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Abstract

Due to increasing amount of concurrency, systems have become difficult to design and analyse.
In this effort, formal verification, which means proving the correctness of a system, has turned out
to be useful. Unfortunately, the application domain of the formal verification methods is often
indefinite, tools are typically unavailable, and most of the techniques do not suit especially well
for the verification of software systems. These are the questions addressed in the thesis. 

A typical approach to modelling systems and specifications is to consider them parameterised
by the restrictions of the execution environment, which results in an (infinite) family of finite-state
verification tasks. The thesis introduces a novel approach to the verification of such infinite
specification-system families represented as labelled transition systems (LTSs). The key idea is to
exploit the algebraic properties of the correctness relation. They allow the correctness of large
system instances to be derived from that of smaller ones and, in the best case, an infinite family of
finite-state verification tasks to be reduced to a finite one, which can then be solved using existing
tools.

The main contribution of the thesis is an algorithm that automates the reduction method. A
specification and a system are given as parameterised LTSs and the allowed parameter values are
encoded using first order logic. Parameters are sets and relations over these sets, which are
typically used to denote, respectively, identities of replicated components and relationships
between them. Because the number of parameters is not limited and they can be nested as well,
one can express multiply parameterised systems with a parameterised substructure, which is an
essential property from the viewpoint of modelling software systems. The algorithm terminates on
all inputs, so its application domain is explicit in this sense. Other proposed parameterised
verification methods do not have both these features. Moreover, some of the earlier results on the
verification of parameterised systems are obtained as a special case of the results presented here.

Finally, several natural and significant extensions to the formalism are considered, and it is
shown that the problem becomes undecidable in each of the cases. Therefore, the algorithm cannot
be significantly extended in any direction without simultaneously restricting some other aspect.

Keywords: cut-off, decidability, formal verification, parameterised verification, process
algebra, refinement, trace semantics, undecidability





Preface

“You gotta roll with it

You gotta take your time

You gotta say what you say

Don’t let anybody get in your way

’Cause it’s all too much for me to take”,

Noel Gallagher in the opening lines of Oasis’ single Roll with it, 1995.

As long as I remember, I have been interested in mathematics. Long before school age,

I used to count numbers from one to a hundred with my grandmother and later on, I set

mathematics exams for my parents.

Somewhere between primary and secondary school, I got acquainted with program-

ming when a Commodore VIC-20 computer entered our home. VIC was already out-

dated at the time we got it and one could not buy programmes for it any longer. Hence,

the only way to get new games for it was to write them myself.

Programming became a passion of mine. It appealed to me because I could basi-

cally do all the same things as rich international software companies did, all I needed

was a single computer. Additionally, there was something similar to mathematics in

it. I recall that already as a teenager, I was thinking about the possibility of combin-

ing mathematics and programming in the form of mathematical analysis of computer

programmes.

When I enrolled in the University of Oulu as an information engineering student,

I heard of formal methods in a course on software engineering and learned some very

basics of discrete mathematics. I realised that this is what I really wanted to learn. I

registered as a mathematics student as well and just about passed all the courses on

related subjects: mathematical logic, automata theory, formal languages and abstract

algebra. However, these were courses on mathematics, not on computer science, so

after passing them I still had no idea of formal software development.

When it was time to start to work on master’s thesis, I thought that this is prob-

ably my last chance to learn something about the mathematical analysis of computer

programmes. Unfortunately, no professor in the department was willing to supervise a

thesis on the subject. I also contacted an expert in the field, professor Antti Valmari in

Tampere, but he did not have funding for hiring new people at that moment.
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Luckily, an acquaintance of mine, Jouni Kokkoniemi, workingin the department of

information processing science knew his colleague, professor Juha Kortelainen, to be

active in the field of theoretical computer science. I contacted Juha and he suggested

me a topic on formal verification which was something I had been looking for. He also

provided me with an assistant’s post in the department.

At first, formal verification techniques looked to me like a silver bullet that would

solve all software reliability problems, but soon I learned the limitations of the finite-

state methods I reviewed in my master’s thesis. The fact presupposed by the methods

that an application should be modelled as a single finite-state system (or more generally,

as finitely many finite-state systems) appeared to be the most fundamental restriction to

me.

Having finished my master’s thesis on finite-state temporal logic model checking

I enrolled as a graduate student in the department of information processing science

in 2004. The problem of applying existing finite-state techniques to the verification of

real software systems appeared as a favourable topic to me. I was assured that I could

contribute something to the field.

I was fortunate to have Antti Valmari as my second supervisor; he pointed out that I

was actually working with a question known as the parameterised verification problem.

He also recommended me a book on a process algebra which somehow seemed to

provide more tools and suit parameterised and software verification better than state-

based formalisms reviewed in my master’s thesis. However, I made only a little progress

with my research problem. I knew that I needed a practical example to work with.

Things started to evolve when our research group was accepted in Infotech Oulu and

I received a position in its graduate school in 2006. Later in the same year, professor

Michal Valenta from the technical university of Prague visited Oulu and gave a pre-

sentation concerning his work on XML databases. At the end of his talk, he proposed

that it might be fruitful to apply formal verification techniques to taDOM protocols. I

got immediately interested in the idea and me and Michal started our effort to formally

model and verify those protocols.

Nevertheless, in the summer 2007, things did not look bright. Our taDOM paper

had been rejected twice and in addition to results presented in the paper, I had not been

able to formulate even a single reasonable conjecture. It is a shame to admit now but

at that time, I was pretty much assured I will never graduate. I think that the only ones

that still thought otherwise were Juha and my wife Susanna.
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I decided to take a decent summer vacation which I had not had for years. I spent

five weeks with Susanna in my parents’ summer cottage, Oluthuone Leskinen and

North-East Lapland hiking in highlands. As I got back to work in the autumn, I thought

that it still might be possible to do some kind of a Ph.D. thesis within the remaining

graduate school period of two and a half years. I abandoned the ambitious idea of a

general parameterised verification method and started to work with humbler ones. It

turned out to be a fruitful decision as within a few weeks I discovered the idea of the

verification technique behind this thesis.

Things started to look bright again. I knew that the idea I had could be worked to a

Ph.D. thesis. Moreover, the taDOM paper was accepted for presentation in a conference

and my wife started to expect a child which later turned out to be twins.

During the next two years, I rewrote the central parts of the thesis just about a

dozen times, I quit counting after the fifth iteration. Each time, Juha pointed out places

that caused particular difficulties for a reader and each time I thought it is impossible to

simplify the representation. Nevertheless, I always came back with an improved version

a few weeks later and often managed to generalise the results as well. This two-year

period included both lows and highs in the form of paper rejections and acceptances,

scholarship awards and the birth of the twins, Otso and Aino.

I made the final revision of the manuscript in the autumn 2009 based on the com-

ments of my namesake. Among many other notions, he pointed out that the first of my

undecidability results, which was the only one at that moment, could be strengthened to

its current form. It inspired me to pursue the limits of parameterised verification further

which lead to the other four undecidability results. I discovered two of them in a drab

department meeting and the other two on the way to my colleague’s birthday party. I

had shown that my results on parametric verification cannot be much improved.

The manuscript of the thesis was finished in the end of 2009. It took a long time to

take the idea of the mathematical analysis of computer programmes to this point but I

managed to say what I wanted to and I am satisfied with the result.

“I think I’ve I got a feeling I’ve lost inside”,

Noel Gallagher in the closing line of Roll with it.

Oulu, May 26th, 2010

Antti Siirtola
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A the set of all the atoms (p. 31)
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P(A) the set of all the subsets of a set A (Chap. 2)

T the set of all the type variables (p. 58)

V the set of all the visible actions (p. 31)

X the set of all the atom variables (p. 58)

Z+ the set of all the positive integers (Chap. 2)

a,b atoms (p. 31)

c a valuation formula (p. 71)

d a tape symbol (p. 125)

f ,g functions (fromA toA) (Chap. 2)

g∗ the extension of g to tuples (p. 53)

gφ the valuation obtained from a valuationφ by mapping its image atom-

wise using a bijection g (p. 80)

i, j,k, l ,n (non-negative) integers

o an operation (Chap. 2)

q,s states (p. 31, 125)

q̂,ŝ initial states (p. 31, 125)

t a trace (p. 33)
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v a vertex (p. 118)

w a sequence (Chap. 2)

x,y atom variables (p. 58)

A,B sets (of atoms) (p. 31)

A∗ the set of all the sequences over A (Chap. 2)

C a set of colours (p. 118)

D a set of tape symbols (p. 125)

E a set of edges (p. 118)

G a relation (Chap. 2)

I ,J,K index sets

L a language (Chap. 2)

O a set of operations (Chap. 2)

R a transition relation (p. 31)
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α,β actions (p. 31)

γ a colouring function (p. 118)
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σ a transition function (p. 125)
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π path (p. 32)
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τ the invisible action (p. 31)
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Ξ,Π relation variables (p. 58)

Σ the alphabet of an LTS (p. 31)

ϒ a set of partial functions fromT toZ+ (Chap. 2)
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F a function schema (p. 154)
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G(φ) the graph of a valuationφ (p. 119)
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alph(L) the alphabet of an LTSL (p. 32)
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(Chap. 2)
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1 Introduction

The behaviour of modern computer systems is increasingly non-deterministic, because

systems are becoming more and more distributed, hardware is parallelising all the time,

and software is becoming more and more concurrent. As the executions of distributed,

parallel and concurrent parts can interleave in numerous ways, contemporary com-

puter systems are difficult to design and analyse. Especially testing such systems is

intractable, because depending on scheduling and other tasks running concurrently, not

every interleaving may be possible on all the execution environments.

We concentrate on highly concurrent software systems where the number of concur-

rently running processes is not fixed but depends on the resources available. However,

we are less interested in the internal states than (observable) behaviour and interprocess

communication of such systems. The specifications we consider are so calledsafety

properties(Alpern & Schneider 1985), which state that something bad should not hap-

pen and therefore correspond to negative testing. In other words, we are not so much

interested in whether a system does anything useful than that it does not do anything

illegal. For example, mutual exclusion properties of systems where an arbitrary number

of processes compete for an access to shared resources fall in this category.

1.1 Formal Verification

(Formal) verificationis about proving the correctness of a system with respect to its

specification. It can be thought as exhaustive testing, too. A wide variety of formal

verification techniques have been introduced and successfully applied to analyse the

designs of distributed, parallel and concurrent systems (e.g. Clarkeet al. 1999, Holz-

mann 2003, Roscoe 1997). Using the methods, several previously unknown bugs have

been found while other systems are proved correct with respect to certain properties

(e.g. Chanet al.1998, Faber & Meyer 2006, Havelundet al.2001, Lowe 1996, Siirtola

& Valenta 2008). Unfortunately, the methods can generally handle finite system models

only and applying them to realistic designs, especially those of software applications,

requires a great deal of ingenuity, which is roughly the problem addressed in the thesis.

In order to get an accessible verification method, its restrictions should be explicit

and it ought to be easy to apply. Hence, an accessible verification method should be
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both algorithmic andcomplete, which means it ought to terminate with a correct answer

on every input. However, in order to automatically verify a system, its behaviour and

correctness have to be representable in a finite form that is algorithmically manageable.

Unfortunately, the state space of many systems is unbounded. This is especially the case

with software applications that often involve dynamic structures. Although hardware

systems may have dynamic structure as well, they are built of circuits with static state

space, whereas in software applications also the components often have an unbounded

state space due to dynamic data structures and references to other objects. Therefore,

the verification of software applications is more challenging.

On the other hand, in practice, the resources are always limited, which means a run-

ning application can never reach infinitely many states. That is why a typical approach

is to model a system parameterised by the restrictions of the execution environment. In

practise, the restrictions are depicted at an abstract level, for example as the (maximum)

number of replicated components. As the model is instantiated for all the values the

parameters are allowed to take, an (infinite) family of similar finite-state specification-

system pairs results. The question whether every instance of the parameterised system

is correct with respect to the corresponding specification instance is known as thepa-

rameterised verification problem (PVP).

To be able to express realistic software system designs involving several different

kinds of replicated parts, the use of multiple parameters is a necessity. Moreover, to

enable systems with a parameterised substructure, it should be possible to parameterise

the states and transitions of components or to nest parameters. Hence, the specific re-

search problem addressed here is to devise a complete verification algorithm that allows

the use of multiple and nested parameters, or multiple parameters and components with

parameterised states and transitions.

1.2 Parameterised Verification

Unfortunately, there is no complete solution for PVP, because the problem is undecid-

able in general (Apt & Kozen 1986), even for the systems of a ring (Suzuki 1988) or

star (Emerson & Kahlon 2003b) topology. That is why all algorithmic solutions to the

problem are somehow restricted.

In general, the process of parameterised verification proceeds as shown in Figure 1.

Given an instance of PVP, one first constructs a candidate for its abstract version such

that the proposed abstraction can be checked using existing verification algorithms. If
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the candidate is created using an abstraction mapping, then the properties of the map-

ping guarantee that it is a true abstraction,i.e. every behaviour of the original instance

is covered by the abstraction. Otherwise, this correspondence between the original

problem instance and its proposed abstraction has to be checked separately by means

provided by the verification method. If the candidate cannot be shown to be an abstrac-

tion, then the method is either not applicable or one needs to refine the candidate and

try to prove the correspondence again.

Create a candidate for an

abstraction of the PVP

instance.

Check whether the

candidate is an abstraction

of the PVP instance.

The candidate is

an abstraction?

Decide the abstracted

problem instance.

Refine the abstraction

candidate.

The answer

is yes?

Abstraction

is complete?

The system is correct. The system is not correct.

yes

no

yes

no

yes

no

Fig 1. Outline of a generic parameterised verification method.
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After obtaining an abstraction of the PVP instance, one can try to decide it. If the an-

swer is positive, then the correspondence between the original problem instance and its

abstraction guarantees that the system works correctly in the sense of the specification.

However, if the result is negative, then the system may be incorrect or the abstraction

too coarse. If the correspondence is mutual (commutative), then we know that it is the

system that does not work as specified, but otherwise one has to refine the abstraction

and decide it again hoping for a positive answer.

The method template in Figure 1 suggests that there are essentially two different

kinds of approaches to PVP: those that involve the inner refinement loop and those that

do not. Additionally, we distinguish a class of approaches which includes methods of

both kinds: approaches which reduce a parameterised verification task to a finite one

by providing bounds to parameter values such that the system is correct for parameter

values equal to or below their respective bounds if and only if it is correct for all the

allowed values.

The methods of the first kind, which include checking the correspondence between

a problem instance and its proposed abstraction, are calledinduction methods(Creese

2001, Kurshan & McMillan 1995, Wolper & Lovinfosse 1990). A crucial part of these

approaches is the construction of anetwork invariantwhich is an abstraction of a (par-

tial) system such that it remains invariant under the addition of components. Typically,

a user has to provide a candidate for a network invariant, which is a task that gener-

ally requires a lot of ingenuity and in-depth knowledge on the system. Fortunately, the

correctness of the guess, which involves induction on the structure of the system, can

usually be verified using existing tools.

Once a network invariant is found, one can substitute (the parameter-dependent part

of) the system for it, and perform verification, where one can exploit existing tools again.

However, if the result is negative, then the system may be incorrect or the network

invariant too weak to prove the property. To find out which one is true, a counter-

example provided by the tool needs to be examined. It involves manual reasoning

which is prone to errors, as the counter-example is related to the abstract system, not

the original one.

If too weak a network invariant appears to be the reason for the negative answer,

one can try to strengthen it. Unfortunately, because a network invariant must meet

conflicting requirements,i.e. it has to be abstract enough to represent a system of any

size, strong enough for the analysis of correctness, and still finitely representable to

be automatically verified, it does not always exist. Therefore, the induction methods
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cannot always provide the answer, which means that it is difficult to know in advance

whether they are applicable.

The strength of induction methods is that they are generally applicable to various

kinds of systems, including multiply parameterised ones and those with parameterised

components (Creese 2001, Kurshanet al.1994). Sometimes, it is also possible to con-

struct a network invariant automatically. If a system is a network of identical processes,

it may be possible to find a network invariant completely automatically (Grinchteinet al.

2006, Liet al.1994, Pyssysalo 1996, Valmari & Tienari 1991). Another possibility is to

try to describe a system using a network grammar which also allows the automated dis-

covery of a network invariant (Clarkeet al. 1997, Shtadler & Grumberg 1990, Lesens

et al.2001). Although the approaches overcome some of the inconveniences of induc-

tion methods, none of them can guarantee termination, yet.

Another class of parameterised verification techniques with similar pros and cons

is abstraction methods, where an abstract version of the problem instance is created

using an abstraction mapping (Cousot & Cousot 1977). In the early days of param-

eterised verification, an abstraction mapping had to be provided explicitly (Aggarwal

et al. 1983), but in modern techniques, it is defined indirectly in the form of a set of

predicates (Clarkeet al.2006, 2008, Graf & Saïdi 1997, Lahiriet al.2003, Wachter &

Westphal 2007, Yahav 2001). By evaluating the predicates on system states, one obtains

tuples of truth values that make the state space of the abstract system.

Typically, an abstraction mapping has to be specified manually, but the abstrac-

tion of the system (and specification) can be generated automatically. Unfortunately,

required tools are often at a prototype level or publicly unavailable. There are also ab-

straction methods that automatically compute an abstraction mapping, but the result is

often not as good as obtained by manual reasoning (Lahiri & Bryant 2004). Moreover,

like a network invariant, also an abstraction mapping must meet conflicting require-

ments: it should preserve enough details for the analysis of correctness but throw away

as much information as needed to represent the system and specification in a finite form.

Therefore, a suitable abstraction mapping does not always exists, which means that the

disadvantages of generic abstraction methods are similar to those of induction meth-

ods. On the positive side, the methods in this class are typically not tight to a specific

network topology, and even the analysis of multiply parameterised systems is possible

(Lahiri & Bryant 2004, Wachter & Westphal 2007).

All the methods referenced above have the drawback that they are not complete.

Nevertheless, there are also complete abstraction methods. These approaches are typi-
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cally based oncounter abstraction, where one stores the number of processes in each

of the possible states instead of explicitly tracking the states of individual processes

(Delzanno 2003, Delzannoet al. 2002, German & Sistla 1992, Lubachevsky 1984).

It is also possible to count until some integern and then forget the exact number of

processes (Emerson & Namjoshi 1996). The use of counter abstraction presumes that

the replicated components of the system are treated symmetrically (Clarkeet al.1996,

Emerson & Sistla 1996, Ip & Dill 1996) and have a fixed state space. Hence, the appli-

cation domain of the counter abstraction methods is pretty limited. On the positive side,

some of the counter abstraction methods are complete and allow the use of multiple

parameters (Delzannoet al.2002) although also incomplete approaches that allow only

one parameter are common (Ip & Dill 1999). There are also some tools available for

counter abstraction based verification (Delzanno 2003, Ip & Dill 1999).

Counter abstraction techniques of the former kind rely on infinite-state verification

algorithms. However, in some cases, such algorithms can be applied directly to pa-

rameterised systems and specifications, which can be thought as the application of unit

abstraction. This is the case when the model of computation directly reflects the struc-

ture of the system. As the states of infinite models of computation are often sequences,

arrays or trees over a finite alphabet, they naturally apply to arrays, rings and trees

of similar fixed-size processes when the states of a single process are taken as the al-

phabet (Abdullaet al. 2007, 2004, 2006, Bingham & Hu 2005, Kestenet al. 2001).

Consequently, infinite-state verification can naturally be applied to systems composed

of identical processes with a static state space only. Some of the algorithms are imple-

mented (Abdullaet al. 2004), but despite few exceptions (Bingham & Hu 2005), they

are not guaranteed to terminate.

The final class of parameterised verification methods is calledcut-off resultsor, in

the context of logic programs,small model theoremsthat provide bounds, cut-offs, for

the values of the parameters such that the system is correct for parameter values at

most their respective cut-offs if and only if it is correct for all the allowed parameter

values. Such results have been established for systems composed of similar fixed-size

processes (Emerson & Kahlon 2000, 2003a), systems of a ring topology (Emerson &

Kahlon 2002, 2004, Emerson & Namjoshi 2003), networks of homogeneous processes

(Clarke et al. 2004), systems of identical processes competing for access to a fixed

number of shared resources according to prioritised queue policy (Bouajjaniet al.2008),

and data-independent systems (Lazić 1999, Lazíc & Nowak 2000, Wolper 1986). The

advantage of these methods is that they are typically complete, often straightforward
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to apply, and the remaining instances can usually be checked with the aid of existing

verification tools. Moreover, possible counter-examples are executions of the original

system, not some abstract construction. The drawback is that the application domain

of the methods is typically very narrow. For example, only the result of Emerson &

Kahlon (2000) can handle systems with multiple parameters, but neither does it allow

parameterised components to be expressed.

There are also methods that establish a cut-off by inductive reasoning (Konnov &

Zakharov 2005, Liet al.1994, Pyssysalo 1996, Valmari & Tienari 1991), but, like other

induction methods, they are not complete. An exception is the approach of Valmari

& Tienari (1991), which is shown to terminate if certain structural conditions are met

(Nazari & Thistle 2007). Moreover, all the results concern rings of similar processes,

where the only parameter is the size of the ring, and, apart from the result of Pyssysalo

(1996), the state space of the processes cannot be parameter-dependent. However, with

lots of ingenuity, the method of Valmari & Tienari (1991) can demonstrably handle

systems with a linear topology, too (Valmari & Kokkarinen 1998). With a clever for-

mulation of the problem, it might be applicable to multiply parameterised systems as

well.

1.3 Contribution

Based on the literature review above, strengths and weaknesses of different kinds of

parameterised verification methods are collected in Table 1.

Table 1. Strengths and weaknesses of different types of existing parameterised verification

methods.

property method type

induction abstraction cut-off

generic unit/counter

multiple parameters possible possible possible possible

parameterised substructure possible possible no possible

automation limited limited possible possible

completeness no no possible possible

The table shows that induction and generic abstraction methods are not complete,

and current approaches based on unit or counter abstraction do not allow parameterising
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the substructure of a system. Hence, the only possibility to answer the research problem

seems to be a cut-off result that supports multiple and nested parameters, or multiple

parameters and components with parametric states and transitions.

Currently, to the best of our knowledge, no cut-off result has both the properties. In

this thesis, we provide a cut-off result with both the features by improving the algebra

of labelled transition systems (LTSs)(Hoare 1985, Roscoe 1997), which suits especially

well for the analysis of software systems, or at least we think this way. LTSs are state

machines of a kind with emphasis on transition labelled byactions. There are also a

number of operators that enable systems and specifications to be composed of smaller

parts. Typically, one first models one component of each type as an LTS and then uses

renamingof actions to produce other similar components. After that the component

LTSs are put together orcomposed in parallelby synchronising the transitions with

the same label. Similarly, the operators allow a specification LTS to be composed of

simpler conjunctive parts. Finally, before the correctness of the system is checked, the

actions irrelevant to the specification arehiddenby changing them to the invisible ones.

Verification is done by comparing the semantic value of a system LTS against that of

a specification LTS. The simplest practically useful semantics considers an LTS as a set

of its traces, finite sequences of visible actions that start from the initial state. An LTS

is said to be atraces refinementof another LTS, if every trace of the former LTS is also

a trace of the latter one. A system is considered correct with respect to a specification if

the system LTS is a traces refinement of the specification LTS. This way it is possible to

prove the absence of illegal behaviour but not the presence of some desired one, which

means that the traces refinement is a match for safety property verification.

Unfortunately, LTSs can only express systems with a static state space. Hence, to

represent a parameterised system, a different LTS is needed for each possible combi-

nation of parameter values, which means a parameterised verification task can be ex-

pressed as an infinite family of finite specification-system LTS pairs. Because the pairs

are instances of the same parameterised verification task they share a common structure,

which can sometimes be exploited to reduce the number of refinement checks needed.

The first major contribution of the thesis is a reduction method for (infinite) families

of (finite) LTS pairs representing refinement checking tasks (arising from parameterised

specification and system descriptions). The key idea is to exploit the algebraic proper-

ties of the traces refinement, mainly the fact that the relation is a precongruence,i.e. a

reflexive and transitive relation that is preserved under the application of the operators,

which sometimes allows the correctness of large specification-system instances to be
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derived from that of smaller ones. In such a case, large specification-system instances

can be discarded without changing the answer to the problem, and in the best case, only

a finite number of (small) refinement checking tasks remains. As the remaining tasks

can be decided using existing finite-state refinement checking tools, the approach leads

to a parameterised verification method which we callthe precongruence reduction.

The main contribution of the thesis is an algorithm that automates the precongruence

reduction. For that purpose, parallel composition and hiding operators are replaced by

their symbolic equivalents and some actions and sets of actions are represented by vari-

ables leading to a structure we call anLTS schema. There is also a replicated version

of the parallel composition, which enables parameterised parts of the system and spec-

ification to be expressed. When the values of variables are fixed using avaluation, an

instance of the LTS schema, an LTS, is obtained. The (infinite) sets of valuations are

expressed as avaluation formula, which is an expression of first order logic.

In this context, the parameters are variables typically used to denote sets of the

identities of replicated components and relationships between them. Hence, the param-

eterised verification problem can be stated as follows: given a specification and system

LTS schema and a valuation formula, determine whether the instance of the system LTS

schema is correct with respect to the corresponding instance of the specification LTS

schema for all valuations arising from the formula.

The algorithm inputs an instance of the parameterised verification problem of the

above kind and reduces the (infinite) set of valuations determined by the valuation for-

mula to a finite one without changing the answer to the problem. The algorithm applies

whenever the specification does not involve hiding and existential quantification is not

used in the valuation formula, so its application domain is very explicit in this sense. As

LTS schemata are defined inductively and the number of variables is not limited, the al-

gorithm can handle multiply parameterised systems with parameterised structure. After

the application of the algorithm, the problem can be solved using existing finite-state

refinement checkers. Hence, all the goals set for the research are fulfilled.

Informally, the algorithm applies to parameterised systems and safety properties

such that the resulting infinite family of specification-system LTS pairs is closed under

the removal of a replicated component. For example, systems with a star, bipartite

and totally (un)connected topology as well as request-take-release systems (Bouajjani

et al.2008) and those with conjunctive guards (Emerson & Kahlon 2000) are such, but

those with a ring, linear or tree topology are not. However, if it is possible to capture

the behaviour of the system from the viewpoint of any two components connected to
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each other in finitely many LTS schemata, then one can study thetransitive closures

of rings, arrays and forests instead, which are closed under the removal of a replicated

component. This is also the case with the shared tree system used as a running example.

Finally, we consider several natural and significant extensions to our result. First,

we show that allowing either existential quantification in a valuation formula or hiding

in a specification makes the problem undecidable. Hence, both the restrictions explicit

in our result are more or less necessary. Next, we consider richer semantics that allows

the analysis of deadlocks andliveness properties(Alpern & Schneider 1985),i.e.check-

ing whether a system actually does something useful. We also consider system LTS

schemata equipped with parameterised transitions and those equipped with parametric

renaming. We show that all these extensions make the problem undecidable, which

means that also the restrictions implicit in our result are hard to overcome. Hence, the

result is rather close to the decidability frontier and the algorithm cannot be significantly

extended in any direction without restricting some other aspect.

1.4 The Outline of the Thesis

The next chapter introduces the (standard) notation and concepts used throughout the

thesis. After that, the algebra of LTSs is revised, and in Chapter 4, the precongruence

reduction with the related compositional modelling technique is introduced and justified

in the level of LTSs.

In Chapter 5, we present a formalism for expressing parameterised specifications

and systems as LTS schemata and sets of parameter values as valuation formulae. In

the following chapter, the reduction method is lifted into the level of our formalism

and a cut-off result based on the method is proved. An algorithm that automates the

application of the result is given in Chapter 7.

Finally, in Chapter 8, several natural and significant extensions to the result and our

formalism are considered. It is shown that the problem becomes undecidable in each of

the cases. The thesis concludes with a discussion on possible decidable extensions to

the theory.
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2 Notation and Basic Concepts

We assume basic knowledge on set theory, abstract algebra and predicate logic. How-

ever, for the sake of unambiguity, we briefly review some related concepts.

Sets We writeN for the set{0,1,2, . . .} of all the non-negative integers, andZ+ for

the set{1,2,3, . . .} of all the positive integers. Ifn ∈ N andai is an element for all

i ∈ {1,2, . . . ,n}, then(a1,a2, . . . ,an) is an n-tuple. The 0-tuple() is also calledthe

empty tuple, and a 1-tuple(a1) is often abbreviated as the elementa1. Thesizeof an

n-tuple isn.

Let n ∈ N and letAi be a set for alli ∈ {1,2, . . . ,n}. TheCartesian product (of

A1,A2, . . . ,An), denoted byA1×A2× . . .×An or
�n

i=1Ai for short, is the set of all

non-emptyn-tuples(a1,a2, . . . ,an) such thatai ∈ Ai for all i ∈ {1,2, . . . ,n}. Hence, the

Cartesian product of zero sets is the empty set. IfAi = A for all i ∈ {1,2, . . . ,n}, then

the Cartesian product ofA1,A2, . . . ,An can be abbreviated as
�n

i=1A.

Relations Let A1,A2, . . . ,An be sets for some integern∈N. An (n-ary) relation (over

A1,A2, . . . ,An) is a subset of
�n

i=1Ai . A relation overA1,A2, . . . ,An, whereAi = A j

for all i, j ∈ {1,2, . . . ,n}, is simply called ann-ary relation overA. A relationG′ is a

subrelationof G and respectivelyG is asuperrelationof G′, if G′ is a subset ofG.

A binary relationis a relation over two sets. IfG is a binary relation, we writeaGb

if and only if (a,b)∈G. A binary relationG over a setA is

– reflexive, ifaGafor everya∈ A;

– irreflexive, if there is noa∈ A such thataGa;

– symmetric, ifa1Ga2 impliesa2Ga1;

– asymmetric, ifa1Ga2,a2Ga1 implies thata1 is a2;

– transitive, ifa1Ga2,a2Ga3 impliesa1Ga3;

– intransitive, if there are no distincta1,a2,a3 ∈G such thata1Ga2,a2Ga3,a1Ga3.

The transitive closureof G is the minimal transitive superrelation ofG. Respectively,

thereflexive closureof G is the minimal reflexive superrelation ofG.

A reflexive and transitive relation is apreorder. An asymmetric preorder≤ over a

setA is a total order, if for everya1,a2 ∈ A, eithera1 ≤ a2 or a2 ≤ a1. A proper total

order is an irreflexive relation whose reflexive closure is a total order. A symmetric
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preorder is anequivalence. If≈ is an equivalence overA anda∈ A, then set the{b∈

A | a ≈ b} is called anequivalence class (of≈). If A′ is a subset ofA, then aset

of representatives (of≈) (in A′), is a maximal subset ofA′ that contains at most one

element from every equivalence class of≈.

Functions Let A andB be sets. Apartial function f (from A to B), denoted byf : A 7→

B, is a binary relation overA andB such that whenevera f b1,a f b2 thenb1 = b2. The

domain of f, denoted by dom( f ), is the set{a∈ A | ∃b∈ B : a f b} of all the elements

in A related to some element inB. Respectively, theimage of f, denoted by im(f ) is

the set{b ∈ B | ∃a ∈ A : a f b} of all the elements inB related to some element inA.

Because for everya∈ dom( f ) there is a unique elementb∈ B such thata f b, one can

refer tob by f (a), for short. A partial functionf : A 7→ B with domainA is a (total)

function (on A). IfC is a set, then therestriction of f (to C), denoted byf |C, is a

function: A∩C 7→ B with the domain dom( f )∩C such thatf |C(a) = f (a) for every

a∈ dom( f )∩C. A function f : A 7→ B is anextensionof a function f ′ to A, if f ′ is a

restriction of f . If f1 : A 7→ B and f2 : B 7→C are functions such that im( f1)⊆ dom( f2),

then the composition of f1 and f2, denoted byf1 ◦ f2, is a function:A 7→C such that

dom( f1◦ f2) = dom( f1) and( f1◦ f2)(a) = f2( f1(a)) for all a∈ dom( f1◦ f2).

If I is an (index) set, then anI-indexed set or family (of elements in A)is a function:

I 7→ A. We write{ai}i∈I for an I -indexed seta such thata(i) = ai for all i ∈ I . If

{Ai}i∈I is anI -indexed set of sets, then thegeneralised Cartesian product (of the sets in

{Ai}i∈I ), denoted by∏i∈I Ai , is the set of all functionsf : I 7→
⋃

i∈I Ai such thatf (i) ∈Ai

for all i ∈ I . The set{Ai}i∈I is apartition of a setA if Ai is a non-empty subset ofA for

all i ∈ I such thatA=
⋃

i∈I Ai , andAi andA j are disjoint wheneveri and j are different

elements inI .

Sequences If n∈ N, A is a set anda1,a2, . . . ,an ∈ A, thena1a2 . . .an is a sequence

(of length n) (over A). The length of a sequencew is denoted by|w|, and the sequence

of length zero is denoted byε. The set of all the sequences of lengthk ∈ N overA is

denoted byAk and the set of all the sequences overA is referred to byA∗. A subset ofA∗

is called alanguage (over A). Ifw1 = a1a2 · · ·an1 andw2 = b1b2 · · ·bn2 are sequences

overA, whereai ∈ A for all i ∈ {1,2, . . . ,n1} andb j ∈ A for all j ∈ {1,2, . . . ,n2}, the

concatenationof w1 andw2, denoted byw1w2, is sequencea1a2 · · ·an1b1b2 · · ·bn2 ob-

tained by writingw2 after w1 a letter by letter. A sequencew1 ∈ A∗ is a prefix of a

sequencew2 ∈ A∗, denoted byw1 � w2, if there is a sequencew′
1 ∈ A∗ such thatw2 is
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w1w′
1. A languageL is prefix-closed, if wheneverw∈ L andw′ � w, thenw′ ∈ L, too.

If w ∈ A∗ andA′ ⊆ A, thenw\A′ is a sequence obtained fromw by removing all the

elements inA′, andw|A′ denotes the sequencew\(A\A′) obtained fromw by removing

all the elements not inA′.

Algebras Let A be a set. An(n-ary) operation (on A), wheren∈ N, takesn elements

and returns a single element inA. Hence, an operation of a positive arityn is a function:
�n

i=1A 7→A, and 0-ary operation is a constant, a single element inA. A 2-ary operation

is also called abinaryoperation. If∗ is a binary operation onA anda1,a2 ∈ A, we write

a1∗a2 short for∗(a1,a2). A binary operation∗ onA is

– commutative, ifa1∗a2 = a2∗a1 for all a1,a2 ∈ A,

– associative, if(a1∗a2)∗a3 = a1∗ (a2∗a3) for all a1,a2,a3 ∈ A, and

– idempotent, ifa∗a= a for all a∈ A.

Furthermore, an elementa∈ A is

– anidentity element (with respect to∗), if a∗a′ = a′ ∗a= a′ for all a′ ∈ A,

– anidempotent element (with respect to∗), if a∗a= a.

A pair (A,O), whereA is a set andO a set of operations onA, is analgebra. Let

(A,O) be an algebra and≤ a preorder overA. The preorder≤ is aprecongruence, if

a1≤ b1,a2≤ b2, . . . ,an≤ bn implieso(a1,a2, . . . ,an)≤ o(b1,b2, . . . ,bn)

whenevern∈ N, o is ann-ary operation onO, anda1,a2, . . . ,an,b1,b2, . . . ,bn ∈ A. A

symmetric precongruence is acongruence.

Let L,L1,L2 be languages overA. Theconcatenationof L1 and L2, denoted by

(L1L2), is the set{w1w2 | w1 ∈ L1,w2 ∈ L2} of all sequences that are concatenations of

an element inL1 and an element inL2. Thesumof L1 andL2, denoted by(L1+L2),

is the unionL1∪L2. Moreover, we defineL0 as the language{ε} containing the empty

sequence only, andLk+1 as the concatenationLkL for all k ∈ N. TheKleene starof L

is the infinite union
⋃

k∈NLk denoted byL∗. Clearly, the set of all the languages over

A equipped with the concatenation, sum and Kleene star forms an algebra. If there is

no chance of confusion in which order operations are performed, the parenthesis and

brackets can be omitted.
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3 Process Model

A processis an abstraction of the behaviour of a system. Here, asystemrefers typi-

cally to a software one, but in general it can also be a machine or a human actor, and

respectivelybehaviourrefers to the executions of a software system, or the actions of a

machine or a human being. Aprocess algebraconsists of a set of processes and a set

of operators that enable systems and their specifications to be specified and verified by

the comparison of processes. Traditionally, systems and specifications are constructed

inductively from simple processes by the application of operators, and the algebraic

properties of operators are exploited when comparing a system process against a spec-

ification one to establish its correctness. For a more complete discussion on process

algebras, see Baeten (2005).

3.1 Labelled Transition Systems

Our formal process model is alabelled transition system, an LTS. Intuitively, an LTS is

a graph the vertices of which are called states, the edges are labelled by actions and they

are called transitions, and one of the states is marked as the initial one. However, before

LTSs are introduced formally, we define actions, which come in two forms, visible and

invisible.

We assume a countably infinite setA of atomsdenoted bya,b and their variants.

Tuples of atoms are calledactions. The empty tuple (of atoms), also denoted byτ, is

called theinvisibleaction and the rest of the actions arevisible. The set of all the visible

actions is referred to byV. In theoretical contexts, actions are denoted byα, β and their

variants, and sets of actions byΛ and its variants. For modelling purposes, also other,

more informative names for actions are used.

Definition 1 (LTS). A labelled transition systemis a four-tuple(S,Σ,R,ŝ), where

– S is a non-empty set ofstates,

– Σ⊆ V is a set of visible actions,

– R⊆ S× (Σ∪{τ})×S is a set oftransitions, and

– ŝ∈ S is theinitial state.

In theoretical contexts, LTSs are denoted byL and its variants. For modelling pur-

poses, also other, more informative names are used. IfL = (S,Σ,R,ŝ) is an LTS, then
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the setS is called thestate spaceof L, the setΣ, also denoted by alph(L), is said to be

thealphabetof L, andR is called atransition relation. Thesizeof an LTS is the sum

of the sizes of its state space and alphabet. An LTS of finite size is simply calledfinite.

LTSs are often given graphically, especially when modelling something. The states

are typically marked by circles and the transitions by labelled arrows between the states,

the arrow-head pointing to the latter state of the transition. The initial state is marked

by an open-ended arrow, and the alphabet typically consists of all the transition labels

other thanτ.

For example, the behaviour of a useru1 that needs to obtain a lock to use a shared

resource is modelled as the LTSUser1 of Figure 2. Initially, the user can request a read

or write lock or perform some internal operations represented by the invisible action.

The read lock allows read access only, whereas the write lock entitles to reading and

writing to the resource. However, the read lock can be upgraded by requesting the write

lock. After obtaining the lock, the user can repeatedly access the resource, release the

lock and return to the initial state, or again perform internal activities. Because the

actions are instantaneous, both reading the resource and writing to it are modelled by

two actions indicating the beginning and the end of the operation.

rr
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lw

rw

w

(u1,wrlock)
(u1, rdlock)

(u1, rd
beg)

(u1,wrbeg)

(u1, rdbeg)

(u1,unlock)

(u1,unlock)

(u1,wrlock)

(u1, rdend)

(u1,wrend)

(u1, rdend)

τ

τ
τ

Fig 2. LTS User1 representing the behaviour of the user u1 from the viewpoint of accessing

a shared resource.

In the analysis of LTSs, we are usually interested in the sequences of visible actions

reachable from the initial state. LetL be an LTS. A finite alternating sequence of states

and actions,s1α1s2 . . .αn−1sn, of L, is apath (ofL) (from s1) (to sn), if (si ,αi ,si+1) is

a transition ofL for every i ∈ {1,2, . . . ,n−1}. When there is a path ofL from a state

s to a states′, we say thats′ is reachable from s (inL) (by that path). A path ofL

from sa to sb is anexecution (ofL) (to sb), if sa is the initial state. A states is said to

be reachable (inL), if there is an execution ofL to s. The reachable part of an LTSL
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is the LTS obtained fromL by restricting the state space and the transition relation to

the reachable states. A sequencet of visible actions of an LTSL is a trace (ofL), if

there is an executions1α1s2 . . .αn−1sn of L such thatt = α1α2 · · ·αn−1 \{τ}, i.e. t can

be obtained from the execution by removing all the states and the invisible actions.

The set of all the traces of an LTSL, thetraces ofL for short, is referred to by tr(L).

Obviously, tr(L)is a prefix-closed language over the alphabet ofL. For example, the

traces of the LTSUser1 in Figure 2, is the set

{t′ � t | t ∈ ((u1,wrlock)Tlw +(u1, rdlock)Tlr )
∗} ,

where

Tlw = (((u1,wrbeg)(u1,wrend))+((u1, rdbeg)(u1, rdend)))∗(u1,unlock) ,

Tlr = ((u1, rdbeg)(u1, rdend))∗((u1,unlock)+(u1,wrlock)Tlw) .

3.2 Operators on LTSs

When a system is modelled as an LTS, it is typically built of smaller LTSs representing

its parts using aparallel composition. The LTSs composed in parallel must take the

transitions labelled by the same visible action simultaneously. If there are similar com-

ponents that are identical modulo the action names, it is convenient to create them from

one template byrenaming. Finally, the actions that are irrelevant to the specification

arehidden,i.e. replaced by the invisible action.

Let Li = (Si ,Σi ,Ri , ŝi) be an LTS for bothi ∈ {1,2}. Theparallel composition (of

L1 andL2), denoted byL1 ‖ L2, is a four-tuple

(S1×S2,Σ1∪Σ2,R‖,(ŝ1, ŝ2)) ,

whereR‖ consists of all tuples((s1,s2),α,(s′1,s
′
2)) such that

– α ∈ Σ1∩Σ2 and(si ,α,s′i) ∈ Ri for both i ∈ {1,2}, or

– α ∈ (Σi ∪{τ}) \Σ j and i, j are different elements in{1,2} such that(si ,α,s′i) ∈ Ri

andsj = s′j .

This definition results in a standard Hoare style parallel composition (Hoare 1985). Ac-

cording to it, the LTSs can execute a common visible actionα in the parallel composi-

tion if and only if both of them agree on its execution, whereas the invisible actions and

the visible actions that are only in the alphabet of one LTS are executed individually.
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Let L be an LTS andζ a function fromV to V. The LTSL renamed byζ is a

four-tuple

(S,{ζ(α) | α ∈ Σ},Rζ, ŝ) ,

denoted byζ(L), where

Rζ = {(s1,ζ(α),s2) | (s1,α,s2) ∈ R∧α ∈ Σ}∪{(s1,τ,s2) ∈ R} .

Hence,ζ(L) is obtained fromL by applyingζ to all the visible actions.

Let L be an LTS andΛ a set of visible actions. The LTSL after hidingΛ, is a

four-tuple

(S,Σ\Λ,RΛ, ŝ) ,

denoted by(L\Λ), where

RΛ = {(s,α,s′) ∈ R | α /∈ Λ}∪{(s,τ,s′) | ∃α ∈ Λ : (s,α,s′) ∈ R} .

