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Abstract
Several numerical methods and algorithms, for solving the mathematical model of a continuous
casting process, are presented, and theoretically studied, in this work. The numerical algorithms can
be divided in to three different groups: the Schwarz type overlapping methods, the nonoverlapping
Splitting iterative methods, and the Predictor-Corrector type nonoverlapping methods. These
algorithms are all so-called parallel algorithms i.e., they are highly suitable for parallel computers. 

Multiplicative, additive Schwarz alternating method and two asynchronous domain
decomposition methods, which appear to be a two-stage Schwarz alternating algorithms, are
theoretically and numerically studied. Unique solvability of the fully implicit and semi-implicit finite
difference schemes as well as monotone dependence of the solution on the right-hand side are proved.
Geometric rate of convergence for the iterative methods is investigated.

Splitting iterative methods for the sum of maximal monotone and single-valued monotone
operators in a finite-dimensional space are studied. Convergence, rate of convergence and optimal
iterative parameters are derived. A two-stage iterative method with inner iterations is analyzed in the
case when both operators are linear, self-adjoint and positive definite. 

Several new finite-difference schemes for a nonlinear convection-diffusion problem are
constructed and numerically studied. These schemes are constructed on the basis of non-overlapping
domain decomposition and predictor-corrector approach. Different non-overlapping decompositions
of a domain, with cross-points and angles, schemes with grid refinement in time in some subdomains,
are used. All proposed algorithms are extensively numerically tested and are founded stable and
accurate under natural assumptions for time and space grid steps.

The advantages and disadvantages of the numerical methods are clearly seen in the numerical
examples. All of the algorithms presented are quite easy and straight forward, from an
implementation point of view. The speedups show that splitting iterative method can be parallelized
better than multiplicative or additive Schwarz alternating method. 

The numerical examples show that the multidecomposition method is a very effective numerical
method for solving the continuous casting problem. The idea of dividing the subdomains to smaller
subdomains seems to be very beneficial and profitable. The advantages of multidecomposition
methods over other methods is obvious. Multidecomposition methods are extremely quick, while
being just as accurate as other methods. The numerical results for one processor seem to be very
promising.

Keywords: continuous casting problem, domain decomposition methods, finite difference
method, parallel solution
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1 Introduction

Several numerical methods and algorithms, for solving the mathematical model of a con-
tinuous casting process, are presented, and theoretically studied, in this work. All numer-
ical schemes are tested in examples, and compared with each other. Several remarks are
presented and discussed.

The numerical algorithms presented in this work can be divided in to three different
groups: the Schwarz type overlapping methods, the nonoverlapping Splitting iterative
methods, and the Predictor-Corrector type nonoverlapping methods. These algorithms
are all so-called parallel algorithms, i.e., they are highly suitable for parallel computers.
The theoretical background of the algorithms is also discussed. In Chapter 6, all the
parallel methods presented are used to solve the same model problem. In addition, several
conclusions are drawn, both positive and negative.

The importance of controlling strand cooling in continuous casting is discussed in the
paper by Louhenkilpi, Laitinen and Nieminen [30]. To achieve high quality products, nu-
merical simulations and calculations are being used. These calculations are burdensome,
and usually very complicated. They may contain several millions unknowns, especially
in time-dependent 3D-models. Because the calculations take so much time, the use of
domain decomposition methods (DDM) and algorithms is very useful and applicable.
Never the less, the use of DDM in many companies is still very rare. Unlike several years
ago, the building of a high performance parallel calculation cluster is not so demanding
nor expensive. This make the possibility of implementing DDM in industry better, and
gives motivation to develop and test parallel algorithms for solving the continuous casting
process.

The algorithms presented here were primarily developed for parallel computers. As a
side result, we found very good and effective methods for sequential computers. One has
to remember to take into account the fact that we mainly discuss the continuous casting
problem. However, after minor modifications, the algorithms presented in this work could
be applied to solve many other practical problems. Examples of such problems would
be the dam problem [22], i.e., water filtration through and under a dam, and pollution
problems.
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1.1 Recent history

The Stefan problem with prescribed convection, of which the continuous casting problem
is a special case, has been considered in a number of articles ([14], [38], [39], [43] and the
bibliographies therein). In these articles, the existence and uniqueness of a weak solution
has been proved.

Numerical schemes for this problem, based on implicit discretization of the diffusion
term and explicit discretization of the nonlinear convection term (semi-implicit scheme
in our terminology), have been studied in [9], [10], [8]. A fully implicit approximation
of the problem has been considered in [21], where the existence and uniqueness of the
solution for the mesh scheme has been proved, as well as the convergence of different
iterative methods.

Parallel algorithms for the system of nonlinear algebraic equations (mesh schemes
for the classical Stefan problem are an example of such a system) have been considered
in [44], [2], [1], [3]. In the recent article [4], the geometric convergence of a class of
asynchronous iterative methods for the system of nonlinear algebraic equations has been
proved. A number of articles deal with parallel solution of variational inequalities (cf.,
[6], [17], [18], [28], [29], [45], [47], [46], [48]), where they study the so-called obstacle
problem and its generalization. In our notation, it is a partial case of problem (2.4) with
diagonal matrixB.

Kuznetsov [16] proposed an explicit-implicit scheme using a nonoverlapping domain
decomposition. In his method, the values on the interior boundary of the subdomains is
first predicted using an explicit method. Then an implicit scheme can be applied to the
equation on the subdomains, and the resulting elliptic equation on each subdomain can be
solved independently, using the predicted interface boundary conditions.

Later, Dawson, Du and Dupont [11] proposed an alternative explicit-implicit algo-
rithm. Their work motivated Rivera, Zhu and Huddlestone [36, 34, 35] to develop explicit-
implicit algorithms further. They presented the corrector step after an implicit scheme
in subdomains. The corrector step makes the solution more accurate near the artificial
boundaries, and the right choice of the corrector leads to an unconditionally stable algo-
rithm.

At the same time, Zhuang [50, 49] presented a class of stabilized explicit-implicit
time marching domain decomposition algorithms for the linear parabolic equation. In
his approach, rather then perform a corrector on the interior boundaries, he performs a
stabilizer, which is more then the corrector, and is more accurate. At a very general level,
the predictor-corrector methods presented in [36, 34, 35] are pretty much the same as
those presented in [50, 49].

In their article [26], Lapin and Pieskä present several new finite-difference schemes
for the nonlinear convection-diffusion problem. These schemes are constructed on the
basis of a non-overlapping domain decomposition and predictor-corrector approach. The
article [26] was motivated by the articles of [36, 34, 35], where the so-called EPIC (ex-
plicit predictor-implicit corrector) method had been proposed for a linear one-dimensional
problem, and found to be stable and scalable when being solved with a large number of
processors. (The term predictor-corrector domain decomposition method was introduced
by Quarteroni and Valli [33]).

In [26], Lapin and Pieskä construct a predictor-corrector scheme for a nonlinear prob-
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lem, which serves as a mathematical model for the continuous casting problem. Also see
[9], [10], [20], [23], where implicit and semi-implicit grid approximations of the continu-
ous casting problem have been theoretically and experimentally studied. In [26], the use
of different non-overlapping domain decomposition methods were discussed. For exam-
ple, methods applying cross-points and angles, as well as schemes with grid refinement in
time of some subdomains. All proposed algorithms were extensively tested numerically,
and found to be stable and accurate under natural grid step assumptions in time and space.
Also, these parallel algorithms were found to scale well, as the number of processors
increased.

During the last years many articles [21, 23, 24, 26] on continuous casting problem and
its mesh discretization and parallel domain decomposition based numerical methods were
published and presented by Laitinen, Lapin and Pieskä. In these works the main theo-
retical results were derived and many numerical examples was considered. However, the
new multidomain decomposition method (MDD) was studied and numerical simulations
analyzed recently. The real 3D-simulation of the casting problem were also done lately.



2 Problem formulation and its mesh approximation

2.1 Continuous casting problem

In this work, the continuous casting problem is studied in the open bounded domainΩ ⊂
R

d, d = 2, 3. Due to the fact that in industry, the slab being casted is the size of the
parallelepiped, we restrict our discussion to the 2D domainΩ = {0 < x1 < 1, 0 <
x2 < L}. However, the 3D case can be treated in a similar manner. The casting process
lasts a finite amount of time,tf > 0. The boundary,∂Ω, is divided into four parts:

Γ0 = {x ∈ ∂Ω : x1 = 0}, Γ1 = {x ∈ ∂Ω : x1 = 1},

Γ2 = {x ∈ ∂Ω : x2 = 0}, Γ3 = {x ∈ ∂Ω : x2 = L}.
The temperature of the slab at pointx ∈ Ω, and at timet ∈]0, tf [, is denoted byT (x, t)

The temperature dependent enthalpy is denoted asH(T ) = H(x, t). Mathematically, heat
transfer in the continuous casting process can be written in the form

∂H

∂t
+ v(t)

∂H

∂x2
= ∇ · (k(T )∇T ) in Ω×]0, tf [. (2.1)

In (2.1), v(t) is the casting speed andk(T ) is thermal conductivity. It is assumed that
the casting speed depends only on time, i.e., it is independent of the spatial variables.
We have simplified our model such that it does not take into account the possible flow of
liquid steel. Motivation for this comes directly from industry. The mould in the casting
machines is designed in such away that almost all motion of the liquid steel is eliminated.

We assume that the domainΩ, is occupied by thermodynamically homogeneous and
isotropic steel. Our goal is to determine the temperature fieldT (x, t), of the steel inside
the domainΩ. We know the initial temperature distribution of the slab, which is denoted
by T0(x). This temperature distribution also defines the enthalpy,H0(T ) in the beginning
of the cast, uniquely. The boundary conditions, at every point in the boundary, are known
during the entire cast.

After Kirchoff’s transformation

u =
∫ T

0

k(θ)dθ
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the equation (2.1) becomes

∂H

∂t
+ v

∂H

∂x2
− ∆u = 0 in Ω×]0, tf [.

The dependency of the enthalpyH , the temperatureu, and the physical parameters is

H = H(u) = ρ

∫ u

0

c(Θ) dΘ + ρL (1 − fs(u)) in Ω×]0, tf [,

whereρ is the density,c(u) is the specific heat,L is latent heat andfs(u) is the solid
fraction. Furthermore, we assume thatfs(u) andH(u) are piecewise linear functions of
the temperatureu. In our model, the functionf s(u) can be written in the form

fs(u) =




1 whenu < uS ,
uL − u

uL − uS
whenuS < u < uL,

0 whenu > uL,

whereuL is the liquidus temperature, i.e., the temperature at which steel is fully liquid,
anduS denotes the solidus temperature, i.e., the temperature at which steel begins to
melt. Specific heat,c(u), is assumed to be a piecewise constant function of the unknown
temperatureu.

Moreover, the graph of enthalpyH(u), is an increasing function fromR → R, involv-
ing near vertical segments corresponding to the phase transition states. We suppose that
the graph ofH(u) is uniformly monotone, i.e., there exists a positive constantα, such
that

(H(u1) − H(u2), u1 − u2) ≥ α(u1 − u2, u1 − u2) ∀u1, u2. (2.2)

The continuous casting problem can be stated as follows: find the unknown tempera-
ture distributionu = u(x, t) such that

(P )




∂H(u)
∂t

+ v(t)
∂H(u)
∂x2

− ∆u = 0 for x ∈ Ω, t > 0 v(t) > 0,

u = z(x, t) > 0 for x ∈ Γ0, t > 0,
∂u

∂n
= g for x ∈ ΓN , t > 0,

u = u0(x) > 0 for x ∈ Ω̄, t = 0.

whereΓN = Γ1 ∪ Γ2 ∪ Γ3. We have various boundary conditions in different parts
of the boundary. In the left part,Γ0, we have the Dirichlet type boundary condition,
because the temperature of the incoming liquid steel is known there. In the boundary
Γ3, we have the zero Neumann boundary condition, due to the symmetry of the casted
slab (g = 0). The boundaryΓ1, is the cutting line, where we assume that the slab is
cooled to the point such that heat transfer is happening only by convection. In this part
of the boundary,g = −vH(u). The top part of the slab is inside the mould, where we
have in the beginning of the boundaryΓ 2, the conditiong = −q. Water sprays cool
the slab over the rest of the boundaryΓ2 (secondary cooling zone). There we have a
nonlinear boundary condition, due to the cooling of the water, and the Stefan-Boltzmann
type radiation (g = −au − b|u|3u).
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One more simplification is made in our model. Namely, the boundary condition in the
cutting part is changed from the Neumann type to the Dirichlet type boundary condition,
u = z(x, t). ThusΓD = Γ0 ∪ Γ1.

In our problem, almost everything depends on the unknown temperatureu. The phys-
ical parameters are a function of the temperature, and they have jumps, or near vertical
segments, near the solidus and liquidus temperatures. Because we do not know a priori
the temperature, the values of the physical parameters are also unknown.

2.2 Mesh approximation of the continuous casting problem

We approximate the problem (P), by a time implicit finite difference scheme, or by a semi-
implicit finite difference scheme, using a finite element method with quadrature rules for
the approximation of the space variables.

We use the following notation for Sobolev spacesH k(Ω) = W k,2(Ω) andHk
0 (Ω) =

{u ∈ Hk(Ω) : u = 0 for all x ∈ ΓD}. Let V = H1(Ω), andV 0 = H1
0 (Ω). We define

the spaceV z = { u ∈ V : u = z for x ∈ Γ0 }.
The solution of the continuous casting problem (P), satisfies the integral equality:∫

Ω

(
∂H

∂t
+ v(t)

∂H

∂x2

)
ηdx +

∫
Ω

∇u∇ηdx +
∫

Γ2

(au + b|u|3u)ηdΓ

=
∫

Γ2

gηdΓ for all η ∈ V 0, u(t) ∈ V z(t).

LetTh be a triangulation ofΩ, in the rectangular elementsδ, of dimensionsh 1×h2 and
Vh = {uh(x) ∈ H1(Ω) : uh(x) ∈ Q1 for all δ ∈ Th}, whereQ1 is the space of bilinear
functions. ByΠhv(x), we denote theVh-interpolant of a continuous functionv(x), i.e.,
Πhv(x) ∈ Vh and coincides withv(x) in the mesh nodes – vertices of allδ ∈ Th. We
also use an interpolation operatorPh, which is defined as follows: for any continuous
function v(x), the functionPhv(x) is piecewise linear inx2, piecewise constant inx1

and onδ = [x1, x1 + h1] × [x2, x2 + h2] it coincides withv(x) at (x1 + h1, x2) and
(x1 + h1, x2 + h2).

Let furtherV 0
h = {uh(x) ∈ Vh : uh(x) = 0 for all x ∈ ΓD}, V z

h = {uh(x) ∈ Vh :
uh(x) = zh for all x ∈ ΓD}. Herezh is the bilinear interpolation ofz on the boundary
ΓD. For any continuous functionv(x), we define the quadrature formulas:

Sδ(v) =
∫

δ

Πhvdx, SΩ(v) =
∑
δ∈Th

Sδv,

S∂δ(v) =
∫

∂δ

Πhvdx, SΓ2(v) =
∑

∂δ∈Th∩Γ̄2

S∂δ(v);

Eδ(v) =
∫

δ

Phvdx, EΩ(v) =
∑
δ∈Th

Eδ(v).



19

Also, let ωτ = {tk = kτ, 0 ≤ k ≤ M, Mτ = tf} be a uniform mesh in time, on the
segment[0, tf ], and

∂t̄H =
1
τ

(H(x, t) − H(x, t − τ)).

2.2.1 Implicit Scheme

The implicit, in time, finite difference scheme, with up-wind approximation of the con-
vective termv∂H/∂x2 can be written as follows: for allt ∈ ωτ , t > 0, find uh ∈
V z

h andHh ∈ Vh such that
 SΩ(∂t̄Hhηh) + EΩ(v(t)

∂Hh

∂x2
ηh) + SΩ(∇uh∇ηh)

+SΓ2((auh + b|uh|3uh)ηh) = SΓ2(gηh) for all ηh ∈ V 0
h .

(2.3)

Let N0 = cardV 0
h andu ∈ R

N0 be the vector of nodal values foruh ∈ V 0
h . We denote

this bijection asuh ⇔ u. We defineN0 × N0 as the matricesA andB, and the nonlinear
operatorC by the following relations: for allV 0

h 
 uh ⇔ u ∈ R
N0 andV 0

h 
 ηh ⇔ η ∈
R

N0

(Au, η) = SΩ(∇uh∇ηh) + SΓ2(auhηh),

(Bu, η) = SΩ(
1
τ

uhηh) + EΩ(v(t)
∂uh

∂x2
ηh),

(Cu, η) = SΓ2(b|uh|3uhηh).

Further, we define the vectorf : (f, η) = SΓ2(gηh) + SΩ(
1
τ

H(uh(x, t− τ))ηh). Now let

z̃h(x) ∈ Vh be the function which is equal tozh on Γ̄D and0 for all nodes inΩ ∪ Γ2.
Thenf0 is defined by the equality:

(f0, η) = SΩ(∇z̃h,∇ηh) + EΩ(v(t)
∂Πh(H(z̃h))

∂x2
ηh) for all ηh ∈ V 0

h .

Finally we getF = f − f0.
In these notations, the algebraic form for the implicit mesh scheme (2.3) at a fixed time

level is:
Au + BH(u) + Cu = F. (2.4)

2.2.2 Semi-Implicit Scheme

When constructing the semi-implicit mesh scheme, we approximate the term(
∂

∂t
+ v(t)

∂

∂x2

)
H
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by using the characteristics of the first order differential operator (similar to [8],[12],[32]).
Namely, if (x1, x2, t) is the mesh point on the time levelt, we choosẽx2 = x2 −∫ t

t−τ

v(ξ)dξ and approximate this term by:

(
∂

∂t
+ v(t)

∂

∂x2

)
H ≈ 1

τ
(H(x1, x2, t) − H(x1, x̃2, t − τ)) .

We denoteH̃(x, t − τ) = H(x1, x̃2, t − τ). If x̃2 < 0 then we put

H̃(x, t − τ) = H(x1, 0, t− τ).

In what follows, we use the notation

dt̃H =
1
τ
(H(x, t) − H̃(x, t − τ))

for the difference quotient in each mesh point on time levelt.
Now, the semi-implicit finite difference scheme for problem (P) is: for allt ∈ ω τ ,

t > 0, find uh ∈ V z
h andHh ∈ Vh such that{

SΩ(dt̃Hhηh) + SΩ(∇uh∇ηh) +SΓ2((auh + b|uh|3uh)ηh)
= SΓ2(gηh) for all ηh ∈ V 0

h .
(2.5)

Let A andC be defined as in the case of Implicit scheme. Furthermore, if we set

(Bu, η) = SΩ(
1
τ

uhηh)

and

(f, η) = SΓ2(gηh) + SΩ(
1
τ

H̃hηh),

then the semi-implicit mesh scheme (2.5) also has the algebraic form (2.4).

