
the true parameter values.

In what follows, the ith element of a vector x is denoted by [x]i and the gradient
of the functional2 x(γ) with respect to γ by ∇γx(γ). The gradient evaluated in

γ̄ is briefly denoted by ∇γx(γ̄). In other words, ∇γx(γ̄) = [
∂x(γ)
∂[γ]1

· · · ∂x(γ)
∂[γ]ξ

]T
∣∣∣
γ=γ̄

.

The transpose of the gradient is denoted as ∇γTx(γ). If the order of integration
and differentation with respect to elements of γ̄ can be changed in (2.1), and
if [γ̂]i[∇γp(y; γ̄)]i is integrable ∀ i = 1, . . . , ξ (with respect to y), then, after
some trivial algebra where the Cauchy-Schwarz inequality is used, it can be shown
that for all nonzero x ∈ Rξ (Cramér 1971, Chapter 32), (Kay 1993, Chapter 3),
(Sorenson 1980, pp. 93-96), (Rao 1992)

xT Eγ̄{(γ̂ − γ̄)(γ̂ − γ̄)T}x ≥ xT
[
Eγ̄{∇γ lnp(y; γ̄) ∇γT lnp(y; γ̄)}

]−1
x, (2.2)

where it is assumed that the required matrix inversion exist, i.e., that the matrix
to be inverted is positive definite (it can easily be seen to be positive semidefinite)
and that its elements are finite. The above equation is the Cramér-Rao bound,
i.e., it states that the covariance of the estimator is more or equally positive def-
inite than the bound. The bound is the inverse of Fisher information (matrix)
J(γ̄) = Eγ̄{∇γ lnp(y; γ̄) ∇γT lnp(y; γ̄)}. Fisher information has some interesting
properties. One of them is that if the data vectors are independent, the Fisher
information is the sum of individual Fisher information. In particular, if the vec-
tors are also identically distributed, then J(γ̄) = KJ1(γ̄), where J1(γ̄) is the Fisher
information of y1 (Ibragimov & Has’minskii 1981, Corollary 7.1 p. 70).

A general discussion about the change in the order of integration and differenta-
tion can be found in (Cramér 1971, Part I). In this thesis, it suffices that i) the pa-
rameter space Ω is an open rectangle in Rξ, i.e, for each [γ]i there are two real num-
bers ai and bi such that ai < [γ]i < bi, ii) [∇γp(y; γ)]i exist for all i = 1, . . . , ξ

and is continuous in CNK × Ω. Then the Leibniz’s rule can be applied and the
order of the integration and differentation can be changed (Dieudonné 1969, p.
177), (Schmetterer 1974, pp. 12-13). Since γ̂ is continuous [γ̂]i[∇γp(y; γ̄)]i is
(Riemann) integrable ∀ i = 1, . . . , ξ and γ̄ ∈ Ω (Khuri 1993, Section 6.4).

2A transformation from a vector space to a scalar space is said to be a functional (Luenberger
1969, p. 28).
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Let ∇γ∇γTx(γ) denote the matrix whose ijth elements are ∂2x(γ)
∂[γ]i∂[γ]j

. If all the
elements of the matrix ∇γ∇γTp(y; γ̄) exist and are continuous in CNK ×Ω, then
the Fisher information can be expressed also as (Sorenson 1980, pp. 95-96)

J(γ̄) = − E{∇γ∇γT lnp(y; γ̄)}. (2.3)

The conditions under which (2.2) and (2.3) are valid are often called the regularity
conditions.

2.1.2 Large Sample Properties

Unbiasedness and efficiency are so called small sample properties, i.e, they can be
checked for finite sample sizes. However, it often happens that the small sample
properties can not be found. In such cases it might be possible to find large sample
properties, which are used to mean the estimator’s performance. The estimator for
a given estimation problem is then (partially) chosen according to the asymptotic
properties of different candidate estimators.

Let x1, x2, x3, . . . be a sequence, denoted as {xk}, of scalar valued random vari-
ables. The sequence is said to converge in probability, or stochastically, to a
random variable (or a constant) x if (Schmetterer 1974, p. 101) for each (real)
ε > 0 and ε > 0 there is a positive (real) number k(ε, ε) such that

Pk(|xk − x| ≥ ε) < ε for k ≥ k(ε, ε),

where Pk denotes probability. Note that each variable |xk − x| has its own cu-
mulative distribution function (CDF), say Fk(x), and the corresponding proba-
bility. Usually the subindex k is omitted and the above definition is given as
P(|xk − x| ≥ ε) < ε (Billingsley 1968, pp. 23-24). The more common definition
for the convergence in probability is (Lukacs 1975, p. 32), (Schmetterer 1974, p.
101), (Sorenson 1980, p. 92), (Wilks 1962, p. 99)

lim
k

Pk(|xk − x| ≥ ε) = 0,

or, equally, limk Pk(|xk − x| < ε) = 1. This means that the sequence {xk}

converges in probability to x if the probability that the kth term in a sequence
differs from x more than an arbitrary small (real) number tends to zero as k → ∞.
In this thesis, the convergence in probability is briefly denoted as xk

P−→ x. In the
literature, the short notation plimk xk = x is also commonly used. If {xk} is a
sequence of matrix valued random variables, the sequence converges in probability
if each element [xk]ij converges in probability, i.e., if [xk]ij

P−→ [x]ij. In particular,
if xks are vectors then the above implies that limk P(‖xk − x‖ ≥ ε) = 0 for
each ε > 0. Let γ̂1, γ̂2, . . . be a sequence of estimators obtained by increasing
the amount of data. The estimator is said to be consistent if γ̂k

P−→ γ̄, i.e., if the
sequence of estimators {γ̂k} converges in probability to the true parameter value.
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This is commonly, and also here, denoted briefly as γ̂
P−→ γ̄. In the asymptotic

studies that follow this should be tacitly understood.
Let {xk} be a sequence of r × 1 random vectors. Let Fk(x) be the CDF of xk.

If the sequence {Fk(x)} converges to F(x), i.e., if limk Fk(x) = F(x), the CDF of
a random variable x, then the sequence {xk} is said to converge in distribution, or
in law, to F(x) (Billingsley 1968, pp. 1-3), (Lukacs 1975, p. 33), (Papoulis 1991,
p. 210), (Wilks 1962, p. 100). In this thesis, convergence in distribution is shortly
denoted as xk

D−→ F(x). In (Cramér 1970, Theorem 11a), (Fisz 1963, Section
6.6) it is shown that a necessary and sufficient condition for the sequence {Fk(x)}
of CDFs of real valued random vectors to converge to F(x), in every continuity
interval of F(x), is that the sequence of the corresponding characteristic functions
{fk(t)} (t ∈ Rr) converges to f(t), the characteristic function of F(x), which is
continuous at the point t = 0r×1. In other words, the sequence {Fk(x)} converges
to F(x) if and only if each linear combination tTxk converges in distribution to
F(tTx) (Billingsley 1968, Theorem 7.7), (Ibragimov & Has’minskii 1981, Theorem
6 in Appendix 1). This means that if the convergence of linear combinations of
a sequence of random vectors can be verified, as will be the case in this thesis, it
suffices to find properties of the convergence in distribution just for scalar valued
sequences.

Asymptotic efficiency is conventionally related to the asymptotic distribution,
i.e., to convergence in distribution of an estimator (or, actually, a sequence of
estimators). In asymptotic studies it often occurs that, in a strict sense, the re-
sults can be obtained only for a suitably normalized estimator. Quite a common
normalization factor is

√
K. Since the Cramér-Rao bound is valid for all K it

can be obtained also for
√

K(γ̂ − γ̄). Let J−1
as (γ̄) denote this bound as K → ∞. If√

K(γ̂−γ̄)
D−→ N (

0ξ×1, J−1
as (γ̄)

)
, i.e., if the normalized estimation error converges in

distribution to the normal distribution with asymptotically zero mean and asymp-
totic covariance J−1

as (γ̄), the estimator is conventionally said to be asymptotically
efficient (Chernoff 1956), (Ibragimov & Has’minskii 1981, p. 90), (Lehmann 1991,
p. 404). Consistent estimators that are also asymptotically normal, i.e., for which√

K(γ̂−γ̄)
D−→ N (

0ξ×1, Cas

)
, where Cas is the asymptotic covariance of

√
K(γ̂−γ̄),

are sometimes called consistent asymptotically normal (CAN) estimators. These
CAN estimators, which are also asymptotically efficient are called best asymptot-
ically normal (BAN) estimators (Chiang 1956), (Zacks 1971, pp. 207-208).

It can be shown that under quite general conditions Cas ≥ J−1
as (γ̄) (Schmetterer

1974, Theorem 5.1), (Zacks 1971, Theorem 4.5.2) and that the set of points in
which the inequality is violated, i.e., Cas < J−1

as (γ̄), has the Lebesque measure
zero (Barron & Hengartner 1998), (Lehmann 1991, Theorem 1.1 in Chapter 6).
These points are called the points of superefficiency. In (Chernoff 1956), it is shown
that J−1

as (γ̄) is “essentially” the asymptotic lower bound. The lower limit in (Cher-
noff 1956) does not exclude the superefficiency phenomenon, as the CRB does.
The superefficiency phenomenon has launched investigations for other definitions
for asymptotic efficiency than the above mentioned conventional definition. See
(Akahira & Takeuchi 1981, Ibragimov & Has’minskii 1981, Lehmann 1991, Rao
1962, Schmetterer 1974) for discussion about these. It may happen that the esti-
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mator is efficient in many senses as discussed in (Ibragimov & Has’minskii 1981,
Section I.9). In this thesis the conventional definition is used.

2.2 A Prototype Problem

Often, the estimator is selected in such a way that it minimizes a real valued
criterion, or cost, functional, say V(y; γ) (or equally maximizes −V(y; γ)). This
means that the estimator γ̂ satisfies V(y, γ̂) ≤ V(y; γ) for all γ̂ 6= γ ∈ Ω. Since γ̂

minimizes the criterion it follows that

∇γV(y; γ̂) = 0ξ×1.

According to the mean value theorem, which is a special case of Taylor’s theorem
(Khuri 1993, Theorem 7.5.1),

∇γV(y; γ̂) = ∇γV(y; γ̄) +∇γ∇γTV(y; γ̃)(γ̂ − γ̄),

where it is assumed that the required derivatives exist and are continuous and γ̃

is a point in a line segment joining γ̂ and γ̄, i.e., γ̃ = λγ̂ + (1 − λ)γ̄, 0 < λ < 1.
Assuming that the inverse of ∇γ∇γTV(y; γ̃) exist it follows that

γ̂ − γ̄ = −
[∇γ∇γTV(y; γ̃)

]−1∇γV(y; γ̄). (2.4)

The statistical properties of γ̂−γ̄, or
√

K(γ̂−γ̄), can be found by investigating (2.4).
This technique, or its slight variants, are commonly used to find the statistical
properties of estimators, see, for example, (Cramér 1971, Section 33.3), (Lehmann
1991, Chapter 6), (Ljung 1987, Chapter 9).

Limit theorems of the probability theory that can be used to find the consis-
tency and the asymptotic distribution of

√
K(γ̂ − γ̄) are discussed next. After

the theorems are presented and proved, if necessary, they are applied to the given
problem. They are used also to solve the primary analysis problems of the thesis.

Consistency

The next theorem will be useful when the convergence in probability of a function
of a sequence of random variables is considered. The proof is given since the proof
for it was not found for vector valued functions.

Theorem 2.1. Let F denote the set of real or complex numbers. Let {xk} be a
sequence of r × 1 random vectors in a space Ψ ⊂ Fr such that xk

P−→ x. Let
g(x) ∈ Fp be a vector valued continuous function at x. Then g(xk)

P−→ g(x).

Proof. This proof is a slight extension of the proof given in (Schmetterer 1974,
Theorem 38.4), (see also Wilks 1962, Theorem 4.3.6). Since g(x) is continuous at
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x there is a neighborhood Nδε(x) = {xk ∈ Ψ
∣∣ ‖xk − x‖ < δε}, δε > 0, where ‖ ‖

denotes the Euclidian norm, for all xk ∈ Ψ ∩Nδε such that ‖g(xk) − g(x)‖ < ε,
ε > 0 (Khuri 1993, Section 7.3), (Dieudonné 1969, p. 44). By dividing the event
‖g(xk)−g(x)‖ < ε into two disjoint sets and then using Bayes’ theorem (Papoulis
1991, p. 30) it follows that

P(‖g(xk) − g(x)‖ < ε) = P(‖g(xk) − g(x)‖ < ε, ‖xk − x‖ < δε)

+ P(‖g(xk) − g(x)‖ < ε , ‖xk − x‖ ≥ δε)

= P(‖g(xk) − g(x)‖ < ε
∣∣ ‖xk − x‖ < δε)P(‖xk − x‖ < δε)

+ P(‖g(xk) − g(x)‖ < ε
∣∣ ‖xk − x‖ ≥ δε)P(‖xk − x‖ ≥ δε).

The event ‖xk − x‖ < δε implies in the hypothesis the event ‖g(xk) − g(x)‖ < ε,
so that P(‖g(xk) − g(x)‖ < ε

∣∣ ‖xk − x‖ < δε) = 1 and thus

P(‖g(xk) − g(x)‖ < ε) =

P(‖xk − x‖ < δε) + P(‖g(xk) − g(x)‖ < ε
∣∣ ‖xk − x‖ ≥ δε)P(‖xk − x‖ ≥ δε).

In the hypothesis xk
P−→ x, so that limk P(‖xk − x‖ < δε) = 1 and limk

P(‖xk − x‖ ≥ δε) = 0. The theorem is thus proved.

The above theorem, which includes the famous Slutky theorem (see, for example,
Cramér 1971, Section 20.6), shows that the stochastic convergence of a sequence
carries over to continuous functions of the sequence. This property is the main
reason for the wide spread usage of the convergence in probability. The other,
stronger convergence modes as the convergence almost everywhere (a.e.) (or with
probability one) do not share the carry over property in general so that their usage
is somewhat more difficult than the usage of the convergence in probability. Some
authors, however, argue that if xk → x a.e. then for a bounded continuous function
f(x) it holds f(xk) → f(x) a.e., which is not true in general, i.e., the conditions
that guarantee xk → x a.e. do not necessarily guarantee that f(xk) → f(x) a.e.
holds. Instead, it should be considered does a sequence yk = f(xk) converge almost
everywhere.

Theorem 2.1 can be used to prove the consistency of γ̂. There are two possi-
bilities. First, if it can be shown that ∇γV(y; γ̄)

P−→ ∇γV̄(y; γ̄) = 0ξ×1 and that
∇γ∇γTV(y; γ̃)

P−→ ∇γ∇γTV̄(y; γ̃), which is invertible, then γ̂
P−→ γ̄. Secondly, if

V(y; γ̂)
P−→ V̄(y; γ̂) and V̄(y; γ̂) is minimized only if γ̂ = γ̄, then the estimator is

consistent.
Other quite straightforwardly seen applications are given in the next corollaries.

Corollary 2.1. If γ̂ is consistent then γ̃
P−→ γ̄.

Proof. γ̃ = λγ̂ + (1 − λ)γ̄ is a continuous function. Since γ̂
P−→ γ̄ it follows from

Theorem 2.1 that γ̃
P−→ λγ̄ + (1 − λ)γ̄ = γ̄.

The next corollary is a direct consequence of Theorem 2.1 since the elements of
the inverse matrix are continuous functions of the inverted matrix.
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Corollary 2.2. If ∇γ∇γTV(y; γ̃)
P−→ ∇γ∇γT V̄(y; γ̃) and

[∇γ∇γT V̄(y; γ̃)
]−1 ex-

ist, then
[∇γ∇γTV(y; γ̃)

]−1 P−→ [∇γ∇γT V̄(y; γ̃)]−1.

Corollary 2.3. If γ̂ is a consistent estimator and if the third order derivatives of
the criterion are bounded, i.e., if∣∣∣ ∂3V(y; γ)

∂[γ]k∂[γ]i∂[γ]j

∣∣∣ < M < ∞, 0 < M ∈ R, ∀ k, i, j = 1, . . . , ξ,

then ∇γ∇γTV(y; γ̃)
P−→ ∇γ∇γT V̄(y; γ̄), where ∇γ∇γTV(y; γ̄)

P−→ ∇γ∇γT V̄(y; γ̄).

Proof. By applying the mean value theorem for the elements of the criterion it
follows that[∇γ∇γTV(y; γ̃)

]
ij

=
[∇γ∇γTV(y; γ̄)

]
ij

+ (γ̃ − γ̄)T∇γ

[∇γ∇γTV(y; ˜̃γ)
]
ij

,

where ˜̃γ is in a line segment joining γ̃ and γ̄. Since γ̂ is consistent it follows, as
in Corollary 2.1, that γ̃

P−→ γ̄ and, furthermore, that ˜̃γ P−→ γ̄. By hypothesis3

∇γ

[∇γ∇γTV(y; ˜̃γ)
]
ij

is bounded and the corollary follows.

As seen from the previous corollary, Theorem 2.1 can not alone be used to prove
that ∇γ∇γTV(y; γ̃)

P−→ ∇γ∇γTV̄(y; γ̄), but it was required that γ̂ is consistent
and that the third order derivatives of the criterion are bounded. The requirement
of the existence and boundedness of the third order derivative may sometimes be
too restrictive. The alternating method is presented in the next corollary.

Corollary 2.4. Let γ̂
P−→ γ̄ and let x(γ) be a continuous functional of γ such that

supγ|x(y; γ) − x(γ)| P−→ 0. Then

x(y; γ̂)
P−→ x(γ̄).

Proof. Consider the difference x(y; γ̂)−x(γ̄) = x(y; γ̂)−x(γ̂)+x(γ̂)−x(γ̄). Clearly

|x(y; γ̂) − x(γ̄)| ≤ |x(y; γ̂) − x(γ̂)| + |x(γ̂) − x(γ̄)|
≤ sup

γ

{|x(y; γ) − x(γ)|} + |x(γ̂) − x(γ̄)|.

By Theorem 2.1 and the hypothesis the corollary follows.

The property supγ|x(y; γ)−x(γ)| P−→ 0, known as the uniform convergence (Wilks
1962, p. 104-105), is the weak link in Corollary 2.4 since it might be difficult
to prove in general. If applied to the current problem, the corollary means
that if the estimator is consistent and if ∇γ∇γTV(y; γ) converges uniformly to

∇γ∇γT V̄(y; γ), which is a continuous function of γ, then ∇γ∇γTV(y; γ̃)
P−→

∇γ∇γT V̄(y; γ̄).

3It indeed suffices that the third order derivatives are bounded by a function whose
expectation exists, i.e., is finite.
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Finding of the convergence in the probability limit of a sequence may be a
difficult task. However, if the sequence consists of a sum of independent random
variables then the laws of large numbers can be used to obtain the limit. Here the
weak law of large numbers, which suffices for the thesis’ purposes, is presented.
Other alternatives are presented, for example, in (Chung 1974, Petrov 1995, Stout
1974).

Theorem 2.2. Let {xk} be a sequence of independent scalar valued random vari-
ables such that the expectations E{xk} exist for all k. If

lim
K

1

K2

K∑
k=1

E
{|xk − E{xk}|2}

= 0, (2.5)

then

1

K

K∑
k=1

(
xk − E{xk}

) P−→ 0. (2.6)

Proof. The proof is due to (Petrov 1995, Theorem 4.16). Using Chebyshev’s in-
equality (Petrov 1995, p. 6)

Pk

(| 1
K

K∑
k=1

(xk − E{xk})| ≥ ε
) ≤ 1

K2

∑K
k=1 E{|xk − E{xk}|2}

ε2

for all real ε > 0. Therefore, (2.5) implies (2.6).

The theorem means that

1

K

K∑
k=1

xk
P−→ lim

K

1

K

K∑
k=1

E{xk}.

If the criterion V(y; γ) consists of a sum of (statistically) independent elements
1
KVk(yk; γ), whose expectations exist, i.e., if V(y; γ) = 1

K

∑K
k=1 Vk(yk; γ), then the

weak law of large numbers can be applied. It is now assumed that V(y; γ) can be
expressed as a sum of independent random variables and that ∇γ∇γTV(y; γ̃)

P−→
∇γ∇γT V̄(y; γ̄). Then, the numerator and (sufficient) denominator in (2.4) are

∇γV(y; γ̄) =
1

K

K∑
k=1

∇γVk(yk; γ̄)

and

∇γ∇γTV(y; γ̄) =
1

K

K∑
k=1

∇γ∇γTVk(yk; γ̄).

It can be seen that if the elements E
{∣∣[∇γVk(yk; γ̄) − E{∇γVk(yk; γ̄)}]i

∣∣2}
and

E
{∣∣[∇γ∇γTVk(yk; γ̄)−E{∇γ∇γTVk(yk; γ̄)}]ij

∣∣2}
are bounded for all k then (2.6)

holds and the in probability limits of ∇γV(y; γ) and ∇γ∇γTV(y; γ̄) can be easily
found.
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Asymptotic Distribution

The tools previously discussed can be used to establish if the estimator is consis-
tent or not, e.g., in the ways discussed before Corollary 2.1. If it is consistent, then
the estimator has also a limiting distribution since convergence in probability im-
plies convergence in law (Lukacs 1975, Theorem 2.2.3). Tools to find the limiting
distribution are discussed next.

In the next theorem, the limiting distribution of
[∇γ∇γTV(y; γ̃)

]−1∇γV(y; γ̄)
is shown, if the limiting distribution of ∇γV(y; γ̄) and the in probability limit of[∇γ∇γTV(y; γ̃)

]−1
are known and, in addition, ∇γV(y; γ̄) converges in probability

to ∇γV̄(y; γ̄).

Theorem 2.3. Let {Bk} be a sequence of r×r random matrices such that Bk
P−→ B,

which is a nonsingular constant matrix. Let {xk} be a sequence of r × 1 random
vectors such that xk

P−→ x and xk
D−→ F(x). Then Bkxk

D−→ F(B−1x), i.e., Bkxk

converges to the distribution of Bx.

Proof. The hypothesis of the theorem means according to Theorem 2.1, that
Bkxk − Bxk

P−→ 0r×1. In (Billingsley 1968, Theorem 4.1 on p. 25) or (Schmetterer
1974, Theorem 40.1 on p. 116) it is shown that if sequences {xk} and {yk} of
(possibly) vector valued random variables are such that ‖xk − yk‖ P−→ 0 then the
sequences converge in distribution to the same distribution. Thus, Bkxk converges
in distribution to the limiting distribution of Bxk. But, Pk(Bxk ≤ ε) = Pk(xk ≤
B−1ε) converges, by hypothesis, to P(x ≤ B−1ε) = F(B−1ε), which concludes the
proof.

In particular the previous theorem means that if xk
D−→ N (0r×1, C), then B−1

k xk
D−→

N (0r×1, B−1CB−1) (where it is assumed that B is symmetric). A result, weaker
than the above result, that could also be used is an extension of a convergence the-
orem by Cramér. It states that if xk

D−→ F(x) and Bk
P−→ B (B is a constant), then

Bkxk
D−→ F(B−1x) (Cramér 1971, Section 20.6), (Schmetterer 1974, Theorem 40.3

on p. 118). This weaker version does not require that xk converges in probability
but only in distribution. In this thesis, however, the convergence in probability of
xk (or V(y; γ̄)) is anyway established so that Theorem 2.3 is sufficient.

A tool to find a limiting distribution in this thesis and in many other works is
the central limit theorem. As discussed in Section 2.1.2 it suffices to consider the
central limit theorem for a sequence of scalar valued random variables. The central
limit theorem is a common name for theorems describing when, i.e., under which
conditions, the sum of random variables is asymptotically normally distributed.
Let {xk} be a sequence of independent real random variables with the CDFs Fk(x)
and existing (i.e., finite) means E{xk} = mk and variances E{(xk−mk)2} = σ2

k. Let
zK = 1

sK

∑K
k=1(xk − mk), where s2

K =
∑K

k=1 σ2
k. Then, a necessary and sufficient

condition for

lim
K

σk

sK
= 0 (2.7)
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and

zK
D−→ N (0, 1)

is that for each given real ε > 0

lim
K

1

s2
K

K∑
k=1

∫
|x−mk|>εsK

(x − mk)2 dFk(x) = 0, (2.8)

where
∫

dFk(x) is the Stieltjes-integral form of the expectation (Khuri 1993, p.
249). The proof of the above form of the central limit theorem can be found, e.g.,
in (Cramér 1970, Theorem VI.21) or (Petrov 1995, Theorem 4.7). Equation (2.8)
is known as the Lindeberg condition.

The central limit theorem means also that
∑K

k=1 xk
D−→ N (

∑K
k=1 mk, s2

K) if
K is large enough (see (Fisz 1963, p. 198) for a discussion about this topic).
It further means that any weighted sum a(K)zK is asymptotically normally dis-
tributed with the mean a(K)

∑K
k=1 mk and variance a2(K)s2

K. To see this note

that zK = a(K)
a(K)zK =

a(K) K
k=1 xk−a(K) K

k=1 mk

a(K)sK
. For example, if the variables xk

are identically distributed with the mean m and variance σ2 then 1
K

∑K
k=1 xk

D−→
N (m, 1

Kσ2). This result is, due to 1
K term, in a contradiction to the fact that the

central limit theorem was obtained as K → ∞. However, in practice the central
limit theorem is used to approximate distributions so that the contradiction does
not exist. The result (2.7) means that the effect of an individual term on the sum
is negligible.

If the variables xk are independent, identically distributed (IID) with the CDF
F(x), mean m and variance σ2, then the Lindeberg condition becomes

lim
K

1

Kσ2
K

∫
|x−m|>ε

√
Kσ

(x − m)2 dF(x) =

lim
K

1

σ2

[ ∫
−

(x − m)2 dF(x) −

∫ε
√

Kσ

−ε
√

Kσ

(x − m)2 dF(x)
]

= 0.