Hence,(L\Λ) is obtained fromL by changing the transition labels inΛ to the invisible

one and removing the elements inΛ from the alphabet ofL.

The structures obtained from LTSs by the parallel composition, hiding and renaming

are LTSs. It means that the parallel composition, hiding and renaming are operators, and

the set of all the LTSs together with these operators forms an algebra. The operators

also preserve finiteness in the following sense.

Lemma 2. LetL1,L2 be LTSs,ζ a function fromV toV, andΛ a set of visible actions.

1. The parallel composition of LTSsL1,L2, the LTSL1 renamed byζ and the LTSL1

after hidingΛ are LTSs.

2. If L1,L2 are finite, then(L1 ‖ L2), ζ(L1) and(L1\Λ) are finite, too.

The claims follow straightforwardly from the definitions.

The lemma implies that we can generalise the parallel composition to any finite

totally ordered set of LTSs as follows. LetI = {i1, i2, . . . , in} be a finite totally ordered

index set such thati1 < i2 < .. . < in, andLi = (Si ,Σi ,Ri , ŝi) an LTS for everyi ∈ I . The

parallel compositionof LTSs in the set{Li}i∈I , denoted by(‖i∈I Li) or (‖nj=1 Li j ), is

defined as

((. . .((Li1 ‖ Li2) ‖ Li3) . . .) ‖ Lin)

whenI is non-empty. In the case of emptyI , (‖i∈I Li) is defined as a single state LTS

({()},∅,∅,()) with the empty alphabet.

34



The lemma also means that many parallel composition operators of other process

algebras can be expressed with the aid of our operators (Valmari 2000). For example,

the parallel composition operator of LOTOS (Language of Temporal Ordering Specifi-

cation) (Bolognesi & Brinksma 1987) and the parallel composition operators of CSP

(Communicating Sequential Processes) (Roscoe 1997) are such. Also the parallel com-

position operator of CCS (Calculus of Communicating Systems) (Milner 1989) can be

constructed using the Hoare style parallel composition but it necessitates the use ofre-

lational renaming, which allows a single visible action to be mapped to multiple visible

actions.

In addition to being very general, our parallel composition has another benefit. By

looking at a trace of the parallel composition, one can see which traces the LTSs com-

posed in parallel have executed. This and also the influence of other operators on the

traces of LTSs are captured in the following lemma.

Lemma 3. LetL1,L2 be LTSs,ζ a function fromV toV, andΛ a set of visible actions.

1. If t is a sequence overalph(L1)∪alph(L2), then t is a trace of(L1 ‖ L2) if and only

if t |alph(Li) is a trace ofLi for both i∈ {1,2}.

2. If t is a sequence over{ζ(α) | α ∈ alph(L1)}, then t is a trace ofζ(L1) if and only

if there is a traceα1α2 · · ·αn of L1 such that t= ζ(α1)ζ(α2) · · ·ζ(αn), where n∈ N

andαi ∈ V for all i ∈ {1,2, . . . ,n}.

3. If t is a sequence overalph(L1)\Λ, then t is a trace of(L1 \Λ) if and only if there

is a trace t′ ofL1 such that t= t′ \Λ.

See the appendix for a proof.

Now, let us consider a system with two users competing for an access to a shared

resource, where the use of the resource is controlled by read and write locks. At most

one user can have the write lock at a time, but both the users can hold the read lock

simultaneously. Moreover, a user can upgrade its read lock to the write one if the other

user does not hold any lock on the resource.

The behaviour of one user is already captured in the LTSUser1. A model for the

behaviour of other user, denoted byUser2, can be obtained fromUser1 by renaming

the actions of the form(u1,a) to actions(u2,a). The locking mechanism is modelled

as an LTSLock given in Figure 3, and the resource is represented only at the level

of actions indicating its usage. The system model, referred to bySys, is obtained by

composing the LTSs representing the users and the lock in parallel. Hence,Sysis the

LTS ((User1 ‖ User2) ‖ Lock), the reachable part of which is shown in Figure 4.
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Fig 3. LTS Lockrepresenting the behaviour of the lock that controls an access to the shared

resource.
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Fig 4. The reachable part of the LTS Sys.
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3.3 Traces Refinement

In addition to systems, LTSs can naturally express correctness properties, too. There-

fore, to carry out verification, one needs to compare LTSs, and a natural way to do it

is to compare the traces of LTSs. One writesL1 �tr L2 to denote that LTSsL1 and

L2 have the same alphabet and tr(L2) ⊆ tr(L1) (Hoare 1985). Furthermore, we write

L1 =tr L2 to mean thatL1�tr L2 andL2�tr L1.

Lemma 4.

1. Relation�tr is a preorder in the set of LTSs.

2. Relation=tr is an equivalence in the set of LTSs.

If L1�tr L2, we say thatL2 is atraces refinementof L1. Furthermore, ifL1 =tr L2,

thenL1 andL2 are calledtraces equivalentor one says thatL1 is traces equivalent to

L2.

In practice, when the specification and the system are modelled respectively as LTSs

LSpecandLSys, one is usually interested in the related refinement checking problem.

Problem 5 (Traces Refinement).

Instance: LTSsL1 andL2.

Question: IsL1�tr L2?

If LSys is a traces refinement ofLSpec, then the system cannot do anything more than

the specification does. This way, it is not possible to prove that a system does some-

thing, but one can still show the absence of some unwanted behaviour. Therefore, the

traces refinement is only applicable in proving the so calledsafety properties(Alpern &

Schneider 1985).

Obviously, Traces Refinement cannot be automatically solved in general, but for

finite LTSs this is possible (Roscoe 1997).

Proposition 6. Traces Refinement is decidable for finite LTSs.

Hence, systems and specifications representable as finite LTSs can be automatically

verified.

As an example, consider an LTSSpecof Figure 5, which formally states that if one

user is writing to the resource, then the other does not access it at all. However, before it

makes sense to compare the system model against the specification, the actions related
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to locking have to be hidden. Hence, to find out whether the system works correctly,

we ask whetherSysafter hiding the visible actions in the set

Λ := {u1,u2}×{rdlock,wrlock,unlock}

is a traces refinement ofSpec.
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Fig 5. LTS Spec, the formal mutual exclusion property.

As both (Sys\Λ) and Specare finite LTSs, the verification could be done auto-

matically. However, in this case, it is also easy to manually check that(Sys\Λ) and

Spechave the same alphabet and every trace of(Sys\Λ) is a trace ofSpec. Hence,

(Sys\Λ) is a traces refinement ofSpec, and actually also the opposite trace refinement

holds, which means that the LTSs are traces equivalent. Because the system cannot do

anything more than the specification does, it is not possible that the users access the

resource simultaneously. Hence, the system is correct in the sense of the specification.

3.4 Algebra of LTSs

In real-life, the system above would probably have any number of users competing

for an access to a number of resources. However, to model such a system and the

corresponding specification, one would need two LTSs for each number of users and

resources, which leads to the following problem.

Problem 7 (Infinite Family).

Instance: A family{(L1,i ,L2,i)}i∈I of pairs of LTSs.

Question: IsL1,i �tr L2,i for all i ∈ I?

Obviously, one cannot solve the problem algorithmically in a general case. Never-

theless, as such systems are very common, it would be useful to be able to solve the
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problem in practical situations, at least. Fortunately, in these cases the infinite family

{(L1,i ,L2,i)}i∈I of pairs of LTSs is not arbitrary, but typically arises from a parame-

terised specification and system descriptions. Hence, the pairs of LTSs share a common

structure, which can be exploited to reduce the number of refinement checks needed.

The properties of LTS operators that are given in the following four propositions and

derived from the ones in Hoare (1985) and Roscoe (1997) turn out to be useful in this

effort.

Proposition 8. LetL1,L2,L3 be LTSs.

1. (L1 ‖ L2) =tr (L2 ‖ L1).

2. ((L1 ‖ L2) ‖ L3) =tr (L1 ‖ (L2 ‖ L3)).

3. (L1 ‖ L2) =tr L1, if alph(L2) = ∅.

4. (L1 ‖ L1) =tr L1.

The proposition follows straightforwardly from Lemma 3.

Informally, the proposition states that (1) the parallel composition is commutative,

and (2) associative, (3) every LTS with the empty alphabet is an identity element and

(4) every LTS is an idempotent element with respect to the parallel composition.

Because of commutativity and associativity, the order in which LTSs are composed

in parallel is insignificant from the viewpoint of traces equivalence. That is why there

is no need to use parenthesis in successive application of the parallel composition,i.e.

we can simply write(L1 ‖ L2 ‖ L3) instead of((L1 ‖ L2) ‖ L3) or (L1 ‖ (L2 ‖ L3)),

provided we are interested in the alphabet and the traces only. For the same reason,

there is no need to explicitly specify a total order relation over the finite index set when

using the generic form of the parallel composition, because all the orders will give the

same result from the viewpoint of the alphabet and traces.

Proposition 9. Let ζ1,ζ2 be functions:V 7→ V, L1,L2 LTSs, andΛ a set of visible

actions.

1. ζ1(L1 ‖ L2) = ζ1(L1) ‖ ζ1(L2), if ζ1 is a bijection.

2. ζ1(L1\Λ) = ζ1(L1)\{ζ1(α) | α ∈ Λ}, if ζ1 is a bijection.

3. ζ1(ζ2(L1)) = (ζ2◦ζ1)(L1).

It is easy to check that in each of these cases, the LTSs on both sides of the equivalence

are (structurally) the same. Note that structural equality trivially implies the traces

equivalence.
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The proposition says that bijective renaming can be pushed inside other operators

and successive renaming operators can be combined without affecting the structure of

the resulting LTS. Note that Items 1 and 2 do not hold for arbitrary functions even if the

equivalence was replaced by the traces refinement. For example, consider an LTSLab

in Figure 6 with the alphabet{a,b}, and assume a functionζ : V 7→ V that preserves

an atomc and maps both the atomsa andb to a. The traces ofζ(Lac ‖ Lbc) is the set

{t′ � t | t ∈ (aac)∗}, whereas the traces ofζ(Lac) ‖ ζ(Lbc) is the set{t′ � t | t ∈ (ac)∗}.

Hence, the sets of the traces of the LTSs are incomparable, which implies thatζ(Lac ‖

Lbc) is not a traces refinement ofζ(Lac) ‖ ζ(Lbc), or vice versa. To see that bijectivity

is necessary in the case of Item 2 too, consider LTSsζ(Lab\{a}) andζ(Lab)\{ζ(a)}.
The LTSs have different alphabets, which means that they cannot be related by the

traces refinement.

a

b

Fig 6. LTS Lab.

Proposition 10. LetL1,L2 be LTSs, andΛ1,Λ2 sets of visible actions.

1. (L1\Λ1) ‖ (L2\Λ1)�tr (L1 ‖ L2)\Λ1.

2. (L1\Λ1) ‖ (L1\Λ2)�tr L1, if Λ1∩Λ2 = ∅.

3. L1\Λ1 = L1, if Λ1 andalph(L1) are disjoint.

4. (L1\Λ1)\Λ2 = L1\ (Λ1∪Λ2).

See the appendix for a proof

The proposition states that (1) pushing hiding inside the parallel composition results

in a greater LTS in the preorder, (2) applying first two different hiding operators to an

LTS L, and then composing the resulting LTSs in parallel gives an LTS greater than

L, provided the hiding sets are disjoint, (3) hiding a set of actions disjoint from the

alphabet of an LTS does not change the LTS, and (4) successive hiding operators can be

combined or a single hiding operator split without affecting the structure of the resulting

LTS.

Note that in the first two cases, the opposite traces refinements,i.e. the traces equiv-

alences, do not generally hold. To see it, consider the LTSs(Lab\ {b}) ‖ (Lba\ {b})

and(Lab ‖ Lba)\{b}, whereLab is the LTS in Figure 6. The set of the traces of the for-

mer LTS isa∗, whereas the latter has only the empty one, which means that the traces
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equivalence does not hold in the first case. To see it does not hold in the second case

either, consider the LTSLabc in Figure 7 and the LTS(Labc\{b,c})‖ (Labc\{a}). The

traces of the latter LTS contain the arbitrary sequences ofa, b andc, but the former LTS

cannot execute the same action twice running. Hence, there is no traces equivalence

between these LTSs either.

a

b

a

c

Fig 7. LTS Labc.

Proposition 11. LetL1,L2,L
′
1,L

′
2 be LTSs,ζ a function:V 7→V andΛ a set of visible

actions.

1. If Li �tr L
′
i for both i∈ {1,2}, thenL1 ‖ L2�tr L

′
1 ‖ L

′
2.

2. If L1�tr L2, thenζ(L1)�tr ζ(L2).

3. If L1�tr L2, thenL1\Λ�tr L2\Λ.

See the appendix for a proof.

The proposition states that the LTS operators preserve the traces refinement, which

together with Lemma 4 implies that the traces refinement is a precongruence and the

traces equivalence a congruence. The result also means that while composing a system

and specification, parallel compositions can be restricted to their reachable parts without

affecting the traces and alphabet of the system and specification.

The converses of the claims of Proposition 11 do not hold. To see it, letL′ be a

single state LTS with alphabet{a,b} and no transitions,Lab the LTS in Figure 6, andζ
a function:V 7→ V mapping both the atomsa andb to a. Now,Lab ‖ L

′ andLba ‖ L
′,

ζ(Lab) andζ(Lba), as well asLab\ {b} andLba\ {b} are traces equivalent butLba is

clearly not a traces refinement ofLab.

41



42



4 Process Algebraic Modelling and Verification of

Parameterised Systems

In the previous chapter, it was mentioned that LTS operators can be made use of not

only in modelling but in verification, too. Based on this, we propose a novel method,

called the precongruence reduction, to check the correctness of parameterised systems

with respect to parameterised specifications that are modelled in a compositional way.

The precongruence reduction is first introduced by Siirtola & Kortelainen (2009b) and

the results concerning compositional modelling by Siirtola & Kortelainen (2009a).

4.1 The Precongruence Reduction

Suppose that we are given a parameterised system and a related parameterised specifi-

cation as an instance{(Speci ,Sysi)}i∈I of Infinite Family, whereI denotes an (infinite)

set of parameter values, andSpeci andSysi represent respectively the specification and

the system with the parameter valuei ∈ I . Using existing tools for finite-state systems,

we can basically prove the system correct with respect to the specification for any finite

number of parameter values. By exploiting the precongruence property, it is possible

to generalise the result to the specification-system instances that can be obtained from

the examined ones by the application of LTS operators. In the best case, the whole

system can be proven correct this way, which leads to a novel way of obtaining cut-offs

for parameterised systems and specifications. The method is calledthe precongruence

reduction(Siirtola & Kortelainen 2009b) and captured in the following theorem.

Theorem 12. Let{(Speci ,Sysi)}i∈I be an instance of Infinite Family, and I′ a subset of

I such that for every i∈ I \ I ′ there are a positive integer n, an n-place function f that

is a composition of renaming, hiding and parallel composition operators, and elements

i′1, i
′
2, . . . , i

′
n ∈ I ′ such that

Speci �tr f (Speci′1,Speci′2, . . . ,Speci′n) and f(Sysi′1,Sysi′2, . . . ,Sysi′n)�tr Sysi .

Then the answer to{(Speci′ ,Sysi′)}i′∈I ′ is the same as the answer to{(Speci ,Sysi)}i∈I .

Proof. Since I ′ is a subset ofI , it is clear that if the answer to{(Speci ,Sysi)}i∈I is

positive then the answer to{(Speci′ ,Sysi′)}i′∈I ′ is positive, too.
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Let us then assume that the answer to{(Speci′ ,Sysi′)}i′∈I ′ is positive, and leti ∈

I \ I ′. It means thatSpeci′ �tr Sysi′ for all i′ ∈ I ′, and there are a positive integern, an

n-place functionf that is a composition of renaming, hiding and parallel composition

operators, andi′1, i
′
2, . . . , i

′
n ∈ I ′ such that

Speci �tr f (Speci′1,Speci′2, . . . ,Speci′n) and f (Sysi′1,Sysi′2, . . . ,Sysi′n)�tr Sysi .

Because the traces refinement is preserved under the application of LTS operators

(Proposition 11), it is easy to show by induction on the structure off that

f (Speci′1,Speci′2, . . . ,Speci′n)�tr f (Sysi′1,Sysi′2, . . . ,Sysi′n) .

By above, it means that

Speci �tr f (Speci′1,Speci′2, . . . ,Speci′n)�tr f (Sysi′1,Sysi′2, . . . ,Sysi′n)�tr Sysi ,

which, by the transitivity of the traces refinement (Lemma 4), implies thatSpeci �tr Sysi .

Hence, we have proved that if the answer to{(Speci′ ,Sysi′)}i′∈I ′ is positive, then the

answer to{(Speci ,Sysi)}i∈I is positive, too.

In practice, we do not apply the theorem in its full generality. First of all, we assume

that the instances{(Speci ,Sysi)}i∈I of Infinite Family are closed under the application

of certain bijective renaming operators. In other words, wheneverζ : V 7→ V is a bi-

jection (of a certain kind), then(ζ(Speci),ζ(Sysi)) is in {(Speci ,Sysi)}i∈I for all i ∈ I .

Actually, this is not a restriction, because by Theorem 12, closing an instance of Infi-

nite Family under the application of a bijective renaming operator does not change its

answer.

Secondly, we apply the theorem using only functionsf that are compositions of

bijective renaming and parallel composition operators. Intuitively, the reason is that in

order to minimise the cost of solving{(Speci′ ,Sysi′)}i′∈I ′ , we want to pickI ′ in such

a way that{(Speci′ ,Sysi′)}i′∈I ′ consists of the smallest elements in{(Speci ,Sysi)}i∈I .

Hence, we need to be able to approximate big specification-system instances with the

aid of smaller ones using the LTS operators. As hiding and non-bijective renaming

can make their parameters only smaller, there is intuitively no point to use them in this

effort.

From the technical side, the reason for concentrating on the compositions of bijec-

tive renaming and parallel composition operators only is that such functions can always

be represented in the form‖nj=1 ζ j(· j), wheren is a positive integer andζ j is a bijection:
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V 7→V for every j ∈ {1,2, . . . ,n}. This fact follows from Proposition 9, which says that

bijective renaming can be pushed inside parallel compositions and successive bijective

renamings can be combined into one. Because we may assume the instances of Infi-

nite Family to be closed under the application of bijective renaming operators needed

to construct large specification-system instances, the application of Theorem 12 can be

divided into two simpler parts, where bijective renaming operators or (generic forms of)

parallel composition are used as functionsf .

Hence, given an instance{(Speci ,Sysi)}i∈I of Infinite Family that is closed under

(certain kind of) bijective renaming, we proceed as follows. First, based on our un-

derstanding about the verification problem, we pick a finite subsetI ′ of I , and check

whetherSpeci′ �tr Sysi′ for all i′ ∈ I ′ using existing refinement checking tools. If this is

not true, we know that also the answer to{(Speci ,Sysi)}i∈I is negative.

On the other hand, if it holds, we extend{(Speci′ ,Sysi′)}i′∈I ′ by adding all LTS

pairs (Speci ,Sysi), wherei ∈ I \ I ′ and which can be obtained by bijective renaming

from those in{(Speci′ ,Sysi′)}i′∈I ′ . It results in an instance{(Speci′′ ,Sysi′′)}i′′∈I ′′ of

Infinite Family, whereI ′′ is obviously a subset ofI and typically infinite. By Theorem

12, the answer to this instance is positive, too.

Next, we append to{(Speci′′ ,Sysi′′)}i′′∈I ′′ all LTS pairs(Speci ,Sysi) such thati ∈

I \ I ′′ and (Speci ,Sysi) can be approximated as the parallel composition of those in

{(Speci′′ ,Sysi′′)}i′′∈I ′′ , i.e. there aren∈ Z+ andi1, i2, . . . , in ∈ I ′′ such that

Speci �tr Speci1 ‖ Speci2 ‖ · · · ‖ Specin andSysi1 ‖ Sysi2 ‖ · · · ‖ Sysin �tr Sysi .

If we end up with the whole instance{(Speci ,Sysi)}i∈I , by Theorem 12, we know that

its answer must be positive as well. Otherwise, we need to refine our guess forI ′, or the

verification technique is not applicable.

Note that one can also apply the procedure in the reverse order. Then one starts

with an instance{(Speci ,Sysi)}i∈I and ends up with an instance{(Speci′ ,Sysi′)}i′∈I ′ ,

whereI ′ is a subset ofI . In other words, one uses the theorem to reduce the parameter

set I to its subset. IfI ′ is finite, then the original instance can be solved by deciding

{(Speci′ ,Sysi′)}i′∈I ′ using existing tools. As the parameter values are typically ordered,

the approach leads to a novel way of obtaining cut-offs for parameterised systems and

specifications. Recall that a cut-off is a parameter value such that a parameterised sys-

tem can be verified by checking the correctness of the system for the values less than or

equal to the cut-off.
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Compared with earlier works on cut-offs (Bouajjaniet al. 2008, Clarkeet al.2004,

Emerson & Namjoshi 2003, Emerson & Kahlon 2000, 2002, 2003a, 2004, Konnov &

Zakharov 2005, Liet al. 1994, Pyssysalo 1996, Valmari & Tienari 1991), the funda-

mental difference is that we take also the specification instances into account. More-

over, in the precongruence reduction, generalisation is justified by the fact that a large

specification-system instance can be obtained from finitely many small ones using cor-

rectness preserving operations, whereas other methods are based on showing that cer-

tain behaviours of a large system instance are covered by the behaviours of a single

small instance. An exception is the work of Clarkeet al. (2004) where multiple small

networks are used to cover the behaviours of a large one, but also in this case, the

method makes use of the system instances only. Additionally, Clarkeet al. (2004)

provide only an upper bound for the size of a network graph but does not say which

networks one should check.

4.2 Compositional Modelling

A successful use of the precongruence reduction typically necessitates a compositional

modelling technique that is widely used in practice; a parameterised system and specifi-

cation have to be constructed from smaller parts using a parallel composition such that

each part represents the behaviour of the system or the specification from the viewpoint

of certain components.

Ideally, a compositionally modelled system and specification correspond precisely

to the original system and specification, respectively. However, when proving a system

correct, it is safe to use a system model that covers at least all the behaviours of the

original system, and a specification that covers at most the behaviours of the original

specification. This way, one can get false negative verification results, but if the sys-

tem model is correct with respect to the specification model, also the original system

is guaranteed to meet its specification. Hence, to successfully use the compositional

verification technique, one should know when the parallel composition of system and

specification parts results in an LTS greater or smaller in the preorder.

Proposition 13. LetL be an LTS, I a finite index set andLi an LTS for all i∈ I such

thatalph(L) =
⋃

i∈I alph(Li). Then

1. L �tr ‖i∈I Li if and only if whenever t is a (minimal) sequence overalph(L) such

that t /∈ tr(L), there exists i∈ I such that t|alph(Li) is not a trace ofLi , and
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2. ‖i∈I Li �tr L if and only ifLi �tr L\ (alph(L)\alph(Li)) for all i ∈ I.

Proof. Let us first assume thatL �tr ‖i∈I Li and lett be a sequence over alph(L) such

that t /∈ tr(L). Without the loss of generality, we may assume thatt is minimal such a

trace. Ift|alph(Li) was a trace ofLi for all i ∈ I , thent would a trace of‖i∈I Li , which

is impossible. This can be easily shown by induction on|I | using Lemma 3. Therefore,

there must bei ∈ I such thatt|alph(Li) is not a trace ofLi .

Let us then assume that whenevert is a (minimal) sequence over alph(L) such that

t /∈ tr(L), there isi ∈ I such thatt|alph(Li) is not a trace ofLi . Because the alphabet of

L is
⋃

i∈I alph(Li) by assumption, it is sufficient to show that every trace of‖i∈I Li is a

trace ofL, too. If t ∈ tr(‖i∈I Li), then by Lemma 3,t|alph(Li) ∈ tr(Li) for all i ∈ I . On

the other hand, ift /∈ tr(L), then by above there isi ∈ I such thatt|alph(Li) is not a trace

of Li , which is a contradiction. Therefore, every trace of‖i∈I Li must be also a trace of

L, which implies thatL �tr ‖i∈I Li . Hence, the first part of the proposition holds.

To prove the latter claim, let us first assume that‖i∈I Li �tr L. If j ∈ I , then by

Proposition 11,

( ‖
i∈I
Li)\ (alph(L)\alph(Lj))�tr L\ (alph(L)\alph(Lj)) .

Let us now consider the LTSsL j and (‖i∈I Li) \ (alph(L)\ alph(Lj)). Clearly, their

alphabets are the same. Moreover, ift is a trace of the latter LTS, then by Item 3 of

Lemma 3, there is a tracet′ of ‖i∈I Li such that

t = t′ \ (alph(L)\alph(Lj)) = t′|alph(L j ) .

On the other hand, by the same lemma,t′|alph(L j ) is also a trace ofL j , which implies

thatt ∈ tr(L j). Hence,

L j �tr ( ‖
i∈I
Li)\ (alph(L)\alph(Lj)) ,

which by the transitivity of�tr means thatL j �tr L\ (alph(L)\alph(Lj)).

To prove the opposite claim, let us assume thatLi �tr L\ (alph(L) \alph(Li)) for

all i ∈ I . By repeated application of Proposition 11, it implies that

‖
i∈I
Li �tr ‖

i∈I
(L\ (alph(L)\alph(Li))) .

As alph(L) =
⋃

i∈I alph(Li), the alphabet of the latter LTS is
⋃

i∈I

(alph(L)\ (alph(L)\alph(Li))) =
⋃

i∈I

(alph(L)∩alph(Li)) = alph(L),
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i.e. the same as the alphabet ofL. Moreover, if t is a trace ofL, then by Item 3 of

Lemma 3,t|alph(Li) is a trace ofL\ (alph(L) \alph(Li)) for every i ∈ I . By Item 1 of

the same lemma, it implies that thent is a trace of‖i∈I (L\(alph(L)\alph(Li))). By the

transitivity of the traces refinement, it means that‖i∈I Li �tr L. Hence, also the latter

claim holds and the proposition is proved.

Because in formal verification, it is more important to avoid false positive than

false negative verification results, the former part of the proposition applies mainly to

specification and the latter one to system instances. Hence, the proposition informally

states that when creating the specification from smaller parts, every illegal behaviour

must be forbidden by some of the parts, and every part of the system model must cover

all the behaviours of the system from the viewpoint of its alphabet. However, if one

wants to avoid false negative verification results as well, then it is also necessary that

every part of the specification covers all the allowed behaviours of the specification from

the viewpoint of its alphabet, and every behaviour not present in the original system is

blocked by some of the system parts.

4.3 Modelling a Parameterised Shared Resource System

To see how compositional modelling and the precongruence reduction are applied in

practice, let us consider a shared resource system of Figure 8 with an arbitrary number

of users and shared resources, where a user may read or write to any resource after ob-

taining the corresponding lock. The resource itself has no mechanism for concurrency

control and several users can hold a lock on the resource simultaneously only if all of

them have the read lock. The goal is to formally model the system and the specification,

and prove that in our construction it is not possible for a user to access a resource if

someone else is writing to it.

User 1 User 2 . . . User n

Res. 1 Lock 1 Res. 2 Lock 2 . . . Res. k Lock k

Fig 8. The system of n users and k shared resources with locks.
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The system cannot be represented as a single finite LTS, but a different model is

needed for each number of users and resources. That is why we take the sets of user

and resource identities, denoted respectively byU andR, as the parameters of our model.

We assume thatU andR are disjoint, finite and non-empty sets of atoms, also disjoint

from other atoms used in the model.

The behaviour of a useru ∈ U from the viewpoint of a single resourcer ∈ R is

captured in an LTSUser(u,r) in Figure 9. Obtaining the read and write lock on the re-

source is modelled respectively by actions(u,r, rdlock) and(u,r,wrlock), and releasing

the resource by an action(u,r,unlock), whererdlock,wrlock,unlockare atoms denot-

ing respectively obtaining the read and write lock, and releasing the lock. Because the

actions are instantaneous, reading the resource is modelled using two of them, namely

(u,r, rdbeg)and (u,r, rdend), whererdbegand rdend are atoms denoting respectively

the beginning and the end of the read event. Similarly, writing to the resource is mod-

elled as actions(u,r,wrbeg) and(u,r,wrend). The invisible actions represent the user’s

other activities which may take place at any time.

rr

lr

m

lw

rw

w

(u,r,wrlock)
(u,r, rdlock)

(u,r,
rdbeg)

(u,r,wrbeg)

(u,r, rdbeg)

(u,r,unlock)

(u,r,unlock)

(u,r,wrlock)

(u,r, rdend)

(u,r,wrend)

(u,r, rdend)

τ

τ
τ

Fig 9. LTS User(u,r) that represents the behaviour of a user u from the viewpoint of a

resource r (Siirtola & Kortelainen 2009a, p. 572, published by permission of Springer).

Clearly, the LTSUser(u,r) represents the behaviour of the user from the viewpoint

of its alphabet. Now, Proposition 13 implies that the behaviour of the useru can be

over-approximated by the parallel composition of all LTSsUser(u,r) asr ranges over

R. As a system or its part can be replaced with a greater LTS in the preorder�tr without

the risk of a false positive verification result, we can adopt‖r∈R User(u,r) as the model

of the useru.

Similarly, the behaviour of a lock is first modelled from the viewpoint of a user

u∈U and a resourcer ∈ R, which results in an LTSLock1(r,u) in Figure 10. However,

as the locking sequences of transactions are mutually dependent, the lock has to be
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modelled from the viewpoint of two different usersu1,u2 ∈U and a resource, too. This

behaviour is captured in an LTSLock2(r,u1,u2) in Figure 11. Because both the LTSs

obviously capture all behaviours from the viewpoint of their alphabets, by Proposition

13, the behaviour of the lock for the resourcer can be over-approximated as the parallel

composition

( ‖
(u1,u2)∈U×U

u1 6=u2

Lock2(r,u1,u2)) ‖ ( ‖
u∈U

Lock1(r,u)) ,

which we thereby take as the lock model.

(u,r, rdlock)

(u,r
,unlock)

(u,r,wrlock)
(u,r,unlock)

(u,r,wrlock)

Fig 10. LTS Lock1(u,r) representing the behaviour of the lock for a resource r from the

viewpoint of a user u.

n

r1

w1

r12r2

w2

(u
1 , r, rdlock)(u2,

r, r
dlock)

(u1, r,unlock) (u2, r,unlock)

(u1, r,wrlock)(u2, r,wrlock)

(u
1 , r,unlock)

(u2, r, rdlock)

(u2,
r,u

nlock)

(u1, r, rdlock)

(u1, r,unlock)(u2, r,unlock)

(u1, r,wrlock)(u2, r,wrlock)

Fig 11. LTS Lock2(r,u1,u2) representing the behaviour of the lock for a resource r from the

viewpoint of two different users u1,u2 (Siirtola & Kortelainen 2009a, p. 572, published by

permission of Springer).

Now, we have modelled the system from the viewpoint of a single user and a single

lock. As the user and lock models cover all the actions of the system, we obtain an

over-approximation of system behaviours by composing all of the user and lock models

in parallel. Because a system can be replaced with a more general one without the risk
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of a false positive verification result, we adopt the LTS

( ‖
u∈U
‖

r∈R
User(u,r)) ‖ ( ‖

r∈R
( ‖
(u1,u2)∈U×U

u1 6=u2

Lock2(r,u1,u2)) ‖ ( ‖
u∈U

Lock1(r,u))) ,

denoted bySrs(U,R), as the system model.

The specification is formalised in a similar way as the lock; it is first modelled

from the viewpoints of a resource, and one and two users, and then all such partial

specifications are composed in parallel. This results in an LTS

Mtx(U,R) := ‖
r∈R

(( ‖
(u1,u2)∈U×U

u1 6=u2

Prop2(r,u1,u2)) ‖ ( ‖
u∈U

Prop1(r,u))) ,

whereProp2(r,u1,u2) andProp1(r,u) are LTSs in respectively Figures 12 and 13. By

reasoning like above,Mtx(U,R) is an over-approximation of the formal specification.

However, the specification can be safely replaced with a smaller LTS in the preorder

only. Hence, before we can adoptMtx(U,R) as the formal specification, we need to

make sure that it does not allow any illegal behaviour.

n

r1

w1

r12r2

w2

(u
1 , r, rdbeg)(u2,

r, r
dbeg

)

(u1, r, rdend) (u2, r, rdend)

(u
1 , r, rdend)

(u2, r, rdbeg)

(u2,
r, r

dend)

(u1, r, rdbeg)

(u1, r,wrend)(u2, r,wrend)

(u1, r,wrbeg)(u2, r,wrbeg)

Fig 12. LTS Prop2(r,u1,u2) representing the formal specification from the viewpoint of two

different users u1,u2 and a resource r (Siirtola & Kortelainen 2009a, p. 572, published by

permission of Springer).

(u,r, rdbeg)

(u,r, rdend)

(u,r,wrbeg)

(u,r,wrend)

Fig 13. LTS Prop1(r,u) representing the formal specification from the viewpoint of a user u

and a resource r .
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To see thatMtx(U,R) does not allow a user to write to a resource that is currently

accessed by someone else, suppose the contrary. By Item 1 of Lemma 3, it means that

there areu1,u2 ∈U andr ∈ Rsuch thatProp2(r,u1,u2) allowsu1 to write tor while u2

is reading it or writing to it. However, by the construction ofProp2(r,u1,u2) it is clearly

impossible, which by Proposition 13 implies thatMtx(U,R) under-approximates the

behaviour of the specification. By above, it means thatMtx(U,R) is the precise model

of the formal specification.

Finally, we hide the actions irrelevant to the formal specification. Those are the

ones related to locking and contained in set

La(U,R) :=
⋃

(u,r)∈U×R

{(u,r, rdlock),(u,r,wrlock),(u,r,unlock)} .

Now, we can formally state the related verification problem. We writePar for the

set of all the possible parameter values,i.e. pairs(U,R) such thatU andR are disjoint,

finite and non-empty sets of atoms, also disjoint from the set

{rdlock,wrlock,unlock, rdbeg,rdend,wrbeg,wrend} .

Hence, we are interested in whether

Mtx(U,R)�tr Srs(U,R)\La(U,R) for all (U,R)∈ Par.

If the refinement holds for all the parameter values, we know that all the behaviours

of the system are covered by those of the specification, which means that the system

cannot do anything illegal and therefore works as specified.

4.4 Verification by the Precongruence Reduction

Our intuition says that in order to ensure the correctness of the system one should check

at least an instance with two users and a resource, and another one with one user and

a resource. We writePar′ for the set of all pairs(U ′,R′) ∈ Par such that|U ′| ≤ 2 and

|R′| = 1. Moreover, for bothi ∈ {1,2}, let (Ui ,Ri) ∈ Par′ such that|Ui | = i. Now,

using a finite-state refinement checker, like FDR2 (Failures-Divergences Refinement)

(Roscoe 1997), one can verify that

Mtx(Ui ,Ri)�tr Srs(Ui ,Ri)\La(Ui ,Ri)
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holds for bothi ∈ {1,2}. Hence, at least two instances of the shared resource system,

one with two users and a resource, and another one with a single user and a resource,

work as specified.

By above, it is actually quite easy to believe that the system works correctly in the

presence of any one or two users, and any resource. In other words,

Mtx(U,R)�tr Srs(U,R)\La(U,R)

whenever(U,R)∈ Par′.

To formally justify the claim, let(U,R) ∈ Par′. We show thatMtx(U,R) and

Srs(U,R)\ La(U,R) can be obtained from respectivelyMtx(Ui ,Ri) and Srs(Ui ,Ri) \

La(Ui ,Ri), where i = |U |, using bijective renaming. By Theorem 12, it proves the

claim.

Clearly, there is a bijectiong :A 7→A such thatg(Ui)=U , g(Ri)=Randgpreserves

the atomsrdlock, wrlock, unlock, rdbeg, rdend, wrbegandwrend. We writeg∗ for a

function:V 7→ V such that

g∗((a1,a2, . . . ,ak)) = (g(a1),g(a2), . . . ,g(ak))

for all visible actions(a1,a2, . . . ,ak). It is easy to see that alsog∗ is a bijection and

g∗(Prop2(r,u1,u2)) = Prop2(g(r),g(u1),g(u2)) ,

g∗(Prop1(r,u)) =Prop1(g(r),g(u))

wheneverr ∈ Ri andu,u1,u2 ∈Ui . Therefore, by Proposition 9,

g∗(Mtx(Ui ,Ri))

= g∗( ‖
r∈Ri

(( ‖
(u1,u2)∈Ui×Ui

u1 6=u2

Prop2(r,u1,u2)) ‖ ( ‖
u∈Ui

Prop1(r,u))))

= ‖
r∈Ri

(( ‖
(u1,u2)∈Ui×Ui

u1 6=u2

g∗(Prop2(r,u1,u2))) ‖ ( ‖
u∈Ui

g∗(Prop1(r,u))))

= ‖
r∈Ri

(( ‖
(u1,u2)∈Ui×Ui

u1 6=u2

Prop2(g(r),g(u1),g(u2))) ‖ ( ‖
u∈Ui

Prop1(g(r),g(u))))

= ‖
r∈R

(( ‖
(u1,u2)∈U×U

u1 6=u2

Prop2(r,u1,u2)) ‖ ( ‖
u∈U

Prop1(r,u)))

= Mtx(U,R) .
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Similarly one can show thatg∗(Srs(Ui ,Ri))=Srs(U,R), which by Proposition 9 implies

that

g∗(Srs(Ui ,Ri)\La(Ui ,Ri)) = g∗(Srs(Ui ,Ri))\{g
∗(α) | α ∈ La(Ui ,Ri)}

= Srs(U,R)\La(U,R) .

Hence, we have showed that any specification and system instance withi ∈ {1,2}

users and a resource can be obtained from respectivelyMtx(Ui ,Ri) andSrs(Ui ,Ri) \

La(Ui ,Ri) using bijective renaming. By Theorem 12, it implies that

Mtx(U,R)�tr Srs(U,R)\La(U,R) for all (U,R)∈ Par′ . (1)

Now, we have generalised our verification results to any system with at most two

users and a resource. To generalise the result further, to a system of any size, we show

that every specification and system instance can be constructed by composing instances

with at most two users and a resource in parallel.

Let (U,R)∈Par\Par′. By commutativity, associativity and idempotence of parallel

composition (Proposition 8), we may split the parametersR andU to their subsets

respectively of size one and two, and take the parallel composition over the subsets

instead.

Mtx(U,R) = ‖
r∈R

(( ‖
(u1,u2)∈U×U

u1 6=u2

Prop2(r,u1,u2)) ‖ ( ‖
u∈U

Prop1(r,u)))

=tr ‖
R′⊆R
|R′|=1

‖
r∈R′

‖
U ′⊆U
|U ′|≤2

(( ‖
(u1,u2)∈U ′×U ′

u1 6=u2

Prop2(r,u1,u2)) ‖ ( ‖
u∈U ′

Prop1(r,u)))

=tr ‖
R′⊆R
|R′|=1

‖
U ′⊆U
|U ′|≤2

‖
r∈R′

(( ‖
(u1,u2)∈U ′×U ′

u1 6=u2

Prop2(r,u1,u2)) ‖ ( ‖
u∈U ′

Prop1(r,u)))

= ‖
R′⊆R
|R′|=1

‖
U ′⊆U
|U ′|≤2

Mtx(U ′,R′) =tr ‖
(R′,U ′)∈Par′

R′⊆R,U ′⊆U

Mtx(U ′,R′) .

Hence, every instance of the specification LTS can be represented as a parallel compo-

sition of smaller instances of the specification.

Similarly, when(U,R)∈ Par, then

Srs(U,R) =tr ‖
(U ′,R′)∈Par
R′⊆R,U ′⊆U

Srs(U ′,R′) ,
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but the corresponding result cannot be generally derived forLTSs involving hiding, be-

cause distributing hiding over parallel composition does not preserve the traces equiva-

lence. However, we can still show that

‖
(R′,U ′)∈Par
R′⊆R,U ′⊆U

(Srs(U ′,R′)\La(U ′,R′))�tr Srs(U,R)\La(U,R) ,

which is sufficient for system LTSs, because they can be replaced with more general

ones without the risk of false positive verification results.

To formally justify the claim, let(U ′,R′) ∈ Par′ such thatU ′ ⊆ U and R′ ⊆ R.

Clearly, La(U ′,R′) is a subset ofLa(U,R) and the alphabet ofSrs(U ′,R′) is disjoint

from La(U,R)\La(U ′,R′). By Proposition 10, it implies that

Srs(U ′,R′)\La(U,R)

= (Srs(U ′,R′)\ (La(U,R)\La(U ′,R′)))\ (La(U,R)∩La(U ′,R′))

= Srs(U ′,R′)\ (La(U,R)∩La(U ′,R′)) = Srs(U ′,R′)\La(U ′,R′) .

By above and Proposition 8, it means that

‖
(U ′,R′)∈Par′

U ′⊆U,R′⊆R

(Srs(U ′,R′)\La(U ′,R′)) = ‖
(U ′,R′)∈Par′

U ′⊆U,R′⊆R

(Srs(U ′,R′)\La(U,R))

�tr ( ‖
(U ′,R′)∈Par′

U ′⊆U,R′⊆R

Srs(U ′,R′))\La(U,R) =tr Srs(U,R)\La(U,R) ,

which proves that every instance of the system is a traces refinement of a parallel com-

position of smaller instances. By Theorem 12 and Property (1), it implies that

Mtx(U,R)�tr Srs(U,R)\La(U,R) for all (U,R)∈ Par,

i.e. the system works correctly irrespective of the number of users and resources.
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5 Formalism

To generalise and automate the verification method presented in the previous chapter,

the precise structure of parameterised LTSs has to be specified, and a finite represen-

tation for the infinite sets of parameters values is needed. For expressing parame-

terised systems and specifications, we introduce an LTS schema. It is basically an

LTS equipped with variables thought as parameters. An instance of an LTS schema is

obtained by fixing the values of variables and the result is a standard LTS.

Instances of an LTS schema are generated using a valuation, which is a function

mapping variables to values. However, only valuations that meet certain criteria can

be used for the purpose. Valuations that fulfil these requirements are called compatible

(with the LTS schema).

Sets of valuations that are potentially infinite are represented finitely with the aid

of a valuation formula, which is basically an expression of first order logic encoding

the restrictions of variable values. In other words, a valuation formula represents all

the valuations that map the variables in the formula to values accordant with these

restrictions. Therefore, the set of allowed parameter values is given as a valuation

formula that covers precisely the variables in the specification and system LTS schema.

Relationships between different constructs of our formalism, LTSs, LTS schemata,

valuations and valuation formulae, are summarised in Figure 14. The formalism is first

presented by Siirtola & Kortelainen (2009b,a), and polished further here.

LTS schema Valuation Valuation formula

LTS

alphabet, traces

denotation of

instance of generated by

compatible * 1

Fig 14. Relationships between different constructs of our formalism.
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5.1 LTS Schemata

Based on the example of the previous chapter, we need three kinds of variables to pa-

rameterise LTSs.Atom variablesrepresent atoms and they are typically used to denote

identities of system components, likeu andr in User(u,r). Type variablesdenote sets

of atoms and they typically represent the sets of the identities of system components of

the same kind, likeU andR in La(U,R). Finally,relations variablesdenote sets of the

tuples of atoms and they are used to describe the topology of a system, and relationships

and constraints between its components, likeu1 6= u2 in the definition ofSrs(U,R)and

Mtx(U,R).