2.2.3 Properties of the operators

The matricesA andB have the following properties.

A andB areM − matrices, (2.6)

The matrix A has a property
N0∑
j �=i

|aji|/aii ≤ 1 ∀i; (2.7)

andB a property
N0∑
j �=i

|bji|/bii ≤ β < 1 ∀i. (2.8)
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Note, thatβ =
τ

τ + h2
for the case of implicit finite difference scheme, whileβ = 0

for the semi-implicit scheme due to the diagonal form of matrixB.
The operatorsH andC have the diagonal forms:

H(u) = (H(u1), ..., H(uN0))
T, Cu = (c1(u1), ..., cN (uN0))

T, (2.9)

whereci are continuous non-decreasing functions andH(.) is maximal monotone and
uniformly monotone graph.



3 Overlapping Schwarz alternating methods

In this chapter we introduce and study the Multiplicative Schwarz alternating method
(MSAM) and Additive Schwarz Alternating Method (ASAM). The decomposition of the
domain can be seen in the figure 3.1.

ΓN ΓN

ΓN ΓN

Γ0

ΓN

Ω1

Ω2

Ω1 ∩ Ω2

Γeven
2

Γodd
1

v

x2

x1

(0, 0)

(0,L) (1,L)

(1, 0)

Figure 3.1. The overlapping domain decomposition.
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3.1 Multiplicative Schwarz Method

In this section we study the multiplicative Schwarz method with overlapping subdomains
[19, 21]. For simplicity we restrict our discussion to the case where the domainΩ is a
shape of rectangle in theR2. We suppose that the rectangle in which we study the problem
(P ) is divided to parts by straight lines such that there areR subdomains inx 2-direction
and we number themΩr wherer = 1, 2, ...,R.

We put
Ωeven =

⋃
r=even

Ωr andΩodd =
⋃

r=odd

Ωr.

The problem (2.4) is solved at every time level by using the following algorithm.

Algorithm 3.1. At the time levelt put the initial guessu0 = u(x; t − τ) (previous time
level)

1. Solve simultaneously subproblems on the even subdomains

Aun
r (P ) + BH(un

r (P )) + Cun
r (P ) = F (P ), P ∈ Ωr, Ωr ∈ Ωeven

un
r (P ) = z(P ) P ∈ ∂Ωr ∩ Γ0

∂un
r

∂n
(P ) = g(P ) P ∈ ∂Ωr ∩ ΓN (3.1)

un
r (P ) = un−1

Ωodd
(P ) P ∈ Γeven

r \ Γ.

2. Solve simultaneously the subproblems on the odd subdomains

Aun
r (P ) + BH(un

r (P )) + Cun
r (P ) = F (P ), P ∈ Ωr, Ωr ∈ Ωodd

un
r (P ) = z(P ) P ∈ ∂Ωr ∩ Γ0

∂un
r

∂n
(P ) = g(P ) P ∈ ∂Ωr ∩ ΓN (3.2)

un
r (P ) = un

Ωeven
(P ) P ∈ Γodd

r \ Γ.

3. If a prescribed accuracy is reached then putt = t + τ and goto next time level,
else goto1

In each subdomain, the subproblems are solved by using the modified SOR method,
suggested by Elliot and Ockendon [13]. In that work, the algorithm is described in the
case of two phase problem. The more detailed discussion of the modified SOR method
for continuous casting problem can be found in [31].

3.2 Additive Schwarz method

As in the previous section, we assume that the domainΩ is the shape of rectangle in the
R

2. We suppose that the rectangle, in which we study the problem (P ), is divided to parts
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by straight lines, such that there areR subdomains inx2-direction (like in figure 3.1). We
number themΩr wherer = 1, 2, ...,R.

We put
Ωeven =

⋃
r=even

Ωr andΩodd =
⋃

r=odd

Ωr.

The problem (2.4) is solved in every time level by using the following algorithm.

Algorithm 3.2. In the time levelt put the initial guessu0 = u(x; t − τ) (previous time
level)

1. Solve simultaneously subproblems on the even and odd subdomains

Aun
r (P ) + BH(un

r (P )) + Cun
r (P ) = F (P ), P ∈ Ωr,

un
r (P ) = z(P ), P ∈ ∂Ωr ∩ Γ0,

∂un
r

∂n
(P ) = g(P ), P ∈ ∂Ωr ∩ ΓN , (3.3)

un
r (P ) = un−1

Ωr
(P ), P ∈ Γr \ Γ.

2. Putun(P ) = αun
Ωeven

(P ) + (1 − α)un
Ωodd

(P ), P ∈ Ω̄even ∩ Ω̄odd, α ∈ (0, 1).
3. If a prescribed accuracy is reached then putt = t + τ and goto next time level,
else goto1

3.3 Convergence of the Schwarz methods

For simplicity, yet without loss of generality, we suppose that the domainΩ is decomposed
into two overlapping subdomainsΩ1 andΩ2, consisting of the elements of triangulation
Th. We arrange the nodes of the mesh as follows. First, we enumerate the nodes lying
in the non-overlapping part of the first subdomain, namelyx ∈ ( Ω̄1 \ ∂Ω1) \ Ω1 ∩ Ω2,
then the nodes in the overlapping zonex ∈ Ω1 ∩ Ω2 \ ∂Ω1 and finally the nodes in the
non-overlapping part of the second subdomain. The vectoru ∈ R

N0 , u ⇔ uh(x), takes
the formu = (u11, u12, u22)T with subvectorsuij, corresponding to the enumeration of
the nodes.

This decomposition also implies the partitioning of the matrices and nonlinear opera-
tors:

A = (Aij)3ij=1, B = (Bij)3ij=1, C = diag(C1, C2, C3).

Note, thatAij  0, Bij  0 for i �= j and the blocksA13, A31, B13, B31 are equal to
zero.

We use also the following notations:

A1
0 =

(
A11 A12

A21 A22

)
, B1

0 =
(

B11 B12

B21 B22

)
,

A2
0 =

(
A22 A23

A32 A33

)
, B2

0 =
(

B22 B23

B32 B33

)
,
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A1
1 = diag(0, A23), B1

1 = diag(0, B23);

A2
1 = diag(A21, 0), B2

1 = diag(B21, 0);

C1 = diag(C1, C2), C2 = diag(C2, C3).

Let further
u1 = (u11, u12)T, u2 = (u12, u22)T

and similar for all other vectors.
Then the multiplicative Schwarz alternating method (MSAM) can be written as fol-

lows:


A1
0v

k+1
1 + B1

0H(vk+1
1 ) + C1vk+1

1 = F1 − A1
1u

k
2 − B1

1H(uk
2)

vk+1
22 = uk

22

uk+1
11 = vk+1

11

A2
0u

k+1
2 + B2

0H(uk+1
2 ) + C2uk+1

2 = F2 − A2
1v

k+1
1 − B2

1H(vk+1
1 )

(3.4)

and the additive Schwarz alternating method (ASAM) has the form:


A1
0v

k+1
1 + B1

0H(vk+1
1 ) + C1vk+1

1 = F1 − A1
1u

k
2 − B1

1H(uk
2)

A2
0w

k+1
2 + B2

0H(wk+1
2 ) + C2wk+1

2 = F2 − A2
1u

k
1 − B2

1H(uk
1)

uk+1
11 = vk+1

11 , uk+1
22 = wk+1

22 , uk+1
12 = αvk+1

12 + (1 − α)wk+1
12

(3.5)

Herek = 0, 1, 2, ... initial guessu0 = (u0
11, u

0
12, u

0
22) andα ∈ (0, 1).

Along with these methods we consider also the block variant of the Jacoby method
(BJM). LetA0 = diag(A11, A22, A33) be the block diagonal submatrix ofA, A = A0 −
A1 andB = B0 − B1 with similar splitting. ThenA0, B0 areM - matrices andA1 �
0, B1 � 0. Moreover the iterative method (BJM) can be written in the form:

A0uk+1 + B0H(uk+1) + Cuk+1 = F + A1uk + B1H(uk). (3.6)

The result of the theorem below, follows from the work of Lapin [25].

Theorem 3.1. Let A, B be N × N M-matrices, A has weak diagonal dominance in the
columns while B has strictly diagonally dominant in the columns. Further, let C and H
be diagonal maximal monotone operators in R

N , C be continuous, and the problem

Au + BH + Cu = F, (3.7)

has a subsolution (u, H) and a supersolution (ū, H̄):

Au + BH + Cu ≤ F ≤ Aū + BH̄ + Cū.

Then
1) problem (3.7) has a unique solution (u, H) for any F ∈ R

N;
2) if (u1, H1) and (u2, H2) correspond to the right-hand sides F 1 and F 2 then the

inequality F 1 � F 2 implies

(u1, H1) � (u2, H2).
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Proof. LetA0 = diag(A), B0 = diag(B) andA1 = A−A0, B1 = B−B0. We consider
the auxiliary problem:

A0u + B0H + Cu = F −A1v − B1η, (3.8)

for any fixed(v, η) from the ordered interval〈(u, H), (ū, H̄)〉.
As the operatorA0 +B0 ◦H +C is strictly maximal monotone and coercive due to the

positive definiteness ofA0, there exists an unique solutionu = u(v, η) of problem (3.8)
(cf., ([7, 37])). The componentH = H(v, η) of the solution for auxiliary problem (3.8)
is also defined uniquely:

H = (B0)−1(F −A1v − B1η −A0u − Cu).

We define an operatorP by the equalityP(v, η) ≡ (u(v, η), H(u, η)).
Owing to the inequalitiesA1  0, B1  0 and to the definition of a supersolution,

we have
A0u + B0H + Cu = F −A1v − B1η

 F −A1ū − B1H̄

= A0ū + B0H̄ + Cū,

which implies(u, H)  (ū, H̄). Similarly, (u, H) � (u, H). It means, that the operator
P maps the ordered interval〈(u, H), (ū, H̄)〉 into itself.

Using similar arguments, it is easy to prove, thatP is monotone: if(v 1, η1)  (v2, η2)
then(u(v1), H(η1))  (u(v2), H(η2)). Now, Kolodner-Tartar theorem [5] ensures the
existence of a fixed point to operatorP . Obviously, this fixed point is a solution of prob-
lem (3.7).

Let nowF 1 � F 2 and(u1, H1), (u2, H2) be the corresponding solutions for problem
(3.7). We use the following notations for a subsets of indices:I− = {i : u1

i < u2
i }; J− =

{i : H1
i < H2

i }, M = I− ∪ J−. Let the coordinates of a vectorη be defined by

ηi =

{
1 for i ∈ M,

0 for i �∈ M.
(3.9)

We note, that
u1

i ≤ u2
i , H1

i ≤ H2
i for i ∈ M

u1
i ≥ u2

i , H1
i ≥ H2

i for i �∈ M
(3.10)

and
(AT η)i ≥ 0, (BT η)i > 0 for i ∈ M

(AT η)i ≤ 0, (BT η)i ≤ 0 for i �∈ M.
(3.11)

The inequalities (3.11) follow from diagonal dominance of matricesA T andBT (strict
for BT ) and from the non-positiveness for off-diagonal entries of these matrices.

From equation (3.7) we obtain:

(u1 − u2,AT η) + (H1 − H2,BT η) + (C(u1) − C(u2), η) = (F 1 − F 2, η). (3.12)

By the definition ofη, the right-hand side in (3.12) is non-negative. On the other hand,
if we suppose thatJ− �= ∅, then from (3.10) and (3.11), we deduce that left-hand side in
(3.12) is negative. So,J− = ∅ andM = I−.
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Let us suppose now thatI− �= ∅. Then from (3.12) we get

0 ≤ (F 1 − F 2, η) ≤ (u1 − u2,AT η) ≤ ((u1 − u2)I− ,AT
I−I−ηI−), (3.13)

whereAT
I−I− is theI− × I− submatrix ofAT . The matrixAT

I−I− being a submatrix of

matrixAT is anM - matrix with weak diagonal dominance in columns. As alsoη I− ≡ 1,
then the coordinates of the vectorAT

I−I−ηI− are non-negative and at least one of them
is positive, that is the right-hand side of (3.13) is negative ifI− �= ∅. We again get the
contradiction that proves the desired inequality(u1, H1) � (u2, H2).

Obviously, the second statement of theorem implies the uniqueness of a solution for
problem (3.7).

Let A = A andB = B, then the properties (2.6)–(2.9), and the existence of the
sub- and supersolutions ensure the validity of all the assumptions of Theorem 3.1 for the
algebraic problem (2.4). Thus, the following statement holds:

Theorem 3.2. The implicit mesh scheme (2.3) and the semi-implicit mesh scheme (2.5)
have unique solutions.

Theorem 3.3. Let A and B be M-matrices and, and let the assumptions (2.7)-(2.9) be
fulfilled. Moreover, let the sub- and supersolutions exist for (2.4). Then the multiplicative
Schwarz alternating method, (3.4), is correctly defined for any initial guess, u 0, from
the ordered interval < u, u >, i.e, there exist the unique solution uk, k = 1, 2, ...
If the initial guess is supersolution, then the sequence {uk} converges, monotonically
decreasing to the unique solution of the problem (2.4) [19, 21, 31].

Proof. Becauseu0 ∈< u, u >, we can prove, by induction, thatuk+1  u andvk+1 
u. If we suppose thatuk ∈< u, u >, then

A1
0v

k+1
1 + B1

0H(vk+1
1 ) + C1vk+1

1 = F1 − A1
1u

k
2 − B1

1H(uk
2)

 F1 − A1
1u2 − B1

1H(u2)

= A1
0u + B1

0H(u) + C1u

Thus, by theorem 3.1, the inequalityv k+1  u follows. Similarly, if
vk+1 ∈< u, u >, then

A2
0u

k+1
2 + B2

0H(uk+1
2 ) + C2uk+1

2 = F2 − A2
1v

k+1
1 − B2

1H(vk+1
1 )

 F2 − A2
1u1 − B2

1H(u1)

= A2
0u + B2

0H(u) + C2u

and by theorem 3.1 the inequalityuk+1  u follows. By similar arguments, we get
vk+1 � u anduk+1 � u.

By theorem 3.1, it follows that the existence of the unique solutionsv k+1, uk+1, for
all k, whenu0 ∈< u, u >.

Suppose thatu0 = u, thenv1  u = u0 andu1  u0. This can also be denoted
as v0 = u0 = u. Thusv1  u0  v0. By induction, we prove the inequalities
vk+1  uk  vk for all k > 0.
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First, we prove thatvk+1  vk. Because of the inequalityuk  uk−1, we derive
from (3.4)

A21v
k+1
11 + A22v

k+1
12 + B21H(vk+1

11 ) + B22H(vk+1
12 ) + C2v

k+1
12

= F12 − A23u
k
22 − B23H(uk

22)

 F12 − A23u
k−1
22 − B23H(uk−1

22 )

= A21v
k
11 + A22v

k
12 + B21H(vk

11) + B22H(vk
12) + C2v

k
12.

The first equations in (3.4), defining the vectors(v k+1
11 , vk+1

12 ) and (vk
11, v

k
12), are the

same. Applying theorem 3.1 to system with matricesA1
0, B

1
0 , we get the inequality

(vk+1
11 , vk+1

12 )  (vk
11, v

k
12). Moreovervk+1

22 = uk
22  uk−1

22 = vk
22. Thusvk+1  vk.

Similarly we get

A22u
k+1
12 + A23u

k+1
22 + B22H(uk+1

12 ) + B23H(uk+1
22 ) + C2u

k+1
12

= F12 − A21v
k+1
11 − B21H(vk+1

11 )

 F12 − A21v
k
11 − B21H(vk

11)

= A22u
k
12 + A23u

k
22 + B22H(uk

12) + B23H(uk
22) + C2u

k
12.

Again, by theorem 3.1, we get the inequality(uk+1
22 , uk+1

12 )  (uk
22, u

k
12). Because

uk+1
11 = vk+1

11  vk
11 = uk

11, we getuk+1  uk.
Now we prove thatvk+1  uk. From (3.4) we get

A22v
k+1
12 + B22H(vk+1

12 ) + C2v
k+1
12

= F12 − A23u
k
22 − B23H(uk

22) − A21v
k+1
11 − B21H(vk+1

11 )

 F12 − A23u
k
22 − B23H(uk

22) − A21v
k
11 − B21H(vk

11)

= A22u
k
12 + B22H(uk

12) + C2u
k
12.

By applying theorem 3.1 to the system with matricesA22, B22 the inequalityvk+1
12  uk

12

follows. As vk+1
11  vk

11 = uk
11 andvk+1

22 = uk
22, we havevk+1  uk. Similarly it can

be proved thatuk  vk.
Thus the sequences{vk}, {uk} monotonically decrease, and have the same limitu∗.

By taking the limit of the system of equations (3.4), we see thatu∗ is the solution of
(2.4).

Theorem 3.4. Let A and B be the M-matrices and the assumptions (2.7)-(2.9) be ful-
filled. Moreover, let the sub- and supersolutions, u and u, exist for (2.4). Then the block
Jacoby method (3.6) is correctly defined for any initial guess u 0 from the ordered inter-
val < u, u >, i.e, there exist the unique solution uk, k = 1, 2, ... If the initial guess is
supersolution, then the sequence {uk} converges monotonically decreasing to the unique
solution of the problem (2.4) [19, 21, 31].

Proof. MatricesA0 andB0 are M-matrices and fulfill the properties (2.7)-(2.8). Thus,
due to theorem 3.1, we only need to find the sub- and supersolutions for equation (3.6) to
prove the existence of the unique solution. Becauseu0 ∈< u, u >, we prove by induction
that the vectorsu andu for (2.4), are the sub- and supersolutions for the equation (3.6).
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Suppose thatuk ∈< u, u >, then

A0uk+1 + B0H(uk+1) + Cuk+1 = F + A1uk + B1H(uk)

 F + A1u + B1H(u)

= A0u + B0H(u) + Cu

then by theorem 3.1 the inequalityuk+1  u follows.
For subsolution we have

A0u + B0H(u) + Cu = F + A1u + B1H(u)

 F + A1uk + B1H(uk)

= A0uk+1 + B0H(uk+1) + Cuk+1

Then, by theorem 3.1, the inequalityu  uk+1 follows.
Thus, the problem (3.6) has the unique solutionu k+1 ∈< u, u > for any uk ∈<

u, u >. From theorem 3.1, it follows that ifu0 = u thenu1  u = u0 and by induction
uk+1  uk for all k. This means that the sequence{uk} convergences monotonically,
decreasing to a vectoru∗ � u. By taking the limit of equation (3.6), we derive thatu ∗

is the solution of the problem (2.4). Proof of the convergence for this method if starting
from subsolution is similar.

