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Abstract
Advanced multiple-input multiple-output (MIMO) transceiver structures which utilize the knowledge
of channel state information (CSI) at the transmitter side to optimize certain link parameters (e.g.,
throughput, fairness, spectral efficiency, etc.) under different constraints (e.g., maximum transmitted
power, minimum quality of services (QoS), etc.) are considered in this thesis.
Adaptive transmission schemes for point-to-point MIMO systems are considered first. A robust link
adaptation method for time-division duplex systems employing MIMO-OFDM channel eigenmode
based transmission is developed. A low complexity bit and power loading algorithm which requires
low signaling overhead is proposed.
Two algorithms for computing the sum-capacity of MIMO downlink channels with full CSI
knowledge are derived. The first one is based on the iterative waterfilling method. The convergence
of the algorithm is proved analytically and the computer simulations show that the algorithm
converges faster than the earlier variants of sum power constrained iterative waterfilling algorithms.
The second algorithm is based on the dual decomposition method. By tracking the instantaneous error
in the inner loop, a faster version is developed.
The problem of linear transceiver design in MIMO downlink channels is considered for a case
when the full CSI of scheduled users only is available at the transmitter. General methods for joint
power control and linear transmit and receive beamformers design are provided. The proposed
algorithms can handle multiple antennas at the base station and at the mobile terminals with an
arbitrary number of data streams per scheduled user. The optimization criteria are fairly general and
include sum power minimization under the minimum signal-to-interference-plus-noise ratio (SINR)
constraint per data stream, the balancing of SINR values among data streams, minimum SINR
maximization, weighted sum-rate maximization, and weighted sum mean square error minimization.
Besides the traditional sum power constraint on the transmit beamformers, multiple sum power
constraints can be imposed on arbitrary subsets of the transmit antennas.This extends the applicability
of the results to novel system architectures, such as cooperative base station transmission using
distributed MIMO antennas. By imposing per antenna power constraints, issues related to the
linearity of the power amplifiers can be handled as well.
The original linear transceiver design problems are decomposed as a series of remarkably simpler
optimization problems which can be efficiently solved by using standard convex optimization
techniques. The advantage of this approach is that it can be easily extended to accommodate various
supplementary constraints such as upper and/or lower bounds for the SINR values and guaranteed
QoS for different subsets of users. The ability to handle transceiver optimization problems where a
network-centric objective (e.g., aggregate throughput or transmitted power) is optimized subject to
user-centric constraints (e.g., minimum QoS requirements) is an important feature which must be
supported by future broadband communication systems.

Keywords: adaptive radio link, beamforming, convex optimization, downlink multipleinput multiple-output channel sum-capacity
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Abbreviations
A
Aj
Anew
j
An
B
Bj
bm
bc
c
C
Csum
(SEE)
Cerg

normalized cross-coupling matrix (S × S)
variable in the auxiliary optimization problem used to prove the monotonicity of the IWF-RUP algorithm (CRk(i) × CRk(i) )
j
j
updated value for the matrix Aj (CRk(i) × CRk(i) )
j
j
nth subset of transmit antennas at the BS
nonnegative matrix used in the derivation of minimum SINR maximization algorithm (S + 1 × S + 1)
variable in the auxiliary optimization problem used to prove the monotonicity of the IWF-RUP algorithm (CRk(i) × CRk(i) )
j

j

C
C
ds

effective rate provided by the mth MCS
vector of bits associated to the complex symbols contained in dc
subcarrier index
number of subcarriers
sum-capacity of MIMO downlink channel
ergodic capacity of a point-to-point MIMO system with SEE power allocation
ergodic capacity of a point-to-point MIMO system with WF power allocation
instantaneous capacity of a point-to-point MIMO system with no CSI
knowledge at TX side
instantaneous capacity of a point-to-point MIMO system with WF
power allocation
outage capacity of a point-to-point MIMO system with no CSI knowledge at TX side
cross-coupling matrix (S × S)
arbitrary subset of the set of subcarriers indices
data symbol associated to the sth stream in the downlink channel

d0s
dˆs

data symbol associated to the sth stream in the dual uplink channel
estimated data symbol at the output of the sth linear combiner in the

(WF)

Cerg

(NO CSI)

Cinst

(WF)

Cinst

(NO CSI)

Cx%outage

downlink channel
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dˆ0s
d
d0

estimated data symbol at the output of the sth linear combiner in the
dual uplink channel
vector of transmitted data symbols in the downlink channel (S × 1)
vector of data symbols transmitted in the dual uplink channel (S × 1)

dc
d̂

vector of transmitted data symbols at the cth subcarrier (r × 1)
vector of estimated data symbols at the output of linear combiners in the

d̂

0

d̃c
D
D̃
e(·)
e1 (·)
e2 (·)
emax (·)
f (·)
f0 (·)

downlink channel (S × 1)
vector of estimated data symbols at the output of linear combiners in the
dual uplink channel (S × 1)
vector of linear post-combiner output at the cth subcarrier (r × 1)
diagonal matrix containing the normalized SINR constraints for the data
streams (S × S)
diagonal matrix containing the normalized weights for the SINR values
of data streams (S × S)
instantaneous error of the subproblem in the sum-rate maximization via
dual decomposition method
rate error of the subproblem in the sum-rate maximization via dual decomposition method
sum power error of the subproblem in the sum-rate maximization via
dual decomposition method
upper bound of the instantaneous error of the subproblem in the sumrate maximization via dual decomposition method
nondecreasing function of SINR values used to express a generic system
performance criteria
concave function used to express the dependency of the sum-rate versus
a randomly selected pair of transmit covariance matrices in the IWF-

f1 (·)

RUP sum-rate maximization algorithm
objective function of the auxiliary optimization problem used to prove

fbs (·)
fdl (·)

the monotonicity of IWF-RUP algorithm
bit-to-symbol mapping function
function describing the updating of power allocation vector in the downlink channel

fsub (·)

objective function of the subproblem in the sum-rate maximization via
dual decomposition method

ful (·)

function describing the updating of the power allocation vector in the
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dual uplink channel
g(λ)
gs,k

optimal value of the subproblem for a fixed waterfilling level in the sumrate maximization via dual decomposition method
cross-coupling coefficient between data streams s and k

G
Gw

average SNR gap for a given MCS set
weighted sum MSE between transmitted data and the output of LMMSE

Gs
H
Hc
Hk,c
Hk
H̃k
Ĥc
i
jc
k
ks
(i)
k1
(i)

k2

K
K(i)

receiver; the weights are specified by the vector w º 0
MSE of the sth data stream
PS
downlink channel matrix ( s=1 Rks × T )
channel matrix at the cth subcarrier of the point-to-point MIMO system
(R × T )
channel matrix of the kth user at the cth subcarrier in the downlink channel (Rk × T )
channel matrix of the kth user in the downlink channel; in case of
OFDM systems Hk = diag{Hk,1 , . . . , Hk,C } (CRk × CT )
channel matrix of the kth user in the dual multiple-access channel
(CT × CRk )
estimated channel matrix at the cth subcarrier of the point-to-point
MIMO system (R × T )
vector of indices of the scheduled users, sorted in ascending order
(U × 1)
carrier index user to sort the eigenvalues from the ith cluster in descending order, i.e., λi,j1 ≥ λi,j2 ≥ · · · ≥ λi,jC
user index
index of the user associated with the sth data stream
first user randomly selected at the ith iteration of the IWF-RUP algorithm
second user randomly selected at the ith iteration of the IWF-RUP algorithm
number of users
pair of users randomly selected at the ith iteration of the IWF-RUP algorithm

lk
lmin

path-loss of the kth user
minimum length of a codeword in the point-to-point MIMO systems

l(·)

Lagrange dual function of the subproblem in the sum-rate maximization
11

via dual decomposition method
L
L(·)

number of OFDM symbols in one frame
Lagrangian of the subproblem in the sum-rate maximization via dual
decomposition method

Lk
m(·)

Cholesky factor of Rk (CRk × CRk )
general monomial function

m?i
ms

index of the optimum MCS at the ith cluster
transmit beamformer for the sth data stream in the downlink channel

[n]

ms
M
M

M[n]
N
N0
NCP
Nc
n
nc
nk,c

(T × 1)
part of the transmit beamformer for the sth data stream that contains the
weights of antennas belonging to An (|An | × 1)
number of MCS in the BPLA
transmit beamformer matrix in the downlink channel, i.e., M =
[m1 , . . . , mS ] (T × S)
transmit beamformer matrix in the downlink channel that contains the
weights of antennas belonging to An (|An | × S)
number of subsets of transmit antennas
two-sided power spectral density of the noise process
length of the cyclic prefix in the OFDM symbol
error of the channel matrix estimation at the cth subcarrier
noise vector at the output of linear combiners of the downlink channel
noise vector at the cth subcarrier of the point-to-point MIMO system
(R × 1)

nk

vector of interference-plus-noise signals received by the the kth user at
the cth subcarrier (Rk × 1)
vector of all interference-plus-noise signals received by the kth user; in

ñk

case of OFDM systems nk = [nTk,1 , . . . , nTk,C ]T (CRk × 1)
vector of interference-plus-noise signals at the output of the whitening

ñ
p(·)

filter of the kth user (CRk × 1)
noise vector in the dual multiple-access channel (CT × 1)
general posynomial function

ps

power allocated to the sth data stream in the downlink channel

(i)

ps

power allocated to the sth data stream at the ith iteration in the downlink
channel

p̃k

sum power constraint of the kth user in the dual multiple-access channel
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p

power allocation vector in the downlink channel (S × 1)

p(i)

power allocation vector at the ith iteration in the downlink channel
(S × 1)
total power allocate to the ith cluster

Pi
Pi,c

power allocated to the ith spatial sub-channel from the cth subcarrier of
the point-to-point MIMO system

Pmax
Pn

transmit sum power constraint
sum power constraint for the nth subset of transmit antennas
power allocated to the ith spatial sub-channel from the cth subcarrier of
the point-to-point MIMO system with no CSI at the TX side
SEE based power allocated to the ith spatial sub-channel from the cth
subcarrier of the point-to-point MIMO system
MWF based power allocated to the ith spatial sub-channel from the cth
subcarrier of the point-to-point MIMO system
WF based power allocated to the ith spatial sub-channel from the cth
subcarrier of the point-to-point MIMO system
power required by the ith spatial sub-channel from the cth subcarrier to
achieve a target SNR value, γ̄
diagonal matrix controlling the power allocation at the cth subcarrier of
a point-to-point MIMO system (r × r)
diagonal matrix containing the eigenvalues of the covariance matrix Q̌k
(CRk × CRk )
subset of data streams with guaranteed minimum SINR values

(NO CSI)

Pi,c

(SEE)

Pi,c

(MWF)

Pi,c

(WF)

Pi,c

P̃i,c (γ̄)
Pc
P̌k
P1
P2
qs
(i)
qs
q
q(i)
Qk,c

subset of data streams with SINR values maintained in some fixed ratios
power allocated to the sth data stream in the dual uplink channel
power allocated to the sth data stream at the ith iteration in the dual
uplink channel
power allocation vector in the dual uplink channel (S × 1)
power allocation vector at the ith iteration in the dual uplink channel
(S × 1)
transmit covariance matrix of the kth user at the cth subcarrier in the
dual multiple-access channel (Rk × Rk )

Qk
Q?k

transmit covariance matrix of the kth user in the dual multiple-access
channel (CRk × CRk )
sum-rate optimal transmit covariance matrix of the kth user in the dual
13

multiple-access channel (CRk × CRk )
(i)

Qk
Q̌k

transmit covariance matrix of the kth user after the ith iteration in the
dual multiple-access channel sum-rate maximization (CRk × CRk )
auxiliary covariance matrix used in the IWF-RUP sum rate maximiza-

sj

tion algorithm (CRk × CRk )
auxiliary covariance matrix used in the IWF-RUP sum rate maximization algorithm (CRk × CRk )
minimum between the number of transmit and receive antennas in a
point-to-point MIMO system
rate of the sth data stream
maximum available rate in a given set of MCS
number of receive antennas in the case of point-to-point MIMO systems
number of receive antennas at the kth user
sum-rate of the dual multiple-access channel
weighed sum of the individual rates of data streams; the weights are
specified by the vector w º 0
covariance matrix of the interference-plus-noise signal at the kth user
(CRk × CRk )
covariance matrix of the interference-plus-noise signal at the cth subcarrier of the kth user (Rk × Rk )
covariance matrix of the interference-plus-noise signal in the dual
multiple-access channel (CT × CT )
number of streams allocated to the jth scheduled user

si,m
s
S

maximum number of eigenmodes that can be selected at the ith cluster
vector of numbers of streams allocated to the scheduled users (U × 1)
number of transmitted data streams in the downlink channel

S
Sk

set of scheduled users
Hermitian nonnegative definite matrix variable used in the sum-rate

t
tc

maximization via the dual decomposition method (CRk × CRk )
vector used to store temporary values in the BPLA (C × 1)
temporary variable used in BPLA

T

number of transmit antennas

Tc

equivalent channel matrix at the cth subcarrier of the point-to-point
MIMO system (R × R)

u1 (·)

function describing the covariance update performed at the first step of

Q̄k
r
rs
rmax
R
Rk
Rsum
Rw
Rk
Rk,c
R̃
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the IWF-RUP algorithm
u2 (·)
us

function describing the covariance update performed at the second step
of the IWF-RUP algorithm
normalized receive beamformer for the sth data stream in the downlink

us

channel (Rks × 1)
normalized receive beamformer for the sth data stream at the ith itera-

ũs

tion in the downlink channel (Rks × 1)
LMMSE combiner for the sth data stream in the downlink channel

(i)

U
U
Uc
vs
[n]

vs

(i)

vs

ṽs
V

(Rks × 1)
number of scheduled users
block diagonal matrix containing the normalized receive beamformers
P
H
of the downlink channel, i.e., UH = diag{uH
1 , . . . , uS } (
k Rk × S)
unitary matrix comprising the left singular vectors of the channel matrix
at the cth subcarrier of the point-to-point MIMO systems (R × R)
normalized transmit beamformer for the sth data stream in the downlink
channel (T × 1)
part of the normalized transmit beamformer for the sth data stream that
contains the weights of the antennas belonging to An (|An | × 1)
normalized transmit beamformer for the sth data stream at the ith iteration in the downlink channel (T × 1)
LMMSE combiner for the sth data stream in the dual uplink channel
(T × 1)
normalized transmit beamformer matrix in the downlink channel, i.e.,