This means that the sum of IID random variables is asymptotically normally dis-
tributed (if the mean and variance exist).

If the variables are independent but not identically distributed the situation is
somewhat more difficult. Let E

{|xk|2+δ
}

< ∞ for some real δ > 0 and all k.
From the inequalities (Chung 1974, p. 209)

K∑
k=1

∫
|x−mk|>εsK

(x − mk)2 dFk(x) ≤ 1

εδsδ
K

K∑
k=1

∫
|x−mk|>εsK

|x − mk|2+δ dFk(x)

≤ 1

εδsδ
K

K∑
k=1

∫
−

|x − mk|2+δ dFk(x)
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it follows that if

lim
K

1

s2+δ
K

K∑
k=1

E
{|xk − mk|2+δ

}
= 0, (2.9)

then the Lindeberg condition is satisfied. Condition (2.9) is a sufficient condition
for the considered form of the central limit theorem and known as the Lyapounov
condition. Clearly, if E

{|xk−mk|2+δ
}

is bounded for all k and sK tends to infinity
as K increases, the Lyapounov condition is satisfied.

If {xk} is a sequence of real independent random vectors with means mk and
covariance matrices Ck = E

{
(xk −mk)(xk−mk)T

}
then the Lyapounov condition

is (see the discussion in Section 2.1.2) for all t ∈ Rr×1

lim
K

1

(tTC̄t)1+ δ
2

K∑
k=1

E
{|tT(xk − mk)|2+δ

}
= 0, (2.10)

where C̄ =
∑K

k=1 Ck. The Lindeberg condition, for its part, is given as

lim
K

1

tTC̄t

K∑
k=1

∫
|tT(x−mk)|>ε

√
tTC̄t

(
tT(x − mk)

)2
dFk(x) = 0. (2.11)

Clearly, if random vectors are IID, then the Lindeberg condition (2.11) is satisfied
(assuming that the mean and covariance exist). If the variables are complex valued,
then it suffices to consider the 2r × 1 dimensional variables [Re{xH

k } Im{xH
k }]T.

In addition to references already mentioned, discussions about the central limit
theorem can be found in (Billingsley 1968, Cramér 1971, Gnedenko 1963, Wilks
1962).

The error made when approximating a sum by the standard normal distribution
Φ(z) =

∫z

−
1√
2π

e− 1
2 t2

dt is briefly discussed next. Let FK(z) be the CDF of
zK. For finite K it can be shown (Cramér 1970, Theorem VII.24), (Petrov 1995,
Theorem 5.4) that

sup
z
|FK(z) − Φ(z)| ≤ aLK

where LK = s
− 3

2

K

∑K
k=1 E

{|zk − E{zk}|3}
and a > 0 is a real constant. If the

variables xk are independent and normally distributed, then the error |FK(z)−Φ(z)|
is, naturally, zero. The central limit theorem means, on the other hand, that
limK supz|FK(z) − Φ(z)| = 0 (Petrov 1995, Theorem 4.7).

This section finishs by discussing a method to find asymptotic expectations. Let
{xk} be a sequence of random variables (possibly random matrices) with the CDFs
Fk(x). Let yk = f(xk) be a bounded, continuous mapping of constant dimension.
The dominated convergence theorem4 (Billingsley 1968, p. 24), (Chung 1974, p.

4Convergence in measure in (Chung 1974) means convergence in probability (Lukacs 1975, p.
32).
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42) says that if xk
P−→ x, which means that Fk(x) converges to F(x), the CDF of x,

then

lim
k

Ek{yk} = E{f(x)}.

In particular this result means that if γ̂(y) is a consistent estimator and a bounded,
continuous mapping of y, then the estimator is asymptotically unbiased.

2.3 The Signal Model

The model used in this thesis is called the separable linear model, which means
that the parameters of the signal part of the model can be divided into nonlinear
and linear parts. It could equally well be called a multiple superimposed signals in
additive noise model. In a (regular) superimposed signals model, multiple copies
of a signal with different parameters occur. In this thesis, a more general model
where also other superimposed signals are included is used. Moreover, it is assumed
that the nonlinear part is periodic with a period of N samples. During the kth
observation period of the total K periods, the complex samples can be given as

yk(t) =

M∑
m=1

Lm∑
l=1

aml(k)sm(t, θml) + nk(t)
t = 1, 2, . . . , N,

k = 1, . . . , K.
(2.12)

In the model, aml(k) ∈ C is called the amplitude of the lth copy of the kth
period of the mth signal (waveform) sm(t, θml) ∈ C and θml ∈ RB×1 is called the
signal parameter (vector) of the lth copy of the mth signal. nk(t) ∈ C represents
additive noise or measurement error. M is the number of different signals, Lm is
the number of copies of the mth signal and L =

∑M
m=1 Lm is the total number of

the signal copies in the model.
In this thesis the main interest is to find the asymptotic distributions of dif-

ferent estimators of the signal parameters θml if certain assumptions are valid.
The different estimators are obtained by using different assumptions or different
estimation criteria. What happens to the estimators’ performance characteristics
if some assumptions are changed is also investigated. The amplitudes and other
parameters that follow by assumptions are of secondary interest; they are so called
nuisance parameters. Estimation of them and the performance analysis of those
estimators are not discussed in this thesis, except if those results come naturally
while the estimators of interest are developed and analyzed. It is assumed that M

and Lms are known. In practice, they are often unknown and have to be estimated
as well. For this purpose the minimum description length (MDL) principle devel-
oped by Rissanen in a series of papers5 (Rissanen 1978, 1983, 1987, 1996) can be
used. For the separable linear model with M = 1, the MDL principle was applied
in (Wax & Kailath 1985, Wax & Ziskind 1989, Wax 1991, 1992, 1995). The MDL

5Incomplete list.
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method can, however, be applied for the model used in this thesis6. Note that
the MDL principle often provides consistent estimators. For some other alterna-
tive methods, see (Akaike 1992), (Ottersten et al. 1993, Section 4.7) and (Zhao
et al. 1986). The effects of undetected signals on the estimators’ performance are
discussed in (Viberg 1993). The numerical methods to calculate the signal pa-
rameter estimates are not considered but some references are given. Newton type
methods are presented in (Bell & Ewart 1986, Golub & Pereyra 1973, Kay 1993,
Moré 1978, Ottersten et al. 1993, Viberg et al. 1991), and methods using multiple
one-dimensional search to solve a multidimensional problem in (Feder & Weinstein
1988, Oh & Un 1992, Segal et al. 1991, Yau & Bresler 1992b, 1993, Ziskind & Wax
1988).

It is advantageous to use a compact matrix presentation for the model (2.12).
It keeps the notations simple and the results of matrix analysis can be effectively
used. The model in a matrix form is simply

yk = S(θ)ak + nk k = 1, . . . , K, (2.13)

where K is the number of observed periods, yk = [yk(1) . . . yk(N)]T ∈ CN is the
sample, or data, vector of the kth observation period, ak = [a11(k) a12(k) . . .

a1L1
(k) a21(k) . . . aMLM

(k)]T ∈ CL is the amplitude vector of the kth period,
nk = [nk(1) . . . nk(N)]T ∈ CN is the additive noise in the kth period, S(θ) =
[s1(θ11) s1(θ12) . . . s1(θ1L1

) s2(θ21) . . . sM(θMLM
)] ∈ CN×L is the signal matrix

containing in the columns the signal waveforms si(θil) = [si(1, θil) . . . si(N, θil)]
T

∈ CN and θ = [θT
11 θT

12 . . . θT
1L1

θT
21 . . . θT

MLM
]T ∈ RLB is the signal parameter

vector. From the form (2.13) it is easily seen why the name separable linear model
is used. The amplitudes are the linear parameters and the signal parameters are
the nonlinear parameters separated from the linear ones.

2.3.1 Applications

The model (2.13) appears in many applications. In this section, a few applications
are briefly presented. If M = 1 and L1 = 1 then the model reduces to a single
signal problem which covers, for example, a classical radar delay and Doppler shift
estimation problem7 (Burdic 1968, Woodward 1980). Let τ be the unknown delay,
and ωD the unknown Doppler shift. Then the model can be presented as

yk = aks([τ ωD]T) + nk,

where ak is the amplitude.
If M = 1 but L1 > 1 the model suits for multipath delay estimation (Pallas &

Jourdain 1991) and directions-of-arrival estimation (Viberg & Ottersten 1991). In

6See (Saarnisaari 1998) for an application to a model quite similar to the one used here.
7In the classical case, the amplitude is normally assumed to be known.
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reference 2

reference 3

reference 4

reference 1

receiver  (x,y,z)=?

Fig. 2.1. Principle of a radio positioning system.

this case, the model can simply be written as

yk =

L1∑
l=1

al(k)s(θl) + nk.

In the multipath problem θl is the delay of the lth propagation path (a Doppler
shift can also be included). In the directions-of-arrival estimation antenna ar-
rays are used and the signal waveforms are often called steering vectors and the
amplitudes signals (Krim & Viberg 1996). In this case, θl includes direction(s)-
of-arrival.

In this thesis, the model is somewhat more general since also M can be larger
than one. The model then fits for problems where different kinds of signal wave-
forms are observed. An example of the possible usage of the general model is a
mobile location system discussed in (Reed et al. 1998). In radio positioning sys-
tems, see Figure 2.1, of which GPS is an example, different reference points at
known places transmit different reference signals, which typically are direct se-
quence spread spectrum signals. The receiver, which tries to locate itself, receives
all these signals. By measuring the times-of-arrival of these signals, the receiver
can calculate its position, as explained, for example, in (Kaplan 1996, Rappaport
et al. 1996). Model (2.13) in its most general form suits positioning systems where
reference signals share the same radio spectrum. If reference signals use different
frequencies or time intervals, then the model is useful for individual signals by set-
ting M = 1. By using the derived asymptotic covariance matrices, it is possible to
approximate the performance of the location systems, which depends, in addition
to the precision of delay estimates, also on the geometry (Torrieri 1984).

It should be noticed that model (2.13) is not suitable for cases where data (data
bits) are also transmitted with signals since in this case data transition times occur
in certain positions. If data is involved the model should be modified somewhat,
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but the details are not explained here. The results derived in this thesis can,
however, be used to approximate the performance of these estimators also in a
data transmission case. This means that the results of this thesis can be used to
approximate the performance of the used estimators also in CDMA systems.

In model (2.13) the number of signal parameters is restricted to be equal for all
waveforms. In estimation this can easily be relaxed, but in the analysis, relaxation
causes problems since the resulting matrix equations can not be presented in a
closed form so easily than when the number of signal parameters is kept fixed.

2.3.2 Assumptions

In this section, the assumptions used in this thesis with some comments are given.
The assumptions are briefly denoted by As. The general assumptions are given
first.

As.1. The signal waveforms si(θil) are linearly independent in i and θil.

This means that si(θil) and sn(θnk) are linearly dependent only if i = n and
θil = θnk. Since the columns of S(θ) are assumed to be linearly independent it
follows that N ≥ L and that S(θ) has full rank L.

As.2. The parameter space Ω is an open rectangle in a multidimensional real
space.

This means that θ ∈ Ωθ ⊂ RLB. This assumption is required by the Cramér-
Rao bound.

As.3. |sm(t, θml)| are finite for all t = 1, . . . , N, m = 1, . . . , M and l = 1, . . . , Lm.

As.4. The second order derivatives of the signal waveforms exist, are continuous
and bounded in Ωθ, i.e.,

∣∣∣[ ∂2sm(θml)

∂[θml]i∂[θml]j

]
q

∣∣∣ < ∞ ∀
i, j = 1, . . . ,B
q = 1, . . . , N

m = 1, . . . , M

l = 1, . . . , Lm

This means that also the first order derivatives exist, that they are bounded and
continuous. The assumption is required for the reason shown in Corollary 2.4. If
it should be required that the third order derivatives are bounded, then Corollary
2.3 could be used.

As.5. L < N+d
2 , where d is the rank of the amplitude correlation matrix Ra to be

introduced in assumptions As.7-As.9.

This assumption guarantees that the estimates are (asymptotically) unique.
The proof of this result is given in Appendix 1. Before reading the appendix, it is
recommended that the reader finishes this section so that all the required notations
become familiar.
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As.6. Noise vectors nk are independent, identically distributed circular zero mean
Gaussian random vectors with the covariance matrix σ2IN, where σ2 is the un-
known finite noise power and IN is the N×N identity matrix.

The conditions given in the assumption mean that E{nk} = 0N×1, E{nknH
l } =

σ2INδkl, where δkl is the Kronecker delta, i.e., δkl = 1 if k = l and zero otherwise,
E{nknT

l } = 0N×N, ∀ k, l = 1, . . . , K (circularity) and that σ is finite. This assump-
tion includes the case that the noise covariance is σ2Σ, where Σ is a known positive
definite matrix. In such a case the data vectors are first whitened by multiplying
them with Σ− 1

2 and the thesis’ model (2.13) follows with S(θ) = Σ− 1
2 S(θ).

The assumptions that alternate in the analysis deal with the amplitudes and are
called the alternative assumptions. They are used to find different ML estimators
and to check the asymptotic robustness of the estimators. They are as follows:

As.7. The amplitudes are deterministic, such that |aml(k)| < ∞ for all k =
1, . . . , K, m = 1, . . . , M and l = 1, . . . , Lm. The correlation matrix

Ra = lim
K

1

K

K∑
k=1

akaH
K

exists and is positive semidefinite with rank d.

The elements of the correlation matrix are finite with the assumptions. Also,
d ≤ L.

As.8. The amplitudes ak are independent, identically distributed, circular, zero
mean Gaussian random vectors with the positive semidefinite covariance matrix
Ra with rank d, uncorrelated with the noise. The second order moments are finite.

This means that E{ak} = 0L×1, E{akaH
l } = Raδkl, E{akaT

l } = 0L×L for all
k, l = 1, . . . , K, E{aknH

k } = 0L×N or E{aH
k nk} = 0 and that

∣∣ E
{
[ak]i[ak]∗j

}∣∣ < ∞
for all i, j = 1, . . . , L.

As.9. The amplitude vectors are independent, identically distributed, circular, zero
mean random vectors with the positive semidefinite covariance matrix Ra with rank
d, uncorrelated with the noise. The fourth order moments are finite.

In this assumption, the PDF is left open. It follows from the assumption
that E{ak} = 0L×1, E{akaH

l } = Raδkl, E{akaT
l } = 0L×L for all k, l = 1, . . . , K,

E{aknH
k } = 0L×N or E{aH

k nk} = 0 and that
∣∣E {

[ak]i[ak]∗j [ak]r[ak]∗p
}∣∣ < ∞ for

all i, j, r, p = 1, . . . , L. This assumption implies As.8 in the sense that the results
derived under it are valid also under As.8, but not vice versa.

It is easy to see that a general description for the correlation matrix of the ampli-
tudes may be given as limK

1
K

∑K
k=1 E{akaH

k }, which covers all the alternating
cases. See (Ljung 1987, Section 2.3) for a discussion about this topic.

Throughout the thesis, when model (2.13) is considered, it is assumed that
As.1–As.6 are valid, if not otherwise stated, and that As.7–As.9 vary as indicated
in the text.



3 Review of the Literature

In this chapter, the principles of the maximum likelihood estimation method are in-
troduced, and the general asymptotic analysis appearing in the literature is briefly
reviewed. Also, some methods presented in the literature used to “eliminate” the
nuisance parameters from the model are discussed. Especially the method where
nuisance parameters are treated as stochastic parameters and then integrated out
is discussed. Greater stress is put on applying the maximum likelihood method
for the separable linear model. The classical approach, where all the parameters
are assumed to be deterministic, is presented in Section 3.2. In the second maxi-
mum likelihood approach, presented in Section 3.3, the linear nuisance parameters
are eliminated by assuming that they are Gaussian random variables and then
integrated out. The previous analysis of these estimators is carefully reviewed and
differences with the thesis analysis are emphasized. The principles of the correlator
estimator and its resolution are discussed in Section 3.4.

3.1 The Maximum Likelihood Method

Let p(y; γ) be the PDF of the data y, parameterized by a parameter vector γ. If
the PDF p(y; γ) is understood to be a function of deterministic parameters γ, it is
called the likelihood function1. In the maximum likelihood (ML) estimation, the
estimator, say γ̂, is chosen such that the likelihood function is maximized, i.e.,

γ̂ = arg max
γ

p(y; γ).

This means that the ML estimator γ̂ satisfies the relation

p(y; γ̂) ≥ p(y; γ̃) γ̂ 6= γ̃.

1In many papers the likelihood function is denoted by the same notation as a conditional
PDF, i.e., .
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A part of the rationale behind the ML estimator is that it makes the observed
data most likely (Sorenson 1980, p. 183). To see this let 4i be a small rectangle
in an observation space CKN. The probability that the observation lies in 4i is

Pi =

∫
4i

p(y; γ̄) dy,

where γ̄ are the true parameters. If 4i is a very small rectangle then the maxi-
mization of the probability Pi equals maximization of p(y; γ) with respect to γ,
since γ̄ is unknown. Further rationale behind the ML method is its good asymp-
totic properties, to be discussed next, and the fact that the ML estimator is often
easy to find.

Next, the history of the general analysis of the ML estimator is briefly reviewed.
The reference list is not complete since the work in this field is enormous. However,
the references serve as a good starting point for studies in this field. The modern
history of the ML method starts from early 1900’s from the work of R. A. Fisher
(Fienberg & Hinkley 1980), (Fisher 1992), (Savage 1976, p. 455) although F.
Y. Edgeworth has also worked in this field (Pratt 1976). They concluded that
ML estimators are BAN estimators, i.e., consistent and asymptotically efficient
(in the sense used in this thesis), under quite general conditions often called the
regularity conditions. These conditions can be found in (Cramér 1971, Section
33.3), (Schmetterer 1974, Section V.3), (Lehmann 1991, Chapter 6). Note that
it is not guaranteed that a consistent ML estimator exists under the conditions
given in (Cramér 1971). Through an additional assumption that p(y; γ̇) = p(y; γ̈)
implies γ̇ = γ̈ (as in this thesis) a consistent ML estimator is guaranteed to exist
(Kraft & LeCam 1956). Further discussions about the consistency of the ML
estimator are presented in (Akahira & Kashima 1994, Le Cam & Schwartz 1960,
Rubĺik 1995, Wald 1949, Wolfowitz 1949). The regularity conditions in the given
references involve existence of third order derivatives of the likelihood function and
that the derivative is bounded by an integrable (with respect to p(y; γ̄)) function.
These are also conditions for IID data vectors. Weaker conditions have been
found. In (Wilks 1962, Section 12.3) the uniform convergence (in probability)
is used (see Corollary 2.4) and just the second order derivatives are required to
exist. In (Le Cam 1970) only the first order derivatives are required. The results
can also be generalized in other directions, e.g., for independent, not identically
distributed random variables (Hoadley 1971) and for depended random variables
(Bar-Shalom 1970, Heijmans 1987, Weiss 1971, 1973). If the density p(y; γ̄) is
normal with mean s(γ̄) and known covariance, then estimation of γ̄ is equal to
the least-squares problem (Kay 1993). The nonlinear least squares is analyzed, for
example, in (Jennrich 1969, Pázman 1987, White & Domowitz 1984).

It should be noted that ML estimators are not always efficient, or the best
possible, as pointed out in (Le Cam 1990). A particular case when this may hap-
pen is that the data vectors are independent but not identically distributed and
each observation vector contains common parameters, which are of interest and
called structural parameters, and a set of parameters that vary from one obser-
vation to another. The varying parameters are of secondary interest; they are
important only for the model but not for the observer and are called incidental,
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or nuisance, parameters (Kiefer & Wolfowitz 1956). In such a case, the likeli-
hood function of an observation vector can be given as pk(yk; γ, αk), where γ

and αk are the structural and incidental parameters, respectively. If the model
contains incidental parameters, it may happen that the ML estimator is incon-
sistent and/or asymptotically inefficient. In (Kalbfleisch & Sprott 1970) a few
methods to find (hopefully) better estimators than the ML estimator were sug-
gested for the above mentioned case. One suggested method is the integrated
likelihood where the incidental parameters are assumed to have a given prior PDF
pα(α1, . . . , αK, γ). The integrated likelihood used to obtain the estimator for γ

is then p(y; γ) =
∫ · · ·∫ p(y; γ

∣∣ α1, . . . , αK)pα(α1, . . . , αK, γ)dα1 . . . dαK. In the
maximum relative likelihood method, the incidental parameters are replaced by
their maximum likelihood estimators that are functions of γ. The resulting likeli-
hood is then a function of only the structural parameters. The solutions are called
separable solutions. This method is commonly used if the incidental parameters
are the linear parameters in the separable linear model. This method is, however,
the same as the original ML method, as seen in Appendix 2, where it is shown
that the separable solutions to the likelihood equation are also the global maxi-
mizers of the likelihood function. In the marginal likelihood method the likelihood
is factored, if possible, into two parts and the part that does not depend on the
incidental parameters is used to find the estimator for the structural parameters.
In the conditional ML method the incidental parameters are replaced by their
sufficient statistics. If the sufficient statistics are independent of the structural
parameters the new likelihood is the original likelihood conditioned by the statis-
tics. Analysis of this special case can be found in (Andersen 1970). However, the
sufficient statistics are not always independent of the structural parameters and
things become somewhat complicated, as discussed in (Kalbfleisch & Sprott 1970).
Elimination of nuisance parameters is discussed also in (Basu 1977) where even a
larger set of different methods is presented.

In this thesis, a method quite close to the integrated likelihood method is cho-
sen to eliminate the incidental parameters. In this method, presented in (Kiefer &
Wolfowitz 1956), the incidental parameters are given a prior PDF pα(α; ξ), where
α = [αT

1 . . . αT
K]T, that is parameterized by an unknown deterministic structural

parameter vector ξ. Note that ξ in pα(α; ξ) is not γ, in general, as in the integrated
likelihood method. In the resulting likelihood p(y; γ, ξ) =

∫
p(y; γ

∣∣ α)pα(α; ξ)dα

the unknown parameters are γ and ξ, respectively. The rationale behind this trick
is that since the ML estimators are often asymptotically robust (Chernoff 1956),
the new ML estimator may asymptotically give a better estimator for γ than the
original ML estimator. In other words, if the new ML estimator is asymptot-
ically robust, its asymptotic behavior remains unchanged even if the stochastic
assumptions about the incidental parameters are changed back to the original de-
terministic assumptions. In addition, if the asymptotic covariance of the new ML
estimator is less positive definite than that of the original ML estimator, it gives
a better estimator for γ than the original ML estimator. The consistency of the
method is discussed in (Kiefer & Wolfowitz 1956), where it was found that under
quite general conditions both new estimators γ̂ and ξ̂ are consistent. If the new
likelihood satisfies the regularity conditions, the new estimators are also asymp-
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totically efficient, i.e., their asymptotic covariance attains the new Cramér-Rao
bound. In (Kiefer & Wolfowitz 1956), the original ML method was called the
classical ML method, since the model contains only deterministic parameters (see
also Kay 1993, p. 8) and the new method was simply called the ML method.
This terminology is used also in this thesis. In the literature other terms are also
used. In (Ottersten et al. 1992) the classical ML and the ML methods were called
the deterministic and stochastic ML method, respectively. In (Stoica & Nehorai
1990b) the names conditional and unconditional ML method were used. The term
conditional likelihood is, however, already used, as discussed earlier in this section.

Now, an important special case is considered. It is assumed that the inciden-
tal parameters αk are independent so that pα(α; ξ) =

∏K
k=1 pα(αk; ξ), the data

vectors yk are also independent given α, i.e., p(y; γ
∣∣α) =

∏K
i=1 p(yk; γ

∣∣α) and
that for a given αk a vector yk is independent of αl l 6= k, i.e., p(yk; γ

∣∣α) =

p(yk; γ
∣∣αk). In this case the new likelihood is given as

∫
p(y; γ

∣∣α)pα(α; ξ)dα =

∫ K∏
i=1

p(yk; γ
∣∣α)pα(αk; ξ)dα

=

K∏
k=1

∫
p(yk; γ

∣∣αk)pα(αk; ξ)dαk

=

K∏
k=1

p(yk; γ, ξ).

This means that the data vectors are IID random vectors, a case in which the ML
estimator is usually analyzed.

The procedure to eliminate the nuisance parameters discussed above is close
to the Bayesian philosophy for eliminating the nuisance parameters (Kay 1993,
Section 10.7). Indeed, the above special case is considered in (Lindley & El-
Sayyad 1968) from the Bayesian point of view. The main difference between the
above method and the Bayesian method is that in the above method all unknown
parameters (γ and ξ) are assumed to be deterministic whereas in the Bayesian
estimation they are assumed to be stochastic and have some known a priori PDF.
It is noted that if the ML estimator is consistent, the Bayesian estimator is often
so (Strasser 1981). Also, if the ML estimator is asymptotically efficient, so is
the Bayesian estimator with squared error loss function for a large class of prior
densities (Lehmann 1991, Section 6.7), (Zacks 1971, Section 6.4). Thus, from
the asymptotic point of view it is often the same to consider the ML estimator
as to consider the Bayesian estimator. The other reason not to use the Bayesian
methods is that in many applications it is difficult to find reasonable prior PDF for
the nonlinear parameters in the separable linear model. E.g., in (Woodward 1980),
where the classical radar problem is considered through the Bayesian philosophy,
a flat prior PDF is given for the delay, so that the resulting estimator is equal to
the ML estimator.
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3.2 The Classical Maximum Likelihood Estimator

If As.1–As.6 and As.7 are valid, then the data vectors yk in (2.13) are independent
but not identically distributed. A data vector is normally distributed with the
mean S(θ̄)āk and covariance σ̄2IN, where overbars denote the true parameter
values. In the maximum likelihood estimation the estimator of the true parameter
vector γ̄ = [θ̄T āT σ̄2]T, where ā = [āT

1 . . . āT
K]T, is

γ̂ = arg max
γ

p(y; γ),

where the likelihood function is given as

p(y; γ) =
1

πNKσ2NK
e

− 1

σ2
K
k=1‖yk−S(θ)ak‖2

.