Using theorems 3.3 and 3.4, we prove the following.

Theorem 3.5. Let A and B be the M-matrices and let the assumptions (2.7)-(2.9) be ful-
filled. Moreover, let the sub- and supersolution exist for (2.4). Then the additive Schwarz
alternating method (3.5) is correctly defined for any initial guess u 0 from the ordered
interval < u, u >, i.e, the unique solution uk k = 1, 2, ... exists. If the initial guess
is supersolution then the sequence {uk} convergences monotonically, decreasing to the
unique solution of the problem (2.4). Moreover, let the iterations of (3.4), (3.5) and (3.6)
be denoted by uk

MSAM , uk
ASAM , uk

BJM . Then, for any k, the following inequalities hold

uk
MSAM  uk

ASAM  uk
BJM .

If we start from the subsolution, then the inequalities above are in the reverse order, and
the iterative sequences converge monotonically increasing [19, 21, 31].

Proof. The matricesA1
0, B

1
0 , A2

0, B
2
0 for the additive Schwarz method are the same as for

the multiplicative Schwarz method. Thus, the existence of a unique solutionv k+1, ωk+1,
for all k, is proved in theorem 3.3. We now prove that, starting from the supersolution, all
the sequences{vk}, {ωk}, {uk} converge to solutionu∗ of the problem (2.4). To prove
this fact, we apply the convergence methods of (3.4) and (3.6), and the inequalities

uk+1
BJM  u,

vk+1
MSAM  uk

MSAM  vk
MSAM  u.

We prove the desired inequalities by induction. The initial guess is supersolutionu for
all iterative methods. It is easy to see that the vectors(v1

11, v
1
12)ASAM and(v1

11, v
1
12)MSAM
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are defined from the same system, and with same right-hand side. Then(v 1
11, v

1
12)ASAM =

(v1
11, v

1
12)MSAM  (u11, u12).

Similarly, the vectors(ω1
12, ω

1
22)ASAM and(u1

12, u
1
22)MSAM are defined by the same

system. However, the right hand-side for(u1
12, u

1
22)MSAM is less or equal to the right-

hand side for(ω1
12, ω

1
22)ASAM . Thus,(ω1

12, ω
1
22)ASAM � (u1

12, u
1
22)MSAM . Using the

definition ofu1 in the method (3.5) we see that

u1
MSAM  u1

ASAM .

We can rewrite the system for defining(v1
11, v

1
12)ASAM in the form{

A11v
1
11 + B11H(v1

11) + C1v
1
11 = F11 − A12v

1
12 − B12H(v1

12)

A22v
1
12 + B22H(v1

12) + C1v
1
12 = F12 − A21v

1
11 − A23u

0
22 − B23H(u0

22) − B21H(v1
22).

When comparing it with the system for defining(v 1
11, v

1
12)BJM , we see that it is the same.

However, the right-hand side for(v1
11, v

1
12)ASAM is less then or equal to the right-hand

side for(u1
11, u

1
12)BJM . Thus,

(v1
11, v

1
12)ASAM  (u1

11, u
1
12)BJM .

Similarly, for defining(ω1
12, ω

1
22)ASAM , we can rewrite the system in the form{

A22ω
1
12 + B22H(ω1

12) + C2ω
1
12 = F12 − A21u

1
11 − B12H(u1

11) − A23ω
1
22 − B23H(ω1

22)

A33ω
1
22 + B33H(ω1

22) + C3ω
1
22 = F22 − A32ω

1
12 − B32H(ω1

12).

Similar to above, we get the inequality

(ω1
12, ω

1
22)ASAM  (u1

12, u
1
22)BJM .

Thus, we have the inequalities for the first iteration

u1
MSAM  u1

ASAM  u1
BJM .

To prove them for any iteration,k, we assume that

uk
MSAM  uk

ASAM  uk
BJM

and prove that
uk+1

MSAM  uk+1
ASAM  uk+1

BJM .

Just as for the first iteration, we notice that the vectors(vk+1
11 , vk+1

12 )ASAM and
(vk+1

11 , vk+1
12 )MSAM are defined from the same system with the same right-hand side.

Thus, like above(vk+1
11 , vk+1

12 )ASAM = (vk+1
11 , vk+1

12 )MSAM  (uk
11, u

k
12)MSAM . By

similar arguments, like in the case wherek = 1, we get

uk+1
MSAM  uk+1

ASAM

Comparing


A11v
k+1
11 + B11H(vk+1

11 ) + C1v
k+1
11 = F11 − A12v

k+1
12 − B12H(vk+1

12 )

A22v
k+1
12 + B22H(vk+1

12 ) + C1v
k+1
12 = F12 − A21v

k+1
11 − A23u

k
22 − B23H(uk

22)

− B21H(vk+1
22 ).
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with thek + 1st iteration in the method (3.6), we get

(vk+1
11 , vk+1

12 )ASAM  (uk+1
11 , uk+1

12 )BJM

and
(ωk+1

12 , ωk+1
22 )ASAM  (uk+1

12 , uk+1
22 )BJM .

Thus, we get
uk+1

MSAM  uk+1
ASAM  uk+1

BJM . (3.14)

From (3.14) and the monotone convergence of{u k
BJM}, {uk

MSAM} to the unique vector
u∗ we have the same results for{uk

ASAM}.

3.4 Asynchronous methods

The general idea of the Schwarz alternating methods is to solve the boundary value prob-
lem restricted to each subdomain, using the function values of the approximative solution
of the neighboring subdomains as the boundary conditions. One of the advantages of the
additive Schwarz method is that the solutions in the subdomains can be handled by differ-
ent processors of a parallel computer. However, the mutual waits among the processors,
when a synchronous method is applied, lead to a large amount of lost calculating time.
To exploit the asynchronous parallel computing capacity of a multiprocessor system, fol-
lowing two algorithms are proposed, and investigated theoretically, for solving the highly
nonlinear finite-dimensional problem.

Algorithm 3.3. (ASAM1)

1. Divide the domain of a boundary-value problem intop overlapping subdomains
and construct approximative subproblems in these subdomains.
2. Solve simultaneously the subproblems in the slave processors.
3. When the local stopping criterion in a slave processor is reached, send information
about this to the master processor, and keep calculating further.
4. When all slaves have finished calculating, send the subsolutions to the master
processor, where the information for all slave processors is updated.
5. If the accuracy is reached, thenSTOP, else goto 2.

Algorithm 3.4. (ASAM2)

1. Divide the domain of a boundary-value problem intop overlapping subdomains
and construct approximative subproblems in these subdomains.
2. Solve the subproblems in the slave processors simultaneously.
3. When the local stopping criterion in a slave processor is reached, send the sub-
solution to the master processor, and check if there is any new information from
neighboring subdomains. If yes, then update, and restart the calculations, otherwise
keep calculating.
4. When all the slaves have finished calculating, send the subsolutions, and informa-
tion for all slave processors to the master processor for updating.
5. If the accuracy is reached, thenSTOP, else goto 2.
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Remark. In algorithms 3.3 and 3.4 we usep slave processors. When the local stopping
criterion is reached in the slave processors, they keep calculating further to get more
accurate subsolution if other processors are not ready.
Remark. In algorithm 3.3, the most recently available information is not used. This slows
down the convergence. In order to let the master know that the processor is ready, it is
faster to send a signal than to send the whole subsolution.
Remark. In algorithm 3.4, the subsolution is sent to the master whenever it is gained. This
increase the total calculation time. However, we use the most freshly available informa-
tion, which, on the other hand, decreases the calculation time.

3.5 Convergence of asynchronous methods

In this section, the convergence of asynchronous iterative methods are studied. These
methods appear as the two-stage additive Schwarz alternating methods (ASAMs) for solv-
ing problem (2.4).

The additive Schwarz alternating method (ASAM) was investigated in sections 3.2 and
3.3. It has a form (3.5):


A1

0v
k+1
1 + B1

0H(vk+1
1 ) + C1vk+1

1 = F1 − A1
1u

k
2 − B1

1H(uk
2)

A2
0w

k+1
2 + B2

0H(wk+1
2 ) + C2wk+1

2 = F2 − A2
1u

k
1 − B2

1H(uk
1)

uk+1
11 = vk+1

11 , uk+1
22 = wk+1

22 , uk+1
12 = αvk+1

12 + (1 − α)wk+1
12 .

Herek = 0, 1, 2, ... initial guessu0 = (u0
11, u

0
12, u

0
22) andα ∈ (0, 1).

Now, let every subproblem in (3.5) be solved by using a finite number of iterations
of an inner iterative algorithm. Then we derive a two-stage ASAM. Below, we write the
two-stage ASAMs, corresponding to algorithms 3.3 and 3.4.

Let for i = 1, 2
Ai

0 = Mi + Ni, Bi
0 = Ki + Li

be the regular splittings ofA andB with diag(A i
0) ⊆ Mi, diag(Bi

0) ⊆ Ki andNi 
0, Li  0. Starting from the initial guess

z1,0 = uk
1, z2,0 = uk

2,

ε1,0 = Hk
1 , ε2,0 = Hk

2 ,

we solve the subproblems in (3.5) by the iterative methods:

M1z1,j + K1ε1,j + C1z1,j = ϕk
1 − N1z1,j−1 − L1ε1,j−1, j = 1, . . . , p1, (3.15)

M2z2,j + K2ε2,j + C2z2,j = ϕk
2 − N1z2,j−1 − L1ε2,j−1, j = 1, . . . , p2, . (3.16)

Set
vk+1
1 ≡ z1,p1 , H(vk+1

1 ) ≡ ε1,p1 ,

wk+1
2 ≡ z2,p2 , H(wk+1

2 ) ≡ ε2,p2
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and then update the outer iterations by using the last formulas in (3.5).
Here

ϕk
1 = F1 − A1

1u
k
2 − B1

1H(uk
2),

ϕk
2 = F2 − A2

1u
k
1 − B2

1H(uk
1)

for algorithm 3.3, when we calculate by inner iterative methods, such that the the desired
degree of accuracy is achieved in all subproblems. After that,v k+1

1 , wk+1
2 , H(vk+1

1 ) and
H(wk+1

2 ) are sent to the master processor, which updates the outer iterations by using
the last formulas in (3.5). On the other hand, for algorithm 3.4, the formulas forϕ k

i are
changed by

ϕk
1 = F1 − A1

1w
k+1
2 − B1

1H(wk+1
2 )

or by
ϕk

2 = F2 − A2
1v

k+1
1 − B2

1H(vk+1
1 ),

depending on which subproblem was solved faster.
Now we prove a comparison result for the iterations of the two-stage Schwarz method

(3.15)–(3.16), (3.5), and the block Jacobi method (3.6), when the Jacobi method starts
from a subsolution or a supersolution.

Lemma 3.1. Let (ūk
BJM, H̄k

BJM) and (uk
BJM, Hk

BJM) be the k-th iterations of the block
Jacobi method (3.6), with initial guesses (ū0

BJM, H̄0
BJM) = (ū, H̄) and

(u0
BJM, H0

BJM) = (u, H), respectively. Let further (uk, Hk) be a k-th iteration of method
(3.15)– (3.16), (3.5) with an initial guess (u 0, H0) ∈ 〈(u, H), (ū, H̄)〉 . Then

(uk
BJM, Hk

BJM)  (uk, Hk)  (ūk
BJM, H̄k

BJM). (3.17)

Proof. We prove the inequality(uk, Hk)  (ūk
BJM, H̄k

BJM) proceeding by induction.
First, this inequality is valid fork = 0 because of the definition of the initial guess. Now
we prove that

z1,j  ū1
BJM,1, ε1,j  H̄1

BJM,1 and

(3.18)

z2,j  ū1
BJM,2, ε2,j  H̄1

BJM,2 ∀j ≥ 1.

We denote
A0

BJM = diag(A1
0), B0

BJM = diag(B1
0)

and
A1

BJM = A1
0 − A0

BJM, B1
BJM = B1

0 − B0
BJM.

Forj = 0, we have
z1,0 = u0

1, ε1,0 = H0
1

z2,0 = u0
2, ε2,0 = H0

2 ,

who’s coordinates are less then or equal to the corresponding coordinates ofū 0
BJM, H̄0

BJM.
Now we prove these inequalities forj = 1. From equation (3.6), we derive

A0
BJMū1

BJM,1 + B0
BJMH̄1

BJM,1 + C1ū1
BJM,1 = F1 − A1

BJMū0
BJM,1 − B1

BJMH̄0
BJM,1

− A1
1ū

0
BJM,2 − B1

1H̄0
BJM,2.
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From this relation, equation (3.15), and the inequalities for matrices

N1  0, L1  0,

A1
1  0, B1

1  0,

A1
BJM − N1  0, B1

BJM − L1  0

and for vectors
ū1

BJM,1  ū0
BJM,1, H̄1

BJM,1  H̄0
BJM,1

it follows

M1z1,1 + K1ε1,1 + C1z1,1 = F1 − A1
1u

0
2 − B1

1H0
2 − N1z1,0 − L1ε1,0

 F1 − A1
1ū

0
BJM,2 − B1

1H̄0
BJM,2 − N1ū

0
BJM,1 − L1H̄

0
BJM,1

= A0
BJMū1

BJM,1 + (A1
BJM − N1)ū0

BJM,1 + B0
BJMH̄1

BJM,1

+ (B1
BJM − L1)H̄0

BJM,1 + C1ū1
BJM,1

 A0
BJMū1

BJM,1 + (A1
BJM − N1)ū1

BJM,1 + B0
BJMH̄1

BJM,1

+ (B1
BJM − L1)H̄1

BJM,1 + C1ū1
BJM,1

= M1ū
1
BJM,1 + K1H̄

1
BJM,1 + C1ū1

BJM,1.

As ε1,1 = H(z1,1) andH̄1
BJM,1 = H(ū1

BJM,1), we get from theorem 3.1
(with A = M1, B = K1)

z1,1  ū1
BJM,1, ε1,1  H̄1

BJM,1.

Using the same procedure it can be proved, that

z2,1  ū1
BJM,2, ε2,1  H̄1

BJM,2

and then successively inequalities (3.18) for allj. Thus, we obtain

v1
1  ū1

BJM, w1
2  ū1

BJM,2,

H(v1
1)  H̄1

BJM,1, H(w1
2)  H̄1

BJM,2

and, as a consequence,(u1, H1)  (ū1
BJM, H̄1

BJM). Further, by induction, it is easy to
prove, that(uk, Hk)  (ūk

BJM, H̄k
BJM).

Theorem 3.6. Let the assumptions (2.2), and (2.6)–(2.9) be valid, and let (u, H) be
the exact solution to problem (2.4). Then, for Jacoby iteration methods, the following
estimates hold:

||A0(ūk+1
BJM−u)+B0(H̄k+1

BJM−H)||1 ≤ q||A0(ūk
BJM−u)+B0(H̄k

BJM −H)||1, (3.19)

||A0(uk+1
BJM −u)+B0(Hk+1

BJM −H)||1 ≤ q||A0(uk
BJM −u)+B0(Hk

BJM −H)||1 (3.20)

with q =
cAB + αβ

cAB + α
< 1, cAB = max

1≤i≤N0

aii

bii
.
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Here ||v||1 =
N0∑
i=1

|vi| and cAB =
2τ(1 + h2

2/h2
1)

h2(τ + h2)
for the implicit scheme, while cAB =

2τ(1 + h2
2/h2

1)
h2

2

for the semi-implicit scheme.

Proof. Let the initial guess be(u0
BJM, H0

BJM) = (u, H). We introduce the notations:

P1 = A1(A0)−1, P2 = B1(B0)−1,

and rewrite equation (3.6) as

A0ūk+1
BJM + B0H̄k+1

BJM + Cūk+1
BJM = F − P1A

0ūk
BJM − P2B

0H̄k
BJM. (3.21)

Due to (2.6)–(2.8), all entries of matricesP1, P2 are non-negative and

||P1||1 ≤ 1, ||P2||1 = β ≤ 1.

Owing to theorem 3.4, We recall that

(ūk
BJM, H̄k

BJM) � (ūk+1
BJM, H̄k+1

BJM) � (u, H).

From equation (3.21), we obtain the inequality for errorsz k = A0(uk
BJM−u) � 0, ηk =

B0(Hk
BJM − H) � 0:

zk+1 + ηk+1  −P1z
k − P2η

k. (3.22)

Let us denotep1
i , p2

i as the sums of all entries ofi-th column for the matricesP1, P2,

respectively. Also, letwk = zk + ηk, ck
i =

zk
i

ηk
i

.

Note that0 ≤ ck
i ≤ aii

biiα
. From (3.22), we deduce

||wk+1||1 ≤
N0∑
i=1

(p1
i z

k
i + p2

i η
k
i ).

Becauseηk
i =

1
1 + ck

i

wk
i , zk

i =
ck
i

1 + ck
i

wk
i , then

||wk+1||1 ≤
N0∑
i=1

p2
i + p1

i c
k
i

1 + ck
i

wk
i .

Because all members of this inequality, which are summed, are non-negative, we obtain

||wk+1||1 ≤ max
i

p2
i + p1

i c
k
i

1 + ck
i

||wk||1.

Direct calculations lead to the estimates:

max
i

p2
i + p1

i c
k
i

1 + ck
i

≤ max
i

β + ck
i

1 + ck
i

=
β + max

i
ck
i

1 + max
i

ck
i

≤
αβ + max

i

aii

bii

α + max
i

aii

bii

= q
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and inequality (3.19) is proved. The proof of (3.20) is similar. The value ofc AB, which
depends on the mesh parametersτ andh1, h2, can be easily calculated. This is true,

becauseaii =
2
h2

1

+
2
h2

2

, while bii =
1
τ

+
1
h2

for the implicit scheme andbii =
1
τ

for the

semi-implicit scheme.

We derive the following as a straight consequence of Lemma 3.1 and Theorem 3.6

Theorem 3.7. Asynchronous additive Schwarz iterative method (3.15)– (3.16) and (3.5),
with (u0, H0) ∈ 〈(u, H), (ū, H̄)〉 as an initial guess, converges with geometric rate of
convergence:

||A0(uk+1 − u) + B0(Hk+1 − H)||1 ≤ q||A0(uk − u) + B0(Hk − H)||1, (3.23)

where q < 1 is defined in Theorem 3.6.

The following theorem follows from Theorem 3.6 and Theorem 3.5.