ˆ
Ṽ
c

V = [v1 , . . . , vS ] (T × S)
unitary matrix comprising the right singular vectors of the channel matrix at the cth subcarrier of the point-to-point MIMO systems (R × R)
normalized transmit beamforming matrix at the cth subcarrier of pointto-point MIMO systems (T × r)
unitary matrix comprising the right singular vectors of the estimated
channel matrix at the cth subcarrier of the point-to-point MIMO systems
(R × R)
normalized transmit beamforming matrix at the cth subcarrier of point-

V̌k

to-point MIMO systems (T × r)
unitary matrix containing the eigenvectors of the covariance matrix Q̌k

Vc
Ṽc
V̂c

(CRk × CRk )
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ws

generic weight associated to the sth data stream

w
W

generic weight vector (S × 1)
auxiliary Hermitian positive semidefinite matrix variable used in the
sum-rate maximization via dual decomposition (CT × CT )

Wk
xi

composite channel matrix of the kth user (CRk × CT )
generic variable for an optimization problem

x
xc
x̃k,c

vector of all signals transmitted by the BS; in the case of OFDM systems
x = [xT1 , . . . , xTC ]T (CT × 1)
vector of signals transmitted at the cth subcarrier (T × 1)
vector of signals transmitted by the kth user at the cth subcarrier in the

x̃k

dual multiple-access channel (Rk × 1)
vector of signals transmitted by the kth user in the dual multiple-access

X
yc
yk,c
yk
ỹ
ỹk
Y
zc
α
αs

channel (CRk × 1)
matrix of all transmitted signals of the point-to-point MIMO-OFDM
system, i.e., X = [x1 , . . . , xC ] (T × C)
vector of signals received at the cth subcarrier of the point-to-point
MIMO system (T × 1)
vector of signals received by the kth user at the cth subcarrier (Rk × 1)
vector of all signals received by the kth user; in case of OFDM systems
T
T
yk = [yk,1
, . . . , yk,C
]T (CRk × 1)
vector of signals received in the dual multiple-access channel (CT × 1)
vector of signals at the output of the whitening filter of the kth user
(CRk × 1)
matrix of all received signals in the point-to-point MIMO-OFDM system, i.e., Y = [y1 , . . . , yC ] (R × C)
vector of signals at the input of linear pre-combiner in point-to-point
MIMO systems (T × 1)
parameter of the signomial program; it controls the size of the trust
region
weight associated with SINR of the sth data stream used in the SINR
balancing algorithm

β

power reduction factor used in downlink linear transceiver design with

γs

power constraints per antenna groups
SINR of the sth data stream

γk,s

SINR of the kth user at the sth data stream in the downlink channel
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γmax

SNR required to select the most spectrally efficient MCS from a given

γsdl
γsul

MCS set
SINR of the sth data stream in the downlink channel
SINR of the sth data stream in the dual uplink channel

γ̄
γ̄m

specified target SNR value
SNR required by the mth MCS to achieve the target FER in AWGN

γ̃s

channel
minimum SINR value for the sth data stream

γ̂s
γdl
(i)
γdl
γul
(i)
γul
γ̃
γ̂
Γ
Γ
Γ̄
δ

initial SINR guess for the sth data stream
vector of SINR values in the downlink channel (S × 1)
vector of SINR values at the ith iteration in the downlink channel (S ×1)
vector of SINR values in the dual uplink channel (S × 1)
vector of SINR values at the ith iteration in the dual uplink channel
(S × 1)
vector of minimum SINR values (S × 1)
vector of initial SINR guesses (S × 1)
SNR gap to the channel capacity
Lagrange dual variable in the sum-rate maximization via the dual decomposition method (CT × CT )
feasible Lagrange dual variable in the sum-rate maximization via the
dual decomposition method (CT × CT )
square of the power reduction factor used in downlink linear transceiver
design with power constraints per antenna groups

∆Csum (i)
(i)
∆Rsum
∆Rsum (N )
(i)
∆f1
²

mean normalized sum-capacity deviation after the ith covariance update
increase of the sum-rate at the ith iteration of the IWF-RUP algorithm
increase of the sum-rate after N iterations of the IWF-RUP algorithm
increase of the f1 (·) at the ith iteration of the IWF-RUP algorithm

²0

accuracy required for the sum power in the sum-rate maximization via
the dual decomposition method

²γ

accuracy required for the optimum SINR value of a data stream in a

²µ

signomial program
accuracy required for the waterfiling level in the sum-rate maximization

accuracy required for the subproblem in the sum-rate maximization via
the dual decomposition method

via the dual decomposition method
17

ηi,c

equivalent power gain of the eigenmode (i, c)

Θ
λ

auxiliary Hermitian positive semidefinite matrix variable used for deriving the lower bound of the sum MSE in the dual uplink channel (T × T )
Lagrange dual variable associated to the sum power constraint in the

λi,c

sum-rate maximization via the dual decomposition method
ith eigenvalue of Hermitian positive semidefinite matrix Hc HH
c

λ̄

normalization factor used to generate a feasible Lagrange dual variable
in the sum-rate maximization via the dual decomposition method

λ̂i,c
λM,c
Λc
Λ̃c

ith eigenvalue of Hermitian positive semidefinite matrix Ĥc ĤH
c
largest eigenvalue of Hermitian positive semidefinite matrix Hc HH
c
matrix of singular values obtained by SVD of channel matrix (R × T )
square matrix containing the singular values of the channel matrix on
the main diagonal (R × R)
generic waterfilling level
maximum waterfilling level
minimum waterfilling level
Lagrange dual variable associated with the sum power constraint of
the kth user in the sum-rate maximization via the dual decomposition
method
auxiliary variable used in the min-max characterization of the PerronFrobenius eigenvalue
square root of the power reduction factor
common weighted SINR value used in the SINR balancing algorithm

µ
µmax
µmin
νk

ξ
ρ
%
2
σN
υ

υ

variance of the channel estimation error
parameter of the sum-rate maximization via the dual decomposition algorithm; it controls the reduction of the interval in which the optimum
waterfilling level is contained
auxiliary vector variable used in the min-max characterization of the

Φc

Perron-Frobenius eigenvalue (S + 1 × 1)
matrix describing the angles between the estimated and the true singular
vectors of the channel matrix (R × R)

χi,c

normalization factor for the power allocated to the ith spatial sub-

Ψk

channel from the cth subcarrier
Lagrange dual variable associated with the positive semidefiniteness
constraint of the transmit covariance matrix for the kth user in the sum-
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rate maximization via the dual decomposition method (CRk × CRk )
AWGN
BER
BPLA

additive white Gaussian noise
bit error rate
bit and power loading algorithm

BS
CP

base station
cyclic prefix

CS
CSI

covariance scaling
channel state information

DD
DL
DPC
FDD
FEE
FER
FFT
GP
GSM
HH
IFFT
IS-95
ISI
IWF
IWF-RUP

dual decomposition
downlink
dirty-paper coding
frequency-division duplex
full eigenmode excitation
frame error rate
fast Fourier transform
geometric program
Global System for Mobile communications
Hughes-Hartogs
inverse fast Fourier transform
Interim Standard 95
inter-symbol interference
iterative waterfilling
iterative waterfilling for random user pairs

KKT
OFDM
QAM

Karush-Kuhn-Tucker
orthogonal frequency division multiplexing
quadrature-amplitude modulation

QoS
LCC

quality of service
low correlated channel

LMMSE
MCS
MIMO

linear minimum mean square error
modulation and coding scheme
multiple-input multiple-output

MISO

multiple-input single-output

MSE
M-QAM

mean square error
multilevel quadrature-amplitude modulation

RX

receiver
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SCC

strong correlated channel

SDP
SEE
SER

semidefinite program
strongest eigenmode excitation
symbol error rate

SIMO
SINR

single-input multiple-output
signal-to-interference-plus-noise ratio

SISO
SNR

single-input single-output
signal-to-noise ratio

SOC
SOCP
SPC-IWF
STBC
SVD
TC
TCM
TDD
TDMA
TX
UL
WF
ZF
(·)∗
(·)?

second-order cone
second-order cone program
sum power constraint iterative waterfilling
space-time block coding
singular value decomposition
turbo codes
trellis-coded modulation
time-division duplex
time-division multiple access
transmitter
uplink
waterfilling
zero forcing
complex conjugation
a solution of an optimization problem

|X|
|S|
XT

determinant of matrix X
cardinality of set S
transpose of matrix X

XH
X−1

conjugate transpose (Hermtian) of matrix X
inverse of matrix X

X−1/2
CN (m, C)

Hermitian square root of the Hermitian matrix X, i.e., X−1/2 X−1/2 =
X
complex circularly symmetric Gaussian vector distribution with mean

I

m and covariance matrix C1
identity matrix; a subscript can be used to indicate the dimension

1A

complex Gaussian random vector z = x + y is circularly symmetric (also termed proper Gaussian) if x
and y have identical autocovariance matrices and their crosscovariance matrix is skey-symmetric [153].
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diag(x)

diagonal matrix with the elements of vector x on the main diagonal

diag({Dk })
E(·)

block-diagonal matrix with blocks given by the set Dk ; in particular, if
the Dk ’s are scalars, it reduces to a diagonal matrix
expectation

Im(·)
inf(·)

imaginary part
largest lower bound (infimum)

ln(·)
log(·)

natural logarithm
logarithm in base 2

max(·)
min(·)
O(·)
rank(·)
Re(·)
sup(·)
vec(·)
[X]i,j
[x]n
(x)+
|x|
kxk2
kXk2
tr(X)
∇x f (x)

maximum
minimum
big O notation
rank
real part
smallest upper bound (supremum)
vec-operator: if X = [x1 , . . . , xn ], then vec(X) = [xT1 , . . . , xTn ]T
element at the ith row and jth column of matrix X
nth element of vector x
positive part of x, i.e., max(0, x)
absolute value (magnitude) of the scalar x
Euclidian norm of vector x
Frobenius norm of matrix X
trace of matrix X
gradient of function f (x) with respect to x

∆

=
≈
∼
º

IR
IR+ , IR++
Cm×n
IRn+

defined as
approximative equal
distributed according to
generalized inequality in a proper cone [26, Sect. 2.4]; between real
vectors, it represents componentwise inequality; between Hermitian matrices, A º B means that A − B is positive semidefinite
the set of real numbers
the set of nonnegative real and positive real numbers
the set of m × n complex matrices
the cone of nonnegative n-dimensional real vectors (the n-dimensional
nonnegative orthant)
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1

Introduction
”To those who do not know mathematics it is difficult to get across a real
feeling as to the beauty, the deepest beauty, of nature ... If you want to
learn about nature, to appreciate nature, it is necessary to understand the
language that she speaks in.” – Richard Feynman

1.1

Motivation

The next generation of mobile communication systems should provide a large range of
services, such as voice, data and multimedia, at a reasonable cost and quality of service
(QoS), comparable to competing wire-line technologies. However, the dispersive nature
of the radio propagation [6, 167, 227] makes it more difficult to achieve these goals
over a wireless channel. The multipath propagation between the transmitter (TX) and
receiver (RX) induces large power fluctuations in the received signal [197, 198]. This
phenomenon, known as multipath fading, is the main impediment to achieving reliable
transmission at high data rates over wireless channels [80, 91].
When the channel state information (CSI) is not known at the TX side, the communication system must be designed to maintain an acceptable performance level for
all possible channel conditions. Such systems are effectively designed for the worst expected channel conditions, resulting in an inefficient use of the available resources and
channel capacity [15, 192]. This has been the case, e.g., in designing second generation
mobile phone systems, such as GSM and IS-95 [175, 177]. In the case of communication systems operating over slowly fading channels2 , some level of CSI knowledge can
be acquired at the TX side and adaptive link techniques can be used to increase the channel usage efficiency [44, 128, 291]. In the case of time-division duplex (TDD) systems,
the radio channel reciprocity can be exploited to estimate the forward channel based on
the pilot symbols received over the reverse channel [32, 127]. In frequency-division duplex (FDD) the CSI estimated at the receiver side can be conveyed to the transmitter via
a feedback channel [92]. Alternatively, the receiver itself can decide on a set of transmission parameters and communicate them to the transmitter via a feedback channel,
2A

channel is characterized as slowly fading if the symbol time period is smaller than the channel coherence
time [197].
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resulting in so called closed-loop adaptation schemes [4, 91].
Adaptive link techniques consist of adapting the transmission parameters according
to channel variations in order to optimize some link quality parameters (e.g., throughput, delay, etc.) subject to some constraints imposed by the application (e.g., maximum
transmitted power, minimum QoS, etc.). In general, the adaptive schemes may adapt
any combination of the following parameters: transmit power, symbol rate, modulation
level, coding rate, puncturing pattern for convolutional or turbo codes, transmit beamformers, scheduled users [44, 91]. The third generation mobile cellular systems [99]
are the first major commercial wireless application utilizing TX/RX parameter adaptation based on channel characteristics. In the case of multiuser systems, if the receiving
conditions of the users are known in advance, the presence of fading can be turned into
an advantage. The channel resources can be allocated to users who can use them the
most effectively, resulting in a multiuser diversity gain [193, 227, 246]. These types of
approaches are gradually being adopted into mobile cellular systems, e.g., the 3G-LTE
concept and the 4G concept proposal being developed within the European Winner
project [145].