The sets of all the type, relation and atom variables are respectively denoted by

T, G andX. We assume that the sets are countably infinite and pairwise disjoint. In

theoretical contexts, type variables are denoted by upper case lettersT, U and their

variants, atom variables by lower case lettersx, y and their variants, and relation vari-

ables by Greek lettersΠ, Ξ and their variants. For modelling purposes, also other, more

informative names are used.

To formally represent LTS schemata, we need to introduce parameterised actions

and transitions, called respectively action and transition schemata, first. The purpose

of action and transitions schemata is to function as templates from which respectively

actions and transitions are generated by substituting atoms for the atom variables. For-

mally, anaction schemais a non-empty tuple of atoms and atom variables. For simplic-

ity and without the loss of generality, we may assume that the action schemata are of

the form(x1,x2, . . . ,xk,a1,a2, . . . ,al ), wherek+ l ∈Z+, x1,x2, . . . ,xk are atom variables

anda1,a2, . . . ,al are atoms. A triplet that consists of a state, an action schema and a

state, in this order, is atransition schema.

Definition 14 (LTS schema).

1. If S is a non-empty set ofstates,Γ a set of action schemata,∆ ⊆ S× (Γ∪{τ})×S

is a set of transition schemata, and ˆs∈ S is the initial state, then(S,Γ,∆, ŝ) is an

(elementary) LTS schema.

2. If P1 andP2 are LTS schemata, then(P1 ‖ P2) is a(parallel) LTS schema.

3. If P is an LTS schema,T1,T2, . . . ,Tk are type variables,Π is a relation variable and

x1,x2, . . . ,xk are distinct atom variables, wherek∈ Z+, then

( ‖
(x1,x2,...,xk)∈Π:T1×T2×...×Tk

P)

58



is a((Π-)replicated parallel) LTS schema.

4. If P is an LTS schema,Γ a set of action schemata,T1,T2, . . . ,Tk are type variables

andx1,x2, . . . ,xk distinct atom variables, wherek∈ N, then

(P \
⋃

(x1,x2,...,xk)∈T1×T2×...×Tk

Γ)

is a(hiding) LTS schema.

Only the expressions obtained by finite application of the steps above are LTS schemata.

In theoretical contexts, LTS schemata are denoted by Calligraphic lettersP, Q, R

and their variants, but for modelling purposes also other, more informative names are

used. A structure
⋃

(x1,x2,...,xk)∈T1×T2×...×Tk
Γ that is a part of a hiding LTS schema is

called aset schema. In theoretical contexts, set schemata are denoted by Calligraphic

letterS and its variants, and ifk is zero, the set schema can be abbreviated toΓ.

Just like the action and transition schemata are not actions or transitions, neither the

LTS schemata are LTSs, but their purpose is to function as templates from which LTSs

are generated by substituting atoms, sets of atoms and sets of the tuples of atoms for

respectively the atom, type and relation variables. Therefore, neither the (bold) sym-

bols “‖”, “\”, “
⋃

” are the parallel composition and hiding operators and the set union,

but just syntactic connectives that will be interpreted as the very operators above when

the values of variables are fixed. Moreover, also the subscripts of “‖” and “\” in the

replicated parallel and hiding LTS schemata are only syntactic constructs, but they will

be interpreted as similar logical conditions when other constructs are assigned their

meaning. Additionally, note that there is no structure corresponding to the renaming of

LTSs. That is because using a replicated parallel LTS schema one can generate simi-

lar components that are identical modulo bijective renaming, and including a structure

that allows generic, non-bijective, renaming easily makes the algorithmic analysis of

systems impossible. This fact will be justified in more detail in Chapter 8.

If Q = (S,Γ,∆, ŝ) is an elementary LTS schema, then the setS is called thestate

space (ofQ), and the setΓ is thealphabet schema (ofQ). An LTS schemaP is finite,

if every set of states and every set of action schemata occurring inP is finite. An

LTS schemaP ′ is said to be anLTS subschema(of P), if P ′ is a subexpression of

P. An occurrence of an atom variablex is bound in P, if it is within a set schema
⋃

(x1,x2,...,xk)∈T1×T2×...×Tk
Γ or within an LTS subschema‖(x1,x2,...,xk)∈Π:T1×T2×...×Tk

P ′

such thatx = xi for somei ∈ {1,2, . . . ,k}. An occurrence ofx in P is free if it is not
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bound. An atom variablex is free (inP) if there is a free occurrence ofx in P. An LTS

schema without free atom variables is said to beclosed.

The parameters of an LTS schema are the type, relation and free atom variables

occurring in it. The set of all the parameters ofP is called thesignatureof P and it

is denoted by sig(P). The set of all the atoms occurring inP is referred to by at(P).

If ‖(x1,x2,...,xk)∈Π:T1×T2×...×Tk
P ′ is an LTS subschema ofP, thenT1×T2× . . .×Tk is a

type ofΠ (in P). The set of all the types ofΠ in P is denoted by typP(Π). Note that

typP(Π) is non-empty for all relation variablesΠ in sig(P) and although it is possible

to use several types with a single relation variable, in practice, every relation variable

Π ∈ sig(P) is associated with a precisely one type.

5.2 Modelling using LTS Schemata

As an example, consider a generalisation of the shared resource system, where resources

are arranged in the form of a forest. Now, a user obtains a read or write access to the

whole subtree of resources after successfully requesting respectively the read or write

lock on the root of the subtree and respectively a weaker read or write intention lock

on all its ancestors. The purpose of the read (write) intention lock is to indicate the

existence of the read (respectively write) lock deeper in the tree. Moreover, several

users can hold a lock for a resource simultaneously only if all of them have either

intention locks or read related locks. Note that the shared tree system corresponds to

the shared resource system when no resource is connected to another one, so the shared

tree system is a true generalisation of the shared resource one. Like earlier, our goal is

to formally model the system and the specification and to prove that in our construction

it is not possible for a user to access a resource if someone else is writing to it.

The replicated components of the system are users and resources. Therefore, we

take (distinct) type variablesU and R to refer to the sets of, respectively, user and

resource identities.

First, we consider the system from the viewpoint of a useru, and reading and writing

to a resourcer2 based on the lock on its ancestorr1, which results in an elementary LTS

schemaUser1 in Figure 15. Here, an ancestor of a resource can also be the resource

itself and a proper ancestor is an ancestor other than the resource itself.
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(u,r1,swlock)
(u,r1,srlock)

(u,r2, r1, rd
beg)

(u,r2, r1,wrbeg)
(u,r2, r1, rdbeg)

(u,r1,unlock)

(u,r1,unlock)

(u,r1,swlock)

(u,r2, r1, rdend)

(u,r2, r1,wrend)

(u,r2, r1, rdend)

τ

τ

τ

Fig 15. LTS schema User1 representing the behaviour of a user u from the viewpoint of read-

ing and writing to a resource r2 based on the lock on its (not necessary proper) ancestor

resource r1.

In User1, obtaining the read (write) lock for the subtree ofr1 is modelled by an

action schema(u,r1,srlock) (respectively(u,r1,swlock)) and releasing the lock by an

action schema(u,r1,unlock). The resulting actions will be shared by all the instances

of User1 that differ from each other only by the value given tor2, because all such

instances have to be aware of the mode of the lock onr1.

On the other hand, each instance ofUser1 should be able to execute actions re-

lated to reading and writing independently. To prevent the instances from synchronis-

ing on these actions, we include all the atom variablesu,r1, r2 in the action schemata

(u,r2, r1, rdbeg), (u,r2, r1, rdend), (u,r2, r1,wrbeg) and (u,r2, r1,wrend) denoting re-

spectively the beginning and the end of reading and the beginning and the end of writing.

The action schemata can be thought to mean that the useru1 reads or writes to the re-

sourcer2 based on respectively the read or write lock onr1.

Like earlier, the invisible actions are used to represent user’s other activities which

may take place at any time.

Because the lock requests of a useru on a resourcer2 and its ancestorsr1 are mu-

tually dependent, we need to model the system from the viewpoint of the useru1 and

locking a resourcer2 and its proper ancestorr1, too. This behaviour is captured in an el-

ementary LTS schemaUser2 in Figure 16, which introduces three new action schemata:

(u,r1, irlock) (respectively(u,r1, iwlock)) denotes the request ofu for the read (respec-

tively write) intention lock onr1, and an action schema(u,r1,nolock) informs the user

u that r1 is not locked. Informally,User2 says that the read or read intention lock (re-

spectively the write or write intention lock) can be requested tor2 only after the read

(respectively write) intention lock is granted onr1, andr1 can be unlocked only ifr2 is

not locked or afterr2 has been unlocked.
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(u,r1, irlock)

(u,r2,xylock), xy∈ {ir ,sr}
(u,r1,unlock)

(u,r2,xylock), xy∈ {un,no}

(u,r1, iwlock)

(u,r2,xylock), xy∈ {iw,sw}

(u,r1,xylock),

xy∈ {ir , iw,sr,sw}

(u,r2,xylock),

xy∈ {no,un}

Fig 16. LTS schema User2 representing the behaviour of a user u from the viewpoint of

locking a resource r2 and its proper ancestor r1.

Finally, as also the lock requests of distinct users on the same resource are mutually

dependent, the system has to be modelled from this viewpoint as well. For that purpose,

we introduce an elementary LTS schemaLock in Figure 17, which stores the lock of a

useru1 on a resourcer and restricts the requests of a useru2 to those that do not violate

the locking policy.

(u1, r, irlock)

(u1, r,unlock)

(u
1
, r,

srl
oc

k)

(u
1
, r,

un
lo

ck
) (u

1 , r, iw
lock)

(u
1 , r,unlock)

(u1, r,swlock)

(u1, r,unlock)

(u1, r,srlock)
(u1, r,xylock),

xy∈ {sr,sw}

(u1, r,swlock)

(u1, r,xylock),

xy∈ {iw,sw}

(u1, r, iwlock)

(u1, r,xylock),

xy∈ {ir ,sr}

(u2, r,xylock),

xy∈ {ir ,sr}

(u1, r,xylock),

xy∈ {ir , iw}

(u2, r,xylock),

xy∈ {ir , iw}

(u1, r, irlock)

(u2, r,xylock),

xy∈ {ir , iw,sr} (u1, r,nolock)

(u2, r,xylock),

xy∈ {ir , iw,sr,sw}

(u1, r,xylock),

xy∈ {ir , iw,sr,sw}

Fig 17. LTS schema Lock representing the behaviour of two different users u1,u2 from the

viewpoint of locking a resource r .
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In other words,Lockallows any request fromu1 but not all the requests fromu2 if

u1 has a lock onr. If u1 has an intention lock onr, thenu2 can successfully request

intention locks. Moreover, ifu1 has a read-related lock onr, thenu2 can successfully

request read-related locks. However, ifu1 has the write lock onr, then no request ofu2

is allowed. Note also that a user cannot have both the read lock and the write intention

lock on a resource, but if the user has one of the locks and successfully requests the

other, then the lock is converted to the write one.

Clearly, the elementary LTS schemataUser1, User2 andLock capture all the be-

haviours of the system from their point of view and every action the system is supposed

to execute is covered by some of them. By informal application of Proposition 13, the

behaviour of the system can be over-approximated by composing all the user and lock

models in parallel, which results in an LTS schema

( ‖
u∈∗U :U

(( ‖
(r1,r2)∈≤R:R×R

User1) ‖ ( ‖
(r1,r2)∈<R:R×R

User2)))‖( ‖
r∈∗R:R

‖
(u1,u2)∈6=U :U×U

Lock) ,

denoted bySts, where∗U and∗R are relation variables representing the same sets as

respectivelyU and R, 6=U denotes the set of all pairs of distinct user identities,<R

represents a forest of resources such that(r1, r2) are related by<R if and only if r1

is a proper ancestor ofr2, and≤R denotes the reflexive closure of<R. As Stsover-

approximates the behaviour of the system it can be used to prove the system correct but

not incorrect, at least without further examination.

To formalise the specification of the shared tree system, note that every illegal be-

haviour can be traced back to two usersu1,u2 that write to a resourcer3 simultaneously

based on the locks they have on some ancestorsr1, r2, respectively. Therefore, we first

capture the specification in an LTS schemaProp2 in Figure 18 from the viewpoint of

u1,u2 accessingr3 based on the locks on respectivelyr1, r2. It says that no matter what

locks u1 andu2 have on respectivelyr1 andr2, the users can read but not write tor3

simultaneously. However, to correctly present the specification also in the presence of

one user only, we introduce an LTS schemaProp1 in Figure 19. It captures the correct-

ness property from the viewpoint of a single useru that accesses a resourcer3 based on

its lock on an ancestor resourcer1.

63



(u
1 , r3 , r1 , rdbeg)(u2,

r 3,
r 2,

rdbeg
)

(u1, r3, r1, rdend) (u2, r3, r2, rdend)

(u
1 , r3 , r1 , rdend)

(u2, r3, r2, rdbeg)

(u2,
r 3,

r 2,
rdend)

(u1, r3, r1, rdbeg)

(u1, r3, r1,wrend)(u2, r3, r2,wrend)

(u1, r3, r1,wrbeg)(u2, r3, r2,wrbeg)

Fig 18. LTS schema Prop2 representing the mutual exclusion property from the viewpoint

of two different users u1,u2 accessing a resource r3 based on the locks on respectively

ancestors r1 and r2.

(u,r3, r1, rdbeg)

(u,r3, r1, rdend)

(u,r3, r1,wrbeg)

(u,r3, r1,wrend)

Fig 19. LTS schema Prop1 representing the mutual exclusion property from the viewpoint

of a user u accessing a resource r3 based on the lock on an ancestor r1.

Because every illegal behaviour is forbidden by some instance ofProp2 and every

action the specification is supposed to track is covered by some instance ofProp1, the

behaviour of the specification can be under-approximated by composing all the partial

specifications together. It results in an LTS schema

Mtx := ‖
(r1,r2,r3)∈≦R:R×R×R

(( ‖
(u1,u2)∈6=U :U×U

Prop2)‖( ‖
u1∈∗U :U

Prop1)) ,

where≦R denotes the set of all triplets(r1, r2, r3) such thatr1 andr2 are ancestors ofr3.

Finally, because the locking actions are irrelevant to the specification, we hide the

actions represented by a set schema

La :=
⋃

(u,r)∈U×R

{(u,r,xylock) | xy∈ {ir ,sr, iw,sw,no,un}}

in the system model.

In general, when expressing a system as an LTS schema, one typically identifies

different kinds of system components first. After that, type variables are chosen to

represent the sets of the identities of similar replicated components (the number of
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which is parameter dependent). Other components, the numberof which is bounded,

are typically referred to by atoms chosen for the purpose.

Next, one captures the behaviour of the system in finitely many elementary LTS

schemata. Each of them represents the system from the viewpoint of certain behaviours

related to finitely many components, and every action the system is supposed to execute

must be covered by some of the elementary LTS schemata. If a view involves replicated

components, selected atom variables are used to refer to their identities.

Sometimes, in order to avoid introducing excess behaviours, it would be necessary

to model the system from the viewpoint of a parameterised number of components,

but this is not possible in our formalism. However, there is a natural reason for that;

allowing elementary LTS schemata to refer to all the replicated components of a certain

kind easily makes automated analysis impossible, as will be pointed out in Chapter 8.

As all the relevant viewpoints are covered, it is time to put the system together.

Each elementary LTS schema specified earlier is enclosed within replicated parallel

LTS schemata such that every atom variable becomes bound. Obviously, one wants to

bind an atom variable to a type variable that represents the components of the same type

as the atom variable. Basically, it is sufficient to enclose each elementary LTS schema

within a single replicated parallel LTS schemata, but in practice a single replicated par-

allel LTS schema is used to bind only atom variables that refer to the components of

the same type. That is because the values of such atom variables are often interrelated

whereas those of atom variables used to denote components of different types are typ-

ically not, and relationships between system components are represented by a relation

variable that is an integral part of a replicated parallel LTS schema. Splitting a repli-

cated parallel LTS schema into smaller pieces makes specifying the values for relation

variables easier and reusing the relation variables possible.

Note that when enclosing an elementary LTS schema within a replicated parallel

LTS schema, it is easy to introduce unintentional deadlocks. Consider an elementary

LTS schema likeUser1 that represents the system from a certain point of view and

which is enclosed within replicated parallel LTS schemata as described above. Action

schemata, like(u,r1,swlock), that do not involve all the atom variables (occurring in the

elementary LTS schema) give rise to actions that are practically always shared by and

hence synchronised between several LTSs arising from the elementary LTS schema.

However, as the attention is on behaviours local to certain components, it is easy to

forget this fact while constructing the elementary LTS schema, which may lead to un-

intentional deadlocks. Hence, if each LTS arising from an elementary LTS schema is
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supposed to execute some actions on its own, like the read and write related actions

in the above example, it is generally necessary that the corresponding action schemata

involve all the atom variables occurring in the elementary LTS schema.

After binding all the atom variables, the resulting replicated parallel LTS schemata

are put together using parallel LTS schemata. If the modelling is carefully done in

the sense that each elementary LTS schema captures all the behaviours of the system

from its point of view and every action the system is supposed to execute is covered by

some of the elementary LTS schemata, by informal application of Proposition 13, the

resulting parallel LTS schema over-approximates the behaviour of the system. In other

words, it can be used to prove the system correct but generally not incorrect.

Specifications are modelled in a similar way as systems: a specification is first

described from the viewpoint of a fixed number of components, and then the resulting

elementary LTS schemata are enclosed within (replicated) parallel LTS schemata. The

only difference is that now, in order to avoid false positive verification results, one has to

check that every illegal behaviour is blocked by some of the elementary LTS schemata.

Finally, after the specification is formalised, one encapsulated the system model in a

hiding LTS schema to get rid of actions irrelevant to the specification.

5.3 Valuations

Parameter values are formally represented as a valuation. A valuation is a partial func-

tion that maps atom, type and relation variables to respectively atoms, sets of atoms and

sets of visible actions (sets of the non-empty tuples of atoms), where the atoms occur-

ring in the values of atom and relation variables are restricted to those occurring in the

images of type variables.

Definition 15 (Valuation). A valuationis a partial function

φ : X∪T∪G 7→ A∪P(A)∪P(V)

such that

– φ|T maps type variables to finite, non-empty, pairwise disjoint sets of atoms,

– φ|G maps relation variables to
⋃

k∈Z+

⋃
A1,A2,...,Ak∈im(φ|T)P(A1×A2× . . .×Ak), and

– φ|X maps atom variables to
⋃

A∈im(φ|T)A.

Valuations are denoted by lower case Greek lettersφ, ψ, θ and their variants. Sets

of valuations are denoted by capital Greek lettersΦ, Ψ, Θ and their variants.
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A valuationφ is said to be(fully) compatible(with an LTS schemaP), if φ defines

values for all type variables, relation variables and free atom variables inP without

using any atoms that occur inP, and relation variables are mapped to subsets of the

values of their types. Formally, it means that

– the signature ofP is a subset of the domain ofφ,

– the set of all the atoms occurring inP is disjoint from
⋃

A∈im(φ|T)A and

– wheneverΠ is a relation variable in the domain andT1×T2×·· ·×Tk is a type ofΠ
in P, thenφ(Π) is a subset of

�k
i=1 φ(Ti). (Recall that in practice a relation variable

is only associated with a single type.)

A valuationφ that satisfies the last two requirements is calledpartially compatible with

P. Therefore, a partially compatible valuation can always be extended to a fully com-

patible one.

Let φ be a valuation compatible with an LTS schemaP. An instanceof P (gener-

ated byφ) is denoted by~P�φ and basically obtained fromP by first substituting type

variables, relation variables and free atom variables according toφ, converting symbolic

operators to standard ones, and then applying them as usual.

To define~P�φ formally, letΠ be a relation variable in sig(P) andx1,x2, . . . ,xk any

atom variables. We writeφ[(x1,x2, . . . ,xk) 7→Π] for the set of all functionsφ′ such that

1. the domain ofφ′ is dom(φ)∪{x1,x2, . . . ,xk},

2. (φ′(x1),φ′(x2), . . . ,φ′(xk)) ∈ φ(Π) and

3. φ′ maps the elements in dom(φ)\{x1,x2, . . . ,xk} like φ does.

Similarly, φ[x1 7→ T1,x2 7→ T2, . . . ,xk 7→ Tk], whereT1,T2, . . . ,Tk are type variables in

dom(φ), denotes the set of all the functions satisfying Items 1 and 3 above and mapping

xi to φ(Ti) wheneveri ∈ {1,2, . . . ,k}. In other words,φ[(x1,x2, . . . ,xk) 7→Π] denotes the

set of all the valuations obtained by (re)definingφ for x1,x2, . . . ,xk such that the value

of (x1,x2, . . . ,xk) is in φ(Π), andφ[x1 7→ T1,x2 7→ T2, . . . ,xk 7→ Tk] is the set of all the

valuations obtained by (re)definingφ for x1,x2, . . . ,xk such that the value ofxi is in φ(Ti)

for all i ∈ {1,2, . . . ,k}.

Lemma 16. Letφ be a valuation,Π a relation variable and T1,T2, . . . ,Tk type variables

in dom(φ), and x1,x2, . . . ,xk any atom variables. Then

1. φ[(x1,x2, . . . ,xk) 7→ Π] and φ[x1 7→ T1,x2 7→ T2, . . . ,xk 7→ Tk] are sets of valuations,

and
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2. if φ is compatible with a replicated parallel LTS schema‖(x1,x2,...,xk)∈Π:T1×T2×...×Tk
P,

then every valuation inφ[(x1,x2, . . . ,xk) 7→Π] is compatible withP.

The claims follow straightforwardly from the definitions.

Now, the instance ofP generated byφ can be defined inductively as follows.

1. ~(S,Γ,∆, ŝ)�φ = (S,~Γ�φ,~∆�φ, ŝ),
where~Γ�φ and~∆�φ are obtained from respectivelyΓ and∆ by substitutingφ(x)
for every occurrence of each atom variablex.

2. ~(P1 ‖ P2)�φ = ~P1�φ ‖ ~P2�φ .

3. ~( ‖
(x1,x2,...,xk)∈Π:T1×T2×...×Tk

P ′)�φ = ‖
φ′∈φ[(x1,x2,...,xk) 7→Π]

~P ′
�φ′ .

4. ~(P ′ \
⋃

(x1,x2,...,xk)∈T1×T2×...×Tk

Γ)�φ = ~P ′
�φ \

⋃

φ′∈φ[x1 7→T1,x2 7→T2,...,xk 7→Tk]

~Γ�φ′ ,

where~Γ�φ′ is defined similarly as~Γ�φ in the first item.

We may omit parentheses in an LTS schema if it does not affect the order of evaluating

an instance.

Lemma 17. LetP be an LTS schema andφ a valuation compatible withP.

1. The instance ofP generated byφ is an LTS.

2. If P is finite, then~P�φ is finite as well.

Proof. First, note that ifφ is a valuation andΓ a set of action schemata such that every

atom variable occurring inΓ is in the domain ofφ, then~Γ�φ is clearly a set of actions,

and if Γ is finite, then~Γ�φ is finite, too.

Now, letP be an LTS schema andφ a valuation compatible withP. We argue by

induction on the structure of the LTS schema using the lemma as an induction hypothe-

sis.

As the base step,P is an elementary LTS schema(S,Γ,∆, ŝ). Clearly, every atom

variable occurring inΓ or in ∆ is in the domain ofφ. Hence, by above,~Γ�φ is a set

of visible actions, and as∆ is a subset ofS× (Γ∪{τ})×S, then~∆�φ is a subset of

S× (~Γ�φ ∪{τ})×S, which implies that~P�φ is an LTS. Furthermore, ifP is finite,

meaning thatS andΓ are finite, then~Γ�φ is finite as well, which in turn implies that

~P�φ is a finite LTS.

As the induction step,P is either a parallel, hiding or replicated parallel LTS schema.

If P is a parallel LTS schemaP1 ‖ P2, by the induction hypothesis,~P1�φ and~P2�φ
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are LTSs. Then, by Lemma 2, also~P1�φ ‖ ~P2�φ = ~P�φ is an LTS. Furthermore, if

P is finite, then bothP1 andP2 are finite, which by the induction hypothesis implies

that~P1�φ and~P2�φ are finite LTSs. By Lemma 2, it means~P1�φ ‖ ~P2�φ = ~P�φ is

a finite LTS, too.

If P is a replicated parallel LTS schema‖(x1,x2,...,xk)∈Π:T1×T2×...×Tk
P ′ andφ′ a func-

tion in φ[(x1,x2, . . . ,xk) 7→ Π], then, by Lemma 16,φ′ is a valuation compatible with

P ′. By the induction hypothesis, it means that~P ′�φ′ is an LTS. Asφ(Π) is finite, by

Lemma 2 and the definition of the generic form of the parallel composition,

‖
φ′∈φ[(x1,x2,...,xk) 7→Π]

~P ′
�φ′ = ~P�φ

is an LTS, too. Furthermore, ifP is finite, thenP ′ is finite, too. By the induction hypoth-

esis, it implies that~P ′�φ′ is finite wheneverφ′ is a valuation inφ[(x1,x2, . . . ,xk) 7→Π].

As φ(Π) is necessarily finite, by Lemma 2 and the definition of the generic form of the

parallel composition, it means that~P�φ is finite as well.

Finally, we assume thatP is a hiding LTS schemaP ′ \
⋃

(x1,x2,...,xk)∈T1×T2×...×Tk
Γ.

By the induction hypothesis, then~P ′�φ is an LTS. Moreover, ifφ′ is a valuation in

φ[x1 7→ T1,x2 7→ T2, . . . ,xk 7→ Tk], then every atom variable occurring inΓ is clearly in

the domain ofφ′. Hence, by above,~Γ�φ′ is a set of visible actions. By Lemma 2, it

means that

~P�φ = ~P
′
�φ \

⋃

φ′∈φ[x1 7→T1,x2 7→T2,...,xk 7→Tk]

~Γ�φ′

is an LTS. Additionally, ifP is finite, thenP ′ is finite as well. By the induction hypoth-

esis it means that~P ′�φ is a finite LTS, which by Lemma 2 implies that~P�φ is a finite

LTS, too.

When generating instances of a specification and system LTS schema, it is certainly

sufficient to consider valuations that determine values for precisely the parameters of

the LTS schemata. Moreover, as the system and specification LTS schema are typically

closed, it is normally sufficient to consider values for type and relation variables only.

Furthermore, there is usually no need to restrict the values of type variables anyhow

(apart from possibly avoiding the use of atoms occurring in the LTS schemata), because

one typically wants to know whether the system works correctly for any number of repli-

cated components. On the other hand, it makes sense to restrict the values of relation

variables as they determine the topology of the system and relationships between the
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components and, in most of the cases, one is not interested in all the possible topologies

and arbitrary connections between the components.

However, the values of relation variables are generally not uniquely determined by

those of type variables. For example, when generating a family of processes arranged

in the form of a tree, one probably uses a type variable to represent the identities of

processes and a relation variable to encode the relationships between processes,i.e.

the tree topology. Clearly, there are several ways to arrange a set of processes in the

form of a tree, which shows that in general, the values of relation variables are not

unambiguously defined with the aid of those of type variables.

For example, the instances of the shared tree system and the mutual exclusion prop-

erty are generated by valuationsφ with the domain{U,R,∗U ,∗R, 6=U ,<R,≤R,≦R} such

thatφ mapsU andR to finite non-empty disjoint sets of atoms,φ(T) = φ(∗T) for both

T ∈ {U,R}, φ(6=U ) is the maximal irreflexive relation overφ(U), φ(<R) is an irreflex-

ive, asymmetric and transitive relation overφ(R) such that wheneverr1 andr2 are dif-

ferent ancestors ofr3, thenr1 is an ancestor ofr2, or r2 is an ancestor ofr1, φ(≤R) is

the reflexive closure ofφ(<R), andφ(≦R) is the set of all triplets(r1, r2, r3) such that

(r1, r3),(r2, r3) ∈ φ(≤R). Note that for each value ofU andR there are several possi-

ble values for<R, but the values of the other relation variables can be unambiguously

defined with the aid ofU , Rand<R.

We write ΦSts for the set of all the valuations above. Therefore, the verification

task related to the shared tree system can be now formalised as the question whether

~Mtx�φ �tr ~Sts\La�φ for all valuationsφ ∈ΦStscompatible withMtx andSts\La.

5.4 Valuation Formulae

Normally, one wants to know whether the system works correctly for any number of

replicated components, which implies that there are infinitely many instances to check

and hence infinitely many valuations to specify. Therefore, in order to automate the

reduction method, we still need a finite representation for the potentially infinite sets of

valuations. Because there is typically no need to impose restrictions on the values of

type variables, the main purpose of such a formalism is to encode the values of relation

variables.

A natural choice is to use logics of some sort. For example, the family of all the

maximal irreflexive relationsG over A, needed to represent the values of6=U , can be
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expressed as the formula

∀a1,a2 ∈ A : (a1 = a2→ (a1,a2) /∈G)∧ (a1 6= a2→ (a1,a2) ∈G) .

The structures used in the formula are quantification, equivalence and membership

testing, and standard boolean connectives. By generalising this notion, we end up with

a structure we call a valuation formula. It is basically an expression of first order logic

equipped with atom, type and relation variables, where one can use universal quantifi-

cation to let the value of an atom variable to range over the value of a type variable, test

the values of atom variables for equality, and test whether the values of atom variables

are related by the value of a relation variable.

Definition 18 (Valuation formula).

1. ⊤ is an (elementary) (always true) valuation formula.

2. If x0,x1,x2, . . . ,xn are atom variables, wheren∈ Z+, andΠ a relation variable, then

x0 = x1 and(x1,x2, . . . ,xn) ∈Π are (elementary) valuation formulae.

3. If c1 and c2 are valuation formulae, then(¬c1) is a (negated) valuation formula,

(c1∨ c2) a (disjunctive) valuation formula, and(c1∧ c2) a (conjunctive) valuation

formula.

4. If c is a valuation formula,T a type variable, andx an atom variable, then(∀x∈ T : c)

is a (universal) valuation formula.

Only the expressions obtained by finite application of the steps above arevaluation

formulae.

Valuation formulae are denoted byc and its variants.

A valuation formulac′ is said to be avaluation subformula(of a valuation formula

c), if c′ is a subexpression ofc. A conjunctof a valuation formulac is intuitively a

maximal valuation subformulac′ of c such thatc′ is not conjunctive. More formally,

if c is not conjunctive then its only conjunct isc itself, and ifc is (c1∧ c2), then the

conjuncts ofc are the conjuncts ofc1 andc2. Moreover, a valuation formulac is called

1. existential-free, if every universal valuation subformula occurs within an even num-

ber of negated valuation subformulae inc;

2. negation-normal, if whenever¬c′ is a valuation subformula ofc, thenc′ is an ele-

mentary valuation formula; and

3. membership-negated, if every elementary valuation subformula(x1,x2, . . . ,xn) ∈ Π
occurs within an odd number of negated valuation subformulae ofc.
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An occurrence of an atom variablex is free in c if the occurrence is not within a

universal valuation subformula(∀x∈ T : c′) of c. An atom variablex is freein c if there

is a free occurrence ofx in c. A valuation formula with no free atom variable isclosed.

The set of all the type, relation and free atom variables inc is called thesignatureof c

and denoted by sig(c).

We say that a valuationφ is compatiblewith a valuation formulac, if the signature

of c is a subset of the domain ofφ. If φ is compatible withc, then~c�φ denotes a formula

obtained fromc by substitutingφ(T) for all occurrences of each type variableT, φ(Π)

for all occurrences of each relation variableΠ, andφ(x) for all free occurrences of each

atom variablex in sig(c). The formula~c�φ is called theinstance (of c) (generated by

φ) and it is evaluated in the usual way.

Formally, ~c�φ is either true or false, defined inductively in the structure of the

valuation formula as follows.

1. ~⊤�φ is true.

2. ~x= y�φ is true if and only ifφ(x) = φ(y).
3. ~(x1,x2, . . . ,xn) ∈Π�φ is true if and only if(φ(x1),φ(x2), . . . ,φ(xn)) ∈ φ(Π).

4. ~(¬c′)�φ is true if and only if~c′�φ is not.

5. ~(c1∨c2)�φ is true if and only if~c1�φ or ~c2�φ is true.

6. ~(c1∧c2)�φ is true if and only if~c1�φ and~c2�φ are true.

7. ~(∀x∈ T : c′)�φ is true if and only if~c′�φ′ is true for allφ′ ∈ φ[x 7→ T].

The parentheses can be omitted from a valuation formula if it does not affect the value

of the instances of the valuation formula.

Additionally, we introduce some standard abbreviations. Whenevern is a positive

integer,x0,x1,x2, . . . ,xn are atom variables,T is a type variable,Π a relation variable,

andc,c1,c2 are valuation formulae, we write

– x0 6= x1 short for¬(x0 6= x1),

– (x1,x2, . . . ,xn) /∈Π short for¬((x1,x2, . . . ,xn) ∈Π),

– (c1→ c2) short for((¬c1)∨c2),

– (c1↔ c2) short for((c1→ c2)∧ (c2→ c1)),

– (∀x1,x2, . . . ,xn ∈ T : c) short for(∀x1 ∈ T : ∀x2 ∈ T : · · · : ∀xn ∈ T : c), and

– (∃x1,x2, . . . ,xn ∈ T : c) short for¬(∀x1 ∈ T : ∀x2 ∈ T : · · · : ∀xn ∈ T : ¬c).

Moreover, ifI = {i1, i2, . . . , in} is a finite totally ordered set such thati1 < i2 < .. . < in,

andci is a valuation formula for everyi ∈ I , then theconjunction (of ci1,ci2, . . . ,cin),
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denoted by
∧

i∈I ci or
∧n

j=1ci j , is defined as the valuation formula

((. . .((c1∧c2)∧c3) . . .)∧cn)

for non-emptyI , and as⊤ in the caseI is empty. Note that there is no need to explicitly

specify the total order if one is only interested in the instances of a conjunction, because

an instance of a conjunction evaluates to the same truth value no matter which order is

chosen.

It is said that a valuationφ satisfiesa valuation formulac, if φ is compatible with

c and ~c�φ is true. Now, the set of valuations represented byc, denoted by va(c),

is naturally defined as the set of all valuationsφ with the domain sig(c)such thatφ
satisfiesc. In other words, a valuation is in the set represented by a valuation formula,

if the valuation assigns values to precisely the variables in sig(c)such that the formula

evaluates to true.

As already stated, the main purpose of a valuation formula is to specify allowed

values for relation variables based on the values of type variables. It is done by encoding

the restrictions which the values of relation variables have to satisfy using the structures

of valuation formulae.

As an example, consider the setΦStsof valuations related to the shared tree system.

It can be expressed as va(cSts), wherecSts is a valuation formula

(∀r ∈ R : (r, r) /∈<R)∧ (∀r1, r2 ∈ R : ((r1, r2) /∈<R∨ (r2, r1) /∈<R))∧

(∀r1, r2, r3 ∈ R : (((r1, r2) ∈<R∧ (r2, r3) ∈<R)→ (r1, r3) ∈<R)∧

((r1 6= r2∧ (r1, r3) ∈<R∧ (r2, r3) ∈<R)→ ((r1, r2) ∈<R∨ (r2, r1) ∈<R)))∧

(∀r1, r2 ∈ R : (r1, r2) ∈ ≤R↔ (r1 = r2∨ (r1, r2) ∈<R))∧

(∀r1, r2, r3 ∈ R : (r1, r2, r3) ∈≦R↔ ((r1, r3) ∈ ≤R∧ (r2, r3) ∈ ≤R))∧

(∀r ∈ R : r ∈ ∗R)∧ (∀u∈U : u∈ ∗U )∧ (∀u1,u2 ∈U : (u1,u2) ∈ 6=U ↔ u1 6= u2) .

The first three lines say that<R represents an irreflexive, asymmetric and transitive

relation such that if two different atomsa1,a2 are smaller thana3 then eithera1 is

smaller thana2 or a2 is smaller thana1 in the sense of<R. The fourth line states that

≤R represents the reflexive closure of<R, and the fifth line says that the value of≦R

is the set of all triplets(a1,a2,a3) such thata1 anda2 are smaller than or equal toa3

(in the sense of≤R). The last line states that the values ofT and∗T must match, for

bothT ∈ {U,R}, and6=U denotes the maximal irreflexive relation over the value ofU .

Obviously, the correctness of the shared tree system can be now stated as the question
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whether~Mtx�φ �tr ~Sts\La�φ for all valuationsφ ∈ va(cSts) compatible withMtx and

Sts\La.

5.5 The Parameterised Verification Problem

We may now assume that a (parameterised) system and its specification are given as LTS

schemata and the allowed parameter values are encoded as a set of valuations expressed

with the aid of a valuation formula.

Problem 19(Parameterised Traces Refinement).

Instance: LTS schemataQ andP, and a setΦ of valuations.

Question: Is~Q�φ �tr ~P�φ for all valuationsφ ∈Φ compatible withQ andP?

In other words, we are interested in instancesQ, P, Φ of Parameterised Traces Refine-

ment such thatΦ = va(c) for some valuation formulac.

Without the loss of generality, we may assume that the signature ofc is sig(Q)∪

sig(P), i.e. the valuations in va(c)specify values precisely to the parameters ofQ and

P. Moreover, we also assume the LTS schemata to be finite, because they are used to

represent real systems which obviously cannot reach infinitely many states. Besides,

allowing infinite LTS schemata would make cut-offs useless, because the instances of

infinite LTS schemata are typically infinite too, and even though one could obtain the

best possible cut-off, there would still be an infinite verification task to solve.

Without the loss of generality, we may also assume that the LTS schemata are closed,

because finitely many atom variables can be eliminated by introducing new relation

variables. As a result, the original problem instance splits into finitely many new ones,

and the answer to the original one is positive if and only if the answer to all the new

instances is positive.

Proposition 20. LetQ andP be finite LTS schemata and c a valuation formula with

the signaturesig(Q)∪sig(P). Moreover, let x1,x2, . . . ,xk be the free atom variables in

the LTS schemata,Π1,Π2, . . . ,Πk distinct relation variables not occurring in the LTS

schemata, and T1,T2, . . . ,Tk type variables insig(c), where k∈ N. Then

QT1,T2,...,Tk := ‖
x1∈Π1:T1

‖
x2∈Π2:T2

· · · ‖
xk∈Πk:Tk

Q
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and

PT1,T2,...,Tk := ‖
x1∈Π1:T1

‖
x2∈Π2:T2

· · · ‖
xk∈Πk:Tk

P

are closed and finite LTS schemata and

cT1,T2,...,Tk :=
k∧

i=1

(∀y1,y2 ∈ Ti : ((y1 ∈Π∧y2 ∈Πi)→ y1 = y2))∧

(∀x1 ∈ T1 : ∀x2 ∈ T2 : · · · : ∀xk ∈ Tk : ((
k∧

i=1

xi ∈Πi)→ c))

is a valuation formula with the signaturesig(QT1,T2,...,Tk)∪ sig(PT1,T2,...,Tk) such that

cT1,T2,...,Tk is existential-free if and only if c is existential-free and the answer to the

instanceQ,P, c of Parameterised Traces Refinement is positive if and only if the answer

to the instanceQU1,U2,...,Uk, PU1,U2,...,Uk, cU1,U2,...,Uk is positive for all type variables

U1,U2, . . . ,Uk ∈ sig(c).

Proof. Clearly, for all type variablesT1,T2, . . . ,Tk∈ sig(c), the structuresQT1,T2,...,Tk and

PT1,T2,...,Tk are closed and finite LTS schemata andcT1,T2,...,Tk is a valuation formula with

the signature sig(QT1,T2,...,Tk)∪ sig(PT1,T2,...,Tk) such thatcT1,T2,...,Tk is existential-free if

and only ifc is.

To prove the rest of the claim, let us first suppose that the answer toQ, P, c is

positive. Moreover, letT1,T2, . . . ,Tk be type variables in sig(c) andψ a compatible val-

uation in va(cT1,T2,...,Tk). As ψ satisfies the first conjuncts ofcT1,T2,...,Tk, it means thatψ
mapsΠi to the empty set or a singleton for everyi ∈ {1,2, . . . ,k}. If ψ(Π j) is the empty

set for somej ∈ {1,2, . . . ,k}, then it is obvious that~QT1,T2,...,Tk�ψ �tr ~PT1,T2,...,Tk�ψ

holds. On the other hand, ifφ(Πi) is a singleton{ai} for all i ∈ {1,2, . . . ,k}, then by

the compatibility,ai ∈ φ(Ti) for all i ∈ {1,2, . . . ,k}. As ψ satisfies the last conjunct of

cT1,T2,...,Tk, the valuationφ :=ψ∪
⋃k

i=1{(xi ,ai)} satisfiesc. It means thatφ|sig(c) is a com-

patible valuation in va(c), which, by the assumption, implies that~Q�φ �tr ~P�φ and

~QT1,T2,...,Tk�ψ�tr ~PT1,T2,...,Tk�ψ. In other words, the answer to the instanceQU1,U2,...,Uk,

PU1,U2,...,Uk, cU1,U2,...,Uk is positive wheneverU1,U2, . . . ,Uk are type variables in sig(c).

Next, we assume that the answer toQ, P, c is negative. It means that there is a

valuationφ ∈ va(c) such that~P�φ is not a traces refinement of~Q�φ. By the definition

of a valuation, there are type variablesT1,T2, . . . ,Tk ∈ sig(c) such thatφ(xi) ∈ φ(Ti)

for all i ∈ {1,2, . . . ,k}. It means thatψ := φ∪
⋃k

i=1{(Πi ,{φ(xi)})} is a compatible
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valuation such that it satisfiescT1,T2,...,Tk and~PT1,T2,...,Tk�φ is not a traces refinement of

~QT1,T2,...,Tk�φ. As the restriction ofψ to the signature ofcT1,T2,...,Tk has these properties

as well, it implies that the answer to the instanceQT1,T2,...,Tk, PT1,T2,...,Tk, cT1,T2,...,Tk is

negative, too.

Although the instances of Parameterised Traces Refinement, where the set of val-

uations is given with the aid of a valuation formula, can be finitely represented and

therefore algorithmically manipulated, the problem is undecidable in general. The rea-

son is that one can simulate a deterministic Turing machine as a family of systems with

a ring topology, and a ring topology can be represented as a valuation formula. This

claim will be justified more rigorously later in Chapter 8.

To overcome the problem, we concentrate on verification tasks expressible using

existential-free valuation formulae. As will be seen later in conjunction with Lemma

31, it implies that we can treat only specification-system families that are closed under

the removal of a replicated component. For example, systems with a star, bipartite and

totally (un)connected topology are such, but those with a ring, linear or tree topology are

not. However, if it is possible to capture the behaviour of the system from the viewpoint

of any two components connected to each other in finitely many LTS schemata, then one

can study the transitive closures of rings, arrays and forests instead, which are closed

under the removal of a replicated component.

