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Abstract
The focus of this thesis is on the binary signal detection problem, i.e., if a signal or signals are present
or not. Depending on the application, the signal to be detected can be either unknown or known. The
detection is based on some function of the received samples which is compared to a threshold. If the
threshold is exceeded, it is decided that signal(s) is (are) present. Energy detectors (radiometers) are
often used due to their simplicity and good performance. The main goal here is to develop and analyze
energy based detectors as well as power-law based detectors.

Different possibilities for setting the detection threshold for a quantized total power radiometer
are analyzed. The main emphasis is on methods that use reference samples. In particular, the cell-
averaging (CA) constant false alarm rate (CFAR) threshold setting method is analyzed. Numerical
examples show that the CA strategy offers the desired false alarm probability, whereas a more
conventional strategy gives too high values, especially with a small number of reference samples.

New performance analysis of a frequency sweeping channelized radiometer is presented. The total
power radiometer outputs from different frequencies are combined using logical-OR, sum and
maximum operations. An efficient method is presented for accurately calculating the likelihood ratio
used in the optimal detection. Also the effects of fading are analyzed. Numerical results show that
although sweeping increases probability of intercept (POI), the final probability of detection is not
increased if the number of observed hops is large.

The performance of a channelized radiometer is studied when different CFAR strategies are used
to set the detection threshold. The proposed iterative methods for setting the detection threshold are
the forward consecutive mean excision (FCME) method with the CA scaling factors in final detection
decision (FCME+CA), the backward consecutive mean excision (BCME) method with the CA
scaling factors in detection (BCME+CA) and a method that uses the CA scaling factors for both
censoring and detection (CA+CA). Numerical results show that iterative CFAR methods may
improve detection performance compared to baseline methods.

Finally, a method to set the threshold of a power-law detector that uses a nonorthogonal transform
is presented. The mean, variance and skewness of the decision variable in the noise-only case are
derived and these are used to find a shifted log-normal approximation for the distribution of the
decision variable. The accuracy of this method is verified through simulations.

Keywords: channelized radiometers, intercept receivers, power-law detectors, radiometers,
signal detection, threshold settings
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Symbols and abbreviations

A Transformation matrix
B Number of quantization bits
C Set of local decisions in all hops and channels
Cij Local decision based on the radiometer output
EH Received signal energy per hop
Eij Energy of the FH signal in the time-frequency area corresponding to

the radiometer outputj in hopi
fV ′ Probability density function ofV ′

H0 Noise-only hypothesis
H1 Signal(s)-and-noise hypothesis
Iv Modified Bessel function of the first kind
kM Final detection threshold
M Number of preliminary decisions per a decision
MC Integer value corresponding to time-frequency product
N Number of samples per block
NC Number of radiometers
NH Number of non-overlapping hop channels
nk Noise process sample
NR Number of reference samples
Neff Total number of radiometer outputs within a hop
p0 Probability of false alarm per hop
p1 Probability of detection per hop
pI Probability of intercept per hop
Pk kth raw moment of the power-law decision variable
Pr Clean sample rejection rate
PD Probability of detection
PFA,DES Desired probability of false alarm
PFA Probability of false alarm
PFC Probability of false censoring
PM Probability of miss
QD Individual radiometer’s probability of detection
QFA Individual radiometer’s probability of false alarm
Qm Generalized Marcum’sQ function



R Set of normalized radiometer outputs
R Dynamic range
rk Receiver signal at time instantk
r̄k Quantized received signal
Rij Normalized (scaled with2/N0) radiometer output
sk Sample of a typically unknown signal to be detected
T ′ Integer-valued detection threshold
TH Hop duration
Tk Censoring scaling factor in stepk
TR Individual radiometer’s integration time
TCA Cell-averaging scaling factor
TCME Consecutive mean excision scaling factor
Tf2,v Decision statistic of a contiguity-based power-law detector
TOS,k Order statistics scaling factor
Tv Decision statistic of transform domain power-law detector
V Decision variable of energy detector
V ′ Equivalent energy detection decision variable
W Matrix with window coefficients in the diagonal
W Decision variable
WH Hop bandwidth
Wi Per hop decision variable
WR Individual radiometer’s bandwidth
x Ratio of step size and standard deviation of noise
Z Radiometer output in test cell
Zi Radiometer outputs in the reference cells
ZCA Cell-averaging reference statistic

η Hard-decision threshold for individual radiometers
ð Randomization factor
γ Threshold scaling factor
γH Instantaneous hop SNR
γ̄H Average hop SNR
Γ Gamma function
Λ Likelihood ratio
λi Non-centrality parameter of reference cells
λS Total non-centrality parameter
Ω Signal-to-noise ratio
Φ FFT matrix
Ψ Covariance matrix
σ2 Noise variance
4 Quantization step
Υ Quantization operator
ϑk Reference samples

ACMLD Automatic censored mean level detector
ADC Analog-to-digital converter
AGC Automatic gain control



AOS Adaptive order statistic
AWGN Additive white Gaussian noise
BCME Backward consecutive mean excision
BI Binary integration
BMWD Binary moving window detection
BPM Bit position modulation
CA Cell averaging
CCA Censored cell averaging
CDF Cumulative distribution function
CFAR Constant false alarm rate
CMLD Censored mean level detector
DOA Direction-of-arrival
DS Direct sequence
ES Electronic support
FCME Forward consecutive mean excision
FFH Fast frequency hopping
FFT Fast Fourier transform
FH Frequency hopping
GLRT Generalized likelihood ratio test
GOS Generalized order statistic
IF Intermediate frequency
IID Independent identically distributed
LRT Likelihood ratio test
MML Multiple-hop maximum likelihood
NP Neyman-Pearson
OS Order statistic
OSCA Order statistics cell averaging
OSGO Order statistics greatest of
PDF Probability density function
PLD Power-law detector
PMF Probability mass function
POI Probability of intercept
ROC Receiver operating characteristic
SFH Slow frequency hopping
SLE Sum-of-largest-envelopes
SLES Sum-of-largest-envelopes-squared
SNR Signal-to-noise ratio
STAP Space-time adaptive processing
STFT Short time Fourier transform
TH Time hopping
TM Trimmed mean
UMP Universally most powerful
UWB Ultra-wideband
VI Variability index
VTM Variably trimmed mean
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1 Introduction

”As far as the laws of mathematics refer to reality, they are not certain; and as
far as they are certain, they do not refer to reality.”–Albert Einstein

In classical hypothesis testing, the goal is to decide between the null hypothesis and the
alternative hypothesis. For example, the null hypothesis could be ”some cars are not red”.
In this case, the alternative hypothesis could be ”all cars are red”. To make a decision, it
would be possible to go to a street and observe, say, 10 cars. The number of observed red
cars is counted and the count is denoted withT . If T = 10, it is quite probable, based
on the available observations, that the alternative hypothesis is true. Otherwise, the null
hypothesis should be chosen.

Hypothesis testing is an old problem. It can be viewed to have been initiated by Bayes
in 1764 [1]. Significant contributions were given by Neyman & Pearson (NP) in 1933 [2].

If the null and alternative hypotheses are defined in terms of signal(s), the hypothesis
testing problem can be called binary signal detection. Binary refers to fact that there are
two possible hypotheses. Actually, the number of hypotheses can be larger than two.
However, in this thesis, the topic is binary signal detection, which has a multitude of
important applications.

In Section 1.1, a brief overview to general binary signal detection theory and some
signal detection applications are presented. Often, an energy detector is used for making
detection decisions. This is discussed in Section 1.2. Section 1.3 presents the aims and
outline of the thesis. In Section 1.4, the author’s contribution to the original publications
is summarized.

1.1 Signal detection

The binary signal detection problem can be formulated as an hypothesis testing problem.
There are two possible hypotheses,H0 andH1,

H0 : rk = s1,k + nk k = 0, 1, · · · , N − 1
H1 : rk = s2,k + nk k = 0, 1, · · · , N − 1,

(1)
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whererk is the received signal sample at time instantk, nk is the noise process sample,
s1,k is a sample of a signal present in the case ofH0, s2,k is a sample of a signal present
present in the case ofH1, andN is the total number of samples used for one decision.
The samples can be real-valued or complex-valued. Signal detection theory has been
extensively studied over several decades. Books [3, 4, 5, 6] form a small sample upon
which this section is mainly based on. For example, in telecommunications, antipodal
signaling usess1,k = −sk ands2,k = sk, wheresk is a known signal waveform [7].
With antipodal signaling one information bit can be transferred at a time. In this thesis,
transmission of information is not studied. Rather, the problem is to find out if there a
signal or signals present or not, i.e.,

H0 : rk = nk k = 0, 1, · · · , N − 1
H1 : rk = sk + nk k = 0, 1, · · · , N − 1,

(2)

where the noise is assumed to be a white zero-mean Gaussian process with known or un-
known variance. The signal can be, for example, deterministic with unknown parameters,
like arrival time, phase, and amplitude; or deterministic but completely unknown [4]. This
type of binary signal detection finds numerous applications in engineering.

- Electronic support (ES) receivers are used to search, locate and identify sources of
electromagnetic radiation [8, 9, 10]. The detection of the presence of unknown sig-
nal(s) is an important goal in ES, and also in spectrum monitoring, which can be used
for detecting unlicensed transmitters. In both applications the signal to be detected
can range from analog to digital and from narrowband to wideband. Quite often some
parameters of the single channel ground and airborne radio system (SINCGARS) are
used when analyzing ES systems [11].

- Pulsed radar transmits and receives electromagnetic pulses. If there is a target present,
the received signal will contain noise and a distorted echo of transmitted waveform.
The distance of the target is directly related to delay between transmitting and receiv-
ing the pulse. The search or surveillance problem is to decide if the received signal
contains only noise or noise and a signal [12].

- Methods similar to those described above for electromagnetic pulses can be used with
underwater acoustic pulses. The device converting acoustic signals into electrical
signals is called a hydrophone. A passive sonar processes the received electrical
signal(s) and decides if it contains only noise, or noise and a signal generated by a
ship or a submarine. It is also possible to use active sonars, which are similar to
radars: they transmit an acoustic pulse and then listen for an echo [13].

- A cognitive radio is a radio that can alter its parameters, such as frequency, dynam-
ically based on the environment and/or user demands. Spectrum sensing cognitive
radio refers to a situation whereby the frequency spectrum is observed. Based on the
spectrum information, signal detection methods can be used for finding signal-free
frequency bands [14, 15, 16].

Detection is based on some functionT of the received samples which is compared to a
thresholdg. If the threshold is exceeded, it is decided thatH1 is true. Letr denote the
received samples as a column vector. The probability of a false alarmPFA is the proba-
bility that H1 is selected even whenH0 is actually true, i.e.,PFA = P (T (r) > g;H0).
For example, in the case of a sonar, a false alarm occurs when it falsely decided that a
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ship or a submarine is present. Depending on the sensitivity of the situation, a false alarm
can have serious consequences. In the NP framework, the probability of a false alarm is
required to have a fixed value. Here, the desired false alarm probability is denoted with
PFA,DES. The probability of a missPM is the probability thatH0 is selected whenH1

is true. The probability of detectionPD = 1 − PM is the probability thatH1 is selected
when it is really true, i.e.,PD = P (T (r) > g;H1). In the sonar application,PD is the
probability that an alarm occurs when a ship or a submarine is present. The best detector
in the NP sense is the one with the highest probability of detection subject to the constraint
on the false alarm probability. In addition to signal detection, the NP framework can also
be used in synchronization in telecommunications [17]. Assume that the probability den-
sity functions (PDF) under both hypotheses are available. According to the NP theorem
(when ignoring possible randomization), the optimal detector uses the likelihood radio test
(LRT):

T = Λ(r) =
p (r; H1)
p (r; H0)

> g, (3)

wherep(r; Hj) is the PDF under hypothesisj, Λ() is the resulting likelihood ratio and the
thresholdg is chosen so thatPFA = P (Λ (r) > g;H0) = PFA,DES.

In practice, the PDFs under hypothesesH0 andH1 often depend on some unknown
parameters, i.e., the test at this point is a composite one. It can be reduced to a simple
one if and only if the the parameters are random and their PDFs are known. Then, the
unknown parameters can be integrated out and the resulting optimal NP test is [4, p. 198]

T = Λ (r) =
∫

p (r| θ1; H1) p (θ1) dθ1∫
p (r| θ0; H0) p (θ0) dθ0

> g (4)

wherep (r| θi;Hi) is the PDF underHi andθi are unknown parameter vectors.
However, often prior uncertainty is such that the parameters must be modelled as non-

random, unknown quantities. In this case, no optimum test can be usually defined. In
some special cases, the NP test can be reduced to be such that it does not depend on the
unknown parameters; then it is called the uniformly most powerful (UMP) test. An alter-
native is to estimate the unknown parameters using the maximum-likelihood approach. If
these parameters are used in the LRT instead of the actual (but unknown) parameters, the
resulting test is called the generalized likelihood ratio test (GLRT): [4, p. 200]

TGLRT =
maxθ1 p (r; θ1,H1)
maxθ0 p (r; θ0,H0)

> g (5)

The GLRT is a suboptimal detector that often has a satisfactory performance.
Assume that the probability of a false alarm is required to have a fixed value, as in the

NP framework. Now, to be able to set the proper detection for any test requires knowledge
of the PDF of the decision variable underH0. If it is unknown, it is best if additional
reference observations of the noise process are available. This is the so called two-channel
or two-input problem [18]. If the noise PDF has an unknown form, nonparametric methods
can be used [18]. However, the noise PDF is usually known except with some scaling
factors. For example, if the noise is a white zero-mean Gaussian process, only the noise
variance is unknown. In the radar literature, several threshold setting strategies have been
proposed for the two-channel problem. These detectors are usually called a constant false
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alarm rate (CFAR) [19]. Quite often, some of the reference samples are corrupted. This
means that they have signal or interference components in addition to just noise. The
severity of performance degradation depends on the CFAR method and the amount of
corruption, see Section 2.4 for further details.

In some applications, such as telecommunications, it is possible to assign prior proba-
bilities to possible hypotheses. In the Bayesian approach to hypothesis testing, costs are
assigned to different types of errors and the decision rule is based on minimizing the ex-
pected cost (risk) [4]. It can be shown that the detector minimizing the Bayes cost also
uses the likelihood ratio. However, the detection threshold is in general different from that
used in the NP framework, since it depends on the costs and the prior probabilities. If
the costs are available, but the priors cannot be realistically assigned, then the min-max
criterion can be applied. It minimizes the maximum possible risk [3].

1.2 Energy detector

Assume that noise is complex or a real white Gaussian process, and that signal is also a
white Gaussian process. As a consequence, a detector measuring energy is optimal: it is
the LRT [4]. On the other hand, assume that the signal samplessk are unknown parameters
and noise is a white Gaussian process. In this case, the GLRT results also in the energy
detector. Often, the energy detector is called a radiometer or quadratic detector.

An energy detector corresponding to the signal model in (2) calculates the decision
variable

V =
N−1∑

k=0

|rk|2, (6)

whererk is the received infinite precision discrete signal. Often, it is quantized to produce
a digital signal̄rk, which can be used instead ofrk in (6). Fig. 1 shows a zero-IF (inter-
mediate frequency) receiver with two analog-to-digital converters (ADC) that are used for
sampling and quantizing the in-phase and quadrature signals.

 
 
 
 
 
 

 

Bandpass 
Filter H0(f) 

Downconversion 2xADC 
(I, Q) 

kr

Fig. 1. Zero-IF receiver front-end.

An analog total power radiometer calculates the energy receiver over the lastTR sec-
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onds, i.e.,

V =

t∫

t−TR

|y (t)|2 dt, (7)

where the signaly (t) has been filtered with a bandpass filter with bandwidthWR, see
Fig. 2. The form (6) can be viewed to be an approximation of the above continuous time
result. The radiometers are used for detection by alerting whenV exceeds the detection
thresholdη, which is set according to the statistical properties of radiometer outputs when
only noise is present.

 

Bandpass 
filter ( RW ) 

Squaring 
device  

Integrator 
( RT ) 

V( )ty

Fig. 2. Total power radiometer.

The energy detector/radiometer can be used in several applications, some of which
are mentioned here. In ES, the radiometer can be used for detecting spread-spectrum
signals [9]. In cognitive radio, the energy detector can be used for finding signal-free
frequency bands [14]. It should noted that a simple energy detector is not always enough,
it may be necessary to have several cooperating sensing nodes, not necessarily using an
energy detector, performing distributed detection [20]. In radio astronomy, a radiometer
can be used for measuring the signal power. In telecommunications, a non-coherent ultra-
wideband (UWB) [21] receiver may be implemented using energy measurements. For
example, in the case of bit position modulation (BPM), the bit decision is based on the
measured energies in the possible bit positions [22].

The channelized radiometer is a multichannel receiver that has several total power ra-
diometers covering different frequency bands. It is especially useful for detecting fre-
quency hopping (FH) spread-spectrum signals [9].

1.3 Aims and outline of the thesis

In this thesis, the focus is on the binary detection problem. The main goal is to develop
and analyze energy based detectors as well as their generalization — a power-law detector.
To support this goal, the existing results are reviewed in Chapter 2 and the signal model is
presented in Chapter 3.

The received signal is usually quantized in practical equipment and the detection deci-
sion is based on the quantized received signal. A proper threshold setting may be difficult,
especially when quantization is used and the noise variance is unknown. The analysis
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of the quantized radiometer found in the literature lacks accurate results. Further study
is required to determine its properties and limitations. This is the problem considered in
Chapter 4, which is based on original publication [23]. There, the false alarm probabil-
ity of a quantized radiometer using different threshold setting strategies is analyzed. The
input is assumed to follow the Gaussian distribution.

