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Kemppainen, Jukka, Behaviour of the boundary potentials and boundary integral
solution of the time fractional diffusion equation
Faculty of Science, Department of Mathematical Sciences, University of Oulu, P.O.Box 3000,
FI-90014 University of Oulu, Finland 
Acta Univ. Oul. A 548, 2010
Oulu, Finland

Abstract
The dissertation considers the time fractional diffusion equation (TFDE) with the Dirichlet
boundary condition in the sub-diffusion case, i.e. the order of the time derivative is α ∈ (0,1). In
the thesis we have studied the solvability of TFDE by the method of layer potentials. We have
shown that both the single layer potential and the double layer potential approaches lead to integral
equations which are uniquely solvable.

The dissertation consists of four articles and a summary section. The first  article presents the
solution for the time fractional diffusion equation in terms of the single layer potential. In the
second and third article we have studied the boundary behaviour of the layer potentials for TFDE.
The fourth paper considers the spline collocation method to solve the boundary integral equation
related to TFDE.

In the summary part we have proved that TFDE has a unique solution and the solution is given
by the double layer potential when the lateral boundary of a bounded domain admits C1 regularity.
Also, we have proved that the solution depends continuously on the datum in the sense that a
nontangential maximal function of the solution is norm bounded from above by the datum in
L2(ΣT). If the datum belongs to the space H1,α/2(ΣT), we have proved that the nontangential
function of the gradient of the solution is norm bounded from above by the datum in H1,α/2(ΣT).

Keywords: boundary integral equation, double layer potential, single layer potential,
spline collocation, time fractional diffusion
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1 Introduction

In the thesis we study the boundary integral solution of the time fractional diffusion
equation (TFDE)

∂
α
t Φ−∆Φ = 0, in QT = Ω× (0,T ),

Φ = g, on ΣT = Γ× (0,T ), (1)

Φ(x,0) = 0, x ∈Ω,

where Ω is a bounded domain in Rn, n≥ 2, and ∂ α
t is the Caputo time derivative of the

fractional order 0 < α ≤ 1.
The concept of fractional differentiation and integration is nearly as old as the

theory of calculus. Usually the fractional calculus is associated with the name Liouville,
however, the history dates back to 1695 when Leibnitz wrote a letter to L’Hospital
and discussed whether or not the meaning of derivatives with integer orders could be
generalized to derivatives with non-integer orders. L’Hospital asked: “What if the order
were 1/2?” Leibnitz answered: “It would lead to a paradox from which one day useful
consequences will be drawn.” [22]

Recently, new applications have been found for the fractional derivatives in engineer-
ing, physics, finance and hydrology. In physics, fractional diffusion-type equations
describe anomalous diffusion on heterogeneous media. They describe the non–Fickian
transport phenomenon with long memory. What makes fractional diffusion–type
equations useful on a wide range of applications is the strong relationship between
these equations and fractional Brownian motion, the continuous–time random walk
(CTRW) models, the Lévy stable probability distributions, and the generalized central
limit theorem.

Our model problem is a special case of an anomalous diffusion. One way to
characterize diffusion processes is the mean squared displacement (MSD). The evolution
of MSD in standard diffusion is linear in time. However, many practical experiments
indicate a power-law type evolution, i.e. MSD ∼ tα with α 6= 1. We say that the
diffusion process is anomalous if the evolution of MSD is not linear. For example, it has
been observed that the stress σ(t) in some complex viscoelastic materials decays like
t−α with 0 < α < 1. Therefore Giona et al. have proposed a (one-dimensional) TFDE
model for the relaxation in complex viscoelastic materials [13].
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From the mathematical point of view, however, the initial value problems have
been considered mainly (see [25] and references therein). An expression for the
fundamental solution of the corresponding Cauchy problem was constructed in [20]
and [33] by means of a Fox H-function. In [20] it was proved that the classical
solution of the Cauchy problem, with exponentially bounded initial data that is locally
Hölder continuous, is unique. In [25] the uniqueness of the classical solution of
nonhomogeneous TFDE, with the source term F ∈C (QT ), the boundary data g∈C (ΣT ),
nonzero initial data u0 ∈C (Ω) and ∆ replaced by a linear elliptic second order differential
operator L = ∑

n
k=1
(

p(x)∂ 2
xk
+∂xk p(x)∂xk

)
−q(x), was proved. According to the author’s

knowledge, only the existence and uniqueness of the classical solution of TFDE
in bounded domains have been considered until now. The weak or the variational
formulation of the problem is a new approach in this setting. As far as I am aware,
TFDE has not so far been investigated in the classical function spaces, such as L2(ΣT )

or in the scale of anisotropic Sobolev spaces.
The purpose of the thesis is to determine the solvability theory for TFDE in the

aforementioned classical function spaces by using the method of layer potentials. Since
this approach is new in this setting, we first had to investigate the behaviour of the layer
potentials in order to determine an integral equation corresponding TFDE. Then we were
able to derive the corresponding boundary integral equation and study its solvability.
We have shown that the use of both the single layer potential and the double layer
potential leads to an integral equation, which is uniquely solvable. Then the solution of
the original problem may be expressed in terms of the boundary data.

We have made different regularity assumptions on the domain in different papers.
At the moment, we have been able to deduce the unique solvability for TFDE only in
C 1 domains. In the future, it would be useful to generalize our results for Lipschitz
domains.