Theorem 3.8. Assume H(u) is uniformly monotone (2.2). Under the assumptions of
Theorem 3.5, the multiplicative Schwarz iterative method (3.4), and the additive Schwarz
alternating method (3.5), with initial guess (u0, H0) ∈ ((u, H), (u, H)), converge with
geometric rate

‖Ai
0(u

k+1 − u) + Bi
0(H

k+1 − H)‖1 ≤ q‖Ai
0(u

k − u) + Bi
0(H

k − H)‖1, (3.24)

where q < 1 is defined in Theorem 3.6, and (u, H) is the exact solution.

Remark. The numerical examples in [24] show that the values of the parameterq are
strictly less than one. This coincides with the theoretical results.

Remark. Assuming the existence of the sub- and supersolutions for (2.4) is reasonable
[19] sinceu ≡ a = const, andu ≡ b = const, are chosen such thatb is sufficiently
large, anda is sufficiently small. If the constantb, for example, is chosen such that

b ≥ max
x2

z(x2, t)

H(b) ≥ max
x∈ω1

H(uh(x, t − τ))

H(b) ≥ max
x2

H(z(x2, t)),

then the left-hand side of (2.3) becomes greater than the right-hand side. It means that the
vectoru is a supersolution of (2.4).



4 Splitting iterative methods

The general idea of splitting iterative methods (SIM) is to transform the original, non-
linear equation, into an equation which has a nonlinear part and a linear part. This is
done because the resulting nonlinear equation is easier to solve than the original nonlin-
ear equation. Another advantage is that there are efficient and fast solvers for the linear
equation.

It was shown in the papers of Lapin and Laitinen [20] and Laitinen, Lapin and Pieskä
[23], that the continuous casting problem can be written in the form of inclusion

Au + Cu 
 F (4.1)

in the finite dimensional spaceV , which is equipped with the inner product(·, ·), and the
norm‖·‖ = (·, ·) 1

2 . The semi-implicit mesh scheme (2.5), at a fixed time level, is a partial
case of (4.1). Thus, the splitting methods of [20, 23] can be used to solve the continuous
casting problem.

The operatorsA andC satisfy the assumptions

A is bounded, hemicontinuous and uniformly monotone inV, (4.2)

C : V → 2V is maximal monotone. (4.3)

Moreover, the operators, and the right-hand side can be written in the following form.

H(u) = αu + H0(u),
A = αI + τA0,

Cu = H0(u) + τA1u,

F = τf + H̃,

whereα is the minimal slope of the enthalpy functionH(u), A0 is the approximation of
the Laplace-operator, andA1 is the mesh approximation of the boundary conditions.

The iterative method

D−1(Buk+1 − Buk) + Auk + C(Buk+1 − Buk + uk) 
 F, k = 0, 1, 2, ... (4.4)
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is studied to solve the (4.1), starting from anyu0 ∈ V. The operatorB is assumed to be
a bounded, hemicontinuous, uniformly monotone operator, andD is a linear self-adjoint
positive definite operator.

The iterative method (4.4) can be split into a system of non-coupled inclusions, and
the equation

D−1(uk+1/2 − uk) + Auk + Cuk+1/2 
 F,

Buk+1 − Buk = uk+1/2 − uk.

The properties ofD andB ensure the validity of iterationsuk+1/2 anduk+1 for anyk.
This kind of splitting gives the opportunity to choose the operatorD −1 in such a way

that the solution procedure for the inclusion part is much easier than for problem (4.1).
We derive different methods for different choices of the operatorsB andD. If we

chooseB = I to be the identity mapping, we derive a preconditioned implicit iterative
scheme for (4.1)

u0 ∈ V ; D−1(uk+1 − uk) + Auk + Cuk+1 
 F, k = 0, 1, 2, ... (4.5)

The choiceD = λI, B = I + λA, leads to the method

(uk+1/2 − uk)/λ + Auk + Cuk+1/2 
 F, (4.6)

(uk+1 − uk+1/2)/λ + Auk+1 − Auk = 0, (4.7)

which is the Douglas - Rachford scheme for problem (4.1). In the caseD = λI and
B = 1/2(I + λA), the method (4.4) becomes the Peaceman-Rachford scheme. Several
other examples of splitting methods for variational inequalities with the linear operatorA
are studied in [27].

The solution of (4.5) for fixedk may be of the same complexity as for problem (4.1),
at least in the case of linear operatorA. On the other hand, to solve the Douglas-Rachford
scheme (4.6), (4.7), we need to solve the equation with the single-valued operatorI +λA
(4.7), and the equation with the multivalued operatorI + λC (4.6). BecauseV is a finite
dimensional space, we can use well-known iterative procedures for the solution of system
(4.7). If A is a linear operator, a direct method can also be applied. In many practical
cases, the operatorI + λC is easy to invert.

We denotezk = uk − u, whereuk is thek-th iteration of method (4.4), whileu is the
exact solution for problem (4.1). To shorten the writing we also use the notations:

Auk − Au ≡ A(k)zk, Buk − Bu ≡ B(k)zk.

4.1 Convergence of Splitting iterative methods

The following error estimate was proved in the articles [20, 23].
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Lemma 4.1. Let assumptions (4.2),(4.3) be fulfilled. Then the following error estimate is
valid:

||D−1/2B(k+1)zk+1|| ≤ 1/2||D−1/2(2B(k)zk − zk − DA(k)zk)||+

1/2||D−1/2(zk − DA(k)zk)||. (4.8)

Proof. From (4.1) and (4.4) we derive the inclusion:

D−1(B(k+1)zk+1−B(k)zk +zk)+C(Buk+1−Buk +uk)−C(u) 
 D−1zk−A(k)zk.

Multiplying it by B(k+1)zk+1 −B(k)zk + zk, and using the monotonicity of the operator
C we have

||D− 1
2 (B(k+1)zk+1−B(k)zk+zk)||2 ≤ (D−1(B(k+1)zk+1−B(k)zk+zk), zk−DA(k)zk).

After technical calculations we get

||D− 1
2 B(k+1)zk+1||2 − (D−1B(k+1)zk+1, 2B(k)zk − zk − DA(k)zk)+

(D−1B(k)zk, B(k)zk − zk − DA(k)zk) + (A(k)zk, zk) ≤ 0, (4.9)

Using the Cauchy-Schwarz inequality to (4.9), gives us

||D− 1
2 B(k+1)zk+1||2 − ||D− 1

2 B(k+1)zk+1||||D− 1
2 (2B(k)zk − zk−

DA(k)zk)|| + (D−1B(k)zk, B(k)zk − zk − DA(k)zk) + (A(k)zk, zk) ≤ 0.

The quadratic trinomial of||D− 1
2 B(k+1)zk+1|| is in the left side of the last inequality.

Then, the estimate (4.8) is just an estimate of its roots.

Splitting iterative methods gives a natural way to use domain decomposition methods
and parallel computing to solve the continuous casting problem (P). The calculation do-
mainΩ, can be divided by straight lines intop nonoverlapping subdomains. These lines
can be parallel tox- andy-directions and the lines may have cross points.

This kind of decomposition leads to system of equations

D−1(uk+ 1
2 − uk) + Cuk+ 1

2 
 F − Auk (4.10)

Bi(uk+1 − uk)i = (uk+1 1
2 − uk)i, i = 1, 2, ..., p (4.11)

whereD = diag(λ1I1, λ2I2, ..., λpIp) andA = diag(A1, A2, ..., Ap).
We have additional constraints on the artificial boundaries, namely

ui(x, t) = ui+1(x, t) and
∂ui(x, t)

∂ni
+

∂ui+1(x, t)
∂ni+1

= 0 ∀x ∈ Ω̄i ∩ Ω̄i+1.

Laitinen, Lapin and Pieskä proved the following convergence theorem for Splitting
iterative methods with nonoverlapping subdomains in [23].
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Theorem 4.1. Let V = V1 × V2 × ... × Vp, where Vi are the finite-dimensional spaces

with the inner products (., .)i and the norms ||.||i = (., .)1/2
i and let A be the diagonal op-

erator: A = diag(A1, A2, ..., Ap) with Ai : Vi → Vi satisfying the following assumptions
for all i:

(Aiui − Aivi, ui − vi)i ≥ mi||ui − vi||2i , mi = const > 0, (4.12)

||Aiui − Aivi||2i ≤ Mi(Aiui − Aivi, ui − vi)i, Mi = const > 0. (4.13)

Further, let D = diag(λ1I1, λ2I2, ..., λpIp), and Ii be the identity mappings in Vi and

either B = B1 ≡ I + DA or B = B2 ≡ 1/2(I + DA).

Then, the iterative method (4.4) converges for any λ i > 0 and for the set of optimal
parameters λi = 1/

√
miMi the following estimate for the rate of convergence holds:

‖D−1/2(I + DA(n))zn‖ ≤ qn/2‖D−1/2(I + DA(0))z0‖ (4.14)

with q = q1 = max
1≤i≤p

1
1 +

√
η

i

for B = B1 and with q = q2 = max
1≤i≤p

1 −√
ηi

1 +
√

ηi
for

B = B2, ηi = mi/Mi.

Proof. First, we assume thatB = 1/2(I + DA). In this case, from the estimate (4.8), we
get:

‖ 1
2
√

λi

(zk+1
i + λiA

(k+1)
i zk+1

i )‖i ≤
1
2
‖ 1√

λi

(zk
i + λiA

(k)
i zk

i − zk
i − λiA

(k)
i zk

i )‖i

+
1
2
‖ 1√

λi

(zk
i − λiA

(k)
i zk

i )‖i.

Thus

‖ 1√
λi

(zk+1
i + λiA

(k+1)
i zk+1

i )‖i ≤ ‖ 1√
λi

(zk
i − λiA

(k)
i zk

i )‖i

and
p∑

i=1

λ−1‖zk+1
i + λiA

(k+1)
i zk+1

i ‖2
i ≤

p∑
i=1

λ−1‖zk
i − λiA

(k)
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From properties (4.12),(4.13) we get
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Then
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=
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.
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For the second choiceB = I + DA, we get from the estimate (4.8)
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i ‖i +
1
2
‖zk

i − λiA
(k)
i zk
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Properties (4.12) and (4.13) give us
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=
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√
Mi√
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From inequalities (4.15) and (4.16) we get the convergence and the desired estimates.
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Remark. The equations (4.11) can be solved concurrently, in a parallel computer. Also,
due to their linear form, they can be solved by using fast linear solvers, like the conjugate
gradient method.

Theorem 4.2. Let D, A and B be linearly bound, self-adjoint operators which commute.
Further, let B = I + DA or B = 1

2 (I + DA). Then, for the error zk = uk − u of the
iterative method (4.4), the following estimate is valid:

(Szk+1, zk+1) ≤ ||I − 2AS−1|| · (Szk, zk), S = B(D−1 + A). (4.17)

Proof. Let us further abbreviate with the following notations:(u, v)d = (D−1u, v), Q =
B − I −DA. We emphasize thatQ commutes with the operatorsA,B andD. In Lemma
4.1, we proceed as to receive the inequality (4.9), which can be rewritten as follows:

||Bzk+1||2d − (Bzk+1, (B + Q)zk)d + (Bzk, Qzk)d ≤ −(DAzk, zk)d.

From this inequality we derive:

(Szk+1, zk+1) − (Szk, zk) + (2Azk, zk) =

(Bzk+1, (B − Q)zk+1)d − (Bzk, (B − Q)zk)d + 2(DAzk, zk)d

≤ −(Bzk+1, (B + Q)zk+1)d − (Bzk, (B + Q)zk)d + 2(Bzk+1, (B + Q)zk)d

= −(B(B + Q)zk+1, zk+1)d − (B(B + Q)zk, zk)d

+ (B(B + Q)zk+1, zk)d + (B(B + Q)zk, zk+1)d

= −(B(B + Q)zk+1, zk+1 − zk)d + (B(B + Q)zk, zk+1 − zk)d

= −(B(B + Q)(zk+1 − zk), zk+1 − zk)d.

Due to the positive definiteness of self-adjoint operatorB(B + Q), the right-hand side of
this inequality is non-positive. Thus,

(Szk+1, zk+1) ≤ (Szk, zk) − 2(Azk, zk).

Because

(Szk, zk) − 2(Azk, zk) = (Szk, zk) − 2(AS−1Szk, zk)

= ((I − 2AS−1)Szk, zk)

= ((I − 2AS−1)B(I + DA)zk, zk)

= ((I − 2AS−1)(I + DA)zk, (I + DA)zk)

≤ ‖(I − 2AS−1)(I + DA)zk‖‖(I + DA)zk‖
≤ ‖I − 2AS−1‖‖(I + DA)zk‖‖(I + DA)zk‖
= ‖I − 2AS−1‖‖(I + DA)zk‖2

= ‖I − 2AS−1‖((I + DA)zk, (I + DA)zk)

= ‖I − 2AS−1‖(B(D−1 + A)zk, zk)

= ‖I − 2AS−1‖(Szk, zk),

we get the desired estimate (4.17).
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Let us now consider the iterative method (4.4), with linear operatorsA andB. Further,
let us use an inner iterative method to solve the equation

Bv = F k, (4.18)

whereF k = uk+1/2 − uk. Further, let the m-th inner iterationvm satisfy the equality

vm = Tmv0 + QmF k. (4.19)

Obviously, the linear operatorsTm andQm must be such that

v = Tmv + QmF k

for the exact solutionv of (4.18).
Choosingv0 = 0 we find

vm = (I − Tm)v.

It appears that the iterative method (4.4), withm inner iterations (4.19) for solving the
equation (4.18) is equivalent to the iterative method (4.4) with operatorB̃ = B(I−Tm)−1

instead ofB.

Theorem 4.3. Let V = V1 × V2 × ... × Vp and

A = diag(A1, A2, ..., Ap), Ai ∈ L(Vi; Vi), miIi ≤ Ai = A∗
i ≤ MiIi ∀i, (4.20)

D = diag(λ1I1, λ2I2, ..., λpIp). (4.21)

Let the iterative method (4.4) with B = I+DA or B = 1
2 (I+DA) and m inner iterations

(4.19) for solving the equation (4.18) be used. Also, let the following assumptions be
satisfied:

A = A∗ > 0, Tm = T ∗
m, ATm = TmA, ||Tm|| ≤ q < 1. (4.22)

Then, for any λi > 0, i = 1, 2, ..., p this combined method converges and for λi =
1/
√

(miMi) the following estimate is valid:

(Szk+1, zk+1) ≤ ρ(Szk, zk), ρ = max
1≤i≤p

(1 − 2(1 − q)
η

1
2
i

(1 + η
1
2
i )2

), (4.23)

where ηi = mi/Mi.

Proof. Because all the assumptions of Theorem 4.2 are fulfilled, we can use the estimate
(4.17), which becomes:

(Szk+1, zk+1) ≤ ||R|| · (Szk, zk),

with S = D−1(I + DA)2(I − Tm)−1, R = I − 2AD(I + DA)−2(I − Tm).
The operatorR is bounded and self-adjoin with the eigenvaluesr j . Let aj , dj andtj

be the eigenvalues ofA, D andTm respectively. Then
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rj =
1 + 2tjajdj + (djaj)2

1 + 2ajdj + (djaj)2
andrj < 1, becausetj ≤ q < 1. This proves the conver-

gence of combined iterative method for any choice of parametersλ i > 0, i = 1, 2, ..., p.
To prove the inequality (4.23), we fix the eigenvalue indexj. Assume that, for this

index, they are the eigenvalues of i-th blocks of matrices, so, in particularly,d j = λi.

When choosingλi = 1/
√

(miMi), we derive the following estimate forrj :

rj =
1 + 2tjajλi + (λiaj)2

1 + 2ajλi + (λiaj)2
≤ max

mi≤a≤Mi

1 + 2qaλi + (λia)2

1 + 2aλi + (λia)2
=

(1 − 2(1 − q)
η

1
2
i

(1 + η
1
2
i )2

).

This estimate ensures the validity of (4.23).

Remark. One way of ensuring the assumptions (4.22) is to choose the conjugate gradient
method as the inner one.

Remark. In the case of problem (4.1) with linear non-selfadjoint operators and/or with
noncommuting operatorsTm andA we, can only prove that the two-level iterative method
converges if the norm of operatorTm is sufficiently small, i.e., if we solve the equation
(4.18) with a high degree of accuracy. We prove this result supposing, for simplicity, that
D = λI and by using the estimate (4.8), which becomes

||Bzk+1|| ≤ (
1
2
||(I − λA)B−1|| + ||I − 1

2
(I + λA)B−1||)||Bzk|| (4.24)

Let B = 1
2 (I + λA) in iterative method (4.4), and we executem inner iterations (4.19)

for solving the equation (4.18). Then this combined iterative method is equivalent to (4.4)
with B = 1

2 (I + λA)(I − Tm)−1 and (4.24) reads as follows:

||Bzk+1|| ≤ (||(I − λA)(I − Tm)(I + λA)−1||+

||I − (I + λA)(I − Tm)(I + λA)−1||)||Bzk|| (4.25)

Let us denoteS = (I − λA)(I + λA)−1 andGm = (I + λA)Tm(I + λA)−1. Then the
norm of the operator on the right-hand side of (4.25) is majorated by
ρ = ||S||(||I − Gm|| + ||Gm||). If we suppose that

||Gm|| < g =
1 − ||S||
1 + ||S|| , (4.26)

thenρ < 1 and the combined iterative method converges.
As ||G|| ≤ ||Tm||||I + λA||||(I + λA)−1|| ≤ q · cond2(I + λA) we get the inequality

(4.26) for sufficiently smallq.



5 Predictor-Corrector methods

The general idea of Predictor-Corrector type methods is to divide the calculation domain
to smaller subdomains. The artificial boundaries are solved by using a predictor approach.
After solving the artificial boundaries numerically, the problem naturally divides into par-
allel independent subproblems, which are solved concurrently. After the subsolutions are
calculated, the artificial boundaries are corrected.

Theory of the so-called regional-additive schemes (splitting schemes with domain de-
composition) for the linear diffusion and the convection-diffusion problems have been
studied in [41],[40] and [42]. Stability has been proved, and error estimates have been
deduced. For non-linear problems, such as ours, their techniques are not available.

Several new finite-difference schemes for the nonlinear convection-diffusion problem
were constructed and numerically studied in [26]. These schemes were constructed on the
basis of the non-overlapping domain decomposition and predictor-corrector approach.

The paper of Lapin and Pieskä [26] was motivated by [11], [36], [34], [35], where TL1,
EP2 and EPIC3 methods have been studied and tested. The EPIC method was proved to be
stable and scalable when being solved by a large number of processors. In the paper [26],
the scheme from [34], [35] was modified in such a way, that its implementation leads to
the IPEC4 method.