In a practical signal detection system, the instantaneous bandwidth may be limited. To
cover a wider bandwidth, the receiver may use frequency sweeping. In frequency sweep-
ing, the center frequency is changed as a function of time. The performance analysis of
multichannel receivers with frequency sweeping available in the literature is quite limited
and will be the subject of Chapter 5. The chapter is mainly based on original publica-
tion [24], and partly on [25, 26, 27]. An analysis of the effects of frequency sweeping on
a channelized radiometer is presented. It is assumed that the signal to be detected uses
slow frequency hopping (SFH) and that sweeping is faster than hop dwell time. Different
methods to make decisions based on the available total power radiometer outputs are ana-
lyzed. These methods are based on using logical-OR, sum and maximum operations. The
performance of a logical-OR based channelized radiometer is calculated by applying the
results derived in [11]. In addition to these practical methods, also the optimum detector is
analyzed. Optimal detection statistics conditioned on the normalized radiometer outputs
are presented.

The threshold depends on the noise statistics, which is often assumed to be known when
a channelized radiometer is investigated [9, 10, 11]. If the noise statistics are known, the
ideal detection threshold can be determined. However, if the noise statistics are unknown,
CFAR strategies can be used. There, the threshold is determined using reference cells.
Several CFAR strategies have been proposed and analyzed in the radar literature [19].
However, in channelized radiometer literature, these methods have not been previously
studied, except cell-averaging CFAR (CA-CFAR) [28]. Further study comparing different
radar CFAR strategies in the context of the channelized radiometer is required. This is the
topic in Chapter 6, which is based on original publication [29]. In that publication, novel
automatic CFAR methods based on the consecutive mean excision (CME) methods are
also presented.

The threshold setting of a power-law detector has been so far limited to a case with-
out windowing, which is used in practice to reduce the spectral leakage. In Chapter 7, the
threshold setting of a power-law detector with windowing is studied. The chapter is mainly
based on original publication [30], and partly on [31]. The results presented there enable
the use of the windowed fast Fourier transform (FFT), and other nonorthogonal trans-
forms, with the power-law detector. As in interference excision [32], windowing causes
windowing loss. However, it is cost-effective if the same transform can be used in many
applications. The actual performance loss depends on the window used and the signal to
be detected. The performance loss when the signal is a sinusoidal or a direct-sequence
(DS) signal is studied.

Finally, Chapter 8 concludes the thesis. Therein, the main results and contributions of
the thesis are summarized.
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1.4 Author’s contribution to the original publications

The thesis is in part based on eight original publications [23, 24, 25, 26, 27, 29, 30, 31].
In [23], the impact of a uniform quantizer on the false alarm probability of the total power
radiometer is theoretically analyzed using exact methods. Several possibilities to set the
detection threshold are studied and compared. In [24, 27], analysis of the effects of fre-
quency sweeping on a channelized radiometer is presented. Different methods of making
a decision, based on the available total power radiometer outputs, are analyzed. Exact re-
sults for the sum-sum channelized radiometer are found by calculating the relevant discrete
density functions. The performance of a maximum-sum based channelized radiometer is
found with a novel application of the shifted log-normal approximation instead of using
the normal approximation that was applied in the original publication [25]. An efficient
method for calculating the numerically demanding likelihood ratio used in optimal detec-
tion is proposed and its accuracy is studied. The effects of the sweeping speed on the
detectors mentioned above are analyzed. Numerical results are presented for two cases.
Case (a) has a large number of observed hops, and case (b) has a small number of ob-
served hops. The effects of fading on the logical OR-sum, sum-sum and maximum-sum
based detectors are analyzed. In [29], methodologies and ideas from the radar literature
are applied to the channelized radiometer. Novel automatic CFAR methods based on the
consecutive mean excision (CME) methods are also presented. In [30], a method to set the
threshold of a power-law detector that uses a nonorthogonal transform is presented. The
mean, variance and skewness of the decision variable in the noise only case are derived
and these are used to find a shifted log-normal approximation to the distribution of the
decision variable. In [31], the performance of the power-law based intercept receiver in
detection of spread spectrum signals was studied. In [26], it is proposed that a power-law
statistic can be used to combine channelized radiometer outputs.

The publications have been conceived and written by the author, and the author pro-
duced all analytical and simulation results presented in the publications. The other au-
thors provided criticism, comments, and some ideas. For clarity, and to enable uniform
treatment, the thesis is presented as a monograph and the original publications are not
reprinted.



2 Literature review

This chapter gives a literature overview of different energy or power based detection de-
tection methods. The total power radiometer is discussed in Section 2.1, and different
decision strategies for processing the local decisions are briefly presented in Section 2.2.
A channelized radiometer is the topic in Section 2.3. CFAR methods are introduced in
Section 2.4, including the excision CFAR and the automatic CFAR. Finally, the power-
law detector is discussed in Section 2.5.

2.1 Total power radiometer

In his landmark paper in 1967 [33], Urkowitz analyzed the distributions of the contin-
uous time radiometer output in the noise-only case, and when a deterministic signal is
present. His work was based on sampling the received bandlimited waveform within the
integration interval, and then using thesinc-interpolation to reconstruct the signal from
the samples. This results is an approximation, because the sampling theorem requires that
samples outside the integration interval are also used. However, usually the difference is
not significant. Urkowitz discusses also the prolate spheroidal functions. Shnidman [34]
and Urkowitz [33] have noted that the radiometer distributions correspond to a radar using
noncoherent integration with the constant target model [35], [12, Chapter 10]. Mills &
Prescott [36] present several classical radiometer models. They can be used to approx-
imate radiometer performance instead of using the exact results. A quote below from
Urkowitz [33] discusses the consequences of assuming a deterministic signal:

"Although this paper has taken the view that the unknown signal is of determin-
istic form, there is nothing in it which changes results for any signal, known
or unknown, deterministic or random, provided the probability of detection is
considered a conditional probability of detection where the condition is a given
amount of signal energy, then its detection probability is given by the results of
this paper, regardless of where the signal comes from."

In addition to the total power radiometer, there are also Dicke radiometers and correla-
tion radiometers [9]. A list of twenty-seven references studying radiometers, for example,
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in radio astronomy, has been compiled by Dillard & Dillard [9, p. 42–47]. In classical
radiometer applications, the input is assumed to be a Gaussian signal, and the goal is to
accurately measure the signal power or variance. In these applications, so called sensitiv-
ity can be used for performance evaluation [37]. Here, we use the radiometer for detection
purposes.

Dillard & Dillard [9] note that the radiometer is useful for detecting many spread spec-
trum signals when the exact signal structure is not known. The relationship between a
radiometer having a time-bandwidth productTRWR = 1 and the envelope detector has
been discussed by Urkowitz [33]. Sonnenschein & Fishman [38] have studied the effects
of noise level uncertainty on the radiometer. Noise level uncertainty refers to a situation
where the noise variance is only approximately known. Caiet al. [39] have studied ra-
diometer performance in a noise fluctuating channel, where the noise level is changing
due to, for example, changes in temperature. Gevargizet al. [40] have studied a total
power radiometer with narrow-band interference rejection before detection. Interference
excision before the radiometer has also been studied by Davidovici & Kanteratis [41].
Dillard & Dillard [9, p. 32–34, p. 112] have analyzed a system using one radiometer that
is continuously swept and the center frequency is changed with a constant slope. Poly-
doros & Weber [42] have studied optimal detection of DS and time hopping (TH) signals.
Performance was compared with that of the radiometer. McKinstry & Buehrer [43] used a
radiometer for detecting the presence of an UWB signal. It was noticed that using higher
order modulation methods, and/or coding, makes detection more difficult. Gardner [44]
discusses the drawbacks of radiometry, and argues that cyclic-feature detection may have
better performance, see also [16]. Laboratory measurements with the radiometer and some
other detectors have been reported by Hill & Felstead [45]. Sousa [46] has studied the
crosscorrelation radiometer. It attempts to overcome difficulties the total power radiome-
ter has with noise power uncertainty. Eaddyet al. [47] showed that the optimum detector
of colored Gaussian signals in white Gaussian noise can be well approximated with the
radiometer.

Usually in radiometer studies, a non-fading additive white Gaussian noise (AWGN)
channel is assumed. The simple AWGN channel can be used, for example, for modelling
air-to-air channels. However, in many practical situations fading occurs. MacMullan [48]
studied the effects of movement between the intercept receiver and the signal source on a
total power radiometer detecting FH signals. It was assumed that the channel consists of a
direct component and a reflected component. Kostylev [49] and Dighamet al. [50] have
also studied the use of a radiometer for detecting unknown signals in a fading channel.
In addition to Rayleigh fading, Digham also considers Nakagami fading channels and
independent identically distributed (IID) diversity paths.

Expressions for the mean and variance of the quantized total power radiometer out-
puts with a white Gaussian input, taking into account the effects of the bandpass filter
and saturation, have been derived in 1973 by Ohlson & Swett [51]. Although the goal
therein was to measure the signal power, as in [52], the mean and variance can also be
used for evaluating the detection performance of a quantized radiometer with the Gaus-
sian approximation [14]. Koivuet al. [53] have studied the performance of a quantized
radiometer with simulations. The detection threshold of an analog total power radiometer
was used. In Koivuet al. [54], a quantized total power radiometer was studied, and the
noise level was estimated, based on quantized noise-only reference samples. The strategy
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Fig. 3. Detection in non-overlapping (block) and overlapping systems,M = 3.

used there is similar to CA-CFAR, but with a different scaling factor. Gandhi [55] has
theoretically studied the effects of quantization in CA-CFAR signal detection. The order
statistic CFAR (OS-CFAR) detector was also studied. However, an analog square-law
device was assumed so that the input follows the exponential distribution.

2.2 Decision strategies for a total power radiometer

In the integrate-and-dump (I+D) case, the radiometer output is sampled periodically every
TR seconds [9]. It is also possible to use continuous integration, where the radiometer out-
put is not sampled. Instead, an alarm occurs when the measured energy crosses a threshold
in an upward direction [56]. Assume that I+D is used. Now, the radiometer outputs mea-
sure energies which are compared to a threshold. These decisions can be used directly
or it is also possible to use various other decision strategies that make a decision based
on the preliminary decisions in several integration intervals. Binary integration (BI) is a
well known postdetection method for processing the preliminary decisions, for example,
in radar or radiometer applications [12, 9, 57, 58]. This was analyzed in the 1950s by
Schwartz [59] and Harrington [60]. In BI,M preliminary decisions (1 or 0) correspond-
ing to an observation period are added, and the sum is compared to a second threshold
kM . Binary integration is also called double-threshold detection, binomial fixed sample-
size testing, coincidence detection andk-out-of-b detection [12, 9]. Binary integration can
be used, for example, for detecting TH signals [9]. One advantage of using BI is that
even very strong interference in a few radiometer intervals does not cause a false alarm,
depending of course on the second threshold. The observation periods for different fi-
nal decisions can be either overlapping or non-overlapping, see Fig. 3. Torrieri [58] calls
the non-overlapping system ”block detection”. Using overlapping limits misalignment be-
tween the signal to be detected and the observation period, in contrast with block detection
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[58]. In the overlapping system, there are at least two possible detection strategies. It is
possible to always alarm when the sum of the preliminary decisions exceedskM [61]. It is
also possible to alarm only when the sum exceedskM in the upwards direction. The latter
method is called binary moving window detection (BMWD) [56]. Dinneen & Reed [62]
present some additional methods.

2.3 Channelized radiometer

The basic idea in channelized receivers is to use several parallel narrowband receivers.
Tsui [63, Chapter 7] notes that channelization can be applied to many receiver designs.
When channelization is applied to the total power radiometer, the resulting structure is
called the channelized radiometer [11, 9, 58, 64, 65]. It uses multiple radiometers, i.e., it
integrates energy in many frequency bands simultaneously. It can be used, for example,
for detection of a FH signal. Fig. 4 shows the structure of a channelized radiometer based
detection system. The system hasNC radiometers which form a channelized radiometer,
each with bandwidthWR and integration timeTR. The description of the alarm circuitry
is left to Section 3.2. Basically, the local or preliminary decisions from the individual ra-
diometers are combined using, for example, a logical-OR operation. It is possible to sum
several combined outputs. These combined outputs from different integration intervals
are summed. The output is compared with the second thresholdkM . Mills & Prescott
[64, 65] have studied detecting FH networks using the channelized radiometer. Nem-
sick & Geraniotis [28] have studied CA type algorithms in the context of the channelized
radiometer. The Gaussian approximation was used and some further processing of the
decisions was performed to separate the alarms caused by single channel signals and jam-
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mers. The Woodring-Edell combining method uses the likelihood ratio [66]. The optimum
noncoherent detector for fast frequency hopping (FFH) signals [67] is closely related to
the channelized radiometer using Woodring-Edell combining. The difference is that en-
velope detectors are used instead of bank of radiometers. In [67], a simplified detector
called a multiple-hop maximum likelihood (MML) is also introduced. It corresponds to a
channelized radiometer using logical-OR function.

In a practical channelized radiometer implementation, instantaneous bandwidth may
be smaller than the signal bandwidth. This may happen especially when the signal to be
detected is a spread spectrum signal, e.g., a FH signal. On the other hand, in some imple-
mentations, the number of radiometers may be limited. In systems with limited bandwidth,
the simplest possibility is to use the same center (carrier) frequency at all times. Another
possibility is to change the center frequency of the receiver, i.e, to perform frequency
sweeping [9, p. 32],[68]. Rapid sweeping has been used for detecting SFH signals in [68],
where the performance of a sweeping sum based envelope receiver implemented with the
FFT was analyzed. Here, rapid sweeping refers to a situation where the duration that the
receiver stays at a certain frequency is small relative to the time that the signal frequency
is unchanged. This can be referred to as ”sweeping faster than hop dwell time”. Proba-
bility of intercept (POI) of multichannel receivers using rapid sweeping has been studied
in [69, 70]. Dillard & Dillard [9, p. 32–34, p. 112] have analyzed a system using one
radiometer that is continuously swept and the center frequency is changed with a constant
slope. The approximate results are given there for a system using BMWD. Milleret al.
[11] have analyzed systems where the bandwidth of each radiometerWR can be increased
to improve the intercept probability, for a fixed number of radiometers. It was found that
the performance of the channelized radiometer depends more on the number of radiometer
channelsNC than of the covered hopping band.

For detecting TH signals, a similar structure to that of the frequency channelized ra-
diometer can be used. Instead of using a radiometer with different frequency bands, ra-
diometers with different time-intervals are used [9, 56]. In this case, the logical OR opera-
tion would be performed on the local decisions in each hopping interval. An upper bound
to the performance can be found by assuming time synchronism. This type of structure is
sometimes called a time channelized radiometer [43] or multi-radiometer system [71].

A compressive receiver is an alternative to channelized receivers. Its use for detecting
FFH signals has been studied by Snelling & Geraniotis [72]. In a compressive receiver,
the signal is mixed with a chirp-type signal and is filtered with a pulse compression filter.

2.4 CFAR methods

For threshold setting, it is necessary to know the PDF of the decision variable underH0.
Usually the noise is known except for some scale factors. The unknown scale factor can
often be taken into account by using a threshold based on some reference samples. In some
situations, it is necessary to take into account also a ”shape” parameter [73]. However,
here we consider only the scale factor, as usual. Ideally, the reference samples should
be ”signal-free”, i.e., they should contain only noise components. The methods based on
using reference samples are often called CFAR. In the radar literature, numerous CFAR



25

methods have been proposed and studied, some of which are specific to the radar problem
wherein, for example, clutter level changes can occur. In the radar problem, CFAR can
be implemented based on range cells, angle cells, or Doppler shift cells. Usually, the
range cells are used for radar CFAR [74]. Denote the value of the cell where the local
detection decision should be made withZ, and let the values of the reference cells, i.e.,
the reference samples, beZi, wherei = 1, 2, · · · , NR andNR is the number of reference
cells. In the radar problem, it is usually assumed that the cells are independent and follow
the exponential distribution with PDF

f (z) =
1

2he−z/2h, z ≥ 0, (8)

where, if the cell contains only noise,h = µ andµ is background noise power. If the cell
contains also signal(s),h = µ(1 + S) andS is the average signal-to-noise ratio [19, 75].