12



2 Summary of the original articles

The thesis consists of four articles. The first article presents the solution for TFDE
in terms of the single layer potential. Using the double layer ansatz for the Dirichlet
problem is more common. The reason for this is that the single layer approach leads to
an integral equation of the first kind, which is usually ill-posed. Indeed, it follows from
the proof of Theorem 1 in II that the single layer potential is an integral operator with a
weakly singular kernel. Hence, it is a compact operator and therefore its inverse cannot
be bounded, e.g., in Lp(ΣT ) with a Lipschitz smooth lateral boundary Γ. However, note
that the well-posedness of a problem depends not only on the operator but on the spaces
and the norms of the spaces [21, Chapter 15].

In paper I we have shown that the single layer approach for the Dirichlet problem of
TFDE leads to a well-posed integral equation in a scale of anisotropic Sobolev spaces.
Hence, the single layer approach makes sense for solving TFDE. A drawback is that
there seems to be no clear physical meaning for the quantity σ in the boundary integral
equation V σ = g. If we would like to have a direct physical meaning of the solution of
the integral equation, we should construct it with the direct method. Instead, we have
used the indirect method because it is easier in the sense that the right hand side g is the
boundary data. Still, there is one drawback. The solvability of the integral equation is
achieved in a space that is weaker than L2(ΣT ). One could naturally ask whether is it
possible to obtain a corresponding integral equation which is solvable in a smoother
space such as L2(ΣT ) or H1, α

2 (ΣT ). It turns out that this is indeed the case when we use
the double layer approach for solving TFDE.

In the second and third article we have studied the boundary behaviour of the layer
potentials for TFDE. Since our technique is based on the well-known technique used in
elliptic and parabolic case, let us recall some landmarks on the history. The jump relation
of the gradient of the single layer potential for the parabolic equation in nondivergence
form was shown in [29] when the lateral boundary has Lyapunov regularity. Then
solvability for the Dirichlet and Neumann problems follows from the classical theory,
found e.g. in [12] and [21]. In [11] Fabes and Riviére were able to construct solutions
to the Dirichlet and Neumann problems for the heat equation in C 1-cylinders by the
method of layer potentials. They used the Fourier transform in the time variable to
reduce the study to an elliptic problem and then using the results in [10]. Their proof of

13



the invertibility of the boundary integral operator − 1
2 I + J relies on their result which

states that the norm of J is small with T as an operator on L2(ΣT ). Then a well-known
iteration argument [11, proof of Theorem 3.3] gives the inverse on L2(ΣT ) for arbitrary
T as long as T < ∞. The same conclusion is also true in the space H1, 1

2 (ΣT ).
On Lipschitz domains, however, the norm of J remains bounded away from zero as

T → 0. In [5] R. M. Brown managed to solve the Dirichlet and Neumann problems for
the heat equation in Lipschitz cylinders by using the technique developed in [35] and
[36].

We started to study the behaviour of the single layer potential near the boundary of
a C 1+λ , 0 < λ < 1, smooth bounded domain. We have proved the continuity of the
single layer potential across the boundary that the normal derivative of the single layer
potential satisfies the usual jump relation known for the heat equation and that the single
layer potential is Hölder continuous. The results are presented in paper II.

Paper III is based on the results in [11] and [18]. In the proofs we use the same
technique as in [11]. We also need to know the behaviour of the Fox H-functions which
can be found from [4], [18] and [19]. Our main result in paper III states that the maximal
function D̃ψ , associated with the double layer potential D is bounded in L2(ΣT ) and that
D has the nontangential limit − 1

2 I + J almost everywhere.
The fourth paper considers the spline collocation method to solve the boundary

integral equation related to TFDE. In this paper we study TFDE in a smooth, bounded
domain Ω⊂ R2. We use the single layer approach which leads to a boundary integral
equation of the first kind. The corresponding integral equation is solved by the spline
collocation method. As trial functions we use the tensor products of continuous
piecewise linear splines and the collocation points are the nodal points. In this paper we
show that the spline collocation method is stable in a suitable anisotropic Sobolev space
and it furnishes quasi-optimal error estimates. The paper is mainly based on the work
[9], [15] and [16].

2.1 Notation and preliminaries

In this section we introduce the notation and some basic concepts needed in this work.
The fractional Caputo derivative appearing in TFDE is defined as follows. Let us

first introduce the fractional integral operator Jα of order α > 0,

Jα f (t) =
1

Γ(α)

∫ t

0
(t− τ)α−1 f (τ)dτ, t > 0.

14



The Caputo derivative ∂ α
t of order 0 < α < 1 is defined as ∂ α

t f (t) = J1−α D1 f (t), where
D1 denotes the usual derivative operator. It can be written in a form

∂
α
t f (t) =

1
Γ(1−α)

∫ t

0
(t− τ)−α d f (τ)

dτ
dτ.

The fractional integral operators have the semigroup property Jα Jβ = Jα+β which
is needed in the proof of positive defineteness of the Caputo derivative in paper I [32,
Formula 2.21].