This is also the case with our shared tree system. Its behaviour is uniform from the

viewpoint of a resource and its proper ancestor, which implies that we can capture the

behaviour from the viewpoint of any two resources connected to each other in a single

LTS schema, namelyUser2. Therefore, the topology of our system model is actually

not a tree but the transitive closure of a forest.

Additionally, we have to assume that the specification LTS schema does not have

a hiding LTS subschema. Although existential-free valuation formulae cannot make a

distinction between the linear and ring systems, the use of hiding enables us to create

topology dependent specifications. It means that we can exclude linear systems, and

hence analyse the behaviour of deterministic Turing machines, by altering the specifica-

tion in such a way that it can be only violated by systems with a ring topology. Again,

a more precise construction is given in Chapter 8.

As the use of hiding is, typically, only necessary in a system LTS schema, the re-

striction concerning specification LTS schemata is not very serious. However, there are
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also more severe constraints implicitly present in the problem formulation, but all of

them are more or less necessary, as will be pointed out in Chapter 8.

Because the correctness is understood as the traces refinement, only the analysis

of safety properties is possible. However, the algorithmic checking of deadlock and

liveness properties is out of the question without further restrictions on specification

and system LTS schemata and valuation formulae. The reason is that also information

on deadlocks can be used to distinct between systems with a linear and ring topology;

one can alter the system and the specification in such a way that only system instances

with a ring topology can deadlock and the specification can be only violated by such

instances.

Finally, the definition of LTS schemata imposes restrictions on specifications and

systems. Probably the most obvious shortcomings of the formalism are the lack of

renaming LTS schemata and parametric branching within an elementary LTS schema.

By parametric branching, we mean a construct that enables expressing systems where

the number of paths between certain states is parameter-dependent but the length of

the paths is not. From the modelling point of view, both renaming LTS schemata and

parametric branching are useful constructs, but including either of them enables a de-

terministic Turing machine to be simulated as a family of two-stack machines. Also

this claim will be rigorously justified in Chapter 8. Hence, without further restrictions

on the system topology, the algorithmic analysis of systems with a richer structure is

impossible.

To summarise, we have focused our attention on instancesQ, P, va(c) of Param-

eterised Traces Refinement, whereQ andP are closed and finite,Q does not have a

hiding LTS subschema, andc is an existential-free valuation formula with the signature

sig(Q)∪ sig(P). We will show that with these restrictions the problem can always be

solved algorithmically by the principle of the precongruence reduction.
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6 The Precongruence Reduction for Valuations

In order to show how the precongruence reduction can be applied to parameterised

verification tasks expressed as instances of Parameterised Traces Refinement, it is ap-

propriate to slightly relax the restrictions established in the previous chapter. Here, we

consider instancesQ,P,Φ such thatQ does not involve hiding andΦ consists of valua-

tions with the same domain. Moreover, because valuations that are not compatible with

both the LTS schemata do not affect the answer to the verification task, we assume that

Φ contains only valuations that are compatible withQ andP.

Recall that the precongruence reduction is applied in two phases. First,Φ is reduced

to its subsetΦ′ such that for everyφ ∈ Φ \Φ′ there is a finite non-empty subsetΘ
of Φ′ such that~Q�φ �tr ‖θ∈Θ~Q�θ and ‖θ∈Θ~P�θ �tr ~P�φ. In other words, one

removes valuationsφ from Φ such that~Q�φ can be under-approximated and~P�φ over-

approximated as a parallel composition of instances of respectivelyQ andP generated

by a finite non-empty setΘ⊆Φ of other valuations.

After that, Φ′ is reduced to its subsetΨ such that for everyφ ∈ Φ′ \Ψ there

is a valuationψ ∈ Ψ and a bijectionζ : V 7→ V satisfying ζ(~Q�φ) �tr ~Q�ψ and

~P�ψ �tr ζ(~P�φ). Hence, one removes valuationsφ from Φ′ such that~Q�φ can be

under-approximated and~P�φ over-approximated with the aid of bijectively renamed

instances of respectivelyQ andP generated by another valuationψ ∈Φ′.

To see when the reduction results in a finite set of valuations, we first characterise

valuations which can be removed in two phases above. In other words, we want to

characterise LTS schemataQ andP such thatQ has no hiding LTS subschema, and

1. compatible valuationsφ,ψ which have the same domain and for which there is a

bijectionζ : V 7→ V such thatζ(~Q�φ)�tr ~Q�ψ and~P�ψ �tr ζ(~P�φ), and

2. compatible valuationsφ and finite non-empty setsΘ of compatible valuations with

the domain dom(φ) such that~Q�φ �tr ‖θ∈Θ~Q�θ and‖θ∈Θ~P�θ �tr ~P�φ.

After that, we derive a sufficient condition for instances of Parameterised Traces Refine-

ment for which the set of valuations expressed with the aid of a valuation formula can

be reduced to a finite one without changing the answer to the verification question. We

also specify a reduced instance for each instance satisfying the condition and compare

our method with other cut-off results.
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The preliminary versions of the results in this chapter are presented by Siirtola &

Kortelainen (2009b,a). Here, the treatment is more thorough and the results slightly

better in the sense of reduction. Moreover, the proofs are included and especially the

comparison with the related work is more detailed.

6.1 Generalisation by Renaming

First, we characterise LTS schemataQ andP, whereQ has no hiding LTS subschema,

and compatible valuationsφ andψ with the same domain for which there is a bijection

ζ : V 7→ V such that~Q�ψ �tr ζ(~Q�φ) andζ(~P�φ)�tr ~P�ψ. Because the alphabets

of the LTSs on both sides of the traces refinement have to match, it means that the

alphabets of~Q�ψ and~P�ψ can be obtained from the alphabets of respectively~Q�φ
and~P�φ by a bijective mapping of visible actions. It suggests that maybe also the

valuationψ could be obtained from the valuationφ by mapping the image ofψ to the

image ofφ bijectively atom-wise.

This notion motivates the following definition. Letφ be a valuation andg : A 7→ A

a bijection. We writegφ for a function with the domain dom(φ) such that

– (gφ)(T) = {g(a) | a∈ φ(T)} for all type variablesT in the domain,

– (gφ)(Π) = {g∗(α) | α ∈ φ(Π)} for all relation variablesΠ in the domain, and

– (gφ)(x) = g(φ(x)) for all atom variablesx in the domain.

Recall thatg∗ denotes a function:V 7→ V such that

g∗((a1,a2, . . . ,ak)) = (g(a1),g(a2), . . . ,g(ak))

for all visible actions(a1,a2, . . . ,ak).

Lemma 21. Let φ be a valuation, g: A 7→ A a bijection,P an LTS schema,Π a re-

lation variable and T1,T2, . . . ,Tk type variables indom(φ), and x1,x2, . . . ,xk any atom

variables.

1. The function gφis a valuation.

2. If g preserves the atoms inat(P) andφ is (partially) compatible withP, then gφis

(partially) compatible withP.

3. If φ′ ∈ φ[(x1,x2, . . . ,xk) 7→Π], then gφ′ ∈ (gφ)[(x1,x2, . . . ,xk) 7→Π].

4. If ψ′ ∈ (gφ)[(x1,x2, . . . ,xk) 7→Π], then there isφ′ ∈ φ[(x1,x2, . . . ,xk) 7→Π] such that

gφ′ = ψ.
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5. If φ′ ∈ φ[x1 7→ T1, . . . ,xk 7→ Tk], then gφ′ ∈ (gφ)[x1 7→ T1, . . . ,xk 7→ Tk].

6. If ψ′ ∈ (gφ)[x1 7→ T1, . . . ,xk 7→ Tk], then there isφ′ ∈ φ[x1 7→ T1, . . . ,xk 7→ Tk] such

that gφ′ = ψ.

The claims follow straightforwardly from definitions.

Valuations that can be obtained from each other by a bijective mapping of atoms in

the above way have the property we are looking for: the instances of an LTS schema

generated by them can be obtained from each other by bijective renaming. This is

formally captured in the following lemma.

Lemma 22. LetP be an LTS schema,φ a valuation compatible withP, and g: A 7→A

a bijection that preserves the atoms inat(P). Then g∗ is a bijection:V 7→ V such that

g∗(~P�φ) = ~P�gφ.

Proof. It is easy to see thatg∗ is a bijection:V 7→ V. By Lemma 21,gφ is a valuation

compatible withP. Hence,g∗(~P�φ) and~P�ψ are LTSs. To prove thatg∗(~P�φ) =

~P�ψ we argue by induction on the structure ofP.

In the base step, we assume thatP is an elementary LTS schema(S,Γ,∆, ŝ). The

LTSsg∗(~P�φ) and~P�gφ clearly have the same state space and the initial state. Fur-

thermore, the alphabet ofg∗(~P�φ) is

{g∗(α) | α ∈ ~Γ�φ}

= {(g(φ(x1)), . . . ,g(φ(xk)),g(a1), . . . ,g(al )) | (x1, . . . ,xk,a1, . . . ,al ) ∈ Γ}

= {((gφ)(x1), . . . ,(gφ)(xk),a1, . . . ,al ) | (x1, . . . ,xk,a1, . . . ,al ) ∈ Γ}

= ~Γ�gφ ,

which is exactly the alphabet of~P�gφ. Similarly, the transition relation ofg∗(~P�φ)

is the same as~∆�gφ, the transition relation of~P�gφ. Hence,~P�gφ andg∗(~P�φ) are

the same LTS.

In the induction step,P is a parallel, replicated parallel or hiding LTS schema. If

P is a parallel LTS schemaP1 ‖ P2, then by Item 1 of Proposition 9 and the induction

hypothesis,

g∗(~P1 ‖ P2�φ) = g∗(~P1�φ ‖ ~P2�φ) =

g∗(~P1�φ) ‖ g∗(~P2�φ) = ~P1�gφ ‖ ~P2�gφ = ~P1 ‖ P2�gφ .
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Next, letP be a replicated parallel LTS schema‖(x1,x2,...,xk)∈Π:T1×T2×...×Tk
P ′. First,

note that by Item 1 of Proposition 9,

g∗(~ ‖
(x1,x2,...,xk)∈Π:T1×T2×...×Tk

P ′
�φ)

= g∗( ‖
φ′∈φ[(x1,x2,...,xk) 7→Π]

~P ′
�φ′) = ‖

φ′∈φ[(x1,x2,...,xk) 7→Π]

g∗(~P ′
�φ′) .

Next, if φ′ is a valuation inφ[(x1,x2, . . . ,xk) 7→ Π], then by Lemma 16 it is compatible

with P ′. By the induction hypothesis, it means thatg∗(~P ′�φ′) = ~P
′�gφ′ . Hence, by

Item 1 of Proposition 11,

‖
φ′∈φ[(x1,x2,...,xk) 7→Π]

g∗(~P ′
�φ′) = ‖

φ′∈φ[(x1,x2,...,xk) 7→Π]

~P ′
�gφ′ .

Finally, by Lemma 21,

‖
φ′∈φ[(x1,x2,...,xk) 7→Π]

~P ′
�gφ′ = ‖

ψ′∈(gφ)[(x1,x2,...,xk) 7→Π]

~P ′
�ψ′

= ~ ‖
(x1,x2,...,xk)∈Π:T1×T2×...×Tk

P ′
�gφ .

Hence, the claim holds also in the caseP is a replicated parallel LTS schema.

Finally, if P is a hiding LTS schemaP ′ \
⋃

(x1,x2,...,xk)∈T1×T2×...×Tk
Γ, then by Propo-

sition 9,

g∗(~P ′ \
⋃

(x1,x2,...,xk)∈T1×T2×...×Tk

Γ�φ)

= g∗(~P ′
�φ \

⋃

φ′∈φ[x1 7→T1,x2 7→T2,...,xk 7→Tk]

~Γ�φ′)

= g∗(~P ′
�φ)\{g

∗(α) | α ∈
⋃

φ′∈φ[x1 7→T1,x2 7→T2,...,xk 7→Tk]

~Γ�φ′}

= g∗(~P ′
�φ)\

⋃

φ′∈φ[x1 7→T1,x2 7→T2,...,xk 7→Tk]

{g∗(α) | α ∈ ~Γ�φ′} .

Now, the induction hypothesis is clearly applicable toP ′, which means thatg∗(~P ′�φ)

and~P ′�gφ are the same LTS. Moreover, just like in the case of an elementary LTS

schema, it is easy to see that{g∗(α) | α ∈ ~Γ�φ′} = ~Γ�gφ′ wheneverφ′ is a valuation
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in φ[x1 7→ T1,x2 7→ T2, . . . ,xk 7→ Tk]. Therefore, by Lemma 21,

g∗(~P ′
�φ)\

⋃

φ′∈φ[x1 7→T1,x2 7→T2,...,xk 7→Tk]

{g∗(α) | α ∈ ~Γ�φ′}

= ~P ′
�gφ \

⋃

φ′∈φ[x1 7→T1,x2 7→T2,...,xk 7→Tk]

~Γ�gφ′

= ~P ′
�gφ \

⋃

ψ′∈(gφ)[x1 7→T1,x2 7→T2,...,xk 7→Tk]

~Γ�ψ′

= ~P ′ \
⋃

(x1,x2,...,xk)∈T1×T2×...×Tk

Γ�gφ .

Hence, also the last case is clear, which by the induction principle means that the lemma

is correct.

We say that valuationsφ andψ areisomorphicor thatφ is isomorphicto ψ, denoted

by φ≃ ψ, if gφ= ψ for some bijectiong : A 7→ A. If φ andψ are not isomorphic, then

they arenon-isomorphic, which is denoted byφ 6≃ ψ.

Lemma 23. Relation≃ is an equivalence over the set of valuations.

The claim follows straightforwardly from definitions.

Lemma 22 implies that the instances generated by isomorphic valuations can be

obtained from each other by the application of a bijective renaming operator determined

by the valuations. By Theorem 12, it means that one can always generalise the answer

to an instanceQ, P, Φ of Parameterised Traces Refinement to other instances obtained

by adding valuations isomorphic to some valuationsφ ∈ Φ such thatφ is compatible

with Q andP.

Proposition 24. LetQ, P, Φ be an instance of Parameterised Traces Refinement, and

Ψ a subset ofΦ such that for every valuationφ ∈ Φ there is an isomorphic valuation

ψ ∈Ψ that is compatible withQ andP. Then the instancesQ, P, Φ andQ, P, Ψ have

the same answer.

Proof. LetQ, P, Φ andΨ as assumed in the Proposition. BecauseΨ is a subset ofΦ,

it is clear that the answer toQ, P, Ψ is positive whenever the answer toQ, P, Φ is.

Let us then assume that the answer toQ, P, Ψ is positive. If φ is a valuation

in Φ \Ψ compatible withQ andP, then by the assumption there is an isomorphic

valuationψ ∈Ψ that is compatible with both the LTS schemata. By definition, it means

there is a bijectiong : A 7→ A such thatφ = gψ. As both the valuations are compatible
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with P andQ, we may assume thatg preserves the atoms in at(Q)∪at(P). By Lemma

22, then

~Q�φ = ~Q�gψ = g∗(~Q�ψ) andg∗(~P�ψ) = ~P�gψ = ~P�φ .

By Theorem 12, it implies that the answer to the instanceQ, P, Φ′, whereΦ′ consists

of all the valuations inΦ compatible withQ andP, is positive, too. Because adding

valuations that are not compatible with both the LTS schemata do not affect the answer

to the instance, the answer to the instanceQ, P, Φ is positive, too.

Hence, the instancesQ, P, Φ andQ, P, Ψ have the same answer, and the proposi-

tion is correct.

The proposition implies that there is no need to check both thevaluations that dif-

fer only in the atoms chosen for the values of variables. However, to be able to pick

representative valuations, we should know which atoms occur in the values of variables.

Fortunately, the answer is immediate: any atoms that do not occur in the LTS schemata

Q orP will do nicely, if the set of valuations is given as a valuation formula.

Lemma 25. If c is a valuation formula andφ,ψ are isomorphic valuations compatible

with c, then~c�φ is true if and only if~c�ψ is true.

The claim follows by induction on the structure of the valuation formula using the

lemma as an induction hypothesis.

The lemma together with Proposition 24 means that when the valuations are speci-

fied using a valuation formula the choice of atoms for the values of type variables is in-

significant as long as the atoms do not occur in the system or specification LTS schema.

For example, to verify all the instances of the system with at most two users and three

resources, it is sufficient to pick any five different atomsa1,a2,b1,b2,b3 for user and

resource identities that do not occur inMtx andSts\La, and check whether~Mtx�φ �tr

~Sts\La�φ for all compatible valuationsφ ∈ ΦSrs such thatφ(U) = {a1},{a1,a2} and

φ(R) ={b1},{b1,b2},{b1,b2,b3}.

Actually, the proposition allows even better reduction, because only 14 of the total

of 40 such valuations are non-isomorphic. One possible choice for a set of representa-

tive valuations is depicted in Figure 20, where arrows represent connections between

resources in such a way that the resource at the beginning of an arrow is a proper an-

cestor of the resource in the other end. Hence, the value of<R consists of all the pairs

of connected resources. The values of other relation variables are not explicitly shown,
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because they can be obtained unambiguously from those ofU , R and<R shown in the

figure. Hence, to verify all the instances of the system with at most two users and three

resources, it is sufficient to check those generated by the valuations in Figure 20.
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Fig 20. Representative valuations with at most two users and three resources.

6.2 Generalisation by Parallel Composition

Next, we consider how to approximate an instance of an LTS schema as a parallel com-

position of other instances of the LTS schema. In other words, we want to characterise

LTS schemataQ andP, whereQ does not have a hiding LTS subschema, compatible

valuationsφ, and finite non-empty setsΘ of compatible valuations with the domain

dom(φ) such that~Q�φ �tr‖θ∈Θ ~Q�θ and‖θ∈Θ ~P�θ �tr ~P�φ. Because the alphabets

on both sides of the traces refinement have to match, the alphabet of the instance gener-

ated by a valuation inΘ should be a subset of the alphabet of the instance generated by

φ. Intuitively, it means that a valuation inΘ can contain only a subset of the information

aboutφ.

The notion above motivates the following definition. We say that a valuationψ is a

subvaluationof a valuationφ, denoted byψ−⋐φ, if the valuations have the same domain,
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1. ψ(U)⊆ φ(U) for all type variablesU in the domain,

2. ψ(Ξ)⊆ φ(Ξ) for all relation variablesΞ in the domain, and

3. ψ(y) = φ(y) for all atom variablesy in the domain.

Lemma 26. Letφ be a valuation,ψ a subvaluation ofφ,P an LTS schema,Π a relation

variable indom(φ), and x1,x2, . . . ,xk any atom variables.

1. If φ is compatible withP, thenψ is compatible withP, too.

2. If φ′ ∈ φ[(x1,x2, . . . ,xk) 7→Π] andψ′ ∈ ψ[(x1,x2, . . . ,xk) 7→Π], thenψ′ is a subvalu-

ation ofφ′ if and only ifφ′(xi) = ψ′(xi) for all i ∈ {1,2, . . . ,k}.

Proof. To prove thatψ is compatible withP as well, we need to show thatψ defines

values for all the variables in sig(P) without using the atoms in at(P), andψ(Π) is a

subset ofψ(T1)×ψ(T2)× . . .×ψ(Tn) wheneverΠ is a relation variable insig(P) and

T1×T2× . . .×Tn is a type ofΠ in P.

Becauseφ andψ have the same domain, and the atoms occurring in the image of

ψ are those occurring in the image ofφ, it is obvious thatψ defines values for all the

variables in sig(P) without using the atoms in at(P).

If Π is a relation variable insig(P) andT1×T2× . . .×Tn is a type ofΠ in P, then,

by the fact thatψ is a subvaluation ofφ,

ψ(Π)⊆ φ(Π)⊆ φ(T1)×φ(T2)× . . .×φ(Tn) .

On the other hand, asΠ ∈ dom(ψ), by the definition of a valuation, there are type

variablesU1,U2, . . . ,Uk ∈ dom(ψ) such that

ψ(Π)⊆ ψ(U1)×ψ(U2)× . . .×ψ(Uk)⊆ φ(U1)×φ(U2)× . . .×φ(Uk) .

If ψ(Π) is empty, then obviouslyψ(Π) is a subset ofψ(T1)×ψ(T2)× . . .×ψ(Tn).

Otherwise,k andn have to match and

ψ(Π)⊆ (φ(T1)∩φ(U1))× (φ(T2)∩φ(U2))× . . .× (φ(Tn)∩φ(Un)) .

Because a valuation maps type variables to disjoint sets of atoms, it implies thatTi and

Ui must denote the same type variable for everyi ∈ {1,2, . . . ,n}. Hence, by above,

ψ(Π) is a subset ofψ(T1)×ψ(T2)× . . .×ψ(Tn).

The latter claim follows straightforwardly from definitions.

It is easy to see that if everyθ ∈ Θ is a subvaluation ofφ, then the alphabets of

‖θ∈Θ ~Q�θ and‖θ∈Θ ~P�θ are subsets of respectively the alphabets of~Q�φ and~P�φ.

However, to guarantee also the opposite inclusion, it is not sufficient just to require that
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P0(φ,Θ) : for every type and relation variable♯ ∈ dom(φ) and everyα ∈ φ(♯) there is

θ ∈ Θ such thatα ∈ θ(♯).

To see this, suppose thatR′ is an elementary LTS schema with an alphabet schema

{(x1,x2)} andR is an LTS schema‖x1∈Π1:T1
‖x2∈Π2:T2

R′. Now, the alphabets of~R�φ
and‖θ∈Θ ~R�θ match only ifθ(Πi)⊆ φ(Πi) for both i ∈ {1,2}, and for alla1 ∈ φ(Π1)

anda2 ∈ φ(Π2) there is someθ ∈ Θ such thata1 ∈ θ(Π1) anda2 ∈ θ(Π2). This is also

true whenΠ1 andΠ2 denote the same relation variable orT1 andT2 are the same type

variable. Hence, a strictly stronger assumption thanP0 is needed to make the alphabets

of ‖θ∈Θ ~R�θ and~R�φ equal.

The example suggests that we should pay attention to actionsα1,α2, . . . ,αk which

can be picked from the valuesφ assigns to respectively relation variablesΠ1,Π2, . . . ,Πk

nested inP or Q, and make sure that there is always some valuationθ ∈ Θ such that

αi ∈ θ(Πi) for all i ∈ {1,2, . . . ,k}. To put it more formally, we say that LTS schemata

R0,R1, . . . ,Rn arenested, ifRi is an LTS subschema ofRi−1 for all i ∈ {1,2. . . ,n}.

Moreover, relation variablesΠ1,Π2, . . . ,Πn are callednestedin an LTS schemaR, if

there are nested LTS subschemataR1,R2, . . . ,Rn of R such thatRi is aΠi-replicated

parallel LTS schema for eachi ∈ {1,2, . . . ,n}. Hence, to make sure that the alphabets

of ‖θ∈Θ ~R�θ and~R�φ match, for bothR∈ {Q,P}, we require the following.

P(R,φ,Θ) : WheneverΠ1,Π2, . . . ,Πk are relation variables nested inR andα1, . . . ,αk

are actions in respectivelyφ(Π1),φ(Π2), . . . ,φ(Πk), then there isθ ∈Θ such that

αi ∈ θ(Πi) for all i ∈ {1,2, . . . ,k}.

Now, if R is an LTS schema, everyθ ∈ Θ is a subvaluation ofφ, andP(R,φ,Θ)

holds, then the alphabets of~R�φ and ‖θ∈Θ~R�θ match. Actually, the assumption

also implies a traces refinement or a traces equivalence between‖θ∈Θ~R�θ and~R�φ
depending on whetherR involves respectively hiding or not.

To see this, note that the precise form of an instance of an elementary LTS sub-

schemaR′ ofR depends on the values assigned to atom variables occurring inR′. The

values of free atom variables are obtained directly from the valuation and the values

of other atom variables are picked from the values of relation variables nested inR.

Assuming everyθ ∈Θ to be a subvaluation ofφ guarantees that the values of free atom

variables match and whenever one can pick some values for other atom variables while

evaluating‖θ∈Θ~R�θ then one can pick the same values for the variables during the

evaluation of~R�φ as well. The assumptionP(R,φ,Θ) guarantees that also the oppo-
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site holds, which implies that both~R�φ and ‖θ∈Θ~R�θ are composed from the same

LTSs.

In the case of the specification LTS schemaQ which does not have a hiding LTS

subschema, it means that both~Q�φ and‖θ∈Θ~Q�θ are constructed from the same in-

stances of the same elementary LTS schemata using the parallel composition only. The

only difference in the construction of the LTSs is that the instances of the elementary

LTS schemata may be composed in parallel in a different order, some instances may oc-

cur in‖θ∈Θ~Q�θ more often than in~Q�φ, and‖θ∈Θ~Q�θ may contain more LTSs with

the empty alphabet. However, because parallel composition is commutative, associative

and idempotent, and every LTS with the empty alphabet is an identity element, all the

differences are insignificant from the viewpoint of the traces equivalence. Therefore,

~Q�φ and‖θ∈Θ~Q�θ are necessarily traces equivalent.

Lemma 27. Let Q be an LTS schema without a hiding LTS subschema,φ a valua-

tion compatible withQ, andΘ a finite non-empty set of subvaluations ofφ such that

P(Q,φ,Θ). Then~Q�φ =tr ‖θ∈Θ~Q�θ.

Proof. We argue by induction on the structure ofQ using the lemma as an induction

hypothesis.

In the base step, we assume thatQ is an elementary LTS schema(S,Γ,∆, ŝ). Be-

causeθ(y) = φ(y) wheneverθ is a valuation inΘ andy an atom variable in sig(Q),

the LTSs~Q�φ and~Q�θ have not only the same state space and the initial state, but

the same alphabet and the transition relation. Hence,~Q�φ and ~Q�θ are the same

LTS for everyθ ∈ Θ. By the idempotence of the parallel composition, it means that

‖θ∈Θ~Q�θ =tr ~Q�φ.

In the induction step,Q is either a parallel or replicated parallel LTS schema. IfQ

is a parallel LTS schemaQ1 ‖ Q2, then~Q�φ =tr ~Q1�φ ‖ ~Q2�φ, and the induction

hypothesis is applicable to both~Q1�φ and~Q2�φ. By the associativity and commu-

tativity of the parallel composition and by the congruence of the traces equivalence, it

implies that

‖
θ∈Θ
~Q�θ = ‖

θ∈Θ
(~Q1�θ ‖ ~Q2�θ) =tr ( ‖

θ∈Θ
~Q1�θ) ‖ ( ‖

θ∈Θ
~Q2�θ)

=tr ~Q1�φ ‖ ~Q2�φ = ~Q�φ .

Hence, the claim holds in the caseQ is a parallel LTS schema.
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Next, it is assumed thatQ is a replicated parallel LTS schema

‖
(x1,x2,...,xk)∈Π0:T1×T2×...×Tk

Q′ .

If φ(Π0) is empty, then alsoθ(Π0) is empty wheneverθ is a valuation inΘ, which

means that~Q�θ and~Q�φ are the same LTS for everyθ ∈ Θ. By the idempotence of

the parallel composition, it implies that‖θ∈Θ~Q�θ =tr ~Q�φ.

If φ(Π0) is not empty, letφ′ be a valuation inφ[(x1,x2, . . . ,xk) 7→Π0]. Moreover, let

α0 denote the action(φ′(x1),φ′(x2), . . . ,φ′(xk)) and letΘφ′ be the set of all valuations

θ′ ∈
⋃

θ∈Θ θ[(x1,x2, . . . ,xk) 7→ Π0] such thatθ′(xi) = φ′(xi) for all i ∈ {1,2, . . . ,k}. By

Lemmas 26 and 16, the valuations inΘφ′ are subvaluations ofφ′ and compatible with

Q′.

To show thatP(Q′,φ′,Θφ′), too, letΠ1,Π2, · · · ,Πn be nested relation variables in

Q′ andα1,α2, . . . ,αn actions in respectivelyφ′(Π1),φ′(Π2), . . . ,φ′(Πn). Now, the re-

lation variablesΠ0,Π1, · · · ,Πn are nested inQ andαi ∈ φ(Πi) for all i ∈ {0,1, . . . ,n},

which byP(Q,φ,Θ) means that there is a valuationθ ∈ Θ such thatαi ∈ θ(Πi) for all

i ∈ {0,1, . . . ,n}. Asα0 ∈ θ(Π0), there is a valuationθ′ ∈ θ[(x1,x2, . . . ,xk) 7→ Π0] such

that θ′(xi) = φ′(xi) for all i ∈ {1,2, . . . ,k}. Therefore,θ′ is a valuation inΘφ′ such

thatαi ∈ θ′(Πi) for every i ∈ {1,2, . . . ,n}, which also implies thatΘφ′ is a non-empty

set. Hence, by the induction hypothesis,‖θ′∈Θφ′
~Q′�θ′ =tr ~Q

′�φ′ for every valuation

φ′ ∈ φ[(x1,x2, . . . ,xk) 7→Π0].

By definition, if θ′ is a valuation inΘφ′ for someφ′ ∈ φ[(x1,x2, . . . ,xk) 7→ Π0],

then θ′ is obviously inθ[(x1,x2, . . . ,xk) 7→ Π0] for someθ ∈ Θ. However, also the

opposite is true. Ifθ′ ∈ θ[(x1,x2, . . . ,xk) 7→ Π0] for someθ ∈ Θ, then, becauseθ is a

subvaluation ofφ, there is a unique valuationφ′ ∈ φ[(x1,x2, . . . ,xk) 7→ Π0] such that

θ′(xi) = φ′(xi) for all i ∈ {1,2, . . . ,k}, i.e. θ′ ∈ Θφ′ . In other words, the setsΘφ′ ,

whereφ′ ∈ φ[(x1,x2, . . . ,xk) 7→ Π0], form a partition of
⋃

θ∈Θ θ[(x1,x2, . . . ,xk) 7→ Π0].

By above and Proposition 8, it implies that

‖
θ∈Θ
~Q�θ = ‖

θ∈Θ
( ‖

θ′∈θ[(x1,x2,...,xk) 7→Π0]

~Q′
�θ′)

(P8.3)
=tr ‖

θ∈Θ
θ(Π0) 6=∅

( ‖
θ′∈θ[(x1,x2,...,xk) 7→Π0]

~Q′
�θ′)

(P8.4&P8.2&P8.1)
=tr ‖

θ′∈
⋃

θ∈Θ θ[(x1,x2,...,xk) 7→Π0]

~Q′
�θ′
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= ‖
θ′∈

⋃
φ′∈φ[(x1,x2,...,xk)7→Π0]

Θφ′

~Q′
�θ′

(P8.2&P8.1)
=tr ‖

φ′∈φ[(x1,x2,...,xk) 7→Π0]

( ‖
θ′∈Θφ′

~Q′
�θ′)

(P11.1)
=tr ‖

φ′∈φ[(x1,x2,...,xk) 7→Π0]

~Q′
�φ′ = ~Q�φ .

Hence, the claim holds also in the caseQ is a replicated parallel LTS schema.

By the induction principle, the lemma is correct.

Note that the lemma does not hold for LTS schemata that have a hiding LTS sub-

schema. To see this, assume thatR is an LTS schema

( ‖
x∈Π:T

({s1,s2},{x,a},{(s1,x,s2),(s2,a,s1)},s1))\{a} .

If φ(Π) = {a1,a2, . . . ,an}, wheren≥ 2 is an integer,a1,a2, . . . ,an are distinct atoms

different froma, andΘ= {θ1,θ2, . . . ,θn} is a set of subvaluations ofφ such thatθi(Π)=

{ai} for all i ∈ {1,2, . . . ,n}, thenP(R,φ,Θ) is satisfied but‖θ∈Θ ~R�θ and~R�φ are not

traces equivalent. For example,a∗1 anda∗2 are included in the traces of‖θ∈Θ ~R�θ but

not in the traces of~R�φ. The reason is that hiding takes place earlier in‖θ∈Θ ~R�θ than

in ~R�φ, and therefore there is no synchronisation between the instances of elementary

LTS schemata in the former LTS, which means that the instances can execute totally

independently. In the latter LTS, however, all the instances have to synchronise on the

actiona, which makes it impossible for them to execute totally independently.

In the light of the fact that the use of hiding in specifications makes the problem

undecidable, the observation above is natural. Fortunately, for system LTS schemataP,

which typically involve hiding, it is sufficient to establish a traces refinement between

‖θ∈Θ~P�θ and ~P�φ. To see that it can be done, note that now both the LTSs are

constructed from the same instances of the same elementary LTS schemata using the

parallel composition and hiding. Moreover, in both~P�φ and ‖θ∈Θ~P�θ, the same

actions are hidden but in the latter LTS hiding is distributed in smaller parts,i.e. there is

less synchronisation between instances of elementary LTS schemata than in~P�φ. In

the light of Proposition 10, it implies that~P�φ is a traces refinement of‖θ∈Θ~P�θ.

Lemma 28. LetP be an LTS schema,φ a valuation compatible withP, andΘ a finite

non-empty set of subvaluations ofφ such thatP(P,φ,Θ). Then‖θ∈Θ~P�θ �tr ~P�φ.
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Proof. We argue by induction on the structure ofP using the lemma as an induction

hypothesis.

The cases whereP is an elementary, parallel or replicated parallel LTS schema are

handled similarly as in the proof of Lemma 27. One just uses the traces refinement

instead of the traces equivalence. Therefore, it is sufficient to consider only the case

whereP is a hiding LTS schema.

Hence, let us assume thatP is a hiding LTS schemaP ′\
⋃

(x1,x2,...,xn)∈T1×T2×...×Tn
Γ.

We write Λψ for the set
⋃

ψ′∈ψ[x1 7→T1,x2 7→T2,...,xn 7→Tn]~Γ�ψ′ wheneverψ is a valuation

compatible withP. By the induction hypothesis,‖θ∈Θ ~P
′�θ �tr ~P

′�φ, which, by

Item 1 of Proposition 10, and the precongruence of the traces refinement means that

‖θ∈Θ (~P ′
�θ \Λφ)�tr (‖θ∈Θ ~P

′
�θ)\Λφ �tr ~P

′
�φ \Λφ = ~P�φ .

If α ∈ Λφ, then there is an action schema(y1, . . . ,yk,a1, . . . ,al ) ∈ Γ and a valuationφ′ ∈

φ[x1 7→ T1, . . . ,xn 7→ Tn] such thatα = (φ′(y1), . . . ,φ′(yk),a1, . . . ,al ). If θ is a valuation

in Θ such thatα /∈ Λθ, then there must bei ∈ {1,2, . . . ,k} and a type variableU such

that φ′(yi) ∈ φ(U) \ θ(U). By induction on the structure ofP ′ it is easy to show that

thenα /∈ alph(~P′�θ) either. Therefore, alph(~P ′�θ) andΛφ \Λθ are disjoint whenever

θ ∈ Θ, which, by Items 4 and 3 of Proposition 10, implies that

~P ′
�θ \Λφ = ~P

′
�θ \ ((Λφ \Λθ)∪ (Λφ∩Λθ))

= (~P ′
�θ \ (Λφ \Λθ))\ (Λφ∩Λθ) = ~P

′
�θ \ (Λφ∩Λθ) .

Because the valuations inΘ are subvaluations ofφ, the setΛθ is clearly a subset ofΛφ

for all θ ∈Θ, which by above, implies that~P ′�θ \Λφ and~P ′�θ \Λθ are the same LTS

for everyθ ∈ Θ. Therefore, by the precongruence of the traces refinement and above,

‖θ∈Θ ~P�θ =‖θ∈Θ (~P ′
�θ \Λθ) =‖θ∈Θ (~P ′

�θ \Λφ)�tr ~P�φ ,

and the claim holds also in the caseP is a hiding LTS schema.

By the induction principle, the lemma is correct.

Lemmas 27 and 28 imply that one can represent the instance of a specification LTS

schema and over-approximate the instance of a system LTS schema generated by a valu-

ationφ as the parallel compositions of the instances generated by certain subvaluations

of φ. By Theorem 12, it means that one can always add valuationsφ to an instance

Q, P, Φ of Parameterised Traces Refinement without changing its answer, if there are
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sufficiently many and sufficiently big subvaluations ofφ in Φ andQ does not involve

hiding.

Proposition 29. LetQ, P, Φ be an instance of Parameterised Traces Refinement such

thatQ has no hiding LTS subschema, and letΦ′ be a subset ofΦ. If for everyφ∈Φ\Φ′

there is a finite non-empty setΘ ⊆ Φ′ of subvaluations ofφ such thatP(Q,φ,Θ) and

P(P,φ,Θ), then the instancesQ, P, Φ andQ, P, Φ′ have the same answer.

Proof. BecauseΦ′ is a subset ofΦ, it is clear that the answer toQ, P, Φ′ is positive

whenever the answer toQ, P, Φ is.

Let us then assume that the answer toQ, P, Φ′ is positive. Ifφ is a valuation in

Φ \Φ′ compatible withQ andP, then by the assumption there is a finite non-empty

set Θ ⊆ Φ′ of subvaluations ofφ such thatP(Q,φ,Θ) and P(P,φ,Θ). By Lemmas

27 and 28, it means that~Q�φ =tr ‖θ∈Θ~Q�θ and‖θ∈Θ~P�θ �tr ~P�φ. By Theorem

12, it implies that the answer to the instanceQ, P, Φ′′, whereΦ′′ consists of all the

valuations inΦ compatibleQ andP, is positive, too. Because adding valuations that

are not compatible with both the LTS schemata do not affect the answer to an instance,

also the answer to the instanceQ, P, Φ is positive.

Hence, the instancesQ, P, Φ andQ, P, Ψ have the same answer, and the proposi-

tion is correct.

In the case of the shared tree system, the proposition impliesthat one can derive

the correctness of the whole system from instances with at most two users and three

resources. To see it, you must first note that maximal sequences of nested relation vari-

ables inMtx andSts\ La are∗U ,≤R; ∗U ,<R; ∗R, 6=U ; ≦R, 6=U and≦R,∗U . Next, let

φ be a valuation in va(cSts) such that|φ(U)| > 2 or |φ(R)|> 3, and letΘ be the set

of all subvaluationsθ of φ such that|θ(U)| ≤ 2 and|θ(R)| ≤3. The setΘ is clearly

finite and non-empty. To see that it satisfies ConditionP, too, consider for example

the sequence≦R, 6=U of relation variables nested inMtx. It is easy to see that when-

ever (b′1,b
′
2,b

′
3) ∈ φ(≦R) and (a′1,a

′
2) ∈ φ(6=U ), then there is a valuationθ ∈ Θ such

that (b′1,b
′
2,b

′
3) ∈ θ(≦R) and (a′1,a

′
2) ∈ θ(6=U ). Similarly, one can see that an analo-

gous result holds for other sequences of nested relation variables, too, which means

thatP(Mtx,φ,Θ) andP(Sts\La,φ,Θ) are satisfied. By Proposition 29, it implies that

the shared resource system is correct with respect to the mutual exclusion property ir-

respective of the values of the parameters, if and only if all the instances of the system

with at most two users and three resources work as specified.
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6.3 Infinite Reduction

We have now converted the principle of the precongruence reduction to the context of

LTS schemata and valuations in the form of Propositions 24 and 29. Next, we show

that it can be successfully applied to instancesQ, P, va(c)of Parameterised Traces

Refinement, whereQ andP are finite and closed,Q has no hiding LTS subschema, and

c is an existential-free valuation formula with the signature sig(Q)∪ sig(P). In other

words, we prove that when you first reduce va(c) to its subsetΦ′ using Proposition 29,

and thenΦ′ to its subset using Proposition 24, you can always obtain a finite setΨ of

valuations.

In practice, it is not only important to be able to reduce va(c) to its finite subsetΨ,

but also to minimise the cost of deciding the resulting instanceQ,P, Ψ. That is why, in

both the steps, we want to maximise reduction, or in other words, to minimiseΦ′ and

Ψ, and especially the valuations included in the sets.

Minimisation ofΦ′ is limited by ConditionP. To see how smallΦ′ and its elements

can be, letφ be a valuation in va(c),Π1,Π2, · · · ,Πk nested relation variables inP orQ,

andα1,α2, . . . ,αk actions in respectivelyφ(Π1),φ(Π2), . . . ,φ(Πk). Now, there should

be a subvaluationθ of φ in Φ′ such thatαi ∈ θ(Πi) for all i ∈ {1,2, . . . ,k}. A minimal

valuation that has this property is a subvaluationθ of φ which mapsΠi to {αi} for

all i ∈ {1,2, . . . ,k}, other relation variables in dom(θ) to the empty set, and each type

variableT ∈ dom(θ) to a minimal non-empty set containing all atomsa ∈ φ(T) such

that a occurs in some of the actionsα1,α2, . . . ,αk. BecauseQ andP are closed, it

means thatθ maps each type variableT ∈ dom(θ) to a singleton or to the set of all

atomsa∈ φ(T) occurring inα1,α2, . . . ,αk.

Unfortunately, such a minimal subvaluation does not always exist. For example,

in the case of the shared tree system,∗R, 6=U are relation variables nested inMtx.

Wheneverφ is a valuation in va(cSts) andb,a1,a2 are atoms such thatb ∈ φ(∗R) and

(a1,a2) ∈ φ(6=U ), then the minimal subvaluationθ of φ of the above kind mapsR to

{b}, U to {a1,a2} and 6=U to {(a1,a2)}. The valuationθ is not in va(cSts), but the

verification method works still very well in the case of the shared tree system, because

there is a slightly bigger subvaluationθ′ ∈ va(cSts) which is otherwise likeθ but maps

6=U to {(a1,a2),(a2,a1)}. Therefore, the minimisation of valuations in the above way

may be too aggressive.

Note thatθ′ can be obtained fromφ in a simple way: just remove an actionα from

the values of variables wheneverα cannot be expressed as a tuple of atomsb,a1,a2 oc-

93



curring in the actionsb,(a1,a2) picked from the values of relation variables. It suggests

that instead of minimising the values of all the variables, we should minimise only the

values of type variables and restrict the values of relation variables accordingly.

This observation motivates the following definition. A valuationψ is equal to or

smaller thana valuationφ, denoted byψEφ, if ψ is a subvaluation ofφ such that

ψ(Π) = φ(Π)∩ (
⋃

k∈Z+

⋃

A1,A2,...,Ak∈im(ψ|T)

A1×A2× . . .×Ak) ,

for every relation variableΠ in the domain. A valuationψ is said to be(strictly) smaller

thanφ, if ψEφ andψ 6= φ.

It turns out that all the sets of valuations arising from existential-free valuation for-

mulae are downward closed respect toE. In other words, whenever a valuation is in

such a set, then all the smaller valuations are in the set as well. We prove the result for

negation-normal valuation formulae first.

Lemma 30. Let c be a negation-normal existential-free valuation formula andφ,ψ
valuations compatible with c such thatψEφ. If ~c�φ is true, then~c�ψ is true, too.

Proof. To prove the claim, we show a slightly stronger claim which implies the lemma.

We prove by induction on the structure ofc that whenever~c�φ is true, then~c�ψ is true

as well, and ifc has no universal valuation subformula, then~c�φ is true if and only if

~c�ψ is true.