1.2

Review of earlier and parallel work

1.2.1

SISO transmission with CSI at TX

The first adaptive transmission technique was proposed by Hayes in the late 1960’s [92]
for a fixed rate (i.e., binary) transmission through a single-input single-output (SISO)
multipath fading channel. By assuming that the receiver conveys the CSI to the transmitter through a delay-less noise-free feedback, Hayes proposed a variable power transmission where the transmitter adapts its power according to the instantaneous CSI to
minimize the average bit error rate (BER) subject to an average transmit power constraint. He derived the optimum power allocation strategy and showed that large power
saving is possible, especially at low target BER values. An alternative solution, where
the transmit power is fixed and the symbol rate is adapted according to CSI, was proposed by Cavers in [31]. The effect of feedback delay and rate quantization has also
been analyzed, and the overall power saving relative to a nonadaptive transmission was
14–17 dB for a frequency-flat3 Rayleigh fading channel. However, due to limitations re3A

channel is characterized as frequency-flat fading if the fading process affects equally all the spectral
components of the transmitted signal [197].
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lated to practical implementations at that time, interest in adaptive transmission schemes
was marginal until the early 1990’s.
The main drawback of the Cavers scheme is that by changing the symbol duration the bandwidth of the transmitted signal changes accordingly [172]. This complicates the application of the scheme in practical systems. Alternative variable rate
schemes which adapt the coding rate according to the channel quality were investigated
in [2, 251]. Convolutional codes with a variable puncturing pattern [89] were proposed
by Vucetic in [251], and adaptive trellis-coded modulation (TCM) [235, 236] was used
by Alamouti and Kallel in [2] to increase spectral efficiency. The principle of adaptive
multilevel quadrature-amplitude modulation (M-QAM) for flat fading channels was introduced by Webb and Steele in [253]. Similar schemes were investigated by Otsuki,
Sampei and Morinaga [157], Kamio et al. [122] as well as Torrance and Hanzo [221].
These schemes exploit the fluctuating nature of the received signal power by selecting
higher/lower level constellation when the channel conditions are good/poor.
In [253], the signal constellation is adapted in such a way that the average data rate
and the short-term BER (i.e., averaged over the fast fading variations) are kept constant, but the long-term BER varies according to the large-scale fading variations. This
scheme provides a constant throughput, avoids burst errors, and provides a 5 dB gain
over fixed modulation schemes. Adaptation schemes which maintain the BER under
a target limit and adapt the long-term average throughput according to the large-scale
fading variations were studied in [219, 220]. Dynamic channel assignment techniques
for time-division multiple access (TDMA) systems with adaptive M-QAM transmission
were considered in [103–106, 224]. The latency induced by changing the rate according
to the channel fading variations was studied in [222–224]. Frequency hopping [222] or
statistical multiplexing [223] were proposed to mitigate the latency effect.
The above mentioned schemes were mostly designed based on engineering intuition
rather than a rigorous theoretical analysis of the achievable performance bounds. An
optimal adaptive scheme which achieves the capacity of a flat-fading channel with an
average power constraint was developed by Goldsmith and Varaiya in [84]. When CSI
is known both at the transmitter and the receiver, an optimal transmission scheme uses a
waterfilling (WF) power allocation [62] and a variable-rate multiplexed coding scheme.
However, Caire and Shamai [27] showed that variable-rate multiplexed coding is not
necessary to achieve the capacity. A simple constant-rate Gaussian code is sufficient
for achieving the capacity, provided that the code symbols are dynamically scaled by
an appropriate power-allocation function before transmission [27].
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Inspired by the information theoretic results of [84], Goldsmith and Chua proposed
in [81] an adaptive M-QAM transmission scheme where both the transmission rate and
power are jointly optimized to maximize spectral efficiency, while satisfying average
power and instantaneous BER constraints. It was found that the variable-rate variablepower scheme provides a power gain of 5-10 dB over the variable-power fixed-rate
scheme and up to 20 dB power saving compared to fixed modulation schemes. The
impact of practical limitations, such as CSI estimation errors, delay, and finite granularity of the rate adaptation, has also been evaluated. In particular, it was shown [81]
that by using only six different constellations, the adaptive scheme achieves a spectral efficiency within 1 dB of the efficiency achieved with continuous rate adaptation.
Different suboptimal adaptation policies, such as fixed-power variable-rate, channel inversion and truncated channel inversion, were studied in [3] for adaptive transmission
in conjunction with a diversity combining receiver.
It is important to remark that the spectral efficiency for both the capacity achieving scheme [84] and the adaptive uncoded M-QAM transmission scheme [81] has the
same expression, with an effective power loss in the latter case. The power loss, also
known as the power-gap between the Shannon capacity and the spectral efficiency of an
uncoded M-QAM scheme [45], is a function of the target BER and is independent on
the fading distribution. A similar constant power gap has been observed by Kalet for
the multitone channel [120]. The power-gap can be also interpreted as an upper-bound
of the achievable coding gain when an outer channel encoder is superimposed on an
adaptive M-QAM scheme.
Adaptive coded modulation schemes were proposed and analyzed in [78, 82, 98,
156, 240]. The separability of the code and modulation design of the coset-codes [237]
was exploited in [82] to superimpose coset-codes designed for additive white Gaussian
noise (AWGN) channels over a general class of adaptive modulation schemes. It has
been shown that the adaptive coding schemes of [82] achieve approximatively the same
coding gain as in the case of a AWGN channel. In order to increase the coding gain,
adaptive turbo-coded modulation schemes were proposed in [240]. A spectral efficiency
within 3 dB of the Rayleigh fading channel capacity was obtained by adapting both the
turbo encoder rate and the transmit power. The impact of fading channel variation
on the optimal design of adaptive coded modulation was studied in [78]. Adaptive
transmission schemes based on channel prediction were considered in [69, 155].
A unified study on the tradeoff in adapting combinations of the transmission rate,
power and instantaneous BER to maximize the spectral efficiency subject to an average
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power and BER constraints is provided in [44]. Both continuous-rate and discrete-rate
adaptation are considered, as well as average and instantaneous BER constraints. It has
been found that close spectral efficiencies are achievable under average and instantaneous BER constraint, as well as under a continuous-rate and discrete-rate adaptation.
Moreover, a negligible spectral efficiency penalty is encountered when either the transmit power or the rate is restricted to be constant. These results suggest that close to optimum performance can be achieved by exploiting only a subset of all available degrees
of freedom in adaptive transmission. Closed form expressions for the outage probability, spectral efficiency, and the average BER of a fixed-power variable-rate adaptive
M-QAM scheme operating in Nakagami [150] fading channel are provided in [4].
An adaptive scheme for simultaneous voice and data transmission was proposed
in [5]. The voice and data are multiplexed between inphase and quadrature channels.
The voice channel uses a fixed-rate variable-power adaptation scheme, whilst the data
channel uses a variable-rate variable-power one. The power is balanced between the
two channels to provide a high average spectral efficiency for data while meeting the
BER requirements for the voice channel.
Single-carrier based adaptive M-QAM schemes for frequency-selective fading channels were proposed and analyzed in [180, 181, 183, 230–233]. The transmitted rate is
modified by simultaneously adapting the constellation according to the strength of the
channel and the effective symbol rate according to the delay spread of the channel. The
transmitted data symbols are repeated as many times as needed to keep the delay spread
smaller than a fixed fraction of the effective symbol period in order to attenuate the
inter-symbol interference (ISI). Adaptive modulation in conjunction with the decisionfeedback equalization [172] was studied in [182, 260, 261].
As the symbol rate increases, the delay spread of the channel becomes much larger
than the symbol rate and the channel exhibits strong frequency selectivity. For such
channel conditions, the orthogonal frequency division multiplexing (OFDM) [255]
emerged as an attractive transmission scheme because it requires low-complexity or no
equalizer to combat ISI. The OFDM modulation converts the frequency-selective channel into a set of parallel frequency-flat fading sub-channels, where each sub-channel
corresponds to a subcarrier [17, 238, 252]. Consequently, the equalization task is drastically simplified and the flexibility of the link adaptation is greatly increased since
the power and rate allocated to each sub-channel can be jointly adapted according to
the channel conditions [63, 120, 128, 257]. Comparisons between OFDM based systems and traditional single-carrier systems with linear [64, 65, 120] or decision feed29

back [257] equalizers showed that OFDM modulation can provide a significant improvement at low-to-moderate signal-to-noise ratio (SNR) values or in the case of channels
with deep nulls in the transfer function.
The concept of optimizing the power and rate allocation among the subcarriers to exploit the frequency selectivity of the channel was introduced by Kalet in [120]. Assuming adaptive M-QAM modulation with constant symbol error rate (SER) among the subcarriers, Kalet showed that the aggregate rate under a transmit power constraint is maximized by the well-known waterfilling power allocation among the subcarriers. Similar
to the frequency-flat fading channel, the power-gap to the channel capacity [121] is independent of the channel transfer function and depends only on the target SER. This
similarity comes from the fact [84] that the frequency-flat fading channel is capacity
equivalent to a set of parallel sub-channels, where each sub-channel corresponds to a
possible fading state.
In his derivation, Kalet assumed a continuous rate allocation among the subcarriers.
However, in practice the set of modulation and coding schemes (MCS) available for
rate adaptation is always finite and often limited to a few MCS. Therefore, the rate must
be distributed among the subcarriers with a finite granularity [45]. Such algorithms,
commonly known as bit and power loading algorithms (BPLA) or discrete loading algorithms, were initially developed for discrete multitone modulation over twisted-pair
channels [29, 30, 41, 70, 102]. The first to be proposed, and perhaps the most wellknown BPLA, is the Hughes-Hartogs (HH) algorithm [102]. The algorithm uses a
greedy bit loading method to maximize the throughput subject to a maximum error rate
and a maximum transmit power. It starts with a zero rate allocated to all sub-channels,
and each increment of additional information is placed on the sub-channel that would
require the least incremental energy for its transport. However, the extensive searching
and sorting required by the HH algorithm makes it impractical for high data rate applications. The consequent contributions of [30, 40, 41, 70, 132] provide more computationally efficient methods to find the optimum [30, 131] or a close to optimum [40, 41, 70]
bit and power allocation. Adaptive tracking of the optimal bit and power allocation in
time varying channels was studied in [134]. A detailed treatment of the discrete loading
algorithms for parallel channels can be found in [45].
One of the first adaptive OFDM schemes for wideband radio channels was proposed
by Czylwik in [63]. He considered an M-QAM scheme where the power and rate
allocated to each subcarrier can be jointly optimized, and he developed a BPLA which
minimizes the BER for a fixed throughput transmission. Czylwik showed that for a BER
30

of 10−3 , power savings of up to 15 dB are possible compared to a fixed OFDM scheme.
In addition, it was found that close results can be obtained by using fixed-power and
adapting only the rate among the subcarriers. Similar observation holds also when one
maximizes the data rate subject to a maximum error rate constraint [40, 44, 278, 280].
In [133], an adaptive TCM scheme was proposed, where the power and MCS are
adapted at a subcarrier basis to minimize the total transmitted power subject to fixed
throughput and BER constraints. The BPLA used to find the optimum allocation is
essentially a fast version of the HH algorithm. The scheme provides a power saving of
over 7 dB compared to a fixed TCM OFDM transmission. Adaptive modulation and
coding for maximizing the throughput of bit-interleaved coded OFDM packet transmissions was investigated in [199], and adaptive OFDM based on partial CSI was addressed
in [178, 271].
Unlike the single-carrier based adaptive transmission schemes, which employ the
same MCS for all data symbols in a transmission packet [224, 225], adaptive OFDM
systems can adapt the modulation parameters on a subcarrier-by-subcarrier basis. However, the signaling overhead required to inform the receiver about the MCS chosen at
each subcarrier may become prohibitive in certain conditions. Blockwise loading algorithms, where a certain number of adjacent subcarriers are clustered in blocks which
are allocated the same MCS, were proposed in [87, 124, 126] to reduce the signaling
overhead. Alternative solutions, where the receiver employs blind detection of the MCS
allocated to each block were studied in [125].

1.2.2

Single-user MIMO transmission with CSI at TX

Historically, multiple antennas were used first only at the receiver side to achieve array gain and spatial diversity [110, 259]. In the late 1980’s, the pioneering work of
Winters [258] suggested that a much higher gain is available when multiple antennas are used at both sides of the link. Almost a decade later, Telatar, Foschini, and
Gans [73, 211, 212] showed that in a reach scattering environment, multiple-input
multiple-output (MIMO) systems provide enormous capacity gains compared to traditional SISO and single-input multiple-output (SIMO) systems. They proved that the
capacity of a MIMO flat fading channel increases with the number of antennas, proportional to the minimum number of transmit and receive antennas. The MIMO channel
capacity studies were extended to multipath channels in [173, 174] and to correlated
fading channels in [36, 42, 228]. An extensive overview of the recent results on MIMO
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channels capacity is provided in [83].
The above information-theoretic results triggered a large amount of research in channel coding and signal processing algorithms to develop practical schemes that achieve
a large fraction of the promised capacity [14, 169, 206]. In general, the MIMO system design is strongly influenced by the CSI knowledge available at the transmitter
side [76]. With no channel knowledge at the transmitter side, space-time coding techniques which aim to maximize the diversity gain were proposed in [1, 97, 149, 208–
210], and spatial multiplexing schemes which aim to maximize the data rate were considered in [16, 22, 23, 71, 74, 79]. The optimal tradeoff between the multiplexing and
diversity gains has been studied in [286]. Switching schemes between transmit diversity and spatial multiplexing mode based on a low rate feedback from the receiver to
transmitter were proposed in [93, 95].
If the channel is perfectly known at the TX side, the MIMO channel can be converted into a set of parallel, noninterfering SISO channels through a singular value
decomposition (SVD) of the channel matrix [211]. The gains of these elementary spatial subchannels, commonly denoted as eigenmodes, are equal to the singular values
of the MIMO channel matrix. To maximize the mutual information, the total available
power should be distributed to eigenmodes based on the WF principle [62, 163]. In
the case of a multipath fading channel, OFDM modulation can be used to convert the
frequency selective MIMO channel into a set of frequency flat fading MIMO channels
which can be individually processed in space domain [173, 174]. The resulting MIMOOFDM system achieves asymptotically the MIMO channel capacity, as the number of
subcarriers grows to infinity [173].
The capacity-optimal signaling strategy described above assumes optimal channel
coding (i.e., Gaussian codebooks [62]) with continuous rate allocation among the eigenmodes. In practice, the Gaussian code is substituted by a simple signal constellation and
a practical coding scheme [172]. Therefore, various design criteria adapted to practical
system architectures have been considered in the literature [158]. The problem of joint
design of a linear precoder at the transmitter and equalizer at the receiver to minimize
the sum of the mean square errors (MSE) of all eigenmodes (i.e., the trace of the MSE
matrix) was studied in [136, 185, 187, 269]. The sum MSE minimization criterion was
generalized to the weighted sum MSE minimization in [179]. Remarkably, if the system is designed to minimize the determinant (instead of the trace) of the MSE matrix,
the classical capacity-achieving waterfilling result is obtained [187, 268]. In [186], a
maximum signal to interference-plus-noise ratio (SINR) criterion with a zero-forcing
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(ZF) constraint was also considered. SINR maximization for MIMO frequency selective fading channels with cochannel interference was addressed in [263]. Transmit
power minimization under different QoS requirements for the eigenmodes was studied
in [165]. The power and constellation adaptation was considered in [160, 264] and in
the author’s contributions [56–59, 213]. The minimization of the average BER under a
power constraint was addressed in [67, 161]. A single beamforming approach, where
only the strongest spatial subchannel is used, was studied in [164]. A general framework based on convex optimization techniques was developed in [159, 162] to handle a
wide range of design criteria, including MSE-, SINR-, and BER-based criteria.
Perfect CSI at the transmitter side is often difficult to obtain in a realistic wireless environment [10, 249]. Therefore, transmission schemes capable of exploiting
the partial CSI at the transmitter, such as the mean or the covariance of the MIMO
channel [83, 249], gained a large interest in the research community. The capacity of
such schemes was first analyzed assuming a multi-input single-output (MISO) system
in [147, 151, 152, 244], and then extended to the MIMO systems in [108, 109, 118, 119,
196, 229, 272]. It has been found that, unlike the single antenna systems, the capacity
improvement through even partial channel knowledge can be substantial. Additionally, it has been proved that the optimal covariance matrix in the covariance feedback
case [83] has the same eigenvectors as the known channel covariance matrix. However,
the power allocation is different from the traditional WF power allocation. Numerical
methods for computing the optimal power allocation are provided in [119, 229]. When
the transmitter knows the mean of the channel matrix, the eigenvectors of the optimal covariance matrix are given by the right singular vectors of the channel’s mean [195, 249].
Hybrid schemes, composed by an orthogonal space-time block code (STBC) whose
output is passed through a linear precoder before launching it into the channel, are
able to exploit different levels of CSI at the transmitter [114, 154, 168, 250, 267, 287–
289]. The basic idea of such schemes is to enhance the performance of a standard
STBC by combining it with transmit beamforming, for which the partial CSI can be
exploited. In [115], the authors studied how a partial CSI available at the transmitter
can be incorporated into the design of unstructured space-time block codes. Robust
beamforming schemes, where the channel uncertainty is explicitly taken into account
to obtain a robust beamformer design, were studied in [88] and [158, Chap.7].
When only a low rate feedback from the receiver is available, feeding back even the
channel statistics may become impractical. In such cases, the limited feedback can be
used to choose one precoder from a finite cardinality set of possible linear precoding
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matrices that is designed off-line and is known to both the transmitter and receiver [37,
115, 139–141, 148, 151]. The transmit antenna subset selection schemes [86, 94, 96]
can also be viewed as a particular case of the above precoder selection method.