The thresholds of different CFAR methods can be expressed with

η = Tg (Z1, Z2, · · · , ZNR
) , (9)

whereT is a scaling factor, andg is a function that defines the properties of the CFAR
method. For example, Ritcey [76] notes that it is possible to use the weighted sum of the
ordered samples. This method is sometimes called the generalized order statistic (GOS)
CFAR detector [77] orL-CFAR [75]. The threshold is

η = TGOS

NR∑

i=1

%iZ(i), (10)

where reference values have been sorted in ascending order so thatZ(1) ≤ Z(2) ≤ ... ≤
Z(NR), %i are the weights of the GOS filter, andTGOS is the GOS scaling factor. The
probability of detection, assuming the exponential model, is [75]

PD =
NR∏

i=1

1
1 + TGOSξi

1+S

, (11)

where

ξi =
1

NR + 1− i

NR∑

k=i

%i (12)

and the probability of false alarm is obtained using (11) withS = 0. Most conventional
CFAR detectors can be expressed as special cases of the GOS-CFAR. In CA-CFAR,%i =
1, i.e., it calculates the sum of the reference cell values. By calculating the false alarm
probability using the methods described above, it is found that to obtain the desired false
alarm probabilityPFA,DES, the scaling factor should be

TCA = (PFA,DES)−1/NR − 1. (13)

In [78], it has been shown that a detector using the CA-CFAR is UMP, assuming the
exponential distribution and signal-free reference cells. However, CA-CFAR is known to
have poor performance in nonhomogeneous backgrounds [19], which refer to situations
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where part of the reference cells are not signal-free, or the noise power varies between
cells. The former usually means that there are multiple targets. The latter is called clutter
transitions (in radar literature). The OS-CFAR has been proposed in [79]. There,

%i =
{

1 if i = k
0 otherwise (14)

wherek is a fixed parameter that controls the properties of OS-CFAR. The OS-CFAR is
significantly more robust against multiple targets than the CA-CFAR. However, in radar
applications, it can have problems with clutter edges [19]. In adaptive order statistic (AOS)
CFAR, the order parameterk of the OS-CFAR is changed if an clutter edge is detected
[80]. Rickard & Dillard [81] have proposed the censored cell averaging (CCA) detector,
whereNR − k of the largest cell values are censored, i.e.,

%i =
{

1 if i = 1, 2, · · · , k
0 otherwise (15)

Ritcey [76] has proposed the censored mean level detector (CMLD). The CMLD uses
weights

%i =





1 if i = 1, 2, · · · , k − 1
NR − k + 1 if i = k
0 otherwise

(16)

The scaling factor for CMLD is given byTCMLD = −1 + (PFA,DES)−1/k [76]. Holm
& Ritcey [82] and Lops [75] have shown that the weights (16) are optimal for a system
censoringNR − k samples, assuming the reference cells contain only noise. For no cen-
soring, the CA-CFAR comes out as the optimum solution. In [82], it was additionally
shown that the probability of detection of the CMLD-CFAR converges to the probabil-
ity of detection of the fixed-threshold NP test whenk becomes large. Gandhi & Kassam
[19] have proposed the trimmed mean (TM) CFAR, which censors some fixed amount of
the largest and the smallest cell values. Ozguneset al. [83] have proposed the variably
trimmed mean (VTM) CFAR detector. There the number of smallest cell values to be cen-
sored in fixed. However, the number of largest values to be censored is data-dependent.
Generally, VTM-CFAR can give some performance improvement over the OS-CFAR in
clutter edge and multiple target environments [83]. Assume thatZ(k) is the smallest value
to be included in the reference set. Now, those cell values that fall within the interval

[
Z(k), (1 + O) Z(k)

]

are used as the reference set. TheO is a design parameter. The threshold for the test cell
is the average of the reference set multiplied by a scaling factorT . The scaling factorT
corresponding to the desired false alarm probability can be calculated using [83, Eq. (22)].
With O = 0, VTM reduces to OS(k), with O = ∞, it reduces to TM that does not censor
any of the largest cell values [83].

The most interesting radar CFAR publications consider noncoherent integration. In this
case, the cell values follow the same distributions as the channelized radiometer outputs,
at least in the noise-only case. Shnidman [84] has presented the scaling factors for the CA-
CFAR detector. Lim & Lee [85] have analyzed an OS-CFAR detector with noncoherent
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integration, and have found the proper scaling factors. Han & Lee [86] have also studied an
OS-CFAR detector with noncoherent integration, where, the order statistics cell averaging
(OSCA) and order statistics greatest of (OSGO) methods have been analyzed for general
fluctuating targets. These methods divide the cells into two groups. The cells before the
test cell (leading) and the cells after the test cell (lagging). The OSCA uses the sum of
some order statistics in the leading and lagging windows and the OSGO uses the maxi-
mum of those. Kimet al. [77] have analyzed the GOS-CFAR detector with noncoherent
integration. Shnidman [84] has studied the detection performance of the CA-CFAR de-
tector in the constant target case, which corresponds to the channelized radiometer model
by Urkowitz [33]. Shnidman [57] has recently studied binary integration combined with
noncoherent integration.

Smith & Varshney have presented an interesting CFAR processor based on a variability
index (VI) [87]. It is designed especially for situations with clutter edge, but can also
be used when multiple targets are present. The VI is based on calculating the ratio of
variance estimate and the squared mean estimate. Depending on the VI of the leading
and lagging windows, and also on the ratio of means in leading and lagging windows,
reference samples can be the samples in the leading window, lagging window, or in both
windows. The sum of the reference samples is multiplied with the CA-CFAR scaling
factor corresponding to the size of the reference set and the desired false alarm probability.
Due to the design of the VI-CFAR, detection performance degrades if targets are present
in both windows.

A clutter map CFAR has been analyzed by Nitzberg [88]. It uses a detection threshold
based on the temporal average of the previous values of the resolution cell to be tested.
The averaging can be efficiently implemented using a forgetting factor technique [88].
Lops & Orsini [89] have studied scan-by-scan averaging CFAR. It is based on mapping
several range cells into a map cell. The number of range cells per a map cell is usually
relative small, so that the background is usually homogeneous. The background estimate
is based on previous values of the range cells in the map cell. Nonlinear processing, for
example taking the maximum, can be used when updating the background estimate [89].
Lops [75] has proposed and analyzed processing the range cells in each map cell with a
spatialL-filter. Background estimation was done by filtering in time. A given number of
the largest samples can be censored by using zeros in theL-filter.

Corrupted reference samples have signal or interference components in addition to just
noise. As stated above, especially the CA-CFAR is known to have an unsatisfactory per-
formance when some of the reference cells are corrupted. There are at least two methods
for combatting the effects of interference. First, it is possible to use fixed censoring, where
some of the largest reference cell values are ignored. Fixed censoring is used, for exam-
ple, in CCA-CFAR, CMLD-CFAR, TM-CFAR and GOS-CFAR. The effects of corrupted
reference samples on systems using fixed censoring are briefly discussed in Section 2.4.1.
Secondly, it is possible to use automatic censoring. Here, automatic refers to the fact that
the number of censored cells is not fixed. Instead, it is determined based on the actual
values of the reference cells. Automatic CFAR methods are discussed in Sections 2.4.2
and 2.4.3.
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2.4.1 Fixed censored CFAR

The effects of interference on fixed censoring methods are discussed with emphasis is on
the CMLD-CFAR method. Assume that the number of reference cells isNR = 32 and
that CMLD-CFAR is used withk = 24 (the weights are given by (16). For simplicity,
assume additionally that the interference is infinitely strong. In this case, the interference
reduces the dimensionality of the reference set. Because eight of the highest reference cell
values are ignored, the maximum number of cells with interference is also eight. Assume
that the scaling factor is chosen assuming that there arelD cells with interference. Note
that usually it is assumed thatlD = 0, i.e., the scaling factor is designed for the noise
only case. Now, Fig. 5 shows the actual false alarm probabilities of detectors designed
for different values oflD. It corresponds to [76, Fig. 5]. For example, it can be observed
that a system designed forlD = 0 obtains exactly the desired false alarm probability only
when the actual number of interfering targets islA = 0. WhenlA > 0, the probability
of false alarm will be smaller than the desired value. On the other hand, if the system is
designed usinglD = 8, the desired probability of false alarm is obtained exactly when
lA = 8. However, iflA < 8, the probability of false alarm will be higher than the desired
value, which is a serious breach of the NP requirements.
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Fig. 5. Actual probability false alarm, CMLD-CFAR, NR = 32, k = 24, andPFA,DES = 10−4.
The curves are indexed with the assumed number of interfering targetslD.
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2.4.2 Excision CFAR

Excision CFAR is an automatic CFAR method that has been proposed in 1973 by Urkowitz
& Perry 1 [90]. Those cell values that are higher than some secondary threshold are cen-
sored before calculating the mean. This method, called the excision CFAR, was mathe-
matically analyzed by Goldman & Bar-David [91]. The PDF of the normalized mean of
the samples surviving excision was found. It depends on the ratio of the excision thresh-
old BE to 2h, denoted withα, but not on the absolute values. An example of the PDF is
shown in Fig. 6. Whenα is very large, the PDF is the chi-square PDF (scaled with1/2NR)
with 2NR degrees of freedom, as expected [91]. Using similar techniques, the probability
of a false alarm is derived. It depends on the scaling factor used for setting the detection
thresholdγD, NR andα. The excision threshold can be represented withBE = 2αh. It
depends on theh, which therefore should, unfortunately, be known. Therefore, strictly
speaking, this is not actually CFAR, since some prior information about the noise variance
is needed in order to avoid too heavy (or too light) censoring. Assuming only noise is
present in the reference cells, small values ofα result in performance loss. This is due
to censoring reducing the effective size of the reference set [91]. If theα is very large,
the proper scaling factorγD = TCANR, whereTCA is conventional CA-scaling factor
and the multiplication withNR is due to calculating a mean instead of a sum. The same
value ofγD is used for all values of surviving samples. Fig. 7 shows the probability of a
false alarm as a function of the parametersα andγD whenNR = 20. It can be observed

1RCA systems technology memo STM-11011, May 18, 1973, also US Patent 3995270, by Perry and
Urkowitz
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that the CA-scaling factor gives exactly the required false alarm probability for situations
whereα is very large. The smallerα is, the larger the proper scaling factorγD for a fixed
false alarm probability is. In addition to these results, Goldman [91] finds the expressions
for the probability of detection of a constant target and also studies binary integration of
the local decisions. It is suggested to chooseγD based on infiniteα [91]. Assume that ten
local decisions are binary integrated and that the BI threshold is five. Now,γD correspond-
ing to the final false alarm probability10−3 is 2.5612. This result can be obtained using
binomial inverse and the CA-scaling factor. As long asα is sufficiently large, the obtained
false alarm probability will be close to the required value. Goldman suggests choosing the
actual detection threshold before normalization based on the minimum tolerableα, so that
BE = 2 hmax αmin, wherehmax is the maximum expectedh. However,BE should not
be too large, otherwise interference is not censored. Also, he suggests estimating the real
value ofα, and using that when choosingγD. Conteet. al. [92] have extended Goldman’s
results to include fluctuating targets. Goldman [93] has also analyzed the performance of
the excision CFAR in the presence of interferers with a fluctuating target model.

2.4.3 Automatic censored CFAR

Barboyet al. [94] have proposed an automatic CFAR method, whereby the reference cell
censoring is done with an iterative backwards method. Barkat & Himonas [95, 96] have
proposed automatic censored CFAR detectors, which automatically estimate the number
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of largest reference samples to be censored using an iterative forward method. Reference
cell censoring has also been considered in the space-time adaptive processing (STAP)
literature [97]. In thekth iteration of the forward methods, the following test is performed
[95, 96]:

Z(k+1) ≥ Tk

k∑

i=1

Z(i), (17)

whereZ(k) are the reference values sorted in ascending order andTk is the censoring
scaling factor at thekth step. If the test is true it is decided thatZ(k+1) and all the larger
values are corrupted. The first test isZ(2) ≥ T1Z(1). If this test is true, it is decided that
the reference cells corresponding toZ(2), · · · , Z(NR) are corrupted. Otherwise, the test is
performed again withk incremented by one. This is continued until the test is true for
some value ofk or it is decided that all the reference cells are signal-free. The ”automatic
censored mean level detector” (ACMLD) scaling factors are designed for some value of
probability of false decision,PFC, in each test during the iteration process. In [95, 96]
the exponential distribution is assumed. In this case, it is possible to take advantage of the
special properties of the ordered statistics of the exponential distribution in the derivation
of the scaling factors, corresponding to the desiredPFC. In [96], it has been assumed
that all the reference cells contain only noise. Alternatively, in [95] it has been assumed
that the interfering signals in the reference cells are infinitely strong andZ(k+1) is the
last remaining signal-free cell. The scaling factorTk derived in [95] can be viewed to be a
special case of theTk in [96] with NR = k+1. According to [96, Eq. (18)], the probability
of a false decision at thekth iteration is (assuming some conditions are satisfied)

PFC =
(

NR

k

)
1

[1 + Tk (NR − k)]k
. (18)

Strictly speaking, the result (18) is valid only assuming that testk is always reached. A
simulation was performed using ACMLD scaling factors given by (18), see Fig. 8. It can
be observed that with the ACMLD scaling factors, the probability of a false decision is
rather close, but not equal, to the required value. The difference between the desired and
obtained values depends on the test number. Whenk = 1, the desired and obtained values
are actually exactly the same. It can also be observed that if the tests are always performed,
i.e., iteration is not stopped even if the current test is true, the probability of false decision
is equal to the desired value.
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Fig. 8. Probability of a false decision, ACMLD scaling factors, homogeneous background,
NR = 16 and desiredPFC = 10−2. All tests are always performed (dash-dotted line), normal
operation (solid line).
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After censoring, it is possible to use either TM-CFAR or CA-CFAR scaling factors. The
CA-CFAR scaling factors have better performance. However, the false alarm probability
may be higher than desired, depending on how well the censoring method works. Fig.
9 shows simulation results corresponding to those presented in [96, Fig. 11]. The TM-
CFAR scaling factors were used for final detection and the ACMLD scaling factors [96]
were used for iterative censoring. In simulations, it was noticed that ACMLD surprisingly
often censors a large number of reference cells even when they all are actually clean. This
may be related to the fact that ACMLD always starts iteration using only the smallest
cell. The false alarm rates were found to be somewhat higher than desired, even with the
TM-CFAR scaling factors. This can be partly explained as follows. For example, when
iteration is stopped in the first test, then the smallest cell is usually very small. The TM-
CFAR gives exactly the desired false alarm probability if it is always performed with data-
independent parameters and assuming a homogeneous background. If it is performed with
unusually small values, the false alarm probability will be higher. For example, the false
alarm probability corresponding to Fig. 9 with no interfering targets was about2 · 10−4,
i.e., twice the desired false alarm probability. With CA-CFAR scaling factors, the false
alarm probability was over six times larger than the desired value.

CME algorithms have been proposed in [32, 98, 99]. The forward CME (FCME) pro-
posed by Saarnisaariet al. [98, 99] is an iterative excision method quite similar to the
ACMLD. The differences are that the FCME can start iteration directly with, for example,
four reference cells; the iteration scaling factors are based on different type of approach
and they are very simple to calculate; and that the FCME can be used also when the cells
follow chi-square distribution with more than two degrees of freedom. The backward
CME (BCME) proposed by Henttu & Aromaa [32] initially uses all the reference cells
and operates backwards, removing samples from the clean set. Saarnisaariet al. [99]
have noted that CME algorithms are related to ”diagnostic methods” used in statistics.
Vartiainen [100] and Junttiet al. [101] have recently produced overviews of the CME
algorithms and their applications. Usually, CME algorithms are used for interference ex-
cision. For example, Vartiainenet al. [102] have studied CME based interference excision
in DS systems.

Very recently, Farrouki & Barkat [103] have proposed iterative ordered data variability
based censoring in CFAR.

2.5 Power-law detector

In this section, the power-law detector (PLD) is discussed. It can be used as an alternative
to energy detection and it has good performance with various signal types.
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2.5.1 General

The PLD is based on the summing powers of received samples. For example, when used
with the signal model (2), the PLD calculates

fv =
N−1∑

k=0

|rk|2v
, (19)

wherev is the power-law parameter. Obviouslyv = 1 corresponds to energy detection (6).
Usuallyv is a positive integer, which is often the choice also in practical implementations,
because calculation of integer powers can be significantly faster than the calculation of
non-integer powers. In mathematics, a similar concept called ”power sum” is defined with
[104]

Sp =
N−1∑

k=0

rp
k, (20)

which corresponds to a power-law detector withv = p/2, if p is even and the signal is
real-valued.

PLD can be used with time-domain samples [105] or with the FFT of the received
signal [106, 107]. More generally, any function of the received (time-domain) signal could
be used. However, in this case the problem of selecting the detection threshold may be
difficult.

An optimal power-law parameter has been determined for detecting a real-valued Gaus-
sian burst in real-valued Gaussian noise by Fawcett & Maranda [105]. An optimal detector
would consist of a bank of energy detectors with different integration times [105]. How-
ever, usually this is not practical. The power-law detector can be used instead. Numerical
inversion of the characteristic function was used to find the probabilities of a false alarm
and detection. The optimal power-law parameter depends on the relative burst length. It is
well known that when detecting a Gaussian burst with a burst length equal to the number
of samples in the detection interval, the optimal PLD is equal to the energy detector. When
the relative burst length decreases, the optimal power-law parameter increases. The signal
samples corresponding to the burst do not need to be consecutive, i.e., the power-law de-
tector does not depend on the order of the samples. Therefore, the power-law detector can
be used as a method for detecting a Gaussian burst with unknown duration and location or
a series of burts.

Frey & Andescavage [108] have studied the problem of detecting a bursty target in
multiplicative noise. This problem is more general than the one considered in [105]. It
was observed that the power-law detector is optimal for several noise distributions. This
motivates one to use the power-law detector, although usually it is not optimal when the
burst length is smaller than the observation duration.

In [108], the Cornish-Fisher approximation was used to find the detection threshold.
The Cornish-Fisher approximation requires one to find cumulants or moments. Closed
form expressions for moments are available for various noise distributions, for example,
lognormal or Gamma-Weibull. The required signal-to-noise ratio (SNR) to obtain a prob-
ability of detection of 0.5 was then found using Gaussian approximation.

Nuttall [106] has proposed a power-law detector that uses frequency-domain samples
instead of time-domain samples. These frequency-domain samples can be, for example,
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magnitude-squared FFT bins corresponding to the received baseband signal. The power-
law detector was proposed as a method for detecting a signal that is present in an unknown
number of bins / frequencies. The signal has an unknown structure, i.e, the set of occupied
bins does not have any known structure. The power-law detector was derived from the
optimum processor using approximations. The FFT is used without windowing, resulting
in an orthogonal transform. When only noise is present, the samples follow exponential
distribution. When the signal is present, it is assumed that the FFT bins containing a signal
still follow the exponential distribution, but with an higher average value than in the noise-
only situation. As stated in [107], there is no particular reason for taking this signal model
as a fact. However, it is a quite flexible model and the detectors derived using this model
seem to perform well [107]. It can be seen that the assumed signal model is actually
the same as that typically used with radar performance studies— without noncoherent
integration and with a Swerling I or II fluctuation model [84]. Therefore, the power-law
detector could also be viewed as a method for determining if a target is present in some of
the radar resolution cells under investigation but without information about the location of
the target(s) within the investigated cells.