Since the natural logarithm is a strictly an increasing function of its argument, it
is all the same to maximize the log-likelihood function, i.e., the natural logarithm
of the likelihood function, as to maximize the likelihood function itself. The ML
estimator is therefore equally given as

γ̂ = arg max
γ

lnp(y; γ).

If the log-likelihood function is derived with respect to σ2, the derivative set equal
to zero and the resulting equation solved for σ2 it follows that the (separable) ML
estimator of the noise power is

σ̂2(θ, a) =
1

NK

K∑
k=1

‖yk − S(θ)ak‖2.

If σ2 in lnp(y; γ) is replaced by σ̂2(θ, a) and the resulting reduced likelihood
function is derived with respect to ak, k = 1, . . . , K, the derivatives set equal to
zero and the resulting equations solved for ak it follows that the (separable) ML
estimators for the amplitudes are

âk(θ) =
(
SH(θ)S(θ)

)−1
SH(θ)yk k = 1, . . . , K.

If the amplitudes ak in the reduced likelihood function are replaced by âk(θ), then
the (separable) ML estimator for the signal parameters is, after some straightfor-
ward manipulations,

θ̂ = arg min
θ

tr
(
P⊥(θ)R̂y

)
, (3.1)

where P⊥(θ) = IN − S(θ)
(
SH(θ)S(θ)

)−1
SH(θ) is a projection matrix (to the null

space of SH(θ)) and R̂y = 1
K

∑K
k=1 ykyH

k is the sample correlation matrix. Equiv-
alently, the ML estimator can be given as

θ̂ = arg max
θ

tr
(
P(θ)R̂y

)
,
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where P(θ) = S(θ)
(
SH(θ)S(θ)

)−1
SH(θ) is also a projection matrix (to the range

space of S(θ)). As shown in Appendix 2, the solutions θ̂, âk(θ) k = 1, . . . , K

and σ̂2(θ, a) are also the global maximizer of the likelihood function p(y; γ) which
justifies the separation procedure.

3.2.1 Previous Analyses

The consistency and asymptotic distribution of the classical ML estimator (3.1)
have been considered previously in (Ottersten & Viberg 1988, Ottersten 1990,
Ottersten et al. 1992, Viberg 1989, Viberg & Ottersten 1991) and the consistency
and asymptotic covariance in (Stoica & Nehorai 1989, 1990a). In all these papers,
a single signal parameter, B = 1, was used at least when the final matrix form
results were given. In this thesis, the final result is given in the general case B ≥ 1,
which is a new result in the literature. The previous analyses are reviewed next.

In (Ottersten & Viberg 1988) the distribution is derived if As.7 is valid and in
(Ottersten 1990, Theorem 4.4) if As.9 is valid (and thus if As.8 is valid). Since
the resulting distribution is equal under all the alternating assumptions, the clas-
sical ML estimator is asymptotically robust. In the other papers mentioned, the
distribution is obtained by using the eigenanalysis of the sample correlation ma-
trix. This provides an extra restriction that if d is the rank of the amplitude
correlation matrix Ra, then the d largest eigenvalues of the true correlation ma-
trix R̄y = limK

1
K

∑K
k=1 E{ykyH

k } = S(θ̄)R̄aSH(θ̄) + σ̄2IN of the observed data
are required to be distinct. Also in these papers, some stochastic terms that do
not affect the asymptotic properties are replaced by corresponding deterministic
terms (details can be found in the papers). This means that proper convergence
theorems are not always used therein. Such analyses therefore form an alternative
way to approximate the estimators’ performance. Sometimes such a method may
succeed more easily than the traditional analysis where the convergence theorems
of the probability theory are used. This occurs, for example, in the analysis of
the ML estimator, as will be discussed later. In (Viberg 1989, Viberg & Ottersten
1991) the distribution is derived if As.8 is valid, in (Ottersten 1990, Chapter 9) if
As.9 is valid and in (Ottersten et al. 1992) if As.7 is valid. In (Stoica & Nehorai
1990a) is was simply assumed that Ra is nonsingular and uncorrelated with the
noise. Such assumptions are insufficient. However, it can be seen that the anal-
ysis therein is valid under all the alternative assumptions As.7-As.9. To see this,
the proof (Stoica & Nehorai 1990a, Appendix D) has to be followed until (Stoica
& Nehorai 1989, Appendix A) where (Stoica & Nehorai 1990a, Lemma B.1) is
proved. There it is required that all the eigenvalues and those eigenvectors of the
sample correlation matrix that are associated with the d largest eigenvalues tend
to their true values as K tends to infinity. This can be shown to be true by taking
the limit of the Taylor series expansion of the eigenvalues and eigenvectors given
in2 (Brillinger 1975, p. 454 proof of Theorem 9.2.4) and noting that the sample

2Indeed, it can be seen from this result that the largest eigenvalues have to be distinct.
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correlation matrix converges on the true value (in probability) if As.7–As.9 are
valid or from (Ottersten et al. 1992, Theorem 6) by noting the results in Appendix
3.

In the previous studies, it was observed that the classical ML estimator is consis-
tent but asymptotically inefficient, due to incidental parameters, i.e., amplitudes,
and that it is asymptotically efficient if

(
SH(θ)S(θ)

)−1
= 0L×L which happens if

sH
m(θml)sm(θml) → ∞ that occurs if N → ∞. In other words, it is required that

also the length of the signal N is large. The other efficient case occurs if σ → 0,
i.e., in high signal to noise ratio situations. In this thesis it is shown that these
results are valid also if B is allowed to be greater than one.

3.3 The Maximum Likelihood Estimator

Since the classical ML method is asymptotically inefficient, due to amplitudes
which are the incidental parameters, a better estimator may possibly be found.
In this thesis, the estimator discussed in Section 3.1 is chosen to be a (possibly)
improved estimator. For that purpose, it is assumed that the amplitudes are as in
As.8. As shown in Section 3.1, the data vectors are now IID normally distributed
random vectors with zero mean and covariance R̄y(γ) = S(θ̄)R̄aSH(θ̄)+ σ̄2IN. The
likelihood function is now

p(y; γ) =
1

πNK detK(Ry(γ))
e− K

k=1 yH
kR−1

y (γ)yk ,

where the parameter vector γ contains θ, σ2 and the elements of Ra, and det
denotes the determinant. Since Ra is Hermitean, it contains L real elements in
the diagonal and 2

∑L−1
i=1 i = L(L−1) real elements below (or above) the diagonal;

totally L2 real elements. If the terms that do not depend on γ are neglected then
the normalized negative likelihood function is

l(y; γ) = ln det
(
Ry(γ)

)
+ tr(R−1

y (γ)R̂y), (3.2)

where R̂y = 1
K

∑K
k=1 ykyH

k is the sample correlation matrix. The ML estimator is

γ̂ = arg min
γ

l(y; γ).

The separable ML estimators can also be found (Stoica & Nehorai 1995). For the
amplitude covariance matrix the estimator is

R̂a(θ, σ2) = S†(θ)(R̂y − σ2IN)S†
H
(θ),

where S†(θ) =
(
SH(θ)S(θ)

)−1
SH(θ) is the Moore-Penrose pseudoinverse of the

signal matrix S(θ). If Ra in l(y; γ) is replaced by R̂a(θ, σ2) it follows, after some
manipulations, that the reduced negative log-likelihood function is

l(y; θ, σ2) = ln det
(
P(θ)R̂yP(θ) + σ2P⊥(θ)

)
+ tr

([
P(θ)R̂yP(θ) + σ2P⊥(θ)

]−1
R̂y

)
. (3.3)
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If (3.3) is derived, the derivative set equal to zero and solved with respect to σ2 it
follows that the separable ML estimator for the noise power is

σ̂2(θ) =
1

N − L
tr(P⊥(θ)R̂y).

Finally, it follows that the separable ML estimator for the signal parameters is

θ̂ = arg min
θ

det
(
P(θ)R̂yP(θ) +

1

N − L
tr(P⊥(θ)R̂yP⊥(θ)

)
.

The separable solutions θ̂, σ̂2(θ) and R̂a(θ, σ2) are the global maximizer of the
likelihood function p(y; γ) as shown in Appendix 2. The solution R̂a(θ, σ2) is
clearly positive definite (in probability). Thus, the method does not give a correct
answer if Ra is singular, i.e, if some or all of the amplitudes are coherent (fully
correlated). It is, however, shown in (Stoica et al. 1996, Theorem 2) that the
estimator (3.3) is a large sample realization of the correct ML estimator in such
a case, i.e., the estimator (3.3) has the same asymptotic properties as the correct
ML estimator.

3.3.1 Previous Analyses

If As.8, is valid the model satisfies the regularity assumptions in (Lehmann 1991,
Chapter 6) except that the third order derivatives are not required here, as will
be seen, so that the ML estimator γ̂ is asymptotically efficient, i.e., its asymptotic
covariance attains the corresponding Cramér-Rao bound, which in case B = 1

has been calculated in (Weiss & Friedlander 1993). Here, however, a different
approach is used to derive the bound in the general case B ≥ 1, since this method
may be simpler. This approach will be explained soon. The Cramér-Rao bound
has also been derived in matrix form, for B = 1, in (Ottersten 1990, Ottersten et al.
1992, Stoica & Nehorai 1990b, Viberg 1989). In (Stoica & Nehorai 1990b), proper
convergence theorems are not used. Instead, the stochastic terms that do not
affect the asymptotic distribution are replaced by the corresponding deterministic
terms in order to obtain the result. In (Hochwald & Nehorai 1994) it is shown
by a counterexample that Lemma 1 in (Ottersten et al. 1992), which is used also
in (Ottersten 1990, Viberg 1989), is not, in general, valid. Thus the proof in
(Ottersten et al. 1992) is not exact. In (Hochwald & Nehorai 1994) it is shown
that ∇ξ∇ξT l(y; θ̄, σ̄2), where ξ = [θT σ2]T, converges almost everywhere on the
Fisher information of ξ. This provides a tool that is used also here to obtain the
asymptotic covariance. In this thesis, a weaker version that uses the convergence
in probability version is used instead, since the weak convergence approach is used
in this thesis otherwise, and the proof for the stronger result can be found in
(Hochwald & Nehorai 1994). This same method is also used in (Nehorai & Paldi
1994b, Theorem 3.1) to derive the Cramér-Rao bound for a more general signal
model. That result can be used to find the bound also for the model of the thesis
in the Gaussian case as is done in (Nehorai & Paldi 1994a).
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The investigations in (Stoica & Nehorai 1990b) show that the ML estimator
θ̂ is asymptotically robust, i.e., the asymptotic distribution remains unchanged if
As.8 is changed to As.7 or As.9. This result shows that the approximate technique
used in (Stoica & Nehorai 1990b), and also in the analysis of the classical ML es-
timator as discussed in Section 3.2, is quite useful in some cases. In (Ottersten &
Ljung 1989) asymptotic robustness is shown if Ra is diagonal. In (Ottersten 1990,
Theorem 8.5) it is shown that the ML estimator is asymptotically equal to the
weighted subspace fitting (WSF) estimator. Since the WSF estimator is asymp-
totically robust (Ottersten 1990, Theorem 9.2), (Ottersten et al. 1992, Theorem
7), so is the ML estimator. In (Anderson 1987) a rather general case is considered
and the paper is briefly discussed next. Anderson’s model

xα = µ +

G∑
g=0

Λg(λ)z(g)
α

corresponds to the thesis’ model if xα = yk, µ = 0N×1, G = 1, Λ0(λ) = S(θ),
z

(0)
α = ak, Λ1(λ) = IN and z

(1)
α = nk. Also, the thesis’ Ra is Φ0(τ) according to

Anderson’s notations. Anderson finds the asymptotic distribution under As.8 and
shows then in Theorem 3.5 that the result remains the same under As.9 (the terms
Cg in (Anderson 1987, p. 27) are zero if nk are normally distributed, as in this
thesis). In (Anderson 1987, Section 5) it is discussed that the result is valid also
under As.7. Since the Anderson model is more general than here, his results on
the analysis of the ML estimator are more general than the results of this thesis.
However, he does not give explicit closed form expression for the covariance of θ̂.
In the analysis of this thesis, these investigations are used to conclude that the ML
estimator is asymptotically robust, i.e., different investigations in this direction are
not made.

Let CCML and CML denote the asymptotic covariance matrices of the classical
ML and ML method, respectively, and let CRBC and CRB be the Cramér-Rao
bounds under As.7 and As.8, respectively. Then it has been shown (Ottersten
et al. 1992, Stoica & Nehorai 1990b) that

CCML ≥ CML = CRB ≥ CRBC.

In this thesis, it is shown that this relation is valid also if B > 1.

3.4 The Correlator Estimator

The correlator estimator, or the matched filter estimator, is widely used in many
applications. Examples are radar (Skolnik 1980), GPS (Kaplan 1996) and commu-
nications, where it is used for data detection (Lange 1967, Proakis 1995), channel
impulse response estimation (Godfrey 1980), (Steele 1992, Section 6.2.5) and code
synchronization in direct sequence spread spectrum systems like CDMA (Peterson
et al. 1995, Proakis 1995). The correlator parameter estimator was probably first
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obtained in radars for delay and Doppler frequency shift estimation. Convention-
ally it is considered in a situation where K = 1, M = 1 and L1 = 1, i.e., in a
single signal case when one period is observed. In (Woodward 1980, Chapter 5)
the Bayesian maximum a posteriori approach was used to obtain the correlator, as
already discussed at the end of Section 3.1. Indeed, the correlator estimator can
be obtained from the classical ML estimator (3.1) by setting M = 1 and L1 = 1.
Some properties of the correlator can be found, in addition to the above mentioned
references, in (Burdic 1968, Picinbono 1993, Turin 1976).

The other rationale behind the correlator is as follows. Since the noise that
disturbs the signal causes degradation to a system’s performance, it is desirable to
pass observations through a filter that maximizes the output signal to noise ratio
(SNR). This principle is now applied to model (2.13) with M = 1 and L1 = 1 and
using As.7. The difference with the conventional derivation is that K is allowed to
be arbitrary and that the amplitudes ak are unknown. Then yk = s(θ̄)āk + nk

where s(θ) is a short notation for s1(θ11). The total observation vector is y =
[yT

1 . . . yT
K]T = Ās(θ̄) + n, where A = a ⊗ IN, a = [a1 . . . aK]T, ⊗ denotes the

Kronecker matrix product3 and n = [nT
1 . . . nT

K]T. Let h ∈ CNK be the impulse
response of the desired filter. At the output of the filter, the expected power of
the signal part is

E
{‖hHĀs(θ̄)‖2

}
= ‖hHĀs(θ̄)‖2,

and the expected noise power is

E
{‖hHn‖2

}
= hHC̃nh,

where C̃n = E{nnH} is the noise covariance. Instead of As.6, it is assumed that the
noise vectors nk are zero mean IID random vectors with the covariance σ̄2Cn where
σ̄2 is unknown and Cn known. Thus, C̃n is a block diagonal matrix with blocks
Cn. Let (x, y)A = yHAx denote the inner product of vectors x and y with respect
to a positive definite matrix A and let ‖x‖A =

√
(x, x)A be the corresponding

norm. Then, by noting that C̃−1
n C̃n = IKN, it follows that the output SNR is

SNR =

∣∣(C̃−1
n Ās(θ̄), h)C̃n

∣∣2
‖h‖2

C̃n

.

By applying the Cauchy-Schwarz inequality (Halmos 1958, p. 125), (Picinbono
1993, p. 74), which states that |(x, y)A|2 ≤ ‖x‖2

A‖y‖2
A, the output SNR is upper

bounded as

SNR ≤ ‖C̃−1
n Ās(θ̄)‖2

C̃n

3Let be an × matrix and an × matrix. Then ⊗
11 ··· 1p

...
. . .

...
r1 ··· rp

is an

× block matrix (Horn & Johnson 1991, p. 243).
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with equality only if h = βC̃−1
n Ās(θ̄), where β is an arbitrary complex constant.

The output power of the optimal filter is

f2(y; θ̄, ā) = ‖
K∑

k=1

β∗ā∗k
σ̄2

sH(θ̄)C−1
n yk‖2.

By applying the other form of the Cauchy-Schwarz inequality (Mitrinović 1970,
pp. 30-32), which states that |∑K

k=1 akbk|2 ≤
∑K

k=1|ak|2
∑K

k=1|bk|2, it follows
that

f2(y; θ̄; ā) ≤
K∑

k=1

∣∣∣ ākβ

σ̄2

∣∣∣2 K∑
k=1

‖sH(θ̄)C−1
n yk‖2

with equality only if ākβ
σ̄2 = γsH(θ̄)C−1

n yk, where γ is an arbitrary complex con-
stant. Since β and γ are arbitrary it is possible to choose β = γ = 1. Then
the choices āk

σ̄2 = sH(θ̄)C−1
n yk maximize the output power. If these choices are

substituted into f2(y; θ̄, ā) it follows that

f(y; θ̄) =

K∑
k=1

‖sH(θ̄)C−1
n yk‖2

Since θ̄ is unknown, the strategy to find the estimate is to calculate f(y; θ) for all
values of θ and then choose the value that corresponds to the maximum of f(y; θ)
as the estimate, i.e., the correlator estimator of the signal parameter is

θ̂ = arg max
θ

f(y; θ).

After the signal parameter is estimated, the amplitude to noise power ratios can
be estimated. If the noise power is known, or estimated, the amplitudes can be
estimated.

Let As.6 be valid. Then Cn = IN and the correlator estimator for the param-
eters of the mth signal waveform sm(θml) in the general model case are the Lm

parameter values that maximize the functional

fc(θml) =
1

K

K∑
k=1

‖sH
m(θml)yk‖2 = sH

m(θml)R̂ysm(θml). (3.4)

It is seen that in order to obtain the estimate, the observed data has to be corre-
lated with the desired signal waveform. Since the desired correlation can be cal-
culated also by passing the observed data through a filter whose impulse response
is matched to the desired signal waveform (DiFranco & Rubin 1968, Section 5.3),
(Proakis 1995, Section 5.1) the name matched filter estimator is also used.

It was mentioned earlier that the correlator estimator coincides with the classical
ML estimator. Indeed, this is true only if the signal energy sH

m(θml)sm(θml) =
Em(θml) is a constant for all θml. Otherwise the correlator that follows from the
classical ML approach is given as

fcb(θml) =
sH
m(θml)R̂ysm(θml)

sH
m(θml)sm(θml)

, (3.5)
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which is also called the classical or Bartlett beamformer in the array signal pro-
cessing literature (Krim & Viberg 1996). Clearly, the two correlator estimators
are the same if sH

m(θml)sm(θml) is a constant.

3.4.1 Resolution

The asymptotic performance analysis of the correlator estimators are rare in a gen-
eral case4 (M ≥ 1, L ≥ 1). Indeed, one study has appeared just recently (Hawkes
& Nehorai 1998), during the writing of the first full version of the manuscript of
this thesis. In (Hawkes & Nehorai 1998) asymptotic bias and mean square error of
the correlator estimator are established, under assumption As.8, in the case that
the estimates are inconsistent. In case M = 1 and L1 = 1, the correlator is equal
to the classical ML estimator and therefore consistent and analyzed long ago, see
(Burdic 1968, Chapter 5). In this thesis the result in (Hawkes & Nehorai 1998)
is extended to cover also assumption As.7. The main contribution of the thesis,
however, is in the analysis of the correlator estimator in the consistent case, which
is of interest in delay estimation as explained in Chapter 1. In this case, in addition
to some new results, also some early results are verified. For example, it is well
known (Van Trees 1971, Section 10.5.3), that if different signals and signal copies
are orthogonal, then the correlator performs as the classical ML estimator. This
fact is confirmed by analysis in this thesis. The other fact noticed in (Van Trees
1971) is that if signals are becoming highly correlated, then the performance of
the correlator tends to the performance of the classical ML estimator. If M = 1

and L1 = 2 this happens if θ11 → θ12, i.e., if the signal parameters are very close
to each other. This fact can also be seen from the simulation results given in
(Saarnisaari 1996). In the extreme case θ11 = θ12, the signals should be treated
as one and the problem reduces to the single signal problem.

The other contribution in the analysis of the correlator is that new results are
provided for the resolution analysis. The resolution means how closely spaced
parameters in a signal space can be separately estimated by an estimator. The
resolution problem is treated next by considering the one signal with two copies
problem. If the noise is neglected and the amplitudes set equal to one, the output
of the correlator is

fc(y; θml) = ‖(sm(θm1) + sm(θm2)
)H

sm(θml)‖2.

Let Rm(θml, θ̃ml) = sH
m(θ̃ml)sm(θml) be the autocorrelation function of the wave-

form sm(θml) and θ̃ml denotes a reference point. If B > 1, the autocorrelation
function is multidimensional. Since sm(θml) and sm(θ̃ml) are linearly independent
if θml 6= θ̃ml it follows from the Bessel’s inequality (Halmos 1958, p. 124) that
|Rm(θml, θ̃ml)| attains its maximum value only if θml = θ̃ml. In order that the
correlation criterion fc(y; θml) contains only one peak in θml = θm1 it is essential

4In a recent review paper the performance of the correlator was not given (Krim & Viberg
1996, Table 1).
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that |Rm(θm1, θm2)| is small. As a conclusion, the correlator can separate two (or
more) closely spaced parameters if the autocorrelation function Rm(θml, θ̃ml) has
a narrow main peak and low sidelobes, that are the peaks other than the main
peak. The resolution capability of the correlator depends on the width of the
main peak of the autocorrelation function. The width from the maximum value to
the first zero of |Rm(θml, θ̃ml)| is called the correlation time (approximately the
inverse of the signal bandwidth). The resolution of the correlator is (ideally) the
correlation time of the signal. For a particular signal the correlation time can be
found by investigating

Ψm(θml) =
∣∣Rm(θml, θ̃ml)

∣∣, (3.6)

which is often called the Woodward ambiguity function (Skolnik 1980, Section
11.4), (Urkowitz et al. 1975), (Woodward 1980, p. 120). Therefore, signals that
have a narrow main peak and low sidelobes in their autocorrelation function are
sought for applications. The pseudo-noise signals have such properties and they
are often used when the correlator is used as an estimator. For example, Gold-
codes are used in the GPS (Kaplan 1996) and some short pseudo-random codes
are used in GSM (Steele 1992, Section 8.7). Also, optimal pseudo-random codes
are designed for ranging (Titsworth 1976).

The previous resolution analysis has lead scientists to believe that the resolution
of the correlator is limited by the correlation time of a signal (Krim & Viberg
1996). This belief is true in the small sample case. However, if K is large, this
belief is not true, in general. It will be shown by a numerical example that the
correlator is consistent sometimes also if the parameters are spaced closer than the
correlation time. It is emphasized that the correlator is inconsistent in general,
and consistent only in some special cases. Based on the following definition and
the above stated new result it is concluded that asymptotically the correlator may
be a superresolution method.

Definition. The estimator that has better resolution than the correlation time of
the desired signal is called a superresolution estimator.

Examples of estimators that are superresolution methods in general are the clas-
sical ML method (Saarnisaari 1996), MUSIC (Bruckstein et al. 1985), min-norm
(Pallas & Jourdain 1991) and ESPRIT (Saarnisaari 1997). However, it is required
for all the other mentioned estimators, except for the classical ML estimator, that
Ra is nonsingular. This same restriction is required also when the correlator is
consistent. Of these estimators, the MUSIC is a superresolution method only for
large K, if applied as in (Bruckstein et al. 1985). Other methods mentioned are
superresolution methods also for finite K, e.g., if K = 1. Other superresolution
methods can also be found, see (Krim & Viberg 1996, Nickel 1993). In a particu-
lar case that sm(θml) = [1 e−j2πf . . . e−j2π(N−1)f]T (no matter how data vectors
yk are modeled), the correlator equals the periodogram, a nonparametric spectral
estimator, which is known to have a limited resolution (Kay & Marple Jr. 1981).
In spectral estimation, the superresolution methods have better resolution than
the periodogram has.

Also, a new definition for the ambiguity function is given that takes into account
the unknown channel, which is not the case in the Woodward ambiguity function.
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The new definition is asymptotic, i.e. it gives ambiguity diagram that holds if large
data records are available (K is large). Other definitions for the ambiguity function
are given in (Rendas & Moura 1998). The ambiguity function therein requires that
the PDF of the data is known (Gaussian) and, thus, it is asymptotic in nature,
since the covariance can not be estimated properly by small data records. It also
takes the unknown channel into account.



4 Asymptotic Distributions

In this chapter, the estimators are analyzed, i.e., their asymptotic distributions
are derived. The classical ML, ML and correlator estimators are analyzed in
Sections 4.1, 4.2 and 4.3, respectively. The analyses mostly follow the analysis of
the prototype problem in Section 2.2.

4.1 Analysis of the Classical Maximum Likelihood
Estimator

The classical ML estimator was found in Section 3.2 to be

θ̂ = arg min
θ

V(y; θ) (4.1)

where

V(y; θ) = tr
(
P⊥(θ)R̂y

)
is the classical ML criterion. In Appendix 3, it is shown that if, in addition
to the common assumptions As.1-As.6, As.7 or As.8 or As.9 is valid then the
sample correlation matrix R̂y = 1

K

∑K
k=1 ykyH

k is a consistent estimator of the true
correlation matrix R̄y = S(θ̄)R̄aSH(θ̄) + σ̄2IN. For notational convenience S(θ̄) is
briefly denoted by S and the overbars above the true Ry, Ra and σ2 are omitted
hereafter.