In the base step,c is an elementary valuation formula. Ifc is⊤, then obviously~c�φ
is true if and only if~c�ψ is true.

If c is x1 = x2, wherex1,x2 are atom variables, thenφ(x1) = φ(x2) if and only if

ψ(x1) = ψ(x2), becauseφ(y) = ψ(y) for all atom variablesy in the domain. Hence,

~c�φ is true if and only if~c�ψ is true.

The last case in the base step is thatc is (x1,x2, . . . ,xn) ∈ Π, wherex1,x2, . . . ,xn

are atom variables andΠ a relation variable. Becauseψ is equal to or smaller thanφ,

clearly (ψ(x1),ψ(x2), . . . ,ψ(xn)) ∈ ψ(Π) implies (φ(x1),φ(x2), . . . ,φ(xn)) ∈ φ(Π). On

the other hand, for everyi ∈ {1,2, . . . ,n}, φ(xi) = ψ(xi) and there isA ∈ im(ψ) such

thatψ(xi) ∈ A. Hence, if(φ(x1),φ(x2), . . . ,φ(xn)) ∈ φ(Π), then

(ψ(x1),ψ(x2), . . . ,ψ(xn)) ∈
⋃

k∈Z+

⋃

A1,A2,...,Ak∈im(ψ|T)

(φ(Π)∩
k�

i=1

Ai) =

φ(Π)∩ (
⋃

k∈Z+

⋃

A1,A2,...,Ak∈im(ψ|T)

A1×A2× . . .×Ak) = ψ(Π) .
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Therefore,~c�φ is true if and only if~c�ψ is true.

In the induction step,c is either a negated, disjunctive, conjunctive or universal

valuation formula. Ifc is a negated valuation formula¬c′, thenc′ is an elementary

valuation formula and clearly negation-normal. By the induction hypothesis, it implies

that~c′�φ is true if and only if~c′�ψ is true. Hence,~c�φ is true if and only if~c�ψ is

true.

Let us then assume thatc is c1⊙c2, where⊙ is either∨ or ∧. By the induction hy-

pothesis, it implies that ifi ∈ {1,2} and~ci�φ is true, then~ci�ψ is true, too. Therefore,

if ~c�φ is true, then~c�ψ is also true. Ifc has no universal valuation subformula, then

c1 andc2 do not have such a valuation subformula either. By the induction hypothesis,

it implies that for bothi ∈ {1,2}, ~ci�φ is true if and only if~ci�ψ is true. Hence,~c�φ
is true if and only if~c�ψ is true.

Finally, if c is a universal valuation formula∀x∈ T : c′ and~c�φ is true, then~c′�φ′

is true for all valuationsφ′ ∈ φ[x 7→ T]. If ψ′ is a valuation inψ[x 7→ T], then there is a

valuationφ′ ∈ φ[x 7→ T] such thatφ′(x) = ψ′(x). Clearly,ψ′ is compatible withc′ and

equal to or smaller thanφ′. As ~c′�φ′ is true, by the induction hypothesis,~c′�ψ′ is true

as well. Hence, if~c�φ is true, then~c�ψ is true as well.

Hence, by the induction principle, the lemma holds.

To understand why the lemma holds, suppose thatφ is a valuation satisfying a

negation-normal existential-free valuation formulac, and consider what happens if one

makesφ smaller by removing all the actions involving an atoma from the values of vari-

ables such thata 6= φ(x) for all atom variablesx∈ dom(φ). It is clear that if universal

quantification over some set gives a positive result, then universal quantification over its

subset must give a positive result, too. Because type variables are only used in univer-

sal quantification, one cannot make the instance of a negation-normal existential-free

valuation formula false by removinga from the value of a type variable. On the other

hand, the reduced instance ofc cannot state anything on the relationship ofa to other

atoms anymore, which means it is also safe to cut down the values of relation variables

by removing all the actions involvinga.

Now, it is easy to prove the corresponding result for any existential-free valuation

formula.

Lemma 31. Let c be an existential-free valuation formula andφ,ψ valuations compat-

ible with c such thatψEφ. If ~c�φ is true, then~c�ψ is true, too.
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Proof. Using De Morgan’s rules, we convertc into an existential-free negation-normal

valuation formulac′ with the domain sig(c)such that every valuationθ is compatible

with c and satisfiesc, if and only ifθ is compatible withc′ and satisfiesc′. By Lemma

30, we know that whenever~c′�φ is true, then~c′�ψ is true as well, which implies that

if φ satisfiesc, then alsoψ satisfiesc.

The lemma cannot be extended to arbitrary valuation formulae, which feels very

natural because the verification problem we consider becomes undecidable when such

valuation formulae are allowed. As an example, consider a closed valuation formula

c :=¬∀x,y∈ T : x= y that is not existential-free. Clearly, a valuationφ with the domain

{T} such that|φ(T)|= 2 satisfies the formula meaning thatφ is in va(c). Now, there is

a valuationφ′ with the domain{T} such thatφ′(T) is a singleton subset ofφ(T). The

valuationφ′ is then equal to or smaller thanφ but ~c�φ′ is not true. Hence,φ′ is not in

va(c) and therefore va(c) is not downward closed with respect toE.

In the light of above, we know now that whenever a valuation is in the set repre-

sented by an existential-free valuation formula, then all the smaller ones in the sense of

E are also in the set. Informally, it means that by restricting our attention to existential-

free valuation formulae, we can consider only specification-system families that are

closed under the removal of a replicated component. On the other hand, by earlier

observations, it also means that we need to preserve only valuationsφ ∈ va(c) that

map each type variableT in the domain to a singleton or to a setA for which there

are relation variablesΠ1,Π2, . . . ,Πk nested inQ or P, and actionsα1 ∈ φ(Π1), α2 ∈

φ(Π2), . . . ,αk ∈ φ(Πk) such that every atom inA occurs inα1,α2, . . . ,αk.

To put it more formally, letT be a type variable,R an LTS schema, andθ a val-

uation. The maximum number of different atomsa ∈ θ(T) occurring in any actions

α1 ∈ φ(Π1),α2 ∈ φ(Π2), . . . ,αn ∈ φ(Πn) such thatΠ1,Π2, . . . ,Πn are relation variables

nested inR is calledthe T-degree (ofR andθ) and denoted by degT(R,θ). The maxi-

mum number of occurrences ofT in the types of relation variables nested inR, called

the T-degree (ofR) and denoted by degT(R), gives an upper bound for degT(R,θ).
Hence, the valuationsφ ∈ va(c) that are preserved and therefore form the reduced set

Φ′ are exactly those that map each type variableT in the domain to a singleton or to a

set of size max{degT(Q,φ),degT(P ,φ)}.
As an example, you may consider the shared tree system again. Recall that the

maximal sequences of relation variables nested inSts\La are∗R,∗U ; ∗U ,≤R; ∗U ,<R

and∗R, 6=U , and the maximal sequences of relation variables nested inMtx are≦R, 6=U
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and≦R,∗U . Now, theU-degree of either LTS schema and a valuationφ∈ va(cSts) is one

or two depending on whetherφ(U) is respectively a singleton or not. Also theR-degree

of the system LTS schema and valuationsφ ∈ va(cSts) is either one or two depending

on whetherφ(<R) is respectively empty or not. However, theR-degree ofMtx and

valuationsφ ∈ va(cSts) is either one, two or three depending on how many different

atoms may occur in an action inφ(≦R). Therefore, to prove the system correct, it is

sufficient to concentrate on valuationsφ ∈ va(cSts) such that|φ(U)| ≤ 2 and eitherφ(R)

is a singleton,φ(R) is of size two andφ(<R) is non-empty, orφ(R) is a set of three

atoms all of which occur in some action inφ(≦R).

Having obtainedΦ′ minimisingΨ using Proposition 24 is simple: pick all the valu-

ations inΦ′ that are compatible withQ andP, and then remove all isomorphic copies,

i.e.preserve exactly one valuation per equivalence class of∼.

It is quite easy to see that the setΨ determined as above is finite. Consider the val-

uations inΨ. The size of the values of type variables is bounded, so each type variable

can have only finitely many essentially different (non-isomorphic) values. Moreover,

because all valuationsψ ∈Ψ are compatible with the LTS schemata and every relation

variableΠ ∈ dom(ψ) occurs inQ or P, the values ofΠ are limited to subsets of the

values of its types. Hence, also every relation variable can have only finitely many non-

isomorphic values. As all the valuations inΨ are non-isomorphic and have the same

finite domain which contains no atom variable, it is clearΨ cannot be infinite.

Theorem 32. LetQ andP be closed and finite LTS schemata and c an existential-free

valuation formula such thatQ has no hiding LTS subschema andsig(c) = sig(Q)∪

sig(P). A maximal setΨ of non-isomorphic valuations in the set

{φ ∈ va(c)| φ is compatible withQ andP, and

∀T ∈ dom(φ|T) : |φ(T)|= max{1,degT(Q,φ),degT(P ,φ)}}

is finite and the answer to both the instancesQ, P, Ψ andQ, P, va(c) is the same.

Proof. Let Φ′ denote the set

{φ ∈ va(c)| ∀T ∈ dom(φ|T) : |φ(T)|= max{1,degT(Q,φ),degT(P ,φ)}}

and letΨ′ be the set of all the valuations inΦ′ compatible withQ andP. Now, Ψ is a

maximal set of non-isomorphic valuations inΨ′. BecauseΨ is clearly a subset of va(c),

the answer toQ, P, Ψ is positive whenever the answer toQ, P, va(c)is.
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To prove the contrary, assume that the answer toQ, P, Ψ is positive. Letφ be

a valuation in va(c)\Φ′, and letΘ denote the set of all valuationsθ E φ such that

|θ(T)|= max{1,degT(Q,θ),degT(P ,θ)} for all type variablesT ∈ dom(θ). Clearly,Θ
is a finite non-empty set of subvaluations ofφ. Moreover, by Lemma 31,Θ is a subset

of va(c), which implies thatΘ is also a subset ofΦ′.

To see thatΘ also satisfies ConditionP, letΠ1,Π2, . . . ,Πk be a sequence of nested

relation variables in either of the LTS schemata, andα1,α2, . . . ,αk actions in respec-

tively φ(Π1),φ(Π2), . . . ,φ(Πk). For every type variableT ∈ dom(φ), let BT denote the

set of all atomsa∈ φ(T) such thata occurs in some of the actionsα1,α2, . . . ,αk. Now,

let θ be a valuation equal to or smaller thanφ such that for each type variableT in the

domain,θ(T) = BT whenBT is non-empty, andθ(T) = {b} for someb∈ φ(T) when

BT is empty. Therefore,α1 ∈ θ(Π1),α2 ∈ θ(Π2), . . . ,αk ∈ θ(Πk), and

|θ(T)|= max{1,|BT |}= max{1,degT(Q,θ),degT(P ,θ)}

for every type variableT ∈ dom(θ). It implies thatθ is in Θ, which means that

P(Q,φ,Θ) andP(P,φ,Θ). Therefore, by Proposition 29, the answer to the instance

Q, P, Φ′ is positive, and becauseΨ′ is obtained fromΦ′ by removing all the valua-

tions that are not compatible with bothQ andP, also the answer toQ, P, Ψ′ must be

positive.

Next, if ψ is a valuation inΨ′ \Ψ, there is an isomorphic valuation inΨ that is

compatible withQ andP. By Proposition 24, it implies that the answer toQ, P, Ψ is

positive, too.

Hence, we proved that the answer to both the instancesQ, P, Ψ andQ, P, va(c)is

the same. We still have to show thatΨ is finite.

Let ϒ denote the set of all functionsυ : sig(c)∩T 7→ Z+ such thatυ(T) is at most

max{1,degT(Q),degT(P)} for all the type variablesT ∈ sig(c). Because the signature

of c is finite, ϒ is a finite set. For everyυ ∈ ϒ, let us then writeΦυ for the set of all

valuationsφ ∈ va(c)compatible withQ andP such that|φ(T)| = υ(T) for each type

variableT ∈ dom(φ). BecauseΨ′ is clearly a subset of
⋃

υ∈ϒ Φυ and ϒ is finite, to

prove thatΨ is finite, it is sufficient to show that a maximal setΨυ of non-isomorphic

valuations inΦυ is finite for eachυ ∈ ϒ.

Let υ∈ϒ and letφυ be a valuation with the domain sig(c)such thatφυ is compatible

with Q andP, and|φυ(T)|= υ(T) for all type variablesT ∈ sig(c). If φ is a valuation

in Φυ, then there is a valuationψφ such thatφ is isomorphic toψφ andψφ(T) = φυ(T)

for all type variablesT ∈ sig(c). Now, letΨ′
υ denote the set{ψφ | φ ∈ Ψυ}, which is
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as large asΨυ because all the valuations inΨυ are pairwise non-isomorphic. It will be

shown thatΨ′
υ is finite, which implies thatΨυ is finite, too.

Clearly, the valuations inΨ′
υ agree on the values of type variables. Furthermore,

every valuationψ ∈ Ψ′
υ has the same finite domain sig(c), which means that every

relation variableΠ ∈ dom(ψ) occurs inQ or P. As valuations inΨ′
υ are compatible

with both the LTS schemata, it implies thatψ maps each relation variableΠ in the

domain to a subset of the finite set
�k

i=1 φυ(Ti), whereT1× T2× ·· · × Tk is a type

of Π. Hence, for each relation variable there are only finitely many possible values.

Furthermore, because the valuation formula is closed, there is no atom variable in sig(c).

Therefore,Ψ′
υ andΨυ are finite sets, which implies thatΨ is finite, too.

Recall that in the case of the shared tree system, theU-degree of bothSts\La and

Mtx is two, and theR-degree is two for the system and three for the specification LTS

schema. Hence, to prove the system correct, it is sufficient to consider compatible valu-

ations that mapU andR to sets of size at most respectively two and three. Also recall

that only 14 such valuations are pairwise non-isomorphic, for example those depicted

in Figure 20. However, Valuations (b), (d), (e), (f), (i), (k), (l) and (m) map the type

variableR to a set greater than their (and the LTS schemas’)R-degree, which implies

that there is no need to consider those valuations. Hence, by Theorem 32, to prove the

shared tree system correct irrespective of the number of users and the size and shape of

the forest, it is sufficient to check a total of six of its instances generated by for example

Valuations (a), (c), (g), (h), (j) and (n).

The instances were encoded in CSP modelling language and verification was per-

formed using a finite-state refinement checker FDR2. All the instances were found to

be correct, which implies that the shared tree system works as specified.

6.4 Comparison with the Related Work

Probably the most closely related research is done by Emerson & Kahlon (2000) and

Bouajjaniet al. (2008), whose results partly overlap those presented here. The former

group considers multiparameterised systems

MPS:= (
n1

‖
j=1

P1, j) ‖ (
n2

‖
j=1

P2, j) ‖ . . . ‖ (
nk

‖
j=1

Pk, j) ,

wherek is a positive integer,n1,n2, . . . ,nk are parameters ranging over positive integers,

and for eachi = {1,2, . . . ,k}, structuresPi,1,Pi,2, . . . ,Pi,ni are processes created from
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a templateTPi by subscripting the states with respectively 1,2, . . . ,ni . The processes

execute with interleaving semantics but transitions are allowed to have a guard, which

must evaluate to true before a transition can be fired. Aguard is basically a set of states,

and guards come in two forms. Aconjunctiveguardg evaluates to true if each of the

other processes is in some of the states ing, whereas adisjunctiveguard evaluates to

true if at least one other process is in some of the states ing.

The properties considered by Emerson & Kahlon (2000) are related to the states of

one or two arbitrary processes and expressed in linear time temporal logic without the

next-time operator (LTL-X), which enables expressing both safety and liveness proper-

ties. Hence, the verification problem they consider is if a multiparameterised system is

correct with respect to an LTL-X specification for all parameter values,i.e. whenever

n1,n2, . . . ,nk ∈ Z+.

Disjunctive guards are naturally modelled with the aid of parameterised branching

introduced in Chapter 8, and hence cannot be handled in our formalism. On the other

hand, parameters cannot be nested, and the state space of the processes and the system

topology are fixed, so for example the shared tree system cannot be represented using

the formalism of Emerson & Kahlon (2000). However, systems with conjunctive guards

can be treated in our formalism in the sense that one can create an LTS schema whose

instances have the same reachability properties as the original system.

To model a multiparameterised system as an LTS schema, for everyi ∈ {1,2, . . . ,k},

we introduce a type variableTi to represent the set of the identities of processes gen-

erated from the templateTPi . Moreover, we pickk+1 atom variablesx,y1,y2, . . . ,yk,

and a unique atomat for each transitiont occurring in the process templates. The atom

variablex refers to the current process whereasy1,y2, . . . ,yk are meant to denote pro-

cesses of other types or other processes of the same type generated from respectively

templatesTP1,TP2, . . . ,TPk.

A process generated from a templateTPi , wherei ∈ {1,2, . . . ,k}, is modelled as

an elementary LTS schemaPMPS,i , whose state space and initial state are the same as

those ofTPi . Each transitiont of TPi from a states1 to a states2, gives rise to a transi-

tion schema(s1,(x,at),s2), and wheneverg is the guard of a transitiont′ of a process

templateTPj , where j ∈ {1,2, . . . ,k}, ands∈ g is a state ofTPi , also(s,(yi ,at′),s)

is a transition schema ofPMPS,i . These are the only transition and action schemata

of PMPS,i , and their purpose is to make all the instances synchronise on precisely the

actions arising from conjunctively guarded transitions.
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Because atom variablesx andy j occurring inPi are meant to represent the identities

of different processes wheneveri ∈ {1,2, . . . ,k}, the LTS schema can be used in the

presence of two or more processes only. To cover the case whenni = 1 for eachi ∈

{1,2, . . . ,k}, too, we introduce an LTS schemaP ′
MPS,i which is obtained fromPMPS,i by

removing all the transition schemata not involvingx.

Now, to build the system, we introduce unique relation variables∗i , 6=i for each

i ∈ {1,2, . . . ,k}. As usual,∗i denotes the sets of the identities of processes and6=i

represents the set of all the pairs of identities of different processes generated from the

templateTPi . Hence, a multiparameterised system can be expressed as an LTS schema

PMPS := P1 ‖ P2 ‖ · · · ‖ Pk ,

wherePi is

‖
y1∈∗1:T1

. . . ‖
yi−1∈∗i−1:Ti−1

‖
yi+1∈∗i+1:Ti+1

. . . ‖
yk∈∗k:Tk

(( ‖
(x,yi)∈6=i :Ti×Ti

PMPS,i) ‖ ( ‖
x∈∗i :Ti

P ′
MPS,i))

for all i ∈ {1,2, . . . ,k}. Moreover, the set of all the valuations that give the intended

meanings to the type and relation variables above is represented by an existential-free

valuation formula

cMPS :=
k∧

i=1

((∀x∈ Ti : x∈ ∗i)∧ (∀x1,x2 ∈ Ti : ((x1,x2) ∈6=i↔ x1 6= x2))) .

It is not difficult to see that if a guardg of a processPi, j , wherei ∈ {1,2, . . . ,k} and

j ∈ {1,2, . . . ,ni}, evaluates to true inMPSfor somen1,n2, . . . ,nk ∈ Z+, then an action

(b,ag) can be executed in~PMPS�φ, whereφ is a compatible valuation in va(cMPS) such

that b ∈ φ(Ti) and |φ(Tl )| = nl for all l ∈ {1,2, . . . ,k}. It implies that the traces of

~PMPS�φ can be identified with the sequences of transitions ofMPSexecutable from

the initial state, and the reachability properties of~PMPS�φ andMPSare the same.

Although multiparameterised systems can be modelled in our formalism, the proper-

ties analysable in our framework and that of Emerson & Kahlon (2000) are not precisely

the same. That is because LTL-X can express liveness properties and our specifications

relate to traces of arbitraryk ∈ N processes. However, in both the cases, reachability

properties related to one or two arbitrary processes can be verified, because one can

easily add transition schemata in our model that express certain states to be reached.

The cut-offs obtained in these two frameworks are only slightly different. In the case

of conjunctive guards and finite behaviours, Emerson & Kahlon (2000) prove a cut-off

101



of two for the parametersni , i ∈ {1,2, . . . ,k}, such that the property involves processes

generated from the templateTPi , and one for the rest. If the problem is encoded as an

LTS schema and a valuation formula as suggested above, Theorem 32 gives a slightly

worse cut-off; it says that two processes of each kind are needed. However, this is

natural, because our theorem applies also to other kinds of systems and easily adapts to

properties involving any finite number of processes.

Bouajjaniet al. (2008) consider request-take-release (RTR) systems with an arbi-

trary number of identical processes competing for an access to a finite setR of shared

resources. There are requests of low and high priority and a process may request or

release any set of resources at once. Requests are queued and always the first one that

can be fulfilled is granted, taking account of priorities of course. Because processes can

be thought as LTSs communicating with the resource manager using the request, take,

and release actions, an RTR system can be easily modelled as an LTS schema in the

same way as the shared resource system.

The conversion of a process in our formalism is straightforward. It can be thought

as an elementary LTS schemaPpr with an alphabet schema

{(p,req,R′),(p,preq,R′),(p,take,R′),(p,rel,R′) | R′ ⊆ R,R′ 6= ∅} ,

wherep is an atom variable capturing the identity of the process. The action schemata

of the form(p,req,R′) and(p,preq,R′) denote respectively the low- and high-priority

requests of the processp for the setR′ of resources. Similarly, the action schema

(p,take,R′) means that the setR′ of resources is granted to the processp, and(p,rel,R′)

indicates that the processp releases the resources in the setR′.

A process can always have at most one pending request. That is why the resource

management policy from the viewpoint of two distinct processesp1 and p2 can be

captured in an elementary LTS schemaPres. As all the violations of the policy can

be traced back to two processes served in a wrong order, by the principle of composi-

tional modelling, the overall resource management policy is obtained as an LTS schema

‖(p1,p2)∈6=T :T×T Pres, whereT is a type variable denoting the set of process identities

and 6=T is a relation variables with the usual meaning.

An RTR system can be now represented as the LTS schema

PRTR:= ( ‖
p∈∗T :T

Ppr) ‖ ( ‖
(p1,p2)∈6=T :T×T

Pres) ,

where∗T is a relation variables with the usual meaning. Furthermore, it should be

clear that the set of valuations generating the system instances can be expressed as an
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existential-free valuation formulac. As the conversion of a process is straightforward

and the model of the resource management policy is provably correct, it is obvious that

the instances ofPRTR have exactly the same reachability properties as the instances of

the RTR system.

The properties considered by Bouajjaniet al. (2008) are related to a finite number

k of processes and expressed using LTL-X. By taking the LTS schemaPRTRas a model

of the RTR system, we can analyse safety properties concerning anyk ∈ N processes

expressible as LTS schemata without hiding. Hence, the properties analysable in our

framework and that of Bouajjaniet al. (2008) are not precisely the same, but as ex-

plained earlier, reachability properties relatedk∈ N arbitrary processes can be verified

in both the formalisms. In the case of finite behaviours, the cut-off provided by Boua-

jjani et al. (2008) isk, which is practically the same as max{2,k} given by Theorem

32.

Other complete methods that enable parameterised verification by bounding the val-

ues of the parameters are more or less incomparable to ours. Emerson & Kahlon (2003a)

consider systems with arbitrary many processes generated from the same template and

properties related to one or two processes expressible in LTL-X. The processes execute

with interleaving semantics and communicate using broadcasts and guarded transitions.

Because the systems are singly parameterised, and the guards can be disjunctive, the

results are incomparable to ours.

The same applies to data-independence results of Wolper (Wolper 1986), and Lazić

and Nowak (Lazíc 1999, Lazíc & Nowak 2000). These methods treat systems that can

send and receive the data values of an arbitrary large or infinite type, but the number of

concurrently running components cannot be parameterised. As the receiving of data is

naturally expressed using parameterised branching, also data-independence results are

incomparable to ours.

The results of Emerson & Namjoshi (2003), Emerson & Kahlon (2002, 2004), and

Nazari & Thistle (2007) are related to rings of processes communicating through token

passing. The models of computation are (close to) LTSs, but the results are still incom-

parable to ours, because applying them outside rings is obviously difficult and applying

our method to rings requires additional modelling work.

The same can be said about networks of homogeneous fixed-size processes commu-

nicating through token passing considered by Clarkeet al. (2004). First, the authors

show how the verification of a large network can be converted to that of finitely many

reduced ones. Based on this idea, it is then proved that the verification of a family of
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networks can be converted to the verification of finitely many reduced ones. However,

the result provides only an upper bound for the size of the graphs of reduced networks,

but no method of determining the reduced networks. Moreover, as only one process

type is allowed and a family of networks does not have to be closed under the removal

of a process, the method is incomparable to ours.
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7 Algorithmic Precongruence Reduction

Theorem 32 characterises instances of Parameterised Traces Refinement that can be

reduced to a finite verification task using the precongruence reduction. The theorem

also specifies a reduced instance for each of those instances, but does not provide a

mechanical procedure for determining one.

Automating the application of the theorem is not that straightforward as in the case

of other cut-off results, where parameters are simple typically representing the num-

bers of replicated components (Bouajjaniet al. 2008, Emerson & Kahlon 2000, 2002,

2003a, 2004, Emerson & Namjoshi 2003). Here, also the topology of a system and

the relationships between components can be parameterised. To the best of our knowl-

edge, a similar setting is only previously considered by Clarkeet al. (2004), who study

networks of homogeneous fixed-size processes communicating through token passing.

Their result applies to systems of any topology, but they only provide an upper bound

for the size of network graphs only and no method for determining the networks below

the cut-off.

Next, we give a practical implementation-ready algorithm that inputs an instanceQ,

P, va(c)of Parameterised Traces Refinement satisfying our restrictions, and computes

a finite subsetΨ of va(c) such that solving the instanceQ, P, Ψ gives the same result

as solvingQ, P, va(c). To the best of our knowledge, this is the first algorithm that

can handle complex parameters defining the topology of a system, and which not only

determines a cut-off but also computes the needed parameter values below the cut-off.

7.1 Reduction Algorithm

Based on the proof, it is obvious that the application of Theorem 32 can be automated.

Because the system and specification LTS schemata are assumed to be closed and finite,

we have to consider values for finitely many type and relation variables only. It implies

that there are only finitely many non-isomorphic valuations to consider, as Theorem

32 implicitly establishes an upper bound for the size of the values of type variablesT,

which is the maximum of 1 and theT-degrees of the LTS schemata, and restricts the

values of relation variables to subsets of the values of their types. Now, such a finite

set of valuations can be algorithmically generated, because, by Lemma 25, the choice
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of atoms for the values of variables is insignificant as long asthe atoms do not occur in

the system or specification LTS schema. Moreover, while generating the valuations, we

can remove isomorphs and valuationsφ that do not satisfy the formula

∀T ∈ dom(φ|T) : |φ(T)|= max{1,degT(Q,φ),degT(P ,φ)} . (2)

For example, to algorithmically apply Theorem 32 to the shared tree system, we first

pick two and three distinct atomsa1,a2 andb1,b2,b3 outside those occurring inMtx and

Sts\La for the values of respectivelyU andR, and then go through all valuationsφ with

the domain{U,R,∗U ,∗R, 6=U ,<R,≤R,≦R} such thatφ(U) = φ(∗U ) = {a1},{a1,a2};

φ(R) = φ(∗R) = {b1},{b1,b2},{b1,b2,b3}; φ(6=U ) and φ(≦R) are subsets of respec-

tively φ(U)× φ(U) and φ(R)× φ(R)× φ(R); andφ(<R) and φ(≤R) are subsets of

φ(R)× φ(R). While walking through the valuations, we pick those that satisfycSts,

and remove isomorphs and valuationsφ that do not satisfy Formula (2).

Unfortunately, only for the values of≦R, there are 21·1·1+22·2·2+23·3·3, i.e. over

100 million, possibilities to consider. It is an unacceptably high number, especially

when the number of valuations needed to output is only six. On the other hand, the

values of the relation variables∗U , ∗R, 6=U , ≤R and≦R can be unambiguously defined

with the aid of the values ofU , R and<R. That is why we call relation variables

∗U , ∗R, 6=U , ≤R and≦R dependent. Hence, by removing dependent relation variables

from a valuation formula, we can greatly improve the performance of computing the

valuations.

Unfortunately, determining and removing dependent relation variables may be dif-

ficult in general. However, if the value of a relation variableΠ can be unambiguously

defined with the aid of the values of other variables, then it should not be difficult to

specify it in the form

∀x1 ∈ T1 : ∀x2 ∈ T2 : · · · : ∀xn ∈ Tn : ((x1,x2, . . . ,xn) ∈Π↔ c′′′) , (3)

wheren is a positive integer,x1,x2, . . . ,xn are atom variables,T1,T2, . . . ,Tn are type

variables, andc′′′ is a valuation formula not involvingΠ.

Let Q andP be closed and finite LTS schemata such thatQ has no hiding LTS

subschema,c an existential-free valuation formula with the signature sig(Q)∪ sig(P),

andc1,c2, . . . ,ck the conjuncts ofc, wherek is a positive integer. Suppose thatφ is

a valuation in va(c)compatible withP andQ, Π is a relation variable in sig(c), and

T1,T2, . . . ,Tn are type variables such thatT1×T2×·· ·×Tn is the only type ofΠ, which

implies thatφ(Π) must be a subset ofφ(T1)× φ(T2)× . . .× φ(Tn). Now, if there is

106



j ∈ {1,2, . . . ,k} such thatc j is of Form (3), thenφ(Π) can be uniquely determined with

the aid of the values of other variables. Furthermore, if all the other variables in sig(c j)

exceptΠ occur inc1,c2, . . . ,c j−1,c j+1,c j+2, . . . ,ck, thenc0 =
∧k

i=1,i6= j ci can be used

to compute valuations satisfyingc. That is because wheneverφ is a valuation in va(c),

thenφ|sig(c0)
is a valuation in va(c0) containing all information needed to constructφ.

This notion gives rise to Algorithms 1 and 2.

Algorithm 1. Removes conjuncts involving dependent relatio n variables from a valuation

formula and returns the reduced valuation formula with the removed conjuncts.

procedureRemRed(c)

let c1,c2, . . . ,ck be the conjuncts ofc

if there is j ∈ {1,2, . . . ,k} such that

c j = (∀x1 ∈ T1 : ∀x2 ∈ T2 : · · · : ∀xn ∈ Tn : ((x1,x2, . . . ,xn) ∈ Π ↔ c′j )),

{T1×T2×·· ·×Tn}= typP (Π)∪ typQ(Π),

Π /∈ sig(c′j ) and
⋃k

i=1,i 6= j sig(ci) = sig(c)\{Π}

then

let (c0,c
′′) := RemRed(

∧k
i=1,i 6= j ci)

return(c0,c
′′∧c j )

else

return(c,⊤)

end if

Algorithm 2. Extends a valuation satisfying the reduced valua tion formula to a valuation

satisfying the original valuation formula based on the removed conjuncts.

procedureExt(φ,c′)
if c′ = c′′∧ (∀x1 ∈ T1 : · · · : ∀xn ∈ Tn : ((x1, . . . ,xn) ∈ Π ↔ c′′′)) then

let φ := Ext(φ,c′′)
let Λ := {(φ′(x1), . . . ,φ′(xn)) | φ′ ∈ φ[x1 → T1, . . . ,xn → Tn],~c′′′�φ′ is true}

let φ := φ∪{(Π,Λ)}
end if

returnφ
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Algorithm 1 divides a valuation formulac into a pair(c0,c′), where the former

valuation formulac0 is free from dependent relation variables specified in the above

way and the latter one contains all the removed conjuncts. The algorithm applies the

reduction above recursively until there is no conjunct of Form (3) left. Respectively,

Algorithm 2 recursively extends a valuationφ ∈ va(c0) to a valuation in va(c)when

provided with the valuation formula containing the conjuncts removed fromc. The fact

that the reduced valuation formulac0 can be used to compute valuations satisfying the

original valuation formulac is captured in the following proposition.

Proposition 33. Let Q and P be LTS schemata and c a valuation formula. Then

RemRed(c) returns a pair(c0,c′) of valuation formulae such that

1. wheneverφ ∈ va(c), thenφ|sig(c0)
∈ va(c0);

2. wheneverφ ∈ va(c) is compatible withQ andP, thenφ = Ext(φ|sig(c0)
,c′);

3. wheneverφ1,φ2 ∈ va(c0) such thatφ1≃ φ2, then Ext(φ1,c′)≃ Ext(φ2,c′).

Proof. Let c be a valuation formula. Because the length ofc decreases in every call to

RemRed(c), the algorithm eventually terminates and obviously returns a pair(c0,c′) of

valuation formulae. Similarly, you can see thatExt terminates on all inputs and outputs

a valuation.

To prove the first claim, we argue by induction on the number of conjuncts inc′ that

c0 is a conjunction of conjuncts ofc and whenφ ∈ va(c), thenφ|sig(c0)
∈ va(c0).

In the base step,c′ contains only the trivial conjunctc′, which implies thatc′ is⊤

and hencec0 is c. Now,c0 is clearly a conjunction of conjuncts ofc, and ifφ ∈ va(c),

thenφ|sig(c0)
= φ ∈ va(c) =va(c0). Hence the base step is clear.

In the induction step,c′ has more than one conjunct, which implies thatc′ is c′′∧c1,

wherec1 is a conjunct

(∀x1 ∈ T1 : · · · : ∀xn ∈ Tn : ((x1, . . . ,xn) ∈Π↔ c′′′)) (4)

of c such thatT1×·· ·×Tn is the only type ofΠ in the LTS schemataQ andP, every

variable in sig(c)\ {Π} occurs in a conjunct ofc other thanc1, andΠ does not occur

in c′′′ nor in any conjunct ofc other thanc′′′. It means thatRemRed(c) calls itself

with a parameterc′0, which is the conjunction of all the conjuncts ofc exceptc1, and

returns(c0,c′′). Moreover, ifφ ∈ va(c), then obviouslyφ|sig(c′0)
∈ va(c′0). Becausec′′

has strictly less conjuncts thanc′, by the induction hypothesis,c0 is a conjunction of

conjuncts ofc′0 andφ|sig(c′0)
|sig(c0)

∈ va(c0), which implies thatc0 is a conjunction of

108



conjuncts ofc andφ|sig(c0)
∈ va(c0). As also the induction step is clear, by the induction

principle, the first claim holds.

To prove the second claim, we argue by induction on the number of conjuncts inc′

that wheneverφ∈ va(c)is partially compatible withQ andP, thenφ = Ext(φ|sig(c0)
,c′).

In the base step,c′ has only one conjunct, namelyc′ itself, which implies thatc′ is⊤

and hencec0 is c. Therefore, wheneverφ∈ va(c), thenExt(φ|sig(c0)
,c′) =Ext(φ,⊤) = φ,

and the base step is clear.

In the induction step, we assume thatc′ is c′′ ∧ c1, wherec1 is as above. It means

that RemRed(c) calls itself with a parameterc′0, which is the conjunction of all the

conjuncts ofc exceptc1, and returns(c0,c′′). If φ ∈ va(c), then, by the proof of the

first claim, we know thatφ|sig(c′0)
is a valuation in va(c′0) partially compatible with

Q and P. Now, the induction hypothesis implies thatφ|sig(c′0)
is the valuation re-

turned byExt(φ|sig(c′0)
|sig(c0)

,c′′). By the proof of the first claim, we also know that

φ|sig(c′0)
|sig(c0)

= φ|sig(c0)
, which implies thatExt(φ|sig(c0)

,c′′) = φ|sig(c′0)
. Moreover, be-

causeφ(Π) is a subset ofφ(T1)× φ(T2)× . . .× φ(Tn), φ satisfiesc1, andΠ does not

occur inc′′′, then

φ(Π) = {(φ′(x1), . . . ,φ′(xn)) | φ′ ∈ φ[x1→ T1, . . . ,xn→ Tn],~c
′′′
�φ′ is true}

= {(φ′(x1), . . . ,φ′(xn)) | φ′ ∈ φ|sig(c′0)
[x1→ T1, . . . ,xn→ Tn],~c

′′′
�φ′ is true} .

Hence,Ext(φ|sig(c0)
,c′) returnsφ|sig(c′0)

∪{(Π,φ(Π))}, which is nothing butφ and means

that also the induction step holds. By the induction principle, the second claim is cor-

rect.

For the last item, we prove a stronger claim that wheneverφ1,φ2 ∈ va(c0) such that

gφ1 = φ2 for some bijectiong : A 7→ A, thengExt(φ1,c′) = Ext(φ2,c′). As above, we

argue by induction on the number of conjuncts inc′.

The base step follows directly from the second claim, which says thatφi is returned

by Ext(φi ,c′) for both i ∈ {1,2}.

In the induction step, we assume thatc′ is c′′ ∧ c1, wherec1 is as above. It means

thatRemRed(c) calls itself with a parameterc′0, which is the conjunction of all the con-

juncts ofc exceptc1, and returns(c0,c′′). By the induction hypothesis,gExt(φ1,c′′) =

Ext(φ2,c′′). Now, if i ∈ {1,2} and ψi is a valuation returned byExt(φi ,c′′), then

Ext(φi ,c′) returns a valuationψi ∪{(Π,Λi)}, where

Λi = {(φ′
i(x1), . . . ,φ′

i(xn)) | φ′
i ∈ φi [x1→ T1, . . . ,xn→ Tn],~c

′′′
�φ′i

is true} .
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By Lemma 25 and Items 5 and 6 of Lemma 21,

{g∗(φ′
1(x1), . . . ,φ′

1(xn)) | φ′
1 ∈ φ1[x1→ T1, . . . ,xn→ Tn],~c

′′′
�φ′1

is true}

= {(g(φ′1(x1)), . . . ,g(φ′1(xn))) | φ′
1 ∈ φ1[x1→ T1, . . . ,xn→ Tn],~c

′′′
�gφ′1

is true}

= {(φ′
2(x1), . . . ,φ′

2(xn)) | φ′
2 ∈ φ2[x1→ T1, . . . ,xn→ Tn],~c

′′′
�φ′2

is true} ,

which implies thatgExt(φ1,c′) = Ext(φ2,c′), which means that also the induction step

is clear. By the induction principle, also the last claim is correct.

The first claim of the proposition states that ifφ is a valuation satisfying a valuation

formulac and we reducec to a valuation formulac0 using Algorithm 1, then restricting

φ to sig(c0) gives a valuation satisfying the reduced formula. According to the second

claim, if we now extendφ|sig(c0)
using Algorithm 2, we end up withφ. Hence, if one

wants to generate valuations in va(c) it is sufficient to create corresponding smaller

valuations in va(c0) and then extend them to valuations in va(c). This procedure is

practical if there is some extra work, like generating excess valuations and performing

certain checks, to be done to find the correct valuations. According to the last claim,

especially isomorphs can be removed before extending valuations.

Now, if we apply the algorithmRemRedto cStsall the relation variables except≦R,

∗R, ∗U are removed as redundant. Moreover, if the values of∗U and∗R are encoded in

the form∀x ∈ T : (x ∈ ∗T ↔⊤), whereT ∈ {U,R}, and there is a conjunct∀u ∈U :

⊤ whose only purpose is to introduce an additional occurrence ofU in the valuation

formula, also∗R and∗U are removed. It means that we have to go through only 2·

(21·1+22·2+23·3) = 1060 valuations to find six ones we need. On the other hand, a lot

of useless valuations are still generated. Those are valuationsφ, which do not satisfy

the reduced valuation formulac0 (nor the original one), have an isomorphic counterpart

already generated, or for which there is a type variableT such that the size ofφ(T) is

not equal to the maximum of 1,degT(Q,φ),degT(P ,φ).
A traditional approach to solving classification problems like this is based on the

recursive generation of a search tree (Kaski & Östergård 2006). An obvious idea is to

start from the smallest valuation and gradually enlarge the values of variables as we

go deeper in the tree. For each combination of the values of type variables below the

cut-off (modulo the choice of atoms), we generate a separate search tree. Each time,

the root of the search tree is a valuation that maps the relation variables to the empty

set, and the children of any valuationφ are those that are obtained fromφ by adding an

action to the value of a relation variable.
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Clearly, a search tree generated like this contains all the desired valuations, but the

same valuation may be generated multiple times. To avoid it, we assume that the sets

of the relation variables and the visible actions (the tuples of atoms) are totally ordered.

Now, when computing the children of a valuationφ, we allow only the value of the

greatest relation variableΞ such thatφ(Ξ) 6= ∅ to be appended using the actions greater

than those already inφ(Ξ), plus the (empty) values of relation variables greaterΞ. This

way we still get all the valuations but none of them is generated twice.

In order to generate only valuations that satisfy the valuation formulac0, we should

be able to skip over valuations that do not satisfy it and to prune the search when a

valuation cannot be made larger without violatingc0. Unfortunately, we do not know

when a valuation can be skipped, but for certain valuation formulae we know when

to prune the search. These are the valuation formulae that result in sets of valuations

downward-closed with respect to the subvaluation order. (To bring back the definition

of a subvaluation, see Page 85.) It turns out that a valuation formula has this property

if it is both existential-free and membership-negated. As in the case of Lemma 31, we

prove the result for negation-normal valuation formulae first.

Lemma 34. Let c be a negation-normal existential-free membership-negated valuation

formula, andφ,ψ valuations compatible with c such thatψ−⋐φ. If φ satisfies c, thenψ
satisfies c, too.

Proof. To prove the claim, we show a slightly stronger claim which implies the lemma.

We prove by induction on the number of membership-negated valuation subformulae of

c thatψ satisfiesc, if φ satisfiesc, and ifc is⊤ or y1 = y2, then~c�φ is true if and only

if ~c�ψ is true.

In the base step,c is⊤, y1 = y2 or ¬(x1,x2, . . . ,xn) ∈ Π, wherey1,y2,x1,x2, . . . ,xn

are atom variables andΠ a relation variable. Ifc is ⊤, then obviously~c�φ is true if

and only if ~c�ψ is true. If c is y1 = y2 and~c�φ is true, thenφ(y1) = φ(y2) if and

only if ψ(y1) = ψ(y2), becauseφ(y) = ψ(y) for all atom variablesy in the domain.

Hence,~c�φ is true if and only if~c�ψ is true. Finally, if c is ¬(x1,x2, . . . ,xn) ∈ Π,

then(φ(x1),φ(x2), . . . ,φ(xn)) /∈ φ(Π) clearly implies(ψ(x1),ψ(x2), . . . ,ψ(xn)) /∈ ψ(Π),

becauseψ−⋐φ. Hence, if~c�φ is true, then~c�ψ is true, too.

In the induction step,c is either a negated, disjunctive, conjunctive or universal

valuation formula with more than one membership-negated valuation subformula. Ifc

is a negated valuation formula¬c′, thenc′ must be⊤ or y1 = y2, wherey1,y2 are atom
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variables. By the induction hypothesis,~c′�φ is true if and only if~c′�ψ is true, which

implies that~c�φ is true if and only if~c�ψ is true.

Let us then assume thatc is c1⊙ c2, where⊙ is either∨ or ∧. By the induction

hypothesis, ifi ∈ {1,2} and~ci�φ is true, then~ci�ψ is true, too. Therefore, if~c�φ is

true, then~c�ψ is true, too.