Very recently, the power-law detector has been used in signal detection in cognitive
radios [109]. Therein, the results given in [38] for radiometer with noise uncertainty were
extended for the power-law detector / ”moment detector” with noise uncertainty.

2.5.2 Extended power law detector

Knowledge on noise variance is required for setting the proper detection threshold for the
conventional power law detector. This limits its application possibilities. Wang & Willett
[107] have extended the power law detector. First, a CFAR version of the power-law
detector is developed, so that the knowledge of the noise level is not required. Second, a
few adjacent FFT bins are combined to have better match for the signal. Third, the use of
wavelet transforms instead of the FFT is considered. The CFAR method proposed in [107]
is based on using non-overlapped non-windowed spectrogram outputs. It is assumed that
the noise level can be different in each bin and that there areL−1 noise only measurements
corresponding to each bin in the current interval. In [107], the frequency-domain samples
in the current interval are normalized with the average of the values of the reference cells.
The output SNR is proposed for choosing the power-law parameter. Threshold setting for
these detectors was done in [107] using the Gaussian and saddle-point approximations.
The Gaussian approximation requires one to find the mean and variance under the noise-
only hypothesisH0. In [107], it was found that the saddle-point approximation has much
better accuracy than the Gaussian approximation.

CFAR power-law detectors can be viewed to perform a homogeneity test (do all the
samples follow the same distribution). This is similar to outlier detection, except that the
actual location of the outlier(s) does not matter. Chenet al. [110] have studied homo-
geneity testing of an exponentially distributed data set. A new statistic was derived and
its performance was compared to that of the power-law detector. Recently, homogeneity
testing has been used in an automatic CFAR detection system in [103].



3 System models

In this chapter, system models are presented and discussed. First, the digital receiver
model and the possible detection functions are presented in Section 3.1. Then the channel-
ized radiometer model is defined and the instantaneous radiometer outputs are statistically
analyzed in Section 3.2.

3.1 Digital receiver model

Assume the general digital model (2), except that the signal sequencerk has an infinite
number of samples. The samples are grouped into blocks ofN samples and the received
signal vector in blockm is

rm =
[

r0+mMO r1+mMO · · · rN−1+mMO

]T
, (21)

where the parameterMO controls the overlapping between blocks. IfMO = N , there is
no overlapping. IfMO = N/2, there is 50% overlapping. An example is shown in Fig.
10. The FFT of the samplesrm can be presented with

xm = ΦWrm, (22)

where the FFT sizeNFFT = N , W is aN×N matrix with coefficient of the used window
wn in the diagonal andΦ is anN × N matrix with the elementsΦk,n = e−j2πkn/N .
More generally, the received signal vector in blockm can be transformed with an arbitrary
N ×N transformation matrixA, i.e.,

xm = Arm. (23)

The spectrogram calculates squared FFT magnitudes in different blocks. In sonar ap-
plications, the spectrogram is called a ”lofargram”. The frequency-domain power-law
detector uses non-overlapping (MO = N ) non-windowed (W = IN×N ) spectrogram
outputs [107]. A receiver similar to the channelized radiometer can be implemented by
summing some adjacent time and/or frequency spectrogram values in order to increase the
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Fig. 10. Grouping of samples into blocks,N = 4 and MO = 2.

time-bandwidth product [16]. An example is shown in Fig. 11. However, there are some
problems associated with this approach. If no windowing is used, spectral leakage will be
a problem [111]. On the other hand, if windowing is used, there will be energy loss. It
may be possible to mitigate these issues by using overlapping windows [112] or by using
more general time-frequency analysis methods.

A general block-based detection statistic is a function of the received samples, i.e.,
Dm = f (rm), wherem is the block index. In what follows, we ignorem if detection
decisions are based on single blocks, e.g., BI is not applied and we do not need to separate
the blocks. The time-domain power-law detector makes local detection decisions based
on

fv (r) =
N−1∑

k=0

|rk|2v
. (24)

The transform based PLD uses a decision variable

Tv (x) =
N∑

k=1

|xk|2v
, (25)

wherexk is kth element of the transformed received block vectorx, which of course
depends on the received samplesr.
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3.2 Channelized radiometer model

Assume the channelized receiver shown in Fig. 4. It hasNC radiometers with adjacent
frequency ranges, which form a channelized radiometer, each with bandwidthWR and
integration timeTR. The time-frequency product of each individual radiometer isTRWR.
It is usually assumed thatTRWR is an integer [9, p. 57] to simplify analysis, especially
in digital implementations. If this is not true, the time-frequency product can be rounded
to be an integer for analysis purposes [58, p. 296]. The measured energy in intervali and
channelj is denoted byVij . Let us assume Gaussian white noise with one-sided power
spectral densityN0. If N0 is known, normalized energiesRij = 2Vij/N0 can be com-
puted. In the case of hard-decision processing, these energies are compared to a threshold
η. After hard-decision, the outputs from different channels are combined with either a
logical-OR operation [56],[9, p. 26],[11] or a sum [26, 68]. The radiometer outputs from
different channels can also be directly combined by taking the largest output. LetM de-
note the total number of radiometer intervals in each observation interval. The combined
outputsWi, corresponding to the radiometer intervals, are summed to form the final deci-
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sion variableW . The sumW is compared to a second thresholdkM . If the sum is larger
than or equal to the threshold, and block detection is assumed, it is decided that a signal
was present in addition to noise, i.e., hypothesisH1 is accepted. Otherwise hypothesisH0

is selected.

3.2.1 Local radiometer outputs

The channelized radiometer will be studied assuming that the measured energies inH0

andH1 follow the distributions given by Urkowitz [33]. No particular implementation
structure is assumed. In the noise-only case, the distribution function ofRij is assumed to
follow the unscaled chi-square distribution with2TRWR degrees of freedom. In the de-
terministic signal-and-noise case, the distribution is assumed to follow the unscaled non-
central chi-square distribution with2TRWR degrees of freedom and non-centrality param-
eter2Eij/N0, whereEij is the energy of the signal to be detected in the time-frequency
area corresponding to the radiometer channelj in the intervali. These distributions are ac-
tually approximations, at least for some implementation structures. Still, they are usually
called exact results [9].

In the case of hard-decision processing, the radiometer outputs are compared to a
thresholdη. The local decisionCij based on the (normalized) radiometer outputRij

is

Cij =
{

1, Rij > η
0, otherwise, (26)

which have the probability of a false alarmQFA = P (Cij = 1|Eij = 0). It is given by
[9]

QFA =

∞∫

η

xTRWR−1e−x/2

2TRWRΓ (TRWR)
dx, (27)

whereη is the threshold andΓ is the gamma function [113, 6.1.1]. The probability of
detectionQD is the probability that the threshold is exceeded when a signal and noise
are present, i.e.,QD = P (Rij > η|Eij > 0) = P (Cij = 1|Eij > 0). The detection
probability is [9]

QD = QTRWR

(√
2Eij/N0,

√
η

)
, (28)

whereQTRWR
() is the generalized Marcum’sQ function [7, eq. (2-1-122)] with parameter

TRWR. The SNR required for a given probability of detectionQD can be approximated
as [11, Eq. (13a)]

Eij/N0 ≈ 1
2

([√
η − (2TRWR − 1) /2− xd

]2

− (2TRWR − 1) /2
)

, (29)
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wherexd =
√

2erf−1 (1− 2QD) anderf is the error function, defined as [113, 7.1.1]

erf (z) =
2√
π

z∫

0

e−t2dt. (30)

This result with an exact threshold, i.e., the inverse of the function (27), is a very accurate
approximation, especially whenQD is relatively high.

3.2.2 FH detection assumptions

Assume that the signal to be detected is an SFH signal withNH non-overlapping hop
channels. The hop bandwidth isWH and the hop duration isTH . All the signal energy
is assumed to be contained within the hop bandwidth and the signal energy is assumed to
be approximately evenly distributed over the hop duration [9]. For simplicity, we assume
synchronism with the hop timing and that the frequency ranges of the individual radiome-
ters match those of the hop channels [68, 66]. Thus,TR = TH (thereforeM is the number
of hops per decision) andWR = WH . Also, Eij = EH , whereEH is the received signal
energy per hop. When the synchronism assumption is not valid, there is random split-
ting of the signal energy in time and/or frequency. This can be approximately taken into
account by adding energy loss to the required SNR [9, p. 72–77]. According to Dillard
[9], the effective energy loss resulting from a random splitting of the signal energy in time
into two cells of integration is typically 0.5–2 dB. Asynchronous operation does not al-
ways result in SNR loss: if the detection probability is limited by intercept probability, no
matter how high the SNR, an asynchronous operation helps because it increases the prob-
ability of intercept [11]. The channelized radiometer model and the detection assumptions
presented here will be extended to include frequency sweeping (in Section 5.1).

3.2.3 CFAR analysis assumptions

A cell is defined to be the time-frequency area corresponding to individual radiometer
measurements. In the noise-only case,2Z/N0, whereZ denotes the value of the radiome-
ter output in the test cell, is known to follow the central chi-square distribution with2MC

degrees of freedom [9], whereMC = TRWR is an integer. Denote the reference cell
values byZi, wherei = 1, 2, ..., NR. The reference cells can, for example, be previous
cells in the same frequency (see Fig. 12), the other cells in the same time interval, or their
combination (see Fig. 13). Corrupted reference cells can be caused, for example, by other
signals, by the presence of the signal to be detected also appearing in the reference area
and by interference. Assume that the signal energy in a reference celli is Ei. The ran-
dom variable2Zi/N0 follows the noncentral chi-square distribution with2MC degrees
of freedom and the non-centrality parameterλi = 2Ei/N0 [9]. The total non-centrality
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parameter

λS =
NR∑

i=1

λi. (31)

The distributions of the cells used here, as in the previous studies of the channelized ra-
diometer, correspond to those used in the radar literature with noncoherent integration and
a nonfluctuating target [84, 85].
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Fig. 12. Reference cells are the previous cells in the same frequency,NR = 4.
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Fig. 13. One possible set of reference cells whenNR = 4.



4 Threshold setting for a quantized radiometer

In this chapter, issues related to threshold setting for a quantized radiometer are consid-
ered. First, false alarm probability corresponding to a fixed threshold is found in Section
4.1. Noise variance estimation based on quantized samples is discussed in Section 4.2. In
Section 4.3, we use a randomized decision rule that gives exactly the required false alarm
probability, assuming that the noise variance is known or an accurate estimate is available.
The main goal is to analyze the false alarm probability of a detector that uses the CA-
CFAR strategy. The analysis is carried out in Section 4.4. Numerical results are presented
in Section 4.5 and the conclusions are drawn in Section 4.6.

4.1 Radiometer with quantization

Assume that the receiver shown in Fig. 1, with separate quantization and sampling of the
in-phase and quadrature channels, is used. The real and imaginary parts are assumed to be
independent zero-mean, white Gaussian random processes with variancesσ2. Assume that
N/2 complex samples are collected. These samples can be represented in real variables
with

r̄k =
{

Υ(Re (rk)) k = 0, 2, · · · , N/2− 1
Υ

(
Im

(
rk−N/2

))
k = N/2, · · · , N − 1 (32)

whereΥ is assumed to be a deterministic uniform midriser quantization operator. For
example, assumeN = 6 andr0 = 1 + 2j, r1 = 3 + j, andr2 = 4 + 7j. Now, the vector
containingr̄k, k = 0, 1, · · · , 5, is

[
Υ (1) Υ (3) Υ (4) Υ (2) Υ (1) Υ (7)

]T
.

Here, the focus is on general purpose receivers using uniform quantization, i.e., the opti-
mum quantization levels and boundaries are not searched. Actually, assuming the noise
variance is known, in many cases it would be optimal to quantize the envelope|rk| or the
squared envelope of the received signal [114]. The quantization operator used here has
output levels(i + 1/2)4, where the quantization levels are indexed with integer values
i = −2B−1,−2B−1 + 1, · · · , 2B−1 − 1, B is the number of quantization bits and4 is
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Fig. 14. Uniform midriser quantizer with B = 2 quantization bits.

the quantization step so that the dynamic rangeR is 2B4 as illustrated in Fig. 14. Uni-
form quantization is widely used in practice due to its simplicity. In the context of energy
detection, half of the quantization levels are ”wasted” because the sign information is not
needed. The probability that theith quantization level of the midriser quantizer is chosen
whenH0 is true is [51, 52]

Pi (x) =
1
2

[
erf

(
(i + 1) x√

2

)
− erf

(
ix√
2

)]
, (33)

wherex = ∆/σ, i = −2B−1+1, · · · , 2B−1−2. If i = 2B−1−1, Pi (x) = 1
2− 1

2erf
(

ix√
2

)
.

If i = −2B−1, Pi (x) = 1
2 + 1

2erf
(

(i+1)x√
2

)
. Let ik denote the indices of the chosen

quantization levels for the received signal in the current observation interval, wherek =
0, 1, · · · , N − 1, i.e, the quantized values are

r̄k = (ik + 1/2)∆. (34)

The quantized total power radiometer uses the decision statistic (6) with quantized input
(or equivalently (24) withv = 1) [51]

V =
N/2−1∑

k=0

|Υ(Re (rk)) + jΥ (Im (rk))|2 =
N−1∑

k=0

r̄2
k. (35)

However, it is more convenient to use the equivalent integer-valued decision variable

V ′ =
V

∆2
− N

4
=

N−1∑

k=0

(
i2k + ik

)
. (36)
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Let us denote the probability mass function (PMF) ofi2k + ik with fs (z), i.e.,

fs (z) = P
(
i2k + ik = z

)
, z = 0, 1, 2, · · · , (37)

which can be easily found using the probability weightsPi (x). Now, the PMF ofV ′ is

fV ′ (z) = fs (z) ∗ fs (z) ∗ · · · fs (z)︸ ︷︷ ︸
N

, (38)

which can also be calculated by using the recursive method presented by Goldstein and
Hansen [115, Appendix].

Let us assume that a fixed thresholdT is used with a quantized total power radiometer.
The equivalent integer-valued threshold isT ′ = dT/

∆2−N/4e, whered e is the smallest
integer greater than or equal to the argument, e.g.,d 1.2e = 2 andd 2.0e = 2. Now, the
probability of a false alarm corresponding to the thresholdT is

PFA =
∑

z≥T ′
fV ′ (z). (39)

One possibility is to use a detection threshold corresponding to an analog total power
radiometer [53]. In that case,T = ησ2, whereη = F−1

χ2,N (1− PFA,DES), Fχ2,N is
the chi-square cumulative distribution function (CDF) withN degrees of freedom, and
PFA,DES is the desired false alarm probability [9]. It was found in [53] that the actual
probability of a false alarm is different from the desired value, especially when the number
of quantization bits is low.

Quantization can be (often approximately) modelled to cause additive noise, uncorre-
lated with the input process, with variance∆2

/
12 [116, 117]. In the standard model,

quantization noise is assumed to be uniformly distributed (and white) [118, 119]. Note
that in some applications, such as when testing ADC using sinusoidal input, the quantiza-
tion noise is far from uniform [120]. For simplifying the threshold setting, and keeping in
mind the central limit theorem, here the quantization noise is assumed to follow the Gaus-
sian distribution instead of uniform distribution [54]. This assumption leads to a threshold
T = η

(
σ2 + ∆2

/
12

)
, i.e., this approximate threshold depends also on the step size.

4.2 Noise level estimation based on quantized samples

Noise level estimation based on quantized reference samples is needed in various applica-
tions. For example, the detection threshold used in [53] requires knowledge of the noise
level. Also, the randomized decision rule in Section 4.3 requires knowledge of the noise
level. The mean of the squared quantized noise-only samples normalized with the known
step size∆ is

ϕ (x) = E

(
r̄2

∆2

)
=

2B−1−1∑

i=−2B−1

(
i +

1
2

)2

Pi (x) , (40)

where the indexk has been dropped because the samples are IID. The maximum value of
ϕ (x) is

(
2B−1 − 1

2

)2
, in which case the quantization step size is so small that even just
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noise causes only the largest output values to be selected. The minimum value is1
4 , in

which case the quantization step size is so large that only the smallest output values are
selected. The variance of the input signal can be found with (see [121] for explicit results
for a three-level quantizer)

σ2 = ∆2

[
ϕ−1

(
E

(
r̄2

∆2

))]−2

. (41)

The variance and, equivalentlyx, can be estimated by substituting the sample mean in

place of the statistical mean, i.e., by using1/NR

NR−1∑
k=0

(ik + 1/2)2, whereNR is the num-

ber of noise-only reference samples.

4.3 Exact randomized decision rule

The decision variable (36) has a finite number of possible output values. Therefore, using
a randomized decision rule is necessary for obtaining arbitrary false alarm probabilities
[122]. It is specified by the thresholdT ′ and probabilityð. If the observedV ′ is larger
thanT ′, an alarm occurs always. IfV ′ = T ′, an alarm occurs with probabilityð (for
example, a random number generator is used within the intercept receiver). The proper
thresholdT ′ is the maximum value satisfying

∑

z≥T ′
fV ′ (z) ≥ PFA,DES (42)

and the corresponding randomization factor is [123]

ð =
PFA,DES −

∑
z>T ′

fV ′ (z)

fV ′ (T ′)
. (43)

With the randomization factor (43) the exact required false alarm probability is obtained,
assuming thatx is known. If it is estimated instead, a large number of reference samples
may be necessary so that the false alarm probability is close to the desired value. It may
be desirable to choose the quantization step∆ so that the randomization factor is zero or
one, i.e., no randomization is used [122].