Asymptotically, in probability, the criterion is therefore given as

tr
(
P⊥(θ)Ry

)
= tr

(
P⊥(θ)(SRaSH + σ2IN)

)
= tr

((
IN − P(θ)

)
SRaSH + σ2IN + σ2P(θ)

)
.

Since tr(IN) = N and tr
(
P(θ)

)
= tr

(
S(θ)

(
SH(θ)S(θ)

)−1
SH(θ)

)
= tr

((
SH(θ)S(θ)

)−1
SH(θ)S(θ)

)
= tr(IL) = L, where the property of the trace
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operator1 that tr(AB) = tr(BA) is used, it follows that

tr
(
P⊥(θ)Ry

)
= tr

(
P⊥(θ)SRaSH

)
+ σ2(N − L).

Since Ra is assumed to be positive semidefinite, it follows that tr(P⊥(θ)SRaSH) =
tr(P⊥(θ)P⊥(θ)SRaSH) = tr(P⊥(θ)SRaSHP⊥(θ)) is positive2, except if P⊥(θ)S =
0N×L. Thus,

tr(P⊥(θ)Ry) ≥ σ2(N − L)

with equality, if and only if P⊥(θ)S = 0N×L, which happens only if θ = θ̄. To see
this, note that P⊥(θ) is a projection matrix onto the null space of SH(θ) (Lancaster
& Tismenetsky 1985, Section 5.8) and thus P⊥(θ)S(θ) = 0N×L. Since the vectors
si(θil) are assumed to be linearly independent (As.1) P⊥(θ) is a projector onto
the null space of SH(θ̄) if and only if θ = θ̄. This proves the consistency of the
classical ML estimator under the given assumptions. Another proof for consistency
can be found in (Stoica & Nehorai 1989). It has been shown that estimators âk

and σ̂2 are inconsistent (Stoica & Nehorai 1989). Thus, it is expected that the
classical ML estimator is inefficient, i.e., its asymptotic covariance does not attain
the (asymptotic) Cramér-Rao bound.

The asymptotic distribution is considered next. Proceeding in a similar fashion
to Section 2.2, it follows that

θ̂ − θ̄ = −
[∇θ∇θTV(y; θ̃)

]−1∇θV(y; θ̄),

where θ̃ = λθ̂ + (1 − λ)θ̄, 0 < λ < 1. Since θ̂ is a consistent estimator, it follows
that θ̃

P−→ θ̄ as shown in Corollary 2.1 on page 26. It also follows from Corollary
2.4 that if supθ|[∇θ∇θTV(y; θ) − ∇θ∇θT V̄(y; θ)]ij| P−→ 0, for all i, j = 1, . . . , LB,
and if ∇θ∇θT V̄(y; θ) is a continuous function of θ, then

∇θ∇θTV(y; θ̃)
P−→ ∇θ∇θT V̄(y; θ̄) = ∇θ∇θT tr(P⊥Ry), (4.2)

where P⊥ is a short notation for P⊥(θ̄). Clearly, ∇θ∇θT V̄(y; θ) is continuous with
respect to θ. It has to be shown that the difference

sup
θ
|[∇θ∇θTV(y; θ) −∇θ∇θT V̄(y; θ)]ij| = sup

θ

∣∣ tr
( ∂2P⊥

∂[θ]i∂[θ]j
(R̂y − Ry)

)∣∣
converges in probability on zero. It suffices to consider elements

∣∣[ ∂2P⊥

∂[θ]i∂[θ]j
(R̂y − Ry)]ll

∣∣ =
∣∣ N∑

n=1

[
∂2P⊥

∂[θ]i∂[θ]j
]ln[R̂y − Ry]nl

∣∣.
1It is assumed that the given matrix operations are valid.
2The trace of a matrix is the sum of the eigenvalues of the matrix, and since the eigenvalues of

a positive semidefinite matrix are nonnegative (Lancaster & Tismenetsky 1985) the claim follows.
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Using a form of the Hölder inequality (Mitrinović 1970, Theorem 6 on p. 53) the
previous difference is upper bounded by

∣∣ N∑
n=1

|[ ∂2P⊥

∂[θ]i∂[θ]j
]ln|2

∣∣1
2

∣∣ N∑
n=1

|[R̂y − Ry]ln|2
∣∣1
2 .

Since the second derivatives of the projection matrix, solved in Appendix 4, are
bounded by As.4 and since R̂y

P−→ Ry it follows that the above upper bound
converges in probability to zero for all θ. Thus

sup
θ
|[∇θ∇θTV(y; θ) −∇θ∇θT V̄(y; θ)]ij| P−→ 0

and (4.2) is valid. As shown in Corollary 2.2, the inverse of ∇θ∇θT V̄(y; θ̄) exists.
The remaining thing in this step is therefore to solve

∇θ∇θT V̄(y; θ̄) = ∇θ∇θT tr(P⊥Ry).

In the first part of Appendix 5 it is shown that

∇θ∇θT V̄(y; θ̄) = 2Re
{
(DHP⊥D)� (RT

a ⊗ 1B×B)
}
. (4.3)

In the above equation, 1B×B is B × B matrix of ones,

D = [d111 d112 . . . d11B d121 . . . d1L1B d211 . . . dMLMB] ∈ CN×LB

is the matrix whose columns are the derivatives of the signal waveforms with
respect to their parameters, i.e., dijk =

∂si(θij)
∂[θij]k

, ⊗ and � denote the Kronecker
product and elementwise matrix multiplication, respectively.

Attention is then turned into the asymptotic properties of ∇θV(y; θ̄). First,
since R̂y

P−→ Ry it follows from Theorem 2.1 that ∇θV(y; θ̄) converges in proba-
bility to ∇θ tr(P⊥Ry). This means that it also converges in distribution (Lukacs
1975, Theorem 2.1.3 on p. 33). It is shown in Part II of Appendix 5 that, if
the common assumptions and As.7, As.8 or As.9 are valid, the normalized crite-
rion

√
K∇θ tr(P⊥Ry) is asymptotically normally distributed with zero mean and

covariance

C = lim
K

E
{
K∇θV(y; θ̄)∇θTV(y; θ̄)

}
= 2Re

{
σ2(DHP⊥D)� (RT

a ⊗ 1B×B) + σ4(DHP⊥D)� (
(SHS)−T ⊗ 1B×B

)}
.

(4.4)

Since this result is the same for all the alternative assumptions As.7-As.9 it follows
that the classical ML estimator is asymptotically robust.

So far, it has been shown that
√

K∇θV(y; θ̄) is asymptotically distributed as

√
K∇θV(y; θ̄)

D−→ N (0LB×1, C),
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∇θV(y; θ̄)
P−→ ∇θV̄(y; θ̄) and that ∇θ∇θTV(y; θ̃)

P−→ ∇θ∇θT V̄(y; θ̄). Theorem 2.3
can thus be used to show that

√
K(θ̂ − θ̄) =

√
K

[∇θ∇θTV(y; θ̃)
]−1∇θV(y; θ̄) is

asymptotically distributed as

√
K(θ̂ − θ̄)

D−→ N (0LB×1,
[∇θ∇θT V̄(y; θ̄)

]−1
C

[∇θ∇θT V̄(y; θ̄)
]−1

),

where the fact that if AT = A, then A−1 = A−T has been used (Lancaster &
Tismenetsky 1985, p. 44). It remains to solve the covariance

CCML =
[∇θ∇θT V̄(y; θ̄)

]−1
C

[∇θ∇θT V̄(y; θ̄)
]−1

.

Substitution of (4.3) and (4.4) into the expression for CCML gives

CCML =
σ2

2

[
Re

{
(DHP⊥D)� (RT

a ⊗ 1B×B)
}]−1

+
σ4

2

[
Re

{
(DHP⊥D)� (RT

a ⊗ 1B×B)
}]−1[

Re
{
(DHP⊥D)�

((SHS)−T ⊗ 1B×B)
}][

Re
{
(DHP⊥D)� (RT

a ⊗ 1B×B)
}]−1

.

The above derivation can be concluded as a theorem.

Theorem 4.1. Consider the signal model (2.13). Let As.1-As.6 and one of As.7-
As.9 be valid. Then, the classical maximum likelihood estimator (4.1) is consistent
and the normalized estimation error

√
K(θ̂ − θ̄) is asymptotically distributed as

√
K(θ̂ − θ̄)

D−→ N (0LB×1, CCML),

where the covariance

CCML =
σ2

2
V−1 +

σ4

2
V−1QV−1,

where

V = Re
{
(DHP⊥D)� (RT

a ⊗ 1B×B)
}

Q = Re
{
(DHP⊥D)� ((SHS)−T ⊗ 1B×B)

}
.

It is of interest to consider if V is invertible. In (Horn & Johnson 1991, Theorem
5.2.1) it is shown that A � B is positive semidefinite if A and B are positive
semidefinite, and positive definite if B is positive definite and A has no diagonal
entry zero, or if both A and B are positive definite. It is easy to see that V

is positive semidefinite, but it is not so easy to see is it positive definite. It is
certainly positive definite if B = 1 and Ra has full rank, since then both DHP⊥D

and Ra ⊗ I1×1 are positive definite. Also, if B = 1, then V is typically positive
definite since Ra typically has no diagonal entry zero. In case B > 1 it is difficult
to say anything, but in (Yau & Bresler 1992a) it is stated that it is, in practice.
In any case, a numerical establishment can be made.
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4.2 Analysis of the Maximum Likelihood Estimator

In this section, the asymptotic distribution of the ML estimator introduced in
Section 3.3 is derived. The ML estimator is given as

γ̂ = arg min
γ

l(y; γ), (4.5)

where

l(y; γ) = N lnπ + ln detRy(γ) + tr(R−1
y (γ)R̂y)

is the ML criterion or the normalized negative log-likelihood function and the
parameter vector γ is a L(L + B) + 1 real vector as discussed in Section 3.3.

The consistency of the estimator is shown first. For that purpose the loss
function (Anderson 1987) is introduced and its properties are discussed. Let A

and B be positive definite N×N matrices. The loss function L(A, B) is defined to
be

L(A, B) = tr(A−1B) − ln det(A−1B) − N.

Clearly, the loss function is continuous in both arguments and L(A, A) = 0. Since
A and B are positive definite they have positive eigenvalues, and since tr and det
of a matrix are the sum and the product of the eigenvalues, it can be shown that
L(A, B) > 0 if A 6= B.

It can be seen by using ln det(A) = ln det−1(A−1) = − ln det(A−1) (Kay 1993,
p. 571) that

l(y; γ) = L(Ry(γ), R̂y) + ln det(R̂y) + N(1 + lnπ),

which means that the minimization of the ML criterion with respect to γ equals
minimization of the loss function L(Ry(γ), R̂y). If As.1-As.6 and one of As.7-As.9

are valid, it is shown in Appendix 3 that R̂y
P−→ Ry = Ry(γ̄). Since the loss

function is continuous, it follows from Theorem 2.1 that

L(Ry(γ), R̂y)
P−→ L

(
Ry(γ), Ry(γ̄)

)
.

With the properties of the loss function L
(
Ry(γ), Ry(γ̄)

)
is minimized if Ry(γ) =

Ry(γ̄), which according to As.5 happens only if γ = γ̄. This shows the consistency
of the ML estimator under all the alternative assumptions As.7-As.9. Also, it
follows that the separable ML estimators introduced in Section 3.3 are consistent
since they minimize the ML criterion. The consistency of the separable solutions
is shown also in (Wax 1995).

The asymptotic distribution is considered next. By following the solution of the
prototype problem in Section 2.2, the normalized estimation error is given as

√
K(γ̂ − γ̄) = −

√
K

[∇γ∇γTl(y; γ̃)
]−1∇γl(y; γ̄),
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where γ̃ is in a line segment joining γ̂ and γ̄. Let, for a moment,

l(γ, R̂y) = N lnπ + ln detRy(γ) + tr(R−1
y (γ)R̂y).

Clearly,

l ′′ij(γ, R̂y) =
∂2l(γ, R̂y)

∂[γ]i∂[γ]j
=

∂2 ln det Ry(γ)

∂[γ]i∂[γ]j
+ tr

(∂2R−1
y (γ)

∂[γ]i∂[γ]j
R̂y

)
.

Since l ′′ij(γ, Ry) is continuous with respect to γ, then, in order to apply Corollary

2.4, it needs to be shown, that supγ|l ′′ij(γ, R̂y) − l ′′ij(γ, Ry)| P−→ 0. It suffices to
consider the difference

∣∣ tr
(∂2R−1

y (γ)

∂[γ]i∂[γ]j
(R̂y − Ry)

)∣∣.
By applying (A6.6) in Appendix 6 it is seen that

∂2R−1
y (γ)

∂[γ]i∂[γ]j
is bounded for all γ.

Thus

∣∣[∂2R−1
y (γ)

∂[γ]i∂[γ]j
(R̂y − Ry)]ll

∣∣ =
∣∣ N∑

n=1

[
∂2R−1

y (γ)

∂[γ]i∂[γ]j
]ln[R̂y − Ry]nl

∣∣
≤ ∣∣ N∑

n=1

|[∂
2R−1

y (γ)

∂[γ]i∂[γ]j
]ln|2

∣∣1
2

∣∣ N∑
n=1

|[R̂y − Ry]nl|2
∣∣1
2 ,

where Hölder’s inequality (Mitrinović 1970, Theorem 2.8.6 on p. 53) has been used
for the inequality. This converges in probability to zero (as in the analysis of the
classical ML estimator) and, as a consequence,[∇γ∇γTl(y; γ̃)

]−1 P−→ [∇γ∇γT l̄(y; γ̄)
]−1

where

∇γ∇γTl(y; γ̄)
P−→ ∇γ∇γT l̄(y; γ̄).

The ML criterion can be expressed as a sum of independent random variables as

l(y; γ) =
1

K

K∑
k=1

lk(yk; γ),

where

lk(yk; γ) = N lnπ + ln detRy(γ) + tr
(
R−1

y (γ)ykyH
k

)
.

It is easy to see that the expectations of the individual terms lk(yk; γ) exist and
that their second moments are bounded under the common and all the alternative
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assumptions. From the weak law of large numbers, Theorem 2.2, it then follows
that

∇γ∇γTl(y; γ̄)
P−→ lim

K

1

K

K∑
k=1

E{∇γ∇γTlk(yk; γ̄)}.

The term E{∇γ∇γTlk(yk; γ̄)} = Jk(γ̄) is the Fisher information of yk (see Section
2.1.1). Since the terms lk(yk; γ̄) are independent, the total Fisher information is
the sum of individual Fisher information as discussed in Section 2.1.1. Thus,

∇γ∇γTl(y; γ̄)
P−→ Jas(γ̄),

where Jas(γ̄) is the asymptotic Fisher information for the normalized estimation
error.

Straightforward analysis shows that if in addition to the common assumptions,
As.8 or As.9 is valid then ∇γlk(yk; γ̄) are IID random vectors with the existing
expectation and covariance. The Lindeberg condition (2.11) is thus satisfied and,
according to the central limit theorem, 1√

K
∇γl(y; γ̄) is asymptotically distributed

according to a normal distribution. The mean of the distribution is zero since
limK E{l(y; γ̄)} = E{limK l(y; γ̄)}, which follows from the dominated conver-
gence theorem discussed at the end of Section 2.2, is minimized by γ̄. By using
(Kay 1993, Equations 15.47 and 15.48 on p. 520) it follows that

E
{
[∇γlk(yk; γ̄)]i

}
= tr

(
R−1

y

∂Ry

∂[γ]i
(IN − R−1

y E{ykyH
k })

)
.

Obviously, if As.8 or As.9 is valid this expectation is zero (which also leads to
asymptotically zero mean) and thus the expression for the asymptotic covariance
is

lim
K

1

K

K∑
k=1

E
{∇γlk(yk; γ̄) ∇γTlk(yk; γ̄)

}
= lim

K

1

K
E{∇γl(y; γ̄)∇γTl(y; γ̄)},

(4.6)

where the latter equality follows, since ∇γlk(yk; γ̄) are independent and zero mean
(see the remark in Part II of Appendix 5). Equation (4.6) is recognized as the
asymptotic Fisher information Jas(γ̄) (see Section 2.1.1). From Theorem 2.3 it
follows that

√
K(γ̂ − γ̄)

D−→ N (
0(L(L+B)+1)×1, Jas(γ̄)

)
,

where, in general, Jas(γ̄) is different depending on whether is As.8 or As.9 valid.
If the common assumptions and As.7 are valid then the Lyapounov condition
(2.10) is satisfied3 and ∇γl(y; γ̄) is asymptotically normally distributed. From the
dominated convergence theorem it follows that ∇γl(y; γ̄) is asymptotically zero
mean. Since ∇γl(y; γ̄) is asymptotically zero mean, it follows from the remark

3This can be shown similarly as in Part II of Appendix 5.
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in Part II of Appendix 5 that the asymptotic covariance has expression (4.6) also
under As.7. Again, the covariance is, in general, different to that obtained under
As.8 or As.9. But, as discussed in Section 3.3 the ML estimator is asymptotically
robust so that the covariance matrices are equal. The somewhat different proofs
of the above result in the IID cases can also be found in (Cramér 1971, Section
33.3), (Ibragimov & Has’minskii 1981, Theorem 8.1 on p. 83), (Lehmann 1991,
Section 6.4), (Schmetterer 1974, pp. 295-318) and (Zacks 1971, Theorem 5.5.3).

The general element for the Fisher information matrix of the current model, i.e,
the model where As.8 is used, is given as (Kay 1993, p. 525), (Ottersten et al. 1993,
Section 4.4.3), (Schmidt 1982, Section 6.1) and (Stoica & Moses 1997, Appendix
B)

[J(γ̄)]ij = tr
(
R−1

y (γ̄)
∂Ry(γ)

∂[γ]i
R−1

y (γ̄)
∂Ry(γ)

∂[γ]j

)
. (4.7)

In case B = 1 this is evaluated in (Weiss & Friedlander 1993). Here another
method, which possibly is simpler, that finds the Cramér-Rao bound in probability
is chosen and considered next.

The solution is based on the separable likelihoods. The parameter vector is
partitioned as γ = [ξT rT

a ]T, where ξ = [σ2 θT]T contains the noise power and
signal parameters and ra contains the L2 real parameters of Ra. It is assumed
that As.8 is valid. The Fisher information matrix for the normalized estimation
error can be expressed as

Jas(γ̄) =

 Eγ̄

{∇ξ∇ξTl(y; γ̄)
}

Eγ̄

{∇ξ∇rT
a
l(y; γ̄)

}
Eγ̄

{∇ra∇ξTl(y; γ̄)
}

Eγ̄

{∇ra∇rT
a
l(y; γ̄)

}
 ,

from which it is obtained by the matrix inversion lemma (Kay 1993, p. 571) that

Jas(ξ̄) = Eγ̄

{∇ξ∇ξTl(y; γ̄)
}

− Eγ̄

{∇ξ∇rT
a
l(y; γ̄)

}[
Eγ̄

{∇ra∇rT
a
l(y; γ̄)

}]−1 Eγ̄

{∇ra∇ξT l(y; γ̄)
}
.

Let l(y; ξ) be the separable, or concentrated (Hochwald & Nehorai 1994), normal-
ized negative log-likelihood function of ξ, i.e., it is obtained by substituting the
separable solution for ra, say ra(ξ), into the normalized negative log-likelihood
function l(y; γ) as explained in Section 3.3. It is shown in Part I of Appendix 6
that

∇ξ∇ξTl(y; ξ̄)
P−→ Jas(ξ̄).

The remaining problem is then to find the asymptotic separated Fisher information
Jas(ξ̄). It is shown in Part II of Appendix 6 that

Jas(ξ̄) =

 1
σ4 (N − L) 01×LB

0LB×1
2

σ2 Re
{
(DHP⊥D)� ((RaSHR−1

y SRa)T ⊗ 1B×B)
}
 .

The above discussion can be concluded by the following theorem.
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Theorem 4.2. Consider the signal model (2.13). Let As.1-As.6 and one of As.7-
As.9 be valid. Then, the maximum likelihood estimator (4.5) is consistent and the
normalized estimation error

√
K(θ̂ − θ̄) is asymptotically distributed as

√
K(θ̂ − θ̄)

D−→ N (0LB×1, CML),

where the covariance is, in probability,

CML =
σ2

2

[
Re

{
(DHP⊥D)� ((RaSHR−1

y SRa)T ⊗ 1B×B)
}]−1

.

It can be seen that the rank of RaSHR−1
y SRa is d. Thus, C−1

ML is certainly
invertible if B = 1 and Ra has full rank, and almost certainly if B = 1 and Ra has
the arbitrary rank as discussed after Theorem 4.1. In the general case B > 1 a
numerical establishment can be made.

4.3 Analysis of the Correlator Estimator

In this section, the classical beamformer is analyzed. Since the correlator is a spe-
cial case of the classical beamformer, the analysis of the correlator is also implied.
The classical beamformer and the correlator were introduced in Section 3.4 and
are jointly called a correlator in this section. The criterion, i.e., the maximized
functional, for the correlator estimator (3.5) can be expressed as

f(θil) = tr
(
Pil(θil)R̂y), (4.8)

where Pil(θil) = si(θil)
(
sH
i (θil)si(θil)

)−1
sH
i (θil) is a projection matrix of the

signal waveform si(θil).
The consistency is considered first. Since R̂y

P−→ Ry under all the alternating
assumptions it follows, by Theorem 2.1, that

f(θil)
P−→ tr

(
Pil(θil)Ry

)
= tr

(
Pil(θil)SRaSH + σ2Pil(θil)

)
= tr

(
Pil(θil)SRaSH

)
+ σ2.

Since the latter term is a constant it suffices to consider the term

f̄(θil) = tr
(
Pil(θil)SRaSH

)
=

sH
i (θil)SRaSHsi(θil)

‖si(θil)‖2
. (4.9)

In general, it is difficult to say anything about the consistency of the correlator
estimator. However, it is known that in some cases, as discussed in Chapter
1, the correlator estimator is consistent. In the following a few practically not
very interesting cases, where the correlator estimator is consistent, are analytically
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investigated. After that, numerical examples are given in the more interesting cases
where the correlator estimator is consistent and inconsistent.

Let Ra have full rank L. In Appendix 7 it is shown that the eigenvector of
Pil(θil), say x, that is associated with the nonzero eigenvalue of Pil(θil), belongs
to the range space of S(θ). It is also shown that S(θ̄)RaSH(θ̄) = EsΛsE

H
s , where

Λs = diag(λ1−σ2, . . . , λL−σ2), where λi i = 1, . . . , L are the L largest eigenvalues
of Ry and the associated eigenvectors are the columns of Es. The sufficient criterion
can therefore be expressed as

f̄(θil) = tr(xxHEsΛsE
H
s )

= ‖EH
s x‖Λs .

If Λs = aIL, where a is a positive constant, the above expression leads4 to in-
equality ‖EH

s x‖ ≤ ‖x‖ with equality if and only if x belong to the space spanned
by the column vectors of Es. In Appendix 7 it is shown that the column vectors
of Es span the range space of S(θ̄). Thus, the equality in the previous inequality
is obtained if and only if x belongs to the range space of S(θ̄), which is possible
if and only if θil = θ̄il. This means that f̄(θil) attains its Li maxima at the
true parameter values, which means that the correlator is a consistent estimator.
Unfortunately, the requirement Λs = aIL is inpractical except in the single signal
case. Therefore, the consistency of the correlator remains unsolved in general. In-
stead, the consistency of the correlator can be checked numerically by evaluating
f̄(θil), which can therefore be called an ambiguity function. Interestingly, maxi-
mization of ‖EH

s x‖ corresponds to the MUSIC estimator (Stoica & Nehorai 1989),
which is consistent in general if Ra is full rank. Asymptotically the only difference
between the correlator and MUSIC estimators is therefore the weighting matrix
Λs, which may make the correlator inconsistent.

Analytically only a few cases where the correlator is consistent can be found,
in addition to the previous very inpractical case. If M = L1 = 1, i.e., in a single
signal case, the correlator equals the classical ML estimator and is therefore con-
sistent. The other case happens if the signal waveforms and copies with different
parameters are orthogonal. In this case

SHsi(θil) =

{
0L×1 if θil 6∈ θ̄,

Ri(θ̄il) if θil ∈ θ̄,

where Ri(θil) = sH
i (θil)si(θ̄il). Thus,

f̄(θil) =

{
[Ra]ii if θil ∈ θ̄,
0 otherwise,

which proves the consistency.
Criterion (4.9) can be seen as an ambiguity function since it defines when the

correlator can successfully estimate parameters. Unlike the Woodward ambiguity
4By using the Bessel inequality (Halmos 1958, p. 124), (Lancaster & Tismenetsky 1985, p.

109).
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Fig. 4.1. The ambiguity function for different amplitude correlations in Ex.1.

The true delays are 1.5 and 2.

function discussed in Section 3.4 the new definition takes into account the unknown
channel and all the existing signal waveforms. However, it is asymptotic by nature
and can be used to predict the behavior of the correlator if a large amount of data
is available. It is also possible to extend the new ambiguity function for other
assumptions about the signal and noise. The extended version is ‖si(θil)‖2

Ry
.

Clearly, it includes also the case where the amplitudes and noise are correlated.
Next are given numerical examples, denoted as Ex., where the consistency is

discussed. In the first example, the simulation where it was first noticed (by the
author) that the correlator may separate closely spaced parameters is repeated.
The new ambiguity function (4.9) is also plotted for the simulated situations in
order to show that the presented theory and simulations coincide.

Ex.1. In this example, a time delay estimation problem in a two path channel is
considered. In this case, B = M = 1 and L1 = 2, i.e., there is a signal waveform
with one unknown parameter and two copies of it. The signal is a 31-chip m-
sequence (Godfrey 1980, Peterson et al. 1995) with the rectangular chip waveform.
With the Woodward ambiguity function the resolution limit is one chip duration.
In the simulation the parameter separation is half of this limit.