The analysis of the Fox H-functions play an important role in this work. We shall not
represent the general definition. The Fox H-functions needed in this work are defined
as follows. Let m, p,q be nonnegative integers such that m ≤ q. For ai,b j ∈ C and
αi,α j ∈ R+ = (0,∞) with i = 1, . . . , p and j = 1, . . . ,q, the Fox H-function Hm,0

p,q (z) is
defined as the Mellin-Barnes integal

Hm,0
p,q (z) = Hm,0

p,q

(
z
∣∣∣(a1,α1), . . . ,(ap,αp)

(b1,β1), . . . ,(bq,βq)

)
=

1
2πi

∫
C

H m,0
p,q (s)z−sds (2)

with

H m,0
p,q (s) =H m,0

p,q

(
s
∣∣∣(a1,α1), . . . ,(ap,αp)

(b1,β1), . . . ,(bq,βq)

)
=

∏
m
j=1 Γ(b j +β js)

∏
p
i=n+1 Γ(ai +αis)∏

q
j=m+1 Γ(1−b j−β j)

.

(3)

If an empty product occurs in (3), it is defined to be one. The contour C in (2)
is a loop starting at the point −∞+ iϕ1 and terminating at the point −∞+ iϕ2 with
−∞ < ϕ1 < ϕ2 < ∞ such that the poles of the Gamma function Γ(b j +β js) lie on the
left of C . For the properties of the Fox H-functions we refer to [19].

We recall the definition of the regularity of the domain and introduce the spaces we
have used [23], [24], [38].

First, we recall the definition of the Lipschitz domain.

Definition 2.1.1. Let Ω⊂ Rn be a bounded connected open set. We say that Ω ∈ Lip or

Γ ∈ Lip if for each point x ∈ Γ there exists a neighborhood Ux, a rectangular coordinate

system (y′,yn) := (y1, . . . ,yn) and a function ϕ : Rn−1→R with the following properties.

1. ϕ ∈ Lip(Rn−1);

2. Ux∩Ω = {(y′,yn) : yn > ϕ(y′)}∩Ux;

15



3. Ux∩Γ = {(y′,yn) : yn = ϕ(y′)}∩Ux.

Similarly, we say that Ω ∈ C 1 (Γ ∈ C 1) or Ω ∈ C 1+λ (Γ ∈ C 1+λ ), 0 < λ < 1, if the
function ϕ appearing in the definition has C 1 or C 1+λ smoothness.

For given r,s≥ 0 the anisotropic Sobolev space Hr,s(QT ) is defined by

Hr,s(QT ) = H0(0,T ;Hr(Ω))∩Hs(0,T ;H0(Ω)), (4)

which is a Hilbert space with the norm

‖u‖2
Hr,s(QT )

=
∫ T

0
‖u(·, t)‖2

Hr(Ω)dt +‖u‖2
Hs(0,T ;H0(Ω)). (5)

If Ω and (0,T ) are replaced by Rn and R, we denote Hr := Hr(Rn) and Hr,s :=
Hr,s(Rn×R). The norm in Hr may be defined via Fourier transform,

‖u‖2
Hr =

∫
Rn
(1+ |ξ |2)r|û(ξ )|2dξ ,

where û(ξ ) = (Fu)(ξ ) denotes the Fourier transform of u(x), and the norm in Hr,s is
given by

‖u‖2
Hr,s =

∫
Rn+1

{
(1+ |ξ |2)r +(1+ |η |2)s}|û(ξ ,η)|2dξ dη , (6)

where û(ξ ,η) = (Fu)(ξ ,η) denotes the Fourier transform of u(x, t).
Since our domains possess at least Lipschitz regularity, the norm ‖ · ‖Hr(Ω) may be

defined by the usual infimum norm [38, Theorems 5.3 and 5.4]

‖u‖Hr(Ω) = inf{‖U‖Hr : u =U |Ω,U ∈ Hr}.

We also need the Sobolev spaces defined on the boundary. Let {U j}M
j=1 be an open

cover for Γ ∈ Lip and {β j}M
j=1 a subordinate partition of unity. It follows from the defini-

tion of the Lipschitz domain that there exists a Lipschitz continuous diffeomorphism φ j

from U j onto the central plane xn = 0 of the cube W = {x ∈ Rn : |xi|< 1, i = 1, . . . ,n}
[38, Theorem 2.5]. Since β j has compact support in U j, (β ju)◦φ

−1
j has compact support

in W ∩{xn = 0} for any function u defined on Γ. Therefore we may extend (β ju)◦φ
−1
j

by zero out of W ∩{xn = 0}. The Sobolev space Hr(Γ) consists of all functions u for
which (β ju)◦φ

−1
j ∈ Hr(Rn−1) holds for all j = 1, . . . ,M. The norm in the space Hr(Γ)

is given by

‖u‖2
Hr(Γ) =

M

∑
j=1
‖(β ju)◦φ

−1
j ‖

2
Hr(Rn−1). (7)
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The anisotropic spaces Hr,s(ΣT ) are defined by setting

Hr,s(ΣT ) = H0(0,T ;Hr(Γ))∩Hs(0,T ;H0(Γ)) (8)

and the norm is given by (5) with Ω replaced by Γ.
The anisotropic Sobolev spaces H−r,−s(QT ) are defined by duality as follows. Let

Hr,s
0 (QT ) be the closure of C ∞

0 (QT ) in Hr,s(QT ). We define H−r,−s(QT ) = (Hr,s
0 (QT ))

′.
The spaces H−r,−s(ΣT ) are defined analogously.

Furthermore, we need the spaces which take the zero initial condition into account.
We denote Σ := Γ×R and define the space Hr,s(Σ) similarly as Hr,s(ΣT ). Then the
space H̃r,s(ΣT ) is the space of restrictions of those functions in Hr,s(Σ) that vanish on
the negative time axis, i.e.