4.4 Performance analysis of the CA-CFAR strategy

If the noise variance is unknown and reference samples are available, it is intuitive to use
as a thresholdγησ̂2, where

σ̂2 =
1

NR

NR−1∑

k=0

ϑ2
k (44)
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is the variance estimate based onNR zero-mean reference samplesϑk, andγ is a scaling
factor chosen so that, on average, the false alarm probability has the desired value. The
ideal situation where power mismatch between reference samplesϑk and the actual noise
is zero is assumed. Power mismatch can occur, for example, if the reference samples
are obtained by turning the antenna off. In that case, the reference samples contain only
internal thermal noise, whereas the actual received noise includes also external noise.

Let U1 andU2 denote two independent chi-square distributed variates withv1 andv2

degrees of freedom, respectively. The ratio

U1/v1

U2/v2
(45)

follows theF (Fisher) distribution [113, 26.6.]. Its CDF can be expressed using the regu-
larized incomplete beta function [113, 26.5.]

FCDF(x, v1, v2) = Iv1x/(v1x+v2) (v1/2, v2/2) . (46)

The chi-square distribution is a special case of the gamma distribution. The ratio of two
gamma variates follows the beta prime distribution [124]. However, here only the chi-
square variates are considered.

Using the results in the CA-CFAR literature (see, for example, [29, 84]), the correct
scaling factor for a detector without quantization is found to be

γ = FCDF−1 (1− PFA,DES, N, NR)N/η. (47)

The scaling factor (47) gives exactly the desired false alarm probability. When the number
of reference samples increases, the scaling factor approaches one. In other words, when
the number of reference samples is large, less scaling is needed. This behavior is illustrated
in Fig. 15.

The scaling factorγ = 1 has been used in [54]. The theoretical false alarm probability
corresponding toγ = 1 without quantization is

PFA = 1− FCDF(η/N, N,NR) . (48)

When quantization is performed, the correct CA-CFAR scaling factor depends on the
unknownx. Therefore, it is not possible to always use the ”correct” scaling factor. Instead,
for example, the scaling factorγ = 1 or the scaling factor (47) is used. We evaluate
the exact false alarm probability corresponding to an arbitrary scaling factorγ and x.
Let vk denote the indices of the chosen quantization levels for the reference signal, i.e.,
ϑ̄k = Υ (ϑk) = (vk + 1/2)∆. Now

PFA = P

(
N−1∑
k=0

r̄2
k > γη

NR

NR−1∑
k=0

ϑ̄2
k

)

= P

(
N−1∑
k=0

(ik + 1/2)2 ∆2 > γη
NR

NR−1∑
k=0

(vk + 1/2)2 ∆2

)

= P

(
N−1∑
k=0

(
i2k + ik

)
> γη

NR

NR−1∑
k=0

(
v2

k + vk

)
+ c

)

= P
(
V ′ > γη

NR
V ′

REF + c
)

,

(49)
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Fig. 15. Scaling factor as a function of the number of reference cells,N = 512, PFA,DES =

10−3.

whereV ′
REF =

NR−1∑
k=0

(
v2

k + vk

)
andc = (γη −N)/4. The conditional false alarm prob-

ability, assumingV ′
REF = κ, is

P

(
V ′ >

γη

NR
κ + c

)
=

∑

z> γη
NR

κ+c

fV ′ (z). (50)

The probability of false alarm becomes

PFA =
∑

κ

P

(
V ′ >

γη

NR
κ + c

)
fV ′REF

(κ) , (51)

wherefV ′REF
denotes the PMF of theV ′

REF found similarly to the PMF ofV ′, see (38).
Together, (50) and (51) allow the calculation of the theoretical false alarm probability of
the quantized total power radiometer using the CA-CFAR threshold setting method.

In [55], similar methods have been used for investigating data quantization effects for
exponentially distributed input. The exponential distribution results, for example, from
squaring the envelope of a complex Gaussian random variable or from summing the
squares of two IID real-valued Gaussian random variables.
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Fig. 16. False alarm probabilities,N = 512 and NR = 256.

4.5 Numerical results

Fig. 16 shows false alarm probabilities as a function of the dynamic range whenPFA,DES =
10−3, N = 512 andNR = 256. The theoretical false alarm probability corresponding
to γ = 1 without quantization was calculated using (48). The CAγ refers to the scaling
factor (47). It can been seen that when the CA scaling factor is used andB = 4, the sys-
tem is operating properly when the dynamic rangeR ∈ [8σ, 20σ]. When the CA scaling
factor is used andB = 3, it should be thatR ∈ [8σ, 10σ]. The scaling factorγ = 1 gives
significantly higher than desired false alarm probabilities. The results whenNR = 2048
were similar to those in Fig. 16, except that the false alarm probabilities obtained using
γ = 1 were closer to the desired value, see Fig. 17. Let us now study the situation where
the CA γ is used andB = 3. Fig. 18 shows the false alarm probabilities as a function
of the dynamic range with different reference set sizes. It is observed thatNR = 8 is not
sufficient. WithNR = 64, the results are relatively close to the situation withNR = 256,
which was discussed previously.

Fig. 19 shows the false alarm probabilities when the noise variance before quantization
is assumed to be known. The threshold setting strategies analyzed were: (A) the threshold
corresponding to an analog radiometer,T = ησ2 [53]; (B) the threshold corresponding
to the Gaussian quantization noise assumption [54] withT = η

(
σ2 + ∆2

/
12

)
; (C) the

randomized decision rule. In addition to the theoretical results found with the method
presented in Section 4.1, simulation results are shown. It is seen that threshold (A) is not
a good choice. Threshold (B) yields surprisingly good performance, when the dynamic
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rangeR ∈ [8σ, 15σ]. Strategy (C) gives exactly the desired false alarm probability no
matter what the dynamic range is. With four quantization bits threshold (B) gave good
results whenR ∈ [8σ, 30σ] (results not shown here). It is interesting that 3 or 4 quantiza-
tion bits have been found to be sufficient also in some other applications, such as carrier
frequency recovery [125].

4.6 Conclusions

A quantized total power radiometer was studied in two cases: (1) the noise power is un-
known; (2) the noise power is known. In case (1), the focus was on analyzing the CA-
CFAR threshold setting strategy with different scaling factors. In case (2), three different
threshold setting strategies were studied and compared. The threshold corresponding to
the Gaussian quantization noise assumption performed surprisingly well. Typically, 3 or
4 quantization bits are required for obtaining the desired false alarm probability in both
cases.
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5 Sweeping channelized radiometer

In this chapter, the performance of a sweeping channelized radiometer is studied. First,
statistical assumptions and the system model are described in Section 5.1. The channelized
radiometer system model presented in 3.2 is extended to include sweeping. The decision
strategies are introduced and presented in Section 5.2. An efficient method for calculating
the likelihood ratio is presented in Section 5.3. Analysis of the logical OR-sum, sum-sum
and the max-sum methods is presented in Section 5.4 for a non-fading channel. In Section
5.5, the effects of fading are analyzed. In Section 5.6, the required signal-to-noise ratio
SNR is found as a function of the sweeping speed assuming the signal to be detected uses
similar parameters as the SINCGARS radio. Finally, the conclusions are drawn in Section
5.7.

5.1 Sweeping channelized radiometer

Assume that the radiometer bandwidth is equal to the hop bandwidth, i.e.,WR = WH .
Typically, the number of radiometers is smaller than the number of hopping frequencies,
i.e.,NC < NH . In such a case, the detector can step the received frequency bandK times
within each hop to increase the probability of intercept [68, 69]. It would also be possible
to increase the radiometer bandwidth, so thatWR is some multiple ofWH [11]. The
stepping causes the integration time per radiometer output to be reduced toTR = TH/K,
whereTH is the hop duration andK is the number of detection phases within a hop.
The radiometer outputs are sampled before the center frequency is changed. Assume for
simplicity time synchronism. Then the total number of radiometer outputs within a hop
is Neff = KNC . The outputs are indexed so that in the first phase the outputs have
indices 1, 2, . . . ,NC ; in the second phase, the outputs have indicesNC + 1, NC + 2, . . . ,
2NC , and so on. Due to the assumed synchronism, this detection structure is analytically
equivalent toNeff radiometers with a bandwidthWH and integration timeTH/K [68].
The time-frequency product of each individual radiometer isTRWR = (TH/K)WH . In
the following, it is assumed thatTRWR is an integer or that it is rounded to an integer.
Fig. 20 shows the detection structure for the case ofK = 3 detection phases per hop
duration. Sweeping makes the analytically equivalent instantaneous bandwidth large, but
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the integration time is reduced. The POI per hop ispI = Neff/NH ≤ 1, because all hop
channels are assumed to be equally likely due to the random FH. This result assumes that
the search range is fully within the hop range [69]. The results are different in situations
where this assumption is not true. For example, the hop range can be fully within the
search range or the hop range and search range can overlap [69]. Also, in some systems
it is possible to use only a part of the channels for transmission, but this is not considered
here. In Fig. 20, channels 1–12 are searched during one hop, and there are 15 possible
hop channels. Therefore,pI = 80%. The POI would be the same if channels 2–13, 3–
14 or 4–15 were searched instead. Without affecting the results it is possible to combine
sweeping faster than hop dwell time and this hop level offset. For example, let us assume
thatNH = 16, NC = 4 andK = 2. Now channels 1–8 can be searched in the first hop,
channels 9–16 in the second hop, channels 1–8 in the third hop and so on. IfK = 1, the
search pattern could be 1–4, 5–8, 9–12, 13–16. IfK = 4, all the channels are searched
during a single hop. Let us assume that the intercept receiver’s full scan consists of a
searchingMSC channel and letL denote the number of full scans [70]. The number of
hops in theseL full scans isM = LMSC/KNC .

The energy of the FH signal in the time-frequency area of the radiometer that in-
tercepts the signal is assumed to beEij = EH/K, whereEH is the signal energy
per hop,i is the hop index,i ∈ {1, 2, · · · , M}, andj is the radiometer output index,
j ∈ {1, 2, · · · , Neff}. In practice, this assumption is an approximation, and the signal
may leak some energy also to adjacent radiometers. LetRij = 2Vij/N0, whereVij is the
measured energy, denote the normalized radiometer output, which is scaled with2/N0.
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The local (quantized) decisionCij based on the normalized radiometer output is

Cij =
{

1, Rij > η
0, otherwise. (52)

The probability of a false alarm for local decisionsQFA can be found with (27), and the
probability of detection,QD can be found with (28).

5.2 Decision strategies

Decision strategies refer to methods used for combining the radiometer outputs in the
observation period. Decision strategies for a total power radiometer were discussed in
2.2. There, the binary integration (BI) method was presented. Similar methods can also
be used with the channelized radiometer. However, these methods need also to combine
radiometer outputs from different channels, in addition to different integration intervals.
First, Section 5.2.1 presents the optimal method for combining un-quantized radiometer
outputs. Several suboptimal methods, rather similar to the BI, are presented in Section
5.2.2. Finally, in Section 5.2.3, the likelihood ratio of quantized data is briefly discussed.

5.2.1 Likelihood ratio of un-quantized data

The optimal detection statistic (average likelihood ratio) conditioned on the observable
R = {Rij}, i.e., the set of normalized radiometer outputs, is [126]

Λ (R) =
M∏

i=1

1
NH

NH∑

j=1

Λij (Ri| fj), (53)

whereRi denotes the set of normalized radiometer outputs in the hopi andfj denotes the
hypothesis that the signal is present in channelj. It is assumed that the signal is equally
likely to be in any channel and these channels are independent from hop to hop. For the
sweeping system, the likelihood ratioΛij is 1 if Neff < j ≤ NH and if j ≤ Neff it is
([9, Eq. (A.12)])

Λij (Ri| fj) = c ·R−
TRWR−1

2
ij ITRWR−1

(√
2EHRij

KN0

)
, (54)

whereITRWR−1 is the modified Bessel function of the first kind [113, 9.6] with order
TRWR − 1 and

c = 2
TRWR−1

2

(
EH

KN0

)−TRWR−1
2

Γ (TRWR) e−
EH

KN0 . (55)

If sweeping is not used, i.e.,K=1, andNeff = NH , then (53) and (54) form the
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classical Woodring-Edell (WE) detector [66]. In this case, the constant term (55) can be
ignored.

It can be observed that the optimal detection statistic depends on the signal-to-noise
ratio. The signal-to-noise ratio is usually unknown so the optimal detector is not realizable
in practice. The signal-to-noise ratio may be estimated after or jointly with detection. It is
important to study the optimal detector so that the upper bound on detection performance
is found. If details of the signal modulation would be known, more specialized optimal
detection methods could be used [66]. It would be possible to evaluate the performance of
the optimal detector with approximations similar to those used in [66, 127, 128]. However,
simulations are used here.

5.2.2 Suboptimal methods

If a sum is used to combine the local decisions, let

Wi =
Neff∑

j=1

Cij . (56)

A logical-OR operation can alternatively be used to combine allNeff local decisions
within a hop. In this case,Wi = 1 if at least oneCij = 1, j ∈ {1, 2, · · · , Neff};
otherwise it is zero. The maximum-based intercept receiver sums per hop maxima of the
radiometer outputs [129, 25, 130] so thatWi = maxj {Rij}. The final decision variable

W =
M∑

i=1

Wi. (57)

There methods are illustrated in Fig. 21. In [129], the envelope detector outputs were
combined using the maximum, and the performance was analyzed using the Gaussian ap-
proximation. There, the proposed detector was called the sum-of-largest-envelopes (SLE)
receiver. In the original publication [25], the channelized radiometer outputs were com-
bined with the maximum. The numerical convolution and the Gaussian approximation
were used. This can be viewed to be an extension of the sum-of-largest-envelopes-squared
(SLES) receiver [130] in a situation whereTRWR ≥ 1. It was found in [130] that the
SLES receiver has a slightly better detection performance than the SLE receiver.

5.2.3 Likelihood ratio of quantized data

An optimal detector conditioned on the observableC = {Cij}, i ∈ {1, 2, · · · , M},
j ∈ {1, 2, · · · , Neff}, i.e., the set of local decisions in all hops and channels, has been
derived in [68]; there it was derived in the context of the envelope detector, but the result
can also be directly applied in the case of the channelized radiometer. It was shown that
at low signal-to-noise-ratios, the sum-sum statistic is asymptotically optimal. This does
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not mean that a detector based on the sum-sum performs better than a detector based on
the logical-OR. Actually, when only one signal is present, the logical-OR based detector
performs slightly better.

5.3 Efficient calculation of the un-quantized likelihood ratio

For large values ofTRWR, there exists an efficient representation of the Bessel function,
namely [113, 9.7.7]

Iv (z) =
1√
2πv

ev$

(
1 + (z/v)2

)1/4

{
1 +

∞∑

k=1

uk (t)
vk

}
, (58)

where$ =
(
1 + (z/v)2

)1/2

+ln (z/v)−ln
(

1 +
√

1 + (z/v)2
)

, t = 1
/√

1 + (z/v)2

andu1 (t) = 1/8t− 5/24t3. For values ofuk(t) with k > 1 refer to [113, 9.3.9].
We apply the following approximation [131]

d2 = ln
{

1 +
∞∑

k=1

uk(t)
vk

}
≈ 1

8v t− 5
24v t3 + 1

16v2 t2 − 3
8v2 t4

+ 5
16v2 t6 + 25

384v3 t3 − 531
640v3 t5 + 221

128v3 t7 − 1105
1152v3 t9.

(59)

By taking the logarithm of the likelihood ratio (54) and using (58)-(59) it is found that
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lnΛij (Ri| fj) ≈ d1 +
(
v2 + z2

)1/2

−v ln
(

1 +
√

1 + (z/v)2
)
− 1

4 ln
(
1 + (z/v)2

)
+ d2,

(60)

wherev = TRWR − 1, z =
√

2EHRij

KN0
,

d1 = v ln 2 + lnΓ (v + 1)− EH

KN0
− v ln v − 1

2
ln (2πv) (61)

andd2 is given by (59). If the termd2 is ignored, the approximation (60) is still rather
accurate. The likelihood ratio can be found with the exponential of (60). Fig. 22 shows
the relative error of the individual likelihood ratioΛij (Ri| fj) calculated with this ap-
proximation, i.e., the absolute error divided by the correct value. The parameters used
areEH/KN0 = 30 andTRWR = 250. It is observed that the approximation (60) with
the termd2 is very accurate. Therefore, when evaluating the performance of the optimal
detector with simulations, an exponential of (60) with the termd2 is used. This method of
evaluating the likelihood ratio can be used with a wide range of input values, because first
the logarithm of the likelihood ratio is evaluated. Actually, the likelihood ratio is almost
linear in a logarithmic scale. This means that potentially even simpler yet still rather accu-
rate expressions could be developed. One way of achieving this would be to use suitable
approximations for the terms in (60).
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Numerical effects can also affect the calculation of the final decision variable (53),
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which is a product of the sums of the individual likelihood ratios. It is possible to take a
logarithm of the final decision variable, which results in a sum of logarithms of sums of the
individual likelihood ratios. However, in this case it is still necessary to sum exponentials,
because a logarithm cannot be moved inside a sum.

5.4 Performance analysis

The statistical properties of the local decisions were discussed in Section 3.2.1. Analysis
of the logical OR-sum detector is presented in Section 5.4.1, followed by the sum-sum
detector analysis and the max-sum detector analysis in Sections 5.4.2 and 5.4.3, respec-
tively. The analysis of the logical OR-sum detector in Section 5.4.1 is based on [11]. This
reference is reviewed here to enable comparisons.