In Figure 4.1 the ambiguity function (4.9) is plotted for different amplitude
correlations Ra =

[
1 a

a∗ 1

]
, where a defines the crosscorrelation between the ampli-

tudes. It can be observed that the separation succeeds best if the amplitudes are
uncorrelated and fails if they are fully correlated. This means that the correlator is
(expected to be) useful, in a large sample case, also in separation of closely spaced
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Fig. 4.2. The outputs of the correlator estimator for different sample sizes

in Ex.1. The amplitudes are uncorrelated ( ) and the true delays are 1.5

and 2.

parameters in (radio) channels where the multipaths are not highly correlated,
and that it works best if the amplitudes are uncorrelated. In Figures 4.2 and 4.3,
these observations are confirmed by computer simulations, i.e., the output of the
correlator is plotted for several sample sizes K and for different values of correlation
between the amplitudes.

Intuitively the separation capability can be explained as follows. If the ampli-
tudes are not highly correlated, then sometimes one amplitude is weak and the
other strong. In this case, the peak at the output of the correlator is around the
strong delay. Sometimes the situation is vice versa. Sometimes the amplitudes are
equally strong. On average, as K increases, the two separate peaks can, however,
be separated.

Ex.2. In this example, the previous time delay estimation problem is further
considered by using a smoother chip waveform. In this example, the chip waveform
is described by samples 0.3, 0.7, 0.9, 1, 1, 0.9, 0.7 and 0.3. The ambiguity function
is drawn for different delays in Figure 4.4. If compared to results in Ex.1, it can
be seen that the consistency capability of the correlator depends not only on the
parameter separation but also the shape of a signal.

Ex.3. In this example, a directions-of-arrival estimation problem presented in
(Krim & Viberg 1996) is considered. Also here B = M = 1 and L1 = 2. The
signal waveform (called the steering vector in array signal processing literature)
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Fig. 4.3. The outputs of the correlator estimator for different sample sizes

in Ex.1. The amplitudes are coherent ( ) and the true delays are 1.5 and

2.
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Fig. 4.4. The ambiguity functions in Ex.2. The correct delays are 1.5 and 2,

1.5 and 2.25, and 1.5 and 2.75, i.e., the delay separations are 0.5, 0.75 and

1.25. The amplitudes are uncorrelated ( ).
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Fig. 4.5. The ambiguity function for Example Ex.3. The correct angles are

80 and 90.

is si(θil) = [1 ejπ cos θil . . . ej(N−1)π cos θil ]T, where θil is the angle and N is the
number of the array elements. This is the steering vector of a linear uniform array
of isotropic sensors that are separated by a half wavelength and its correlation
“time” with N = 10 is 12◦. The ambiguity function is shown for uncorrelated
amplitudes in Figure 4.5. As can be seen, the “weak” maxima are not placed in
the correct places. This means that the correlator estimator is inconsistent in this
case. However, if angle separation is larger than 12◦ the separation succeeds, as
shown in Figure 4.6.

The asymptotic distribution of the normalized estimation error
√

K(θ̂ − θ̄) is
then derived for the alternative assumptions As.7 and As.8, i.e., the case that As.9
is valid is not considered. Also, in the following analysis it is assumed that the
correlator is consistent. The inconsistent case is considered later, in Section 4.3.1.
At first, some background material is given.

Since the absolute value (power) of Rα(θαl, θ̃αl) = sH
α(θαl)sα(θ̃αl), the autocor-

relation function obtains its maximum value only if θαl = θ̃αl, and its derivative
exists (from As.4), it follows that

Re{dH
αli(θ̃αl)sα(θ̃αl)} = 0 (4.10a)

or, equally, that

dH
αli(θ̃αl)sα(θ̃αl) = −sH

α(θ̃αl)dαli(θ̃αl), (4.10b)



65

60 65 70 75 80 85 90 95 100 105 110
0

0.2

0.4

0.6

0.8

1

Angle in degrees

A
m

bi
qu

ity
 fu

nc
tio

n

Fig. 4.6. The ambiguity function for Example Ex.3 when the correct angles

are 75 and 90.

where dαli(θαl) =
∂sα(θαl)
∂[θαl]i

. Let ε(θαl) = sH
α(θαl)sα(θαl) be the energy function

of sα(θαl) with equal value for each θαl as is the case if the pure correlator is
used. The differentiation gives

∂ε(θαl)

∂[θαl]i
= Re{dH

αli(θαl)sα(θαl)} = 0 ∀θαl.

The second derivation yields

Re{dH
αli(θαl)dαlj(θαl) + sH

α(θαl)dαlij(θαl)} = 0, (4.11)

where dαlij(θαl) =
∂2sα(θαl)

∂[θαl]i∂[θαl]j
.

The derivation of the asymptotic distribution follows closely the analysis of
the classical ML estimator and is performed wholly in Appendix 8. Let Eαl =
Rα(θαl, θαl) be the energy of the αth signal waveform with parameter θαl and
let E = [E11 E12 . . . E1L1

E21 . . . EMLM
]T ∈ RL be the vector of energies of

the signals in the signal matrix S(θ̄). Let E−1 = [1/E11 . . . 1/EMLM
]T. The

result of the derivation, which shows that the correlator is asymptotically robust,
is concluded in the following theorem.

Theorem 4.3. Consider the signal model (2.13). Let As.1-As.6 and As.7 or As.8
be valid. Further, assume that the classical beamformer estimator, which for a
signal waveform sα(θαl) are Lα largest maxima of (4.8), is consistent. Then, the
normalized estimation error

√
K(θ̂ − θ̄) is asymptotically normally distributed. If
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B = 1 the asymptotic distribution is given as
√

K(θ̂ − θ̄)
D−→ N (0L×1, CC),

where the covariance

CC = F−1QF−1.

Matrix

F = 2Re
{
(SHSRaSHD ′ + DHSRaSHD)� diag−1(E)

}
− 2Re

{(
(DHD + SHD ′)� (SHSRaSHS)

)� diag−2(E)
}
,

and

Q = 2σ2 Re
{(

(SHSRaSHD)� (SHD)T + (SHSRaSHS)� (DHD)T

+ (SHD)� (SHSRaSHD) + σ2(SHD)� (SHD)T + (SHS)

� (DHSRaSHD)T + σ2(SHS)� (DHD)T
)� (

(E−1ET
−1)� IB

L

)}
.

In the above expressions D ′ = [d1111 d1211 . . . d1L111 d2111 . . . dMLM11], and
IB
L is a block diagonal L × L matrix with M blocks 1Lα×Lα , α = 1, . . . , M, where

1p×m is a p×m matrix of ones.

Note that F is invertible since it is diagonal.

4.3.1 The Inconsistent Case

In the previous theorem, it is required that the correlator is consistent. As shown
in the numerical examples, this is not a valid assumption even in simple scenarios
where only two signals are present. In general, the correlator is an inconsistent,
asymptotically biased estimator. This means that the asymptotic estimator

θ̌ = arg max
θ

tr
(
Pαl(θαl)Ry

)
is not necessary equal to the true value θ̄. By using the first-order Taylor expan-
sion around θ̄, an approximation for the asymptotic bias can be obtained. The
approximation is

√
K(θ̌ − θ̄) ≈ F−1Q, (4.12)

where the elements of the vector Q are ∇[θαl]i tr(P⊥αlRy). The first order deriva-
tives of the projection matrix are calculated in Appendix 4. With the result (A4.3)
therein and (4.10),

∇[θαl]i tr(P⊥αlRy) = −R−1
α (θ̄αl, θ̄αl)2Re{sH

αlSRaSHdαli + σ2sH
αldαli}.
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Since Re{sH
αldαli} = 0 in (4.10), the last term in the above sum is zero and thus

[Q]αl = R−1
α (θ̄αl, θ̄αl)2Re{sH

αlSRaSHdαli}. (4.13)

If auto- and crosscorrelation functions of the signal waveforms in S are constants,
then SHdαli = 0L×1 and the correlator is asymptotically unbiased. This occurs,
for example, if the signals are orthogonal and also if m-sequences are used in delay
estimation and the delay separation is larger than a chip duration. This confirms
the observation made in Ex.2 on page 62 that the correlator is consistent if the
delay separation is 1.25 chip durations.

Recently, two papers (Vaidyanathan & Buckley 1998, Hawkes & Nehorai 1998)
have appeared in the literature which consider the analysis of the correlator in
the inconsistent case under assumption As.8. Here the latter is followed. Its
result is extended also under assumption As.7. First, however, the contents of
(Vaidyanathan & Buckley 1998) is reviewed. The analysis in (Vaidyanathan &
Buckley 1998) includes also the analysis of the correlator, although this was not
mentioned in that paper. However, the results discussed early in this section are
not presented in (Vaidyanathan & Buckley 1998). The results in (Vaidyanathan
& Buckley 1998) include the bias expression (4.13) as a special case. They also
include the expressions for the effects of finite data and model perturbations. In
(Vaidyanathan & Buckley 1998) estimators that are derived from the criterion

sH
α(θαl)H(R̂y)sα(θαl)

are considered. In the criterion, H(R̂y) is a function of R̂y, defined as H(R̂y) =∑N
i=1 H(λ̂i)êiê

H
i , where λ̂i is an eigenvalue of R̂y ordered as λ̂1 ≥ · · · ≥ λ̂N, and

êi is the associated eigenvector. In (Vaidyanathan & Buckley 1998) it is assumed
that Ra is full rank, so that the (true) eigenvectors {ei}

L
i=1 and {ei}

N
i=L+1 of Ry

span the range space of S(θ̄) and the null space of SH(θ̄) as shown in Appendix
7. The analysis in (Vaidyanathan & Buckley 1998) is for an enhanced minimum
variance (EMV) estimator of which the minimum variance distortionless response
(MVDR) and MUSIC estimators are special cases. The correlator is also included
by setting H(λ̂i) = λ̂i or, more generally, by setting H(λ̂i) = λ̂i

‖sα(θαl)‖2 . The
general results in (Vaidyanathan & Buckley 1998, Equations 4, 6, 7, 10 and 13)
can be applied for the correlator by noting that H ′(λi) = 1 and H ′′(λi) = 0, where
H ′ and H ′′ are the first and second order derivatives of H(λi). Further analysis of
the results in (Vaidyanathan & Buckley 1998) is not performed here.

The finite sample estimates θ̂ converge in probability to the asymptotic esti-
mates θ̌. The asymptotic bias term can therefore be expressed as

lim
K

√
KE{θ̂ − θ̄} = lim

K

√
KE{θ̂ − θ̌ + θ̌ − θ̄}

= lim
K

{E{4θ̂} +4θ̌},

where

4θ̂ =
√

K(θ̂ − θ̌)

4θ̌ =
√

K(θ̌ − θ̄).
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The elements of the term 4θ̌ are given by (4.12)-(4.13). The term 4θ̂ can be ap-
proximated by investigating the first order Taylor expansion of ∇θ tr

(
Pαl(θ̂αl)R̂y

)
around θ̌ and Ry. In Appendix 9, it is shown that 4θ̂ = 0L×1. The asymptotic
mean square error (MSE) is therefore given as

lim
K

E{(θ̂ − θ̄)(θ̂ − θ̄)T} = lim
K

E{4θ̂4θ̂T} +4θ̌4θ̌T.

If B = 1, the term 4θ̌4θ̌T is, from (4.12)-(4.13), easily seen to be

4θ̌4θ̌T = F−1QbiasF
−1, (4.14)

where

Qbias = 2Re
{
(SHSRaSHD)� (SHSRaSHD)�(

(E−1ET
−1)� IB

L

)T}
.

By following the analysis in Appendix 8 it can easily be shown that if B = 1, then

lim
K

E{4θ̂4θ̂T} = F−1
adQadF−1

ad, (4.15)

where

Fad = 2Re
{
(SH(θ̌)SRaSHD ′(θ̌) + DH(θ̌)SRaSHD(θ̌))� diag−1(E(θ̌))

}
− 2Re

{(
(DH(θ̌)D(θ̌) + SH(θ̌)D ′(θ̌))� (SH(θ̌)SRaSHS(θ̌))

)� diag−2(E(θ̌))
}
,

and

Qad = 2σ2 Re
{(

(SH(θ̌)SRaSHD(θ̌))� (SH(θ̌)D(θ̌))T

+ (SH(θ̌)SRaSHS(θ̌))� (DH(θ̌)D(θ̌))T

+ (SH(θ̌)D(θ̌))� (SH(θ̌)SRaSHD(θ̌))

+ σ2(SH(θ̌)D(θ̌))� (SH(θ̌)D(θ̌))T

+ (SH(θ̌)S(θ̌))� (DH(θ̌)SRaSHD(θ̌))T

+ σ2(SH(θ̌)S(θ̌))� (DH(θ̌)D(θ̌))T
)� (

(E−1(θ̌)ET
−1(θ̌))� IB

L

)−1}
.

These results extend the results expressed in (Hawkes & Nehorai 1998) in two
ways. First, the result is derived also under As.7. Secondly, the structure of Ry is
taken into account when the final forms of the results are given. These results can
be used to approximate the performance of the correlator in a general case. The
term (4.14) can be evaluated directly. The asymptotic bias term can be evaluated
from (4.12)-(4.13). The asymptotic bias can then be used to find θ̌, and θ̌ can
then be used to evaluate the covariance term (4.15). Alternatively, the asymptotic
estimates θ̌ can be found numerically from tr

(
Pαl(θαl)R̂y

)
as suggested in (Stoica

et al. 1995).



5 Discussion

In this chapter, the classical ML, ML and correlator estimators are compared
by investigating their asymptotic covariance matrices. It is assumed that the
covariances exist. The covariance matrices are compared with each other and with
the Cramér-Rao bounds obtained as As.7 and As.8 are valid. The bounds are
denoted as CRBC and CRB, respectively. The comparison with the correlator is
made only in some special cases since the form of the correlator’s covariance is
complicated so that general comparison is very difficult.

At first, it is shown that relations CCML ≥ CML = CRB ≥ CRBC, that have
earlier been verified for B = 1, are valid also if B ≥ 1. The relation CML = CRB

has already been proved (in probability) in Section 4.2. The Cramér-Rao bound
CRBC is derived in (Yau & Bresler 1992b) for general B and in (Stoica & Nehorai
1989) for B = 1. Here, an alternative derivation is given by applying the results
derived in (Scharf & McWhorter 1993). Therein the result was derived for real
sample vectors but it is valid also if the vectors are complex, as here. By applying
(Scharf & McWhorter 1993, Equation 6) it follows that

CRBC = σ2
K∑

k=1

[
GH

1 (IN − PG2
)G1

]−1
, (5.1)

where the columns of G1 are obtained by taking derivative of the columns of
S(θ) with respect to the elements of θ, i.e, G1 = D. G2 = S(θ̄) and PG2

=
G2(GH

2 G2)−1GH
2 is a projection matrix of G2. By evaluating (5.1) it follows that

CRBC =
σ2

2
V−1, (5.2)

where V is defined in Theorem 4.1. Note that the assumptions guarantee that
CRBC (as well as CRB, CCML, CML and CCB) is positive definite, as required in the
derivation of the Cramér-Rao bound. To see that CRBC (and others) are positive
definite, see the derivation in the next paragraph and the proof of (Stoica & Nehorai
1990a, Lemma A.1) together with (Horn & Johnson 1991, Corollary 4.2.13). The
latter two can be used to show that if A and B are positive (semi)definite matrices,
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then A � B is positive (semi)definite. It is also interesting to note that the best
case, in the sense that the estimation error variances predicted by the CRBC are
at minimum, occurs if Ra is diagonal (Yau & Bresler 1992c), i.e., if the amplitudes
are uncorrelated.

The asymptotic covariance of the classical ML estimator, see Theorem 4.1, can
therefore be written as

CCML = CRBC +
σ4

2
V−1QV−1.

To see the relation CCML ≥ CRBC consider the latter term in the above expression.
It includes the term (SHS)−T⊗ 1B×B, that can be written as U(SHS)−TUH, where

U =


1B×1 0B×1 · · · 0B×1

0B×1 1B×1
. . .

...
...

. . .
. . .

...
0B×1 · · · 0B×1 1B×1

 . (5.3)

Since (SHS)−T is positive semidefinite, so is U(SHS)−TUH. By applying (Stoica
& Nehorai 1990a, Lemma A.1) it is concluded that Q, and, therefore, V−1QV−1

are positive semidefinite that verifies the considered relation. This result means
that the classical ML estimator is not (asymptotically) efficient, in general, as
expected. If σ2 → 0, then CCML → CRBC since the latter term in the right
hand side of CCML tends to zero faster than the first term. This happens also
if (SHS)−1 → 0L×L that occurs if sH

i (θil)si(θil) → ∞, i.e., if N → ∞. The
conclusion is that the classical ML estimator is asymptotically efficient if the signal
to noise ratio (SNR) is large, or if the signal duration is long (N is large). These
facts were observed in (Stoica & Nehorai 1990a) for B = 1. The alternative
situation that K is fixed and N is large is discussed in (Viberg et al. 1995).

Then, the asymptotic covariances CCML and CML in Theorems 4.1 and 4.2 are
compared. It is assumed that Ra is nonsingular. Let

W = R−1
a + σ2R−1

a (SHS)−1R−1
a ,

so that

CCML =
σ2

2

[
Re

{
(DP⊥DH)� (URT

aUH)
}]−1[

Re
{
(DP⊥DH)

� (
U(RaWRa)TUH)

}][
Re

{
(DP⊥DH)� (URT

aUH)
}]−1

.

By applying Lemma 10.1, that is shown and proved in Appendix 10, and the result
(RaWRa)−1 = R−1

a W−1R−1
a , it follows that

CCML ≥ Re
{
(DP⊥DH)� (W−T ⊗ 1B×B)

}
.

Application of the matrix inversion lemma (Kay 1993, Appendix 1) twice results
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in

W−1 = Ra − RaR−1
a (R−1

a RaR−1
a +

1

σ2
SHS)−1RaR−1

a

= Ra − (R−1
a +

1

σ2
SHS)−1

= Ra − Ra + RaSH(SRaSH + σ2IN)−1SRa

= RaSHR−1
y SRa,

from which the relation CCML ≥ CML follows. This relation shows that the ML
estimator is what it is hoped to be, i.e., it has better performance than the classical
ML estimator (see Section 3.1).

The Cramér-Rao bounds are investigated next. Clearly,

CRB−1
C − CRB−1 = Re

{
(DP⊥DH)� (U(Ra − W−1)TUH)

}
.

Since Ra − W−1 = (R−1
a + 1

σ2 SHS)−1 is positive definite1 it follows from (Stoica &
Nehorai 1990a, Lemma A.1) that CRB−1

C − CRB−1 ≥ 0 which means that

CRB ≥ CRBC.

The equality is clearly attained if σ2 → 0 or if N → ∞ (so that sH
α(θαl)sα(θαl) →∞) since then Ra − W−1 → 0L×L. This result means, together with the result

CCML ≥ CML = CRB that CRB is essentially the lower bound also for the classical
ML estimator. This concludes the proofs of the required relations in the general
case (B ≥ 1).

Next, the ML estimators are compared with the correlator in two cases. It
should, however, be remembered that the following comparison results are valid
only if the correlator estimator is consistent. In all the cases it is assumed that the
signal energies are constants. In the first case it is assumed that M = L1 = B = 1,
i.e. a copy of a signal with an unknown parameter is present. It is known that, in
this special case, the classical ML estimator and the correlator are equal but how
does the ML estimator relate to these two? Now, S = s1(θ̄11), D = d111, SHD = 0

and SHD ′ = −DHD. Also, let Ra = a.
From Theorem 4.3 it follows due to (4.10) that the asymptotic covariance of

the classical ML estimator is

CCML =
σ2

2a

[‖D‖2 −
‖DHS‖2

E11

]−1
+

σ4

2a2E11

[‖D‖2 −
‖DHS‖2

E11

]−1
.

Since

RaSHR−1
y SRa = a − (

1

a
+

1

σ2
SHS)−1 =

a2E11

aE11 + σ2

it follows that the asymptotic covariance CML of the ML estimator, given in The-
orem 4.2, is equal to CCML. Asymptotic covarince of the correlator should be the

1 is again assumed to be nonsingular.
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same as for the classical ML since the estimators are equal in the single signal case.
Indeed, by (4.10) and (4.11) it is easily seen from Theorem 4.3 that CC = CCML.
It is concluded that in this special case all the estimators have equal asymptotic
performance.

The term σ2

2a‖D‖2 presents the CRB when the amplitude is known (Kay 1993,
Section 3.11). Therefore, the impact of the unknown amplitudes is to add the
term depending on ‖DHS‖2

E11
and higher order terms. If the term depending on

‖DHS‖2 and higher order terms are zero or negligible, then in the unknown am-
plitude case the known amplitude CRB can be attained. This happens if SNR
is large and ‖DHS‖2 is negligible. Typically the latter is true for DS/SS signals.
For sinusoidals, however, it is not small. For example, for complex sinusoidal
‖DHS‖2

E11
=

N(N−1)2

4 . Since for complex sinusoidal ‖D‖2 =
N(N−1)(2N−1)

6 , it fol-
lows by substituting these values to the expression of the CRB, that the CRB for
complex sinusoidal derived in this thesis is equal to that derived in (Kay 1993,
Section 15.10) in another way.

In the continuous time domain the term corresponding to ‖D‖/E11 represents
the mean square bandwidth or effective bandwidth of the signal (Kay 1993, pp.
54-55), (Skolnik 1980, pp. 404-504) that is used as a measure of how well the
parameters can be estimated by the correlator. The larger the effective bandwidth
is the better the signal suits for estimating an unknown parameter (vector) that
it contains.

In the second case, it is assumed that the (cross)correlations Rαβ(θαl, θβk) =
sH
α(θαl)sβ(θβk) between the different signals (columns of S(θ̄)) are constants

around the parameter values. This situation occurs sometimes in delay estimation.
One case is that the signal vaweforms are orthogonal. In this case the correlator
and the ML estimator are expected to have an equal performance. Other (approx-
imative) cases occur in a multipath channel if the delay separations are larger than
the chip duration, and in a multiple access channel. The requirement here is that
long enough spreading codes are used, since then the crosscorrelations between
the signals are small compared to signal energies, which are assumed to be almost
equal in the multiple access case. In this case SHS is (approximately) diagonal,
i.e., SHS = diag(E11, E21, . . . , EM1) = Es. Let B = 1 and consider the cases 1)
α 6= β, and 2) α = β but l 6= k. Then

∂Rαβ(θαl, θβk)

∂[θαl]i
= dH

αli(θαl)sβ(θβk) = 0,

∂2Rαβ(θαl, θβk)

∂[θαl]
2
i

= dH
αlii(θαl)sβ(θβk) = 0,

∂2Rαβ(θαl, θβk)

∂[θαl]i∂[θβk]i
= dH

αli(θαl)dβki(θβk) = 0.

Also, let the amplitudes be uncorrelated, i.e., Ra = diag(a1, . . . , aM). It follows
from the orthogonality of the signals, and (4.10) and (4.11), that SHD = 0L×L,
SHD ′ = −DHD and that DHD is real and diagonal. From Theorem 4.3 it follows
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that

CC =
1

2

[
Re

{
(EsRaDHD)� IL

}]−1 Re
{
σ2(EsRaEs)� (DHD)T

+ σ4Es � (DHD)T
}[

Re
{
(EsRaDHD)� IL

}]−1

=
1

2
E−1

s R−1
a (DHD)−1

(
σ2EsRaEs(D

HD) + σ4Es(D
HD)

)
E−1

s R−1
a (DHD)−1

=
σ2

2
R−1

a (DHD)−1 +
σ4

2
E−1

s R−1
a (DHD)−1.

Since SHD = 0L×L, it follows from Theorem 4.1, that for the classical ML estimator
it holds

CCML =
σ2

2
R−1

a (DHD)−1 +
σ4

2
E−1

s R−1
a (DHD)−1 = CC.

In the orthogonal signal case, the equality hold exactly, otherwise approximately.
Thus it has been shown that the correlator performs well where it is expected to
perform well. For the ML estimator it is obtained from Theorem 4.2, that

CML =
σ2

2

[
Re

{
(DHD)� (Ra − (

1

σ2
Es + R−1

a )−1)
}]−1

=
σ2

2

[
Re

{
DHD(Ra − Ra(

1

σ2
EsRa + IL)−1)

}]−1
.

By using the result in (Sorenson 1980, p. 337), which states that (I + AB)−1 =
I − A(I + AB)−1B, it is easily concluded that CML = CCML = CC, i.e., also the
ML estimator has an equal performance in this case.

Theorem 4.1 can also be used to justify the usage of the estimator used in
(Nee et al. 1994). Therein the classical ML estimator that is obtained in a single
signal multipath channel (M = 1) is used in a multiple access channel of the GPS.
Clearly, the estimator used is not the ML estimator. However, its performance
is (approximately) equal to the performance of the ML estimator. To see this,
note that in Theorem 4.1 the term DHP⊥D has the form

[
A B
C D

]
, where block A

depends only the desired signal, which is assumed to be signal 1 without the loss
of generality, and B and C are approximately zero. The asymptotic covariance
of parameters of signal 1 are therefore independent of other signals, and given as
obtained for the case M = 1.



6 Summary and Conclusions

In this chapter, the study is summarized, conclusions are drawn and some sugges-
tions for future work in this field are given.

In this thesis, a prototype problem where the parameter estimator is a minimizer
(or maximizer) of a criterion was first discussed in Section 2.2. Some tools to
find the estimator’s asymptotic distribution were introduced, including the weak
law of large numbers, the central limit theorem and few limit theorems of the
probability theory. The tools were then applied to find the asymptotic distributions
of the classical ML, ML and classical beamformer estimators when the signal
was embedded in white Gaussian noise. The beamformer estimator includes the
correlator, or matched filter, estimator as a special case. The classical ML and
ML estimators differ in that in the former all the parameters in model (2.13) are
assumed to be deterministic, whereas in the latter the amplitudes are assumed to
be Gaussian random variables and then integrated out. The elimination is made
in order to find, hopefully, a better estimator than the classical ML in the presence
of incidental parameters (i.e., the amplitudes) as explained in Section 3.1.