The main idea of these kind of algorithms is to first, solve the problem in artificial
boundaries (the predictor step). After the solution at the boundaries is known, it can be
used as a Dirichlet type boundary condition. This allows the noncoupled subdomain prob-
lems to be solved parallel. The last step of these methods is to correct the solution at the
artificial boundaries (corrector step). The main idea is similar to Schur’s complement type
methods. In our approach, however, the calculation of the artificial boundaries between
subdomains are very easy and cheap to perform. Also, there is no need to construct a
good preconditioner for the interface problems.

The advantage of the predictor-corrector methods (IPEC or EPIC) is that the amount
of information sent between processors is reduced. The subsolutions need to be sent
from slave processors to master processor only once. The amount of information sent

1time lagging
2explicit predictor
3explicit predictor-implicit corrector
4implicit predictor-explicit corrector
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and received, using Schwarz alternating methods with overlapping subdomains, is much
larger. According to the numerical experiments, the Speedup of the IPEC method is very
good compared to the Schwarz methods, while calculation time is roughly half compared
to the Schwarz methods. Moreover, the linear Speedup is reached in the numerical tests
of [26].

5.1 IPEC algorithms

5.1.1 Decomposition by unidirected straight lines

Let the domainΩ be decomposed into two subdomainsΩ 1 andΩ2 along a straight grid
line Sy in thex2-direction. The schematic presentation of the decomposition is shown in
figure 5.1.

Sy

ΓD

ΓN ΓN

ΓD

Ω1 Ω2
x1

x2

Figure 5.1. Nonoverlapping domain decomposition in the case of two subdomains.

Let Ω̄ be the set of all mesh points. We denote the characteristic function of the line
Sy by δSy , i.e., the mesh functionδSy(x) = 1 for x ∈ Sy ∩ ω̄, while δSy(x) = 0 for
other mesh points. Also, let̄ωk, k = 1, 2 be the corresponding sets of grid points of the
subdomains̄Ωk where the lineSy is the common part of their boundaries. The following
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notations will be used to denote the grid points.

γD = ΓD ∩ ω̄,

γN = ΓN ∩ ω̄,

ω = Ω ∩ ω̄,

ωk = Ωk ∩ ω̄ k = 1, 2,

γ−
N = {x ∈ γN : x1 = 0},

γ+
N = {x ∈ γN : x1 = l1}.

In the algebraic form (2.4), matrixA is the standard five-point finite difference approx-
imation of Laplace operator. Namely,Au = −ux1x̄1 − ux2x̄2 for the internal mesh points
with the notationsux1 = h−1(u(x1 + h1, x2) − u(x1, x2)), ux̄1 = h−1(u(x1, x2) −
u(x1 − h1, x2)). Forux2 andux̄2 the notations are similar.

Let A2u = −δSyux1x̄1 andA1 = A − A2,

A1u =




−(1 − δSy)ux1x̄1 − ux2x̄2 for x ∈ ω,
−2h−1

1 ux1 − ux2x̄2 for x ∈ γ−
N ,

2h−1
1 ux̄1 − ux2x̄2 for x ∈ γ+

N .

We also split the operatorB to be a sum of two operatorsB = B1 + B2, whereB1

stands for the discretization in time, andB2 is approximation for the convective term. For
semi-implicit discretization, the operatorB2 = 0.

Now, instead of an implicit scheme, we consider the following predictor-corrector
scheme on the time leveltn+1 = (n + 1)τ :

B1(Hn+1/2 − Hn) + A1u
n+1/2 + A2u

n + B2H
n+1/2 + Cun+1/2 = F, (5.1)

δSyB1(Hn+1 − Hn) + (1 − δSy)B1(Hn+1 − Hn+1/2) + δSyA1u
n+1/2+

A2u
n+1 + δSyB2H

n+1 + Cun+1 = δSyF,
(5.2)

Similarly, semi-implicit scheme is changed by

B1(Hn+1/2 − H̃n) + A1u
n+1/2 + A2u

n + Cun+1/2 = F, (5.3)

δSyB1τ(Hn+1 − H̃n) + (1 − δSy)B1(Hn+1 − Hn+1/2) + δSyA1u
n+1/2

+A2u
n+1 + Cun+1 = δSyF,

(5.4)

The implementation of the scheme (5.1), (5.2) is as follows. The equation (5.1) takes the
following form in the pointsSy:

Hn+1/2 − Hn

τ
− u

n+1/2
x2x̄2

− un
x1x̄1

+ H
n+1/2
x̄2

Cun+1/2 = F, (5.5)
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i.e., it is a one-dimensional grid problem, which we will solve first. After that we solve
the equations corresponding to the pointsx /∈ Sy, which are


Hn+1/2 − Hn

τ
− u

n+1/2
x1x̄1

− u
n+1/2
x2x̄2

+ H
n+1/2
x̄2

+ Cun+1/2 = F, for x ∈ ω1 ∪ ω2,

Hn+1/2 − Hn

τ
− 2

h1
un+1/2

x1
− u

n+1/2
x2x̄2

+ H
n+1/2
x̄2

+ Cun+1/2 = F, for x ∈ γ−
N ,

Hn+1/2 − Hn

τ
+

2
h1

u
n+1/2
x̄1

− u
n+1/2
x2x̄2

+ H
n+1/2
x̄2

+ Cun+1/2 = F, for x ∈ γ+
N

(5.6)
with Dirichlet boundary conditions fromγD and values calculated onSy from equation
(5.5).

It is easy to see that (5.6) can be split into two non-coupled, implicit, in time grid
schemes on the subdomains. This allows for them to be solved concurrently, on different
processors of parallel computer.

Further, for the pointsx /∈ Sy, equation (5.2) givesH n+1 = Hn+1/2. BecauseH−1

is a single-valued function (note thatH is a strictly increasing one), we haveu n+1(x) =
un+1/2(x) for x /∈ Sy. Only the system of the equations, corresponding tox ∈ Sy

remains to be solved:

Hn+1 − Hn

τ
− u

n+1/2
x2x̄2

− un+1
x1x̄1

+ H
n+1/2
x̄2

+ Cun+1 = F.

As un+1(x) = un+1/2(x) for x /∈ Sy, this system becomes

Hn+1 − Hn

τ
+ H

n+1/2
x̄2

+ 2
un+1(x1, x2)

h2
1

− u
n+1/2
x2x̄2

−

un+1/2(x1 − h1, x2) + un+1/2(x1 + h1, x2)
h2

1

+ Cun+1 = F, for x ∈ Sy.

(5.7)

Thus, the algorithm for the implementation of (5.1), (5.2) consists of 3 steps:
1) Predictor step: solving the one-dimensional problem (5.5);
2) Main step: concurrent solving of the subproblems (5.6);
3) Corrector step: solving the system of scalar equations (5.7).

The algorithm for solving (5.3), (5.4) is similar. Obviously, only a slight modification
is necessary if we decompose the domainΩ into several subdomains by the lines in one
direction.
Remark. So far, we have looked at the 2D-case. These methods can be naturally extended
to the 3D-case. We notice that in the predictor and the corrector steps, the one-dimensional
problem on the line is replaced by a two-dimensional problem, and the lineS y becomes a
planeSxy.

5.1.2 Decomposition with cross-points

In this subsection, we restrict our discussion to the domain decomposition schemes, based
on the semi-implicit approximation. However, the case of the implicit mesh scheme can
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be done in a similar manner. Let the domainΩ be decomposed into four subdomains by
the straight grid linesSx in x1-direction andSy in x2-direction. Further, let thec be the
cross-point. The situation is presented in the figure 5.2.

Sx

Sy

Sy

Sxc

ΓD

ΓN ΓN

ΓD

Ω1

Ω2

Ω3

Ω4

x1

x2

Figure 5.2. Nonoverlapping domain decomposition in the case of four subdomains and cross
point.

We denote the characteristic functions ofSx \ {c}, Sy \ {c} by δSx , δSy . The corre-
sponding set of grid points in the subdomains isω̄k, k = 1, . . . , 4.

In this case, the operatorA2 has the formA2u = −δSxux1x̄1 − δSyux2x̄2 andA1 =
A − A2. After that, we construct the predictor-corrector scheme (5.3), (5.4) by using
aforementioned splitting ofA. The implementation of (5.3), (5.4) consists of 3 steps:

1) Predictor step: solving a problem "along the lines"Sx andSy


Hn+1/2 − H̃n

τ
− u

n+1/2
x1x̄1

− un
x2x̄2

+ Cun+1/2 = F, x ∈ Sx \ c,

Hn+1/2 − H̃n

τ
− u

n+1/2
x2x̄2

− un
x1x̄1

+ Cun+1/2 = F, x ∈ Sy \ c,

Hn+1/2 − H̃n

τ
− u

n+1/2
x2x̄2

− u
n+1/2
x1x̄1

+ Cun+1/2 = F, x = c.

(5.8)

2) Main step: concurrent solving the subproblems (implicit schemes in four subdo-
mains)



Hn+1/2 − H̃n

τ
− u

n+1/2
x1x̄1

− u
n+1/2
x2x̄2

+ Cun+1/2 = F, x ∈
4⋃

k=1

ωk,

Hn+1/2 − H̃n

τ
− 2

h1
un+1/2

x1
− u

n+1/2
x2x̄2

+ Cun+1/2 = F, x ∈ γ−
N ,

Hn+1/2 − H̃n

τ
+

2
h1

u
n+1/2
x̄1

− u
n+1/2
x2x̄2

+ Cun+1/2 = F, x ∈ γ+
N .

(5.9)
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3) Corrector step: solving the system of scalar equations




Hn+1 − H̃n

τ
− un+1/2(x1, x2 − h2) + un+1/2(x1, x2 + h2)

h2
2

− u
n+1/2
x1x̄1

+ 2
un+1(x1, x2)

h2
2

+ Cun+1 = F, for x ∈ Sx \ c,

Hn+1 − H̃n

τ
+ 2

un+1(x1, x2)
h2

1

− un+1/2(x1 − h1, x2) + un+1/2(x1 + h1, x2)
h2

1

− u
n+1/2
x2x̄2

+ Cun+1 = F, for x ∈ Sy \ c,

Hn+1 − H̃n

τ
− u

n+1/2
x1x̄1

− u
n+1/2
x2x̄2

+ Cun+1 = F, for x = c.

(5.10)

5.1.3 Decomposition with corner points

Let the domainΩ be decomposed into two subdomainsΩ 1 andΩ2 with a curvilinear
interface between these subdomains. More precisely, let this interfaceS be composed
of the grid lines which also contain the corner points. The above mentioned situation is
presented in the figure 5.3.

Scor

Scor

Scor

Scor

Scor

Scor

ΓD

Sx

Sy

Sy

Sx Sy

Sx

ΓD

ΓN ΓN

ΓD

Ω1

Ω2

x1

x2

Figure 5.3. Nonoverlapping arbitrary domain decomposition in the case of two subdomains
and cross points.

We denote the set of the interior points ofS, which belong to the lines parallel to
x1 by Sx. Further, denote the set of the interior points ofS, which belong to the lines
parallel tox2 by Sy. Also, let Scor be the set of corner points ofS. We distinguish
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the corner points ofS, namely, letS(+1,+1) be a subset ofScor (possibly, empty), such
that x ∈ S(+1,+1) ⇔ (x1 + h1, x2 + h2) ∈ S. In a similar manner, we define the
subsetsS(−1,+1), S(+1,−1), S(−1,−1) of Scor. In general, if a vectorα has the coordinates
αi = 1 or αi = −1, then a subset of corner points is defined byx ∈ S (α1,α2) ⇔ (x1 +
α1h1, x2 + α2h2) ∈ S. Later, we use the following notation for the first order difference
quotient:∂α1u(x) = α1h

−1
1 (u(x1+α1h1, x2)−u(x1, x2)), which coincides withux1 for

α1 = +1 and withux̄1 for α1 = −1. We δSx , δSy as the characteristic functions ofSx,
Sy and byω̄k, k = 1, 2 the corresponding sets of the grid points on different subdomains.

Next, we construct the operatorA2. Let A2 be defined, as in the previous case, in
the interior mesh points ofS, i.e.,A2u(x) = −δSxux1x̄1 − δSyux2x̄2 for x ∈ Sx ∪ Sy.
If, for example,x ∈ S(+1,+1), thenA2u(x) = −h−1

1 ux1 − h−1
2 ux2 , and in general, if

x ∈ S(α1,α2), thenA2u(x) = −h−1
1 α1∂α1u(x) − h−1

2 α2∂α2u(x).
From the construction of the operatorA2, it follows, that in a corner point we use a

"triangle splitting" of the mesh Laplace operator. Also, we include the first order finite dif-
ference derivatives (or, finite difference quotients), which stencil contains only the points
of S, in A2.

Furthermore, letA1 be defined byA1 = A−A2. After that we construct the predictor-
corrector scheme (5.3), (5.4) on the basis of this partitioning ofA.

The implementation of (5.3), (5.4) again consists of 3 steps:
1) Predictor step: solving a problem "along the line"S




Hn+1/2 − H̃n

τ
− u

n+1/2
x1x̄1

− un
x2x̄2

+ Cun+1/2 = F, x ∈ Sx,

Hn+1/2 − H̃n

τ
− u

n+1/2
x2x̄2

− un
x1x̄1

+ Cun+1/2 = F, x ∈ Sy,

Hn+1/2 − H̃n

τ
− h−1

1 α1∂α1u
n+1/2(x) − h−1

2 α2∂α2u
n+1/2(x)

+h−1
1 α1∂−α1u

n(x) + h−1
2 α2∂−α2u

n(x) + Cun+1/2 = F, x ∈ S(α1,α2).

(5.11)

2) Main step: concurrent solving of the subproblems (5.6) inω 1 ∪ ω2.

3) Corrector step: solving the system of scalar equations


Hn+1 − H̃n

τ
+

2
h2

2

un+1 − un+1/2(x1, x2 − h2) + un+1/2(x1, x2 + h2)
h2

2

− u
n+1/2
x1x̄1

+ Cun+1 = F, for x ∈ Sx,

Hn+1 − H̃n

τ
+

2
h2

1

un+1 − un+1/2(x1 − h1, x2) + un+1/2(x1 + h1, x2)
h2

1

− u
n+1/2
x2x̄2

+ Cun+1 = F, for x ∈ Sy,

Hn+1 − H̃n

τ
− h−1

1 α1∂α1u
n+1/2 − h−1

2 α2∂α2u
n+1/2 + h−1

1 α1∂−α1u
n+1

+ h−1
2 α2∂−α2u

n+1 + Cun+1 = F, for x ∈ S(α1,α2).
(5.12)



52

5.1.4 Grid refinement in time

Let the domainΩ be decomposed into two subdomains by a straight lineS y in x2-
direction (which happens to also be a grid line) and letω̄k, k = 1, 2 be the corresponding
set of subdomain grid points.

Now, in left subdomain̄ω1, we construct the mesh scheme of type (5.3), (5.4) where
the smaller time stepτ0 = τ/m, andm is an integer number. For a fixedt ∈ ω̄τ we
denoteωτ0(t) = {t + τ0, . . . , t + mτ0 = t + τ} and consider the problem of finding
a solution of the problem in the points(x, t + kτ0), k = 1, . . . , m for x ∈ ω̄1 and in
the points(x, t + τ) = (x, t + mτ0) for x ∈ ω̄2. To solve this problem, we have to
accomplish the mesh equations in the pointsω1, by some boundary conditions on the
lines (x, t + kτ0), x ∈ Sy, k = 1, . . . , m. To do this, we again construct a kind of
predictor-corrector scheme.

Let S+l
y , for the integerl, be the straight line in thex2-direction, such thatx ∈

S+l
y ⇐⇒ x − (lh1, 0) ∈ Sy. Similarly, S−l

y is the straight line inx2-direction such,
that x ∈ S−l

y ⇐⇒ x + (lh1, 0) ∈ Sy. To get the boundary conditions on the lines
(x, t + kτ0), x ∈ Sy, k = 1, . . . , m, we solve the one-dimensional problems, inx2-
direction, on the linesS+l

y , S−l
y . The numbers used are0 ≤ l ≤ m − 1 for t + τ0,

0 ≤ l ≤ m−2 for t+2τ0 and so on until at last we have on the lineSy for t+mτ0 = t+τ.
The schematic presentation of the decomposition and grid refinement in time which was
used, is presented in figure 5.4.

Sy

ΓD

ΓN ΓN

ΓD

Ω1 Ω2
x1

x2

t

t + τ/3

t + 2τ/3

t + τ

x
SyS−3

y S+3
y

Figure 5.4. Used nonoverlapping domain decomposition and time discretization.

Now, the algorithm for a fixedtn+1 ∈ ωτ , t > 0 consists of the following steps:
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1) Predictor step. Fork = 1, . . . , m solve one-dimensional problems


Hn+k/(m+1) − H̃n+(k−1)/(m+1)

τ
− u

n+k/(m+1)
x2x̄2

− un
x1x̄1

+ Cun+k/(m+1) = Fn+k/(m+1),

for x ∈ S−l
y , x ∈ Sl

y, l = 0, . . ., m − k.

(5.13)

We can takeHn+(k−1)/(m+1) from the subleveltn + (k − 1)τ0, because the convection
is in thex2-direction, as well as the linesS l

y.
2) Main step. Fork = 1, . . . , m, solve the subproblems inω1 (implicit schemes)


Hn+k/(m+1) − H̃n+(k−1)/(m+1)

τ
− u

n+k/(m+1)
x2x̄2

− u
n+k/(m+1)
x1x̄1

+ Cun+k/(m+1) = Fn+k/(m+1), for x ∈ ω1

(5.14)

with corresponding equations on the boundariesγN , and with Dirichlet boundary condi-
tions forx ∈ Sy, calculated in the first step.

3) Main step. Fork = m, i.e., for t = tn+1, solve the subproblem inω2 (implicit
scheme)

Hn+1/2 − H̃n

τ
− u

n+1/2
x1x̄1

− u
n+1/2
x2x̄2

+ Cun+1/2 = F, for x ∈ ω2 (5.15)

with corresponding equations on the boundaryγN , and with Dirichlet boundary condition
onSy for tn+1, calculated on the first step.

4) Corrector step. Solve the system of scalar equations along the lineS y on the time
level tn+1

Hn+1 − H̃n+m/(m+1)

τ
− un+m/(m+1)(x1 − h1, x2) + un+1/2(x1 + h1, x2)

h2
1

+
2
h2

1

un+1 − u
n+1/2
x2x̄2

+ Cun+1 = F, for x ∈ Sy.