5.4.1 Logical OR-sum decision rule

The probability of a false alarm per hop when using logical-OR operation is [11]

p0 = P (Wi = 1|H0) = 1− (1−QFA)Neff (62)

because a false alarm occurs if at least one radiometer output exceeds the threshold. The
probability of detection per hop is [11]

p1 = P (Wi = 1|H1) =
pI

(
1− (1−QD) (1−QFA)Neff−1

)
+ (1− pI) p0,

(63)

because, at most, one time-frequency cell / radiometer output can have signal energy. The
probability of this event is the probability of intercept,pI . If the signal is not intercepted,
the probability of detection is the false alarm probability. The total probability theorem
can be applied to combine these two mutually exclusive events to get the result in (63).
Assuming that the hop positions are independent, the final probability of false alarm over
M observed hops is [11, 56]

PFA = P (W ≥ kM |H0) =
M∑

i=kM

(
M
i

)
pi
0 (1− p0)

M−i
, (64)

wherekM is the final threshold that is used after summing the lastM logical-OR outputs.
The final probability of detection is similarly [11, 56]

PD = P (W ≥ kM |H1) =
M∑

i=kM

(
M
i

)
pi
1 (1− p1)

M−i
, (65)

wherep1 is the probability of detection per hop andkM is the final threshold.
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5.4.2 Sum-sum decision rule

In [68], a hard decision envelope detector has been studied. Each local decision is based
on initial decisions which are based on the magnitudes (envelopes) of the corresponding
FFT outputs. These local decisions from all channels and hops are summed and com-
pared to a threshold, i.e., there are three different thresholds. The detector performance
was evaluated with the Gaussian approximation. In the sum-sum channelized radiometer
considered here, the local decisionsCij are based on the radiometer outputs. There are
only two thresholds to be optimized. For the case studied in [68], a high probability of
detection and a large number of hops, the Gaussian approximation gives reasonably good
results. However, in most cases, the Gaussian approximation is not very accurate. In the
original publication [26], exact results have been used. However, the scenario studied was
different and the POI was not taken into account.

Here, an exact method for calculating the probability of detection and false alarm for
the sum-sum channelized radiometer is presented. When only noise is present,W follows
the binomial distribution. Therefore, the probability of a false alarm is

PFA =
MNeff∑

i=kM

(
MNeff

i

)
Qi

FA (1−QFA)MNeff−i
. (66)

In the signal-and-noise case, the PMF ofWi is

fWi (x) = P (Wi = x|H1) = pIfWi (x|H1,inter.) + (1− pI) fWi (x|H0) , (67)

wherefWi (x|H1,inter.) is a convolution of a binomial PMF with parametersNeff − 1
and QFA and a binomial PMF with parameters1 and QD. FunctionfWi (x|H0) is a
binomial PDF with parametersNeff andQFA. The PMF of the decision variableW is

fW (x) = fWi (x) ∗ fWi (x) ∗ · · · ∗ fWi (x)︸ ︷︷ ︸
M

, (68)

which can be efficiently calculated with the FFT, and the final probability of detection is
found with

PD = 1−
kM−1∑
x=0

fW (x). (69)

5.4.3 Max-sum decision rule

Because the conditional PDFs in the signal-and-noise case and the noise-only case are
known [129, 25], it is possible to calculate the corresponding raw moments of the per
hop decision variableWi. Let Pk = E

(
W k

i

∣∣ H0

)
denote thekth raw moment in the

noise-only case andPk,I = E
(
W k

i

∣∣ H1,inter.

)
denote thekth raw moment in the signal-

and-noise case assuming interception has occurred. The raw moments of the per hop
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maximum when taking the POI per hop (pI ) into account areZk
1 = pIPk,I +(1− pI)Pk.

The mean, variance and third central moment can be directly calculated based on the raw
moments. For example, in the noise-only case, the mean isP1, variance isP2 − P 2

1 , and
third central moment

κ3 = 2P 3
1 − 3P1P2 + P3. (70)

Now, because the central moments of a sum of independent random variables add up
to the order of 3 the mean, variance and the third central moment of decision variable
W are known in both the noise-only case and the signal-and-noise case. Instead of the
conventional Gaussian approximation that was used in the original publication [25], the
use of the more accurate shifted log-normal approximation that is matched to the first three
central moments of the sum [132] is proposed. Here, the shifted log-normal approximation
is first used to obtain the threshold and then to obtain the probability of detection. The
shifted log-normal approximation is especially useful when the number of observed hops
is relatively small. Fig. 23 shows a comparison, corresponding to [25, Fig. 4], between the
shifted log-normal and Gaussian approximations. It can be seen that the shifted log-normal
approximation is more accurate.
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Fig. 23. Theoretical (Gaussian and shifted log-normal approximations) and simulated miss
probabilities for the maximum based channelized radiometer, 100 hops observed, 464 ra-
diometers in the receiver, the signal has 2320 FH-channels,K = 1 (POI 20%), PFA = 10−3

and the time-frequency product of the radiometersTRWR = 250.

The method presented above requires knowledge of the raw moments of the per hop
maximum. In the original publication [25], the first two moments, to be used with the
Gaussian approximation, were calculated with numerical integration. It is possible to find
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the raw moments analytically by writing out the PDF of the maximum and performing
symbolic integration using similar techniques as in [85, 129]. As an example, in the special
caseTRWR = 1, the following simple result is obtained

Pv = Neff2vΓ (v + 1)

×
[

Neff−1∑
i=0

(
Neff − 1

i

)
(−1)Neff−1−i (Neff − i)−(v+1)

]
. (71)

However, this process is excessively tedious for practical values of the parameters, i.e.,
largeTRWR andNeff . Therefore, numerical integration will be used.

5.5 Performance under fading

Frequency-nonselective fading over the used hop channels is assumed. The fading is also
assumed to be constant over each hop, and independent from hop to hop. The frequency-
nonselective fading results in multiplicative distortion of the signal [7, p. 772–773]. Let us
denote the multiplicative scaling factor byn. It is Rayleigh-distributed. The instantaneous
SNR is nowγH = n2EH

/
N0. The instantaneous SNR in each hop is a random variable

that follows the chi-square distribution with two degrees of freedom [7, p. 773] with an
average valuēγH , i.e., the PDF isP (γH) = 1/γ̄He−γH/γ̄H . The results are given as a
function of the average hop SNR, i.e, the average SNR is specified and the instantaneous
SNRs in each hop are independently fluctuating around the specified value.

Performance analysis of the logical OR-sum and the sum-sum based receivers requires
the finding of each individual radiometer’s probability of detectionQD assuming that the
signal is present in the time-frequency area of the radiometer. The probability of detection
for a fixed SNR is given by (28). The probability of local detection when taking into
account the fluctuating energy is

QD =

∞∫

0

QTRWR

(√
2γH/K,

√
η
) 1

γ̄H
e−γH/γ̄H dγH . (72)

By using results of Swerling [133, p. 277], (72) can be written as (see also [84, Eq. (25)],
[50, eq.(16)], [49])

QD = QTRWR−1

(
0,
√

η
)

+
[(

1 + 1
γ̄H/K

)TRWR−1

×
(

1−QTRWR−1

(
0,

√
η

1+ 1
γ̄H /K

))
e
− η/2

1+γ̄H /K

]
.

(73)

Shnidman [57] has recently studied binary integration combined with noncoherent in-
tegration. Swerling-I plus Swerling-II model is introduced. It corresponds to a special
case of the model used here.

In contrast to the nonfading situation, the shifted log-normal approximation was found
to have rather poor accuracy in the case of a fading channel and it was not used. Instead,
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the performance of the maximum based receiver was evaluated with numerical convolu-
tions similar to those used in the original publication [25]. This requires more numerical
computations than the shifted log-normal approximation, but gives the exact performance
assuming that numerical convolutions have sufficient accuracy. The distributions are not
discrete as they were with the sum based receiver.

5.6 Numerical results

It is assumed that the signal to be detected shares some parameters with the SINGCARS
radio [11]: WH = 25 kHz, TH = 0.01 s andNH = 2320. Other parameters used here
arePFA = 10−3 andNC = 464 channels in the receiver. The probability of intercept
for these parameters ispI = KNC/NH = 0.2K. For example, whenK = 1, so that
no sweeping is performed,pI = 0.2. The other possible values are 0.4, 0.6, 0.8 and 1.
Two cases are studied, (a) the number of hops observed per decisionM = 300 and (b)
M = 16.

The required energy for the sum-sum receiver, for a given threshold, was calculated
by first solving (66) forQFA as a function ofkM and the desired false alarm probability.
Then the inverse of the chi-square cumulative distribution function was used to find the
thresholdη for individual radiometers. NowQD can be found by using (28) (no fading) or
(73) (fading). The final probability of detection was found with (69). The required SNR
per cell corresponding to the required probability of detection, for a given thresholdkM ,
was found with a search. Searching was also used to find the optimal thresholdkM . The
required SNR for a logical OR-sum based channelized radiometer was calculated using
procedures similar to those in [11]. Optimal thresholds found with a search were used.
The required SNR for a maximum-based receiver was discovered by using the shifted log-
normal approximation without fading or with numerical convolutions with fading. The
optimal threshold of the maximum-based receiver does not depend on SNR.

The required SNR for the optimal detector was found with simulations. Due to a very
large number of random variables to be generated, simulations in case (a) are excessively
time consuming. Therefore, the performance of the optimal detector was evaluated only
in case (b).

In case (a), also the hard decision envelope detector proposed in [68] is studied. Its
performance was evaluated via Gaussian approximations similar to those in [68]. It was
assumed that each envelope detector output containing a signal has an equal signal com-
ponent. In practice, the strength of the signal component varies and the results can be
interpreted to be an approximation allowing comparisons with other structures. The re-
sults obtained were the same as those in [68]. It would be possible to apply the exact
results presented here for the sum-sum detector also for the envelope detector. Since here
the focus is on the channelized radiometer this was not pursued here further.

Fig. 24 shows the required energy per hop in case (a) to achievePD = 0.999 with the
envelope detector [68], the sum-sum based channelized radiometer, the logical OR-sum
based channelized radiometer and the maximum based channelized radiometer. It can be
observed from Fig. 24 that the sum-sum receiver has practically the same performance as
the logical OR-sum receiver. It is anticipated that when multiple signals are present, the
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and PFA = 10−3.

sum-sum based receiver is better than the receiver using the logical OR-sum. Envelope
detection is about 1 dB worse than the radiometer based solutions. Without fading, the
maximum based intercept receiver is the best of the receivers discussed here, except when
POI is 20%. When the channel is fading, the logical OR-sum and sum-sum receivers have
better performance than the maximum based intercept receiver. It is seen that when the
number of hops observed is large, sweeping does not increase the probability of detection.
It is more important to have large detection SNR than to have large probability of intercept.
This is in line with the result in [68], obtained for the envelope detector based system.
When the channel is fading, the detection SNR is sometimes much higher than the average
value. This explains why fading actually improves performance. If the frequency band of
the transmitter is unknown, some type of frequency sweeping should be used, at least in
the hop level. Otherwise, the probability of intercept can be very low, even zero.



64

Fig. 25 shows the required energy per hop in case (b) to achievePD = 0.99 with the
sum-sum based channelized radiometer, the logical OR-sum based channelized radiome-
ter, the maximum based channelized radiometer and the optimum detector using detection
statistic (53). It was not possible to achieve the requiredPD without sweeping. This is be-
cause without sweeping, the probability that at least one radiometer intercepts the signal in
any of the hops is1− (1− 0.2)16, which is 0.97185. Therefore, the maximum probability
of detection with any detector is0.97185 ·1+(1−0.97185) ·0.001, which is smaller than
0.99. It is possible to get the required performance ifK ≥ 2, i.e, probability of intercept
is larger than or equal to 40%. It can be observed from Fig. 25, that if the probability of
intercept exceeds 40% and there is no fading, the maximum based detector is the best of
the practical detectors. When the probability of intercept is 100%, the maximum based
detector has performance very close to that of the optimal detector. When the channel ex-
hibits fading, the logical OR-sum and sum-sum receivers have better performance than the
maximum based intercept receiver. It can be observed that also in this case the sum-sum
receiver and the logical OR-sum based receiver have almost equal performance. It was no-
ticed in simulations that the thresholds given by the shifted log-normal approximation are
accurate. However, whenK = 2, there was a small difference between the required SNR
given by simulations and the approximation (0.08 dB). WhenK > 2, the difference was
much smaller (0.01–0.02 dB). This is because the shifted log-normal approximation is not
such a good fit for the distribution of the decision variable whenK = 2 as whenK > 2.
In the fading channel, numerical convolutions were used instead of the shifted log-normal
approximation. In case (b), fading degrades performance. This is because the number of
intercepted hops can be small and possibilities if having a strong signal decrease. When
the number of intercepted hops increases, the performance in the case of fading increases.
The best performance in the case of fading is achieved whenK = 5.

The same methods can be used also with signals that have other parameters, for exam-
ple, higher hop rate and larger bandwidth. Actually, the results depend only on the time-
bandwidth product, the number of channels in the signal and in the receiver, the number of
observed hops and the requiredPD andPFA per decision. For example, if the hop rate is
10 000 hops/s and the bandwidth of the channels is 2.5 MHz, the time-bandwidth product
is 250. If the other parameters do not change, the results are equal to those presented here.

5.7 Conclusions

The logical OR-sum channelized radiometer, the sum-sum channelized radiometer, the
max-sum channelized radiometer and the optimal detector using frequency sweeping have
been analyzed. When sweeping is performed, there are multiple detection phases within
each hop, i.e, sweeping is faster than the hop dwell time. The numerical results presented
here, for a SFH signal having parameters similar to those of the SINGCARS combat radio,
support the following conclusions. If the number of hops observed per decision is large,
frequency sweeping degrades the performance compared to a system that does not apply
frequency sweeping with or without fading. If the number of hops observed is small,
sweeping is often necessary to get the desired performance. Using a sum is only slightly
worse than using a logical-OR. Without fading, the maximum based intercept receiver has
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the best detection performance of the practical receivers discussed here, unless the POI is
small. When the POI is large, the performance of the maximum based receiver is close to
that of the optimal receiver. In the fading channel, logical OR-sum and sum-sum receivers
have better performance than the maximum based receiver.



6 CFAR strategies for channelized radiometer

In this chapter, CFAR strategies are studied in the context of the channelized radiometer.
One possibility on which this chapter focuses is applying the automatic censored CFAR
methods which were introduced in Section 2.4.31. They first perform data-dependent cen-
soring and then calculate the average (or the sum) of the survivors. First, the performance
analysis of the CA and OS detectors is extended for the channelized radiometer using ex-
act probabilities in Section 6.1. In Section 6.2, it is proposed that the consecutive mean
excision algorithms are applied for the censoring. Using CA scaling factors for censoring
is also proposed and a novel clean sample rejection rate analysis is presented. Numerical
results comparing the performance of these three methods and the baseline approaches are
presented in Section 6.3. Finally, Section 6.4 offers the conclusions.

6.1 Performance analysis

Here performance analysis of the CA and OS detectors is extended for the channelized
radiometer. The signal model presented in Section 3.2.3 is assumed.

6.1.1 Cell-averaging detector

If the reference cells are uncorrupted, the CA detector’s reference statisticZCA =
NR∑
i=1

Zi

follows the scaled chi-square distribution and2ZCA/N0 follows the chi-square distribu-
tion with 2MCNR degrees of freedom. The CA detector gives an alarm when the value
of the test cell,Z, exceedsTCAZCA, whereTCA is a scaling factor [19]. Under the noise-
only hypothesisH0, the probability of a false alarm for the CA detector is

1In future work, additional CFAR strategies should also be investigated, see Section 8.
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PFA = P
(

Z
ZCA

> TCA; H0

)
= P

(
Z/2MC

ZCA/2MCNR
> NRTCA

)

= 1− FCDF(NRTCA, 2MC , 2MCNR) .
(74)

A sum expression for (74) has been given in [84, Eq. (59)]. The scaling factorTCA of the
CA detector can be found from

TCA = FCDF−1(1− PFA,DES, 2MC , 2MCNR)/NR, (75)

wherePFA,DES is the desired probability of false alarm. Because the ratio of two ap-
propriate normalized non-central chi-square variables follows the doubly noncentralF
distribution, the probability of detection under the signal(s)-plus noise hypothesisH1 is

PD = P
(

N0/2
N0/2

(2Z/N0)/2MC

(2ZCA/N0)/2MCNR
> NRTCA;H1

)

= 1− DNFCDF(NRTCA, 2MC , 2MCNR, 2Ω, λS) ,
(76)

whereΩ = ECell/N0 denotes the SNR,ECell is the energy contained in the test cell,λS

is the total non-centrality parameter andDNFCDF2 is the CDF of the doubly noncentralF
distribution. A similar application of the doubly noncentralF distribution has been used
in [134]. The performance of the CA detector does not depend on the distribution of the
total signal energy or non-centrality amongst the reference cells. If the reference cells are
uncorrupted, the probability of detection can be calculated with [84, Eq. (29)] or with
λS = 0 in (76).

6.1.2 Order statistics detector

The OS(k) detector orders the reference cell values from smallest to largest asZ(1) ≤
Z(2) ≤ ... ≤ Z(NR) and sets the threshold asTOS(k)Z(k), whereTOS(k) is the scaling
factor [19, 85]. TheTOS(k) can be calculated as shown in [85] or by numerical integration.
In the general case, the CDF ofZ(k), FZ(k)(z), can be found by using the recurrence
relations [135]. In [19],FZ(k) has been found for the special case where the signal energy
is uniformly distributed. WhenFZ(k) is known, the probability of detection is [19]

PD = TOS(k)

∞∫

0

f
(
TOS(k)y

)
FZ(k) (y) dy, (77)

wheref( ) is the PDF corresponding to the distribution of the current test cell.