Finally, if c is an existential-free universal valuation formula∀x∈ T : c′ and~c�φ is

true, then~c′�φ′ is true for all valuationsφ′ ∈ φ[x 7→ T]. If ψ′ is a valuation inψ[x 7→ T],

then there is a valuationφ′ ∈ φ[x 7→ T] such thatφ′(x) = ψ′(x). By Lemma 26,φ′,ψ′ are

compatible withc′, and clearlyψ′
−⋐φ′. As ~c′�φ′ is true, by the induction hypothesis,

~c′�ψ′ is true, too. Hence, if~c�φ is true, then~c�ψ is true as well.

By the induction principle, we know that the lemma holds.

To understand why the lemma holds for negation-normal existential-free member-

ship-negated valuation formulaec, you may suppose thatφ is a valuation satisfyingc

and consider what happens if you remove an atoma from the value of a type variable

such thata 6= φ(x) for all atom variablesx ∈ dom(φ), or an action from the value of

a relation variable. First, note that if the universal quantification over some set gives

a positive result, then the universal quantification over its subset must give a positive

result, too. Because type variables are used in universal quantification only, you cannot

make the instance of an existential-free valuation formula false by removinga from the

value of a type variable. On the other hand, membership-negated valuation formulae

can only state the absence of some actions in the values of relation variables. Hence,

if you remove an action from the value of a relation variable, the formula must still be

satisfied.

Lemma 35. Let c be an existential-free membership-negated valuation formula, and

φ,ψ compatible valuations such thatψ−⋐φ. If φ satisfies c, thenψ satisfies c, too.

Proof. Using De Morgan’s rules, we convertc into an existential-free membership-

negated negation-normal valuation formulac′ with the domain sig(c)such that every

valuationθ is compatible withc and satisfiesc, if and only if θ is compatible withc′

and satisfiesc′. By Lemma 34, we know that whenever~c′�φ is true, then~c′�ψ is true

as well, which implies that ifφ satisfiesc, then alsoψ satisfiesc.

The lemma implies that when one is searching for valuations satisfying an existen-

tial-free membership-negated valuation formula, you can prune the search as soon as a
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valuation that does not satisfy the valuation formula is encountered. The idea can also

be extended to a pruning heuristic for an arbitrary valuation formulac0.

As earlier, we may assume thatc0 is of the form
∧n

i=1ci , wheren is a positive

integer andc1,c2, . . . ,cn are the conjuncts ofc0. We pick all i ∈ {1,2, . . . ,n} such that

ci is existential-free and membership-negated to form a setI . Now, c′ :=
∧

i∈I ci is an

existential-free and membership-negated valuation formula satisfied by every valuation

in va(c0). Hence, if a valuation does not satisfyc′ then the search can be pruned because

neitherc0 can be satisfied by making the valuation bigger.

Combining the recursive generation of a search tree with the removal of dependent

relation variables and the pruning heuristics results in Algorithm 3 which inputs an

instanceQ, P, va(c)of Parameterised Traces Refinement accordant with the restric-

tions set above and reduces the set of va(c) of valuations to its finite subsetΨ without

changing the answer to the verification task.

Algorithm 3. Reduces a set of valuations, which is expressed a s an existential-free valua-

tion formula and related to an instance of Parameterised Traces Refinement, to a finite one

without changing the answer to the verification task.

procedureReduce(Q,P,c)

for all T ∈ sig(c)∩T let c := (∀x∈ T : ⊤)∧c

let (c0,c
′) := RemRed(c)

let c′0 be the conjunction of all the membership-negated conjuncts ofc0

let Ψ := ∅

for all T ∈ sig(c0)∩T let lT := max{1,degT(Q),degT(P)}

for all υ ∈ ∏T∈sig(c0)∩T{1,2, . . . ,lT} do

let φ̂ be a valuation with the domainc0 such that

φ̂(T) is a set ofυ(T) atoms disjoint from at(Q)∪at(P) for all T ∈ sig(c0)∩T, and

φ̂(Π) is the empty set for allΠ ∈ sig(c0)∩G

let Φ := Search(̂φ,∅)
remove valuationsφ from Φ such thatφ does not satisfyc or for someT ∈ dom(φ|T)
|φ(T)| 6= max{1,degT(Q,Ext(φ,c′)),degT(P ,Ext(φ,c′))}

remove isomorphs fromΦ
let Ψ := Ψ∪{Ext(φ,c′) | φ ∈ Φ}

end do

returnΨ
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Algorithm 3. Continued.

subprocedureSearch(φ,Φ)

if φ satisfiesc′0 then for allφ′ ∈ Children(φ) let Φ := Search(φ′,Φ∪{φ})
returnΦ

subprocedureChildren(φ)
let Φ := ∅ and letΞ be the smallest relation variable

if φ(Π) 6= ∅ for some relation variableΠ ∈ dom(φ)then

let Ξ be the greatest relation variable in dom(φ) such thatφ(Ξ) 6= ∅

for all relation variablesΠ ∈ dom(φ) not smaller thanΞ do

for all α ∈
⋂

T1×T2×...×Tn∈typQ(Π)∪typP (Π) φ(T1)×φ(T2)× . . .×φ(Tn) such that

α is greater than any element inφ(Π) do

let φ′ be a valuation equal toφ except thatφ′(Π) = φ(Π)∪{α}
let Φ := Φ∪{φ′}

end do

end do

returnΦ

Theorem 36. Let Q and P be closed and finite LTS schemata such thatQ has no

hiding LTS subschema, and c an existential-free valuation formula with the domain

sig(Q)∪sig(P). Then the algorithm Reduce(Q,P,c) returns a finite subsetΨ of va(c)

such that the instancesQ, P, Ψ andQ, P, va(c)of Parameterised Traces Refinement

have the same answer.

Proof. Let us use the notation of the algorithm. First, note that the algorithm terminates

because all the for-loops are finite and the value of

∑
Π∈sig(c0)∩G

(|
⋂

T1×T2×...×Tn∈typQ(Π)∪typP (Π)

φ(T1)×φ(T2)× . . .×φ(Tn)|− |φ(Π)|)

decreases in recursive calls toSearch. Hence, the algorithmReduceterminates with the

inputQ, P, c and hence returns a setΨ of valuations, which is necessarily finite.

Next, note that the first line of the algorithm does not change the set va(c). Then,

by Lemma 33, it is obvious thatΨ is a subset of va(c). Hence, if the answer toQ, P,

va(c) is positive, then also the answer toQ, P, Ψ is. To prove the opposite, we show
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thatΨ contains a maximal set of non-isomorphic valuations in the set

{φ ∈ va(c)| φ is compatible withQ andP, and

∀T ∈ dom(φ|T) : |φ(T)|= max{1,degT(Q,φ),degT(P ,φ)}} , (5)

which by Theorem 32 implies that the instancesQ, P, Ψ andQ, P, va(c)of Parame-

terised Traces Refinement have the same answer.

Let φ be a valuation in Set (5). It means thatφ ∈ va(c), which by Proposition 33

implies thatφ|sig(c0)
, denoted byφ′, is a valuation in va(c0) partially compatible with

Q andP. Moreover, asc′0 is a conjunction of conjuncts ofc0, thenφ′ satisfies alsoc′0.

Next, we show that there is a partially compatible valuation isomorphic toφ′ in a setΦ
returned bySearch.

Wheneverφ1 is a valuation with the domain dom(c0) partially compatible withQ

andP such thatφ1(T) is a set of size at mostlT for all type variablesT in the domain,

we writeφ̂1 for a (root) valuation generated by the algorithm such thatφ̂1(T) andφ1(T)

are sets of the same size for every type variableT andφ̂1(Π) is the empty set for every

relation variableΠ in the domain. We prove that wheneverφ1 is such a valuation

satisfyingc′0 andg is a bijection:A 7→A such thatgpreserves the atoms in at(Q)∪at(P)

and{g(a) | a ∈ φ1(T)} = φ̂1(T) for all type variablesT in the domain, thengφ1 is a

valuation inSearch(φ̂1,∅) partially compatible withQ andP. We argue by induction

on ∑Π∈sig(c0)∩G
|φ1(Π)|.

In the base step,φ1 maps type variablesT in the domain to sets of size at mostlT and

relation variablesΠ to the empty set. Ifg is a bijection:A 7→ A such thatg preserves

the atoms in at(Q)∪ at(P) and{g(a) | a ∈ φ1(T)} = φ̂1(T) for all type variablesT

in the domain, thengφ1 = φ̂1, which means thatφ1 and φ̂1 are isomorphic. Because

φ1 satisfiesc′0, then by Lemma 25,̂φ1 satisfiesc′0, too. Therefore,̂φ1 is a partially

compatible valuation inSearch(φ̂1,∅), and the base step is clear.

In the induction step, there is a relation variableΠ ∈ sig(c0) such thatφ1(Π) is

not empty. We may assume thatΠ is the greatest such a variable in the total order.

Let g be a bijection:A 7→ A such thatg preserves the atoms in at(Q)∪ at(P) and

{g(a) | a∈ φ1(T)}= φ̂1(T) for all type variablesT in the domain,α an action inφ1(Π)

such thatg∗(α) is maximal in the total order, andφ′
1 the maximal subvaluation ofφ1

such thatφ′
1(Π) = φ1(Π) \ {α}. Becauseφ′

1 is a subvaluation ofφ1 andφ1 satisfies

the existential-free membership-negated valuation formulac′0, by Lemma 35, alsoφ′
1

satisfiesc′0. Moreover, clearly{g(a) | a∈ φ′
1(T)} = φ̂′

1(T) for all type variablesT in

the domain, which by the induction hypothesis means thatgφ′1 is a partially compati-
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ble valuation inSearch(φ̂′
1,∅). As φ′

1 satisfiesc′0, by Lemma 25, alsogφ′1 satisfies it.

Therefore, also the children ofgφ′1 are computed. By the choice ofα, we know that

gφ1 ∈ Children(gφ′1). Moreover, becauseφ1 satisfiesc′0, by Lemma 25 again, alsogφ1

satisfies it, which implies thatgφ1 ∈ Search(φ̂′
1,∅). Furthermore, asφ1 is partially com-

patible withQ andP, g preserves the atoms in at(Q)∪at(P), andφ̂′
1 is clearly the same

valuation aŝφ1, by Lemma 26,gφ1 is a partially compatible valuation inSearch(φ̂1,∅).

Therefore, also the induction step is clear.

Recall that we assumedφ to be a valuation in Set (5), andφ′ to be the restriction

of φ to sig(c0) which is a partially compatible valuation in va(c0). By the induction

principle, we know that wheneverg is a bijection:A 7→ A such thatg preserves the

atoms in at(Q)∪ at(P) and {g(a) | a ∈ φ′(T)} = φ̂′(T) for all type variablesT in

the domain, thengφ′ is a valuation inSearch(φ̂′,∅) partially compatible withQ and

P. Because such a bijectiong exists, also the valuationgφ′ exists. Asφ′ ∈ va(c0),

by Lemma 25, alsogφ′ ∈ va(c0). Moreover, asφ′ andgφ′ are clearly isomorphic, by

Proposition 33, alsoψ := Ext(φ′,c′) andExt(gφ′,c′) are isomorphic, too. On the other

hand, by the same propositionExt(gφ′,c′) = φ, which by Lemma 25 and the fact that

φ ∈ va(c) implies thatψ ∈ va(c)as well. Furthermore, asφ fulfils Equation (2), alsoψ
satisfies it. Hence, there is a compatible valuation isomorphic toφ in the setΨ returned

by the algorithm.

In other words, for every valuation in Set (5), there is an isomorphic valuation in

Ψ that is compatible withQ andP, which implies that the algorithm returns a set that

contains a maximal set of non-isomorphic valuations in Set (5). Hence, the theorem is

correct.

The purpose of the first line of the algorithm is just to introduce an additional occur-

rence of every type variable in the valuation formula. It guarantees that the removal of

a conjunct of Form (3) is not blocked due to the fact that some type variable occurs in

that conjunct only. Also note that valuationsφ that do not satisfy Equation (2) can only

be removed after the search tree is generated and the valuations are extended. That is

because even though a valuation does not satisfy the equation, some greater valuations

in the sense of−⋐ may satisfy it. Hence, the unsatisfaction of Equation (2) cannot be

used as a pruning criterion. Moreover, before the equation can be evaluated one needs

to know the values of all the relation variables. Hence, valuationsφ that do not satisfy

Equation (2) can be detected only after they are extended.
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Also the isomorphs are removed only after a search tree is generated. Although it

would be tempting to prune the search as soon as a valuation isomorphic to a previously

generated one is detected, you cannot do so, because the subtrees of isomorphic val-

uations are generally not isomorphic. Therefore, the pruning techniques reviewed by

Kaski & Östergård (2006) cannot be applied.

When applied to the shared resource system, the algorithm generates a total of six

search trees, one for each combination of the values ofU and R below the cut-off

modulo the choice of atoms. The search trees for valuations that mapRto a singleton are

simple, both of them consist of two vertices of which the root satisfiescStsand Equation

(2). The search tree for the valuations mappingR andU to sets of size two is shown in

Figure 21, where valuations satisfyingcStsare highlighted. However, the root does not

satisfy Equation (2), and the other two highlighted valuations are isomorphic, which

means that there is only one more valuation to check. The search tree for valuations

mappingR andU to sets of size respectively two and one is obviously similar to the

search tree in Figure 21 despite the number of users. The search trees for valuations

mappingR to a set of size three consist of 77 vertices, of which 16 satisfycSts. However,

only six isomorphic ones fulfil Equation (2). Hence, the algorithm generates a total of

174 vertices, performs isomorphism test for 18 of them, and returns six valuations,

which we find acceptable.

b1

b2

a1 a2

b1

b2

a1 a2

b1

b2

a1 a2

b1

b2

a1 a2

b1

b2

a1 a2

b1

b2

a1 a2

b1

b2

a1 a2

b1

b2

a1 a2

Fig 21. The search tree for valuations with two users and two re sources.

117



Despite this rather positive result, the worst-case runningtime of the algorithm is

obviously exponential in the number of relation variables and in the number of type

variables with a degree greater than one, too. Actually, the running time is doubly

exponential in the number of type variables with a degree greater than one occurring in

the same type of a relation variable.

7.2 Testing Valuation Isomorphism

The algorithm is quite straightforward to implement except for one thing, namely the

isomorphism test between valuations. In the context of (coloured) graphs, it is often

done by first converting both the graphs into a canonical form which is one of the

isomorphic graphs and which is the same to precisely all the isomorphic ones, and then

checking whether the canonical forms of the graphs are the same.

While generating non-isomorphic graphs, canonical forms encountered so far are

typically stored in an ordered list. When a new graph is generated, it is sufficient to

search the list for the corresponding canonical graph, and insert the canonical form in

the list if it is not already there.

You can use the same idea in the generation of non-isomorphic valuations as well.

However, it is not that obvious how the canonical form of a valuation can and should

be computed. On the other hand, computing the canonical form of a coloured graph is

a well-studied problem for which there are efficient tools as well (McKay 2007). That

is why we wish to convert valuations into coloured graphs and perform isomorphism

reduction on coloured graphs instead of valuations.

Definition 37 (Coloured graph). A coloured graphis a four-tuple(V,C,γ,E), where

– V is a set ofvertices,

– C is a finite set ofcolours,

– γ : V 7→C is acolouring function, and

– E ⊆V×V is a set ofedges.

Coloured graphs are denoted by a capital Calligraphic letterG and its variants.

Let φ be a valuation with a finite domain that contains no atom variable. We convert

a valuationφ into a coloured graph as follows. First, the atoms and the tuples of atoms

occurring in the image ofφ are taken as vertices. Then, we make sure that also the first

half and last half of every vertex of length at least two are included in the vertex set.

Simultaneously, for each such a vertex, we add an edge from its first part and an edge
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to its last part. After that, the vertices are coloured by a setthat consists of the length of

the vertex and those variables in dom(φ) the value of which includes the vertex. Finally,

we add one more colour, a set of all the relation variables mapped to the empty set,

which obviously is not used to colour any vertex.

Formally, thegraph ofφ, denoted byG(φ), is a four-tuple(V,C,γ,E), where

1. V is the smallest set such that

a)
⋃

Λ∈im(φ) Λ⊆V, and

b) if v= (a1,a2, . . . ,an) ∈V such thatn≥ 2, then

(a1,a2, . . . ,a⌈n/2⌉),(a⌈n/2⌉+1,a⌈n/2⌉+2, . . . ,an) ∈V ;

2. C is the smallest set such that

a) {Π ∈ dom(φ) | φ(Π) = ∅} ∈C, and

b) {n}∪{♯∈ dom(φ) | (a1, . . . ,an) ∈ φ(♯)} ∈C for all (a1, . . . ,an) ∈V;

3. γ : V 7→C is a function such that

γ((a1, . . . ,an)) = {n}∪{♯∈ dom(φ) | (a1, . . . ,an) ∈ φ(♯)}

for all (a1, . . . ,an) ∈V;

4. E is the smallest set such that ifv= (a1,a2, . . . ,an) is in V andn≥ 2, then

((a1,a2, . . . ,a⌈n/2⌉),v),(v,(a⌈n/2⌉+1,a⌈n/2⌉+2, . . . ,an)) ∈ E .

It is easy to see that the graph of a valuation is a coloured graph from which the valuation

can be reconstructed as follows.

Lemma 38. Let φ be a valuation with a finite domain that contains no atom variable.

Then the graph ofφ is a coloured graph(V,C,γ,E) such that

– dom(φ) is the set of all the relation and type variables occurring in C, and

– φ(♯) = {(a1,a2, . . . ,an) ∈V | ♯ ∈ γ((a1,a2, . . . ,an))} for all ♯ ∈ dom(φ).

The claim follows straightforwardly from the definition of the graph of a valuation.

As an example, consider a valuationφ∈ va(cSts) such thatφ(U) = φ(∗U ) = {a1,a2},

φ(R) =φ(∗R) = {b1,b2}, φ(<R) = {(b1,b2)}, φ(6=U ) is the set of all the different pairs

of the elements inφ(U), φ(≤R) is the reflexive closure ofφ(<R), andφ(≦R) is the set

of all triplets(b′1,b
′
2,b

′
3) such that(b′1,b

′
3),(b

′
2,b

′
3)∈ φ(≤R). The valuation corresponds

to Valuation (j) in Figure 20 and its graph is shown in Figure 22.
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a1 a2

(a1,a2) (a2,a1)

{1,U,∗U} {1,U,∗U}

{2, 6=U} {2, 6=U}

b1 b2

{1,R,∗R} {1,R,∗R}

(b1,b1) (b1,b2) (b2,b1) (b2,b2)

{2,≤R} {2,≤R}

{2,<R,≤R} {2}

(b1,b1,b1) (b1,b1,b2) (b1,b2,b2) (b2,b1,b2) (b2,b2,b2)

{3,≦R} {3,≦R} {3,≦R} {3,≦R} {3,≦R}

Fig 22. The graph of a valuation corresponding to an instance o f the shared tree system

with two users and two resources.

Now, we have provided a conversion from valuations to coloured graphs. However,

in order to be able to exploit graph isomorphism algorithms for valuation isomorphism

testing, we still have to show that the valuation isomorphism problem is equivalent to

testing the isomorphism of their graphs.

Let Gi = (Vi ,Ci ,γi ,Ei) be a coloured graph for bothi ∈ {1,2}, and f : V1 7→ V2 a

bijection. We writefG1 = G2, if

1. V2 = { f (v) | v∈V1},

2. C1 =C2,

3. γ2( f (v)) = γ1(v) for all v∈V1, and

4. E2 = {( f (v1), f (v2)) | (v1,v2) ∈ E1}.

If fG1 = G2 for some bijectionf : V1 7→ V2, we say thatG1 andG2 are isomorphicor

thatG1 is isomorphic toG2, denoted byG1
∼= G2.

Let φ andψ be valuations with a finite domain that contains no atom variable. It

is easy to see that ifg is a bijection: A 7→ A such thatψ = gφ, then the restriction

of g∗ (recall thatg∗ is the extension ofg to tuples) to the vertices ofG(φ) is a bijec-
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tion f such thatG(ψ) = fG(φ). Moreover, if f is a bijection such thatG(ψ) = fG(φ)
and g is a bijection: A 7→ A such thatg(a) = f (a) for all atomsa ∈ dom( f ), then

(g(a1),g(a2), . . . ,g(an)) = f ((a1,a2, . . . ,an)) for all vertices(a1,a2, . . . ,an) of G(φ).
This can be easily shown by induction onn, as for every vertexv of the lengthi > 1

there is precisely one incoming edge from a vertexv1 of the lengthi−1 and exactly one

outgoing edge to a vertexv2 of the lengthi−1 such that andv1 andv2 form respectively

the first and last part ofv. After that, using Lemma 38, it is easy to see thatψ = gφ. As

such a bijectiong clearly exists, it proves that valuations are isomorphic if and only if

their graphs are.

Proposition 39. Let φ andψ be valuations with a finite domain that contains no atom

variable. The valuationsφ and ψ are isomorphic, if and only ifG(φ) and G(ψ) are

isomorphic.

Proof. Let G1 = (V1,C1,γ1,E1) andG2 = (V2,C2,γ2,E2) be the coloured graphs of re-

spectively valuationsφ andψ.

Let us first suppose thatφ1 andφ2 are isomorphic, which means that their domains

are the same and that there is a bijectiong :A 7→A such thatφ2(T) = {g(a) | a∈ φ1(T)}

for all type variablesT in the domain, andφ2(Π) = {g∗(α) | α∈ φ1(Π)} for all relation

variablesΠ in the domain. To see that then the graphs ofφ andψ are isomorphic as

well, one first shows that ifv∈V1 theng∗(v)∈V2 by induction on the number of times

the steps 1.a) and 1.b) in the definition of the graph of a valuation are applied to see

thatv∈V1. Similarly, one shows that ifv∈V2 then there isv′ ∈V1 such thatv= g∗(v′).

Hence,g∗|V1 is a bijection:V1 7→V2 such thatV2 = {g∗|V1(v) | v∈V1}. It is also easy

to see thatC1 =C2, γ2(g∗|V1(v)) = γ1(v) for all v∈V1, and

E2 = {(g
∗|V1(v1),g

∗|V1(v2)) | (v1,v2) ∈ E1} .

Hence, the graphs ofφ andψ are isomorphic.

Let us then suppose thatG1 andG1 are isomorphic, which means that there is a

bijection f : V1 7→ V2 such thatV2 = {v ∈ V1 | f (v)}, γ2( f (v)) = γ1(v) for all v ∈ V1,

C1 =C2, andE2 = {( f (v1), f (v2)) | (v1,v2) ∈ E1}. Note that the vertices ofG1 andG2

are visible actions,i.e. tuples of atoms, and becauseγ2( f (v)) = γ1(v) for all v∈V1, the

function f maps each vertex inV1 to a tuple of the same size. Hence, there is a bijection

g : A 7→ A such thatg(a) = f (a) for all atomsa∈ dom( f ).

To prove thatφ1 andφ2 are isomorphic, we first show thatf (v) =g∗(v) for all v∈V1

by induction on the length ofv. As the base step is clear by definition, we consider the
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induction step wherev is (a1,a2, . . . ,an) such thatn≥ 2. By above, it is known that

f (v) is ann-tuple(b1,b2, . . . ,bn) of atoms. By the definition of the graph ofφ,

((a1,a2, . . . ,a⌈n/2⌉),v) and(v,(a⌈n/2⌉+1,a⌈n/2⌉+2, . . . ,an))

are edges ofG1. By the induction hypothesis and the isomorphism of coloured graphs,

it means that then

((g(a1), . . . ,g(a⌈n/2⌉)),(b1, . . . ,bn)) and((b1, . . . ,bn),(g(a⌈n/2⌉+1), . . . ,g(an)))

are edges ofG2. However, it is possible only ifbi = g(ai) for all i ∈ {1,2, . . . ,n}, or in

other words,f (v) =g∗(v). By the induction principle,f (v) =g∗(v) for all v∈V1.

Now, we are ready to show thatφ1 andφ2 are isomorphic. As the graphs of the

valuations have the same set of colours,φ1 andφ2 must have the same domain. If♯ is

a relation or type variable in the domain of the valuations, then by Lemma 38 and the

isomorphism of coloured graphs,

{g∗(α) | α ∈ φ1(♯)}= {g
∗(v) | v∈V1, ♯ ∈ γ1(v)}

= {g∗(v) | v∈V1, ♯ ∈ γ2(g
∗(v))}= {v∈V2 | ♯ ∈ γ2(v)}= φ2(♯) .

As the domains ofφ1 and φ2 contain no atom variable, it proves thatφ1 and φ2 are

isomorphic, and the claim holds.

The result means that existing tools can be used for the generation of canonical

valuations and isomorphism testing. Probably the best and also the best-known tool for

the purpose is nauty (McKay 2007). It uses a slightly different definition of a coloured

graph, where vertices are numbered from one ton ∈ Z+ and the set of colours is an

ordered partition of the vertex set. This is not a problem though as the coloured graphs

in our sense can always be converted into such a format. One just has to define a total

order in the set of all the possible colours (which can be done in several ways) to create

an ordered partition of the vertex set. Additionally, one has to store the original set of

colours with information on unused ones to distinct between coloured graphs that are

equivalent modulo renaming of colours.

7.3 The Verification of taDOM+ Tree-Locking Protocols

We have applied the results to verify taDOM2+ and taDOM3+ (extended Document Ob-

ject Model level 2 and 3, respectively) tree-locking protocols (Haustein & Härder 2008)
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used in XML (Extensible Markup Language) databases (Siirtola 2010). The protocols

closely resemble the shared tree system but are more complex, and users access trees

via transactions, which can be thought as the sequences of read and write actions on

vertices. However, as the essential issue is correct isolation between transactions, it is

sufficient to consider the protocols from the viewpoint of transitions and vertices.

The new lock modes are the main reason for added complexity. They enable locking

a single vertex or a vertex together with its children. It means that the protocols look

different from the viewpoint of a vertex and its parent than from the viewpoint of the

vertex and its other proper ancestor. Therefore, the edges of a forest have to be divided

in two classes, parent and ancestor edges.Parent edgesare used to instantiate the

elementary LTS schema representing the behaviour of a protocol from the viewpoint

of a vertex and its parent, and respectivelyancestor edgesare used to instantiate the

elementary LTS schema representing the behaviour of a protocol from the viewpoint

of a vertex and its other proper ancestor. However, in order to express the structure of

the protocol models without existential quantification, we had to allow a vertex to have

incoming ancestor edges without a single incoming parent edge, which corresponds

to a situation where the parent of a vertex is abstracted away but other ancestors are

preserved. Hence, if(n1,n2) is a parent edge, thenn1 is necessarily the parent ofn2 in

the forest as well, but the opposite is not generally true.

Another difference is that for practical purposes, locking proceeds in taDOM+ pro-

tocols in the opposite direction: the target vertex is locked first and the root last. Also

this issue complicates the model, because in order to make sure that a vertex cannot be

accessed before the whole path of vertices up to the root is successfully locked, we had

to introduce action schemata denoting the beginning and ending of locking shared by

all the protocol views involving locking action schemata. Moreover, as in the case of

taDOM+ protocols one can obtain an access to a vertex also by checking and finding out

that some of its ancestors is appropriately locked, we had to introduce action schemata

that enable the mode of a vertex lock to be read, too.

The property we considered is known asrepeatable-read(Ramakrishnan & Gehrke

2002) in the context of databases. It says that reading a vertex within a transaction

should always give the same result unless the transaction itself has updated the vertex.

In other words, if a transaction accesses a vertex, no other transaction should be able

to write to the vertex before the transaction ends, and if a transaction starts writing to

a vertex, no other transaction should be able to access the vertex before the transaction
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ends. The same property is earlier proved by Siirtola & Valenta (2008) but using a

theory tailored for the protocols.

As the structure of taDOM+ protocol models is similar to that of the shared tree

system, also the cut-off obtained by Theorem 32 is alike. To prove the tree-locking

protocols correct for any number of transactions and any size and shape of a (tree)

database, it is sufficient to consider instances with at most two transactions and three

vertices. However, because there are two kinds of edges instead of one, there are more

instances to check. These instances are created by valuations obtained from Valuations

(a), (c), (g), (h), (j), (n) in Figure 20 by dividing the edges into the parent and ancestor

ones. As the edge fromb1 to b3 present in Valuations (g) and (n) can only be an ancestor

edge, there were a total of 14 instances to check per protocol.

The instances were encoded in CSP modelling language and verification was car-

ried out using the finite-state refinement checker FDR2. All the instances were found

to be correct, which implies that taDOM2+ and taDOM3+ tree-locking protocols have

the repeatable-read property irrespective of the number of transactions and the size and

shape of a database. The largest refinement check involved examining nearly 350 mil-

lion states and 3 billion transitions and took approximately eight gigabytes of memory

and three and a half hours to complete on a relatively fast computation server.
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8 Undecidable Extensions

Finally, we consider several natural extensions to the theory. We will show that allow-

ing the use of valuation formulae that are not existential-free, specifications involving

hiding, richer semantics, and stronger LTS schemata all make the problem undecidable.

In each of the cases, the lack of algorithmic solutions is shown by reducing a famous un-

decidable problem, the halting of a deterministic Turing machine with the empty input,

to a parameterised verification task expressible in the extended formalism. Therefore,

the result is very close to the decidability frontier and hence cannot be significantly

extended in any direction without simultaneously restricting some other aspect.

8.1 Deterministic Turing Machines

Informally, a deterministic Turing machine, a DTM for short, is a finite-state machine

operating on an infinite tape of data (Papadimitriou 1994). The left end of the tape

is fixed and it is marked by a special symbol⊲ that cannot be erased. The symbol

is followed by a finite input string and the rest of the cells are initialised to theblank

symboldenoted by⊔.

Initially, the read-write head of a DTM is scanning the first element in the tape.

Based on the current state and the contents of the cell at the read-write head, the machine

deterministically computes the next state, the symbol to be written in the position of the

read-write head in the tape, and the direction where the read-write head moves. The

machine operates like this until it halts,i.e. reaches one of the special states,halt, yes

or no called respectivelythe halting state,the accepting state, andthe rejecting state.

After a DTM is halted, the output of the computation can be read from the tape by

omitting the first⊲ symbol and the infinite sequence of trailing blank symbols.

Definition 40 (DTM). A deterministic Turing machineis a four-tuple(Q,D,δ, q̂), where

– Q is a finite set ofstatessuch thathalt,yes,no /∈Q,

– D is a finite set oftape symbolssuch that⊔,⊲ ∈ D,

– δ : Q×D 7→ (Q∪{halt,yes,no})×D×{←,→,−} is atransition functionsuch that

wheneverδ(q,⊲) = (q′,d′,m) thend′ =⊲ andm=→, and

– q̂∈Q is the initial state.

DTMs are denoted byM and its variants.
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LetM = (Q,D,δ, ŝ) be a DTM. The setD of tape symbols is called thealphabet

(ofM) and denoted by alph(M), like the alphabet of an LTS. Aconfiguration (ofM)

is a triplet(q,w1,w2), whereq is a state ofM, w1 ∈⊲alph(M)∗, andw2 ∈ alph(M)∗.

It is said that a configuration(q′,w′
1,w

′
2) follows a configuration(q,w1d1,w2), where

d1 ∈ alph(M), if

– δ(q,d1) = (q′,d′
1,−), w′

1 = w1d′
1 andw′

2 = w2,

– δ(q,d1) = (q′,d′
1,←), w′

1 = w1 andw′
2 = d′

1w2,

– δ(q,d1) = (q′,d′
1,→), w′

1 = w1d′
1d2 andw2 = d2w′

2 for somed2 ∈ alph(M), or

– δ(q,d1) = (q′,d′
1,→), w′

1 = w1d′
1⊔ andw2 = w′

2 = ε.

A finite sequence(q1,w1,1,w1,2),(q2,w2,1,w2,2), . . . ,(qk,wk,1,wk,2) of configurations of

M such that(qi+1,wi+1,1,wi+1,2) follows (qi ,wi,1,wi,2) for eachi ∈ {1,2, . . . ,k−1}

is called arun (ofM) (from (q1,w1,1,w1,2)) (to (qk,wk,1,wk,2)). The scopeof a run

(q1,w1,1,w1,2),(q2,w2,1,w2,2), . . . ,(qk,wk,1,wk,2) is max{|wi,1wi,2| | i ∈ {1,2, . . . ,k}},

the maximum number of cells effectively used in the run. Aninput (ofM) is a finite

sequencew∈ (alph(M)\{⊔})∗ of non-blank tape symbols. It is said that a DTMM

halts with the input w, if there is a run ofM from (q̂,⊲,w) to a configuration(q,w1,w2)

such thatq is the halting, accepting or rejecting state.

Problem 41(Halting with Empty Input).

Instance: A DTMM.

Question: DoesM halt with the inputε?

Theorem 42. Halting with Empty Input is undecidable (Papadimitriou 1994).

8.2 Undecidability with Arbitrary Valuation Formulae

First, we consider verification tasks expressible with the aid of arbitrary valuation for-

mulae. The fact that such problems cannot be algorithmically solved is shown by con-

structing a system with a ring topology that simulates a DTM with a circular tape of

an arbitrary length. The system is first modelled from the viewpoint of a cell and its

neighbours and then all such instances are composed in parallel in the form of a ring.

The behaviour of a DTM from the viewpoint of a single cell is captured in elemen-

tary LTS schemaCell. An instance ofCell stores the symbol in the corresponding cell

and communicates with its neighbours solely by passing a token that carries informa-

tion on the state of the DTM. Furthermore, each instance can update its contents and

make progress only when it possesses a token.
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The instances ofCell synchronously initialise themselves such that after the opera-

tion each of them contains either the blank symbol, or the tape head symbol plus a token.

Each step of the DTM is simulated by a single action and whenever the read-write head

moves, the token with DTM state information is passed on to the neighbouring LTS

schema. If an accepting, rejecting or halting state is reached, the instance with the

token may execute a specific halting action and deadlock. To make sure that the read-

write head does not cross the right end of the string, each instance is allowed to receive

the token initially from the left-hand side neighbour and later on from the neighbour

to which the token was last passed. Hence, if the token tries to go round the ring, the

system deadlocks.

To specifyCell formally, we assume that for each stateq∈Q∪{halt,yes,no} there

is a unique atom, which for the sake of simplicity is denoted by the same letter as the

state itself. We also assume a unique atominit denoting the initialisation of the instances

of Cell, and an element 0/∈Q∪{halt,yes,no}representing the lack of a token. The state

space ofCell consists of all tuples(q,d,m), whereq∈ Q∪{halt,yes,no,0} stores the

state of the DTM or denotes the lack of the token,d ∈ D records the contents of the

corresponding cell, andm is one of the symbols←,→,− denoting respectively the

token being on the left, on the right, or owned by the cell. The initial state ofCell is

(0,⊔,−).

We refer to the corresponding cell, and its left- and right-hand side neighbour by

respectively atom variablesc, cl andcr . We use the action schema

– init to denote initialisation,

– (c,halt) to represent halting,

– (c,cl ,q),(c,cr ,q), whereq ∈ Q∪{yes,no,halt}, to denote passing a token with in-

formation on the stateq to respectively the left-hand and right-hand side neighbour,

and

– (cl ,c,q),(cr ,c,q), whereq∈Q∪{yes,no,halt}, to represent the reception of a token

with information on the stateq from respectively the left-hand and right-hand side

neighbour.

The alphabet schema ofCell consists of all the action schemata above, and the transition

schemata ofCell are

– ((0,⊔,−), init,(0,⊔,←)), ((0,⊔,−), init,(q̂,⊲,−)),

– ((q,d,−),τ,(q′,d′,−)), wheneverσ(q,d) = (q′,d′,−),

– ((q,d,−),(c,cl ,q′),(0,d′,←)), wheneverσ(q,d) = (q′,d′,←),
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– ((q,d,−),(c,cr ,q′),(0,d′,→)), wheneverσ(q,d) = (q′,d′,→),

– ((0,d,←),(cl ,c,q),(q,d,−)), for everyq∈Q∪{halt,yes,no}andd ∈ D,

– ((0,d,→),(cr ,c,q),(q,d,−)), for everyq∈Q∪{halt,yes,no}andd ∈ D,

– ((q,d,−),(c,halt),(q,d,→)), for all q∈ {halt,yes,no}andd ∈ D.

Our DTM model can be now expressed as an LTS schema‖(cl ,c,cr )∈Π:T×T×T Cell,

denoted byDTMM, whereT is a type variable denoting the set of cell identifiers and

Π is a relation variable representing all the triplets of the identifiers of successive cells.

Hence, we are interested in valuationsφ with the domain{T,Π} such that

– φ(T) = {a0,a1, . . . ,an−1} for some positive integern,

– φ(Π) = {(a(i−1) modn,ai ,a(i+1) modn) | i ∈ {0,1, . . . ,n−1}}, whenn≥ 2, and

– φ(Π) = ∅, whenn= 1.

The set of all such valuations is denoted byΦDTM.

Wheneverφ is a valuation inΦDTM compatible withDTMM and n = |φ(T)| is

greater than one, then a state of~DTMM�φ can be thought as ann-tuple theith compo-

nent of which denotes a state of~Cell�φi , wherei ∈ {0,1, . . . ,n−1}andφi is a valuation

in φ[(cl ,c,cr)→Π] such thatφi(c) = ai . It is intuitively obvious that~DTMM�φ simu-

lates the DTMM with a tape of length up ton. However, it is a tedious task to prove it

formally.

Lemma 43. Let ρ be a run of a DTMM from the configuration(q̂,⊲,⊔n−1) to a

configuration(q,d0d1 . . .dk,dk+1dk+2 . . .dn−1), whereq̂ is the initial state ofM and

n≥ 2 is an integer greater than or equal to the scope ofρ. Then there is a valuation

φ ∈ΦDTM compatible with DTMM such that

((0,d0,→), . . . ,(0,dk−1,→),(q,dk,−),(0,dk+1,←), . . . ,(0,dn−1,←))

is a reachable state of~DTMM�φ.

Proof. We show a slightly strengthened version of the lemma. We claim that ifρ is a

run of a DTMM from the configuration(q̂,⊲,⊔n−1) to a configuration

(q′,d′
0d′

1 . . .d
′
k′ ,d

′
k′+1d′

k′+2 . . .d
′
n−1) , (6)

whereq̂ is the initial state ofM, andn≥ 2 is an integer greater than or equal to the

scope ofρ, thend′
0 = ⊲ and there is a valuationφ ∈ ΦDTM compatible withDTMM

such that

s′ = ((0,d′
0,→), . . . ,(0,d′

k′−1,→),(q′,d′
k′ ,−),(0,d

′
k′+1,←), . . . ,(0,d′

n−1,←))
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is a reachable state of~DTMM�φ. We argue by induction on the length of the runρ.

In the base step the length ofρ is one, which implies that

s′ = ((q̂,⊲,−),(0,⊔,←),(0,⊔,←), . . . ,(0,⊔,←)) .

Clearly,s′ is a state of~DTMM�φ reachable by the path ˆs init s′, where ˆs denotes the

initial state of~DTMM�φ, andφ is a valuation inΦDTM compatible withDTMM such

thatφ mapsT to a set of sizen.

In the induction step,ρ is ρ′(q′,d′
0d′

1 . . .d
′
k′ ,d

′
k′+1d′

k′+2 . . .d
′
n−1), where the length of

ρ′ is at least one. If the last element inρ′ is

(q,d0d1 . . .dk,dk+1dk+2 . . .dn−1) , (7)

then Configuration (6) follows Configuration (7), and by the induction hypothesis,d0 =

⊲ and there is a valuationφ in ΦDTM such that

s= ((0,d0,→), . . . ,(0,dk−1,→),(q,dk,−),(0,dk+1,←), . . . ,(0,dn−1,←))

is a reachable state of~DTMM�φ. To complete the proof, we show that there is an

actionα ∈ alph(~DTMM�φ)∪{τ} such that(s,α,s′) is a transition of~DTMM�φ and

d′
0 =⊲.

There are three possibilities how Configuration (6) can follow Configuration (7).

First, we assume thatδ(q,dk) = (q′,d′
k,−), which implies thatk′ = k andd′

i = di for all

i ∈ {0,1, . . . ,n−1} different fromk. As d0 =⊲, k cannot be zero, which in turn means

that d′
0 = d0 = ⊲. By definition, ~Cell�φk has a transition((q,dk,−),τ,(q′,d′

k,−)),

which implies that

(s,τ,((0,d0,→), . . . ,(0,dk−1,→),(q′,d′
k,−),(0,dk+1,←), . . . ,(0,dn−1,←)))

is a transition of~DTMM�φ. However, this is the same transition as(s,τ,s′), which

means thats′ is a reachable state of~DTMM�φ, and the induction hypothesis holds.

Next, if δ(q,dk) = (q′,d′
k,←), thenk′ = k−1 andd′

i = di for all i ∈ {0,1, . . . ,n−1}

different from k. Becaused0 = ⊲, k cannot be zero, which in turn means thatd′
0 =

d0 =⊲. Moreover, by definition,~Cell�φk and~Cell�φk−1 have respectively transitions

((q,dk,−),α,(0,d′
k,←)) and ((0,dk−1,→),α,(q′,dk−1,−)), whereα = (ak,ak−1,q′).

Becauseα is not in the alphabet of~Cell�φ j wheneverj is an element in{0,1, . . . ,n−1}

different fromk−1 andk, (s,α,s′′) is a transition~DTMM�φ, wheres′′ is the state

((0,d0,→), . . . ,(0,dk−2,→),(q′,dk−1,−),(0,d
′
k,←),(0,dk+1,←), . . . ,(0,dn−1,←)) .
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However,s′′ is the same state ass′, so s′ is a reachable state of~DTMM�φ, and the

induction hypothesis holds.

Finally, it is assumed thatδ(q,dk) = (q′,d′
k,→), which implies thatk′ = k+1 and

d′
i = di for all i ∈ {0,1, . . . ,n−1}different fromk. Now,k cannot ben−1, because oth-

erwise the scope ofρ would be greater thann. Note also that by the definition of a DTM,

d′
0 = d0 =⊲, even ifk= 0. Furthermore, the LTSs~Cell�φk and~Cell�φk+1 have respec-

tively transitions((q,dk,−),α,(0,d′
k,→)) and((0,dk+1,←),α,(q′,dk+1,−)), whereα

is the action(ak,ak+1,q′). Becauseα is not in the alphabet of~Cell�φ j wheneverj

is an element in{0,1, . . . ,n− 1} different from k andk+ 1, (s,α,s′′) is a transition

~DTMM�φ, wheres′′ is now the state

((0,d0,→), . . . ,(0,dk−1,→),(0,d′
k,→),(q′,dk+1,−),(0,dk+2,←), . . . ,(0,dn−1,←)) .

Again,s′′ is the same state ass′, which implies thats′ is a reachable state of~DTMM�φ,

and the induction hypothesis holds.

Hence, by the induction principle, the lemma is correct.