1.2.3

MIMO broadcast channel capacity with CSI at TX

The study of the broadcast channel, where a single transmitter communicates with many
receivers, is of great interest as it models a downlink transmission environment in a cellular wireless system [83]. The general broadcast channel has been introduced in [61].
Its capacity region is given by the set of rates at which all users can simultaneously
receive with an arbitrary small probability of error. In the case of a degraded broadcast channel4 (e.g., scalar broadcast channel), where the users can be ordered according to their channel quality, the capacity region has been fully understood since the
1970’s [11]. Using a superposition of random Gaussian codes at the transmitter combined with interference substraction at the receivers is the optimal strategy [62]. However, the broadcast channel with more than one transmit antenna is not degraded [83],
and its capacity region remained unknown until recently [254].
The pioneering work of Caire and Shamai [28] was a decisive step in understanding the capacity region of the MIMO broadcast channel. They were the first to apply
Costa’s result [60] and Sato’s cooperative upper bound [184] to analyze the capacity
region of the multiple-antenna broadcast channel. Costa considered a channel affected
by both additive Gaussian noise and additive Gaussian interference, where the interference is noncausally known at the transmitter but unknown at the receiver. He showed
that, under an input power constraint, the capacity of this channel is the same as if
the interference did not exist [60], i.e., the effect of the interference can be completely
canceled out. Sato’s upper bound is based on the two following ideas. First, since the
receivers cooperation can only increase the capacity, the capacity of the broadcast channel must be upper bounded by the capacity of the cooperative channel. Second, since
the receivers can not cooperate, the sum-capacity of the broadcast channel depends only
on the marginal distributions of the noise and not on the correlation between noise at
different receivers. Thus, an upper bound of the sum-capacity of the broadcast channel
can be obtained by minimizing the capacity of the cooperative channel over all possible
joint distributions of the noise. A noise distribution which minimizes the capacity of
4A
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broadcast channel is degraded if the channel inputs and the outputs form a Markov chain [62].

the cooperative channel is called the least-favorable noise [60].
In [28], Caire and Shamai applied the above results to the broadcast channel. They
proposed a successive encoding strategy, known as dirty-paper coding (DPC), where
the interference caused by the previously encoded users (which can be computed at the
transmitter) is canceled out by using Costa’s coding scheme. For the special case of
two single-antenna receivers, they showed that the DPC scheme is optimal in achieving
the sum-capacity. The optimality was proved by showing that the sum-capacity of the
DPC scheme achieves Sato’s upper bound [184]. However, their proof involves a direct
calculation and does not hold for more than two users.
The DPC result [28] was independently extended to the case of any number of users
and an arbitrary number of antennas at each receiver in [241, 245, 279]. In [279],
Yu and Cioffi used the DPC techniques to convert the generalized decision feedback
equalizer of the cooperative channel into an equivalent precoder and decoder scheme,
which, for the least favorable noise, do not require cooperation between receivers. Since
the generalized decision feedback equalizer archives the capacity of the cooperative
channel, their scheme achieves the sum capacity of the broadcast channel.
The extensions in [241, 245] are based on the notion of a dual (or reciprocal)
multiple-access channel, which is obtained from the original broadcast channel by reversing the role of transmitters and receivers. The authors observed that under a sum
power constraint, the DPC achievable region of the MIMO broadcast channel is exactly the capacity region of the dual multiple-access channel. This result, called uplinkdownlink duality, is in fact the multiple-antenna extension of the previously established
duality between the scalar broadcast and multiple-access channels [112, 113]. Based
on this duality, the sum-capacity optimality of the DPC was proved by showing that the
sum-capacity of the dual multiple-access achieves Sato’s upper bound.
The above results proved only that the DPC scheme achieves the sum-capacity of
the MIMO broadcast channel, but the optimality of the entire capacity region is formulated only as a conjecture. Another important step towards the characterization of the
whole capacity region was reported in [226, 242]. The authors constructed a degraded
version of the MIMO broadcast channel by ordering the users and allowing them to
access the signal received by all users ranked below them. They further showed that if
Gaussian coding is optimal for the degraded broadcast channel, then the DPC region
is the capacity region. Finally, the optimality of the Gaussian coding has been proved
in [254].
The uplink-downlink duality is very useful from a numerical point of view be35

cause a direct computation of the DPC region in a broadcast channel leads to nonconcave rate functions of the covariances matrices [83, 241]. In contrast, the rates
in the dual multiple-access channel are concave functions of the covariance matrices.
Thus, the optimal covariance matrices which achieve the boundary of the capacity region of the dual multiple-access channel can be found by using a standard convex program [13, 26, 142, 144]. Then, they can be transformed to the corresponding optimal
broadcast covariance matrices. The explicit transformations between the optimal covariances of the dual multiple-access channel and the optimal covariances of the original
broadcast channel are given in [241]. In [277, 281], the uplink-downlink duality has
been generalized to MIMO broadcast channels with arbitrary linear covariance constraints by using the framework of Lagrange duality in minimax Gaussian mutual information optimization [279]. When multiple linear constraints are present, the dual of the
broadcast channel becomes a multiple-access channel with an uncertain noise, and the
sum-capacity is the saddle-point of a minimax problem.
Numerical solutions for computing the sum-capacity of the MIMO broadcast channel as well as the optimal covariance matrices have been considered in [111, 247, 274,
276] as well as in the author’s original publications [46–49]. A gradient based ascent
method was proposed in [247]. It can be used to compute the entire capacity region
but has a rather slow convergence. A sum power constraint iterative waterfilling (SPCIWF) algorithm was developed in [111]. It has been introduced as a natural extension
to the original iterative waterfilling (IWF) algorithm [282], used to optimize the transmit covariance matrices of the MIMO multiple-access channel with individual per-user
power constraints. Since the SPC-IWF algorithm does not always converge for more
than two users, an averaging step is introduced between two successive covariance updates. The averaging step reestablishes the algorithm convergence, but slows down its
rate of convergence, especially for large numbers of users.
The author’s contributions [46, 48] provide a provably convergent algorithm which
overcomes the previously mentioned problems and has clearly lower computational
complexity. In [111], all covariance matrices are updated in each iteration to maintain a
constant waterfilling level for all users. In contrast, the algorithm proposed in [46, 48],
denoted as iterative waterfilling for random user pairs (IWF-RUP), does not impose this
constraint at each step, but the common waterfilling level is asymptotically achieved
after the convergence period. At each step, the IWF-RUP algorithm increases the sumrate by updating just two randomly selected covariance matrices under their sum power
constraint. Hence, there is no power exchange between the updated pair of covariance
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matrices and the other ones. This ensures that the sum power constraint is satisfied after
each update step given that the initial set of covariance matrices satisfies the sum power
constraint. The numerical results show that the IWF-RUP algorithm converges faster
than all variants of the SPC-IWF algorithm proposed in [111].
A sum-capacity maximization algorithm based on dual decomposition method was
proposed in [274]. It consists of two nested loops: the inner loop is an IWF-like algorithm which optimizes the covariance matrices for a fixed water level, and the outer
loop finds the optimum water level by using a bisection search. Since it requires successive optimizations of the inner loop, the global convergence is rather slow. A faster
implementation has been proposed in [276] which shows better asymptotic convergence
behavior than [111], especially in the case of a large numbers of users. The basic idea
of the improved method [276] is not to run the inner loop until convergence, but only
to a certain tolerance that still guarantees the algorithm convergence. However, this
requires tracking the instantaneous error of the inner loop, and this issue has not been
addressed in [276]. The author’s contributions [47, 49] provide an upper bound of the
instantaneous error of the inner loop which can be used to construct a non-heuristic
stopping criterion. The upper bound is obtained by deriving the Lagrange dual function
of the inner optimization problem and providing a method for obtaining a feasible dual
variable.

1.2.4

Linear processing for MIMO downlink channels with
CSI at TX

The MIMO downlink transmission based on linear transmit and receive processing,
commonly known as beamforming, has gained an increased interest during the last
years. While these schemes are suboptimal, they lead to simpler transmitter and receiver structures and allow for a reasonable tradeoff between performance and complexity [18, 200, 273]. When multiple users are served simultaneously without employing DPC at the transmitter, the signals sent to different users interfere which each
other generating inter-user interference [20]. Therefore, the optimal designs for singleuser MIMO systems are not directly applicable to a multiuser scenario [8, 270]. The
power control [35, 72, 90, 234, 284] and the transmit and receive beamforming directions [77, 135, 138, 248] have to be jointly optimized according to certain system
performance criteria, such as rate maximization, power minimization, and worst SINR
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maximization [21, 188, 205, 256, 266].
Conceptually simple ZF beamforming schemes [38, 39, 166, 201, 202, 265] form
a class of suboptimal beamforming strategy where the transmit and receive beamformers are designed to avoid inter-user interference. This strategy enables to decouple
the beamforming design and power control problems, which is a significant benefit in
practical system design. The MIMO downlink channel matrix is diagonalized in [265]
by using a space-time processing technique based on successive Jacobi rotations [100].
In [38], inter-user interference is nulled out by constraining the transmit beamformers of each user to lie in the null space of the other users’ channels. This precoding
method is commonly referred to as block-diagonalization, since it decomposes the multiuser MIMO channel into a set of parallel single user channels to which any single-user
MIMO transmission scheme [162, 165, 173, 179, 187] can be applied. However, the
block-diagonalization method of [38] is applicable only when the number of transmit
antennas is larger than the total number of receive antennas. This restriction was eliminated in [166, 201, 202] by using coordinated transmitter-receiver processing. The
sum-capacity optimality of zero forcing beamforming schemes for channels with large
numbers of users have been analyzed in [273]. While being asymptotically optimal
when the number of users goes to infinity, the ZF techniques suffer from a power penalty
in the case of a moderate number of users.
By allowing a limited amount of inter-user interference, the set of potential beamformer solutions is extended and substantial power saving is possible, especially at low
to medium SNR values. In [170], a regularized channel inversion scheme was proposed,
where the regularization parameter was chosen to maximize the SINR. In the case of single antenna terminals, the rate maximization problem was considered in [18, 205, 256],
and the transmit power minimization was considered in [256]. The beamformer design
problem is more difficult when the terminals are also equipped with multiple antennas,
since it often leads to nonconvex optimization problems [281].
A key technique, which provides a substantial reduction of the computational complexity employed in the joint design of the transmit and the receive beamformers, consists of exploiting the duality between the downlink and uplink channels. The uplinkdownlink SINR duality has been discovered in [176, 243] in the context of single antenna terminals. It has been shown therein that the minimum sum power required to
achieve a set of SINR values in the downlink channel is equal to the minimum sum
power required to achieve the same set of SINR values in the dual uplink channel. Furthermore, the optimum transmit beamformers for the downlink channel which minimize
38

the transmitted power under the minimum SINR constraint per data stream are the same
as the optimum receive beamformers for the dual uplink channel up to a scaling factor.
Based on this duality the authors [176, 243] proposed iterative algorithms to compute
efficiently the optimum downlink beamformers and the optimum power allocation via
the dual uplink channel. The uplink-downlink SINR duality has been extended to arbitrary beamformer vectors in [19, 245] and to multiple antenna terminals in [226]. It was
shown therein that the achievable SINR region is closely related to the Perron-Frobenius
eigenvalue of the cross-coupling matrix between the users. This duality result has been
exploited in [33, 188, 189, 266] to jointly design the downlink beamformers and power
allocation under minimum SINR constraints.
The problem of minimizing the sum MSE between the transmitted and estimated
symbols has been considered, e.g., in a single-user setup [179, 187] and in a multiuser
setup [116, 117, 190, 191, 194]. In the recent work of [190], the uplink-downlink
duality of the MSE region has been used to state the sum MSE minimization problem as a semidefinite program [239]. General methods for joint design of the linear
transmit and receive beamformers according to different optimization criteria, including weighted sum-rate maximization, weighted sum mean square error minimization,
SINR balancing, minimum SINR maximization and sum power minimization under a
minimum SINR constraint, has been proposed by the author in [51–54]. Transmit precoder design via conic optimization for fixed MIMO receivers was proposed in [256].
Transmitter optimization algorithms with per-antenna or per groups of antennas power
constraints were proposed in [281] and in the author’s contributions [55, 214, 217].