6.2 Automatic censored CFAR detection

As explained in Section 2.4.3, there are two stages in an automatic censored CFAR de-
tector; (A) the censoring of the reference cells, i.e., removing of the corrupted cells from

2The DNFCDF can be evaluated, for example, with the Dataplot software from the National Institute of
Standards and Technology (http://www.nist.gov/).
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the reference set, and (B) using the supposedly signal-free reference cells in the calcu-
lation of the detection threshold. In Section 2.4.3, the ACMLD scaling factors were de-
scribed. However, they cannot be used when the time-bandwidth product is greater than
two. Therefore, it is proposed that the FCME and BCME algorithms, described also in
Section 2.4.3, are used for censoring. After censoring, detection is performed using the
CA-CFAR, as shown in Fig. 26.

6.2.1 Analysis of the stage (A)

Censoring with forward methods is done by first arranging the reference cell values into
ascending order, so thatZ(1) ≤ Z(2) ≤ · · · ≤ Z(NR). The test (17) is done in thekth step.
The iteration starts withk equal to the size of the smallest assumed clean set [98, 99]. The
larger the smallest assumed clean set is, the better censoring operates. However, if the
assumed clean set is too large, the probability that corrupted samples will be part of the
initial clean set increases. The scaling factorsTk control the properties of the censoring
process.

In ACMLD, they are chosen so that the probability of a false decisionPFC has some
specified value, see Section 2.4.3. In some applications, it is important to specifically
control the clean sample rejection ratePr [99]. This is true, especially if censoring is
directly applied to CFAR without the second stage. Then the clean sample rejection rate
corresponds to the probability of a false alarm. The FCME algorithm, proposed in [98, 99],
aims to control the clean sample rejection rate. Because the FCME algorithm can be used
with arbitrary time-frequency products, we will use it for censoring the reference cells in
stage (A). The FCME usesTk = TCME/k andTCME is found by solving [98]

Pr = e−(TCMEMC)
MC−1∑

i=0

1
i!

(TCMEMC)i
. (78)
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Listing 6.1. Recursive MATLAB code for finding the probability of passing a test.

f unc t i on ou t = PrPass ( c )
g l o b a l T NR
k= l eng th ( c )−1;
i f ( k==1)

ou t =1/ c ( 2 )∗ ( 1 / c (1 )−1 / ( c (1 )+ c ( 2 )∗ ( T(1)−1)∗ (NR−1)/NR ) ) ;
re turn ;

end % i f

m=1: k ;
o f f s e t =c ( k +1)∗ ( (NR−k ) . / ( NR−m+ 1 ) .∗ ( T ( k ) . ∗ ( k−m+1)−1) ) ;
ou t = ( P rPass ( c ( 1 : k ))− PrPass ( c ( 1 : k )+ o f f s e t ) ) / c ( k + 1 ) ;
re turn

For example, whenMC = 8 andPr = 10−4, it is found thatTCME = 2.8703. The
derivation is based on the fact that the probability of a clean sample exceeding the sta-
tistical mean of the clean samples multiplied byTCME is Pr. It should be noted that the
result (78) is actually an approximation. It is most useful when the number of reference
samplesNR is large. In those cases, the obtained clean sample rejection rate is close to
the desired value. We will also study the situation where the CA scaling factors are used
in the censoring, i.e.,

Tk = FCDF−1(1− Pr, 2MC , 2MCk)/k, (79)

which roughly correspond to the case where corruption is assumed to be infinitely strong
andZ(k) is the last signal-free cell. Previously the CA scaling factors have not been used
for censoring. The BCME [32] will also be used here. As a result of the backwards op-
eration, the BCME algorithm sometimes removes too small a number of the corrupted
reference cells containing interference. On the other hand, sometimes the FCME algo-
rithm may remove too large a number of the reference cells (depending on the chosenPr

and the size of the initial set).
Analytical results for the clean sample rejection (given the scaling factors) have not

been presented in the literature. First, the probability of passing the testk can be found
by integrating the joint PDF of the order statistics. In the case whereMC = 1, the result
can be conveniently expressed using a recursive function shown in listing 6.1. The global
variableT is a vector containing the scaling factors andc is the input vector. Now, the
probability of passing the testk is PrPass (1k+1), where1k+1 is a vector of lengthk + 1
with all components equal to one. This result is exact at least in those situations where
all scaling factors are not smaller than one. It would be possible to find the exact result
for other cases also. However, in this case the operation of the algorithm does depend on
the values of the scaling factors and the analysis is more complicated3. Using the above

3I am currently preparing a journal paper ”On the convergence properties of the FCME algorithm” on this
subject
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results, the clean sample rejection rate obtained can be found with

Pr = (NR − 1) (1− PrPass (12))

+
NR−1∑
k=2

(NR − k) (PrPass (1k)− PrPass (1k+1)),
(80)

which should be limited to the maximum value given by the number of samplesNR mi-
nus the initial set size divided byNR. This limitation occurs only with very large and
impractical values of desired clean sample rejection rate.

6.2.2 Stage (B)

In the two-stage system studied here, the final decision is made after censoring with the test
Z ≥ η, whereη = TDET,KZREF andZREF is the sum of the values of all the supposedly
uncorrupted reference cells andK is the number of these reference cells. TheTDET,K is
the scaling factor used in the detection. If the test is true, the hypothesisH1 is chosen.
Otherwise, it is decided that the noise-only hypothesisH0 is true. Here, the CA scaling
factors [95] are used in the final decision, i.e.,

TDET,K = FCDF−1(1− PFA,DES, 2MC , 2MCK)/K. (81)

The combinations of FCME, CA, and BCME censoring with CA scaling factors in the
final decision will be referred as the FCME+CA, CA+CA and BCME+CA, respectively.

6.3 Numerical results

For clarity, numerical results are separated into two (sub)sections. In Section 6.3.1, the
focus is on the clean sample rejection rate. In Section 6.3.2, the whole two-stage detection
is studied. The probabilities of detection and false alarm are presented.

6.3.1 Clean sample rejection rate

Fig. 27 shows the obtained versus desired clean sample rejection rates when using the
FCME scaling factors and the reference set size is varied,MC = 1, and the initial set size
is 10%. It can observed that the simulation results match very well with the theoretical
results. The reference cells are assumed to be uncorrupted. The presence of corrupted
cells somewhat affects the clean sample rejection rate. However, due to the unknown
number of corrupted cells and unknown strengths of corruption, it is not possible to take
this into account in the threshold setting process. In addition, in the two-stage detection
process, it is the detection and false alarm probabilities in stage (B) that matter. These will
be presented in the next section. However, the results in this section are also important,
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Fig. 27. Obtained versus desired clean sample rejection rates when using the FCME scaling
factors. Dots indicate theoretical results and solid lines are based on simulations. Initial set
size is10%, MC = 1.

especially if in future work these censoring methods will be applied directly to CFAR. Let
us return to Fig. 27. Due to the computational requirements of the recursive algorithm,
the theoretical results are shown only for the casesNR = 8 andNR = 16. It can be
seen that the FCME scaling factors cannot be used whenNR is small and the initial set
size is small. WhenNR = 64, the results are relatively close to the desired values. With
NR = 256, the difference between the obtained and desired values is small. Fig. 28 shows
the corresponding results with CA scaling factors. It can be seen that the clean sample
rejection rates obtained are noticeably closer to the desired values than those obtained
with the FCME scaling factors, especially when the reference set size is small.

Let us now consider the situation withMC ≥ 1 and the initial set size25%. As can
seen from Fig. 29, it is now possible to useNR = 16 with the FCME scaling factors. The
largerMC is, the closer the obtained clean sample rejection rate is to the desired value.
Fig. 30 shows the corresponding results for the CA scaling factors.
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tors. Dots indicate theoretical results and solid lines are based on simulations. Initial set size
is 10%, MC = 1.



73

10
−4

10
−3

10
−2

10
−1

10
0

10
−4

10
−3

10
−2

10
−1

10
0

Desired clean sample rejection rate

O
bt

ai
ne

d 
cl

ea
n 

sa
m

pl
e 

re
je

ct
io

n 
ra

te

Ideal results

M
C

=1

M
C

=2

M
C

=8

Fig. 29. Obtained versus desired clean sample rejection rates when using the FCME scaling
factors. Dots indicate theoretical results and solid lines are based on simulations. Initial set
size is25%, NR = 16, and MC ≥ 1.
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Fig. 30. Obtained versus desired clean sample rejection rates when using the CA scaling fac-
tors. Dots indicate theoretical results and solid lines are based on simulations. Initial set size
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6.3.2 Automatic censored CFAR

The properties of the censoring in stage (A) depend on the censoring algorithm and the
the censoring parameterPFC or Pr. Generally speaking, too small a value ofPFC or Pr

means that some of the corrupted reference cells will not be censored. On the other hand,
too large a value means that some of the reference cells containing only noise will be
needlessly censored. A numerical example corresponding to the CA scaling factors with
different values ofPr is presented in Figs. 31–32. There are four corrupted reference cells
with the same signal strength as in the test cell. It can be seen thatPr = 10−3 seems
to be the best choise. However, herePr = 10−4 will be used for consistency, so that
Pr = PFA,DES.

The corresponding results for the FCME scaling factors are shown in Figs. 33–34. In
the case of the FCME scaling factors,Pr = 10−4 seems to be the best choice, because
with Pr = 10−3 the false alarm probability is somewhat larger than the desired value.

In these simulations, the thresholds given by the different methods were simulated.
The detection and false alarm probabilities were then calculated using the non-central chi-
square CDF or the chi-square CDF corresponding to the test cell, respectively. The number
of Monte Carlo runs was≥ 105. Therefore, the simulated results are not necessarily valid
for extremely low false alarm rates.
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Fig. 31. Simulated detection probabilities with the CA scaling factors,NR = 16, TRWR = 8,
PFA,DES = 10−4, when four reference cells are corrupted with the same signal strength as in
the test cell.
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Fig. 32. The simulated false alarm probabilities corresponding to Figure 31.
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Fig. 33. Simulated detection probabilities with the FCME scaling factors,NR = 16, TRWR =

8, PFA,DES = 10−4, when four reference cells are corrupted with the same signal strength as
in the test cell.
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Fig. 34. The simulated false alarm probabilities corresponding to Figure 33.
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Assume thatPr = PFA,DES. Fig. 35 shows the theoretical and simulated detection
probabilities withNR = 16, TRWR = 8, k = 6/12 (OS) andPFA,DES = 10−4. There are
four corrupted reference cells with the same signal strength as in the test cell. It is observed
that the FCME+CA detector has the best performance, unless the SNR is 12 dB or less,
closely followed by the OS(6) detector and the CA+CA detector. If the SNR is 12 dB or
less, the OS(6) detector has the best performance. Note that with an optimized value ofPr,
FCME+CA and CA+CA would perform better than OS(6) even with small values for the
SNR, see the results in the previous subsection. The OS(12) detector and BCME+CA also
perform rather well. The conventional CA detector has poor performance, as expected.

Fig. 36 shows the false alarm probabilities corresponding Fig. 35. It is observed that
the false alarm probability of the FCME+CA detector is the largest. However, the desired
false alarm probability is not exceeded, i.e., the false alarm probability is controlled. The
false alarm probabilities corresponding to the CA detector are small and are not shown.
It can be seen that when the SNR and also the interference power is small, the censoring
algorithms do not remove corrupted reference cells. The censoring algorithms start to
operate when SNR is 10–15 dB. The OS detector’s false alarm probabilities converge to
certain values. This is because when the SNR is large enough, the effective size of the
reference set is decreased by the number of corrupted reference cells. Therefore, if the OS
scaling factor would be set assumingNR = 12 instead ofNR = 16, the OS detector would
achieve exactly the required false alarm probability if the SNR is large enough. However,
this detector would give too large false alarm probabilities with small SNR values and also
the number of corrupted reference cells is not knowna priori.

Fig. 37 shows the results of an extreme case, where nine reference cells are corrupted,
three with the same signal strength as in the test cell, three with double and three with half
the strength or non-centrality. It is seen that the FCME+CA, the OS(6) and the CA+CA
detectors are quite good. The OS(12) detector has very bad performance because the
number of corrupted reference cells is larger than four. The BCME+CA detector has poor
performance and the conventional CA detector is useless. The FCME+CA had about a
20% larger than desired false alarm probability when the SNR was large.

Fig. 38 shows the receiver operating characteristic (ROC) plot, i.e.,PD versusPFA,
when all the reference cells contain noise only. The FCME+CA, CA+CA, BCME+CA
and CA detectors have equal performance. The OS detectors are somewhat worse, and the
performance loss is smaller with the OS(12) detector. Therefore, the selection of the OS
parameter involves a compromise [19] (the OS(6) detector had better performance with
interference, Fig. 35). Also, the OS parameter should not be too large (Fig. 37).
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Fig. 35. The theoretical and simulated detection probabilities withNR = 16, TRWR = 8,
k = 6/12 (OS), Pr = PFA,DES = 10−4, when four corrupted reference cells are corrupted
with the same signal strength as in the test cell. The dotted lines are theoretical results.
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Fig. 37. The theoretical and simulated detection probabilities withNR = 16, TRWR = 8,
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the same signal strength as in the test cell, three with double and three with half the strength.
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6.4 Conclusions

The performance of the CA, OS and iterative CFAR signal detection methods (FCME+CA,
CA+CA, BCME+CA) were analyzed in the context of the channelized radiometer. The
numerical results showed that the iterative CFAR methods can improve the signal detection
performance when some reference cells are corrupted and contain signal(s) in addition to
noise. In most cases, the FCME+CA detector had the best detection performance, closely
followed by the CA+CA detector. In some cases, the FCME+CA provided a somewhat
larger false alarm probability than the desired value. The BCME+CA detector had worse
performance than both of these methods. The conventional OS detector also performs
well, assuming its order parameterk is correctly chosen. Actually, when the SNR was
small, the OS detector had the best performance.



7 Power-law based intercept receiver

In this chapter, the threshold setting of a power-law detector (PLD) using windowing will
be studied. First, properties of the power-law decision variable are analyzed in Section
7.1. The shifted log-normal approximation will be used for threshold setting, and it is
discussed in Section 7.2. Using contiguity in PLD is discussed in Section 7.3. Numerical
results are provided in Section 7.4. Finally, Section 7.5 gives the conclusions.

7.1 Properties of the decision variable

In the PLD, the detection is made by comparingTv (x) (25) to a thresholdη. The threshold
can be found by using the inverse of the cumulative distribution function of the decision
variable. Often the exact distribution of the decision variable cannot be found and approxi-
mations need to be used. In detection problems, the conventional Gaussian approximation
often lacks the required accuracy. Here, the more accurate shifted log-normal approxima-
tion is used. In order to do this, we need to know the mean, variance, and the skewness of
the decision variable in the noise-only case, whereas the Gaussian approximation requires
only the mean and variance.

It will be assumed that decisions are made based single blocks. AssumingH0 is
true, x = An, wheren is anN -element noise vector. Noise is assumed to be a zero-
mean proper complex white Gaussian process, with independent real and imaginary parts.
The covariance matrix of the noise isE

[
nnH

]
= σ2IN , where "H" denotes conjugate-

transpose andσ2 is the total variance. Additionally, the pseudo-covariance vanishes, i.e.,
E

[
nnT

]
= 0. Vector x has zero-mean and the covariance matrixΨ = σ2AAH . It

is assumed that the covariance matrixΨ is positive definite, and that the noise variance
is known. If this not the case then the covariance matrix can be singular, however, the
characteristic function can still be specified.

For threshold setting with the shifted log-normal approximation, it is necessary to
known the mean, the variance, and the skewness of the decision variable. The mean of
the decision variable,P1, can be found directly by using the result that in the noise-only

caseE
(
|xk|2v

)
= v! (Ψkk)v [136], whereΨkk is (k, k)th element of the covariance
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matrix. The second raw moment is

P2 = E
(
Tv (x)2

)
=

N∑

k=1

N∑

l=1

E
(
|xk|2v |xl|2v

)
. (82)

In the noise-only case [136]

E
(
|xk|2v |xl|2v

)
= (v!)2 (Ψkk)v (Ψll)

v
v∑

i=0

(
v
i

)2

λ2i
kl, (83)

where
λ2

kl = |Ψkl|2
/

(ΨkkΨll). (84)

To find the third raw momentP3 of the decision variable it is necessary to evaluate the

following 6v-order multivariate moment:E
(
|xk|2v |xl|2v |xm|2v

)
. It was calculated with

the partial derivation method; refer to [136] for details of the method. Note that the partial
derivation method used here is rather tedious to apply in some cases.

Finally, the varianceV = P2 − P 2
1 and the skewness

y =
(
2P 3

1 − 3P1P2 + P3

)
/

(
V 3/2

)
(85)

are calculated.
The results presented above are sufficient for threshold setting. However, parts of the

results are also derived using real-valued random variables since they are easier to handle
and there are more results concerning them. The received vectorx can be expressed in real
variables with [137]

x̂ = Ân̂, (86)

where

x̂ =
[

Re (x)
Im (x)

]
, n̂ =

[
Re (n)
Im (n)

]
(87)

and

Â =
[

Re(A) −Im(A)
Im(A) Re(A)

]
(88)

The n̂ is a real zero-mean Gaussian random vector with the covariance matrixσ2

2 I2N .
Vector x̂ is a2N -element zero-mean Gaussian random vector with the covariance matrix
Ω = σ2

2 ÂÂ
T

. The moment-generating function isφ (t) = exp
(

1
2 tT Ωt

)
. By differen-

tiating the moment-generating function, it is possible to obtain the multivariate moments.
For example,E

[
x̂2

kx̂2
l

]
= Ωk,kΩl,l + 2Ω2

k,l, andE
[
x̂3

kx̂l

]
= 3Ωk,kΩk,l [138]. In [138],

a general expression using the hafnian of the covariance matrix is given.
Let us first discuss the casev = 2. Now, the first raw moment requires finding

E
[
|xk|4

]
= E

[(
Re (xk)2 + Im (xk)2

)2
]

= E
[
Re (xk)4 + Im (xk)4 + 2Re (xk)2 Im (xk)2

]
.