However, it is not sufficient just to be able to simulateM using DTMM, we also

have to show that~DTMM�φ, whereφ ∈ΦDTM, executes halting actions,i.e.actions of

the form(a,halt) wherea is an atom, only ifM halts. For that purpose, we show that

the executions of~DTMM�φ correspond to the runs ofM, too. Proving correspondence

in this direction is somewhat more difficult than the other, because the initialisation

is non-deterministic; any number of instances ofCell can be initially given a token.

Fortunately,~DTMM�φ exhibits a great deal of symmetry, which means that we can

always assume that if some instance initially gets a token, the first instance~Cell�φ0 is

among them.

Lemma 44. LetM be a DTM andφ∈ΦDTM a valuation compatible with DTMM such

that n≥ 2 is an integer equal to|φ(T)|. If a state(s′0,s
′
1, . . . ,s

′
n−1) is reachable from

a state(s0,s1, . . . ,sn−1) in ~DTMM�φ, then the state(s′1,s
′
2, . . . ,s

′
n−1,s

′
0) is reachable

from the state(s1,s2, . . . ,sn−1,s0) in ~DTMM�φ.

Proof. To prove the claim, we show that if((s0,s1, . . . ,sn−1),α,(s′0,s
′
1, . . . ,s

′
n−1)) is

a transition of~DTMM�φ, then there is an actionα′ in alph(~DTMM�φ)∪{τ} such

that ((s1,s2, . . . ,sn−1,s0),α′,(s′1,s
′
2, . . . ,s

′
n−1,s

′
0)) is a transition of~DTMM�φ, which

implies the lemma.

First note that the state space of~Cell�φi is the same for alli ∈ {0,1, . . . ,n− 1}.

Hence, whenever(s0,s1, . . . ,sn−1) is a state of~DTMM�φ, then(s1,s2, . . . ,sn−1,s0) is
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a state of~DTMM�φ, too. Next, if((s0,s1, . . . ,sn−1),α,(s′0,s
′
1, . . . ,s

′
n−1)) is a transition

of ~DTMM�φ, thenα is eitherτ, init,(ai ,halt),(ai ,a(i−1) mod n,q) or (ai ,a(i+1) mod n,q),

wherei ∈ {0,1, . . . ,n−1} andq∈Q∪{yes,no,halt}. Now, if we takeα′ to be respec-

tively eitherτ, init,(a(i−1) modn,halt),(a(i−1) mod n,a(i−2) mod n,q)or (a(i−1) mod n,ai ,q),

it is straightforward to check that then((s1,s2, . . . ,sn−1,s0),α′,(s′1,s
′
2, . . . ,s

′
n−1,s

′
0)) is

a transition of~DTMM�φ, which completes the proof.

Now, to prove the opposite simulation result, it is sufficientto show that an execution

of ~DTMM�φ, whereφ ∈ ΦDTM and the first cell initially gets the token, corresponds

to a run ofM.

Lemma 45. LetM be a DTM,φ ∈ ΦDTM a valuation compatible with DTMM such

that n≥ 2 is an integer equal to|φ(T)|, and

((q0,d0,m0),(q1,d1,m1), . . . ,(qn−1,dn−1,mn−1))

a state reachable from state

((q̂,⊲,−),(0,⊔,←), . . . ,(0,⊔,←),(q̂,d̂l ,m̂l ), . . . ,(q̂,d̂n−1,m̂n−1))

in ~DTMM�φ, where l≤ n is an integer such that̂dl mod n =⊲ andm̂l modn 6=←. Then

there is a unique integer k∈ {0,1, . . . ,l −1} such that qk 6= 0, and there is a run from

the configuration(q̂,⊲,⊔l−1) to the configuration

(qk,d0d1 . . .dk,dk+1dk+2 . . .dl−1) .

The purpose ofl in the lemma is to encode the number of cells that can communicate

with the first one using token passing. Intuitively, it is achieved if we definel to be the

next cell (after the first one) initialised to the tape head symbol. However, if the first

cell is the only one initialised to the tape head symbol, then the definition does not lead

to the desired result. That is why we pickl to be the smallest positive integer, which

is necessarily at mostn, such that the cell at the placel modn is initialised to the tape

head symbol.

Proof. We show a strengthened version of the lemma. We claim that ifM is a DTM,

φ ∈ ΦDTM a valuation compatible withDTMM such thatn≥ 2 is an integer equal to

|φ(T)|, and

s= ((q′0,d
′
0,m

′
0),(q

′
1,d

′
1,m

′
1), . . . ,(q

′
n−1,d

′
n−1,m

′
n−1))
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a state reachable by a pathπ from a state

s0 = ((q̂,⊲,−),(0,⊔,←), . . . ,(0,⊔,←),(q̂, d̂l ,m̂l ), . . . ,(q̂,d̂n−1,m̂n−1))

in ~DTMM�φ, wherel ≤ n is an integer such that̂dl mod n =⊲ andm̂l mod n 6=←, then

d′
0 = d′

l mod n =⊲, m′
0,m

′
l modn 6=←, there is a unique integerk′ ∈ {0,1, . . . ,l −1} such

thatq′k′ 6= 0, and there is a run from the configuration(q̂,⊲,⊔l−1) to the configuration

(q′k′ ,d
′
0d′

1 . . .d
′
k′ ,d

′
k′+1d′

k′+2 . . .d
′
l−1) .

We argue by induction on the length of the pathπ.

In the base step,π is s0, and clearly the claim holds. As the induction step,π is

π′αs′ for some pathπ′ and actionα ∈ alph(~DTMM�φ)∪{τ}. If

s= ((q0,d0,m0),(q1,d1,m1), . . . ,(qn−1,dn−1,mn−1))

is the last state inπ′, then(s,α,s′) is a transition of~DTMM�φ, ands is reachable from

s0 by pathπ′ the length of which is strictly smaller than the length ofπ. By the induction

hypothesis, it means thatd0 =⊲, m0 6=←, dl mod n =⊲, ml mod n 6=←, there is a unique

integerk∈ {0,1, . . . ,l −1} such thatqk 6= 0, and there is a run from the configuration

(q̂,⊲,⊔l−1) to the configuration

(qk,d0d1 . . .dk,dk+1dk+2 . . .dl−1) . (8)

To complete the proof, we have to show thatd′
0 =⊲, m′

0 6=←, d′
l modn =⊲, m′

l mod n 6=

←, there is a unique integerk′ ∈ {0,1, . . . ,l −1} such thatq′k′ 6= 0, and

(q′k′ ,d
′
0d′

1 . . .d
′
k′ ,d

′
k′+1d′

k′+2 . . .d
′
l−1) (9)

is a configuration that follows Configuration (8) or that Configurations (8) and (9) are

the same. Note thatα cannot beinit, so there are four cases to consider.

First, let us suppose thatα is (ai ,halt) for somei ∈ {0,1, . . . ,n−1}. Becauseα ∈
alph(~Cell�φi ) andα /∈ alph(~Cell�φ j ) for all j ∈ {0,1, . . . ,n−1} different fromi, then

((qi ,di ,mi),(ai ,halt),(q′i ,d
′
i ,m

′
i )) must be a transition of~Cell�φi , andq′j = q j , d′

j = d j ,

m′
j = mj for all j ∈ {0,1, . . . ,n−1} different fromi. However, by the definition ofCell,

then alsoq′i andd′
i must be equal to respectivelyqi anddi , andm′

i =→. Therefore,

d′
0 = d′

l modn = ⊲, m′
0,m

′
l modn 6=← and if we choosek′ to bek, thenk′ is the unique

integer in{0,1, . . . ,l−1} such thatq′k′ 6= 0 and Configurations (8) and (9) are the same.

Hence, the induction hypothesis holds.
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If α is τ, then there isi ∈ {0,1, . . . ,n− 1} such that((qi ,di ,mi),τ,(q′i ,d′
i ,m

′
i)) is

a transition of~Cell�φi andq′j = q j , d′
j = d j , m′

j = mj for every j ∈ {0,1, . . . ,n− 1}

different fromi. By the definition ofCell, it implies thatqi ∈Q, q′i ∈Q∪{yes,no,halt},

m′
i = mi = − andδ(qi ,di) = (q′i ,d

′
i ,−). Becauseq0 = ql mod n = ⊲, i cannot be 0 or

l modn. Therefore,d′
0 = d0 =⊲, m′

0 = m0 6=←, d′
l modn = dl mod n =⊲ andm′

l mod n =

ml mod n 6=←. If l ≤ i < n, then we choosek′ to bek, which means thatk′ is the unique

integer in{0,1, . . . ,l−1} such thatq′k′ 6= 0 and Configurations (8) and (9) are the same,

hence, the induction hypothesis clearly holds. On the other hand, if 0≤ i < l , theni must

be equal tok, becauseqi ∈Q and there is at most one such element in{0,1, . . . ,l −1}.

Furthermore, asq′i ∈ Q∪ {yes,no,halt}, by choosingk′ to bek makes it the unique

element in{0,1, . . . ,l −1} such thatq′k′ 6= 0. It also means that

(q′k′ ,d0d1 . . .dk′−1d′
k′ ,dk′+1dk′+2 . . .dl−1)

is a configuration that follows Configuration (8). However, this the same configuration

as Configuration (9), which means that the induction hypothesis holds.

If α is (ai ,a(i−1) modn,q) for somei ∈ {0,1, . . . ,n−1} andq∈ Q∪{yes,no,halt},

then

((qi ,di ,mi),α,(q′i ,d
′
i ,m

′
i))

and

((q(i−1) mod n,d(i−1) modn,m(i−1) mod n),α,(q′(i−1) modn,d
′
(i−1) modn,m

′
(i−1) modn))

are transitions of respectively~Cell�φi and~Cell�φ(i−1) mod n
. Because(ai ,a(i−1) mod n,q)

is in the alphabet of~Cell�φ j if and only if j ∈ {i, (i−1) modn}, it implies thatq′j = q j ,

d′
j = d j , andm′

j = mj for every j ∈ {0,1, . . . ,n−1} different from i and(i−1) mod

n. By the definition ofCell, thenmi = m′
(i−1) modn = −, m(i−1) mod n =→, m′

i =←,

q′i = q(i−1) modn = 0, δ(qi ,di) = (q,d′
i ,←), qi ∈ Q, q′(i−1) mod n = q, andd(i−1) modn =

d′
(i−1) modn. As d0 = dl modn = ⊲, i cannot be 0 orl modn. Hence,d′

0 = d′
l modn = ⊲

andm′
0,m

′
l modn 6=←. If l < i < n, then we choosek′ to bek, which means thatk′ is

the unique integer in{0,1, . . . ,l −1} such thatq′k′ 6= 0 and Configurations (8) and (9)

are the same, hence, the induction hypothesis holds. On the other hand, if 0< i < l , we

reason like above to see that theni must be equal tok and by choosingk′ to be i−1

makes it the unique element in{0,1, . . . ,l −1} such thatq′k′ 6= 0. Moreover, the choice

implies that

(q′i−1,d0d1 . . .di−1,d
′
i di+1di+2 . . .dl−1)

133



is a configuration that follows Configuration (8). However, the configuration above is

the same as Configuration (9), which means that the induction hypothesis holds.

Finally, we assume thatα is (ai ,a(i+1) mod n,q) for somei ∈ {0,1, . . . ,n− 1} and

q∈Q∪{yes,no,halt}, which means that

((qi ,di ,mi),α,(q′i ,d
′
i ,m

′
i ))

and

((q(i+1) modn,d(i+1) mod n,m(i+1) modn),α,(q′(i+1) modn,d
′
(i+1) modn,m

′
(i+1) mod n))

are transitions of respectively~Cell�φi and~Cell�φ(i+1) mod n
. Because(ai ,a(i+1) modn,q)

is in the alphabet of~Cell�φ j if and only if j ∈ {i, (i+1) modn}, thenq′j = q j , d′
j = d j ,

and m′
j = mj for every j ∈ {0,1, . . . ,n− 1} different from i and (i + 1) modn. By

the definition ofCell, it means thatmi = m′
(i+1) mod n = −, m(i+1) modn =←, m′

i =→,

q′i = q(i+1) modn = 0, δ(qi ,di) = (q,d′
i ,→), qi ∈ Q, q= q′(i+1) mod n, andd(i+1) modn =

d′
(i+1) modn. By the definition of a DTM,d′

0 = d′
l modn =⊲ even ifi ∈ {0,l modn}, and

clearly m′
0,m

′
l modn 6=←, too. Moreover, asm(i+1) modn =←, it implies thati cannot

be l −1 orn−1. Now, we reason like earlier to see that the induction hypothesis holds.

The case whenl ≤ i < n−1 is clear. If 0≤ i < l −1 theni must be equal tok and the

choicek′ = i +1 makesk′ the only element in{0,1, . . . ,l −1} such thatq′k′ 6= 0 and

(q′i+1,d0d1 . . .di−1d′
i di+1,di+2di+3 . . .dl−1)

a configuration that follows Configuration (8). However, the configuration above is the

same as Configuration (9), which means that the induction hypothesis holds in this case

as well.

Hence, by the induction principle, the lemma holds.

The lemmas above imply that a DTMM and the LTS schemaDTMM can simulate

each other in the sense thatM halts if and only if there is a valuationφ ∈ ΦDTM com-

patible withDTMM such that~DTMM�φ executes a halting action. Hence, the halting

problem can be converted to a parameterised verification task. However, to prove the de-

sired undecidability result, we still have to show that such a parameterised verification

task can be expressed as an instanceQ, P, va(c)of Parameterised Traces Refinement,

whereQ does not have a hiding LTS subschema, andc is a valuation formula.
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Certainly, the main effort in this task is to encode the setΦDTM of valuations as a

valuation formula.1 In order to do it, we first define an existential-free valuation formula

clin = ∀x1,x2,x3,x4,x5,x
′
1,x

′
2,x

′
3 ∈ T : ((x1,x2,x3) ∈Π→ (x1 6= x2∧x2 6= x3))∧

(((x1,x2,x3) ∈Π∧ (x1,x
′
2,x

′
3) ∈Π)→ (x2 = x′2∧x3 = x′3))∧

(((x1,x2,x3) ∈Π∧ (x2,x
′
3,x4) ∈Π)→ x3 = x′3)∧

(((x1,x2,x3) ∈Π∧ (x′1,x2,x
′
3) ∈Π)→ (x1 = x′1∧x3 = x′3))∧

(((x1,x2,x3) ∈Π∧ (x′1,x
′
2,x3) ∈Π)→ (x1 = x′1∧x2 = x′2))∧

(((x1,x2,x3) ∈Π∧ (x′2,x3,x4) ∈Π)→ x2 = x′2)∧

(((x1,x2,x3) ∈Π∧ (x3,x4,x5) ∈Π)→ ((x2,x3,x4) ∈Π)) ,

which says that a cell cannot be succeeded by itself, each cell has unique successors,

neighbours, and predecessors, and if two cellsx2 andx4 have a common neighbourx3,

thenx2 andx4 are the neighbours ofx3. Hence, va(clin) denotes a set of valuations each

of which represents a set of rings and open chains of cells.

Intuitively, each valuation in va(clin) can be partitioned into a finite non-empty set

of rings and open chains of cells. To specify this fact more formally, recall that rings are

represented by valuations inΦDTM. Respectively, open chains of cells are represented

by valuationsφ with the domain{T,Π} such that

– φ(T) = {a0,a1, . . . ,an−1} for some positive integern, and

– φ(Π) = {(a(i−1) modn,ai ,a(i+1) modn) | i ∈ {1,2, . . . ,n−2}}.

We writeΦlin for the set of all such valuations that encode the open chains of cells. Now,

the valuations in va(clin) can be defined with the aid of those inΦDTM∪Φlin as follows.

Lemma 46.

1. Every valuation inΦDTM∪Φlin is also a valuation inva(clin).

2. For every valuationφ ∈ va(clin) there are valuationsφ1,φ2, . . . ,φn ∈ ΦDTM ∪Φlin ,

where n∈ Z+, such that{φi(T)}ni=1 is a partition ofφ(T) and
⋃n

i=1 φi(Π) = φ(Π).

The claims follow straightforwardly from definitions.

To simulate a DTM, we need to exclude the open chains of instances ofCell, be-

cause such structures can execute halting actions any time. That is why we impose an

1The fact that it is actually possible was pointed out by Antti Valmari.
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additional requirement that each cell should have at least one successor, which can be

expressed as a valuation formula

crng = clin ∧∀x1 ∈ T : ∃x2,x3 ∈ T : (x1,x2,x3) ∈Π .

Now, the set va(crng) consists of valuations each of which represents a set of rings.

Hence,ΦDTM is included in the set va(crng) and every valuation in va(crng) can be

divided into finitely many valuations inΦDTM.

Lemma 47.

1. Every valuation inΦDTM is also a valuation inva(crng).

2. For every valuationφ ∈ va(crng) there are valuationsφ1,φ2, . . . ,φn ∈ ΦDTM, where

n∈ Z+, such that{φi(T)}ni=1 is a partition ofφ(T) and
⋃n

i=1 φi(Π) = φ(Π).

The claims follow straightforwardly from definitions and Lemma 46.

Another complication is to come up with a specification which can detect halting

and only halting. For that purpose, we introduce a single state elementary LTS schema

NoHlt with the alphabet schema{(c,halt)} and no transition schema. Now, the in-

stances of the LTS schema‖(cl ,c,cr )∈Π:T×T×T NoHlt have all the halting actions in their

alphabet but cannot execute a single action. Hence, if the initialisation and token actions

represented by a set schema

Tok:=
⋃

(c1,c2)∈T×T

{init,(c1,c2,q) | q∈Q∪{yes,no,halt}}

are hidden inDTMM, we can take‖(cl ,c,cr )∈Π:T×T×T NoHlt as a specification, because

halting can then be detected as an incorrect behaviour.

Theorem 48. A DTMM halts with the empty input if and only if the answer to the

instance

‖
(cl ,c,cr )∈Π:T×T×T

NoHlt,DTMM \Tok,va(crng)

of Parameterised Traces Refinement is negative.

Proof. First, suppose thatM halts with the empty input. Then, there is a runρ ofM

from the configuration(q̂,⊲,⊔n−1) to a configuration(q,d0d1 . . .dk,dk+1dk+2 . . .dn−1),

whereq̂ is the initial state ofM, andq∈ {halt,yes,no}. We may assume thatn is an

integer greater than one and greater than the scope ofρ. Then, by Lemma 43, there is a

valuationφ ∈ΦDTM compatible withDTMM such that a state

s := ((0,d0,→), . . . ,(0,dk−1,→),(q,dk,−),(0,dk+1,←), . . . ,(0,dn−1,←))
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is reachable in~DTMM�φ by some executionπ. It means that there is a states′ such

thatπ (ak,halt) s′ is an execution of~DTMM�φ, and therefore~DTMM \Tok�φ has a

non-empty trace of halting actions.

On the other hand,φ is also compatible with‖(cl ,c,cr )∈Π:T×T×T NoHlt, and the only

trace of~‖(cl ,c,cr )∈Π:T×T×T NoHlt�φ is the empty sequence. Because by Lemma 47,φ
is also in va(crng), it implies that the answer to the instance

‖
(cl ,c,cr )∈Π:T×T×T

NoHlt,DTMM \Tok,va(crng)

of Parameterised Traces Refinement is negative.

Next, let us suppose that the answer to the instance of Parameterised Traces Re-

finement above is negative. Because, for every compatible valuationφ ∈ va(crng), the

alphabets of~‖(cl ,c,cr )∈Π:T×T×T NoHlt�φ and~DTMM \Tok�φ match, and the former

LTS has the empty trace only, there must be a compatible valuationφ ∈ va(crng) and

a∈ φ(T) such that(a,halt) is a trace of~DTMM \Tok�φ. Therefore,~DTMM�φ has a

trace containing the action(a,halt).

By Lemma 47, we may splitφ into finitely many subvaluations inΦDTM. Let Θ
be the set of all such subvaluations. Clearly,P(DTMM,φ,Θ), which by Lemma 27

implies that~DTMM�φ =tr ‖θ∈Θ~DTMM�θ. By Lemma 3, it means that there isθ ∈Θ
such that~DTMM�θ has a tracet containing the action(a,halt). Hence, there is an

executionπ (a,halt) (s′0,s
′
1, . . . ,s

′
n−1) of ~DTMM�θ, wheren is the size ofθ(T) and

s′j := (q′j ,d
′
j ,m

′
j) is a state of~Cell�θ j for every j ∈ {0,1, . . . ,n−1}. By the definition

of Cell, it implies that there isi ∈ {1,2, . . . ,n} such thatq′i is eitheryes, noor halt.

Let us then consider the transitions of the form((ŝ, ŝ, . . . , ŝ),α,(s0,s1, . . . ,sn−1)),

whereŝ is the initial state ofCell. Now, α must beinit, andsj has to be(0,⊔,←) or

(q̂,⊲,−) for eachj ∈ {0,1, . . . ,n−1}. If sj = (0,⊔,←) for all j ∈ {0,1, . . . ,n−1}, then

~DTMM�θ deadlocks after executing the transition. Hence, the state(s′0,s
′
1, . . . ,s

′
n−1)

must be reachable from a state(s0,s1, . . . ,sn−1) such thatsj = (q̂,⊲,−) for some j ∈

{0,1, . . . ,n−1}.

By above, we know that a state((q0,d0,m0),(q1,d1,m1), . . .(qn−1,dn−1,mn−1)) of

~DTMM�θ, whereqk ∈ {yes,no,halt} for somek∈ {0,1, . . . ,n−1}, is reachable from

a state(s0,s1, . . . ,sn−1), wheresj ∈ {(0,⊔,←),(q̂,⊲,−)} for all j ∈ {0,1, . . . ,n−1},

andsi = (q̂,⊲,−) for somei ∈ {0,1, . . . ,n−1}. If i 6= k we may assume thati andk are

chosen in a way such thatsi+1 modn = si+2 modn = . . .= sk = (0,⊔,←). By Lemma 44,

we may rotate the components of the states which allows us to assume thati = 0. Now,

we pickl to be the smallest positive integer such thatsl modn = (q̂,⊲,−). Note that such
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l exists and it is necessarily at mostn. By Lemma 45, it means that there is a unique

k′ ∈ {0,1, . . . ,l −1} such thatqk′ 6= 0, and a run from the configuration(q̂,⊲,⊔l−1) to

the configuration(qk′ ,d0d1 . . .dk′ ,dk′+1dk′+2 . . .dl−1). Becauseqk 6= 0 andk is smaller

thanl , it implies thatk= k′. In other words,M halts with the empty input.

The result leads immediately to the undecidability of Parameterised Traces Refine-

ment in the case of the specifications without hiding and the sets of valuations expressed

as a valuation formula.

Corollary 49. LetQ andP be finite and closed LTS schemata such thatQ has no hiding

LTS subschema, and c a valuation formula. The question whether~Q�φ �tr ~P�φ for

all compatible valuationsφ ∈ va(c) is undecidable.

Hence, the cut-off result and the reduction algorithm cannot be extended to arbitrary

valuation formulae without imposing additional restrictions on specification or system

LTS schemata.

8.3 Undecidability with Specifications Involving Hiding

Next, we will show that keeping a valuation formula existential-free but allowing the

use of hiding in a specification makes the problem undecidable, too. Obviously, the

valuation formulacrng cannot be used because it is not existential-free. On the other

hand, the existential-free valuation formulaclin allows the open chains of cells along

with the rings, which results in false halting alerts, because for example an open chain

of a single cell can always execute halting actions (if it has any). In general, the problem

is that there is less synchronisation between the cells in a chain than those in a ring.

However, the fact that chains of cells may have more behaviours than rings, can be

made use of on the specification side, which enables us to create a specification which

allows only the cells in chains to execute halting actions.

To create such a specification, note that one can test if the cells are in a chain by

checking whether each of them can execute a certain action before its successor. This

notion leads to a specification(‖(cl ,c,cr )∈Π:T×T×T NHRng) \ Lin, whereNHRngis an

elementary LTS schema in Figure 23 andLin is a set schema
⋃

c∈T{(c,linear)}. It is

not difficult to see that the instances ofNHRngrelated to rings deadlock immediately,

whereas the instances related to open chains of cells can agree on the execution of all the

actions. It implies that the halting problem can be stated as an instance of Parameterised
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Traces Refinement, where the set of valuations is expressed with the aid of an existential-

free valuation formula.

(cl , linear) (c,linear) (cr , linear)
(c,halt)

Fig 23. LTS schema NHRng.

Theorem 50. A DTMM halts with the empty input if and only if the answer to the

instance

( ‖
(cl ,c,cr )∈Π:T×T×T

NHRng)\Lin,DTMM \Tok,va(clin)

of Parameterised Traces Refinement is negative.

Proof. The proof that the halting ofM with the empty input implies the negative an-

swer to the instance

( ‖
(cl ,c,cr )∈Π:T×T×T

NHRng)\Lin,DTMM \Tok,va(clin)

of Parameterised Traces Refinement is similar to the corresponding case of Theorem

48.

Also the opposite proof is analogous despite a few details. First, note that for every

compatible valuationψ ∈ va(clin),

alph(~( ‖
(cl ,c,cr )∈Π:T×T×T

NHRng)\Lin�ψ) = alph(~DTMM \Tok�ψ) .

Hence, if the answer to the instance of Parameterised Traces Refinement above is nega-

tive, then there is a compatible valuationφ∈ va(clin), an atoma∈ φ(T), and a sequence

t ∈ {(b,halt) | b ∈ φ(T)}∗ such thatt(a,halt) is a minimal trace of~DTMM \Tok�φ
which is not a trace of~(‖(cl ,c,cr )∈Π:T×T×T NHRng)\Lin�φ, too. By Lemma 3, then the

LTS ~DTMM�φ has a trace containing the action(a,halt). Moreover, by Lemma 46,

we may splitφ into a finitely many subvaluations inΦDTM andΦlin . Let Θ be the set of

all such subvaluations. Obviously,P(DTMM,φ,Θ), which by Lemma 27 implies that

~DTMM�φ =tr ‖θ∈Θ~DTMM�θ. By Lemma 3, it means that there isθ ∈ Θ such that

~DTMM�θ has a trace containing the action(a,halt). Next, we show thatθ is in ΦDTM,

in which case the rest of the proof proceeds as in the case of Theorem 48.

By Lemma 3, there is a tracet′ of ~‖(cl ,c,cr )∈Π:T×T×T NHRng�φ such thatt is ob-

tained fromt′ by removing all actions(b,linear), whereb ∈ φ(T). Like above, it is
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obvious thatP(‖(cl ,c,cr )∈Π:T×T×T NHRng,φ,Θ), which, by Lemma 27, implies that

~ ‖
(cl ,c,cr )∈Π:T×T×T

NHRng�φ =tr ‖
θ∈Θ
~ ‖
(cl ,c,cr )∈Π:T×T×T

NHRng�θ .

By Lemma 3, for everyθ′ ∈ Θ, there is a tracetθ′ of ~‖(cl ,c,cr )∈Π:T×T×T NHRng�θ′

such thattθ′ is obtained fromt′ by removing all the actions not in the alphabet of

~‖(cl ,c,cr )∈Π:T×T×T NHRng�θ′ . If θ∈Φlin , there ist′θ ∈ {(b,linear) | b∈ θ(T)}∗(a,halt)

such thattθt′θ ∈ tr(~‖(cl ,c,cr )∈Π:T×T×T NHRng�θ). In other words, the tracetθ can be

extended to the tracetθt′θ which is obtained fromt′t′θ by removing all the actions not in

the alphabet of~‖(cl ,c,cr )∈Π:T×T×T NHRng�θ. Moreover, by Lemma 46, the alphabets

of ~‖(cl ,c,cr )∈Π:T×T×T NHRng�θ and~‖(cl ,c,cr )∈Π:T×T×T NHRng�θ′ are disjoint for all

θ′ ∈ Θ \ {θ}, which means that also the tracetθ′ is obtained fromt′t′θ by removing all

the actions not in the alphabet of~‖(cl ,c,cr )∈Π:T×T×T NHRng�θ′ , wheneverθ′ ∈Θ\{θ}.
By Lemma 3, it implies thatt′t′θ is a trace of~‖(cl ,c,cr )∈Π:T×T×T NHRng�φ and therefore

t(a,halt) is a trace of~‖(cl ,c,cr )∈Π:T×T×T NHRng\Lin�φ. However, by the choice oft,

it is not possible, soθ must be a valuation inΦDTM. Now, the rest of the proof proceeds

as in the case of Theorem 48.

The result means that Parameterised Traces Refinement is undecidable when arbi-

trary specification LTS schemata are allowed, even if the sets of valuations are restricted

to those expressible as existential-free valuation formulae.

Corollary 51. LetQ andP be finite and closed LTS schemata, and c an existential-free

valuation formula. The question whether~Q�φ �tr ~P�φ for all compatible valuations

φ ∈ va(c) is undecidable.

Hence, the cut-off result and the reduction algorithm cannot be extended to arbitrary

specification LTS schemata either without imposing additional restrictions on system

LTS schemata or valuation formulae.

8.4 Undecidability for More Expressive Semantics

So far, we have only considered the verification of safety properties. However, one

might be interested in the detection of deadlocks and the analysis of liveness properties

as well (Alpern & Schneider 1985). Nevertheless, as we will show next, the result

cannot be extended in this direction either, because allowing such specifications makes

the problem undecidable.
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The weakest deadlock-preserving congruence in the set of LTSs is the(stable) fail-

ures equivalence(Valmari 1995). LetL be an LTS. A pair(t,Λ), wheret is a trace of

L andΛ⊆ alph(L), is a(stable) failureof L, if there is an executionπ of L to a states

of L such that

– t can be obtained fromπ by removing all the states and the invisible actions, and

– (s,α,s′) is not a transition ofL for any states′ and actionα ∈ Λ∪{τ}.

The set of all the stable failures ofL is denoted by fa(L). We say that an LTSL2 is a

failures refinementof an LTSL1, denoted byL1 �fa L2, if the alphabets ofL1 andL2

are the same and fa(L2)⊆ fa(L1). The LTSsL1 andL2 arefailures equivalent, ifL1 is

a failures refinement ofL2 andL2 is a failures refinement ofL1.

To show that the cut-off result and the reduction algorithm cannot be extended to

failures semantics, we use a similar idea as in the case of specifications involving hiding.

However, now the test for chains has to be done with the aid of failures, because one can-

not use hiding in the specification anymore. That is why we move the actions expressing

linearity to the system model and hide them to introduce loops of the invisible actions to

instances in a chain. We writeCell′ for an elementary LTS schema obtained fromCell

by adding transition schemata(s,(cl , linear),s′),(s′,(c,linear),s′′),(s′′,(cr , linear),s)

for every states, wheres′,s′′ are new states unique tos. Hence, our DTM model is

now an LTS schema‖(cl ,c,cr )∈Π:T×T×T Cell′ denoted byDTM′
M, and the system LTS

schema isDTM′
M \Tok′, whereTok′ is a set schema

Tok′ :=
⋃

(c1,c2)∈T×T

{init,(c1,c2,q),(c1, linear) | q∈Q∪{yes,no,halt}} .

The construction guarantees that an instance ofCell′ can deadlock after executing a

halting action if and only if it is a part of a ring.

Now, to detect halting in a ring, we create a specification that does not allow an

instance ofCell′ to deadlock after executing a halting action. This behaviour is captured

in an elementary LTS schemaNHRng′ in Figure 24. Hence, if we take the LTS schema

‖(cl ,c,cr )∈Π:T×T×T NHRng′ as a specification, then halting in a ring can be detected as a

violation of correctness.

τ (c,halt)
τ

Fig 24. LTS schema NHRng′.

141



Theorem 52. A DTMM halts with the empty input if and only if

~ ‖
(cl ,c,cr )∈Π:T×T×T

NHRng′�φ �fa ~DTM′
M \Tok′�φ

does not hold for some compatible valuationφ ∈ va(clin).

Proof. First, we proceed like in the proof of Theorem 48, to see that whenM halts

with the empty input, then there is a valuationφ ∈ΦDTM compatible withDTMM such

that a state

s := ((0,d0,→), . . . ,(0,dk−1,→),(q,dk,−),(0,dk+1,←), . . . ,(0,dn−1,←)) ,

whereq ∈ {yes,no,halt}, is reachable in~DTMM�φ by some executionπ. We may

pick φ in such a way that it is compatible with~DTM′
M�φ, too. Then, by construction,

the states is reachable byπ in ~DTM′
M�φ as well, which means that the state

s′ := ((0,d0,→), . . . ,(0,dk−1,→),(q,dk,→),(0,dk+1,←), . . . ,(0,dn−1,←))

is reachable by the executionπ (ak,halt) s′ in ~DTM′
M�φ. Now, it is easy to see that

~DTM′
M�φ deadlocks afterπ (ak,halt) s′, which implies that((ak,halt),Λ) is a failure

of ~DTM′
M \Tok′�φ wheneverΛ is a subset of{(b,halt) | b∈ φ(T)}.

On the other hand,φ is also compatible with‖(cl ,c,cr )∈Π:T×T×T NHRng′, but the

LTS ~‖(cl ,c,cr )∈Π:T×T×T NHRng′�φ has only failures(ε,Λ) such thatΛ is a subset of

{(b,halt) | b∈ φ(T)}. Because by Lemma 46,φ is also in va(clin), it implies thatφ is

the compatible valuation in va(clin) such that

~ ‖
(cl ,c,cr )∈Π:T×T×T

NHRng′�ψ �fa ~DTM′
M \Tok′�ψ (10)

does not hold.

Next, let us suppose that there is a compatible valuationφ ∈ va(clin) such that Re-

lation (10) does not hold. Because, for every compatible valuationψ ∈ va(clin), the

alphabets of~‖(cl ,c,cr )∈Π:T×T×T NHRng′�ψ and~DTM′
M \Tok′�ψ match and the for-

mer LTS has all failures(ε,Λ) such thatΛ is a subset of{(b,halt) | b∈ φ(T)}, the LTS

~DTM′
M \Tok′�φ must have a failure(t,∅) such thatt is a trace containing an action

((a,halt),∅) for somea∈ φ(T). It implies that also~DTM′
M�φ has a failure(t′,∅) such

thatt′ is a trace containing the action(a,halt).

By Lemma 46, we may splitφ into a finitely many subvaluations inΦDTM andΦlin .

Let Θ be the set of all such subvaluations. However, in this case, no valuationθ ∈ Θ
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can be inΦlin, because otherwise~DTM′
M�φ could always execute linearity actions,

which would make fa(~DTM′M\Tok′�φ) empty. Hence,Θ is a subset ofΦDTM. Clearly,

P(DTM′
M,φ,Θ), which by Lemma 27 implies that~DTM′

M�φ =tr ‖θ∈Θ~DTM′
M�θ. By

Lemma 3, it means that there isθ ∈ Θ such that~DTM′
M�θ has a tracet′′ containing

the action(a,halt). By construction,t′′ is also a trace of~DTMM�θ, and the rest of the

proof proceeds as in the case of Theorem 48.

The result implies that we can neither extend the cut-off result nor the reduction al-

gorithm to semantics that enables the analysis of deadlocks without imposing additional

restrictions on specification or system LTS schemata, or on valuation formulae used to

express the sets of valuations.

Corollary 53. LetQ andP be finite and closed LTS schemata such thatQ has no hiding

LTS subschema, and c an existential-free valuation formula. The question whether

~Q�φ �fa ~P�φ for all compatibleφ ∈ va(c) is undecidable.

As checking liveness properties necessitates information on failures and livelocks,

extending the algorithm to liveness properties is also impossible, without further re-

strictions on specification or system LTS schemata, or valuation formulae. On the other

hand, if one is only interested in safety properties and livelocks, then the extension

appears to be possible. It looks like all the key results hold for the weakest livelock-

preserving congruence (Puhakka & Valmari 1999), but proving it will be left as a topic

for future research.

8.5 Undecidability for Systems with Parametric Branching

We have shown that one cannot allow hiding in the specification without making the

problem undecidable or restricting the result from some other aspect. However, we do

not know if it is possible to strengthen the system LTS schema. Next, we will consider

the most obvious extensions to our LTS schema formalism and prove that they make

the problem undecidable.

Probably the most serious limitation of our process model is the lack of a structure

that enables expressing systems where the number of paths between certain states is

parameter-dependent but the lengths of the paths are not. Consequently, we refer to

such a construct byparametric branching (with joining).

With the aid of a replicated parallel LTS schema, you cannot generally parameterise

the number of alternative execution paths without parameterising their lengths as well.
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The exceptions are the simplest cycles where the branches immediately return to the

state from which they originated. We have used such a trivial parametric branching

in Section 6.4 to model the conjunctive guards of systems originally considered by

Emerson & Kahlon (2000). Hence, in the simplest kind of parametric branching not

supported by our formalism, branches are joined in the state that immediately follows

branching. This can be achieved by allowing type variables to be used in place of atom

variables in a transition schema.

An action set schemais a non-empty tuple(♯1, ♯2, . . . , ♯k,a1,a2, . . . ,al ), wherek+

l is a positive integer,♯1, ♯2, . . . , ♯k are atom or type variables, anda1,a2, . . . ,al are

atoms. Anextended elementary LTS schemais an elementary LTS schema where action

set schemata are used in place of action schemata, and respectively anextended LTS

schemais an LTS schema where extended elementary LTS schemata are used in place

of elementary LTS schemata. The concepts and notation, like the signature, finiteness

and compatibility, are defined for extended LTS schemata analogously to LTS schemata.

An instance of an extended LTS schemaP generated by a compatible valuation

φ is obtained in an obvious way as follows. IfP is a parallel, replicated parallel or

hiding LTS schema, then~P�φ is defined as in the case of LTS schemata. WhenP

is an extended elementary LTS schema, then~P�φ is defined like in the case of an

elementary LTS schema but an action set schema(♯1, ♯2, . . . , ♯k,a1,a2, . . . ,al ) occurring

in P is interpreted as a set of all actions(b1,b2, . . . ,bk,a1,a2, . . . ,al ) such thatbi =

φ(♯i) for eachi ∈ {1,2, . . . ,k} such that♯i is an atom variable, andbi ∈ φ(♯i) for each

i ∈ {1,2, . . . ,k} such that♯i is a type variable.

To prove that the use of extended elementary LTS schemata in a system model

results in undecidability, we obviously need a different model for a DTM. Now, instead

of a ring system, we model a DTM as a two-stack machine, where one stack is used to

store the contents of the tape on the left of the read-write head, and the other stack stores

the contents of the tape on the right of the read-write head, respectively. The control

part stores the state of the simulated DTM together with the contents of the cell at the

read-write head. The stacks can be modelled as standard LTS schemata, but reading

and writing to them necessitates the use of action set schemata.

To present the parts of the two-stack machine formally, letM be a DTM(Q,D,δ, q̂).
First, we model the left stack from the viewpoint of two different memory locationsc1

andc2. The behaviour is captured in an elementary LTS schemaTapel which allows

data to be pushed into and popped from the locationsc1 andc2 in respectively this and

the opposite order.
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Formally, the states ofTapel are pairs(d1,d2) ∈ (D∪{−})× (D∪{−}), whered1

andd2 represent the contents of respectivelyc1 andc2. The symbol− denotes an unused

memory location and it is assumed to be different from the tape symbols. Therefore,

the initial state ofTapel is obviously(−,−).

The alphabet schema ofTapel is the set of all action schemata(ci , lft,psh,d) and

(ci , lft,pop,d), wherei ∈ {1,2}, denoting respectively pushingd into and poppingd

from a location represented byci . Finally, the transition schemata ofTapel are

– ((−,−),(c1, lft,psh,d),(d,−)) for everyd ∈ D,

– ((d,−),(c1, lft,pop,d),(−,−)) for everyd ∈ D,

– ((d1,−),(c2, lft,psh,d2),(d1,d2)) for all d1,d2 ∈ D,

– ((d1,d2),(c2, lft,pop,d2),(d1,−)) for all d1,d2 ∈ D.

To create the model of the left stack, we pick a type variableT representing the

set of stack locations, and relation variableΞ which denotes an irreflexive, asymmetric,

and transitive relation over stack locations. Now, the model of the left stack can be

obtained as the LTS schema‖(c1,c2)∈Ξ:T×T Tapel , which allows data to be pushed into

stack locations in the order specified byΞ and popped from in the opposite order. Note

that our model of the left stack not only includes instances ofTapel wherec1 andc2

represent adjacent locations but all instances ofTapel such thatc1 represents a location

lower in the stack array thanc2. It does not affect the behaviour of the model but allows

its topology to be expressed without the use of existential quantification.

The right stack is created in a similar way. However, we allow the blank cell sym-

bol to be popped from the stack when it is empty, which corresponds to moving the

read-write head to the right to a cell not visited before. Hence, the right stack can be

modelled as an LTS schema‖(c1,c2)∈Ξ:T×T Taper , whereTaper is an elementary LTS

schema obtained fromTapel by substitutingrgh for every occurrence oflft, and adding

a transition schema((−,−),(c1, rgh,pop,⊔),(−,−)).

Note that our stack models accept the push actions related only to the first unused

location and pop actions related only to the last non-empty location. Hence, to be able

to push data into and pop it from a stack we should be able to pick respectively the

first unused and the last non-empty locations, which necessitates the use of action set

schemata.

The control part ofM is naturally modelled as an extended elementary LTS schema,

which we denote byCtrlM. As CtrlM stores the state ofM and the symbol at the posi-

tion of the read-write head, an execution step ofM, during which the read-write head
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is not moved, can be modelled as an internal transition between the states ofCtrlM.

However, modelling other execution steps ofM requires communication between both

the stacks, which means that two transition schemata are needed to represent them.

First, the symbol at the position of the read-write head has to be pushed into one stack,

and then the read-write head is moved by popping a symbol from the other stack. Ad-

ditionally, we allowCtrlM to execute the actionhalt, denoting halting, whenever an

accepting, rejecting, or a halting state is reached.

Formally, the states ofCtrlM are pairs(q,d)∈ (Q∪{halt,yes,no})×(D∪{←,→}),

whereq is the state of the simulated DTM, andd denotes the symbol at the position of

the read-write head either explicitly or implicitly by pointing to the topmost element of

either of the stacks. The initial state ofCtrlM is obviously(q̂,⊲). The alphabet schema

is the smallest set of action set schemata such that the transition schemata ofCtrlM are

– ((q,d),τ,(q′,d′)) wheneverδ(q,d) = (q′,d′,−),

– ((q,d),(T, rgh,psh,d′),(q′,←)) wheneverδ(q,d) = (q′,d′,←),

– ((q,←),(T, lft,pop,d),(q,d)) for everyq∈Q∪{halt,yes,no}and everyd ∈ D,

– ((q,d),(T, lft,psh,d′),(q′,→)) wheneverδ(q,d) = (q′,d′,→),

– ((q,→),(T, rgh,pop,d),(q,d)) for everyq∈Q∪{halt,yes,no}and everyd ∈ D,

– ((q,d),halt,(q,d)) for everyq∈ {halt,yes,no}and everyd ∈ D.

The model of the whole DTMM can be now obtained by composing all its parts in

parallel, which results in an extended LTS schema

DTM′′
M := ‖

(c1,c2)∈Ξ:T×T
(Tapel ‖ CtrlM ‖ Taper) .