(5.16)
We also use a modification of this algorithm, i.e., the values inω1 on each time sublevel

t + kτ0, k = 1, . . . , m − 1 are updated in the first step. In other words, the first two steps
of the previous algorithm are changed by the following ones:

Fork = 1, . . . , m do:
1) Predictor step. Solve one-dimensional problem


Hn+k/(m+1) − H̃n+(k−1)/(m+1)

τ
− u

n+k/(m+1)
x2x̄2

− u
n+(k−1)/(m+1)
x1x̄1

+ Cun+k/(m+1) = Fn+k/(m+1),

for x ∈ S−l
y , x ∈ Sl

y, l = 0, . . ., m − k.

(5.17)

2) Main step. Solve the subproblems inω1


Hn+k/(m+1) − H̃n+(k−1)/(m+1)

τ
− u

n+k/(m+1)
x2x̄2

− u
n+k/(m+1)
x1x̄1

+Cun+k/(m+1) = Fn+k/(m+1), for x ∈ ω1

(5.18)
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with corresponding equations on the boundariesγN and with Dirichlet boundary condi-
tions forx ∈ Sy, calculated on the first step by solving (5.17).

5.2 MDD algorithm

This new numerical approach is developed to solve the continuous casting problem. The
main tool is to use the implicit predictor-explicit corrector (IPEC) and the domain de-
composition methods (DDM), with multilevel domain decomposition (MDD), similar to
[26]. The general idea of multilevel domain decomposition, is to divide the subdomain
to smaller subdomains, i.e., we use a two-level decomposition of the calculation domain.
The subdomain is divided to smaller subdomains and then IPEC method is used to solve
these smaller subproblems successively. This is done to decrease the algebraic size of
the problem, which, in turn, leads to a decrease in calculation times. The division of the
subdomains is presented in figure 5.5. The idea of using multilevel decomposition is not
new, but the technique presented here leads to a good and effective method for solving
large, complex, time dependent problems.

Sy

x2

x1

ΓD

ΓD

ΓN ΓN

Ω1,1

Ω1,2

Ω1,3

Ω1,4

Ω1,5

Ω1,6

Ω1,7

Ω1,8

Ω1,9

Ω1,10

Ω1,11

Ω1,12

Ω1,13

Ω1,14

Ω1,15

Ω1,16

Ω2,1

Ω2,2

Ω2,3

Ω2,4

Ω2,5

Ω2,6

Ω2,7

Ω2,8

Ω2,9

Ω2,10

Ω2,11

Ω2,12

Ω2,13

Ω2,14

Ω2,15

Ω2,16

Figure 5.5. Nonoverlapping domain decomposition and multidecomposition of the subdo-
mains.

We use the notationΩi =
pi⋃

ji=1

Ωi,ji . The calculation algorithm for semi-implicit mesh

scheme (5.8)-(5.10) is presented below. The algorithm for implicit mesh scheme (5.5)-
(5.7) is similar.

Algorithm 5.1.
1. Perform the predictor step (5.8), on time stepn, and artificial boundaryS y, using
the main processor.
2. Send the valuesun+1/2 andHn+1/2, of boundarySy, to the slave processors.
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3. Perform the predictor step (5.8), on the artificial boundaries of the subdomains
Ωi,ji , i = 1, 2, j1 = 1, ..., p1, j2 = 1, ..., p2, concurrently, on the slave processors.
4. Perform the main step, (5.9), on the subdomainsΩ i,ji ,in a sequential manner.
These calculations can be done concurrently on the slave processors.
5. Perform the corrector step (5.10), on the artificial boundaries of the subdomains
Ωi,ji , i = 1, 2, j1 = 1, ..., p1, j2 = 1, ..., p2, concurrently, on the slave processors
.
6. Send the valuesun+1 andHn+1 from slave processors to the master processor.
7. Perform the corrector step (5.10), on the artificial boundaryS y, on the main pro-
cessor.
8. Let n = n + 1. if the final time,tf , is reached, thenSTOP. Else,GOTO 1.

Remark. In step3, of algorithm 5.1, the predictor step (5.8), on the artificial boundaryS y,
is not done.

Remark. In steps3-5, the calculations are performed concurrently. However, our calcu-
lations are not synchronized such that all processors move from one step to another at the
same time. The synchronization point is Step6, which is performed at the same time.

The use of a large number of subdomains inside the subdomain may increase the error
dramatically. To overcome this feature, we introduce so called smoothing steps to our
method. Namely, our algorithm 5.1 is replaced by the following one.

Algorithm 5.2.
1. Perform the predictor step (5.8), on the artificial boundaryS y, and time stepn,
on the main processor.
2. Send the valuesun+1/2 andHn+1/2, on boundarySy, to the slave processors.
3. Perform the predictor step (5.8), on the artificial boundaries of the subdomains
Ωi,ji , i = 1, 2, j1 = 1, ..., p1, j2 = 1, ..., p2, concurrently, on the slave processors.
4. Perform the main step, (5.9), on the subdomainsΩ i,ji ,in a sequential manner.
These calculations can be done concurrently on the slave processors.
5. Perform the corrector step (5.10), on the artificial boundaries of the subdomains
Ωi,ji , i = 1, 2, j1 = 1, ..., p1, j2 = 1, ..., p2, concurrently, on the slave processors.
6. Perform the smoothing step, i.e., few iterations of the MSOR-method over the
whole subdomainΩi, on the slave processors.
7. Send the subsolutionsun+1 andHn+1, from slave processors to the main proces-
sor.
8. Perform the corrector step (5.10), on the artificial boundaryS y, on the main pro-
cessor.
9. Perform few iterations of the MSOR-method, in the neighborhood ofS y, on the
master processor.
10. Setn = n + 1. If the final time,tf , is reached, thenSTOP. Else,GOTO 1.

Remark. In algorithm 5.2, we use the smoothing on steps6. and9. According to our
knowledge, the good amount of MSOR-iterations is less than 10. This amount ensures
error reduction, and causes only slight increase in calculation time.

Remark. The step9. in the algorithm 5.2 is performed in the neighborhood of the artificial
boundarySy. The good width of the smoothing area is about 10 grid lines, i.e, from the
artificial boundary, 5 grid lines in each direction.
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Remark. In both algorithm 5.1, and 5.2, we use the predictor step3., and the corrector
step5., which require decomposition along, and against the convection. There are also
cross points. The article of Lapin and Pieskä [26] discusses the implementation of such a
decomposition more carefully.

Remark. The use of only two subdomains and processors is not restrictive. The use of
more processors and subdomains is straight forward. The numerical results verify this.

5.2.1 MDD algorithm for one processor

The multidecomposition algorithms 5.1 and 5.2 are very effective and extremely quick
in the case of many processors. We used the idea of multidecomposition for the situa-
tion where we have only one processor. Now we do not have artificial boundaries, which
decouples the problem into subproblems. Anyway, we still have boundaries between sub-
domains, inside the whole domain. The multidecomposition algorithm for one processor,
with a semi-implicit mesh scheme, is read as follows.

Algorithm 5.3.
1. Perform the predictor step (5.8), on the artificial boundaries of the subdomains
Ω1,j , j = 1, ..., p, on every time leveln.
2. Perform, sequentially, the main step (5.9), on the subdomainsΩ 1,j .
3. Perform the corrector step (5.10), on the artificial boundaries of the subdomains
Ω1,j , j = 1, ..., p.
4. Perform the smoothing step, i.e., few iterations of the MSOR-method over the
whole calculation domainΩ.
5. Let n = n + 1. If the final time,tf , is reached, thenSTOP. Else,GOTO 1.



6 Numerical comparison

Numerical verification of several algorithms, presented in the beginning of this thesis,
was done in the work of Pieskä [31]. In that work, the multiplicative Schwarz alternating
method (MSAM), additive Schwarz alternating method (ASAM), and Splitting iterative
method (SIM) were extensively tested and analyzed. Also, the algorithm for solving inner
iterations, i.e., the modified Sor method (MSOR), was investigated. The work of Pieskä
[31] also included a section where all the algorithms mentioned above, were compared
to each other. The results of that comparison are presented in the section 6.4. All the
numerical tests, both parallel and sequential, were run in the computer Cedar (128 Risc
R12000 processors) in CSC, Espoo, Finland.

First we study some basic metrics [15], which are used to analyze and measure the
performance of parallel computers and algorithms. An important measure is the speedup
factor,S, which is associated with a particular calculation. The speedup is defined as the
ratio of the time required to complete a given calculation on a single processor computer,
and the time required to complete the same calculation on a parallel computer withN
processors.

Let us defineT (N) to be the time elapsed on a parallel computer withN processors,
andTseq to be the time elapsed on a sequential computer. The speedup is given by a
formula

S =
Tseq

T (N)
. (6.1)

The speedupS, is reduced from its ideal valueN , for one or more of the following
four causes

• It may not be possible to find an algorithm for the parallel computer, which is as
good as the algorithm for the sequential computer.

• Software overhead
• Load balancing. The speedup is generally limited by the speed of the slowest

processor. For this reason, it is important to ensure that each processor performs
approximately the same amount of work.

• Communication overhead. Any time spent communicating results in a penalty on
the overall performance, with respect to the sequential case.
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The parallel efficiency,E, is defined as

E =
S

N
. (6.2)

The efficiency measures the fraction of time for which each processor is usefully em-
ployed. It is bounded from above by one.

The same test problem is used in all of the numerical calculations. It can be described
in the following way.

Let Ω =]0, 1[×]0, 1[ with the boundaryΓ be divided into two parts, such thatΓD =
{x ∈ ∂Ω : x2 = 0 ∨ x2 = 1} andΓN = Γ \ ΓD. Moreover, lettf = 1. Let us consider
the case where the phase change temperatureuSL = 1 and the latent heatL = 1. Let the
phase change interval be[uSL − ε, uSL + ε], ε = 0.01, and the velocity isv(t) = 1

5 . Our
numerical example is

∂H

∂t
− ∆K + v(t)

∂H

∂x2
= f(x; t) on Ω,

u(x1, x2; t) = (x1 − 1
2 )2 + (x2 − 1

2 )2 − 1
2e−4t + 5

4 on ΓD,
∂u

∂n
= 1 on ΓN ,

u(x1, x2; 0) = (x1 − 1
2 )2 + (x2 − 1

2 )2 + 1
2 on Ω,

(6.3)
where the Kirchoff temperature is according to its definition

K(u) =




u u < uSL − ε,
3
2
u − 1 − ε

2
u ∈ [uSL − ε, uSL + ε],

2u − 1 u > uSL + ε,

(6.4)

and enthalpy

H(u) =




2u u < uSL − ε,(
1 + 8ε

2ε

)
(u − 1) +

5 + 4ε

2
u ∈ [uSL − ε, uSL + ε],

6u − 3 u > uSL + ε.

(6.5)

Furthermore, the known right-hand side is

f(x; t) =




4e−4t +
1
5
(4x2 − 2) − 4 u < uSL,

12e−4t +
1
5
(12x2 − 6) − 8 u > uSL.

(6.6)

The exact solution to our problem is

u(x1, x2; t) = (x1 −
1
2
)2 + (x2 −

1
2
)2 − 1

2
e−4t + 1. (6.7)

We split the enthalpy functionH(u) as follows:H(u) = αu + H0(u), whereα is the
minimal slope of the enthalpy function. In our numerical exampleα = 2.
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6.1 Numerical results for Asynchronous method

To validate theoretical results for the Asynchronous Schwarz alternating methods (algo-
rithms 3.3 and 3.4) the numerical example (6.3)-(6.6) was considered, with modifications.
Namely, we look the copper casting problem. It means the equations (6.4),(6.5) are re-
placed by the following ones. The Kirchoff temperature reads

K(u) =
{

u if u < uSL,
2u − 1 if u ≥ uSL,

(6.8)

and enthalpy as

H(u) =




2u if u < uSL,
[2uSL, 2uSL + ρL] if u = uSL,
6u − 4uSL + ρL if u > uSL.

(6.9)

The stopping criterion of the outer iterations was the value of theL 2−norm of residual
‖r‖L2 = ‖Au + BH(u) + Cu − f‖L2 ≤ 10−3. Through all the calculations for asyn-
chronous methods, we use the decomposition presented on the figure 6.1. The subdomain
Ω1, is roughly twice as big as other subdomains.

Ω1

Ω2

Ω3

Ω4

ΓN ΓN

ΓD

ΓD

Figure 6.1. Overlapping domain decomposition to validate asynchronous Schwarz alternating
methods.
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6.1.1 Implicit scheme

6.1.1.1 Test 1

In our first test case, the number of grid points, both in time and in space, was changed.
The problem was solved by using the implicit scheme (2.3). The results can be seen
in table 6.1. By ”over”, we denote the number of grid lines in the overlapping area.
The inner iterations were performed until all the processors reached the desired accuracy
‖r‖L2 ≤ 10−3. As a result, the number of inner iterations can be different for different
processors.

Table 6.1. The number of outer iterations and calculation time (in seconds) for the Asyn-
chronous Schwarz alternating methods ASAM1 and ASAM2, using 4 processors, and the
Implicit scheme.

Grid over ASAM1 ASAM1 ASAM2 ASAM2
� iterations T[s] � iterations T[s]

65 × 65 × 128 4 17 14.8 8 11.4
129 × 129 × 256 8 16 92.1 11 73.0
257 × 257 × 512 16 19 1184 17 1120

6.1.1.2 Test 2

In second case, we tested the geometrical convergence of ASAM1 and ASAM2, with
implicit scheme. The calculation grid was65 × 65 × 128. The size of overlapping was
4 grid lines. In this case, the parameterα in equation (2.2) wasα = 6. To reach the
accuracy‖r‖L2 ≤ 10−3, we need 15 outer iterations. We keep calculating further to see
how the parameterq is changing. In figure 6.2, the values ofq in three different time
levels for method ASAM1 is plotted on the left, and the same for the ASAM2 is plotted
on the right.

6.1.1.3 Test 3

In our third case, we tested the effects of parameterτ on the asynchronous additive
Schwarz method, with the implicit scheme. In all of the figures, we look at the situa-
tion in the middle of the time intervalt = 0.5. First, we fixed the number of grid points in
space, and changed the number of time steps. The behaviour ofq, for the ASAM1 method
with the implicit scheme, can be seen on the left hand side of figure 6.3. The same results
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Figure 6.2. The behaviour of ratio q for the method ASAM1 (on the left) and for the method
ASAM2 (on the right) for three different fixed time levels.

for the ASAM2 method can be seen in the right hand side of the same figure.
From the figure 6.3, it can be seen thatq gets smaller, when the time step is decreased.

This is in accordance with the theoretical results (Theorem 3.6). It can be also seen, that
after some number of iterations, the the value ofq get worse. The number in the brackets
after the parameterh is just the number of outer iterations needed to solve the problem
with the wanted accuracy.

6.1.1.4 Test 4

In the fourth test case, we fixed the calculation grid for both for space and time. We had
65 × 65 grid points in space and128 time steps. The parameter we changed wasα.

The value of parameterq for method ASAM1 can be seen in figure 6.4 on the left,
while the same result for ASAM2 is on the right. The number of outer iterations needed,
such that the desired accuracy is reached, are in brackets.
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Figure 6.3. The behaviour of ratio q for the method ASAM1 (on the left) and for the method
ASAM2 (on the right) when the time discretization parameter τ is changed.

6.1.2 Semi-Implicit scheme

In this subsection, we solve the same four test cases, as we did with the Implicit scheme.
Thus, the comparison between Implicit and Semi-Implicit schemes will be easy to make.

6.1.2.1 Test 1

In our first test case, we changed the number of grid points in both time and in space. We
solved the problem using the semi-implicit scheme (2.5). The results can be seen in table
6.2. The ”over” is the number of grid lines in the overlapping area. The inner iterations
were performed until all processors reached the desired accuracy‖r‖ L2 ≤ 10−3. Due to
this, the number of inner iterations can be different for different processors.
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Figure 6.4. The behaviour of ratio q for the method ASAM1 (on the left) and ASAM2 (on the
right) when the parameter α is changed.

Table 6.2. The number of outer iterations, and calculation time (in seconds), for the Asyn-
chronous Schwarz alternating methods ASAM1 and ASAM2, in the case of 4 processors,
and the Semi-Implicit scheme.

Grid over ASAM1 ASAM1 ASAM2 ASAM2
� iterations T[s] � iterations T[s]

65 × 65 × 128 4 17 12.2 13 10.6
129 × 129 × 256 8 16 84.5 14 65.9
257 × 257 × 512 16 19 1171 17 1056

6.1.2.2 Test 2

In the second case, we tested the geometrical convergence of ASAM1 and ASAM2 with
the semi-implicit scheme. The calculation grid was65 × 65 × 128. The size of over-
lapping was 4 grid lines, andα = 6. In order to reach the accuracy‖r‖ L2 ≤ 10−3, 15
outer iterations were needed. We keep calculating further to see how the parameterq is
changing. The value ofq, at three different time levels, for ASAM1, can be seen in figure
6.5 on the left, while the same can be seen for ASAM2 on the right.
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Figure 6.5. The behaviour of ratio q for the method ASAM1 (on the left) and for the method
ASAM2 (on the right) for three different fixed time levels.

6.1.2.3 Test 3

In our third case, we tested the effect ofτ on the asynchronous additive Schwarz method,
with the semi-implicit scheme. In all figures, we consider the situation in the middle of
time intervalt = 0.5. First, we fixed the number of grid points in space, and changed the
number of time steps. The behavior ofq, for ASAM1 with the semi-implicit scheme can
be seen on the left of figure 6.6, while the same can be seen for ASAM2 on the right.

From figure 6.6, it can be seen howq gets smaller as time decreases. This is also the
expected result from theory (Theorem 3.6). Also, after some number of iterations, it can
also be seen that the value ofq get worse. This is also similar to the case of the implicit
scheme. The number of outer iterations, needed to solve the problem to a desired degree
of accuracy, is in brackets, after the parameterh.

6.1.2.4 Test 4

In the fourth test case, we fixed the calculation grid, for both space and time. We had
65 × 65 grid points in space,128 steps in time and the adjustable parameter wasα.

The valueq for ASM1 can be seen in figure 6.7 on the left, and similarly, for ASM2
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Figure 6.6. The behaviour of ratio q for the method ASAM1 (on the left) and ASAM2 (on the
right) when the time discretization parameter τ is changed.

on right. The number of outer iterations, needed to reach the desired degree of accuracy,
are given in brackets.

6.2 Numerical results for Splitting iterative methods

To validate the choice of the theoretical optimal parameter for the Splitting iterative
method (4.6)-(4.7), the numerical example (6.3)-(6.7) was considered. Its boundary con-
ditions are similar to that of the continuous casting of steel problem.