H̃r,s(ΣT ) = {u =U |ΣT : U ∈ Hr,s(Σ),U(·, t) = 0, t < 0}. (9)

In paper IV we need Sobolev spaces consisting of distributions which are periodic in
the spatial variable. These spaces are defined in IV and in order to avoid a confusion
with the notations used above, we refer to article IV for the details.

Let us now turn back to our problem. The boundary relation is interpreted in paper I
in the sense of the trace mapping. This means that the mapping γ : u 7→ u|ΣT , originally
defined locally by γu(x, t) = u(x′,ϕ(x′), t) as a mapping C ∞

0 (Ω)→ C ∞
0 (Γ), is extended

as the mapping acting on the anisotropic Sobolev spaces, γ : H1, α
2 (QT )→ H

1
2 ,

α
4 (ΣT ).

In papers II and III the boundary relation is interpreted in the sense of nontangential
limits

lim
x→x0
x∈K

u(x, t) = g(x0, t), (x0, t) ∈ ΣT .

The set K is defined by

K = {(x, t) ∈ QT : x ∈Ω, |x− x0|< δ ,〈x0− x,n(x0)〉> β |x− x0|},

where n(x0) is the outward unit normal at x0 and δ is a positive constant depending on
Ω and 0 < β < 1 (here we assume that the domain is at least C 1).

We recall the definitions of the boundary potentials. The single layer potential is
defined by

(Sϕ)(x, t) =
∫ t

0

∫
Γ

G(x− y, t− τ)ϕ(y,τ)dσ(y)dτ, (x, t) ∈ (Rn \Γ)×R+, (10)

where G is the fundamental solution of the fractional diffusion equation. It is known that

G(x, t) =

{
π−n/2tα−1|x|−nH20

12 (
1
4 |x|

2t−α |(α,α)
(n/2,1),(1,1)) , x ∈ Rn, t > 0,

0 , x ∈ Rn, t < 0,
(11)

17



where H is the Fox H-function (see [19],[28],[30]). The double layer potential is defined
by

(Dϕ)(x, t) =
∫ t

0

∫
Γ

∂n(y)G(x− y, t− τ)ϕ(y,τ)dσ(y)dτ, (x, t) ∈ (Rn \Γ)×R+. (12)

As it was mentioned before, the single layer potential is continuous across the
lateral boundary. In paper III we have shown that the double layer potential has the
nontangential limiting value − 1

2 ϕ + Jϕ a.e., where the operator J is defined by

(Jϕ)(x, t) = lim
ε↓0

∫ t−ε

0

∫
Γ

∂n(y)G(x− y, t− τ)ϕ(y,τ)dσ(y)dτ. (13)

Therefore, solving TFDE by the single layer potential leads us to the boundary
integral equation V ϕ = g, where V ϕ denotes the trace of Sϕ on the boundary. By using
the double layer approach we end up in the boundary integral equation (− 1

2 I + J)ϕ = g.

2.2 Solvability of TFDE

In paper I we have proved the solvability of TFDE when the datum belongs to H̃
1
2 ,

α
4 (ΣT ).

However, the solvability of the corresponding integral equation was achieved in a space
H̃−

1
2 ,−

α
4 (ΣT ) which is weaker than L2(ΣT ). Now we concentrate on the case where

the datum belongs to L2(ΣT ). In addition, we use the double layer potential ansatz in
contrast to the results in paper I where we used the single layer approach.

Combining the results in paper III and [11] implies that instead of TFDE we may
consider the corresponding boundary integral equation of the second kind, (− 1

2 I+J)ϕ =

g, where g is the Dirichlet boundary value. Although we considered the boundary
behaviour of the layer potentials on Lipschitz domains in paper III, we are not able
to prove existence and uniqueness of the solution in general Lipschitz domains at the
moment. Therefore, in what follows, we assume that Ω is a bounded domain with C 1

boundary.
We start with showing that the operator − 1

2 I + J is invertible on L2(ΣT ). The proof
follows from the proofs of Theorem 1 in paper III and [11, Theorem 1.3]. Indeed, by our
assumption on Ω, the boundary Γ may be covered with finitely many neighborhoods
Ux(l) and we may assume that the neighborhoods are balls, i.e. Ux(l) = B(x(l),rl) for
some rl > 0. It is enough to consider one of these balls, say Bl := B(x(l),rl), and show
that

(Jlψ)(x, t) = lim
ε→0+

∫ t−ε

0

∫
Γ∩Bl

∂n(y)G(x− y, t− τ)ψ(y,τ)dσ(y)dτ

18



is a continuous operator in L2(ΣT ) with the properties

1. for all a, 0 < a ≤ T , Jl χ(a,∞) = χ(a,∞)Jl χ(a,∞), where χ(a,∞) is the characteristic
function of (a,∞);

2. if (a,b)⊂ (0,T ), ‖Jl(χ(a,b)ψ)‖L2(Γ×(a,b))≤ω(b−a)‖ψ‖L2(Γ×(a,b)), where ω(δ )→ 0
as δ → 0+.

The first condition is often called the Volterra property. The operator satisfying these
properties is said to belong to the class J (ΣT ).