(89)
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Therefore,

P1 =
N∑

k=1

(
3Ω2

k,k + 3Ω2
k+N,k+N + 2Ωk,kΩk+N,k+N + 4Ω2

k,k+N

)
. (90)

Similarly, the second raw moment requires solving

E
[
|xk|4 |xl|4

]
= E

[(
Re (xk)4 + Im (xk)4 + 2Re (xk)2 Im (xk)2

)

×
(
Re (xl)

4 + Im (xl)
4 + 2Re (xl)

2 Im (xl)
2
)]

= E
[
Re (xk)4 Re (xl)

4 + Re (xk)4 Im (xl)
4 + 2Re (xk)4 Re (xl)

2 Im (xl)
2

+Im (xk)4 Re (xl)
4 + Im (xk)4 Im (xl)

4 + 2Im (xk)4 Re (xl)
2 Im (xl)

2

+2Re (xk)2 Im (xk)2 Re (xl)
4 + 2Re (xk)2 Im (xk)2 Im (xl)

4

+4Re (xk)2 Im (xk)2 Re (xl)
2 Im (xl)

2
]

(91)

which can be evaluated by calculating the appropriate multivariate moments. The resulting
expression is lengthy and it is not shown here. However, the procedure for obtaining
multivariate moments of complex random variables using real-valued random variables
can be seen.

Whenv = 1, derivation is easier than in the general case, due to the expression

T1 (x) =
N∑

k=1

|xk|2 = nH
(
AHA

)
n

= Re
(
nHAHAn

)
= n̂T

(
ÂT Â

)
n̂,

(92)

where the last expression is a real Gaussian quadratic form. The mean, variance and
skewness can be calculated based on (92) and the properties of the real and symmetric
Gaussian quadratic forms [139, 140].

7.2 Shifted log-normal approximation

The shifted log-normal approximation uses

P (x) =
1√

ζ2 (x− c)
√

2π
e−(log(x−c)−λ)2/(2ζ2), (93)

whereλ, ζ2 andc are the parameters of the shifted log-normal approximation. Based on
the knowledge of the meanP1, the varianceV , the skewnessy from (85), and using the
method of moments, these parameters are found to be ([132, 25])

ζ2 = log(
1 +

(
1
2

3

√
4y + 4

√
4 + y2 − 2/ 3

√
4y + 4

√
4 + y2

)2
)

,
(94)
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λ = − 1
2ζ2 + 1

2 log
(

V

eζ2 − 1

)
, (95)

and the shift parameter

c = P1 − e

(
λ+

1
2 ζ2

)
. (96)

The threshold corresponding to the shifted log-normal approximation can be found by
using the inverse of the log-normal cumulative distribution function and adding the shift
parameter. The threshold becomes

η = e

(√
ζ2Q−1(PFA,DES) + λ

)
+ c, (97)

whereQ is the tail integral of the Gaussian PDF. Note that thresholds can be precalculated
and then scaled based on the currently valid noise variance estimate. Similarly, an approx-
imation to the probability of the false alarmPFA for a given threshold can be presented
as

PFA ≈ Q

(
log (η − c)− λ√

ζ2

)
. (98)

7.3 Contiguity-based detector

In [107], several contiguity based PLDs have been proposed. A certain amount of adja-
cent bins (values 2 and 3 have been used in [107]) are summed together. This smoothes
the periodogram (FFT) spectrum estimate. The averaged spectrum estimate is used in cal-
culation of the power-law statistic. Consider theTf2 detector that sums two adjacent bins.
In this case, the decision statistic is

Tf2,v =
N∑

j=1

Uv
j =

N∑

j=1

(
|xj−1|2 + |xj |2

)v

, (99)

whereUj = |xj−1|2 + |xj |2 and bins are indexed moduloN . In [107], the exact mean
and variance of the decision statistic (99) have been derived assuming that an orthog-
onal transform has been used. Here, the following procedure is used. First, a general
expression is written for the first three moments. This expression is then expanded. Fi-
nally, the expected values of the terms in the expression are evaluated using the partial
derivation method [136]. For example, the general expression for the mean isE (Tf2,v) =
N∑

j=1

E
((
|xj−1|2 + |xj |2

)v)
. Whenv = 2,

E (Tf2,2) =
N∑

j=1

[
E

(
|xj−1|4

)
+ 2E

(
|xj−1|2 |xj |2

)
+E

(
|xj |4

)]
(100)
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and the resulting terms can then be evaluated with the partial derivation method. The

second raw moment,E
(
T 2

f2,v

)
, is

E
(

N∑
k=1

(
|xk−1|2 + |xk|2

)v N∑
l=1

(
|xl−1|2 + |xl|2

)v
)

=
N∑

k=1

N∑
l=1

E
((
|xk−1|2 + |xk|2

)v (
|xl−1|2 + |xl|2

)v)
.

(101)

For example, whenv = 1, E
(
T 2

f2,1

)
is

N∑

k=1

N∑

l=1

[
E

(
|xk−1|2 |xl−1|2

)
+ E

(
|xk−1|2 |xl|2

)

+E
(
|xk|2 |xl−1|2

)
+ E

(
|xk|2 |xl|2

)]
,

(102)

where the terms can be evaluated with the partial derivation method. This same approach
can be used to calculate all the necessary moments of the decision variable. In [107],
the mean and variance of the decision variablesTf2,1 andTf2,2 have been evaluated as-
suming an orthogonal transform. The results obtained using the more general expressions
presented here were verified to be exactly equal to those in this special case.

7.4 Numerical results

Figs. 39–41 show the simulation results and the theoretical approximations for the prob-
ability of the false alarmPFA versus the threshold. In the simulations, the FFT length
wasN = 256 and a Hamming window was used. The number of Monte-Carlo loops
used in the simulations was5 × 107. It can be seen from Fig. 39 that whenv = 1 and
PFA,DES = 10−3, the Gaussian approximation gives a threshold of roughly 128. Based
on the simulation results, it is seen that this is too low, the correct threshold is slightly
over 130. The threshold based on the shifted log-normal approximation is accurate even
whenPFA,DES is very small. It is observed from Fig. 40 that whenv = 2, the shifted
log-normal approximation can be used whenPFA,DES is to the order of10−5. It can be
seen from Fig. 41 that whenv = 3, the shifted log-normal approximation can be used
whenPFA,DES ≥ 10−3. It is noted that whenv increases, the accuracy of the shifted log-
normal approximation decreases as the probability of a false alarm diminishes. Note that
in a typical situation, a valuev = 2 would probably be used because it gives a balanced
performance for different signal types [31]. In the case of theTf2 detector withv = 2, the
simulation results showed that the threshold is accurate whenPFA,DES ≥ 10−5.

It is interesting to compare the accuracy of the threshold setting method presented here
to the method presented in [107] in the special case where an orthogonal transform (FFT
without windowing) is used. A comparison was performed with theTf2 detector,N = 256
andv = 1 or v = 2. The results in the case ofv = 1 were as good as those obtained in
[107, Fig. 5]. In fact, both results are practically equal. Fig. 42 shows results whenv = 2 is
used. In this case, some of the terms were found to be extremely cumbersome to calculate
using the partial derivation method. Therefore, when evaluating the more complicated
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Fig. 39. Simulation results and theoretical approximations for the probability of a false alarm,
N = 256, Hamming window, v = 1.
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Fig. 40. Simulation results and theoretical approximations for the probability of a false alarm,
N = 256, Hamming window, v = 2.
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Fig. 41. Simulation results and theoretical approximations for the probability of a false alarm,
N = 256, Hamming window, v = 3.
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Fig. 42. Simulation results and theoretical approximations for the probability of false alarm,
N = 256, no window, contiguity-basedTf2 detector with v = 2.
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Table 1. Windowing Losses (Hamming window).

Direct sequence signal Narrowband signal
Radiometer 1.5 dB 1.5 dB
Nuttall (v = 2) 1.3 dB 0.9 dB
Nuttall (v = 3) 0.9 dB 0.6 dB
ContiguityTf2 (v = 2) 1.7 dB 1.3 dB

terms, symbolic differences were used instead of symbolic derivatives. By comparing the
results to those given [107] for the saddlepoint approximation, it was observed that the
method presented here had slightly better accuracy.

Figs. 43(a)–43(b) show the simulated miss probabilities when the signal to be detected
is a sinusoidal signal. The theoretical miss probabilities [9] are also presented for the
total-power radiometer (PLD withv = 1) in addition to the simulation results. It can be
seen that the PLD withv = 2 has significantly better performance than the conventional
total-power radiometer. The PLD withv = 3 is somewhat better than the PLD with
v = 2. The contiguity-basedTf2 detector withv = 2 has roughly same performance as the
conventional PLD withv = 2 when no windowing was used. In the case where windowing
is used, theTf2 detector has a slightly worse performance. The windowing loss associated
with the total-power radiometer is 1.5 dB. The windowing loss is the additional SNR
required to get the same performance with windowing as with the case without windowing
(or the rectangular window is used). The windowing loss withv = 2 is approximately 0.9
dB. This means that the PLD withv = 2 suffers less from windowing than the total-power
radiometer. The loss associated with the PLD with the power-law parameterv = 3 was
0.6 dB and the loss associated with theTf2 detector withv = 2 was 1.3 dB.

Figs. 44(a)–44(b) show the simulated miss probabilities when the signal to be detected
is a DS signal. In this case, the total-power radiometer has the best performance. The
PLD with v = 2 and theTf2 detector withv = 2 also have a rather good performance.
The PLD withv = 3 has the worst performance. The windowing loss associated with
the total-power radiometer was 1.5 dB. The windowing loss associated with the PLD with
v = 2 was 1.3 dB. This means that in the case of a wideband signal, the PLD withv = 2
has only 0.2 dB smaller windowing loss than the total-power radiometer. The windowing
loss whenv = 3 is used, was 0.9 dB and the loss, when theTf2 detector withv = 2 is used
was 1.7 dB. These results are summarized in Table 1. Simulations were also performed
with a 4-term Blackman-Harris window. In this case, losses were higher than with the
Hamming window, roughly 2–3 dB depending on the parameters.

7.5 Conclusions

A new method for setting the threshold of a power-law detector that uses a non-orthogonal
transform was proposed and analyzed. The simulation results showed that the accuracy



90

12 14 16 18 20 22 24
10

−4

10
−3

10
−2

10
−1

10
0

SNR (E
Total

/N
0
) [dB]

M
is

s 
pr

ob
ab

ili
ty

, 1
−

P
D

Simulated (radiometer)
Theoretical (radiometer)
Nuttall detector (v=2)

Windowing
Loss 0.9 dB 

Windowing
Loss 1.5 dB 

(a)

12 14 16 18 20 22 24
10

−4

10
−3

10
−2

10
−1

10
0

SNR (E
Total

/N
0
) [dB]

M
is

s 
pr

ob
ab

ili
ty

, 1
−

P
D

Nuttall detector (v=3)
T

f2
 detector (v=2)

Windowing
Loss 0.6 dB 

Windowing
Loss 1.3 dB 

(b)

Fig. 43. Simulated miss probabilities,PFA,DES = 10−3, sinusoidal signal,N = 256. Solid lines
are results without windowing and dotted lines are results with a Hamming window. (a)v = 1

(radiometer) and v = 2 (b) v = 3 and Tf2 detector with v = 2.

of the threshold depends on the power-law parameter. In the case of a typical value of
the power-law parameter, the method can be used even when the required probability of
the false alarm is to the order of10−5. The simulation results showed that the windowing
loss associated with the Hamming window is 0.6–1.7 dB depending on the power-law
parameter and the signal to be detected.
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Fig. 44. Simulated miss probabilities,PFA,DES = 10−3, DS signal,N = 256. Solid lines are
results without windowing and dotted lines are results with Hamming window. (a)v = 1
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8 Conclusions and future work

In this thesis, energy based detectors were developed and analyzed. The relevant litera-
ture was reviewed in Chapter 2. Signal models for a digital receiver and a channelized
radiometer were presented in Chapter 3.

The effects of quantization on the total power radiometer were considered in Chapter
4. Two cases were studied: (1) the noise power is unknown; and (2) the noise power
is known. In case (1) the focus was on analyzing the CA-CFAR threshold setting strat-
egy with different scaling factors. In case (2), three different threshold setting strategies
were studied and compared. Numerical examples demonstrated that the threshold corre-
sponding to the Gaussian quantization noise assumption performed surprisingly well and
that 3 or 4 quantization bits are typically required for obtaining the desired false alarm
probability. In future work, the effects of quantization on other detection structures could
be studied. The effects of a power (variance) mismatch between reference samples and
the actual noise on different detection structures could be compared. Additionally, new
CFAR methods could be applied and/or developed for cases with a small dynamic range,
i.e., a large saturation (overload) probability. For example, bi-parametric CFAR strategies
estimating both the granular noise and the saturation (overload) noise could be investi-
gated. Automatic gain control strategies could be studied and optimized especially for the
digital total power radiometer. Interference mitigation could be applied prior to energy
detection, especially in scenarios with narrow-band or impulsive interference sources that
would otherwise render the energy detector useless. It might be worthwhile investigating
the performance loss of systems using a general purpose receiver, where the in-phase and
quadrature channels are separately quantized, compared to more specialized systems us-
ing envelope quantization. The addition of noise / dither could be investigated since the
performance of a suboptimal detector may, in some special cases, be improved by adding
noise [141].

Detection of frequency hopping signals, assuming time synchronism, was studied in
Chapter 5. The logical OR-sum channelized radiometer, the sum-sum channelized ra-
diometer, the max-sum channelized radiometer and the optimal detector using frequency
sweeping were analyzed. Numerical examples demonstrated that if the number of hops
observed per decision is large, frequency sweeping degrades the performance compared
to a system that does not apply frequency sweeping with or without fading. If the num-
ber of hops observed is small, sweeping can be necessary to get the desired performance.
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When the channel was fading, the best performance was obtained using fast sweeping.
Without fading, the maximum based intercept receiver had the best performance, unless
the POI was small. When the POI was large, the performance of the maximum based
receiver was close to that of the optimal receiver. In the case of fading, logical OR-sum
and sum-sum receivers had better performance than the maximum based receiver. The
assumption of time synchronism was reasonable, since otherwise analytical results are
much more complicated. Radiometer outputs fromK detection phases within a hop inter-
val were grouped together before applying, for example, logical-OR combining. In future
work, the advantages of this grouping — as opposed to simply processing theK detection
phases separately — could be studied in a more realistic case without time synchronism.
Systems using an estimate of the SNR in order to improve detection could be investigated.
A sequential procedure could be applied.

CFAR strategies, in the context of the channelized radiometer, were studied in Chap-
ter 6. The methods studied were CA, OS, and iterative CFAR methods (FCME+CA,
CA+CA, BCME+CA). The numerical results showed that iterative CFAR methods can
improve the signal detection performance when some reference cells are corrupted and
contain signal(s) in addition to noise. In most cases, the FCME+CA detector had the
best detection performance, closely followed by the CA+CA detector. In some cases, the
FCME+CA provided a somewhat larger false alarm probability than the desired value.
The BCME+CA detector had a worse performance than both of these methods. The con-
ventional OS detector also performs well, assuming its parameter is correctly chosen.
Actually, when the SNR was small, the OS detector had the best performance. In future
work, the performance of systems using CMLD scaling factors after censoring should be
investigated and compared with systems using CA or TM scaling factors after censoring.
Different methods of mapping the assumed number of interferers to the scaling factor
could be studied (see Section 2.4.1). More detailed comparison could made regarding
also different numbers of multiple targets — perhaps with different strengths — with and
without fading, and with different time-frequency products. It is expected that the CMLD
and TM scaling factors will offer better false alarm performance than the CA scaling
factors with small time-frequency products. In addition to simulation results, the perfor-
mance of the iterative CFAR methods in the presence of inhomogeneous samples should
be analytically studied. For example, assuming that interference is strong enough, the or-
dering of the reference samples can be approximated to be equal to separately ordering the
noise-only samples and the samples containing interference, so that the samples contain-
ing interference always occupy the top-rank places [75]. Possible performance losses of
systems using censoring directly for CFAR, relatively to the discussed two-stage systems
could be analyzed. One could study Nitzberg’s [88] idea that cells where target is decided
to be present should not be included in the reference sets of future tests. Additional CFAR
strategies could be explored. For example, it is expected that the clutter map CFAR will
have good performance in stationary environments. The effects of post-detection process-
ing / combining local decisions could be investigated.

Threshold setting of the power-law detector using windowing was studied in Chapter 7.
A new method for setting the threshold of a power-law detector that uses a non-orthogonal
transform was proposed and analyzed. The simulation results showed that the accuracy
of the threshold depends on the power-law parameter. In the case of a typical value of
the power-law parameter, the method can be used even when the required probability of
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a false alarm is to the order of10−5. The simulation results showed that the windowing
loss associated with the Hamming window is 0.6–1.7 dB depending on the power-law
parameter and the signal to be detected. In future work, more computationally efficient
methods for calculating the moments of decision variable could be searched. Overlapping
windows could be studied for reducing the windowing loss [112]. It might be worthwhile
to extend the analysis to include the CFAR power-law detector as well.

The results in this thesis have significantly advanced the understanding of energy or
power based detectors in single antenna systems. First, a study of quantized total power
radiometer performance with and without noise level estimation was presented. Then, the
sweeping channelized radiometer with several total power radiometer channels was ana-
lyzed, without noise level estimation. Several methods were studied for combining the
local decisions. For simplicity, the standard (ideal) radiometer model, without quantiza-
tion, was applied. Next, the channelized total power radiometer using novel noise level
estimation methods was studied. For simplicity, the analysis was limited to a case without
post-detection processing. Finally, a new threshold setting method was proposed for a
system making local decisions with the windowed power-law detector, without noise level
estimation.
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