The algebraic form is (2.4), withA = αI+τA0, whereA0 denotes the 5-point approx-
imation of Laplacian operator,Cu = H0(u) andF = τf + H̃(t − τ). Equation (2.4) is
solved using the Douglas-Rachford splitting method (corresponds to choiceB = I+λA):

λ−1(uk+ 1
2 − uk) + Cuk+ 1

2 
 F − Auk, (6.10)

(I + λA)(uk+1 − uk) = (uk+ 1
2 − uk). (6.11)

Equation (6.11) is solved by using the conjugate gradient method.

The optimal choice of iterative parameterλ is λ =
1√
mM

with m = α + τµmin(A0)
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Figure 6.7. The behaviour of ratio q for the method ASAM1 (on the right) and for the method
ASM2 (on the left) when the parameter α is changed.

andM = α + τµmax(A0). Theµmin(A0) is the smallest eigenvalue of the matrixA0

andµmax(A0) is the largest.
In the numerical test, the grid was33 × 33 mesh points in space, and 64 steps in time.

In every step of time, the outer iterations were calculated until theL 2-norm of the residual
was lower than the desiredε. In this case theε = 10−3.

For this kind of discretization, the theoretical optimal choice for the iterative parameter
is λ0 = 0.119587. From table 6.3, we can see that the theoretical optimal parameter is
very close to the practical optimal one. In this table, Maximum means the maximum num-
ber of outer iterations in the whole time interval[0, T ]. The Average means the average
of outer iterations during the complete calculations.

6.2.1 Solving the problem by using many processors

The problem was also solved by using the domain decomposition method. The domainΩ
is divided intop non-overlapping subdomains, by straight lines. In this case we, have to
solve the following system of equations

D−1(uk+ 1
2 − uk) + Cuk+ 1

2 
 F − Auk (6.12)
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Table 6.3. Comparison of the number iterations and calculation time, for different values
of λ for the Splitting iterative method.

λ Time [s] Maximum Average
0.05 7.41 41 22
0.075 6.98 28 15
0.1 6.24 22 12
λ0 6.45 18 11
0.125 6.28 18 11
0.15 6.69 17 11
0.175 7.49 19 12
0.2 8.44 22 13
0.25 10.23 26 15
0.3 14.33 31 18

(Ii + λiAi)(uk+1 − uk)i = (uk+ 1
2 − uk)i, i = 1, .., p (6.13)

whereD = diag(λ1I1, ..., λpIp). Equation (6.13) is solved simultaneously in every sub-
domain, using conjugate gradient method.

We consider the same numerical example as in the case where we solve the problem by
using only one processor in the whole domainΩ. The nonlinear inclusion (6.12), is solved
in the main processor, and then the linear equations (6.13) are solved in each subdomain
simultaneously by using slave processors. We look for the case where the grid in space
was129 × 129 mesh points and 256 time steps. The iterative parameterλ = 0.05 was
the same in the every subdomain. It is close to the theoretical optimal value ofλ in the
sequential case, whereλ = 0.06179.

Table 6.4. The behavior of calculation time, speedup (S) and efficiency (E), when the grid
is fixed and the number of processors is changed.

processors Time [s] S E
1 594.03 – –
2 417.87 1.42 0.711
4 237.53 2.5 0.625
6 190.96 3.11 0.518
8 148.61 3.99 0.499
10 129.89 4.57 0.457
12 115.00 5.17 0.43
14 105.70 5.62 0.40
16 100.43 5.92 0.369
18 90.98 6.53 0.364
20 90.753 6.55 0.326
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Figure 6.8. The dependence of the calculation time and communication cost for Splitting
iterative method when the number of processors are changed.

From figure 6.8, we can see that the calculation time (solid line) first decrease quite
rapidly when the number of processors is increased. At some point, the decreasing speed,
due to adding more processors, slows down. This is due to the fact that we use only
one processor to solve the nonlinear equation and then send the big vectoru k+ 1

2 to the
slave processors. When the number of processors increases, the number of messages sent
between the processors also increases.

The time consumption (dashed line) for solving the nonlinear equation, and sending
and receiving of the vectoruk+ 1

2 is plotted in the same picture. From this picture we can
see that when the number of processors is increased, the time spend solving and sending
the vectoruk+ 1

2 becomes big compared to the whole calculation time.
Another approach to solve the nonlinear equation is to solve it also simultaneously in

slave processors. In this method, we solve the nonlinear equation faster, and we don’t
have to send the big vectoruk+ 1

2 to slave processors. On the other hand, we have to send
more small vectors between slave processors. These small vectors are, in fact, the values
of the solution on the interfaces.

We can see from table 6.5 that when the number of processor is quite small, the new
technique is faster. When the number of processors increases, time consumption of the
new method is greater than in the old one. In this case, the time spent sending messages
between the processors is a major part on the total calculation time.
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Table 6.5. The comparison of calculation time when solving the nonlinear equation in
main the processor (Told), and when the nonlinear equation is solved in slave processors
(Tnew).

processors λ Told [s] Tnew [s]
2 0.05 417.87 359.07
4 0.05 237.53 233.73
8 0.05 148.61 147.47
12 0.05 115.0 133.79
14 0.05 105.7 118.99

6.3 Numerical results for Predictor-Corrector method

To validate the predictor-corrector algorithms presented in chapter 5, the numerical ex-
ample (6.3)-(6.7) with modifications (6.8) and (6.9) was considered.

6.3.1 Decomposition along the convection, 2 subdomains

In the first test case, we solved the problem by using algorithm (5.5)-(5.7), when splitting
the domain into two subdomains. The decomposition used is similar to that shown in
figure 5.1. The calculation grid in space is129 × 129.

From this point on, in all our numerical tests, we use the modified Gauss-Seidel
method for solving nonlinear problems, both two-dimensional, in the subdomains, and
one-dimensional, on lines. It has been proved that this method converges [25]. The stop-
ping criteria for the iterative methods was theL2-norm of the residual‖r‖L2 < ε = 10−3.

By changing the ratio between the time discretization parameterτ and the mesh pa-
rameterh, we are able to study two different characteristics, i.e., theC(ω τ , L2(ω))-norm
of the difference between the exact and the approximative solutions, and the relative error
in theC(ωτ × ω)-norm.

Table 6.6. Calculated errors for the semi-implicit scheme, when the ratio between mesh
parameters τ and h is changed.

τ/h 1/2 1 2 16
max

t
‖u − u∗‖L2(Ω) 7.55 · 10−3 7.59 · 10−3 8.19 · 10−3 1.17 · 10−2

max
x,t

‖u − u∗‖∞
‖u∗‖∞

2.48% 2.61% 3.08% 22.8%

In tables 6.6 and 6.7,u∗ stands for the exact solution of the problem, whileu stands
for the approximative solution. From the tables, we can see that both methods are stable,
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Table 6.7. Calculated errors for the implicit scheme, when the ratio between mesh param-
eters τ and h is changed.

τ/h 1/2 1 2 16
max

t
‖u − u∗‖L2 7.59 · 10−3 7.39 · 10−3 8.18 · 10−3 9.75 · 10−2

max
x,t

‖u − u∗‖∞
‖u∗‖∞

2.32 % 2.40% 3.09 % 21.09 %

even if the ratio ofτ andh is big. Only accuracy is lost. For a high level of accuracy, we
need a quite small ratio ofτ andh. To explain this fact, it is enough to observe the rate
of approximation,O(τ + h2), even in the points of smoothness forH(u) andK(u). The
rate of approximation is even worse in the neighborhood of the phase transition boundary.
The calculated phase transition boundaries for different time levels are plotted in figure
6.9.

6.3.2 Decomposition along the convection, many subdomains

In the second test case, we solved the problem by using algorithm (5.5)-(5.7). Here, the
number of processors and subdomains are changed. The calculation grid in space was
257 × 257. We took 1024 time steps (τ = 1

4h). We looked for three characteristics:
calculation time, speedupS (6.1) and parallel efficiencyE (6.2), when the number of
processors is changed. We used both implicit and semi-implicit schemes. Schematic
decomposition of the domain into subdomains is presented in figure 6.10.

Table 6.8. Calculation time, Speedups (S) and Efficiencies (E) for the semi-implicit
scheme, when the number of processors is changed.

� proc 1 2 4 6 8 10 16
Time[s] 2494 1150 533 357 275 228 202
S 1 2.17 4.68 6.99 9.07 10.94 12.35
E 1 1.08 1.13 1.16 1.13 1.09 0.77

From tables 6.8 and 6.9, it can be seen that the method is scalable and it is conveniently
parallelized. Linear speedup is achieved when using 10 processors or fewer. The speedup
curves for the implicit and semi-implicit schemes along the straight line of optimal linear
speedup are plotted in figure 6.11. From the figure, we can see the well-known effect:
when we increase the number of processors, the speedup slows down. A reason for this
is that the algebraic dimension of the subproblems become smaller, and the solution time
becomes small compared to the communication time.
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Figure 6.9. Phase transition boundary at different time levels for model copper casting prob-
lem.

Table 6.9. Calculation time, Speedups (S) and Efficiencies (E) for the implicit scheme,
when the number of processors is changed.

� proc 1 2 4 6 8 12 16
Time[s] 2664 1230 568 480 284 207 183
S 1 2.17 4.69 5.55 9.38 12.87 14.56
E 1 1.08 1.17 0.93 1.17 1.07 0.91

6.3.3 Decomposition along and against the convection, 4 subdomains

In the third test case, we solve the problem using algorithm (5.8)-(5.10). Now the domain
is decomposed in such a way that the artificial boundaries are along, and against the
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Figure 6.10. Used nonoverlapping domain decomposition for Predictor-Corrector method in
the case of many subdomains.

convection. We also have the cross-point of several subdomains. We had four subdomains
and processors. The semi-implicit scheme was used. The calculation grid in space was
129×129. The stopping criteria for the iterative methods in the subdomains was‖r‖L2 <
ε = 10−3. We looked forC(ωτ , L2(ω))-norm of the difference between the exact and
the approximative solution, and relative error inC(ω τ ×ω)-norm, when the ratio between
time discretization parameterτ and mesh parameterh is changed.

Table 6.10. Calculated errors for semi-implicit scheme when the ratio between mesh
parameters τ and h is changed.

τ/h 1/2 1 2 16
max

t
‖u − u∗‖L2 7.69 · 10−3 7.74 · 10−3 1.01 · 10−2 2.38 · 10−2

max
x,t

‖u − u∗‖∞
‖u∗‖∞

2.52% 2.63% 3.09% 38.9%

We can see from table 6.10 that the semi-implicit scheme is stable, even if the ratio of
τ andh is big. However, for good accuracy, we need a quite small ratio ofτ andh.

6.3.4 Arbitrary decomposition with 2 subdomains

In the fourth test case, we solved the problem with algorithm (5.11),(5.6)and (5.12) for the
semi-implicit scheme. Now the domain is decomposed by an arbitrary line with several
different kinds of corners. The schematic presentation of the decomposition can be seen
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Figure 6.11. The speedup for Semi-Implicit and Implicit mesh schemes for Predictor-
Corrector methods.
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Figure 6.12. Decomposition along and against the convection with cross point.
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Figure 6.13. Used arbitrary domain decomposition with curvilinear boundary of the subdo-
main.

in figure 6.13. We had two subdomains and used two processors. The calculation grid
in space was129 × 129 and the stopping criteria in the subdomains was‖r‖L2 < ε =
10−3. We looked for theC(ωτ , L2(ω))-norm of the difference between the exact and the
approximative solution, and the relative error inC(ω τ ×ω)-norm, when the ratio between
time discretization parameterτ and mesh parameterh was changed.

Table 6.11. Calculated errors for the semi-implicit scheme, when the ratio between mesh
parameters τ and h is changed.

τ/h 1/8 1/2 1 2
max

t
‖u − u∗‖L2 9.46 · 10−3 2.25 · 10−3 4.99 · 10−2 1.2 · 10−1

max
x,t

‖u − u∗‖∞
‖u∗‖∞

3.31 % 15.1% 23.4% 35.9%

We can see from table 6.11 that the semi-implicit scheme is stable for different ratios
of τ andh. For good accuracy, we need a small ratio ofτ andh.

6.3.5 Decomposition along the convection, different time steps on
different subdomains, variant I

In the fifth test case, we solved the problem using the semi-implicit scheme and algorithm
(5.13)-(5.16) in the case of two subdomains. The calculation grid in space was129 ×
129. We have different time discretizations in different subdomains. First, we fixed the
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Figure 6.14. Used nonoverlapping domain decomposition and time discretization (1-D case).

ratio between the different time steps
τC

τF
= 3 of coarse and fine time discretization and

changed the ratio betweenτ = τF andh. The results can be seen in table 6.12. Second,

we fixed the ratio betweenτ andh,
τ

h
= 1, and changed the ratio between coarse and fine

time steps
τC

τF
. The results are presented in table 6.13.

The stopping criteria for the iterations in the subdomains, as in all test cases, was
‖r‖L2 < ε = 10−3. The number of processors was 2. We looked for theC(ω τ , L2(ω))-
norm of the difference between the exact and approximative solution and relative error in
theC(ωτ × ω)-norm, when the ratio between the time discretization parameterτ and the
mesh parameterh was changed.

Table 6.12. Calculated errors for the semi-implicit scheme, when the ratio between τ and
h is changed.

τ/h 1/2 1 2 16
max

t
‖u − u∗‖L2 7.62 · 10−3 7.52 · 10−3 7.75 · 10−3 7.6 · 10−2

max
x,t

‖u − u∗‖∞
‖u∗‖∞

2.53% 2.38% 2.38% 12.4%

Table 6.13. Calculated errors for the semi-implicit scheme, when the ratio between the
coarser time discretization parameter τC and the finer discretization parameter τF is
changed.

τC/τF 10 30 50
max

t
‖u − u∗‖L2 7.53 · 10−3 4.27 · 10−2 4.1 · 10−2

max
x,t

‖u − u∗‖∞
‖u∗‖∞

2.69% 27.8% 26.8%



76

From tables 6.12 and 6.13, we can see that the semi-implicit scheme is stable, even if
the ratio ofτ andh is big. Only accuracy is lost. In order to achieve a high degree of
accuracy, ratio ofτ andh needs to be small. It can also be seen, that the ratio ofτ to h,
and the time steps can be chosen quite freely.

6.3.6 Decomposition along the convection, different time steps on
different subdomains, variant II

In this test we used the modified algorithm (5.17),(5.18),(5.15),(5.16) in the case of two
subdomains. The calculation grid in space was129 × 129. The results of table 6.14 were

obtained by setting
τC

τF
= 3 and changing the ratio betweenτ = τF andh. The results

in table 6.15 were reached for the fixed ratio of the discretization parametersτ andh,
τ

h
= 1, and by changing the ratio between the time steps

τC

τF
.

Table 6.14. Calculated errors for the semi-implicit scheme, when the ratio between τ and
h is changed.

τ/h 1/2 1 2 16
max

t
‖u − u∗‖L2 7.63 · 10−3 7.45 · 10−3 7.69 · 10−3 8.15 · 10−2

max
x,t

‖u − u∗‖∞
‖u∗‖∞

2.53% 2.38% 2.42% 12.4%

Table 6.15. Calculated errors for the semi-implicit scheme, when the ratio between the
coarser time discretization parameter τC and the finer discretization parameter τF is
changed.

τC/τF 10 30 50
max

t
‖u − u∗‖L2 7.48 · 10−3 2.97 · 10−2 4.2 · 10−2

max
x,t

‖u − u∗‖∞
‖u∗‖∞

2.47% 20.1% 27.1%

From tables 6.14 and 6.15, we can see that the semi-implicit scheme is stable, even if
the ratio ofτ to h is large. Like in the case of variant I, only accuracy is lost. In order to
achieve a high degree of accuracy, a small ratio ofτ to h is needed. Also, it can be seen,

that the ratios of
τ

h
and the time steps

τC

τF
can choose quite freely.
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6.3.7 Decomposition along and against the convection, 4 subdomains,
mesh refinement in time
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Figure 6.15. Used nonoverlapping domain decomposition and time discretization (1-D case).

In this test case, we solved the problem when the domain was decomposed into four
subdomains with a cross-point. We used the semi-implicit scheme. The domainΩ 1, in
our test, is a finer grid in time than the grid used in the other subdomains. We transformed
algorithm (5.13)-(5.16) to this case. The calculation grid in space was129 × 129. The

results for
τC

τF
= 3, and changing the ratio betweenτ = τF andh, are found in table 6.16.

The results for the fixed
τ

h
= 1 and the changing ratio between time steps are included in

table 6.17.

Table 6.16. Calculated errors for the semi-implicit scheme, when the ratio between the
time discritization parameter τ and the mesh parameter h is changed.

τ/h 1/2 1 2 16
max

t
‖u − u∗‖L2 8.63 · 10−3 1.23 · 10−2 2.14 · 10−2 2.1 · 10−1

max
x,t

‖u − u∗‖∞
‖u∗‖∞

2.7% 3.75% 6.54% 37.4%
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Table 6.17. Calculated errors for the semi-implicit scheme, when the ratio between the
coarser time discretization parameter τC and the finer discretization parameter τF is
changed.

τC/τF 5 10 30
max

t
‖u − u∗‖L2 8.02 · 10−3 7.69 · 10−3 2.1 · 10−3

max
x,t

‖u − u∗‖∞
‖u∗‖∞

2.64% 2.56% 15.0%

6.4 Comparison of MSAM, ASAM and SIM methods

In this section, we discuss the advantages and disadvantages for these three different meth-
ods. For all three methods, we fix what we can, such that they will be as optimal and as
constant as possible. This means that we solve the same problem, using the same bound-
ary and initial conditions. Further, we use the same kind of domain decomposition, such
as the one presented in figure 6.16. Finally, we use the same number of processors, we
use optimal iterative parameters and optimal overlapping sizes, we use the same stopping
criterion and so on.

Ω1

Ω2

Ω3

Ω4

ΓN

ΓN

ΓD ΓD Ω1 Ω2 Ω3 Ω4

ΓN

ΓN

ΓD ΓD

Figure 6.16. Schematic presentation of the domain decomposition for alternating Schwarz
methods (left) and for splitting iterative method (right).

In order to validate the Multiplicative Schwarz alternating method (MSAM), the Ad-
ditive Schwarz alternating method (ASAM), and the Splitting iterative method (SIM), the
numerical example (6.3)-(6.7) was considered.
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6.4.0.1 Test 1

In the first test case, the grid was fixed, using129 × 129 mesh points in space and256
time steps. The number of processors was varied. Splitter is the splitting iterative method,
add2 is the additive Schwarz with overlapping size2h, add4 is the additive Schwarz with
overlapping size4h, multi2 is the multiplicative Schwarz with overlapping size2h, and
multi4 is the multiplicative Schwarz method with overlapping size4h. Results can be
seen in tables 6.18, 6.19, 6.20 and in the left side picture of figure 6.17.