Then we divide the operator Jl into three parts; Jl1,Jl2 and Jl3 and all the arguments
are the same as in [11], except in our case we have, using the same notations as in [11],

‖Jl3(ψχ(a,b))‖L2(Γ∩Bl×(a,b)) ≤Ck(b−a)α/2‖ψ‖L2(Γ∩Bl×(a,b)), (14)

where
(Jl3ψ)(x, t) = lim

ε→0+

∫ t−ε

0

∫
Bl∩Γ

K3(x,y, t,τ)ψ(y,τ)dσ(y)dτ

with the kernel

K3(x,y, t,τ) = 〈ψk(x)−ψk(y),nk(y)〉G̃(x− y, t− τ).

Here we have approximated the domain by a C 2 domain, ψk denotes the graph of the
local parametric representation and nk denotes the normal vector of the corresponding
domain. This regularization is needed because of the strong singularity of the kernel of
the operator Jl . Recall that G̃ was defined in paper III by

∂n(y)G(x− y, t− τ) = 〈x− y,n(y)〉G̃(x− y, t− τ).

To prove (14), we use the asymptotic behaviour of the kernel K3(x,y, t,τ). Denote
z = 1

4 (t− τ)−α |x−y|2. It follows from the asymptotic behaviour of the Fox H-functions
that, for example, in the case n = 3 (the other cases of n’s may be treated similarly)

K3(x,y, t,τ)≤Ck

(t− τ)−
3α
2 −1|x− y|2 exp{−σ(t− τ)−

α
2−α |x− y|

2
2−α } , if z≥ 1,

(t− τ)−α−1|x− y| , if z < 1,

where we used the inequality |〈ψk(x)−ψk(y),nk(y)〉| ≤Ck|x− y|2 and chose λ = 0 in
Lemma 3 of paper II. Now, we choose an integrable majorant

ϕ(x) =

C1|x|2 exp{−σ |x|
2

2−α } , if |x| ≥ 1,

C2|x| , if |x|< 1
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and use [34, Theorem 2(a) pp. 62-63]. Then we have for t ∈ (a,b)

|Jl3(ψχ(a,b))(x, t)| ≤Ck

∫ t

a
(t− τ)

α
2 −1MΓ(ψχ(a,b)(x,τ))dτ,

where MΓ denotes the Hardy-Littlewood maximal operator on Γ, i.e.,

MΓ(g)(x) = sup
r>0

r−(n−1)
∫
|x−y|<r

|g(y)|dσ(y).

From this estimate it is easy to see that

‖Jl3(ψχ(a,b))‖L2(Γ∩Bl×(a,b)) ≤Ck(b−a)α/2‖ψ‖L2(Γ∩Bl×(0,T )).

Therefore we see that the operator J is of Volterra type and the norm of J is small with T

(belongs to the class J (ΣT )). Hence

Theorem 2.2.1. The operator − 1
2 I + J is invertible on L2(ΣT ) for each 0 < T < ∞.

Following the same lines as in [11] we may prove the following existence and
uniqueness result.

Theorem 2.2.2. Let g ∈ L2(ΣT ) in TFDE. Then TFDE admits a unique solution u and

the solution is given by

u(x, t) = D((−1
2

I + J)−1g)(x, t).

Moreover, the solution depends continuously on the data in the sense that

‖N(u)‖L2(ΣT )
≤C‖g‖L2(ΣT )

.

Above N denotes a nontangential maximal function, which is defined by

N(u)(x, t) = sup{|u(y, t)| : y ∈Ω∩B(x,δ )such that〈y− x,n(x)〉> β |x− y|}

for some 0 < β < 1 and a positive constant δ depending on Ω and β . Note that, when
Γ ∈ C 1, such constants β and δ always exist.

2.3 Regularity in the initial–Dirichlet problem

In this section we study the regularity of the solution of the initial–Dirichlet problem
when the lateral datum possesses some regularity. We will prove that if the lateral datum
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belongs to H1, α
2 (ΣT ) then also the nontangential maximal function of the gradient of the

solution belongs to L2(ΣT ). Note that we cannot expect this to be true in general if the
datum belongs to L2(ΣT ).

We first study the mapping properties of J. We have the following result. See [11,
Theorem 3.1].

Theorem 2.3.1. The operator J maps H1, α
2 (ΣT ) into itself.

Proof. It is enough to show that the Euclidian operator

(J̃0ψ)(x, t) =
∫ t

0

∫
Rn−1
〈∇G((x− y,ϕ(x)−ϕ(y)), t− τ),(∇ϕ(y),−1)〉ψ(y,τ)dydτ

maps H1, α
2 (Rn−1

T ) into itself when ϕ ∈ C 1
0 (Rn−1). Since we already have established

the continuity in Lp(ΣT ) in Theorem 1 of paper III, we need to investigate the derivatives.
We begin with the spatial derivative. Let K(x,y, t− τ) denote the kernel of J̃0. We write
∂x j J̃0ψ(x, t) as follows

∂x j J̃0ψ(x, t) =
∫ t

0

∫
Rn−1

∂x j K(x,y, t− τ)(ψ(y,τ)−ψ(x,τ))dydτ

+
∫ t

0
ψ(x,τ)∂x j

(∫
Rn−1

K(x,y, t− τ)dy
)
dτ = Aψ(x, t)+Bψ(x, t).