The instances we are interested in are generated by valuationsφ with the domain{T,Ξ}
such that

– φ(T) = {a1,a2, . . . ,an} for some positive integern, and

– φ(Ξ) is a proper total order{(ai1,ai2) | 1≤ i1 < i2≤ n} overφ(T).

The set of all such valuations is denoted byΦ′
DTM.

It is rather easy to see that every run ofM can be simulated by an execution of

the instance ofDTM′′
M generated by some compatible valuation inΦ′

DTM, and vice

versa. Wheneverφ ∈ Φ′
DTM is compatible withDTM′′

M and i1, i2 are positive integers

such that 1≤ i1 < i2 ≤ |φ(T)|, we write~Tapel�φi1,i2
and~Taper�φi1,i2

for respectively

LTSs~Tapel�φ′ and~Taper�φ′ such thatφ′ ∈ φ[(c1,c2)→ Ξ] andφ′(ci) = ai i for both

146



i ∈ {1,2}. With this notation, the concept of the mutual simulation can be now captured

formally as follows.

Lemma 54. Let ρ be a run of a DTMM from the configuration(q̂,⊲,ε) to a configu-

ration (q,dk−1dk−2 . . .d0d,dn−1dn−2 . . .dk+1), whereq̂ is the initial state ofM, n is the

scope ofρ, and k is a non-negative integer less than n. Wheneverφ ∈Φ′
DTM is a valua-

tion compatible with DTM′′M such thatmax{2,n} ≤ |φ(T)|, there is a state s reachable

in ~DTM′′
M�φ such that the component of s corresponding to

– the state of~CtrlM�φ is (q,d),

– the state of~Taper�φi1,i2
is (dk+i1,dk+i2) for all 1≤ i1 < i2≤ |φ(T)|, and

– the state of~Tapel�φi1,i2
is (dk−i1,dk−i2) for all 1≤ i1 < i2≤ |φ(T)|,

where di =− whenever i< 0 and i≥ n.

Proof. We argue by induction on the length ofρ using the lemma as an induction hy-

pothesis strengthened by the claim that the first symbol in the tape is always⊲.

In the base step,ρ = (q̂,⊲,ε), which implies thatn= 1, k = 0, q= q̂, andd = ⊲.

Hence, the first symbol in the tape is⊲. Moreover, wheneverφ ∈ Φ′
DTM is a valuation

compatible withDTM′′
M such that the size ofφ(T) is at least two, the initial state of

~DTM′′
M�φ, which is clearly reachable, satisfies the conditions concerning the states of

the component LTSs. Hence, the base step is clear.

In the induction step,ρ = ρ′(q,dk−1dk−2 . . .d0d,dn−1dn−2 . . .dk+1), whereρ′ is a

run ofM. Moreover, we may assume that the last configuration inρ′ is

(q′,d′
k′−1d′

k′−2 . . .d
′
0d′,d′

n′−1d′
n′−2 . . .d

′
k′+1) .

By the induction hypothesis, the first symbol in the tape after the runρ is⊲, and when-

everφ ∈ Φ′
DTM is a compatible valuation such that max{2,n} ≤ |φ(T)|, then there is a

states′′ reachable in~DTM′′
M�φ such that the component ofs′′ corresponding to

– the state of~CtrlM�φ is (q′,d′),

– the state of~Taper�φi1,i2
is (d′

k′+i1
,d′

k′+i2
) for all 1≤ i1 < i2≤ |φ(T)|, and

– the state of~Tapel�φi1,i2
is (d′

k′−i1
,d′

k′−i2
) for all 1≤ i1 < i2≤ |φ(T)|,

whered′
i =− wheneveri < 0 andi ≥ n′. Now, there are four cases to consider.

First of all, if σ(q′,d′) = (q,d,−), then n′ = n, k′ = k, and d′
i = di for every

i ∈ {1,2, . . . ,k′ − 1,k′ + 1,k′ + 2, . . . ,n′ − 1}. By definition, k′ cannot be zero, and

~CtrlM�φ has a transition((q′,d′),τ,(q,d)). It means that the first symbol in the tape
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is still ⊲, and there is a states reachable in~DTM′′
M�φ such that the component ofs

corresponding to the state of~CtrlM�φ is (q,d), but otherwises is like s′′. By above, it

implies thatssatisfies the conditions concerning the states of the component LTSs, and

the induction hypothesis holds.

Secondly, ifσ(q′,d′) = (q,dn−1,←), then n′ = n, k′ = k+ 1, d′
k′−i = dk−i for

every i ∈ {1,2, . . . ,k}, d′
0 = d, and d′

k′+i = dk+i for every i ∈ {1,2, . . . ,n− k′ − 1}.

Moreover,k′ cannot be zero, which means that the first symbol in the tape is still⊲.

Furthermore,~CtrlM�φ has a transition((q′,d′),(ai , rgh,psh,dn−1),(q,←)) for every

i ∈ {1,2, . . . ,|φ(T)|}, but only(an−k′ , rgh,psh,dn−1) is enabled at the states′′. It means

that there is a states′ reachable in~DTM′′
M�φ such that the component ofs′ correspond-

ing to

– the state of~CtrlM�φ is (q,←),

– the state of~Taper�φi1,i2
is (dk+i1,dk+i2) for all 1≤ i1 < i2≤ |φ(T)|,

wheredi = − wheneveri ≥ n, and otherwises′ is like s′′. Additionally, ~CtrlM�φ
has a transition((q,←),(a j , lft,pop,d′′),(q,d′′)) for every j ∈ {1,2, . . . ,|φ(T)|} and

d′′ ∈ D, but only(ak′ , lft,pop,d′
0) is enabled at the states′. It means that there is a state

s reachable in~DTM′′
M�φ such that the component ofscorresponding to

– the state of~CtrlM�φ is (q,d),

– the state of~Tapel�φi1,i2
is (dk−i1,dk−i2) for all 1≤ i1 < i2≤ |φ(T)|,

whered′
i = − wheneveri < 0, and otherwises is like s′. By above, it implies thats

satisfies the conditions concerning the states of the component LTSs, and the induction

hypothesis holds.

Thirdly, if σ(q′,d′) = (q,d0,→) andk′+1< n′, thenn′ = n,k′ = k−1,d′
k′−i = dk−i

for all i ∈ {1,2, . . . ,k−1}, d′
n−1 = d, andd′

k′+i = dk+i for all i ∈ {1,2, . . . ,n− k−1}.

Note that the first symbol in the tape is preserved even ifk′ = 0. Moreover,~CtrlM�φ
has a transition((q′,d′),(ai , lft,psh,d0),(q,→)) for everyi ∈{1,2, . . . ,|φ(T)|}, but only

(ak′+1, lft,psh,d0) is enabled at the states′′. It means that there is a states′ reachable in

~DTM′′
M�φ such that the component ofs′ corresponding to

– the state of~CtrlM�φ is (q,→),

– the state of~Tapel�φi1,i2
is (dk−i1,dk−i2) for all 1≤ i1 < i2≤ |φ(T)|,

wheredi = − wheneveri < 0, and otherwises′ is like s′′. Furthermore,~CtrlM�φ has

also a transition((q,→),(a j , rgh,pop,d′′),(q,d′′)) for every j ∈ {1,2, . . . ,|φ(T)|} and
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d′′ ∈ D, but only(an−k′−1, rgh,pop,d′
n−1) is enabled at the states′. It means that there

is a states reachable in~DTM′′
M�φ such that the component ofs corresponding to

– the state of~CtrlM�φ is (q,d),

– the state of~Taper�φi1,i2
is (dk+i1,dk+i2) for all 1≤ i1 < i2≤ |φ(T)|,

wheredi = − wheneveri ≥ n, and otherwises is like s′. By above, it implies thats

satisfies the conditions concerning the states of the component LTSs, and the induction

hypothesis holds.

The last possibility is thatσ(q′,d′) = (q,d0,→) andk′+1= n′. Thenn = n′+1,

k′ = k− 1, d′
k′−i = dk−i for all i ∈ {1,2, . . . ,k− 1}, andd = ⊔. We proceed like in

the previous case to see that the first symbol in the tape is preserved even ifk′ = 0,

and to find a states′ reachable in~DTM′′
M�φ. Like above,~CtrlM�φ has a transition

((q,→),(a j , rgh,pop,d′′),(q,d′′)) for every j ∈ {1,2, . . . ,|φ(T)|} andd′′ ∈ D, but now

only (a1, rgh,pop,⊔) is enabled at the states′. It means that a states like in the previous

case is reachable in~DTM′′
M�φ. As s satisfies the conditions concerning the states of

the component LTSs, also the induction step is clear. Hence, by the induction principle,

the lemma is correct.

Lemma 55. LetM be a DTM(Q,D,δ, q̂), φ ∈ Φ′
DTM a valuation compatible with

DTM′′
M, n an integer equal to|φ(T)| and greater than one, and s a state reachable

in ~DTM′′
M�φ. Then there are a state q∈ Q, an element d∈ D∪ {←,→}, integers

kl ,kr ∈ {1,2, . . . ,n+1}, and elements dr,1,dr,2, . . . ,dr,kr−1,dl ,1,dl ,2, . . . ,dl ,kl−1 ∈ D and

dr,kr ,dr,kr+1, . . . ,dr,n,dl ,kl
,dl ,kl+1, . . . ,dl ,n ∈ {−} such that the component of s which cor-

responds to

– the state of~CtrlM�φ is (q,d),

– the state of~Taper�φi1,i2
is (dr,i1,dr,i2) for all 1≤ i1 < i2≤ n, and

– the state of~Tapel�φi1,i2
is (dl ,i1,dl ,i2) for all 1≤ i1 < i2≤ n.

Moreover, there is a run ofM from the configuration(q̂,⊲,ε) to the configuration

– (q,dl ,1dl ,2 . . .dl ,kl−1d,dr,kr−1dr,kr−2 . . .dr,1) when d∈ D,

– (q,dl ,1dl ,2 . . .dl ,kl−1,dr,kr−1dr,kr−2 . . .dr,1) when d=←, and

– (q,dl ,1dl ,2 . . .dl ,kl−1dr,kr−1,dr,kr−2dr,kr−3 . . .dr,1) when d=→ and kr > 1, and

– (q,dl ,1dl ,2 . . .dl ,kl−1⊔,ε) when d=→ and kr = 1.

Proof. We argue by induction on the length of an executionπ by which the states is

reachable using the lemma as an induction hypothesis strengthened by the claim that

the first symbol in the tape is⊲.
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In the base step,π is the initial state of~DTM′′
M�φ. Choosingq = q̂, d = ⊲ and

kr = kl = 1 satisfies the claim on the states of component LTSs. Obviously, there is

also a run from the configuration(q̂,⊲,ε) to itself and the first symbol in the tape is⊲,

which means that the base step is complete.

In the induction step,π is π′αs, whereπ′ is an execution of~DTM′′
M�φ to a state

s′. By the induction hypothesis, there are a stateq′ ∈ Q, an elementd′ ∈ D∪{←,→},

integersk′l ,k
′
r ∈ {1,2, . . . ,n+1}, elementsd′

r,1,d
′
r,2, . . . ,d

′
r,k′r−1,d

′
l ,1,d

′
l ,2, . . . ,d

′
l ,k′l −1 ∈ D,

andd′
r,k′r

,d′
r,k′r+1, . . . ,d

′
r,n,d

′
l ,k′l

,d′
l ,k′l +1, . . . ,d

′
l ,n ∈ {−} such that the component ofs′ cor-

responding to

– the state of~CtrlM�φ is (q′,d′),

– the state of~Taper�φi1,i2
is (d′

r,i1
,d′

r,i2
) for all 1≤ i1 < i2≤ n, and

– the state of~Tapel�φi1,i2
is (d′

l ,i1
,d′

l ,i2
) for all 1≤ i1 < i2≤ n.

Moreover, there is a run ofM from the configuration(q̂,⊲,ε) to the configuration

– (q′,d′
l ,1d′

l ,2 . . .d
′
l ,k′l −1d′,d′

r,k′r−1d′
r,k′r−2 . . .d

′
r,1) whend′ ∈ D,

– (q′,d′
l ,1d′

l ,2 . . .d
′
l ,k′l −1,d

′
r,k′r−1d′

r,k′r−2 . . .d
′
r,1) whend′ =←, and

– (q′,d′
l ,1d′

l ,2 . . .d
′
l ,k′l −1d′

r,k′r−1,d
′
r,k′r−2d′

r,k′r−3 . . .d
′
r,1) whend′ =→ andk′r > 1, and

– (q′,d′
l ,1d′

l ,2 . . .d
′
l ,k′l −1⊔,ε) whend′ =→ andk′r = 1

such that first symbol in the tape is⊲. Now, there are six cases to consider.

First of all, if α is halt, thens′ is s, and the claim is immediately true.

Secondly, ifα is τ, thenσ(q′,d′) = (q,d,−) for q ∈ Q andd ∈ D such that the

component ofs corresponding to the state of~CtrlM�φ is (q,d). The states must

be otherwise likes′, which implies that by choosingkl = k′l , kr = k′r , anddr,i = d′
r,i and

dl ,i = d′
l ,i for all i ∈ {1,2, . . . ,n} the statessatisfies the claim on the states of component

LTSs. It also means that the configuration(q,dl ,1dl ,2 . . .dl ,kl−1d,dr,kr−1dr,kr−2 . . .dr,1)

follows the configuration(q′,d′
l ,1d′

l ,2 . . .d
′
l ,k′l −1d′,d′

r,k′r−1d′
r,k′r−2 . . .d

′
r,1). Hence, there is

a run from the initial configuration(q̂,⊲,ε) to a configuration accordant with the lemma.

Finally, kl must be greater than one, which implies that the first symbol in the tape is

preserved.

Thirdly, if α is (ai , rgh,psh,d′′), wherei ∈ {1,2, . . . ,n} andd′′ ∈ D, theni must be

k′r and hencek′r must be at mostn. It implies that if we setkr = k′r +1, dr,kr−1 = d′′,

anddr,i = d′
r,i for all i ∈ {1,2, . . . ,n} different from kr − 1, then the component ofs

corresponding to the state of~Taper�φi1,i2
is (dr,i1,dr,i2) for all 1≤ i1 < i2≤ n. Moreover,

d′ must be inD andσ(q′,d′) has to be(q,d′′,←), whereq∈Q such that the component
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of scorresponding to the state of~CtrlM�φ is (q,←). The statesmust be otherwise like

s′, which implies that by choosingkl = k′l anddl ,i = d′
l ,i for all i ∈ {1,2, . . . ,n} the state

s satisfies the claim on the states of component LTSs. Furthermore,kl must be greater

than one, so(q,dl ,1dl ,2 . . .dl ,kl−1,dr,kr−1dr,kr−2 . . .dr,1) is the configuration that follows

the configuration(q′,d′
l ,1d′

l ,2 . . .d
′
l ,k′l −1d′,d′

r,k′r−1d′
r,k′r−2 . . .d

′
r,1). It means that there is a

run from the initial configuration(q̂,⊲,ε) to a configuration accordant with the lemma,

and the first symbol in the tape is preserved.

Next, if α is (ai , lft,pop,d), wherei ∈ {1,2, . . . ,n} andd ∈ D, thend′ must be←, i

must bek′l −1 and hencek′l must be greater than one, andd must bed′
l ,k′l −1. It implies

that if we setkl = k′l −1, dl ,kl
=−, anddl ,i = d′

l ,i for all i ∈ {1,2, . . . ,n} different from

kl , then the component ofscorresponding to

– the state of~CtrlM�φ is (q′,d),

– the state of~Tapel�φi1,i2
is (dl ,i1,dl ,i2) for all 1≤ i1 < i2≤ n, and

otherwises is like s′. Hence, by choosingq = q′, kr = k′r and dr,i = d′
r,i for every

i ∈ {1,2, . . . ,n}, the states satisfies the claim on the states of component LTSs. More-

over, because the configuration(q,dl ,1dl ,2 . . .dl ,kl−1d,dr,kr−1dr,kr−2 . . .dr,1) is the same

as(q′,d′
l ,1d′

l ,2 . . .d
′
l ,k′l −1,d

′
r,k′r−1d′

r,k′r−2 . . .d
′
r,1), there is a run of from the initial configura-

tion to it. Moreover, the configuration is accordant with the lemma and the first symbol

in the tape is still⊲.

As the fifth case, we assume thatα is (ai , lft,psh,d′′), wherei ∈ {1,2, . . . ,n} and

d′′ ∈ D, then i must bek′l and hencek′l must be at mostn. It implies that if we set

kl = k′l + 1, dl ,kl−1 = d′′, anddl ,i = d′
l ,i for all i ∈ {1,2, . . . ,n} different from kl − 1,

then the component ofs corresponding to the state of~Tapel�φi1,i2
is (dl ,i1,dl ,i2) for all

1≤ i1 < i2≤ n. Moreover,σ(q′,d′) must be(q,d′′,→), whereq∈Q such that the com-

ponent ofscorresponding to the state of~CtrlM�φ is (q,→). Obviously,s is otherwise

like s′, which means that by choosingkr = k′r anddr,i = d′
r,i for every i ∈ {1,2, . . . ,n},

the states satisfies the claim on the states of component LTSs. Ifkr is greater than

one, then the configuration(q,dl ,1dl ,2 . . .dl ,kl−1dr,kr−1,dr,kr−2dr,kr−3 . . .dr,1) follows the

configuration(q′,d′
l ,1d′

l ,2 . . .d
′
l ,k′l −1d′,d′

r,k′r−1d′
r,k′r−2 . . .d

′
r,1), which implies that there is

a run from the initial configuration to a configuration accordant with the lemma. On

the other hand, ifkr = 1, then the configuration(q,dl ,1dl ,2 . . .dl ,kl−1⊔,ε) follows the

configuration(q′,d′
l ,1d′

l ,2 . . .d
′
l ,k′l −1d′,d′

r,k′r−1d′
r,k′r−2 . . .d

′
r,1), which also means that there

is a run from the initial configuration to a configuration accordant with the lemma. To
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complete the case, note that in both the cases the first symbol in the tape is preserved

even ifkl = 1.

Finally, if α is (ai , rgh,pop,d), wherei ∈ {1,2, . . . ,n} andd ∈ D, thend′ must be

→, and there are two cases to consider. Ifk′r is greater than one, theni must bek′r −1

andd must bed′
r,k′r−1. It implies that if we setkr = k′r −1, dr,kr = −, anddr,i = d′

r,i for

all i ∈ {1,2, . . . ,n} different fromkr , then the component ofscorresponding to

– the state of~CtrlM�φ is (q′,d),

– the state of~Taper�φi1,i2
is (dr,i1,dr,i2) for all 1≤ i1 < i2≤ n, and

otherwises is like s′. Hence, by choosingq = q′, kl = k′l and dl ,i = d′
l ,i for every

i ∈ {1,2, . . . ,n}, the states satisfies the claim on the states of component LTSs. It also

means that the configuration(q,dl ,1dl ,2 . . .dl ,kl−1d,dr,kr−1dr,kr−2 . . .dr,1) is the same as

(q′,d′
l ,1d′

l ,2 . . .d
′
l ,k′l −1d′

r,k′r−1,d
′
r,k′r−2d′

r,k′r−3 . . .d
′
r,1), which implies that there is a run from

the initial configuration to it. Moreover, the configuration is accordant with the lemma

and the first symbol in the tape is still⊲.

On the other hand, ifk′r = 1, theni = 1 andd = ⊔. It implies that if we setkr = 1

anddr,i =− for all i ∈ {1,2, . . . ,n}, then the component ofscorresponding to

– the state of~CtrlM�φ is (q′,d),

– the state of~Taper�φi1,i2
is (dr,i1,dr,i2) for all 1≤ i1 < i2≤ n, and

otherwises is like s′. Hence, by choosingq = q′, kl = k′l and dl ,i = d′
l ,i for every

i ∈ {1,2, . . . ,n}, the states satisfies the claim on the states of component LTSs. It also

means that the configuration(q,dl ,1dl ,2 . . .dl ,kl−1d,dr,kr−1dr,kr−2 . . .dr,1) is the same as

(q′,d′
l ,1d′

l ,2 . . .d
′
l ,k′l −1⊔,ε), which implies that there is a run from the initial configuration

to it. Moreover, the configuration is accordant with the lemma and the first symbol in

the tape is⊲. Therefore, also the induction step is complete, and by the induction

principle, the lemma is correct.

The simulation lemmas above imply thatM can halt with the empty input if and

only if there is a valuationφ ∈ Φ′
DTM compatible withDTM′′

M such that~DTM′′
M�φ

can execute the halting action. It means that the halting problem can be converted to

a parameterised verification task concerning the systemDTM′′
M and the setΦ′

DTM of

valuations.

To express it in our extended formalism, we need to specify the verification task

using extended LTS schemata and an existential-free valuation formula. As a specifi-

cation, we take an LTS schema‖(c1,c2)∈Ξ:T×T NoHtl′, whereNoHlt′ is a single-state
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elementary LTS schema with the singleton alphabet schema{halt} and no transition

schema. This specification enables halting to be detected as a violation of correctness,

provided the stack size is at least two. Because the actions represented by

IO =
⋃

c∈T

{(c,rgh,push,d),(c,rgh,pop,d),(c,lft,push,d),(c,lft,pop,d) | d ∈ D}

are irrelevant to the specification, we take an extended LTS schemaDTM′′
M \ IO as a

system. Finally, becauseφ(Ξ) is a proper total order overφ(T) for every φ ∈ Φ′
DTM,

the setΦ′
DTM of valuations generating the system instances can be expressed as an

existential-free valuation formula

cord = (∀x∈ T : ¬(x,x) ∈ Ξ)∧

(∀x1,x2 ∈ T : x1 6= x2→ ((x1,x2) ∈ Ξ∨ (x2,x1) ∈ Ξ))∧

(∀x1,x2,x3 ∈ T : (((x1,x2) ∈ Ξ∧ (x2,x3) ∈ Ξ)→ (x1,x3) ∈ Ξ)) .

Theorem 56. A DTMM halts with the empty input if and only if

~ ‖
(c1,c2)∈Ξ:T×T

NoHlt′�φ �tr ~DTM′′
M \ IO�φ

does not hold for some compatible valuationφ ∈ va(cord).

Proof. First, suppose thatM halts with the empty input. Then, there is a runρ of

M from the configuration(q̂,⊲,ε) to a configuration(q,d0d1 . . .dk,dk+1dk+2 . . .dn−1),

wheren is the scope ofρ, q̂ is the initial state ofM andq∈ {halt,yes,no}. By Lemma

54, there is a valuationφ ∈ Φ′
DTM = va(cord) compatible withDTM′′

M, and a states

reachable in~DTM′′
M�φ by an executionπ such that the component ofs corresponding

to the state of~CtrlM�φ is (q,dk). Then alsoπ halt s is an execution of~DTM′′
M�φ,

which means that~DTM′′
M \ IO�φ has the tracehalt. Becauseφ is also compatible with

‖(c1,c2)∈Ξ:T×T NoHlt′, and the only trace of~‖(c1,c2)∈Ξ:T×T NoHlt′�φ is the empty one,

it implies that

~ ‖
(c1,c2)∈Ξ:T×T

NoHlt′�φ �tr ~DTM′′
M \ IO�φ (11)

does not hold.

Next, we assume that there is a compatible valuationφ ∈ va(cord) = Φ′
DTM such

that Relation 11 does not hold. Because the alphabets of~‖(c1,c2)∈Ξ:T×T NoHlt′�φ and

~DTM′′
M \ IO�φ match and the former LTS has only the empty trace, the latter LTS

must have the tracehalt. It implies that there is an executionπ of ~DTM′′
M�φ to a
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states such that the component ofs corresponding to the state of~CtrlM�φ is (q,d),

whereq ∈ {halt,yes,no} and d ∈ D. By Lemma 55, there is a run ofM from the

configuration(q̂,⊲,ε) to a configuration(q,w1,w2), which means thatM halts with

the empty input.

The theorem leads immediately to an undecidability result for systems expressed

as extended LTS schemata. Hence, extending the cut-off result and the reduction algo-

rithm to systems with parametric branching and joining is impossible without imposing

additional restrictions on specification LTS schemata and valuation formulae.

Corollary 57. LetQ andP be finite and closed LTS schemata and c an existential-free

valuation formula such thatQ has no hiding LTS subschema andP may have extended

elementary LTS subschemata. The question whether~Q�φ �tr ~P�φ for all compatible

φ ∈ va(c) is undecidable.

8.6 Undecidability with Systems Involving Renaming

Let us then consider another natural extension to our system model, namely the use of

parametric renaming. Also this structure can be expressed with the aid of action set

schemata.

A set of pairs, where the first component is an action set schema and the second

an action schema, is afunction schemadenoted by a Calligraphic letterF and its vari-

ants. IfF is a function schema andP an LTS schema, thenF(P) is a (renaming)

LTS schema. AnLTS schema with renamingis an LTS schema where renaming LTS

schemata are possibly used as LTS subschemata. The concepts and notation, like the

signature, finiteness and compatibility, are defined for LTS schemata with renaming

analogously to LTS schemata.

If F is a function schema andφ a valuation defined for all the atom and type vari-

ables that occur inF , then~F�φ denotes a function:V 7→V defined for all actionsα as

follows. If α = (b1,b2, . . . ,bk,a1,a2, . . . ,al ) and there is a pair

((♯1, ♯2, . . . , ♯k,a1,a2, . . . ,al ),(x1,x2, . . . ,xk′ ,a
′
1,a

′
2, . . . ,a

′
l ′)) ∈ F

such thatbi = φ(♯i) wheneveri ∈ {1,2, . . . ,k} and ♯i ∈ X, andbi ∈ φ(♯i) whenever

i ∈ {1,2, . . . ,k} and♯i ∈ T, then

ζ(α) = (φ(x1),φ(x2), . . . ,φ(xk′),a
′
1,a

′
2, . . . ,a

′
l ′) .
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Otherwiseζ mapsα to itself.

The instance of an LTS schemaP with renaming generated by a compatible valua-

tion φ is obtained in an obvious way as follows. IfP is a parallel, replicated parallel, or

hiding LTS schema, then~P�φ is defined as in the case of LTS schemata. IfF(P) is

a renaming LTS schema andφ a compatible valuation, then~F(P)�φ is ~F�φ(~P�φ).

Hence, the instance of an LTS schema with renaming is obviously an LTS.

The proof for undecidability for systems expressed as LTS schemata with renaming

is very similar to that of systems with parametric branching. All we have to do is

to modify the modelDTM′′
M of a DTMM in such a way that the use of action set

schemata in extended elementary LTS schemata is replaced by renaming LTS schemata.

Recall that the use of parametric branching enabled us to pick the first unused loca-

tion and the last non-empty one for pushing data into and popping it from a stack. The

same effect can be achieved by renaming all pushing and popping actions of a stack to

single actions, which can be done by applying a function schema

Fl := {((T, lft,psh,d),(lft,psh,d)),((T, lft,pop,d),(lft,pop,d)) | d ∈ D}

to the model of the left stack, and a renaming schemaFr obtained fromFl by substitut-

ing rgh to every occurrence oflft to the model of the right stack. Now, the control part

can be expressed simply as an elementary LTS schemaCtrl′M obtained fromCtrlM by

dropping all the occurrences of type variables. Hence, a DTMM can be now expressed

as an LTS schema

DTM′′′
M := (Fl ( ‖

(c1,c2)∈Ξ:T×T
Tapel )) ‖ Ctrl′M ‖ (Fr( ‖

(c1,c2)∈Ξ:T×T
Taper)) .

with renaming.

It is obvious that results analogous to Lemmas 54 and 55 can be proved forDTM′′′
M,

too. Therefore, the halting problem can be expressed also in the formalism extended by

a renaming LTS schema without using hiding in a specification and existential quantifi-

cation in a valuation formula.

Obviously, the same specification as earlier,NoHlt′ namely, can be used to detect

halting. It means that the actions in the set

IO′ = {(rgh,push,d),(rgh,pop,d),(lft,push,d),(lft,pop,d) | d ∈ D}

have to be hidden in our DTM model. Hence, the system is an LTS schemaDTM′′′
M\ IO′

with renaming, and the existential-free valuation formulacord can be used to generate

its instance here as well.
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Theorem 58. A DTMM halts with the empty input if and only if

~ ‖
(c1,c2)∈Ξ:T×T

NoHlt′�φ �tr ~DTM′′′
M \ IO′

�φ

does not hold for some compatible valuationφ ∈ va(cord).

The proof is analogous to that of Theorem 56.

The result means that also the use of renaming LTS schemata makes the problem

undecidable. Hence, extending the cut-off result and the reduction algorithm to signifi-

cantly stronger systems seems unlikely without additional restrictions on specification

LTS schemata or valuation formulae representing the sets of valuations.

Corollary 59. Let Q be a finite and closed LTS schema without a hiding LTS sub-

schema,P a finite and closed LTS schema with renaming, and c an existential-free

valuation formula. The question whether~Q�φ �tr ~P�φ for all compatibleφ ∈ va(c)

is undecidable.

To summarise, we have considered several natural and significant extensions to our

theory and showed that they all lead to undecidability. Therefore, our result is very close

to the decidability frontier and hence cannot be significantly extended in any direction

without simultaneously restricting it from some other aspect.
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9 Conclusions

In this thesis, we have presented a novel approach, called the precongruence reduction,

to cut down the number of individual verification tasks needed to solve a parameterised

refinement checking task for labelled transition systems. In the best case, only a finite

number of finite-state verification tasks remains, which implies that the problem can

then be solved using existing tools.

We have also provided an algorithm that automates the precongruence reduction. A

distinctive feature of the algorithm is that its restrictions are explicit, it always gives the

correct answer, and it can handle multiply parameterised systems with a parameterised

substructure. Informally, the algorithm applies to safety-property-system families that

are closed under the removal of a replicated component, which covers for example sys-

tems with a star, bipartite and totally (un)connected topology, and the transitive closures

of rings, arrays and forests.

Finally, it is shown that the result behind the algorithm is very close to the decid-

ability frontier. We have considered several obvious and significant extensions to our

result and formalism, and shown that they all make the problem undecidable.

An obvious topic for future research is implementing the algorithm and analysing

its practical performance. From the theoretical point of view, an obvious topic is to find

as weak conditions as possible under which one can allow rings and linear systems to

be analysed, the use of hiding in specifications, the analysis of deadlocks and liveness

properties, and parametric branching within elementary LTS schemata.

We conjecture that by allowing only inequality and full relations in the specification

side, it is possible to use hiding in specifications as well, but with the cost of doubling

the bounds for the sizes of type variable values. We also conjecture that forbidding the

use of other kinds of relations altogether and requiring the system and specification to

be deterministic, we can analyse deadlocks and liveness properties as well, but again

with the cost of worse reduction. On the other hand, as already mentioned in Section

8.4, the extension to livelocks only looks straightforward and seems to come without a

price.

Systems with a ring, linear, and tree topology are likely to be more difficult to handle.

However, with the aid of inductive reasoning, it seems to be possible to cover them in

some extent (Siirtola 2010). We conjecture that if any two components (instances of
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elementary LTS schemata) have at most one visible action in common, then the system

can have any topology. This corresponds to the situation considered by Clarkeet al.

(2004), where processes communicate with (stateless) token passing.

Another interesting scenario worth investigating is that considered by Emerson

& Kahlon (2004), where processes communicate with data carrying tokens that can

change their state only a bounded number of times. However, we do not currently know

how to characterise such systems in a sophisticated way in process algebraic terms.

Nevertheless, in order to generate reduced instances automatically, a new inductive for-

malism for expressing the sets of valuations is very likely needed in both the cases.

Treating with systems involving parametric branching appears to be the most diffi-

cult one among the proposed extensions, because the idea of the precongruence reduc-

tion does not seem to be applicable then. Moreover, with the aid of this structure, it is

extremely easy to order components in such a way that a DTM can be simulated, and

the only way to prevent it from happening appears to be forbidding the use of nested

parameters. Currently, we do not know how to handle such systems, but converting

them first to token passing ones and then trying to apply the related results could be a

way to proceed.
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Appendix 1 Proofs of Chapter 3

Lemma 3.To prove the first claim, we first claim that whenevers1α1s2 . . .αn−1sn is an

execution ofL1 ‖ L2, then there is an executionsi,1αi,1si,2 . . .αi,ni−1si,ni of Li for both

i ∈ {1,2} such thatsn = (s1,n1,s2,n2) andα1α2 · · ·αn−1|alph(Li) = αi,1αi,2 · · ·αi,ni−1\{τ}
for both i ∈ {1,2}. We argue by induction onn.

In the base step,n is one, which implies thats1 is a pair(ŝ1, ŝ2) such that ˆsi is the

initial state ofLi for both i ∈ {1,2}. Obviously, ˆs1 andŝ2 are executions of respectively

L1 andL2 satisfying the assumptions. Hence, the base step is clear.

In the induction step,n is greater than one and there are four cases to consider.

First, if αn−1 ∈ alph(L1) ∩ alph(L2), then for bothi ∈ {1,2}, there is a transition

(si,n−1,αn−1,si,n) of Li such thatsn−1 = (s1,n−1,s2,n−1) andsn = (s1,n,s2,n). By the

induction hypothesis, for bothi ∈ {1,2}, there is an executionπi of Li to the state

si,n−1 such thatα1α2 · · ·αn−2|alph(Li) is the sequence obtained fromπi by removing all

the states and the invisible actions. It means that for bothi ∈ {1,2}, πiαn−1si,n is an

execution ofLi andα1α2 · · ·αn−1|alph(Li) is the sequence obtained fromπiαn−1si,n by

removing all the states and the invisible actions.

Next, we assume thatαn−1 ∈ alph(L1) but αn−1 /∈ alph(L2). Then, there is a tran-

sition (s1,n−1,αn−1,s1,n) of L1 and a states2,n−1 of L2 such thatsn−1 = (s1,n−1,s2,n−1)

andsn = (s1,n,s2,n−1). By the induction hypothesis, for bothi ∈ {1,2}, there is an exe-

cutionπi ofLi to the statesi,n−1 such thatα1α2 · · ·αn−2|alph(Li) is the sequence obtained

from πi by removing all the states and the invisible actions. It means thatπ1αn−1si,n

andπ2 are executions of respectivelyL1 andL2 such thatα1α2 · · ·αn−1|alph(L1)
and

α1α2 · · ·αn−1|alph(L2)
are the respective sequences obtained from them by removing all

the states and the invisible actions.

The case whenαn−1 ∈ alph(L2) but αn−1 ∈ alph(L1) is symmetric to the previous

one. Finally, the case whenαn−1 = τ reduces either of the two previous ones. Therefore,

also the induction step is clear. By the induction principle, it implies that whenevert is

a trace of(L1 ‖ L2), thent|alph(Li) is a trace ofLi for both i ∈ {1,2}.

To prove the opposite, we claim that wheneversi,1αi,1si,2 . . .αi,ni−1si,ni is an exe-

cution ofLi for both i ∈ {1,2}, then for every sequencet over alph(L1)∪ alph(L2)

such thatt|alph(Li) = αi,1αi,2 . . .αi,ni−1 \ {τ} for both i ∈ {1,2}, there is an execution
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s1α1s2 . . .αn−1sn of L1 ‖ L2 such thatsn = (s1,n1,s2,n2) andt = α1α2 · · ·αn−1\{τ}. We

argue by (strong) induction onn1+n2.

In the base step, bothn1 andn2 are one. It implies thats1,1 ands2,1 are the initial

states of respectivelyL1 andL2. If t is a sequence over alph(L1)∪ alph(L2) such

that t|alph(Li) = ε for both i ∈ {1,2}, then alsot must be the empty sequence. Hence,

(s1,1,s2,1) is an execution ofL1 ‖ L2 accordant with the assumptions, and the base step

is clear.

In the induction step,n1 or n2 is greater than one and there are six cases to consider.

First, we assume thatn1 > 1 andα1,n1−1 is the invisible action. Ift is a sequence over

alph(L1)∪alph(L2) such thatt|alph(Li) =αi,1αi,2 . . .αi,ni−1\{τ} for bothi ∈{1,2}, then

t|alph(L1)
= α1,1α1,2 . . .α1,n1−2\{τ}. By the induction hypothesis, there is an execution

π of L1 ‖ L2 to the state(s1,n1−1,s2,n2) such thatt is the sequence obtained fromπ by

removing all the states and the invisible actions. As(sn1−1,τ,sn1) is a transition ofL1, it

means thatπτ(s1,n1,s2,n2) is an execution ofL1 ‖ L2 such thatt is the sequence obtained

from it by removing all the states and the invisible actions. The case whenn2 > 1 and

α2,n2−1 = τ is symmetric.

Thirdly, we assume thatn1,n2 > 1 andα1,n1−1 = α2,n2−1 ∈ alph(L1)∩alph(L2). If

t is a sequence over alph(L1)∪ alph(L2) such thatt|alph(Li) = αi,1αi,2 . . .αi,ni−1 \ {τ}
for both i ∈ {1,2}, thent = t′α1,n1−1, andt′|alph(Li) = αi,1αi,2 . . .αi,ni−2 \{τ} for both

i ∈ {1,2}. By the induction hypothesis, it implies that there is an executionπ of L1 ‖ L2

to the state(s1,n1−1,s2,n2−1) such thatt′ is the sequence obtained fromπ by removing

all the states and the invisible actions. As(sni−1,αni−1,sni ) is a transition ofLi for both

i ∈ {1,2}, it means thatπα1,n1−1(s1,n1,s2,n2) is an execution ofL1 ‖ L2 such thatt is

the sequence obtained from it by removing all the states and the invisible actions.

Next, letn1 be greater than one,α1,n1−1 an action in alph(L1)\alph(L2), and either

n2 = 1 or α2,n2−1 ∈ alph(L1)∩alph(L2). If t is a sequence over alph(L1)∪alph(L2)

such thatt|alph(Li) = αi,1αi,2 . . .αi,ni−1 \{τ} for both i ∈ {1,2}, thent = t′α1,n1−1 such

thatt′|alph(L1)
= α1,1α1,2 . . .α1,n1−2 \{τ} andt′|alph(L2)

= α2,1α2,2 . . .α2,n2−1 \{τ}. By

the induction hypothesis, it implies that there is an executionπ of L1 ‖ L2 to the state

(s1,n1−1,s2,n2) such thatt′ is the sequence obtained fromπ by removing all the states and

the invisible actions. As(sn1−1,αn1−1,sn1) is a transition ofL1 andαn1−1 /∈ alph(L2),

it means thatπα1,n1−1(s1,n1,s2,n2) is an execution ofL1 ‖ L2 such thatt is the sequence

obtained from it by removing all the states and the invisible actions. Again, the case

whenn2 is greater than one,α2,n2−1 an action in alph(L2)\alph(L1), and eithern1 = 1

or α1,n1−1 ∈ alph(L2)∩alph(L1) is analogous.
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Finally, let us assume thatni > 1 and αi,ni−1 ∈ alph(Li) \ alph(L̄i) for both i ∈

{1,2}, whereī denotes an element in{1,2} different from i. If t is a sequence over

alph(L1)∪ alph(L2) such thatt|alph(Li) = αi,1αi,2 . . .αi,ni−1 \ {τ} for both i ∈ {1,2},

then t = t′α j,n j−1 for either j ∈ {1,2} such thatt′|alph(L j ) = α j,1α j,2 . . .α j,n j−2 \ {τ}
andt′|alph(L j̄ )

= α j̄,1α j̄,2 . . .α j̄,n j̄−1 \ {τ}. To see that there is an execution ofL1 ‖ L2

to the state(s1,n1,s2,n2) such thatt is the sequence obtained from it by removing all the

states and the invisible actions, we argue like in the previous case.

Now, we have covered all six possibilities, so the induction step is complete. By the

induction principle, it means whenevert is a sequence over alph(L1)∪alph(L2) such

thatt|alph(Li) is a trace ofLi for both i ∈ {1,2}, thent is a trace ofL1 ‖ L2. Hence, the

first claim is proved.

The last two claims of the lemma follow straightforwardly from the definitions of

renaming and hiding.

Proposition 10.To prove the first claim, first note that the alphabets of(L1 \Λ1) ‖

(L2 \Λ1) and (L1 ‖ L2) \Λ1 are clearly the same. Next, ift ∈ tr((L1 ‖ L2) \Λ1),

then by Lemma 3, there ist′ ∈ tr(L1 ‖ L2) such thatt = t′ \Λ1. By the same lemma,

t′|alph(Li) ∈ tr(Li) for both i ∈ {1,2}, which implies that

t|alph(Li\Λ1)
= (t′ \Λ1)|alph(Li)\Λ1

= t′|alph(Li) \Λ1 ∈ tr(Li \Λ1)

for both i ∈ {1,2}. It, in turn, means thatt ∈ tr((L1 \Λ1) ‖ (L2 \Λ1)). Therefore,

(L1 ‖ L2)\Λ1 is a traces refinement of(L1\Λ1) ‖ (L2\Λ1).

To prove the second claim, first note that the alphabet of(L \Λ1) ‖ (L \Λ2) is

precisely the alphabet ofL when Λ1 and Λ2 are disjoint. Next, ift ∈ tr(L), then

t|alph(L\Λi) = t \Λi ∈ tr(L\Λi) for both i ∈ {1,2}, which by Lemma 3, implies that

t ∈ tr((L\Λ1) ‖ (L\Λ2)). Hence,(L\Λ1) ‖ (L\Λ2) �tr L, providedΛ1 andΛ2 are

disjoint.

The last two claims are trivial, because the LTSs on both sides of the equivalence

are obviously the same.

Proposition 11.Let us use the notation of the lemma. To prove the first claim, note that

the alphabets ofL1 ‖ L2 andL′
1 ‖ L

′
2 are clearly the same under the given assumptions.

If t ∈ tr(L′
1 ‖ L

′
2), then by Lemma 3,t|alph(L′

i )
∈ tr(L′

i ) for both i ∈ {1,2}. Moreover,

if Li �tr L
′
i , thent|alph(Li) = t|alph(L′

i )
∈ tr(L′

i ) ⊆ tr(Li) for both i ∈ {1,2}, which by

Lemma 3 again, means thatt ∈ tr(L1 ‖ L2). Hence, the claim holds.
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Also in the second case, it is clear that the alphabets ofζ(L1) and ζ(L2) match

whenL1 �tr L2. If t ∈ tr(ζ(L2)), then by Lemma 3, there existsα1α2 · · ·αn ∈ tr(L2)

such thatt = ζ(α1)ζ(α2) · · ·ζ(αn), wheren ∈ N and αi ∈ V for all i ∈ {1,2, . . . ,n}.

Moreover, ifL1 �tr L2, thenα1α2 · · ·αn ∈ tr(L1), too. By Lemma 3 again, it means

thatt ∈ tr(ζ(L1)), and the claim holds.

To prove the last claim, note that the alphabets ofL1 \Λ andL2 \Λ are clearly the

same whenL1�tr L2. If t ∈ tr(L2\Λ), then by Lemma 3, there ist′ ∈ tr(L2) such that

t = t′ \Λ. Moreover, ifL1 �tr L2, thent′ ∈ tr(L1), too. By Lemma 3 again, it means

thatt ∈ tr(L1\Λ). Hence, the claim holds.
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