In the analysis of the ML estimators, the earlier results are extended to the
case where the signal waveforms can contain more than one parameter. It was
found, as in the earlier analysis for a scalar signal parameter, that the classical ML
estimator is asymptotically inefficient, in the sense that its asymptotic covariance
does not attain the corresponding Cramér-Rao bound, whereas the ML estimator
was found to be asymptotically efficient. Moreover, it was verified that CCML ≥
CML = CRB ≥ CRBC, where CCML, CML, CRB and CRBC are the asymptotic
covariances of the classical ML and ML, and the Cramér-Rao bounds, respectively.
Thus, the reason why the ML estimator was introduced is justified.

The contributions of the thesis in the analysis of the correlator, or the classical
beamformer, are more significant and can be seen as its main results. In general,
the correlator estimator is inconsistent. Also, it has been believed that its reso-
lution is limited by the correlation time of a desired signal waveform. In Section
4.3, it was numerically shown that the correlator may be a consistent estimator,
even if the parameters are spaced closer than the correlation time of a signal. It
was also noted that the consistency capability depends on the signal waveform. It
was further found that complex sinusoidals are such signals that the estimation
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of closely spaced parameters by the correlator is impossible. It seems that this
result, for a widely used example, has partially lead the scientists to believe that
the correlator has a limited resolution. The other reason is the Woodward ambi-
guity function, discussed in Section 3.4, that does not take into account effects of
unknown amplitudes and other signals. For that reason, a new ambiguity function
that takes these things into account was presented in Section 4.3. This new am-
biguity function was used in the numerical examples to establish if the correlator
is consistent or not. An approximative expression for the asymptotic bias of the
correlator estimator was also derived. By investigating this approximation, it was
found that the correlator is asymptotically unbiased if the correlation between the
signal waveforms in the model is constant. This happens, for example, if the sig-
nals are orthogonal, or if long spreading codes are used in delay estimation either
in a multipath channel where the delay separation is larger than a chip duration,
or in a multiple access channel where the powers of the different signals are almost
equal. This result partially justifies the usage of the correlator in many cases where
it is used.

The asymptotic covariance of the correlator was presented in a closed form for
a single signal parameter in Section 4.3 when the correlator is consistent. The
inconsistent case was investigated in Section 4.3.1. In Chapter 5, the asymptotic
covariance of the correlator was compared with the asymptotic covariances of the
ML estimators in few special cases (since the form of the correlator’s covariance
is complex, the comparison is, in general, difficult). It was found that all the es-
timators have the same asymptotic covariance if there is only a signal waveform
present in the model. This occurs also if the signal waveforms are orthogonal and
(approximately) if the correlation function of a signal waveform or between wave-
forms is a constant (around the true parameter). This result is interesting since
this situation may occur, as explained in Chapter 5 and at the end of the previous
paragraph, in a case where the correlator is believed to be an accurate estimator.
This is the second justification for the wide spread usage of the correlator for delay
estimation in DS/SS systems. Together these results (consistency and covariance)
give analytical proofs for many beliefs about the correlator estimator, i.e., it it an-
alytically shown in this thesis that the correlator behaves well in some well known
situations.

Asymptotic studies are used to select between the different estimators. Based
on the asymptotic studies, it is concluded that the ML estimator, introduced and
analyzed in Sections 3.3 and 4.2, is the preferred estimator of those studied in this
thesis under the given assumptions (see Section 2.3). The classical ML estimator
has, in general, larger covariance than the ML estimator. The correlator, although
computationally simple, is not consistent, in general. Other points of view in
the selection between the estimators, which are not treated in this thesis, are
the estimators’ speed of convergence, i.e., the required amount of data so that
the estimates converge to the true solution, the order of covariances in small or
moderate sample sizes, which should agree with the given one if the signal to
noise ratio is high enough, and computational complexity. For the latter point
(Ottersten et al. 1993) gives a partial answer.

It would be of interest to compare the estimators based on some other perfor-
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mance criteria. Some of these were discussed in Section 2.1.2 and one is applied in
(Benitz 1993) for a problem very similar to the one presented here. Comparison
with other estimators would also be of interest. Some comparison has been made in
(Stoica & Nehorai 1989, 1990a) where the MUSIC and classical ML estimators are
compared. If the comparison is not possible analytically, as often occurs, then the
comparison can be made numerically by evaluating the (asymptotic) covariance
matrices. This means that even very complicated expressions for the covariance
matrices can be calculated and compared; for example, the covariance of the cor-
relator and MVDR estimator can be compared by using the results presented here
and in (Hawkes & Nehorai 1998, Stoica et al. 1995).

In delay estimation of communication and positioning systems, where fast esti-
mation is often demanded, computationally simple estimators are required. This
typically excludes the ML estimators, although they are shown to perform much
better than the correlator estimator in a dense multipath channel (Saarnisaari
1996, Nee et al. 1994). Therefore, it is of interest to find computationally effi-
cient algorithms for the ML estimators. This work has been done and will be
done in the literature. The delay estimation is often performed in situations where
interference disturbs the estimation process. The interference may be multiple
access signals, as in DS-CDMA communication, or friendly or unfriendly signals,
of which a beacon signal and hostile jammer are examples. Investigation of the
performance of the (simple) delay estimators that are capable of estimating delay
in the presence of interference both analytically, by using the results presented
here and in the given references, and by simulations is one possible area of future
study. Simple estimators, since they require only a one dimensional search over
the parameter space, are the correlator, which is useful in the presence of relative
weak interferences, and MUSIC (Bruckstein et al. 1985) and MVDR (Saarnisaari
1999, Madhow 1998) estimators, which are useful even in the presence of very pow-
erful interferences. In DS-CDMA communications, the signal model is somewhat
different from the one that is used here. It would therefore be of interest to find
the asymptotic performance of several delay estimators by using the model that is
used in DS-CDMA communications.
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Identifiability

Unique estimation of parameters θ is discussed in the case M = 1 in (Wax &
Ziskind 1989, Nehorai et al. 1990, Ottersten et al. 1993, Wax 1995). It has been
shown that unique estimation is possible if L < N+d

2 . In (Swindlehurst 1998), it
was stated that this result is valid also in the case M ≥ 1 and Lm = 1, ∀m. In
this appendix, it is shown that the result is valid also for general Lm ≥ 1.

All the considered estimators are functions of the sample correlation matrix R̂y,
which in Appendix 3 is shown to converge in probability to Ry(θ) = S(θ)RaSH(θ)+

σ2IN. A unique solution is therefore (asymptotically) attained if equality Ry(θ̇) =

Ry(θ̈) or, equally, equality

S(θ̇)ṘaSH(θ̇) + σ̇2IN = S(θ̈)R̈aSH(θ̈) + σ̈2IN (A1.1)

is valid uniquely only if θ̇ = θ̈.
If two matrices are identical, they have equal eigenvalues. In Appendix 7, it

is shown that σ̇2 and σ̈2 are the smallest eigenvalues of Ry(θ̇) and Ry(θ̈), with
multiplicity N − d. Thus, if equality (A1.1) is valid, σ̇2 = σ̈2 and Ṙa and R̈a have
equal rank d. The problem is therefore reduced to considering the uniqueness
conditions for S(θ̇)ṘaSH(θ̇) = S(θ̈)R̈aSH(θ̈).

Matrices Ṙa and R̈a can be factored as Ṙa = Q̇Q̇H and R̈a = Q̈Q̈H, where Q̇

and Q̈ ∈ CL×d are full rank d lower triangular Cholesky factors (matrices) (Horn
& Johnson 1985, pp. 112-114) of Ṙa and R̈a, respectively. Thus, the problem
reduces to investigate when uniquely

S(θ̇)Q̇ = S(θ̈)Q̈, (A1.2)

or for any unitary transformation of Q̈ (Ottersten et al. 1993).
Let S(θ̇) and S(θ̈) have 0 ≤ η < L equal columns. Let S(θ̃) ∈ CN×L−η be

formed from S(θ̈) by deleting the common columns with S(θ̇). Let Q̃ ∈ CL−η×d

be formed from Q̈ by deleting the corresponding rows. Finally, let Q̄ be formed by
subtracting deleted rows of Q̈ from the corresponding rows of Q̇. Then inequality
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S(θ̇)Q̇ 6= S(θ̈)Q̈ can be written as

[S(θ̇) S(θ̃)]︸ ︷︷ ︸
N×2L−η

[
Q̄

−Q̃

]
︸ ︷︷ ︸

2L−η×d

6= 0N×d.

The inequality is valid if

dim
(
null

(
[S(θ̇) S(θ̃)]

))
< rank

([
Q̄

−Q̃

])
, (A1.3)

where dim, null and rank denote the dimension of a vector space, the null space of
a matrix, and the rank of a matrix. But, dim

(
null

(
[S(θ̇) S(θ̃)]

))
= 2L − η −

rank
(
[S(θ̇) S(θ̃)]

)
(Horn & Johnson 1985, p. 5). Also, rank

(
[S(θ̇) S(θ̃)]

)
=

min{N, 2L − η} by assumption As.1. Note that assumption As.1 corresponds to
assumption A2 in (Wax & Ziskind 1989), the proof of which is used also in other
papers mentioned at the beginning of this appendix and followed in the shortened
version, presented in (Wax 1995), also here. Indeed, assumption A2 in (Wax &
Ziskind 1989) is a special case (M = 1) of assumption As.1 of the thesis.

Since Q̃ is obtained from a full rank matrix by deleting rows, it follows that
rank(Q̃) ≥ d − η, and that rank

([ Q̄

Q̃

]) ≥ d − η. Now, if N > 2L − η, it follows

from (A1.3) that unique estimation is possible if 2L−η−2L−η = 0 < rank
([ Q̄

Q̃

])
,

which is always valid. If N ≤ 2L − η, it follows that unique estimation is possible
if 2L − η − N < d − η, or if

L <
N − d

2
.

As a conclusion of the previous derivation, note that if L < N−d
2

, and θ̇ and
θ̈ differ at least by one element, then S(θ̇)Q̇ 6= S(θ̈)Q̈ for any Q̇ and Q̈. Thus,
unique estimation is possible if L < N−d

2 . What happens if θ̇ = θ̈. Then, from
S(θ̇)Q̇ = S(θ̇)Q̈ it follows that S(θ̇)(Q̇ − Q̈) = 0N×d, which is possible only if
Q̇ = Q̈ since S(θ̇) has full rank (its columns are linearly independent). Early in
this appendix it has been shown that also σ̇2 = σ̈2 in this case.

What are the limits for the number of signals whose parameters can be unique
estimated? If Ra has full rank, then the limit is L < N signals. If all the amplitudes
are fully correlated, as occurs in a fixed channel, then d = 1 and the limit is
approximately N/2 signals.
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Separable Maximum Likelihood Estimators

Let l(y; η, ξ) = l(η, ξ) be a negative log-likelihood function parameterized by pa-
rameter vectors η ∈ Rq and ξ ∈ Rp, where the dependence from the data is
dropped for notational simplicity. Also, the required derivatives are assumed to
exist and be continuous. The ML estimator for η can be found by solving

∇ηl(η, ξ) = 0q×1.

Let the solution be η̂ = η(ξ). This means that

∇ηl(η, ξ)
∣∣
η=η(ξ)

= 0q×1.

Let J(ξ) = l(η(ξ), ξ) be the separable likelihood. The ML estimator for ξ is solved
from

∇ξJ(ξ) = 0p×1

and denoted by ξ̂. Let x and y be p × 1 and r × 1 vectors, respectively. The
notation ∇xy denotes the p × r matrix whose ith row is ∂y

∂[x]i
. According to the

chain rules for differentation (Dieudonné 1969, p. 174), (Khuri 1993, p. 270)

∇ξTJ(ξ) = ∇ξTl(η(ξ), ξ) = ∇ξTl(η(ξ), ξ)
∣∣
η(ξ)

∇ξTξ +∇ηT(ξ)l(η(ξ), ξ)
∣∣
ξ
∇ξTη(ξ)

= ∇ξTl(η, ξ)
∣∣
η=η(ξ)

+∇ηT l(η, ξ)
∣∣
η=η(ξ)

∇ξTη(ξ)

= ∇ξTl(η, ξ)
∣∣
η=η(ξ)

,

where the notation∇ξT l(η(ξ), ξ)
∣∣
η(ξ)

means that η(ξ) is kept as a constant during
the derivation.

Let Υ be the set of all solutions of ∇ξJ(ξ) = 0p×1. Assume that ξ̂ is the global
minimizer of J(ξ) and that η̂ = η(ξ̂) is the corresponding separable solution for η.
Moreover, assume that there exists ξ̃ and η̃ such that l(η̃, ξ̃) < l(η̂, ξ̂). For a given
ξ, the likelihood l(η, ξ) is minimized with respect to η if η = η(ξ). Thus, for any
ξ ∈ Υ it holds that J(ξ) ≤ l(η, ξ). Hence, J(ξ̃) ≤ l(η̃, ξ̃) < l(η̂, ξ̂) = J(ξ̂) which is
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in a contradiction to the fact that ξ̂ is the global minimizer of J(ξ). Therefore, the
pair (η̂, ξ̂) is the global minimizer of l(η, ξ).

The above proof is inspired by (Golub & Pereyra 1973) where the similar proof
was given for a separable least squares problem. The result means that if ξ̂ is the
global minimizer of the reduced likelihood J(ξ), and η̂ = η(ξ̂) is the corresponding
separable solution for the other parameter, then they are also the global minimizer
of the original negative log-likelihood l(η, ξ). This justifies the separable ML
procedures used in the thesis.
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Analysis of the Correlation Matrix

Let yk = sk + nk be the observed data vector, where sk ∈ CN represents the
signal part and nk ∈ CN the noise part. If K data vectors are observed, the
sample correlation matrix is given as

R̂y =
1

K

K∑
k=1

ykyH
k =

1

K

K∑
k=1

(sksH
k + sknH

k + nksH
k + nknH

k ).

In what follows, Mi is a positive, finite, real constant ∀ i. It is assumed that
N1: the noise vectors are zero mean circular IID random vectors such that the
covariance Cn is positive definite and that the fourth order moments exist, i.e.,∣∣ E

{
[nk]i[nk]∗j [nk]r[nk]∗p

}∣∣ < M0 for all k = 1, . . . , K and i, j, r, p = 1, . . . , N.
The circularity means that E{nknT

k } = 0N×N (Haykin 1996, p. 131). For the
signal part, two alternating assumptions are made. S1: the signal vectors are
deterministic, such that |[sk]i| < M1 ∀k = 1, . . . , K and i = 1, . . . , N, and that

lim
K

1

K

K∑
k=1

sksH
k = Rs

exists and is positive semidefinite. This assumption guarantees that the real and
imaginary parts of [sk]i are finite and that |[sk]i[sk]∗j [sk]r[sk]∗p| is finite. S2: the
signal vectors are zero mean circular IID random vectors uncorrelated with the
noise such that the covariance Rs is positive semidefinite and that the fourth
order moments exist, i.e.,

∣∣ E
{
[sk]i[sk]∗j [sk]r[sk]∗p

}∣∣ < M2 for all k = 1, . . . , K and
i, j, r, p = 1, . . . , N .

The consistency of R̂y is considered first. It suffices to check that each element
of Ry is consistent. The ijth element is

[R̂y]ij =
1

K

K∑
k=1

(
[sk]i[sk]∗j + [sk]i[nk]∗j + [nk]i[sk]∗j + [nk]i[nk]∗j

)
.
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The result can be found by considering the terms separately as shown in Theorem
2.1. Let assumptions N1 and S1 be valid. With assumption S1

1

K

K∑
k=1

[sk]i[sk]∗j
P−→ [Rs]ij.

The rest of the terms can be considered using the weak law of large numbers,
i.e., by Theorem 2.2. Terms 1

K

∑K
k=1[sk]i[nk]∗j and 1

K

∑K
k=1[nk]i[sk]∗j are han-

dled similarly. Since E{nk} = 0N×1, then E
{|[sk]i[nk]∗j − E{[sk]i[nk]∗j }|2

}
=

[sk]i[sk]∗i E{[nk]j[nk]∗j } < M3 and condition (2.5) in Theorem 2.2 is satisfied. Thus,

1

K

K∑
k=1

[sk]i[nk]∗j
P−→ lim

K

1

K

K∑
k=1

E{[sk]i[nk]∗j } = 0.

Since E
{|[nk]i[nk]∗j − E{[nk]i[nk]∗j |2

}
= E{[nk]i[nk]∗j [nk]∗i [nk]j} − E{[nk]i[nk]∗j }

· E{[nk]∗i [nk]j} < M4, then condition (2.5) is satisfied and

1

K

K∑
k=1

[nk]i[nk]∗j
P−→ [Cn]ij.

Let then assumptions N1 and S2 be valid. As in the noise times noise term above,
it can be shown that

1

K

K∑
k=1

[sk]i[sk]∗j
P−→ [Rs]ij

1

K

K∑
k=1

[nk]i[nk]∗j
P−→ [Cn]ij.

Since sk and nk are independent E
{|[sk]i[nk]∗j − E{[sk]i[nk]∗j }|2

}
= E{[sk]i[sk]∗i }

· E{[nk]j[nk]∗j } < M5 and thus

1

K

K∑
k=1

[sk]i[nk]∗j
P−→ lim

K

1

K

K∑
k=1

E{[sk]i} E{[nk]∗j } = 0.

It has therefore been shown that under the given assumptions

R̂y
P−→ Ry = lim

K

1

K

K∑
k=1

E{ykyH
k } = Rs + Cn.

Note that if a, b, c and d are zero mean jointly Gaussian scalar complex ran-
dom variables, then (Haykin 1996, p. 132) (Kay 1993, Appendix 15B, case 6)
E{ab∗cd∗} = E{ab∗}E{cd∗}+ E{ad∗} E{b∗c}, i.e., it suffices to assume that the sec-
ond order moments in N1 or S2 exist. If, in addition, a, b, c and d are independent
then it suffices to consider the first order moments.
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In the model (2.13), sk consists of two parts, i.e., the elements [sk]i can be
expressed as [sk]i =

∑L
l=1[ai]l[bi]l. If both the parts are deterministic, then

|[sk]i| ≤
L∑

l=1

|[ai]l[bi]l| =
L∑

l=1

|[ai]l| |[bi]l|,

where the inequality follows from the triangle inequality for the complex numbers
(Mitrinović 1970, Equation 9 on p. 7). Thus, if |[ai]l| and |[bi]l| are bounded,
assumption S1 is valid. If [ai]l is deterministic, and [bi]l stochastic, then

E{[sk]i[sk]∗j [sk]∗r[sk]p} =

L∑
i=1

L∑
j=1

L∑
r=1

L∑
p=1

[ak]i[ak]∗j [ak]r[ak]∗p E{[bk]i[bk]∗j [bk]r[bk]∗p},

i.e., if the elements of the deterministic part are bounded, and the stochastic
part has finite fourth order moments, i.e., S2 is valid. It is seen that N1, S1
and S2 imply the corresponding assumptions made in Section 2.3.2. The sample
correlation matrix is therefore a consistent estimator of the true correlator matrix,
if assumptions As.1-As.9 are valid.

The asymptotic mean and covariance of R̂y are then considered. It is further
assumed that in N1 nk ∼ N (0N×1, σ2IN) and in S2 sk ∼ N (0N×1, Rs) so that N1
and S2 correspond to As.6 and As.8, respectively. Clearly,

lim
K

E{R̂y} = lim
K

1

K

K∑
k=1

E{ykyH
k } = Ry

under (new) N1 and both S1 and (new) S2. This means that R̂y is an asymptoti-
cally unbiased estimator. Under S2 it is unbiased for all K.

Let [R̂y]αβ be the αβth element of R̂y, let [Ry]αβ = [Rs]αβ +σ2δαβ be the αβth
element of Ry and let [R̃y]αβ be the αβth element of E{R̂y}. Then the normalized
asymptotic covariance terms are

R(α, β, φ, γ) = lim
K

E
{
K[R̂y − R̃y]αβ[R̂y − R̃y]∗φγ

}
= lim

K
K E

{
[R̂y]αβ[R̂y]∗φγ

}
− K[R̃y]αβ[R̃y]∗φγ (A3.1)

The easier case is considered first. Assume that new N1 and new S2 are valid.
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Then R̃y = Ry, the data vectors are zero mean IID Gaussian vectors and

K E
{
[R̂y]αβ[R̂y]∗φγ

}
=

1

K

K∑
k=1

K∑
l=1

E{[yk]α[yk]∗β[yl]
∗
φ[yl]γ}

=
1

K

K∑
k=1

K∑
l=1

(
E{[yk]α[yk]∗β} E{[yl]

∗
φ[yl]γ}

+ E{[yk]α[yl]
∗
φ} E{[yk]∗β[yl]γ}

)
=

1

K

K∑
k=1

K∑
l=1

E{[yk]α[yk]∗β} E{[yl]
∗
φ[yl]γ}

+
1

K

K∑
k=1

E{[yk]α[yk]∗φ} E{[yk]∗β[yk]γ}

= K[Ry]αβ[Ry]∗φγ + [Ry]αφ[Ry]∗βγ. (A3.2)

Substitution of (A3.2) into (A3.1) gives

R(α, β, φ, γ) = [Ry]αφ[Ry]∗βγ, (A3.3)

which is the familiar result (Brillinger 1975, p. 454). Note that S2, without the
additional assumption about the normality, does not lead to a closed form solution.

Under new N1 and S1 the situation is somewhat difficult. Now

K E
{
[R̂y]αβ[R̂y]∗φγ

}
=

1

K

K∑
k=1

K∑
k=1

E
{(

[sk]α[sk]∗β + [sk]α[nk]∗β + [nk]α[sk]∗β

+ [nk]α[nk]∗β
)(

[sl]
∗
φ[sl]γ + [sl]

∗
φ[nl]γ + [nl]

∗
φ[sl]γ + [nl]

∗
φ[nl]γ

)}
.

For the variables [nk]α, k = 1, . . . , K α = 1, . . . , N it holds that E
{
[nk]γ

}
= 0,

E
{
[nl]

∗
φ[nk]γ

}
= σ2δklδφγ, E

{
[nk]α[nl]β

}
= 0,

E
{
[nk]∗β[nl]

∗
φ[nl]γ

}
=

{
E

{
[nk]∗β

}
E

{
[nl]

∗
φ[nl]γ

}
= 0 if k 6= l

E
{
[nk]∗β[nl]

∗
φ[nl]γ

}
= 0 if k = l

which follows from (Haykin 1996, p. 132), and that E
{
[nk]α[nk]∗β[nl]φγ∗[nl]γ

}
=

σ4δαβδφγ +σ4δklδαφδβγ, which follows since {[nk]α} are zero mean jointly Gaus-
sian random variables. Therefore,

K E
{
[R̂y]αβ[R̂y]∗φγ

}
=

1

K

K∑
k=1

K∑
l=1

(
[sk]α[sk]∗β[sl]

∗
φ[sl]γ + σ2[sk]α[sk]∗βδφγ

+ σ2[sk]α[sl]
∗
φδklδβγ + σ2[sk]∗β[sl]γδklδαφ

+ σ2[sl]
∗
φ[sl]γδαβ + σ4δαβδφγ + σ4δklδαφδβγ

)
= K[R̃s]αβ[R̃s]

∗
φγ + Kσ2[R̃s]αβδφγ + σ2[R̃s]αφδβγ

+ σ2[R̃s]
∗
βγδαφ + Kσ2[R̃s]

∗
φγδαβ + Kσ4δαβδφγ + σ4δαφδβγ,

(A3.4)
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where R̃s = 1
K

∑K
k=1 sksH

l . Since

K[R̃y]αβ[R̃y]∗φγ = K[R̃s]αβ[R̃s]
∗
φγ + Kσ2[R̃s]αβδφγ + Kσ2[R̃s]

∗
φγδαφ + Kσ4δαβδφγ,

then by (A3.4)

K E
{
[R̂y]αβ[R̂y]∗φγ

}
− K[R̃y]αβ[R̃y]∗φγ = σ2[R̃s]αφδβγ + σ2[R̃s]

∗
βγδαφ + σ4δαφδβγ.

(A3.5)

By subtracting and adding [R̃s]αφ[R̃s]
∗
βγ into (A3.5) it follows, since R̃s → Rs, that

R(α, β, φ, γ) = [Ry]αφ[Ry]∗βγ − [Rs]αφ[Rs]
∗
βγ,

which has been presented earlier without proof in (Ottersten et al. 1992, Equation
C.7).

An interesting note is finally made. Let X = [x1 . . . xM] ∈ CN×M be a matrix
with xi ∈ CN as ith column. Let vec(X) = [xT

1 xT
2 . . . xT

M]T be the operator
that stacks the columns of X into a column vector. By using the central limit
theorems discussed in Section 2.2, it would be possible to show by investigating
vec

(
[Re{R̂y} Im{R̂y}]

)
that R̂y is asymptotically normally distributed with the

mean Ry and covariance with elements 1
KR(α, β, φ, γ), or that

√
K(R̂y − Ry) is

asymptotically normally distributed with zero mean and covariance with elements
R(α, β, φ, γ). Since this result is not required in this thesis the proof is omitted.



APPENDIX 4/1

Differentation of the Projection Matrices

In this appendix, the first and second order derivatives of the projection matrices
are derived. The first order derivative is derived also in (Golub & Pereyra 1973),
and the first and second in (Ottersten 1990, Viberg & Ottersten 1991). For nota-
tional simplicity S(θ) is denoted by S. The matrix P = S(SHS)−1SH is a N × N

projection matrix of S to the range space of S. Clearly, P = PH = PP = P2, i.e., P

is an Hermitean and idempotent matrix. The matrix P⊥ = IN − P, that projects
to the null space of SH, or to the complementary space of the range space of S, is
also an Hermitean and idempotent matrix.