1.3

Aims and outline of the thesis

Novel MIMO transmission techniques which utilize the knowledge of CSI at the transmitter side to optimize certain link parameters (e.g., throughput, fairness, spectral efficiency, etc.) under different constraints (e.g., maximum transmitted power, minimum
QoS, etc.) are investigated. The aim of the thesis is to develop and validate novel
link adaptation schemes for single- and multiuser broadband communication systems
operating in MIMO wireless channels. All results presented in this thesis were published or accepted for publication in peer reviewed journals. For the sake of clarity and
uniformity, the thesis is presented as monograph.
Chapter 2, the results of which have been presented in [50, 56–59, 213], considers
adaptive transmission schemes for point-to-point MIMO systems. A low complexity
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bit and power loading algorithm, which requires low signaling overhead and applies
to coded systems, is proposed. Its performance is compared to the performance of the
universally accepted Hughes-Hartogs algorithm. Methods for compensating the CSI
errors at the TX side are also discussed.
Chapter 3, the results of which have been documented in [46–49], is devoted to
numerical methods for computing the sum-capacity of MIMO downlink channels. By
exploiting the broadcast to multiple access channel duality, two efficient algorithms
are derived and their performance is compared to the performance of other existing
methods. Issues related to the convergence and to the tracking of the instantaneous
error are also considered.
Chapter 4, the results of which are presented in [51–55, 214, 217], considers the
problem of joint power control and linear transmit and receive beamformers design
for MIMO downlink channels. General algorithms for linear transceiver optimization
according to different system performance criteria are provided. The optimization criteria include sum power minimization under the minimum SINR constraint per data
stream, the balancing of SINR values among data streams, minimum SINR maximization, weighted sum-rate maximization, and weighted sum mean square error minimization. Besides the traditional sum power constraint on the transmit beamformers, solutions for transceiver optimization under a more general power constrain model are
provided. The performance of the proposed algorithms is evaluated by computer simulations.
Chapter 5 concludes the thesis. The main results are summarized and some open
problems for future research are pointed out.

1.4

The author’s contribution to the publications

The thesis is based in part on four journal papers [48, 49, 52, 59] and ten conference
papers [46, 47, 50, 51, 53–58]. The author has had the main responsibility in performing
the analysis, developing the simulation software, generating the numerical results, and
writing all the papers [46–59]. Other authors provided help, comments, and criticism
during the process.
In addition to the papers [46–59], the author contributed to three other journal papers [213, 214, 217] where he is not the first author. In [213], the author provided
the bit and power loading algorithm and much of the mutual information analysis presented in Section III. In [214, 217], the idea of constructing an ascent algorithm by
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combining the precoder design via conic optimization and the power control via signomial programming was proposed by the author. The first author further developed the
ideas, developed the simulation software, and generated all the numerical simulations.
In [214], the author also wrote large parts of Section III, which describes the weighted
sum-rate maximization algorithm.
The results and analysis presented in this thesis have been produced by the author.
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2

Point-to-point adaptive MIMO-OFDM
transmission

By applying OFDM modulation to a MIMO system, the frequency selective MIMO
channel is turned into a set of frequency-flat fading MIMO channels which can be
individually processed [23]. If the CSI is known at the TX side, the channel matrix
can be decomposed for each subcarrier using SVD. As a result, a set of orthogonal
sub-channels is obtained in the space domain [173, 179, 187, 262]. These elementary
sub-channels will be referred to as eigenmodes in the sequel.
To maximize the throughput, the total available power should be distributed to the
eigenmodes based on the waterfilling (WF) principle [173, 179, 187]. However, such
an optimal signaling strategy would require Gaussian codebooks [62] with continuous
rate allocation among the eigenmodes, which is not feasible in practice. Therefore,
a near optimal solution is required which takes into account the finite rate allocation
granularity imposed by the limited number of MCSs. The most accepted amongst such
schemes is the HH algorithm [102]. Its reduced complexity versions [41, 70, 278]
mainly rely on the fact that it is more important to avoid using the most attenuated subchannels than to find exactly the optimum amount of power to be allocated to the strong
sub-channels. For example, it has been shown in [278] that an on/off power distribution,
as long as it uses nearly the same transmission sub-channels as WF, exhibits negligible
capacity loss with respect to exact WF shape.
All the above algorithms were mainly developed for very slowly varying channels,
like asymmetric digital subscriber lines. Therein, the signaling overhead to the receiver
about the chosen MCS for each eigenmode can be neglected. Such an assumption
is too strong for wireless communication systems, where the transmission parameters
have to be signaled to the receiver with a rate proportional to the channel’s Doppler
spread [127, 128].
In this chapter, a logarithm-free bit and power loading algorithm (BPLA) is proposed, where the signaling overhead is C times reduced (C is the number of subcarriers) compared to the HH algorithm. This is achieved by grouping the eigenmodes into a
number of clusters and assigning a fixed MCS for each cluster. The first cluster contains
the strongest eigenmodes from each subcarrier, the second cluster contains the second
strongest eigenmodes from each subcarrier, and so on.
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A cluster based BPLA, which minimizes the BER subject to a constant throughput
and a constant transmitted power, has been proposed in [75]. However, the cluster positions are not predefined, and, therefore, the grouping helps to reduce only the computational complexity, but not to reduce the signaling overhead. Moreover, the optimization
method, based on the Fischer-Huber [70] algorithm, is applicable for an uncoded system only and requires logarithm operations. In contrast, the proposed logarithm-free
BPLA can be applied to coded systems as well.
In the presence of CSI errors, the eigenmode orthogonality is lost and a spatial
equalizer is used at each subcarrier to mitigate the inter-eigenmode interference. By
analyzing the noise enhancement at the linear equalizer output, a simple CSI error compensation is developed. It maintains the target error rate by increasing the instantaneous
transmitted power in such a way that the average SNR at the equalizer output is kept
constant.
The simulation results show that for a constant frame error rate (FER), the throughput degradation compared to the optimum HH algorithm is negligible. For an unbalanced MIMO system with a larger number of transmit antennas, the spectral efficiency
achieved at low and medium SNR is higher than the outage capacity with unknown CSI
at the TX. Consequently, the proposed scheme constitutes a practical solution for high
data rate wireless communication systems.
The remainder of this chapter is organized as follows. The adaptive MIMO-OFDM
eigenmode based system model is revised in Section 2.1, and the proposed bit and power
loading algorithm is presented in Section 2.2. The CSI error compensation scheme
is described in Section 2.3, the simulation results are presented in Section 2.4, and
Section 2.5 concludes the chapter.

2.1

System model and capacity for MIMO-OFDM
unbalanced antennas systems

The block diagram of the adaptive MIMO-OFDM system considered with C subcarriers, T transmit, and R receive antennas is depicted in Figure 1. At each symbol interval,
the preprocessor, which comprises channel coding, bit loading of information data bit
stream, and linear pre-combining, generates a T × C dimensional matrix X. The tth
row of matrix X is associated with the OFDM modulator at the transmit antenna t.
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Fig 1. The block diagram of the point-to-point TDD based adaptive MIMO-OFDM
system.

The OFDM modulator comprises inverse fast Fourier transformer (IFFT), cyclic
prefix (CP) insertion, and parallel-to-serial conversion. The CP is chosen to be longer
than the maximum excess delay of the channel to avoid inter-symbol and inter-carrier
interference. At the receiver side, the CP is removed, and the resulting signals are
serial-to-parallel converted and passed through the fast Fourier transformer (FFT). At
each symbol interval, the OFDM demodulator generates an R × C dimensional matrix
Y, each row in the matrix corresponding to one receive antenna.
Assuming perfect frequency and sample clock synchronization between the transmitted and the received signals, the input-output relation for the OFDM modulator/demodulator chain is given by
yc = Hc xc + nc ,

c = 1, . . . , C

(1)

where c is the subcarrier index, xc ∈ CT ×1 and yc ∈ CR×1 denotes for the cth columns
in the matrices X and Y respectively, nc ∼ CN (0, N0 IR ) represents the received noise
45

vector, and Hc ∈ CR×T is the channel matrix. The entry [Hc ]r,t ∼ CN (0, 1) represents
the complex channel gain between the TX antenna t and the RX antenna r, at the subcarrier c. The channel matrix was generated according to the stochastic MIMO channel
model [129] where two types of spatial fading correlations were introduced. The low
correlated channel (LCC) is typical for an indoor radio link, while the strong correlated
channel (SCC) is used to reflect an outdoor-to-indoor link with the base station antenna
located above surrounding scatterers. The power delay profile was generated according
to the ETSI BRAN Channel A [68] described in Table 1. The frame length L is chosen
to be smaller than the coherence time of the channel. Therefore, the channel matrix is
assumed to be constant during one coded frame.
For capacity analysis, it is assumed that vectors zc at the input of linear pre-combiner
comprise T independent Gaussian components, i.e., zc ∼ CN (0, diag{P1,c , . . . , PT,c }),
and the linear pre-combining and post-combining are performed with unitary matriR×R
(for the virtue of maximization of mutual inces Vc ∈ CT ×T and UH
c ∈ C
formation [62]). The instantaneous capacity of the MIMO-OFDM system is given
by [23, 173]
¶
µ
C min(T,R)
1 X X
Pi,c
(2)
Cinst =
log 1 + λi,c
C c=1 i=1
N0
where λi,c denotes for the eigenvalues of the Hermitian positive semidefinite matrix
Hc HH
c.
In the case of perfect prior knowledge CSI at the TX side, Vc and Uc are obtained
by SVD of the channel matrix
Hc = Uc Λc VcH
1/2

(3)

1/2

where Λc ∈ CR×T has the elements λ1,c , . . . , λmin(T,R),c on the main diagonal and
all other entries are zeros. In this way, a set of r = min(T, R) orthogonal spatial subchannels, denoted as eigenmodes, are obtained at each subcarrier. The instantaneous
capacity (2) is maximized by the WF power allocation [62]
µ
(WF)
Pi,c

=

N0
µ−
λi,c

¶+
(4)

where the waterfilling level µ is calculated from the constraint on the total transmitted
PC Pr
power, i.e., c=1 i=1 Pi,c = Pmax .
Without the knowledge of CSI at the transmitter, Uc and Vc reduce to identity
matrices, and the optimal power shaping assumes an equal power allocation among the
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transmit antennas

Pmax
.
(5)
CT
This chapter focusses on an unbalanced antenna system with T ≥ R. It is well
understood that for a balanced antenna system, i.e., T = R, the difference between the
(WF)
channel capacity with CSI at the transmitter (Cinst ) and the channel capacity without
∆
(NO CSI)
CSI at the transmitter side (Cinst
) decreases as the SNR = Pmax /N0 increases,
(NO CSI)

Pi,c

=

and at high SNR values both capacities tend to become equal [42]. However, in the case
of an unbalanced antenna system, the WF power allocation at high SNR values tends to
the equal power allocation over the nonzero eigenmodes, i.e.,
lim

(WF)

SNR→∞

Pi,c

=

Pmax
.
CR

(6)

By comparing (6) and (5) one should remark that a power penalty equal to T /R is
encountered in the case of unknown CSI at the transmitter. Equivalently, the difference
between the two capacities converges to
³
lim

SNR→∞

(WF)
Cinst

−

(NO CSI)
Cinst

´

C R
1 + λi,c SNR
1 XX
CR
lim log
=
C c=1 i=1 SNR→∞
1 + λi,c SNR
CT
µ ¶
T
.
= R log
R

(7)

From the concavity of the capacity in variables Pi,c [26], it follows that there is an
additional penalty at low and medium SNR values due to the equal power allocation.
This degradation depends on both the channel frequency selectivity and the space selectivity reflected through the variation of λi,c with respect to indices c and i, respectively.
A suboptimal transmission scheme, where only the strongest eigenmode at each
subcarrier is excited, is also considered. Such a transmission scheme is denoted as
strongest eigenmode excitation (SEE). As will be shown in the sequel, at low SNR values such method offers close to optimal performance with reduced receiver complexity.
The vectors zc reduce to scalars, and the matrices Vc and Uc are replaced by their
columns corresponding to the largest eigenvalues, λ1,c . The optimal power allocation
is given by
 µ
¶+

 µ − N0
if i = 1
(SEE)
Pi,c
(8)
=
λ1,c


0
if i 6= 1
where the waterfilling level µ is chosen to satisfy the total transmitted power constraint,
PC
(SEE)
i.e., c=1 P1,c
= Pmax .
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It is important to remark that in the case of optimal channel coding (i.e., a Gaussian
codebook [62]) with perfect CSI knowledge at the TX side, the two-dimensional eigenbeamformer combined with Alamouti’s code proposed in [267, 287, 289] reduces to the
power allocation (8). Obviously, when the channel matrix has a rank one, (e.g. MISO
systems, or in the case of MIMO channels experiencing the keyhole effect [36]) the SEE
is the optimal solution. When the channel matrix has rank larger than one, the capacity
degradation due to the use of only the strongest eigenmode for each subcarrier will
strongly depend on the average SNR, channel correlation, and the number of antennas.
(NO CSI)

(WF)

(SEE)

Figure 2 shows the three signaling capacities, C1%outage , Cergodic , and Cergodic
(WF)

[169], for different channel correlations and different antenna setups. Cergodic represents the upper-bound of the spectral efficiency achievable with the optimal channel
coding by adapting the transmission rate and the power according to each instanta(SEE)

neous channel realization. Cergodic has similar explanation, except that it uses only the
(NO CSI)
strongest eigenmode at each subcarrier. Cx%outage represents the maximum spectral
efficiency that can be guaranteed for (100 − x)% of channel realizations without the
knowledge of CSI at the TX [169]. Notice that in this case the transmission rate can
not be adjusted according to the instantaneous channel realization. A more detailed
description of the ergodic and outage capacity for fading MIMO channels and their relationship to the degree of CSI knowledge at the TX side can be found in [169, Section
IV.C ].
For an unbalanced antenna system, a remarkable capacity gain is obtained when the
channel is known at the transmitter, even at high SNR values. At low SNR values or for
highly correlated channels, waterfilling over all available eigenmodes and waterfilling
only over the largest eigenmodes at each subcarrier produces almost equal results, i.e.,
(WF)
(SEE)
for (T, R) = (4, 2) system in SCC, Cergodic and Cergodic are almost equal for SNR
values lower than 10 dB. When the SNR increases or the antenna correlation decreases,
the difference between the optimum WF and the suboptimal SEE strategy increases.
Motivated by these results, in Section 2.2, we propose an adaptive transmission algorithm which automatically decides the best signaling strategy in terms of performance
and complexity for a given scenario.
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Fig 2. Comparison between C 1%outage , C ergodic and C ergodic for low respectively

strong correlated Rayleigh fading MIMO channel; (a) T = 44, R = 2 antennas, (b)
T = 88, R = 2 antennas.