The Laplace transform of the function Bψ is

(L (Bψ))(x, iη)

=(L ψ)(x, iη)∂x j

∫
Rn−1

K(x,y)H(η(|x− y|2 +(ϕ(x)−ϕ(y))2)1/α)dy

=(L ψ)(x, iη)
{∫

Rn−1
∂x j K(x,y)

(
H(η(|x− y|2 +(ϕ(x)−ϕ(y))2)1/α)−H(0)

)
dy

+
∫
Rn−1

K(x,y)∂x j H(η(|x− y|2 +(ϕ(x)−ϕ(y))2)1/α)dy
}

=m(x,η)(L ψ)(x, iη),

where
K(x,y) =

ϕ(y)−ϕ(x)−∇ϕ(y) · (y− x)
(|x− y|2 +(ϕ(x)−ϕ(y))2)

n
2

and
H(η) =

∫
∞

0
exp(−iητ)τα−1{nH20

12 (
1
4

τ
−α)+2H30

23 (
1
4

τ
−α)
}

dτ.

We will prove that for each x, the function |η |− α
2 m(x,η) is a Fourier multiplier on

L2(R). By the Parseval theorem we need to prove the uniform estimate

||η |−
α
2 m(x,η)| ≤C.
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For the proof we need explicit dependence on η of the symbol m. There seems to be
no formula for H(η). But, we may use the Mellin convolution property

K (x) =
∫

∞

0
K1(

x
t
)K2(t)

dt
t

M↔K ∗(s) = K ∗
1 (s)K ∗

2 (s), (15)

where we have denoted f ∗(s) =
∫

∞

0 f (τ)τs−1dτ the Mellin transform to determine a
formula for H. Substituting τ = u−1 in the definition of H we get

H(η) =
∫

∞

0
exp(−iη/u)u−α

{
nH20

12 (
1
4

uα)+2H30
23 (

1
4

uα)
}du

u
. (16)

This may be interpreted as a Mellin convolution. We investigate the real and imaginary
parts separately. Since the asymptotic behaviour is the same, it is enough to deal with
the real part. We may also assume that η > 0. We use the following formulae

(M cos2
√
(·))(s) =

√
π

Γ(s)
Γ( 1

2 − s)
,

(M ψ(·2))(s) =
1
2
(M ψ)(

s
2
),

(M ψ(
·
2
))(s) = 2s(M ψ)(s)

to determine K ∗
1 (s). Substituting 1

4 uα = t in the second function K2 we have (up to a
multiplicative constant)

K ∗
2 (s) = n(M H20

12 ))(
s−α

α
)+2(M H30

23 )(
s−α

α
).

Since (M Hmn
pq )(s) = H mn

pq (s), we have

K ∗
2 (s) = nH 20

12
[ s−α

α

∣∣ (α,α)
(n/2,1), (1,1)

]
+2H 20

12
[ s−α

α

∣∣ (α,α), (0,1)
(n/2,1), (1,1), (1,1)

]
= n

Γ( n
2 −1+ 1

α
s)Γ( 1

α
s)

Γ(s)
+2

Γ( n
2 −1+ 1

α
s)Γ( 1

α
s)Γ( 1

α
s)

Γ(s)Γ(−1+ 1
α

s)
.

Therefore by the Mellin convolution property we get (up to a multiplicative constant)

(M ReH)(s)

=nH 30
14
[
s
∣∣ (0,1)
( n

2−1, 1
α
), (0, 1

α
), (0, 1

2 ); (
1
2 ,

1
2 )

]
+2H 40

25
[
s
∣∣ (0,1), (−1, 1

α
)

( n
2−1, 1

α
), (0, 1

α
), (0, 1

α
), (0, 1

2 ); (
1
2 ,

1
2 )

]
.

Hence

(ReH)(η)

=nH30
14
[
η
∣∣ (0,1),
( n

2−1, 1
α
), (0, 1

α
), (0, 1

2 ); (
1
2 ,

1
2 )

]
+2H40

25
[
η
∣∣ (0,1), (−1, 1

α
)

( n
2−1, 1

α
), (0, 1

α
), (0, 1

α
), (0, 1

2 ); (
1
2 ,

1
2 )

]
.
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We start with the first integral in the definition of m. We split the integration into two
parts depending on whether ρ := ρ(x,y) = η(|x−y|2+(ϕ(x)−ϕ(y))2)1/α is less than 1
or greater than 1. In the first part, i.e. ρ < 1, we use the fact that H is Hölder-continuous
with exponent 0 < β < α . Because |∂x j K(x,y)| ≤C|x−y|−n, we get for the first term of
the real part an estimate

Re
{∫

ρ<1
∂x j K(x,y)

(
H(ρ)−H(0)

)
dy
}

≤Cη
β

∫
|x−y|<η−α/2

|x− y|−n(|x− y|2 +(ϕ(x)−ϕ(y))2)
β

α dy

≤Cη
β

∫
η−α/2

0
r

2β

α
−2dr ≤Cη

α/2,

where we have chosen α/2 < β < α to guarantee the convergence of the integral. In the
second part we may estimate H by constant and we get a similar bound.

In the second integral we consider, for example, the case n = 3. The other cases of
n’s may be treated similarly. If ρ ≤ 1, we use the asymptotic behaviour and logarithmic
power series representation of the Fox H-functions [19, Theorem 1.5, p. 8] to get

Re
{∫

ρ<1
K(x,y)∂x j H(ρ)dy

}
=
∫

ρ<1
K(x,y)∂x j(c0 + c1ρ

α
2 + c2ρ

α +o(ρα))dy.