Since PS = S it follows that

∂PS

∂[θ]i
=

∂P

∂[θ]i
S + P

∂S

∂[θ]i
=

∂S

∂[θ]i
,

where [θ]i is the ith eleventh of θ. Hence

∂P

∂[θ]i
S =

∂S

∂[θ]i
− P

∂S

∂[θ]i
= (IN − P)

∂S

∂[θ]i
= P⊥

∂S

∂[θ]i
. (A4.1)

Also,

∂P

∂[θ]i
=

∂PHP

∂[θ]i
=

∂PH

∂[θ]i
P + PH ∂P

∂[θ]i
=

∂PH

∂[θ]i
P + (. . . )H,

where the notation +(. . . )H means that also the complex conjugate transpose of
the preceding terms is included in the expression. Since P = SS†, where S† =
(SHS)−1SH is the Moore-Penrose pseudoinverse of S, it follows that

∂P

∂[θ]i
=

∂PH

∂[θ]i
SS† + (. . . )H = P⊥

∂S

∂[θ]i
S† + (. . . )H, (A4.2)

where (A4.1) is used to obtain the last equality. Clearly,

∂P⊥

∂[θ]i
= −

∂P

∂[θ]i
. (A4.3)
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The second order derivative is considered next. Obviously,

∂2P

∂[θ]i∂[θ]j
= −

∂2P⊥

∂[θ]i∂[θ]j
=

∂

∂[θ]i

(
P⊥

∂S

∂[θ]j
S†

)
+

∂

∂[θ]i

(
S†

H ∂SH

∂[θ]j
P⊥

)
=

∂P⊥

∂[θ]i

∂S

∂[θ]j
S† + P⊥

∂2S

∂[θ]i∂[θ]j
S† + P⊥

∂S

∂[θ]j

∂S†

∂[θ]i
+ (. . . )H. (A4.4)

On the other hand,

∂S†

∂[θ]i
=

∂(SHS)−1

∂[θ]i
SH + (SHS)−1 ∂SH

∂[θ]i
. (A4.5)

Since (SHS)−1(SHS) = IL, it follows that

∂(SHS)−1

∂[θ]i
(SHS) + (SHS)−1 ∂(SHS)

∂[θ]i

=
∂(SHS)−1

∂[θ]i
(SHS) + (SHS)−1

( ∂SH

∂[θ]i
S + SH ∂S

∂[θ]i

)
= 0L×L,

from which it is easily obtained that

∂(SHS)−1

∂[θ]i
= −(SHS)−1

( ∂SH

∂[θ]i
S + SH ∂S

∂[θ]i

)
(SHS)−1. (A4.6)

Substitution of (A4.6) into (A4.5) gives

∂S†

∂[θ]i
= (SHS)−1 ∂SH

∂[θ]i
P⊥ − S†

∂S

∂[θ]i
S†. (A4.7)

Substitution of (A4.7) and (A4.2) into (A4.4) gives, for the second order derivative,
the expression

∂2P

∂[θ]i∂[θ]j
= −

∂2P⊥

∂[θ]i∂[θ]j

= −P⊥
∂S

∂[θ]i
S†

∂S

∂[θ]j
S† − S†

H ∂SH

∂[θ]i
P⊥

∂S

∂[θ]j
S† + P⊥

∂2S

∂[θ]i∂[θ]j
S†

+ P⊥
∂S

∂[θ]j
(SHS)−1 ∂SH

∂[θ]i
P⊥ − P⊥

∂S

∂[θ]j
S†

∂S

∂[θ]i
S† + (. . . )H. (A4.8)
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Proofs for Section 4.1

In this appendix the proofs omitted in Section 4.1 are given.

Part I

In this part, it is shown that (4.3) holds, i.e., that

∇θ∇θT V̄(y; θ̄) = 2Re
{
(DHP⊥D)� (RT

a ⊗ 1B×B)
}
.

The signal parameter vector θ, which consists of L B-dimensional subvectors θil

can be indexed as [θ]r where r = r(α, i, k) = B(i − 1) + k +
∑α

γ=1 BLγ−1, where
L0 = 0, α = 1, . . . , M defines the signal waveform, i = 1, . . . , LM defines the
multipath and k = 1, . . . ,B defines a parameter in a vector θil. By using indexes
r = r(α, i, k) and q = q(β, j, l), where q is defined similarly to r, the rqth element
of ∇θ∇θT V̄(y; θ̄) is given as[∇θ∇θT V̄(y; θ̄)

]
rq

=
∂2V̄(y; θ̄)

∂[θ]r∂[θ]q
. (A5.1)

The second order derivative of the projection matrix is derived in Appendix 4 in
equation (A4.8). Substitution of the result into (A5.1) gives[∇θ∇θT V̄(y; θ̄)

]
rq

= tr
(
[P⊥

∂S

∂[θ]r
S†

∂S

∂[θ]q
S† + S†

H ∂SH

∂[θ]r
P⊥

∂S

∂[θ]q
S†

− P⊥
∂2S

∂[θ]r∂[θ]q
S† − P⊥

∂S

∂[θ]q

(
SHS

)−1 ∂SH

∂[θ]r
P⊥

+ P⊥
∂S

∂[θ]q
S†

∂S

∂[θ]r
S† + (. . . )H][SRaSH + σ2IN]

)
, (A5.2)

where the notation +(. . . )H means that the complex conjugate transpose of the
preceding terms is also included. The following results are used to simplify the
terms that appear later in this appendix.
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R1 S†S = (SHS)−1SHS = (S†S)H = IN,

R2 P⊥S = (IN − S(SHS)−1SH)S = S − S = 0N×L and (P⊥S)H = 0L×N,

R3 tr(AB) = tr(BA) if the matrix multiplications are defined,

R4 S†P⊥ = (SHS)−1SH(IN − S(SHS)−1SH) = S† − S† = 0L×N and (S†P⊥)H =
0N×L,

R5 S†S†
H

= (SHS)−1SHS(SHS)−1 = (SHS)−1,

R6 P⊥P⊥ = P⊥,

R7 Re{x} = 1
2x + 1

2x∗.

By using the above results, (A5.2) can be simplified to

[∇θ∇θT V̄(y; θ̄)
]
rq

= 2Re
{

tr
(
P⊥

∂S

∂[θ]r
Ra

∂SH

∂[θ]q

)}
. (A5.3)

Since S = [s1(θ̄11) . . . sM(θ̄MLM
)] it follows that

∂S

∂[θ]r
=

[
0N×1 . . . 0N×1

∂sα(θ̄αi)

∂[θ]r(α,i,k)
0N×1 . . . 0N×1

]
.

Denote dr = dαik =
∂sα(θ̄αi)

∂[θ]r(α,i,k)
and

D = [d111 d112 . . . d11B d121 . . . d1L1B d211 . . . dMLMB] ∈ CN×LB.

Let r ′ = r ′(α, i) = B(i − 1) +
∑α

γ=1 BLγ−1 be a part of r and let q ′ = q ′(β, j) be
respectively the part of q. Then

[
Ra

∂SH

∂[θ]q

]
v ′w = [Ra]v ′q ′ [dq]∗w

v ′ = 1, . . . , L

w = 1, . . . , N

and

[ ∂S

∂[θ]r
Ra

∂SH

∂[θ]q

]
vw

= [dr]v[Ra]r ′q ′ [dq]∗w
v = 1, . . . , N

w = 1, . . . , N
.

By using the above results, it follows that the trace term in (A5.3) can be given
as

tr
(
P⊥

∂S

∂[θ]r
Ra

∂SH

∂[θ]q

)
=

N∑
γ=1

N∑
ξ=1

[dr]γ[Ra]r ′q ′ [dq]∗ξ[P⊥]ξγ

=

N∑
γ=1

N∑
ξ=1

[dr]γ[P⊥]∗γξ[dq]∗ξ[Ra]r ′q ′ ,
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(which follows since P⊥ = P⊥
H
),

= dT
r P⊥

∗
d∗q[Ra]r ′q ′ . (A5.4)

It is observed that for fixed r ′ and q ′ the elements dT
r P⊥

∗
d∗q in (A5.4) are multi-

plied by the same term of Ra, namely by [Ra]r ′q ′ . Thus,

∇θ∇θT V̄(y; θ̄) = 2Re
{
(DHP⊥D)∗ � (Ra ⊗ 1B×B)

}
,

where ⊗ denotes the Kronecker product and � is the Schur product, i.e., the
elementwise matrix multiplication. Since Re{x} = Re{x∗} and R∗a = RT

a the required
equation (4.3) finally follows.

Part II

The gradient of the classical ML criterion can be expressed as a sum of statistically
independent variables. The rth element of the criterion as a sum is

[∇θV(y; θ̄)]r =
1

K

K∑
k=1

[∇θVk(yk; θ̄)]r,

where

[∇θVk(yk; θ̄)]r = tr
( ∂P⊥

∂[θ]r
ykyH

k

)
.

The derivative of the projection matrix is calculated in Appendix 4. By using
result (A4.3) therein, the expectation of the previous equation gives

E
{
[∇θVk(yk; θ̄)]r

}
=

1

K
tr

(
(P⊥

∂S

∂[θ]r
S† + S†

H ∂SH

∂[θ]r
P⊥)(SRak

SH + σ2IN)
)
,

where Rak
= E{akaH

k }. If As.8 or As.9 is valid, Rak
= Ra, and if As.7 is valid, Rak

is simply an outer product of a vector ak. By using the results R2, R3 and R4 in
Part I of this appendix, it easily follows that

E
{
[∇θVk(yk; θ̄)]r

}
= 0 for all r,

which means that ∇θV(y; θ̄) is asymptotically zero mean. Since the terms
∇θVk(yk; θ̄) are zero mean and independent, the terms in the normalized covari-
ance are

E
{
K[∇θVk(yk; θ̄)]r[∇θTVk(yk; θ̄)]q

}
=

1

K
E

{
tr(

∂P⊥

∂[θ]r
ykyH

k ) tr(
∂P⊥

∂[θ]q
ykyH

k )
}

=
1

K

N∑
α=1

N∑
β=1

N∑
γ=1

N∑
ξ=1

[ ∂P⊥

∂[θ]r
]αβ

[ ∂P⊥

∂[θ]q
]γξ E

{
[yk]∗α[yk]β[yk]∗γ[yk]ξ

}
.
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If As.1-As.6 and As.8 or As.9 are valid, the above covariance terms exist and
random vectors ∇θVk(y; θ̄) are IID. Thus, the Lindeberg form (2.11) of the central
limit theorem can be used to shown that that

√
K∇θV(y; θ̄) is asymptotically

normally distributed with the zero mean and covariance to be calculated later.
If As.1-As.6 and As.7 are valid, the situation is somewhat more difficult since

the vectors ∇θVk(yk; θ̄) are independent, but not identically distributed. Clearly,
the covariance terms exist. Also, since

∑N
α=1

∑N
β=1

∑N
γ=1

∑N
ξ=1 E

{
[yk]∗α[yk]β

[yk]∗γ[yk]ξ
}

includes, in addition to other terms, the term σ4δαβδγξ, it follows
that

lim
K

tT
( K∑

k=1

E
{
K∇θV(y; θ̄) ∇θTV(y; θ̄)

})
t → ∞, where t ∈ RLB. (A5.5)

Let bk = E
{|tT∇θVk(y; θ̄)|4}

. According to Cauchy’s inequality (Mitrinović 1970,
Theorem 2 on p. 32)

bk = E
{| LB∑

i=1

[t]i[∇θVk(y; θ̄)]i|4
}

≤ E
{( LB∑

i=1

|[ti]|2
LB∑
i=1

|[∇θVk(y; θ̄)]i|2
)2}

.

Clearly, the term
∑LB

i=1|[ti]|2 is bounded (finite). By applying the Cauchy in-
equality again, it follows that the second term in the right hand side of the above
equation is bounded as

E
{ LB∑

i=1

|[∇θV(y; θ̄)]i|2
} ≤ LB

LB∑
i=1

E
{|[∇θVk(y; θ̄)]i|2

}
.

From As.4, As.6 and As.7 it follows that these terms are bounded. Together with
(A5.5) this means that the multidimensional form of the Lyapounov condition
(2.10) is satisfied and ∇θV(y; θ̄) is asymptotically normally distributed with zero
mean, also if As.7 is valid. The covariance matrix will be derived next.

Remark. At this point an explanation for the following calculation is given. Let
{xk} be a sequence of independent random variables with means mk. Then the
desired covariance is of the form

C ′ = lim
K

K∑
k=1

E{(xk − mk)2}

= lim
K

K∑
k=1

(
E{x2

k} − m2
k

)
= lim

K

( K∑
k=1

E{x2
k} −

K∑
k=1

K∑
l=1

mkml +

K∑
k=1

K∑
l=1
l 6=k

mkml

)
.
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But,

C ′′ = lim
K

K∑
k=1

K∑
l=1

E
{
(xk − mk)(xl − ml)

}
= lim

K

K∑
k=1

K∑
l=1

(
E{xkxl} − mkml

)
= lim

K

( K∑
k=1

E{x2
k} −

K∑
k=1

K∑
l=1

mkml +

K∑
k=1

K∑
l=1
l 6=k

mkml

)
= C ′,

so, it is the same which of forms C ′ or C ′′ is used to calculate the covariance. In
what follows, C ′′ is used.

Let R̃y = E{R̂y}. The required covariance is

[C]rq = lim
K

E
{
K tr

( ∂P⊥

∂[θ]r
(R̂y − R̃y)

)
tr

( ∂P⊥

∂[θ]q
(R̂y − R̃y)

)}
= lim

K
E

{
K tr

( ∂P⊥

∂[θ]r
(R̂y − R̃y)

)
tr

(∂P⊥
∗

∂[θ]q
(R̂y − R̃y)∗

)}
,

where the second equation follows since tr
(

∂P⊥
∂[θ]r

(R̂y − R̃y)
)

is real. Clearly,

[C]rq = lim
K

N∑
α=1

N∑
γ=1

N∑
ρ=1

N∑
η=1

K E
{[ ∂P⊥

∂[θ]r

]
αγ

[
R̂y − R̃y

]
γα

[R̂y − R̃y

]∗
ρη

[ ∂P⊥

∂[θ]q

]∗
ηρ

}
= lim

K

N∑
α=1

N∑
γ=1

N∑
ρ=1

N∑
η=1

[ ∂P⊥

∂[θ]r

]
αγ

[ ∂P⊥

∂[θ]q

]∗
ηρ

E
{
K

[
R̂y − R̃y

]
γα

[R̂y − R̃y

]∗
ρη

}
.

The limiting expectation is calculated in Appendix 3. The result is different de-
pending on which of As.7-As.9 is valid. The case that As.7 or As.8 is valid is
considered first. In this case, the above expression for the covariance is

[C]rq =

N∑
α=1

N∑
γ=1

N∑
ρ=1

N∑
η=1

[ ∂P⊥

∂[θ]r

]
αγ

[ ∂P⊥

∂[θ]q

]∗
ηρ

(
[Ry]γρ[Ry]∗αη − [SRaSH]γρ[SRaSH]∗αη

)
,

(A5.6)

where the last term in the parentheses appears if As.7 is valid and is missing if
As.8 is valid. Since tr(ABCD) =

∑
i

∑
j[AB]ij[CD]ji and [AB]ij =

∑
k[A]ik[B]kj

it follows that tr(ABCD) =
∑

i

∑
j

∑
k

∑
l[A]ik[B]kj[C]jl[D]lj. Reordering (A5.6)
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and using the above fact, and P⊥ = P⊥
H

and Ry = RH
y gives

[C]rq =

N∑
α=1

N∑
γ=1

N∑
ρ=1

N∑
η=1

([ ∂P⊥

∂[θ]r

]
αγ

[
Ry]γρ

[ ∂P⊥

∂[θ]q

]
ρη

[
Ry]ηα

−
[ ∂P⊥

∂[θ]r

]
αγ

[
SRaSH]γρ

[ ∂P⊥

∂[θ]q

]
ρη

[
SRaSH]ηα

)
= tr

( ∂P⊥

∂[θ]r
Ry

∂P⊥

∂[θ]q
Ry

)
− tr

( ∂P⊥

∂[θ]r
SRaSH ∂P⊥

∂[θ]q
SRaSH

)
, (A5.7)

where the latter term appears if As.7 is valid. The derivative of the projection
matrix is solved in Appendix 4. By using (A4.3) therein, it follows that

[C]rq = tr
(
(P⊥

∂S

∂[θ]r
S† + S†

H ∂SH

∂[θ]r
P⊥)(SRaSH + σ2IN)

(P⊥
∂S

∂[θ]q
S† + S†

H ∂SH

∂[θ]q
P⊥)(SRaSH + σ2IN)

)
− tr

(
(P⊥

∂S

∂[θ]r
S† + S†

H ∂SH

∂[θ]r
P⊥)(SRaSH)

(P⊥
∂S

∂[θ]q
S† + S†

H ∂SH

∂[θ]q
P⊥)(SRaSH)

)
.

By using results R1-R7 in Part I of this appendix it follows, after some straight-
forward calculus, that the latter term vanishes (if As.7 is valid) and that

[C]rq = 2Re
{

tr(σ2 ∂S

∂[θ]r
Ra

∂SH

∂[θ]q
P⊥ + σ4 ∂S

∂[θ]r

(
SHS

)−1 ∂SH

∂[θ]q
P⊥

}
. (A5.8)

If As.9 is valid the result (A5.8) can be obtained as in (Ottersten 1990, Equation
4.D.19 in Appendix 4.D). By following the lines after (A5.4) in Part I, the desired
result (4.4) is attained.
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Proofs for Section 4.2

In this appendix the proofs that were omitted in Section 4.2 are given. It is
remembered that if x and y are p × 1 and r × 1 vectors, respectively, then the
notation ∇xy denotes the p× r matrix whose ith row is ∂y

∂[x]i
.

Part I

In this part, it is shown that

∇ξ∇ξTl(y; ξ̄)
P−→ Jas(ξ̄). (A6.1)

First, the following result, which is required later, is proved. Let As.1-As.6 and
As.8 be valid and partition the normalized negative log-likelihood as l(y; γ) =
l(y; ξ, ra). Then[∇γ∇γTl(y; ξ̄, ra(ξ))

]
ij

P−→ [
E

{∇γ∇γTl1(y1; γ̄)
}]

ij
, i, j = 1, . . . , L(L + B) + 1,

(A6.2)

where ra(ξ) is the separable solution for ra and E
{∇γ∇γTl1(y1; γ̄)

}
is the Fisher

information of the normalized estimation error
√

K(γ̂ − γ̄) for y1 (and for all yk

since yks are IID).

Proof. Consider the difference∣∣[∇γ∇γTl(y; ξ̄, ra(ξ)) − Eγ̄{∇γ∇γTl1(y1; γ̄)}
]
ij

∣∣ =
∣∣[∇γ∇γTl(y; ξ̄, ra(ξ))

−∇γ∇γTl(y; γ̄) +∇γ∇γTl(y; γ̄) − Eγ̄{∇γ∇γTl1(y1; γ̄)}
]
ij

∣∣
that can be upperbounded as

≤ ∣∣[∇γ∇γTl(y; ξ̄, ra(ξ)) −∇γ∇γTl(y; γ̄)
]
ij

∣∣
+

∣∣[∇γ∇γTl(y; γ̄) − Eγ̄{∇γ∇γTl1(y1 ; γ̄)}
]
ij

∣∣. (A6.3)
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Since ra(ξ)
P−→ r̄a, as shown in Section 4.2, it follows from Theorem 2.1 that the

first term in (A6.3) converges to zero in probability. Since l(y; γ) = 1
K

∑K
k=1 lk(yk; γ),

where lk(yk; γ) are IID random variables, and since the covariance of∇γ∇γTlk(yk; γ̄)
is bounded, it follows according to the weak law of large numbers, Theorem 2.2,
that

∇γ∇γTl(y; γ̄)
P−→ lim

K

1

K

K∑
k=1

Eγ̄{∇γ∇γTlk(yk; γ̄)}

= Eγ̄{∇γ∇γTl1(y1; γ̄)}.

This result means that also the second term in (A6.3) converges to zero in proba-
bility. This concludes the proof of (A6.2).

Now attention is directed to the proof of the desired result. From the definition of
the ML estimator, it follows (see Appendix 2) that

∇rT
a
l(y; ξ̄, ra(ξ)) = 01×L2 .

The second derivation with ξ yields1

∇ξ∇rT
a
l(y; ξ̄, ra(ξ)) = ∇ξξ ∇ξ∇rT

a
l(y; ξ̄, ra(ξ))

+∇ξra(ξ) ∇ra∇rT
a
l(y; ξ̄, ra(ξ)) = 0(LB+1)×L2 ,

from whence the Jacobian ∇ξra(ξ) is seen to be (since ∇ξξ = ILB+1)

∇ξra(ξ) = −∇ξ∇rT
a
l(y; ξ̄, ra(ξ))

[∇ra∇rT
a
l(y; ξ̄, ra(ξ))

]−1
. (A6.4)

In Appendix 2, it is shown that for the separable criterion l(y; ξ) it holds

∇ξTl(y; ξ̄) = ∇ξTl(y; ξ̄, ra(ξ)).

The second derivation of this result gives

∇ξ∇ξTl(y; ξ̄) = ∇ξξ ∇ξ∇ξTl(y; ξ̄, ra(ξ)) +∇ξra(ξ) ∇ra∇ξTl(y; ξ̄, ra(ξ)).

Substitution of (A6.4) into the above equation gives

∇ξ∇ξTl(y; ξ̄) = ∇ξ∇ξTl(y; ξ̄, ra(ξ))

−∇ξ∇rT
a
l(y; ξ̄, ra(ξ))

[∇ra∇rT
a
l(y; ξ̄, ra(ξ))

]−1∇ra∇ξTl(y; ξ̄, ra(ξ)).

From (A6.2) it follows that

∇ξ∇ξTl(y; ξ̄)
P−→ Eγ̄{∇ξ∇ξTl(y; γ̄)}

− Eγ̄{∇ξ∇rT
a
l(y; γ̄)}

[
Eγ̄{∇ra∇rT

a
l(y; γ̄)}

]−1
Eγ̄{∇ra∇ξT l(y; γ̄)},

which is the desired result (A6.1).
1The total derivative should be used (Dieudonné 1969, p. 174).
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Part II

In this part, the in probability limit of ∇ξ∇ξTl(y; ξ̄) is found. The separable ML
estimator was shown in Section 3.3 to be

l(y; ξ) = ln detX(ξ) + tr
(
X(ξ)−1R̂y

)
where X(ξ) = P(θ)R̂yP(θ) + σ2P⊥(θ). Since R̂y

P−→ Ry, it follows that

X(ξ̄)
P−→ PRyP + σ2P⊥

= P(SRaSH + σ2IN)P + σ2P⊥

= PSRaSHP + σ2IN

= SRaSH + σ2IN = Ry,

where the last row follows since PS = S.
The second order derivatives of X(ξ) are required. In (Kay 1993, Appendix

3.C), it is shown that

∂ ln det
(
X(ξ)

)
∂[ξ]i

= tr
(
X−1(ξ)

∂X(ξ)

∂[ξ]i

)
and

∂X−1(ξ)

∂[ξ]i
= −X−1(ξ)

∂X(ξ)

∂[ξ]i
X−1(ξ).