49

2.2

Bit and power loading algorithm

For the sake of clarity, the bit and power loading algorithm (BPLA) is presented in this
section assuming perfect CSI knowledge at the TX. Issues related to CSI estimation
errors are discussed in Section 2.3. It is assumed that M distinct modulation and coding
schemes (MCS) are available for bit loading, and bm , m = 1, . . . , M , denotes the
effective rate (including the coding rate) provided by the mth MCS.
Assuming the optimal linear combining with matrices Uc and Vc given by (3),
the power required by the ith spatial sub-channel from the cth subcarrier (denoted as
eigenmode (i, c) in the sequel) to achieve a given target SNR value, γ̄, is given by
[206, 262]
P̃i,c (γ̄) = γ̄

N0
.
λi,c

(9)

The main idea behind the proposed algorithm is to exploit the intrinsic spatial diversity achieved by using the eigenmode based transmission. The RC available eigenmodes are divided into R clusters. The first cluster contains the strongest eigenmodes
from each subcarrier, the second cluster contains the second strongest eigenmodes, and
so forth. As a result, only a small difference between the eigenmode gains belonging
to the same cluster is experienced due to spatial diversity, except within the most faded
subcarriers. Consequently, by skipping the most faded eigenmodes, the same MCS
can be used for all selected eigenmodes belonging to the same cluster with a negligible throughput degradation. In this way, the signaling overhead required to inform the
receiver about the selected MCS at each eigenmode is C times reduced.
The powerful turbo codes (TC) [12] are used for channel coding due their large
coding gain. The encoding is performed jointly in time and frequency domains, so that
a code word covers the selected eigenmodes from a given cluster during L consecutive OFDM symbols belonging to one transmission frame. In this way, the codeword
is enlarged to achieve TC’s interleaving gain [7], while the adaptability between the
clusters is still preserved. According to the channel conditions, the resulted codewords
will have variable lengths, which makes the control of the instantaneous BER very difficult. Therefore, a constant FER design will be considered because for sufficiently long
frames, FER is less sensitive than BER to the variations of the codeword length [7].
The eigenmode power allocation algorithm is divided into two steps to avoid excessive complexity. For each transmitted frame, at the first step, the total power is divided
between clusters based on modified WF power allocation. At the second step, the MCS
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and eigenmode selection is performed independently for each cluster to maximize the
throughput. This is done subject to the constraint that all selected eigenmodes within
the cluster have equal SNR values. Such a constraint produces a major complexity reduction in the implementation of the BPLA with a negligible throughput degradation. It
helps to maintain the target FER by using a look-up-table containing the SNR required
by each MCS to maintain the target FER in an AWGN channel. These SNR values are
obtained off line by preliminary simulations. In the sequel, γ̄m , m = 1, . . . , M denotes
the SNR required by the mth MCS to achieve the target FER. Without the loss of generality, it can be assumed that effective rates bm and theirs corresponding SNR values γ̄m
are given in an ascending order, i.e., b1 < b2 < . . . < bM and γ̄1 < γ̄2 < . . . < γ̄M .
In practice, the rate allocated to an eigenmode is limited not only by the noise
power, but also by the MCS set to bM , i.e., the rate provided by the most spectrally
efficient MCS. Therefore, the power allocated to an eigenmode should also be limited
to P̃i,c (γ̄M ). Consequently, for the initial power division between the clusters, the
classical WF power allocation is modified to take into account the eigenmode’s SNR
saturation and the average SNR gap as follows
#
"µ
¶+
N0
N0
(MWF)
G
,
γ̄M
(10)
Pi,c
= min µ −
λi,c
λi,c
where G represents the average SNR gap [41, 45] between the Shannon capacity and
the spectral efficiency provided by the MCS set, and µ comes from the total transmitted
PR PC
(MWF)
= Pmax .
power constraint, i.e., i=1 c=1 Pi,c
Figure 3 shows the graphical illustration of the relation (10). As shown in the figure, the power allocated to some eigenmodes is lower than the one which would be
allocated by the classical WF policy. These eigenmodes are called saturated because
the amount of information transmitted by these eigenmodes has reached the maximum
limit bM , although the power allocated could be increased. Obviously, for an unlimited
constellation size and optimum channel coding case (i.e., γ̄ → ∞ and G → 1), (10)
becomes equivalent to the classical WF power allocation.
Based on the initial power allocation (10), the total power Pi allocated to the ith
cluster is given by
Pi =

C
X

(MWF)

Pi,c

.

(11)

c=1

In the second step of the BPLA, each cluster is independently optimized by searching for the MCS that provides the maximum throughput when the total power Pi is dis51

Fig 3. The modified waterfilling power allocation.

tributed to the eigenmodes according to the target FER, under equal SNR constraints.
This is equivalent to the maximization over the whole MCS set of the product between
the maximum number of eigenmodes that can be selected by using a certain MCS and
the spectral efficiency provided by that MCS.
Let us denote by m?i the index of the optimum MCS at cluster i, i.e.,
m?i = arg max bm si,m

(12)

m=1,...,M

where si,m represents the maximum number of the eigenmodes that can be selected in
the ith cluster by using the mth MCS, i.e.,
si,m =

max
P
C⊂{1,...,C}: c∈C P̃i,c (γ̄m )≤Pi

|C|

(13)

By ordering the eigenmodes from each cluster according to their strength, the values
of si,m can be computed by using the following algorithm.
Algorithm 2.2.1. Computation of the maximum number of eigenmodes in each cluster
for different MCSs
1. Let i = 1.
2. Organize the eigenvalues λi,c in descending order, i.e., find the vector of indices
[j1 , j2 , . . . , jC ] such that λi,j1 ≥ λi,j2 ≥ · · · ≥ λi,jC .
3. Compute the vector t = [t1 , . . . , tC ], with each entry given by
tc =
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c
X
N0
.
λ
n=1 i,jn

(14)

4. Define si,0 = C. From m = 1 to M do
a) Let si,m = si,m−1 .
b) If tsi,m γ̄m > Pi , decrease the number of selected eigenmodes si,m = si,m − 1
until the power constraint tsi,m γ̄m ≤ Pi is satisfied.
c) Save the corresponding value si,m .
5. If i < R, let i = i + 1 and go to Step 1. Otherwise STOP.
Using the values si,m , the optimum MCS for each cluster is found by using (12).
The powers allocated to the selected eigenmodes are given by P̃i,c (γ̄m?i ).
The following remarks are important for practical implementation. In the case of
strong correlation between antennas and/or very low SNR values, it is possible that
the number of selected eigenmodes at the weakest cluster is very small, resulting in
a very short code word. In such cases, the performance of turbo codes decreases and
the target FER cannot be maintained. This problem is avoided by setting a minimum
codeword length, lmin , and deactivating the weakest cluster when its codeword length
is smaller than lmin . Note that, as shown in Figure 2, the capacity loss in the SEE mode
is negligible for such channel conditions. The power allocated initially to the weakest
cluster is reused by the stronger clusters and their throughput is increased. The γ̄m
values stored in the look-up-table are determined by setting a codeword length equal to
lmin .

2.3

The compensation of CSI errors at TX

The CSI errors model introduced in [267, 287, 289] is assumed in this section. The
estimated channel matrix at TX side is given by
Ĥc = Hc + Nc

(15)

where Nc ∈ CR×T models the channel estimation error. It has i.i.d. elements, i.e.,
2
2
[Nc ]r,c ∼ CN (0, σN
), with σN
known at the TX. The linear pre-combining matrix is
obtained based on the SVD of the estimated channel matrix, i.e., Ĥc = Ûc Λ̂c V̂cH . The
transmitted vector at the cth subcarrier is given by
ˆ P1/2 d
xc = Ṽ
c c
c

(16)

T

where dc = [d1,c , . . . , dR,c ] is the vector of complex data symbols transmitted at
ˆ ∈ CT ×R contains the first R columns of V̂, and the masubcarrier c, the matrix Ṽ
c
trix Pc = diag (P1,c , . . . , PR,c ) controls the power allocated to each eigenmode (the
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constellation power is normalized to E{|di,c | } = 1). By substituting (16) in (1), the
received signal at the cth subcarrier becomes
ˆ P1/2 d + n = T d + n
yc = Uc Λc VcH Ṽ
c c
c
c
c c
c

(17)

ˆ P1/2 represents the equivalent channel matrix at the subcarwhere Tc = Uc Λc VcH Ṽ
c c
rier c. It expresses the cumulative effect of signal processing at the TX side and channel
propagation on the transmitted data signal. It can be obtained at the receiver side by
inserting pilot symbols for channel estimation in lieu of dc . In the case of a large number of transmit antennas, this matrix is easier to estimate than the channel matrix, Hc ,
due to its reduced number of elements. Furthermore, no other signaling is required to
inform the receiver about the power adaptation at the TX side. The estimation of Tc is
beyond the scope of the thesis, and it will be assumed in the following that it is perfectly
known at the receiver side [267].
Following the approach of [203], the log-likelihood of the individual bits at the
subcarrier c can be computed from the received signal yc as



P

R
Q

¯
¯2  
R
¯
¯
P
¯[yc ] −
[Tc ]r,t [dc ]t ¯¯
r
¯


t=1

exp −



 dc : dc ={fbs (bc )|[bc ] =1 } r=1
N0
l


LLR {[bc ]l } = log 

¯

 ¯¯
R
¯2
P


¯
¯
[Tc ]r,t [dc ]t ¯
R


¯[yc ]r −
P
Q
t=1


exp −
N0
dc : dc ={fbs (bc )|[bc ]l =0 } r=1
(18)
where bc represents the binary vector associated with the complex vector dc , and fbs (·)
represents the bit-to-symbol mapping function, e.g., dc = fbs (bc ).
In some applications, the exhaustive search required by maximum likelihood soft
demodulator (18) is too complex, especially for high level constellations, and it is preferable to use some suboptimal soft demodulators at each subcarrier comprising a spatial
linear equalizer followed by a soft demodulator for each eigenmode. The spatial equalizer can be implemented, e.g., by zero forcing (ZF) or linear minimum mean squared
error (LMMSE) structure [158]. In the sequel is analyzed the case in which the linear post-combiner is implemented by a ZF equalizer structure. However, as will be
shown by simulations, essentially the same results are obtained with an LMMSE equalizer. The covariance matrix of the decision variables d̃c generated by the linear post54

combiner (see Figure 1) is given by [123]
CZF
d̃c

=

¡

¢−1
N 0 TH
c Tc

=

N0 P−1/2
c

µ H
¶−1
ˆ
H
H
Hˆ
Ṽc Vc Λc Uc Uc Λc Vc Ṽc
P−1/2
c

³
´−1
= N0 P−1/2
Φc Λ̃2c ΦH
P−1/2
c
c
c

(19)

ˆ H Ṽ , the matrix Ṽ ∈ CT ×R contains the first R columns of V , and
where Φc = Ṽ
c
c
c
c
1/2
1/2
Λ̃c = diag(λc,1 , . . . , λc,R ).
Closed form expression for the statistics of Φc cannot be found [204], even in
the case of small CSI errors, due to the unseparability of subspaces corresponding
to close singular values. Therefore, an approximation will be used. For channel realizations with close singular values the approximation is not accurate, but the probability of such a case is small enough. Clearly, in the case of perfect CSI, the matrix Φc becomes an identity matrix. Hence, one can expect that in the case of fairly
small CSI errors it will have a strong diagonal structure as well. This was confirmed
by numerical evaluations of the empirical cumulative distribution function of the ratio
¯
¯¢±¡
¯
¯¢
¡
ζ = maxi6=j ¯[Φc ]i,j ¯
mini ¯[Φc ]i,i ¯ for different values of CSI errors. For ex2
ample, in the case of σN
= 0.01, T = 8, and R = 2 antennas it has been obtained
Pr{ζ < −15dB} = 95%. By neglecting the off diagonal elements in matrix Φc , the
SNR at the equalizer output for the eigenmode (i, c) can be approximated by

γ̄i,c ≈

¯2
Pi,c λi,c ¯¯
¯
¯[Φc ]i,i ¯
N0

(20)

¯
¯2
where ¯[Φc ]i,i ¯ express the SNR loss due to the CSI errors.
Let us assume for a moment that λi,c can be estimated accurately enough. In such
a case, the average SNR can be maintained by increasing the instantaneous power allo¯2
©¯
ª
cated to the eigenmodes (i, c) with a factor χi,c ≥ 1 such that E ¯[Φc ]i,i ¯ χi,c = 1.
With diagonal Φc , it follows from (15) that
)
(
µ 2 ¶
¯
¯2 λ̂
σN
¯
¯ i,c
=1+O
E ¯[Φc ]i,i ¯
λi,c
λi,c

(21)

where λ̂i,c are the eigenvalues of ĤH
c Ĥc . Therefore, the instantaneous power allocation
at the eigenmode (i, c) required to maintain a desired average SNR at the post-combiner
can be approximated as
N0
γ̄
(22)
P̃i,c (γ̄) ≈
ηi,c
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Fig 4. Average SINR at the output of the LMMSE and ZF equalizers.