However, an easy calculation shows that the residue for (M ReH)(s)ρ−s at s =−α

2 is
zero. Therefore c1 = 0 and the second lowest order term in the series appearing on the
right hand side is ρα . We stress that this better behaviour is needed in the following
estimates. After differentiation we obtain

Re
{∫

ρ<1
K(x,y)∂x j H(ρ)dy

}
≤Cη

α

∫
|x−y|<η−α/2

|x− y|2−ndy≤Cη
α/2.

On the other hand, if ρ > 1, we may estimate | d
dρ

H(ρ)| from above by a constant,
from which it follows

Re
{∫

ρ>1
K(x,y)∂x j H(ρ)dy

}
≤Cη

∫
|x−y|>η−α/2

|x− y|1−n(|x− y|2 +(ϕ(x)−ϕ(y))2)
1
α
− 1

2 dy≤Cη
α/2.

This finally finishes the proof of the uniform boundedness of ||η |−α/2m(x,η)|.
Since |τ|−α/2m(x,τ) is a Fourier multiplier on L2(R), we have

‖Bψ‖L2(Rn−1
T ) ≤C‖F−1

τ (|τ|α/2Ft(ψ)(x,τ))‖L2(Rn)

≤C‖ψ‖
H1, α

2 (ΣT )
,
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where, for simplicity, we have denoted the extension of ψ in H̃1, α
2 (Rn−1×R) by ψ .

For the operator

(Aψ)(x, t) =
∫ t

0

∫
Rn−1

∂x j K(x− y, t− τ)(ψ(y,τ)−ψ(x,τ))dydτ

we proceed as in [11, proof of Theorem 3.1]. To start with, we compute the Laplace
transform of Aψ in the time variable. We get

L (Aψ)(x, iη) =
∫
Rn−1

∂x j

{
K(x,z)H(ρ)

}
(g(y)−g(x))dy,

where we have, for simplicity, denoted g(x) := (L ψ(x, ·))(iη). Now, choose a cut-off
function χ ∈ C ∞

0 (R) such that χ(r)≡ 1 for |r| ≤ 1 and χ(r)≡ 0 for |r|> 2. We split
the integral into three parts as follows

L (Aψ)(x, iη) =
∫
Rn−1

∂x j [K(x,y)(H(ρ)−H(0)χ(ρ)](g(y)−g(x))dy

+H(0)
∫
Rn−1

K(x,y)∂x j(χ(ρ))(g(y)−g(x))dy

+H(0)
∫
Rn−1

∂x j K(x,y)χ(ρ)(g(y)−g(x))dy

=I1 + I2 + I3.

The last integral I3 can be estimated as follows

I3 ≤
∣∣∫

Rn−1
∂x j K(x,y)(χ(ρ)−1)(g(y)−g((x))dy

∣∣+ ∣∣∫
Rn−1

∂x j K(x,y)(g(y)−g(x))dy
∣∣.

The second integral above is bounded in L2(Rn−1) by [10, Theorem 1.5]. The first
integral above is divided into two parts depending on whether ρ > 2 or 1 < ρ ≤ 2 (note
that the kernel is zero for ρ ≤ 1). If ρ > 2, then 1−χ(ρ) =−1 and we obtain an upper
bound

sup
ε>0

∣∣∫
|x−y|>ε

∂x j K(x,y)(g(y)−g(x))dy
∣∣,

which is bounded in L2(Rn−1). If 1 < ρ ≤ 2, we use the following inequality, found,
e.g., in [14],

|u(x)−u(y)| ≤C|x− y|(M(∇u)(x)+M(∇u)(y)) a.e., (17)
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which is valid for u ∈ H1(Rn−1). Using this result we have an upper bound

C
∫

c1
ηα/2 <|x−y|≤ c2

ηα/2

|x− y|1−n(M(∇g)(x)+M(∇g)(y))dy

≤CM(∇g)(x)
∫

c1
ηα/2 <|x−y|≤ c2

ηα/2

|x− y|1−ndy+
∫

c1
ηα/2 <|x−y|≤ c2

ηα/2

|x− y|1−nM(∇g)(y)dy

≤CM(∇ f (·,τ))(x) log
c2

c1
+

1
|B(x, c2

ηα/2 )|

∫
B(x, c2

ηα/2 )
M(∇g)(y)dy

for some constants c1,c2. The last upper bound is bounded in L2(Rn−1) due to the
boundedness of the Hardy-Littlewood maximal function.

For the second integral I2 we use (17) again. Note that now ∂x j χ(ρ) is nonzero only
if 1 < ρ < 2. Therefore we get,as above,

I2 ≤CηM(∇g)(x)
∫

c1
ηα/2 <r< c2

ηα/2

r
2
α
−1dr+C

1
|B(x, c2

ηα/2 )|

∫
B(x, c2

ηα/2 )
M(∇g)(y)dy

≤C(M(∇g)(x)+M(M(∇g))(x)),

which is again bounded in L2(Rn−1).
We have to split the first integral I1 into three parts depending on whether ρ ≤ 1

or 1 < ρ ≤ 2 or ρ > 2. If ρ ≤ 1, then the integration is divided into two parts with
kernels ∂x j K(x,y)(H(ρ)−H(0)χ(ρ)) and K(x,y)∂x j H(ρ). The corresponding integrals
are denoted by I11 and I12. For the first part we use the fact that H is Hölder continuous
with any 0 < β < α (see proof of Theorem 1 in paper III). Then, using (17), we get