The second derivation yields

∂2 ln det
(
X(ξ)

)
∂[ξ]j∂[ξ]i

= tr
(

− X−1(ξ)
∂X(ξ)

∂[ξ]j
X−1(ξ)

∂X(ξ)

∂[ξ]i
+ X−1(ξ)

∂2X(ξ)

∂[ξ]j∂[ξ]i

)
(A6.5)

∂2X−1(ξ)

∂[ξ]j∂[ξ]i
= X−1(ξ)

∂X(ξ)

∂[ξ]j
X−1(ξ)

∂X(ξ)

∂[ξ]i
X−1(ξ) − X−1(ξ)

∂2X(ξ)

∂[ξ]j∂[ξ]i
X−1(ξ)

+ X−1(ξ)
∂X(ξ)

∂[ξ]i
X−1(ξ)

∂X(ξ)

∂[ξ]j
X−1(ξ). (A6.6)

The jith element of ∇ξ∇ξTl(y; ξ) is, using (A6.5) and (A6.6), given as

[∇ξ∇ξTl(y; ξ)
]
ji

= tr
(

− X−1(ξ)
∂X(ξ)

∂[ξ]j
X−1(ξ)

∂X(ξ)

∂[ξ]i
+ X−1(ξ)

∂2X(ξ)

∂[ξ]j∂[ξ]i

)
+ tr

(
X−1(ξ)

∂X(ξ)

∂[ξ]j
X−1(ξ)

∂X(ξ)

∂[ξ]i
X−1(ξ)R̂y

− X−1(ξ)
∂2X(ξ)

∂[ξ]j∂[ξ]i
X−1(ξ)R̂y

+ X−1(ξ)
∂X(ξ)

∂[ξ]i
X−1(ξ)

∂X(ξ)

∂[ξ]j
X−1(ξ)R̂y

)
.
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Let the ∂X̄(ξ)
∂[ξ]i

denote the in probability limit of ∂X(ξ)
∂[ξ]i

. From Theorem 2.1 and

since X(ξ̄)
P−→ Ry it follows that

[∇ξ∇ξTl(y; ξ̄)
]
ij

= tr
(
R−1

y

∂X̄(ξ̄)

∂[ξ]i
R−1

y

∂X̄(ξ̄)

∂[ξ]j

)
, (A6.7)

where the fact that tr(AB) = tr(BA) has been used.
The derivatives ∂X(ξ̄)

∂[ξ]i
are

∂X(ξ̄)

∂σ2
= P⊥

and

∂X(ξ̄)

∂[θ]r
=

∂P

∂[θ]r
R̂yP + PR̂y

∂P

∂[θ]r
+ σ2 ∂P⊥

∂[θ]r
,

where the index r = r(m, l, α) = B(l − 1) + q +
∑m

α=1 BLα−1, where L0 = 0, m =
1, . . . , M is the user index, l = 1, . . . , Lm is the multipath index and q = 1, . . . ,B
is the parameter index as in the analysis of the classical ML method. Clearly,

∂X(ξ̄)

∂σ2

P−→ P⊥. (A6.8)

The derivatives of the projection matrices are derived in Appendix 4. Using thsse
results and the facts RyP = SRaSH + σ2P, P⊥S = 0N×L, P⊥P = 0N×N, S†S = IN

and S†P = S†, it follows after straightforward calculus that

∂X(ξ̄)

∂[θ]r

P−→ P⊥
∂S

∂[θ]r
RaSH + SRa

∂SH

∂[θ]r
P⊥. (A6.9)

The inverse of the covariance matrix Ry = SRaSH + σ2IN is required in (A6.7).
According to the matrix inversion lemma (Sorenson 1980, p. 337),

R−1
y =

1

σ2
IN −

1

σ4
S(

1

σ2
SHS + R−1

a )−1SH. (A6.10)

Using (A6.8), (A6.10) and the fact P⊥S = 0N×L, and result R1) R−1
y P⊥ = 1

σ2 P⊥,
in (A6.7) it follows that

[∇ξ∇ξTl(y; ξ̄)
]
σ2σ2

P−→ tr
(
R−1

y P⊥R−1
y P⊥

)
= tr(

1

σ4
P⊥) =

1

σ4
(N − L). (A6.11)

Using (A6.8), (A6.9) and the result R1 in (A6.7), it follows that

[∇ξ∇ξTl(y; ξ̄)
]
σ2[θ]r

= tr
( 1

σ4
P⊥(P⊥

∂S

∂[θ]r
RaSH + SRa

∂SH

∂[θ]r
P⊥)

)
= 0, (A6.12)
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where tr(AB) = tr(BA) and P⊥S = 0N×L has been used to obtain the last equality.
Using (A6.9), (A6.10), result R1 and the facts R−1

y P⊥ = 1
σ2 P⊥, P⊥S = 0N×L,

tr(AB) = tr(BA) and Re{x} = 1
2x + 1

2x∗ in (A6.7) it follows that

[∇ξ∇ξTl(y; ξ̄)
]
[θ]r[θ]q

P−→ tr
( 1

σ4

∂S

∂[θ]r
RaSHSRa

∂SH

∂[θ]q
P⊥ −

1

σ6

∂S

∂[θ]r
RaSHS(

1

σ2
SHS

+ R−1
a )−1SHSRa

∂SH

∂[θ]q
P⊥ +

1

σ4
SRa

∂SH

∂[θ]r
P⊥

−
1

σ6
S(

1

σ2
SHS + R−1

a )−1SHSRa
∂SH

∂[θ]r

∂S

∂[θ]q
RaSH

)
= 2Re

{
tr

( 1

σ2

∂S

∂[θ]r
RaSH(

1

σ2
IN −

1

σ4
S(

1

σ2
SHS

+ R−1
a )−1SH)SRa

∂SH

∂[θ]q
P⊥

)}
=

2

σ2
Re

{
tr

( ∂S

∂[θ]r
RaSHR−1

y SRa
∂SH

∂[θ]q
P⊥

)}
,

where q is indexed similarly to r. As in the analysis of the classical ML estimator
(see Appendix 5), it follows that

[∇ξ∇ξTl(y; ξ̄)
] P−→ 2

σ2
Re

{
(DHP⊥D)� (

(RaSHR−1
y SRa)⊗ 1B×B

)}
. (A6.13)

Equations (A6.11), (A6.12) and (A6.13) imply the desired result.
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Eigenanalysis of the Correlation Matrix

In this appendix, the eigenanalysis of the data correlation matrix is discussed. For
notational simplicity, the overbars above the true parameters are omitted. The
(true) correlation matrix of the data y1, . . . , yK is defined as

Ry = lim
K

1

K

K∑
k=1

E{ykyH
k } = S(θ)RaSH(θ) + σ2IN

for both the deterministic and stochastic amplitudes. The derivation that follows
can be extended to cases where the noise covariance has the form σ2Σ, where Σ is
known (Cadzow 1988, Section IV).

It is assumed that the rank of Ra is r ≤ L. If r < L, then some of the amplitudes
are fully correlated. If r = L, the amplitudes are not fully correlated. If the
amplitudes are uncorrelated, then Ra is diagonal. Since Ra is Hermitean, it is a
normal matrix and can be expressed as (Lancaster & Tismenetsky 1985, Chapter
5)

Ra = UaΛaUH
a ,

where Λa = diag(λa1
, . . . , λar , 0, . . . , 0︸ ︷︷ ︸

L−r

) is the L× L diagonal matrix of the eigen-

values of Ra and Ua ∈ CL×L is a unitary matrix, i.e., UaUH
a = UH

aUa = IL. Let
S(θ)Ua = Sa(θ). Since Ua is unitary, it is nonsingular, and rank{Sa(θ)} = L

(Halmos 1958, p. 92), i.e., Sa(θ) has full rank, or equally, its columns are linearly
independent. Also, the range spaces of S(θ) and Sa(θ) are equal (Lancaster &
Tismenetsky 1985, p. 78). Now,

S(θ)RaSH(θ) = S(θ)UaΛaUH
aSH(θ)

= Sa(θ)ΛaSH
a (θ)

=

r∑
i=1

λai
[Sa(θ)]i[Sa(θ)]Hi ,
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where notation [Y]i denotes ith column of a matrix Y. Multiply the last equation
from right by some x ∈ CN. This results in

S(θ)RaSH(θ)x =

r∑
i=1

βi[Sa(θ)]i,

where βi = λi[Sa(θ)]Hx. This means that the range space of S(θ)RaSH(θ) is
formed by a linear combination of r linearly independent vectors. Thus,
rank{S(θ)RaSH(θ)} = r ≤ L < N. Matrix S(θ)RaSH(θ) is therefore singular, which
means that the determinant is zero, i.e.,

det
(
S(θ)RaSH(θ)

)
= 0.

But det
(
S(θ)RaSH(θ)

)
= det

(
Ry − σ2IN

)
= 0. Therefore, the noise power σ2 is

an eigenvalue of Ry (Lancaster & Tismenetsky 1985, Section 4.11). This means
that

Ryei = σ2ei,

where ei is the eigenvector of Ry associated with the eigenvalue σ2. Since Ryei =(
S(θ)RaSH(θ) + σ2IN

)
ei it follows that

S(θ)RaSH(θ)ei = 0N×1. (A7.1)

This means that the eigenvector associated with the eigenvalue σ2 must lie in the
nullspace of S(θ)RaSH(θ). Since the rank of S(θ)RaSH(θ) is r, the dimension of
the nullspace is N − r. Therefore, the eigenvalue σ2 has multiplicity N − r.

The remaining r eigenvalues, say λi, of Ry satisfy

Ryei = λiei,

from which it follows

S(θ)RaSH(θ)ei = (λi − σ2)ei, i = 1, . . . , r. (A7.2)

Thus, r of the eigenvalues of S(θ)RaSH(θ) are of the form λi−σ2. Since S(θ)RaSH(θ)
is positive semidefinite, it has nonnegative eigenvalues (Lancaster & Tismenetsky
1985, Theorem 1 on Section 5.3). Therefore λi − σ2 ≥ 0, i = 1, . . . , r. Since Ry

is positive definite, it is concluded that σ2 is the smallest eigenvalue of Ry. The
eigenvalues of Ry can therefore be ordered as

λ1 ≥ λ2 ≥ · · · ≥ λr > λr+1 = · · · = λN = σ2.

The associated eigenvectors ei are numbered correspondingly. Note also that since
the eigenvectors are orthonormal, any set of the eigenvectors form an orthonormal
basis for a subspace of CN, and if two different sets do not contain common
eigenvectors, the associated subspaces are orthogonal.
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Since S(θ)RaSH(θ) is Hermitean, it is a normal matrix and can be expressed as
(Lancaster & Tismenetsky 1985, Chapter 5)

S(θ)RaSH(θ) = UΛUH,

where Λ = diag(λ̃1, . . . , λ̃N) is the diagonal matrix of the eigenvalues of S(θ)RaSH(θ)
and U ∈ CN×N is an unitary matrix, i.e., UUH = UHU = IN. Since the columns
and rows of U are orthogonal, it is a full rank matrix. Since S(θ)RaSH(θ) has
rank r ≤ L < N, it follows that Λ has to have rank r. Since Λ is diagonal this is
possible only if it has r nonzero diagonal elements, i.e., if S(θ)RaSH(θ) has only
r nonzero eigenvalues. The corresponding eigenvectors are, with (A7.2), {ei}

r
i=1,

i.e., the eigenvectors of Ry associated with the r largest eigenvalues. The eigende-
composition means that S(θ)RaSH(θ) can be expressed as

S(θ)RaSH(θ) =

N∑
i=1

λ̃iuiu
H
i =

r∑
i=1

λ̃ieie
H
i ,

where ui is the ith eigenvector of S(θ)RaSH(θ) and the second equality follows
since λ̃i = 0 if i = r + 1, . . . , N.

In a special case that Ra is a full rank matrix, i.e., if r = L, it thus follows that

S(θ)RaSH(θ) = EsΛsE
H
s ,

where Λs = diag(λ1 − σ2, . . . , λL − σ2) and Es = [e1 . . . eL]. Another interest-
ing and useful result that also follows in this special case is that (A7.1) can be
multiplied from the left by R−1

a

(
SH(θ)S(θ)

)−1
SH(θ), which results in

SH(θ)ei = 0L×1 i = L + 1, . . . , N,

which means that the eigenvectors {ei}
N
i=L+1 are orthogonal to the columns of S(θ),

or to all linear combinations of the columns of S(θ). In other words, this means
that the eigenvectors {ei}

N
i=L+1 are in the null space of SH(θ). Since the null space

of SH(θ) is the complement of the range space of S(θ) (Halmos 1958, p. 18 and
89), (Lancaster & Tismenetsky 1985, Chapters 4-5) and from the properties of
the eigenvectors discussed before, it follows that the eigenvectors {ei}

L
i=1 form an

orthonormal basis for the range space of S(θ). See also (Cadzow 1988, Section IV)
for a discussion of these results.

Connection to the Projection Matrix

Let P(θ) = S(θ)
(
SH(θ)S(θ)

)−1
SH(θ) be a projection matrix of S(θ). It is a Her-

mitean idempotent matrix. P(θ) has rank L and it has L nonzero eigenvalues equal
to one (Lancaster & Tismenetsky 1985, p. 195). Let {xi}

L
i=1 be the eigenvectors

associated with these nonzero eigenvalues. Then

P(θ) = XXH,
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where X = [x1 . . . xL]. Also, the range space of P(θ) is equal to the range space of
S(θ) (Lancaster & Tismenetsky 1985, p. 196). The eigenvectors {xi}

L
i=1 thus form

an orthonormal basis for the range space. This means that if θ = θ̄ and Ra has full
rank, then the eigenvectors {xi}

L
i=1 and {ei}

L
i=1 span the same subspace. If si(θil)

is a column of S(θ) and Psi
(θil) = si(θil)

(
sH
i (θil)si(θil)

)−1
sH
i (θil) then Psi

(θil)
has only one nonzero eigenvalue and the range space of Psi

(θil) is a subspace in
the range space of S(θ).
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Proofs for Section 4.3

In this appendix, the asymptotic distribution of the correlator estimator is derived.
The criterion is given in (4.8) and repeated here as

f(θil) = tr
(
Pil(θil)R̂y),

where Pil(θil) = si(θil)
(
sH
i (θil)si(θil)

)−1
sH
i (θil). If the projection matrix is

derivated with respect to elements of θmk, the result is zero unless m = i. This
means that the analysis can be made in LiB×LiB blocks and that the asymptotic
covariance matrix is a block diagonal matrix.

The block for a parameter vector θα = [θα1 . . . θαLα ]T consists of analysis of

θ̂α − θ̄α =
[∇θα∇θ

αT f(θ̃α)
]−1∇θαf(θ̄αl),

where θ̃α is in the line segment joining θ̂α and θ̄α. Since θ̂α is assumed to be
consistent, it follows that θ̃α

P−→ θ̄α. As in the analysis of the classical ML
estimator in Section 4.1, it follows that

∇θα∇θ
αT f(θ̃αl)

P−→ ∇θα∇θ
αT f̄(θ̄αl)

where

∇θα∇θαT f(θ̄αl)
P−→ ∇θα∇θαT f̄(θ̄αl).

The limit ∇θα∇θαT f̄(θ̄αl) is derived next. The signal parameter vector θ is in-
dexed as [θ]r where r = r(α, i, k) = B(i − 1) + k +

∑α
γ=1 BLγ−1, where L0 = 0,

α = 1, . . . ,M defines the signal waveform, i = 1, . . . , LM defines the multipath
and k = 1, . . . ,B defines a parameter in a vector θil. By using indexes r = r(α, l, i)
and q = q(β, k, j), where q is defined similarly to r, and the derivation and ex-
pression for the second order derivative of the projection matrix in Appendix 4, it
follows that the rqth eleventh of ∇θα∇θ

αT f̄(θ̄αl) is zero if α 6= β and/or l 6= k.
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This means that ∇θα∇θT
α
f̄(θ̄αl) is a block diagonal matrix with block elements

given as[∇θαl
∇θT

αl
f(θ̄αl)

]
rq

P−→ tr
(
[−P⊥αldαlis

†
αldαljs

†
αl − s

†H
αld

H
αliP

⊥
αldαljs

†
αl

+ P⊥αldαlijs
†
αl + P⊥αldαlj(s

H
αlsαl)

−1dH
αliP

⊥
αl

− P⊥αldαljs
†
αldαlis

†
αl + (. . . )H][SRaSH + σ2IN]

)
,

where P⊥αl = P⊥αl(θ̄αl), dαli = dαli(θ̄αl), dαlij = dαlij(θ̄αl), sαl = sαl(θ̄αl) and
s
†
αl = (sH

αlsαl)
−1sH

αl are short notations.
Let Eαl = sH

αlsαl be the energy of αth signal waveform with the true parameter
value θ̄αl. Also, note that Pαl = 1

Eαl
sαls

H
αl, P⊥αl = IN − Pαl, s

†
αl = 1

Eαl
sH
αl,

P⊥αlsαl = 0N×1 and sH
αlP

⊥
αl = 01×N.

It easily follows from (4.10), and since for the same dimensional column vectors
x and y it holds that tr(xyH) = yHx, that the general element for the block of the
parameter θαl is given as

Fαl = E−1
αl 2Re

{
sH
αlSRaSHdαlij + dH

αliSRaSHdαlj

}
− E−2

αl 2Re
{
dH

αlidαljs
H
αlSRaSHsαl + sαldαlijs

H
αlSRaSHsαl

}
.

This can not be (easily) presented in a closed form except in the single parameter
case B = 1. In such a case, the required L × L diagonal matrix for the parameter
vector θ is

F = 2Re
{
(SHSRaSHD ′ + DHSRaSHD)� diag−1(E)

}
− 2Re

{(
(DHD + SHD ′)� (SHSRaSHS)

)� diag−2(E)
}
, (A8.1)

where E = [E11 . . . E1L1
E21 . . . EMLM

]T ∈ CL and D ′ = [d1111 d1211 . . . d1L111

d2111 . . . dMLM11] ∈ CN×L is the matrix of the required second order derivatives.
Then the term ∇θαf(θ̄α) is analyzed. The result that it is asymptotically

normally distributed follows, as in the analysis of the classical ML estimator (see
Appendix 5). Since the correlator estimator is assumed to be consistent in this
analysis, it is asymptotically zero mean by the dominated convergence theorem
(see the end of Section 2.2).

The analysis of the covariance term Qα = limK E{∇θα∇θ
αT f(θ̄αl)} follows

the analysis of the classical ML estimator (see Appendix 5) until (A5.7). From it,
for r(α, l, i) and q(α, k, j),

[Qα]rq = tr
( ∂P⊥αl

∂[θαl]i
Ry

∂P⊥αk

∂[θαk]j
Ry

)
− tr

( ∂P⊥αl

∂[θαl]i
SRaSH ∂P⊥αk

∂[θαk]j
SRaSH

)
where the latter term appears if As.7 is valid, and is missing if As.8 is valid. The
derivative of the projection matrix is calculated in Appendix 4. From result (A4.3)
therein and (4.10) it follows that

∂P⊥αl

∂[θαl]i
= − 1

Eαl
(dαls

H
αli + sαld

H
αli).
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Direct substitution, use of (4.10) and the fact tr(xyH) = yHx yield the result that
elements of the block Qα are given, if As.7 or As.8 is valid, as

[Qα]rq = 2E−1
αl E−1

αk σ2 Re
{
sH
αlSRaSHdαkjs

H
αkdαli + sH

αlSRaSHsαkdH
αkjdαli

+ sH
αldαkjs

H
αkSRaSHdαli + σ2sH

αldαkjs
H
αkdαli

+ sH
αlsαkdH

αkjSRaSHdαli + σ2sH
αlsαkdH

αkjdαli

}
.

This is difficult to express in a closed form. However, if B = 1, it can be made quite
easily. It can be seen that in the term sH

αlsαkdH
αkjdαli elements of the matrix SHS

are multiplied by elements of the matrix (DHD)T. Also, in term sH
αldαkjs

H
αkdαli

elements of SHD are multiplied by elements of (DHS)T. Thus, the result for all
signal waveforms is a block diagonal matrix

Q = 2σ2 Re
{(

(SHSRaSHD)� (SHD)T + (SHSRaSHS)� (DHD)T

+ (SHD)� (SHSRaSHD)T + σ2(SHD)� (SHD)T + (SHS)

� (DHSRaSHD)T + σ2(SHS)� (DHD)T
)� (EET � IB

L )−1
}
, (A8.2)

where IB
L is a block diagonal matrix with M blocks 1Lα×Lα α = 1, . . . , M. The

normalized asymptotic estimation error covariance limK E{K(θ̂− θ̄)(θ̂− θ̄)T} is,
if B = 1, F−1QF−1 where F is given in (A8.1) and Q in (A8.2).
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Proofs for Section 4.3.1

θ̂ differs from θ̌ since the sample correlation matrix is used to evaluate it. The
error made can therefore be approximated by investigating the first order Taylor
expansion of ∇θ tr

(
Pαl(θ̂αl)R̂y

)
around θ̌ and Ry. The expansion is required with

respect to a matrix. This expansion is investigated in (Vetter 1973) in a real case.
The complex case can be handled by using the corresponding complex derivatives,
see (Haykin 1996, Appendix B), (Kay 1993, Chapter 15), where the useful result
is ∂α∗

∂α = ∂α
∂α∗ = 0, where α is a complex scalar variable. Let G(Y) be i× j matrix

valued function of a k × l matrix Y. The first order Taylor expansion of G(Y),
where Y = Ȳ +4Y is a matrix of independent variables, is (Vetter 1973, equation
23)

G(Y) ≈ G(Ȳ) + d(G(Y))

∣∣∣∣∣dY=4Y
Y=Ȳ

,

where (Vetter 1973, equation 21)

d
(
G(Y)

)
=

(
[d vec(Y)]H ⊗ Ii×i

)(∇vec(Y) G(Y)
)
.

If this is applied for the present problem, it follows that

∇[θαl]i tr
(
Pαl(θ̂αl)R̂y

) ≈ ∇[θαl]i tr
(
Pαl(θ̌αl)Ry

)
+4[θ̂αl]i∇[θαl]i∇[θαl]i tr

(
Pαl(θ̌αl)Ry

)
+ [vec(4Ry)]H∇vec(Ry)∇[θαl]i tr

(
Pαl(θ̌αl)Ry

)
, (A9.1)

where 4Ry = R̂y − Ry. Term ∇[θαl]i tr
(
Pαl(θ̌αl)Ry

)
is zero since θ̌ is a maxi-

mizer of the cost function of the correlator. This means that the cost function
tr

(
Pαl(θαl)Ry

)
has to have L maxima at points θ̌αl in order that the analysis is

valid. Note that in (Hawkes & Nehorai 1998) there is an error in equation 33,
which corresponds to (A9.1). The error exists since they evaluate the expansion in
vector form and the trace operator they use produces a scalar. The error follows
probably since (Hawkes & Nehorai 1998) follow at this step directly (Vaidyanathan
& Buckley 1995), where this expression is derived for a scalar.
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Now, through (4.10) and (A4.2)

∇[θαl]i tr
(
Pαl(θ̂αl)R̂y

)
= −R−1

α (θ̌αl, θ̌αl)2Re
{
sH
α(θ̌αl)Rydαli(θ̌αl)

}
. (A9.2)

Note that (i(j−1)N+ j)th element of vec(Ry) is [Ry]ij. Then, it is easy to see that

∂

∂[Ry]mn
R−1

α (θ̌αl, θ̌αl)2Re
{
sH
α(θ̌αl)Rydαli(θ̌αl)

}
= R−1

α (θ̌αl, θ̌αl)2Re
{
[sα(θ̌αl)]

∗
m[dαli(θ̌αl)]n

}
.

Therefore,

[vec(4Ry)]H∇vec(Ry)∇[θαl]i tr
(
Pαl(θ̌αl)Ry

)
=

N∑
m=1

N∑
n=1

[4Ry]∗mnR−1
α (θ̌αl, θ̌αl)2Re

{
[sα(θ̌αl)]

∗
m[dαli(θ̌αl)]n

}
= R−1

α (θ̌αl, θ̌αl)2Re
{
dH

αli(θ̌αl)4Rysα(θ̌αl)
}
,

which coincides with equation B2 in (Vaidyanathan & Buckley 1995) and the
equation below equation 33 in (Hawkes & Nehorai 1998).

Since 4Ry
P−→ 0N×N, it follows from (A9.1) that limK E{[4θ̂αl]i} = 0, i.e.,

that the additional asymptotic bias asymptotically vanishes.
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Proofs Omitted in Chapter 5

In this appendix, the following lemma is proved.

Lemma 10.1. Let A and B be Hermitean positive semidefinite L× L matrices (B
can be just Hermitean), C be Hermitean positive definite L × L matrix, and let U

be as in (5.3). Then

[
Re

{
A� (UBUH)

}]−1[
Re

{
A� (UCUH)

}][
Re

{
A� (UBUH)

}]−1

≥ [
Re

{
A� (UBC−1BUH)

}]−1
.

Proof. From the definition of U, it follows that UHU = BIL, where B is the number
of parameters in θil. The matrices[

IL

IL

]
A

[
IL IL

]
=

[
A A

A A

]
and[

UBUHUC−1UH

UUH

]
UCUH

[
UC−1UHUBUH UUH

]
= B2

[B2UBC−1BUH BUBUH

BUBUH UCUH

]
are positive semidefinite. If H is an Hermitean positive definite matrix, then
Re{H} is positive semidefinite. From these results, it follows according to (Stoica
& Nehorai 1990a, Lemma A.1) that

Re
{[

A A

A A

]
�

[
UBUHUC−1UHUBUH UBUH

UBUH UCUH

]}
= Re

{[B2A� (UBC−1BUH) BA� (UBUH)
BA� (UBUH) A� (UCUH)

]}
≥ 0 (A10.1)
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Next, consider a matrix (Sorenson 1980, p. 338)

Q =

[
A B

BH C

]
=

[
A − BC−1BH B

0L×L C

] [
IL 0L×L

C−1BH IL

]
.

The determinant of Q is given as

det(Q) = det(A − BC−1BH)det(C)det(IL).

If Q is positive semidefinite, all the determinants in the above expression are
nonnegative, i.e., the matrices A−BC−1BH, C and IL are positive semidefinite (IL

is clearly positive definite). It therefore follows from (A10.1) that

Re
{
A� (UBC−1BHUH)

}
− Re

{
A� (UBUH)

}[
Re

{
A� (UCUH)

}]−1

Re
{
A� (UBHUH)

} ≥ 0,

i.e, that Re
{
A�(UBC−1BUH)

} ≥ Re
{
A�(UBUH)

}[
Re

{
A�(UCUH)

}]−1 Re
{
A�

(UBUH)
}
. By noting that if B ≥ A, then A−1 ≥ B−1, and the lemma follows.

If B = 1 then U = IL and the lemma reduces to (Stoica & Nehorai 1990a, Lemma
A.2), which, indeed, has inspired the above lemma.




	Abstract
	Preface
	Symbols and Abbreviations
	Contents
	1 Introduction
	2 Preliminaries
	2.1 Parameter Estimation
	2.1.1 The Cramér-Rao Bound
	2.1.2 Large Sample Properties

	2.2 A Prototype Problem
	2.3 The Signal Model
	2.3.1 Applications
	2.3.2 Assumptions


	3 Review of the Literature
	3.1 The Maximum Likelihood Method
	3.2 The Classical Maximum Likelihood Estimator
	3.2.1 Previous Analyses

	3.3 The Maximum Likelihood Estimator
	3.3.1 Previous Analyses

	3.4 The Correlator Estimator
	3.4.1 Resolution


	4 Asymptotic Distributions
	4.1 Analysis of the Classical Maximum Likelihood Estimator
	4.2 Analysis of the Maximum Likelihood Estimator
	4.3 Analysis of the Correlator Estimator
	4.3.1 The Inconsistent Case


	5 Discussion
	6 Summary and Conclusions
	References
	APPENDIX 1
	APPENDIX 2
	APPENDIX 3
	APPENDIX 4
	APPENDIX 5
	APPENDIX 6
	APPENDIX 7
	APPENDIX 8
	APPENDIX 9
	APPENDIX 10