Table 6.18. Comparison of the number of iterations when grid size is fixed at 129×129×
256.

proc splitter add2 add4 multi2 multi4
2 29 20 13 5 3
4 29 23 15 9 6
6 29 27 16 10 6
8 29 28 17 10 7
10 29 30 18 11 7
12 29 33 20 12 8

Table 6.19. Comparison of calculation times for the fixed grid size, 129× 129× 256, and
a different number of processors.

proc splitter [s] add2 [s] add4 [s] multi2 [s] multi4 [s]
1 466.4 259.4 259.4 259.4 259.4
2 166.8 242.3 208.5 212.6 177.5
4 124.6 203.6 131.6 174.9 157.4
6 106.7 123.6 112.8 140.3 131.9
8 85.4 112.8 89.3 119.3 109.6
10 70.9 96.9 85.2 95.4 92.7
12 59.3 85.8 83.9 85.6 85.2

6.4.0.2 Test 2

In the second test, we fixed the number of processors and change the number of grid
points. The idea of increasing the number of grid points was to keep the grain size fixed.
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Figure 6.17. The comparison of the calculation times for different number of processors when
the grid is fixed (on the left) and the comparison of the calculation times for different number
of grid points when the number of processors are fixed (on the right).

Table 6.20. Comparison of speedups for a different number of processors, when the grid
size is fixed at 129 × 129 × 256.

proc splitter add2 add4 multi2 multi4
1 – – – – –
2 2.80 1.07 1.24 1.22 1.46
4 3.74 1.27 1.97 1.48 1.65
6 4.37 2.10 2.30 1.85 1.97
8 5.46 2.30 2.91 2.17 2.37
10 6.58 2.68 3.04 2.72 2.80
12 7.87 3.02 3.09 3.03 3.04

The results can be seen in tables 6.21, 6.22, 6.23 and in the right side hand picture of
figure 6.17. All calculation times are in seconds.
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Table 6.21. Comparison of the number of iterations when the number of processors is
fixed at 4, and the grid size varies.

grid splitter add2 add4 multi2 multi4
17 × 17 × 32 24 17 23 6 4
33 × 33 × 64 25 18 12 7 4
65 × 65 × 128 26 21 13 8 5
129×129×256 29 23 15 9 6
161×161×320 29 24 16 9 6
257×257×512 26 26 16 9 7

Table 6.22. Comparison of calculation times (in seconds) for different grid sizes, with 4
processors.

grid split1p cha1p splitter add2 add4 multi2 multi4
172 × 32 0.53 0.11 0.446 0.431 0.534 0.675 0.492
332 × 64 4.75 1.51 1.75 1.54 1.61 1.44 1.31
652 × 128 41.7 18.9 12.3 13.9 12.3 14.2 12.6
1292 × 256 413.7 252.9 124.6 203.6 131.6 174.9 157.4
1612 × 320 836.0 641.8 188.2 327.6 282.4 391.8 350.1
2572 × 512 7984.0 5655.7 1949.4 3597.1 3132.5 4425.2 3875.8

Table 6.23. Comparison of speedups for different grid sizes, with the number of processors
fixed at 4.

grid splitter add2 add4 multi2 multi4
17 × 17 × 32 1.19 0.24 0.20 0.16 0.22
33 × 33 × 64 2.71 0.98 0.94 1.05 1.15
65 × 65 × 128 3.39 1.36 1.54 1.33 1.50
129×129×256 3.32 1.24 1.92 1.45 1.61
161×161×320 4.44 1.96 2.27 1.64 1.83
257×257×512 4.10 1.57 1.81 1.28 1.46

6.5 Comparison of MDD, ASAM and IPEC methods

In this section, we compare the two new methods, the multidomain decomposition method
(MDD), and the implicit predictor - explicit corrector (IPEC), against the additive Schwarz
alternating method (ASAM). The same numerical example is used, as in the previous
section.

The stopping criterion of the calculations was theL2-norm of residual‖r‖L2(Ω) <
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10−4. We divide the domainΩ into nonoverlapping subdomainsΩ i, as presented in figure
6.18. Through whole calculations, we use the algorithm 5.2 to ensure the accuracy of the
calculations.
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Figure 6.18. Nonoverlapping domain decomposition and multidecomposition of the subdo-
mains.

6.5.0.3 Test 1

In the first test case, we fixed the calculation grid to be129× 129 in space, with 256 time
steps. The number of processors, and number of inside subdomains were changed. The
calculation times for the multidecomposition method (MDD) are listed in table 6.24.

Table 6.24. Calculation times, in seconds, for MDD, when the number of processors and
number of inside subdomains are changed.

� of inside subdomains 2 proc. 4 proc.
2 × 2 37.3 s 23.8 s
3 × 3 30.2 s 15.9 s
4 × 4 25.9 s 14.9 s
8 × 8 22.3 s 17.9 s
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6.5.0.4 Test 2

In our second test case, we fixed the number of inside subdomains to be4×4. We changed
the calculation grid, and the number of processors. Calculation times of the IPEC method,
and the multidecomposition method (MDD) are compared. The results are presented in
the table 6.25.

Table 6.25. Calculation times, in seconds, for IPEC and MDD, when the number of
processors, and the calculation grid are changed.

IPEC IPEC IPEC MDD MDD
Grid 2 proc. 4 proc. 8 proc. 2 proc. 4 proc.

65 × 65 × 128 3.76 s 2.33 s 1.64 s 5.4 s 4.4
129 × 129 × 256 47.3 s 25.1 s 14.1 s 25.9 s 14.6
257 × 257 × 512 600 s 285 s 164 s 342 s 179

The calculation time for one processor (SEQ), and the calculation time for the additive
Schwarz alternating methods (ASAM) with overlapping subdomains, are presented in
table 6.26. Also, times for the MDD method are on the same table.

Table 6.26. Calculation time, in seconds, for ASAM and MDD, when the number of
processors, and the calculation grid are changed.

SEQ ASAM ASAM MDD MDD
Grid 1 proc. 2 proc. 4 proc. 2 proc. 4 proc.

65 × 65 × 128 8.67 s 7.01 s 4.76 s 5.4 s 4.4
129 × 129 × 256 112.9 s 77.6 s 59.3 s 25.9 s 14.6
257 × 257 × 512 1425 s 889 s 494 s 342 s 179

6.5.1 Numerical experiments with one processor

Multidecomposition algorithms 5.1 and 5.2 are very effective and extremely quick in the
multi-processor case. We used the idea of multidecomposition for the situation where
we have only one processor. Now, we do not have artificial boundaries, which decou-
ple the problem into subproblems. Never the less, we still have boundaries between the
subdomains, inside the whole calculation domain.

We tested algorithm 5.3 in two different cases. First, we fixed the number of grid
points, and changed the number of inner subdomains. The calculation grid was129×129
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in space, and we took 256 time steps. The calculation times for the different number of
inner subdomains are presented in table 6.27. In that same table, the1× 1 subdomain di-

Table 6.27. Calculation time, in seconds, for MDD, when the grid size is fixed, and
number of inside subdomains is changed.

� of inside subdomains Time [s]
1 × 1 112.9 s
2 × 2 76.2 s
3 × 3 66.1 s
4 × 4 56.9 s
8 × 8 39.9 s

vision means the calculation time of the MSOR method for the whole calculation domain,
without decomposition.

In the second test case, we changed the calculation grid, and number of time steps.
We fixed the number of inner subdomains to be4 × 4. For many calculation grids, this
decomposition is not optimal. It does, however, emphasize the advantages of MDD very
clearly. The results are on the table 6.28.

Table 6.28. Calculation time, in seconds, for sequential MSOR (SEQ) and MDD, with a
fixed number of inner subdomains, and a varying calculation grid.

Grid SEQ MDD
65 × 65 × 128 8.67 s 4.75 s
129 × 129 × 256 112.9 s 56.9 s
257 × 257 × 512 1425 s 687 s

In figure 6.19, we measured the amount of time which the two algorithms, MSOR and
MDD, spend at the different time levels. In this case, we had the grid size129 × 129.
Normally, for this kind of mesh, we would take 256 times steps. However, we wanted
to test the behavior of these methods, when the solution begins to reach the steady state
situation. In order to see the behavior of the different methods, we took 10 times the usual
number of time steps (2560 steps).

MDD is much better then MSOR in the beginning of the calculations where big changes
occur in the simulation. As time time increases, calculation time drops very rapidly, and
both methods spend almost an equal amount of time on each time step. This is good result
for MDD because it is very effective for the situations where we have big changes. The
near steady state solution is almost as good as that of MSOR.
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Figure 6.19. Calculation times for each time level for multidecomposition method (MDD) and
modified Sor-method (MSOR).

6.6 Comparison of MDD and MSOR methods in real simulation

To verify the validity of MDD, it was tested in the real simulation of the continuous casting
of steel. The following situation was considered.

Let Ω ⊂ R
2 be a rectangular domain[0, Lx] × [0, Ly] with round left-down corner of

radiusR, (quarter of z-cross section of a slab) andV = Ω × [0, Lz] be a 3D domain. The
boundaryΓ = ∂V consist of parts:

Γ0 = Ω × {0},
ΓN = {(x, y) ∈ ∂Ω : x = 0 ∨ y = 0} × [LM , Lz] ∪ Ω × {Lz},
ΓS = {(x, y) ∈ ∂Ω : x �= 0 ∧ y �= 0} × [0, Lz],
ΓM = {(x, y) ∈ ∂Ω : x = 0 ∨ y = 0} × [0, LM ],

whereLM is the length of the mould. The schematic presentation of the whole steel slab
is presented in figure 6.20.

For a temperature fieldT = T (x, y, z, t), we define the enthalpy functionH(T ) and
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Figure 6.20. The schematic presentation of the whole steel slab.

the Kirchoff’s temperatureK(T ) by

H(T ) = ρ

(∫ T

0

c(ξ)dξ + L(1 − fs(T ))
)

, K(T ) =
∫ T

0

k(ξ)dξ,

whereρ, c(T ), k(T ), andL are density, specific heat, thermal conductivity and latent
heat,fs(T ) is the solid fraction at temperatureT , such that

fs(T ) =




1, T < Ts

Tl − T

Tl − Ts
whenTs < T < Tl,

0, T > Tl.

(6.14)

HereTs is the solidus andTl is the liquidus temperature.
The continuous casting process can be stated as the following boundary-value problem:
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∂H(T )
∂t

+ v
∂H(T )

∂z
− ∆K(T ) = 0 in V × (0, Tf ],

T = T0 onΓ0 × (0, Tf ],

∂K(T )
∂n

+ h(T − Tw) + σε(T 4 − T 4
ext) = 0 onΓN × (0, Tf ],

∂K(T )
∂n

= 0 onΓs × (0, Tf ],

∂K(T )
∂n

= Q onΓM × (0, Tf ],

T (x, y, z, 0) = T 0 in V .

(6.15)

Here,n is the unit vector of the outward normal in the∂V , h is the heat transfer coefficient,
v is the casting speed, andTw, Text are known temperatures,σ is the Stefan-Boltzmann
constant andε is the emissivity. The cooling capacityQ is calculated from the following
equation

Q =
FQ̂

F̄
,

where functionF is the profile of cooling in the mould,̄F is the average of the cooling
profile andQ̂ is the average cooling capacity in the mould.

The parameters used in our numerical test case are presented in table 6.29.

Table 6.29. Known input parameters for real continuous casting problem.

Thickness Ly = 0.1m
Width Lx = 0.8m
Length Lz = 30m
Length of the mould LM = 0.9m

Average cooling in mould Q̂ = 1111kW
Latent heat L = 267kJkg−1

Density ρ = 7200kgm−3

Solidus Ts = 1753K
Liquidus Tl = 1800K
Incoming steel temperature T0 = 1820K
Water temperature Tw = 293K
External temperature Text = 293K
Emissivity ε = 0.8 · 10−3

Stefan-Boltzmann constant δ = 5.67 × 10−8Wm−2K−4

Radius R = 0.005m
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The number of cooling zones in the z-direction is 8, and the length of the different
zones and value of the heat transfer coefficienth are presented in table 6.30.

Table 6.30. Lengths and values of h in different cooling zones.

zone length [m] h[kWm−2K−1]
1 0.5 0.3865
2 1.08 0.4490
3 1.7 0.2513
4 1.9 0.2329
5 3.73 0.1655
6 3.92 0.1209
7 4.62 0.1171
8 11.65 0.0673

Thermal conductivity and specific heat are determined in different temperature inter-
vals. Their values are seen in table 6.31.

Table 6.31. Values of thermal conductivity (k) and specific heat (c) in different temperature
intervals.

Temperature interval [K] k[Wm−1K−1] c [kJkg−1K−1]
0...853 0.0361 0.6
853...953 0.0346 0.6
953...1053 0.0316 0.6
1053...1153 0.02858 0.603158
1153...1253 0.027634 0.616842
1253...1353 0.028785 0.637895
1353...1453 0.029934 0.658947
1453...1553 0.031085 0.68
1553...1653 0.032234 0.729516
1653...1753 0.033385 0.779874
1763...1776.5 0.03812 0.779874
1776.5...1800 0.050005 0.799257
1800... 0.050005 0.799257

First, we fixed the number of subdomains in MDD. We used 8 subdomains. The cal-
culation grid was changed, but the time step size wasτ = 1s. The real simulation time
was 30 min. The results are presented in table 6.32.

In the second test, the calculation grid, and the number of subdomains vary, while the
time step is set toτ = 1. The results are in table 6.33.

In figure 6.21, the corner temperatures calculated by both methods are presented.
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Table 6.32. Calculation times for MDD and MSOR for a different number of grid points
and a fixed number of subdomains.

Grid Lx × Ly × Lz MDD MSOR
17 × 11 × 166 3min 43s 4min 15s
17 × 11 × 332 8min 16s 9min 7s
17 × 11 × 498 12min 6s 13min 19s
17 × 11 × 664 18min 27s 20min 2s
17 × 11 × 830 24min 44s 23min 44s
17 × 11 × 996 27min 53s 27min 10s

Table 6.33. Calculation times for MDD and MSOR using a different number of grid points
and varying number of subdomains.

Grid Lx ×Ly ×Lz � subdomains MDD MSOR
17 × 11 × 166 8 3min 43s 4min 15s
17 × 11 × 332 16 7min 56s 9min 7s
17 × 11 × 498 24 11min 55s 13min 19s
17 × 11 × 664 32 17min 35s 20min 2s
17 × 11 × 830 40 23min 12s 23min 44s
17 × 11 × 996 48 26min 25s 27min 10s
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Figure 6.21. Corner temperatures calculated by MDD (on the top) and MSOR (on the bottom)
methods.



7 Conclusions

In this work, several parallel algorithms for solving the continuous casting problem were
studied and tested. The advantages and disadvantages of the methods are clearly seen
in the numerical examples. All of the algorithms presented are quite easy and straight
forward, from an implementation point of view. In the following sections, conclusions
from the different methods are drawn, and discussion comparing the methods is presented.

7.1 Asynchronous methods

Two kinds of discretizations for the convection term were considered: the implicit scheme
and semi-implicit scheme. The model problem was solved using both asynchronous meth-
ods: ASM1 (algorithm 3.3), and ASM2 (algorithm 3.4). From tables 6.1 and 6.2, it can be
seen that ASM2 requires less outer iterations than ASM1, making it the faster of the two
methods. It also can be seen from these tables, that the semi-implicit scheme and implicit
scheme take approximately same number of outer iterations, but the semi-implicit scheme
is slightly faster than implicit scheme.

In the theorem 3.6, the geometrical convergence of the Asynchronous methods was
proved.

7.2 Comparison of MSAM, ASAM and SIM methods

Three different method were used to solve the numerical example. For this test case,
everything which could, considering the numerical calculation, was made as optimal as
possible. Optimal choices for the overlapping size, and the iterative parameters were
selected. In addition, the same stopping criterion, and the same kind of domain decompo-
sition, same number of grid points were used, and so on.

It can be seen From Tables 6.19, 6.22 and Figure 6.17 how the splitting iterative method
(SIM) with nonoverlapping subdomains is better (faster) than the multiplicative or ad-
ditive Schwarz alternating method with overlapping subdomains (MSAM or ASAM).
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The speedups from Tables 6.20 and 6.23 show that (SIM) can be parallelized better than
(MSAM) or (ASAM).

From Table 6.22, it can be seen that when the grid size increases, the difference in
calculation time for (SIM), (MSAM) and (ASAM) increases. Splitting iterative methods
are thus much more suitable for problems, with a large number of unknowns, when we
have access to multi-processors. In many important industrial applications, this is the
case. For (SIM), we also know how to determine the optimal iterative parameter.

7.3 Comparison of MDD, ASAM and IPEC

The numerical examples show that the multidecomposition method (MDD) is a very ef-
fective numerical method for solving the continuous casting problem. The idea of dividing
the subdomains to smaller subdomains seems to be very beneficial and profitable. The al-
gebraic dimension of the subproblems inside the subdomains is very small, making them
very quick to solve. In many cases, the dimension so small, that even direct solvers could
be effective.

The smoothing step, which was introduced, allows us to use a large number of sub-
domains. The accuracy of the different methods, MDD, ASAM and IPEC, is equivalent.
The smoothing step is economical to perform, however, and the calculation time of the
MDD method is roughly half of the calculation time for the IPEC method.

From table 6.25, it can be seen that the calculation times for MDD with 2 processors is
equivalent to the calculation times for IPEC with 4 processors. This decomposition inside
the subdomains is a quick and accurate method for solving big problems, using only a few
processors.

The advantages of multidecomposition methods over other methods is obvious, based
on table 6.26. Multidecomposition methods are extremely quick, while being just as
accurate as other methods. The implementation of MDD is straightforward, and solving
big and complex problems does not require a huge amount of processors.

The numerical results for one processor seem to be very promising. We do not need to
have big parallel computers to achieve the advantages of parallel computers. Even a few
processors is enough; in some cases even one processor is sufficient. The advantages of
MDD can be clearly seen from table 6.28. In that table, the decomposition is clearly not
optimal. Table 6.27 is a good indicator of that. Anyhow, even with little knowledge of
the problem, the MDD method can be applied. When the system is stable, and extreme
changes do not appear (like changes in the number of grid points or in the time step)
MDD can be highly optimized. This leads to numerical advantages for MDD compared
to MSOR, in the case of one processor. When comparing MDD to ASM, in the case of
many processors, MDD becomes very dramatical.
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