I11 ≤C
∫
|x−y|≤ c2

ηα/2

|x− y|−n(η |x− y|2/α)β |g(y)−g(x)|dy

≤Cη
β

∫
|x−y|≤ c2

ηα/2

|x− y|1−n+ 2β

α (M(∇g)(x)+M(∇g)(y))dy

≤CM(∇g)(x)ηβ

∫ c2/ηα/2

0
r

2β

α
−1dr

+Cη
β

∞

∑
j=0

∫
2− j−1 c2

ηα/2 <|x−y|≤2− j c2
ηα/2

|x− y|1−n+ 2β

α M(∇g)(y)dy

≤CM(∇g)(x)+
∞

∑
j=0

2−
2 jβ
α

1
|B(x,2− j c2

ηα/2 )|

∫
B(x,2− j c2

ηα/2 )
M(∇g)(y)dy

≤C(M(∇g)(x)+M(M(∇g))(x)),
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which is bounded in L2(Rn−1).
For the second part I12 we need an explicit formula for H. Then we may use the

estimate |∂x j H(ρ)| ≤Cηα |x− y| and proceed as above. We omit the details.
If ρ > 2, we use asymptotic behaviour of H at infinity. Again, we divide the

integration into two parts with kernels ∂x j K(x,y)H(ρ) and K(x,y)∂x j H(ρ). It is enough
to consider the real part ReH since the asymptotic behaviour for the imaginary part is
essentially the same. Further, it is enough to determine the asymptotic behaviour for the
function

H40
25 (z) := H40

25
[
z
∣∣ (0,1), (−1, 1

α
)

( n
2−1, 1

α
), (0, 1

α
), (0, 1

α
), (0, 1

2 ); (
1
2 ,

1
2 )

]
.

Applying [19, Corollary 1.10.2], we have

H40
25 (z) = O(z

α(n−1)
4 exp{2

α+2
2 cos(

4−α

4
π)z

α
2 })

for R 3 z→ ∞. Since z 7→ zγ exp(−czδ ) is uniformly bounded in R+ for any γ,δ ,c > 0,
we obtain, using the previous estimate and (17), the following upper bound for I1

corresponding the kernel ∂x j K(x,y)H(ρ)

Cη
α(n−1)

4 −γ

∫
|x−y|> c

ηα/2

|x− y|
1
2−

n
2−

2γ

α (M(∇g)(x)+M(∇g)(y))dy

≤Cη
α(n−1)

4 −γ

{
M(∇g)(x)

∫
c

ηα/2

r
n−3

2 −
2γ

α dr+
∞

∑
j=0

∫
2 j c

ηα/2 <|x−y|<2 j+1 c
ηα/2

|x− y|
1−n

2 −
2γ

α M(∇g)(y)dy
}

≤C(M(∇g)(x)+M(M(∇g))(x)),

when we choose γ > α(n−1)
4 . The final upper bound is bounded in L2(Rn−1). The other

terms may be estimated similarly and therefore the details are omitted.
Finally, it remains to show that F−1

τ ((iτ)α/2Ft(J̃0ψ)(τ)) ∈ L2(Rn−1
T ). Because

(iτ)α/2Ft(J̃0ψ)(x,τ)

=
∫
Rn−1

K(x,z)H(τ(|x− y|2 +(ϕ(x)−ϕ(y))2)1/α)(iτ)α/2Ft(ψ)(y,τ)dy,

we have

F−1
τ ((iτ)α/2F (J̃0ψ)(τ))(x, t) = J̃0(F

−1
τ ((iτ)α/2Ft(ψ))(x, t).

Since J̃0 is bounded in L2(Rn−1
T ) and ψ ∈ H1, α

2 (Rn−1
T ), we may finally conclude the

claim.
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Now, we may proceed as in [11] to conclude that the norm of J̃0 is small with T on
H1, α

2 (Rn−1
T ), which implies

Lemma 2.3.2. The norm of J is small with T as an operator on H1, α
2 (ΣT ).

Then, applying the usual iteration argument, we get (see [11])

Theorem 2.3.3. The operator − 1
2 I + J is invertible on H1, α

2 (ΣT ).

In addition, we have the following regularity result.

Theorem 2.3.4. Let g ∈ H1, α
2 (ΣT ) in TFDE. Then the solution

u(x, t) = D((−1
2

I + J)−1g)(x, t)

of TFDE satisfies

‖N(∇u)‖Lp(ΣT ) ≤C‖g‖
H1, α

2 (ΣT )
.

2.4 The collocation method

We remark that the notations used in this section are taken from paper IV and the spaces
used in this part are different from those defined before. The results in this part of the
thesis are generalizations of those in [15] and [16]. Following the same lines as in the
above-mentioned papers we have formulated an equivalent Galerkin problem in paper
IV. Then, using the standard techniques of Galerkin methods we are able to prove the
stability of the method and the quasioptimal error estimate in the approximation space
M1. The error estimate for the collocation method then follows from the well-known
results from approximation theory. We have (IV, Theorem 6)

Theorem 2.4.1. Assume that 0 < hθ ,ht < h0. Let u∆ ∈ M1 be the solution of the

collocation problem and u ∈ H̃2,1(R2
T )∩ H̃1,2(R2

T ) be the solution of the single layer

integral equation Vu = f . Then

|||u−u∆|||− 1
2 ,−

α
4
≤C1h

3
2
θ
‖u‖2,1 +C2h

1+ α
4

t ‖u‖1,2.
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