±
where ηi,c = λ2i,c λ̂i,c represents the equivalent power gain of the eigenmode (i, c) in
the presence of CSI errors at the TX.
Figure 4 illustrates the accuracy of approximation (22). The average SINR obtained
at the output of the post-combiner is plotted as a function of the variance of channel
2
estimation error σN
for both linear equalizer structures (ZF and LMMSE). The simulated system had T = 8 and R = 2 antennas with different target SNR values for the
two clusters. Specifically, the target SNR was 10 dB for the strongest cluster and 4 dB
for the weakest one. For comparison, the obtained SINR values when the CSI errors
are neglected are also shown. The simulation results show that by using the proposed
CSI error compensation method, the targeted SNR is well approximated by (22) for a
2
large range of channel estimation errors, i.e., σN
∈ (0.01 ÷ 0.25). In the case in which
the TX does not compensate for the CSI errors, a large gap between the targeted and
obtained SINR values results.
It is important to remark that the power allocation (22) can be used to maintain

the average SINR only, but nothing can be said about the instantaneous SINR at each
eigenmode. This means that (22) can be used to control the average error rate only
in conjunction with a channel encoder that covers multiple eigenmodes from different
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subcarriers, the averaging process being realized by the decoder itself.
The power allocation (22) is applied to a practical system by replacing the channel
eigenvalues λi,c with some reliable estimates λ̃i,c . In the case of R = 2, a closed form
expression can be obtained for λi,c , and it allows to evaluate analytically the effect of
CSI errors and to design a simple algorithm which increases the estimation accuracy by
partial compensation of the bias between λi,c and λ̂i,c . Let us denote the entries in the
H
2 × 2 Hermitian matrices Hc HH
c , respectively Ĥc Ĥc as follows

"
Hc HH
c

=

h1,1,c
h∗1,2,c

h1,2,c
h2,2,c

#

"
;

Ĥc ĤH
c

=

ĥ1,1,c
ĥ∗1,2,c

ĥ1,2,c
ĥ2,2,c

#
(23)

and by solving the characteristic equations, the eigenvalues can be expressed as
λ1,2,c

=
=

µ
¶
q
1
2
h1,1,c + h2,2,c ± (h1,1,c − h2,2,c ) + 4|h1,2,c |2
2
µ
¶
q
1
2
H
2
Tr{Hc Hc } ± (h1,1,c − h2,2,c ) + 4|h1,2,c |
.
2

(24)

This equation holds also for λ̂i,c where h1,1,c , h1,2,c , h2,2,c and Hc are replaced by
estimated values ĥ1,1,c , ĥ1,2,c , ĥ2,2,c and Ĥc . The bias between λi,c and λ̂i,c contains
two components: a linear one, which can be easily evaluated as the bias between the
traces of the matrices, and a nonlinear one given by the bias of the terms under the
square root. Since the square root does not have a convergent Taylor series around zero,
the effect of the nonlinear part of the bias cannot be evaluated and will be neglected.
However, as will be shown in the simulation results, its effect is not critical for a large
range of channel estimation errors and SNR values of practical interest.
Since the channel matrix Hc and the estimation error Nc in (15) are statistically
independent, the linear part of the bias is given by
o 1 ©
ª
1 n
H
H
2
E Tr{Ĥc ĤH
c } − Tr{Hc Hc } = E Tr{Nc Nc } = T σN
2
2
and the estimated eigenvalues used to compute the equivalent power gains, ηi,c in (22),
are given by

³
´+
2
λ̃i,c = λ̂i,c − T σN

(25)

where the eigenmodes corresponding to the eigenvalues which become negative after
bias compensation are discarded from the bit and power loading algorithm.
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2.4

Numerical examples

The performance of the proposed scheme is evaluated over a correlated Rayleigh fading
MIMO channel by using Monte Carlo computer simulations. The OFDM system was
assumed to operate at a sampling rate of 20 MHz using C = 64 subcarriers. The length
of the OFDM symbols is 4 microseconds with a 0.8 microseconds CP. A block fading
channel model was assumed, where the fading coefficients were kept constant over one
coded frame and independent from frame to frame. One coded frame consists of L = 16
OFDM symbols.
The channel’s delay taps were considered independent of each other with the power
delay profile specified by ETSI BRAN Channel A [68] and reproduced in Tabel 1. For
each tap, the spatial fading correlation was generated according to the stochastic MIMO
channel model [129]. The spatial covariance matrices for the LCC are given by [129,
eq.12], and the covariance matrices for the SCC are given by [129, eq.13].
The MCSs used for the adaptation process are 4QAM, 16QAM, and 64QAM, all
turbo encoded [12] and punctured to rate = 1/2. By using an iterative receiver [12]
with 8 iterations per frame, the SNR values required by each MCS to achieve the target FER=10−2 in an AWGN channel are {γ̄1 , γ̄2 , γ̄3 } = {2.61dB, 8.04dB, 12.68dB}
for a minimum codeword length lmin = 1000 bits, and {γ̄1 , γ̄2 , γ̄3 } = {2.76dB,
8.29dB, 12.93dB} for lmin = 500 bits, respectively.
Figure 5 shows the spectral efficiency achieved by the proposed BPLA for T = 8,
R = 2 antennas, lmin = 500 bits, and perfectly known CSI. Each figure shows also
(WF)
(NO CSI)
the ergodic and outage capacities, Cergodic and C1%outage . In addition, the HH BPLA
provides an upper bound on the spectral efficiency achievable by using the given set
of MCSs. For comparison, the spectral efficiency provided by the adaptive MIMOOFDM system [267, 287, 289] (using the same set of MCSs) is also plotted, which
in the case of perfectly known CSI reduce to Alamouti’s STBC cascaded with linear
pre-combiner working in the SEE regime. In order to allow a direct comparison, the
required signaling overhead was neglected for all spectral efficiency curves. The SNR
is defined as the average transmitted power per subcarrier normalized with the noise
spectral density N0 . In each figure, the SNR is kept constant after the saturation point
in order to have constant FER. Thus, the SNR axis values do not hold after saturation,
and therefore dotted lines are used for those regions.
As Figure 5 shows, the spectral efficiency of the proposed BPLA follows closely
the upper bound given by the HH algorithm for all SNR points and outperforms the
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Table 1. ETSI BRAN Channel A power delay profile.

Tap Number

1

2

3

4

5

6

7

8

9

0
Relative Power[dB] 0.0

10
-0.9

20
-1.7

30
-2.6

40
-3.5

50
-4.3

60
-5.2

70
-6.1

80
-6.9

Tap Number

10

11

12

13

14

15

16

17

18

90
Relative Power[dB] -7.8

110
-4.7

140
-7.3

170
-9.9

200
-12.5

240
-13.7

290
-18.0

340
-22.4

390
-26.7

Delay[ns]

Delay[ns]

STBC-SEE system for SNR > 1.8 dB in LCC and SNR > 2.4 dB in SCC. With a low
complexity SISO channel turbo-encoder and a rather small codeword length, the spec(NO CSI)
tral efficiency achieved at low and medium SNR is significantly higher than C1%outage .
(WF)

As the SNR increases, the gap to Cergodic increases due to the limited spectral efficiency
provided by the most efficient MCS (i.e., 3 b/s/Hz) which produces the eigenmode saturation effect described in Section 2.2.
Figure 6 shows the robustness of the proposed scheme against the CSI errors at the
TX side. For each simulated case, the spectral efficiency achieved with the estimated
CSI is compared to the spectral efficiency with perfectly known CSI. It has been assumed that the equivalent channel matrix Tc is perfectly known at the receiver side
and the CSI error compensation method described in Section 2.3 has been used at the
TX side. The resulted FER for both LMMSE and ZF equalizer structures is shown.
In addition, the probability of selecting both clusters, denoted as full eigenmode excitation (FEE) mode, is also shown. The channel has been estimated at the TX side
by using a low complexity least square channel estimator based on an orthogonal pilot symbol appended at the end of the reverse link. It contains NCP = 16 (NCP is
the number of samples in the CP) pilot tones equidistantly distributed over the OFDM
symbol which are encoded using Alamouti’s STBC. The channel matrix, Hc , is estimated first at the subcarriers corresponding to the pilot tones and then interpolated in
the frequency domain over the remaining subcarriers. For a channel with maximum
excess delay shorter than the CP length, the resulting normalized MSE is given by
¡
± ¢
2
σN
= −SNR − 10 log10 NCP C dB. The minimum codeword length was increased
to lmin = 1000 bits in order to provide a good SNR averaging for each coded frame.
The results show that the proposed scheme is robust against the CSI errors, and the
spectral efficiency degradation compared to the case of perfectly known CSI is negligi59

ble at low SNR values where the system operates mainly in the SEE mode. As SNR
increases, the system changes to the FEE mode and the SNR degradation due to imperfect CSI is in the range of 1dB. The targeted FER can be maintained in the presence of
CSI errors for all SNR values of practical interest ( SNR > 2dB). However, at SNR = 0
dB, a small FER degradation is encountered due to extremely high channel estimation
2
errors, σN
= 0.25. Another interesting result is that the LMMSE and ZF equalizers
have essentially the same performance. This is due to the fact that the columns of
the equivalent channel matrix are close to orthogonal. Furthermore, due to the power
control mechanism, the selected eigenmodes operate at high SNR values.
Finally, Figure 7 presents all spectral efficiency results obtained with estimated CSI
for different antenna setups and channel spatial correlations. As expected from the
capacity analysis in Section 2.1 (see Figure 2), the spatial correlation has small influence at low SNR values where the system operates in the SEE mode, but produces a
severe spectral efficiency degradation at high SNR values where the system switches
to the FEE mode. For example, the 4x2 MIMO system in a low correlated channel
outperforms the 8x2 MIMO system operating in a strong correlated channel. The same
observation holds when we compare the 2x2 MIMO system with the 4x2 one. In the
SEE mode, the proposed system can achieve the full array gain, i.e., a 3dB SNR gain is
obtained when the number of transmit antennas is doubled.
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Fig 5. The spectral efficiency for correlated Rayleigh fading MIMO channel with
perfectly known CSI, T = 8 and R = 2 antennas; (a) LCC, (b) SCC.
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Fig 6. The influence of CSI errors at the TX side; (a) T = 4 and R = 2 antennas, (b)
T = 8 and R = 2 antennas.
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2.5

Summary and discussion

The problem of link adaptation in point-to-point MIMO systems was considered in
this chapter. The capacity analysis suggests that large throughput gains are available
especially in the case of unbalanced antenna systems, where the number of transmit
antennas is larger than the number of receive antennas. A new bit and power loading
algorithm for MIMO-OFDM systems was proposed . With a negligible degradation in
throughput, the proposed algorithm reduces the signaling overhead by a factor of C
compared to the universally accepted HH algorithm.
The effect of fading correlation on the achieved spectral efficiency was evaluated by
simulations for different antenna setups, including (T ×R) = {(2×2), (4×2), (8×2)}.
By using a simple scalar channel encoder in an unbalanced antenna MIMO system, the
spectral efficiency achieved at low and medium SNR values is significantly higher than
the outage MIMO capacity with unknown CSI at the TX side.
Powerful turbo codes [12] have been used for channel coding due to their large coding gain. The proposed scheme can be easily generalized to other coding schemes by
modifying the look-up-table’s entries {γ̄1 , . . . , γ̄M }. As a result, the spectral efficiency
curves presented in the Figures 5-7 will be shifted to the right with the difference between the coding gains achieved by the chosen coding scheme and turbo codes.
The effect of CSI errors at the TX side has also been considered. A simple method
was proposed to maintain a constant FER by increasing the instantaneous transmitted
power in such a way that the average SNR at the equalizer output is kept constant.
Promising results were obtained by using a low complexity least square channel estimator at the TX side and a linear equalizer at the receiver. Thus, the proposed scheme
constitutes a practical solution for high data rate wireless systems.
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3

Sum-capacity computation in MIMO
downlink channels

Using the broadcast to multiple-access channel duality [241, 245, 279], the nonconvex
broadcast channel sum-capacity computation problem can be converted into a convex
and well structured sum-rate maximization for the dual multiple-access channel. The
duality result can be stated as follows. Under a sum power constraint, the original
broadcast and the associated dual multiple-access channel have the same sum-capacity.
Furthermore, there is a one-to-one correspondence between the optimum transmit covariance matrices of the original broadcast channel and those of the dual multiple-access
channel.
Since the sum-rate maximization for the dual multiple-access channel is a convex
optimization problem, it can be solved by using a standard interior point convex program [26]. A gradient based ascent method has been considered in [247]. However,
such general algorithms are not able to exploit the particular structure of the problem,
and their computational complexity does not scale well when there are large numbers
of users [111]. Inspired by the particular form of the Karush-Kuhn-Tucker (KKT) optimality conditions, specialized iterative algorithms with lower computational complexity
can be developed. With separate power constraints for each user, the sum-rate maximization problem can be efficiently solved by using the iterative waterfilling (IWF)
algorithm [282]. Since the dual multiple-access channel has a sum power constraint
across all the transmitters rather than a set of power constraints on each transmitter, the
IWF algorithm cannot be directly applied.
An extension based on the dual decomposition method was proposed in [274]. The
algorithm consists of two nested loops: the inner loop is an IWF-like algorithm which
optimizes the transmit covariance matrices for a fixed waterfilling level, and the outer
loop finds the optimum waterfilling level by using a bisection search. Recently, a faster
converging implementation has been proposed in [276]. The basic idea of this improved
method, denoted as Algorithm 2 in [276], is not to run the inner loop until convergence,
but only to a certain tolerance that still guarantees the convergence of the global algorithm. However, this requires tracking the instantaneous error of the inner loop, and,
obviously, the optimum value of the inner loop is not known during the optimization
process. This issue has not been addressed in [276].
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A sum power constraint iterative waterfilling (SPC-IWF) algorithm was considered
in [111]. Since the algorithm does not always converge for more than two users, two
modifications were further proposed in [111]. The first one, referred to as Algorithm 1
in [111], uses all covariance matrices computed in the previous K − 1 iterations (K is
the number of users) to construct a cyclic coordinate ascent algorithm. However this
method slows down the convergence speed and requires a large memory of K(K − 1)
covariance matrices. The second one, referred to as Algorithm 2 in [111], eliminates
the memory requirement increase by introducing an averaging step after each iteration.
However, this slows down the convergence even more.
The rest of this chapter is organized as follows. The sum-capacity computation
problem for MIMO-OFDM downlink channels is formulated in Section 3.1. A new
algorithm, named iterative waterfilling for random user pairs (IWF-RUP), is proposed
in Section 3.2. Section 3.3 presents an improved version of the dual decomposition
based sum-rate maximization Algorithm 2 introduced in [276]. By using the Lagrange
duality, a tight upper bound of the instantaneous error of the inner loop is derived in Section 3.3.1. The algorithm derivation is presented in Section 3.3.2, and its performance
is analyzed in Section 3.3.3. Finally, Section 3.4 concludes the chapter.

3.1

Sum-capacity for MIMO-OFDM downlink channel

A single-cell MIMO-OFDM downlink system with K users and C subcarriers is considered. The base station has T transmit antennas and user k, k = 1, . . . , K is equipped
with Rk receive antennas. The discrete-time MIMO-OFDM downlink (or broadcast5 )
channel model is mathematically described as
yk,c = Hk,c xc + nk,c ,

c = 1, . . . , C,

k = 1, . . . , K

(26)

where c is the subcarrier index, Hk,c ∈ CRk ×T is the channel matrix between BS and
the user k, xc ∈ CT is the signal vector transmitted by the BS, yk,c ∈ CRk is the signal
vector received by the kth user, and nk,c ∈ CRk models the thermal noise and the effect
of other sources of interference6 at the kth terminal. In this chapter, it is assumed that
the channel matrices are fixed and known to the BS and to each user.
To express the MIMO-OFDM broadcast sum-capacity, the equivalence between
5 The

terms "broadcast" and "downlink" will be used interchangeably in this chapter.
examples are the intercell interference and other coexisting communication systems sharing the
same bandwidth.
6 Typical
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OFDM tones and virtual antennas [146] is used. By stacking on top of each other
the transmitted, received, and the noise vector from each subcarrier, i.e., yk =
T
T
[yk,1
, . . . , yk,C
]T , x = [xT1 , . . . , xTC ]T , nk = [nTk,1 , . . . , nTk,C ]T , the broadcast channel
model (26) can be rewritten in a more compact form as
yk = Hk x + nk ,

k = 1, . . . , K

(27)

where Hk = diag{Hk,1 , . . . , Hk,C }. The covariance matrix of the interference-plusH
noise signal at the kth user is denoted by Rk = E{nk nH
k }, and Rk = Lk Lk is its
Cholesky factorization [85]. The whitened downlink channel matrix for the kth user is
defined as Wk = L−1
k Hk , i.e., the composite channel comprising the physical downlink channel and the whitening filter. Since no information is lost in the whitening
process [62], the original downlink system can be equivalently described in the capacity sense as
ỹk = Wk x + ñk , k = 1, . . . , K
(28)
H
where ñk = L−1
k nk and E{ñk ñk } = I. Using the broadcast to multiple-access channels duality [241], the dual multiple-access channel associated with (28) is defined as

ỹ =

K
X

H̃k x̃k + ñ

(29)

k=1

where x̃k represents the signal transmitted by the kth user, H̃k = WkH is the uplink
channel matrix for the kth user, and the covariance matrix of the interference-plus noise
at the BS is R̃ = E{ññH } = I. Under a power constraint E{kxk22 } ≤ Pmax , the
original broadcast channel and the dual multiple-access channel have the same sumcapacity, given by [241]
¯
¯
K
¯X
¯
¯
¯
? H
Csum = log ¯
H̃k Qk H̃k + I¯
(30)
¯
¯
k=1

where the Hermitian positive semidefinite matrices {Q?k }K
k=1 solve the sum-rate maximization problem for the dual multiple-access channel, i.e.,
¯
¯P
∆
¯ K
¯
maximize Rsum (Q1 , . . . , QK ) = log ¯ k=1 H̃k Qk H̃H
k + I¯
.
(31)
subject to Qk º 0, k = 1, . . . , K
PK
k=1 tr{Qk } ≤ Pmax
The objective of (31) represents the achievable sum-rate in the dual multiple-access
channel (29) when the variables {Qk }K
k=1 are used as transmit covariance matrices,
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i.e., Qk = E{x̃k x̃H
k }, k = 1, . . . , K. Note that the dual multiple-access channel has
a sum power constraint across all the transmitters rather than a set of individual power
constraints on each transmitter. The optimal broadcast covariance matrices can be computed directly from the {Q?k }K
k=1 , and the explicit transformation is given in [241, Section IVB ].
The KKT optimality conditions of problem (31) imply that the optimal covariance
matrices {Q?k }K
k=1 must satisfy the waterfilling conditions [111]. Specifically, the eigenvectors of each user’s covariance matrix must be aligned to the single-user optimum
signaling direction when signals of the others users are treated as noise, and the power
allocation is obtained by waterfilling across all K users. Nevertheless, finding the covariance matrices which satisfy these conditions still requires solving the sum-rate maximization problem (31).

3.2

Iterative waterfilling for random user pairs algorithm

This section presents a new provably convergent algorithm for solving the sum-rate
maximization problem (31). It overcomes the previously mentioned problems of the
SPC-IWF algorithms and has clearly lower computational complexity. The convergence
with probability one is proved analytically.
Inspired by the original IWF method [282], at each iteration i the SPC-IWF algorithm updates all the K covariance matrices according to
(i+1) K
{Qk
}k=1

= arg

max
{Qk }K
k=1 : Qk º0,
PK
tr{Q
k }≤Pmax
k=1

K
X
k=1

¯
¯
K
X
¯
¯
(i) H
H
¯
log ¯H̃k Qk H̃k +
H̃j Qj H̃j +I¯¯ .
j=1,j6=k

(32)
The maximization problem in (32) is equivalent to a classical point-to-point capacity
maximization over the K parallel non-interfering channels with a common sum-power
constraint. Thus, the optimum set of covariances is easily computed in closed form [111,
Section V]. Each user treats the other users’ signals as colored noise by aligning the
eigenvectors of its covariance matrix to the single-user optimum signaling directions,
and the power allocation is obtained by waterfilling across all K users to maintain a
constant waterfilling level.
The IWF-RUP algorithm proposed in this section does not impose this supplementary constraint at each step, but the common water-filling level is asymptotically
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achieved after a convergence period. At each step, the IWF-RUP algorithm increases
the sum capacity by updating just two randomly selected covariance matrices under
their sum power constraint. Therefore, there is no power exchange between the updated
pair of covariance matrices and the other ones. This ensures that the sum power constraint is satisfied after each update step given that the initial set of covariance matrices
satisfies the sum power constraint.
The following lemma is useful in the description of the proposed IWF-RUP sumrate maximization algorithm.
(i)

(i)

(i)

(i)
Lemma 3.2.1. Let {Qk }K
= {k1 , k2 }
k=1 be a feasible set for (31) and denote by K
a set of two different randomly selected users. Let {Q̌k(i) , Q̌k(i) } be the solution of the
2
1
following optimization problem, i.e.,
¯
n
o
X
¯
Q̌k(i) , Q̌k(i) = arg
max
log ¯¯H̃k Qk H̃H
k
1

2

P

+

{Qk }k∈K(i) : Qk º0,
k∈K(i)
P
(i)
tr{Qk }≤ k∈K(i) tr{Qk }
k∈K(i)

K
X

¯
¯
(i)
¯.
H̃j Qj H̃H
+
I
j
¯

(33)

j=1,j6=k

The following covariance update step:

(i)

if k ∈
/ K(i)

 Qk
¡
¢
¡
¢
(i+1)
Q̌k
if k ∈ K(i) and f0 Q̌k(i) , Q̌k(i) ≥ f0 Q̄k(i) , Q̄k(i)
Qk
=
2 ¢
2 ¢

¡ 1
¡ 1

 Q̄k
if k ∈ K(i) and f0 Q̌ (i) , Q̌ (i) < f0 Q̄ (i) , Q̄ (i)
k1

where
Q̄k =

k2

1 (i)
1
Q̌k + Qk ,
2
2

k1

(34)

k2

k ∈ K(i)

(35)

and
¯
¯
H
f0 (Q1 , Q2 ) = log ¯¯H̃k(i) Q1 H̃H
(i) + H̃ (i) Q2 H̃ (i) +
k
k
k
1

1

2

2

K
X

¯
¯
(i)
¯ (36)
H̃k Qk H̃H
+I
k
¯

k=1,k∈K
/ (i)

is an ascent step for the sum-rate maximization problem (31).
Proof. One should recognize that the covariance update (34) is an ascent step for the
(i)

sum-rate maximization problem (31), where {Qk }k∈K
/ (i) are fixed to Qk , and the
maximization is performed with respect to {Qk }k∈K(i) under their own sum power
P
P
(i)
constraint, k∈K(i) tr{Qk } ≤
k∈K(i) tr{Qk }. The procedure is similar to the
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proof of [111, Theorem 1] and is based on analyzing a single step of a block coordinate
ascent algorithm performed on the following auxiliary optimization problem:
maximize

∆

f1 (A1 , B1 , A2 , B2 ) =

1
1
f0 (A1 , B2 ) + f0 (B1 , A2 )
2
2

subject to A1 º 0, A2 º 0
P
(i)
tr{A1 } + tr{A2 } ≤ k∈K(i) tr{Qk }
B1 º 0, B2 º 0
P
(i)
tr{B1 } + tr{B2 } ≤ k∈K(i) tr{Qk }

(37)

with separable constraints on {A1 , A2 } and {B1 , B2 }. Starting from the feasible point
(i)
(i)
A1 = B1 = Q (i) , A2 = B2 = Q (i) , a block coordinate ascent algorithm applied to
k1

k2

(37) updates the variables {A1 , A2 } according to
new
{Anew
1 ,A2 }

= arg

³
´
(i)
(i)
f1 A1 , Q (i) , A2 , Q (i)

max
A1 º0, A2 º0,
P
(i)
tr{A1 +A2 }≤ k∈K(i) tr{Qk }

= arg

max
A1 º0, A2 º0,
P
(i)
tr{A1 +A2 }≤ k∈K(i) tr{Qk }

k1

k2

(38)

´ 1 ³
´
1 ³
(i)
(i)
f0 A1 , Q (i) + f0 Q (i) , A2
k2
k1
2
2

(39)
By substituting (36) in (39) it is easy to observe that the optimization problems (33)
and (39) are equivalent7 , i.e.,
Anew
= Q̌k(i) ,
1
1

Anew
= Q̌k(i)
2
2

(40)

From (36) and (34) it follows that the variation of the objective function in problem
(31) at the ith covariance update step can be expressed as
³
´
³
´
(i+1)
(i+1)
(i)
(i)
(i) ∆
∆Rsum
= Rsum Q1
, . . . , QK
− Rsum Q1 , . . . , QK
³
´
³
´
(i+1)
(i+1)
(i)
(i)
= f0 Q (i) , Q (i)
− f0 Q (i) , Q (i)
k1

7 Note
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that the additional multiplication by

k2

1
2

k1

k2

in (39) does not affect the solution.

(41)

and it can be bounded as follows
³
´
³
´
(i)
(i)
(i)
∆Rsum
≥ f0 Q̄k(i) , Q̄k(i) − f0 Q (i) , Q (i)
k1
k2
1
2
³
´
³1
1 (i) 1
1 (i) ´
(i)
(i)
= f0 Q̌k(i) + Q (i) , Q̌k(i) + Q (i) − f0 Q (i) , Q (i)
k1
k2
2 1
2 k1 2 2
2 k2
³
´
³
´
³
´
1
1
(i)
(i)
(i)
(i)
≥ f0 Q̌k(i) , Q (i) + f0 Q (i) , Q̌k(i) − f0 Q (i) , Q (i)
k2
k
k1
k2
1
2
2
2
³
´1
³
´
(i)
(i)
(i)
(i)
(i)
(i)
= f1 Q̌k(i) , Q (i) , Q̌k(i) , Q (i) − f1 Q (i) , Q (i) , Q (i) , Q (i)
1

k1

2

k2

k1

k1

k2

k2

≥0

(42)

(43)
(44)
(45)

where the first inequality follows from (34), the second inequality follows from the
concavity [26] of the function f0 (Q1 , Q2 ), and the last one follows by substituting (40)
in (38).
The proof is completed by observing that for any {Q̌k(i) , Q̌k(i) } given by (33),
1

2

X
1 X
1 X
(i)
(i)
tr{Q̌k } +
tr{Qk } ≤
tr{Q̄k } =
tr{Qk }
2
2
(i)
(i)
(i)
(i)

X
k∈K

(i+1)

thus, Qk

k∈K

k∈K

(46)

k∈K

given by (34) is feasible for the sum-rate maximization problem (31).

For conciseness, it is useful to denote the covariance update steps described by (32)
¡ (i)
¢
¡ (i)
¢
(i+1) K
(i+1) K
and (34) as {Qk
}k=1 = u1 {Qk }K
}k=1 = u2 {Qk }K
k=1 and {Qk
k=1 , respectively. Lemma 3.2.1 suggests that the optimum set of covariance matrices {Q?k }K
k=1
for the sum-rate maximization problem (31) can be found by using the following iterative algorithm:
Algorithm 3.2.1. Iterative waterfilling for random user pairs (IWF–RUP)
¡ (0) K ¢
(0)
(1) K
1. Initialize {Qk }K
k=1 = 0 and compute {Qk }k=1 = u1 {Qk }k=1 to obtain a
initial feasible set.
¡ (i)
¢
(i+1) K
(i)
2. Repeat {Qk
}k=1 = u2 {Qk }K
unk=1 for randomly generated user pairs K
til the sum-capacity converges.
The following remarks provide some insight into the proposed IWF-RUP algorithm.
Since the sum power constraint in (32) is always satisfied with equality [111], it follows
PK
(1)
that k=1 tr{Qk } = Pmax . Similar to the SPC-IWF algorithm, the maximization
in (33) is also equivalent to the classical point-to-point capacity maximization over the
two parallel non-interfering channels corresponding to the randomly selected user pair
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K(i) . Therefore, the optimum covariance matrices can be easily computed in closed
form as follows. For each user from the selected pair K(i) , the algorithm treats the
other users’ signals as noise by aligning the eigenvectors of the covariance matrices to
the single-user optimum signaling directions, i.e.,
Q̌k = V̌k P̌k V̌kH ,

k ∈ K(i)

(47)

where the columns of V̌k contains the eigenvectors of the positive semidefinite matrix
¡ PK
¢−1
(i) ∆
(i) H
Gk = H̃H
H̃, see e.g., [111, Section IV ]. P̌k is a dik
j=1,j6=k H̃j Qj H̃j + I
agonal matrix which controls the power allocation. It is obtained by waterfilling across
the selected users k ∈ K(i) , i.e.,
Ã
[P̌k ]j,j =

µ−

1

¡ (i) ¢
λj Gk

!+
(48)

and their common waterfilling level µ is determined by their own sum power constraint,
P
P
(i)
i.e., k∈K(i) tr{P̌k } ≤ k∈K(i) tr{Qk }. Thus, there is no power exchange between
the updated pair of covariance matrices and the others. Consequently, the second step
PK
(i)
of Algorithm 3.2.1 does not change the sum power, i.e., k=1 tr{Qk } = Pmax for
any i.
The last line of the covariance matrices update step (34) ensures that the objective function of (31) is at least as large as f0 (Q̄k(i) , Q̄k(i) ) after ith iteration, which is
1
2
enough to prove the following convergence theorem.
Theorem 3.2.2. Algorithm 3.2.1 (IWF–RUP) converges with probability one to an optimal set of covariance matrices8 for the sum-rate maximization problem (31), i.e.,
o
n
i→∞
(i)
? K
−→
{Q
}
(49)
Pr {Qk }K
k k=1 = 1 .
k=1
Proof. The objective of (31) is monotonically increased at each step, therefore, the total
increase after N steps is given by
´
³
´
³
∆
(1)
(1)
(N +1)
(N +1)
(50)
− Rsum Q1 , . . . , QK
∆Rsum (N ) = Rsum Q1
, . . . , QK
=

N
X

(i)
∆Rsum

(51)

i=1
8 Note

that the sum-capacity is unique, but the optimal set of covariance matrices that maximizes (31) may
not be unique.
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and based on (44), it can be bounded as
∆Rsum (N ) ≥

N
X

(i)

∆f1

(52)

i=1

where
³
´
³
´
(i)
(i)
(i) ∆
(i)
(i)
(i)
(i)
∆f1 = f1 Q̌k(i) , Q (i) , Q̌k(i) , Q (i) − f1 Q (i) , Q (i) , Q (i) , Q (i)
1

k1

2

k2

k1

k1

k2

k2

(53)

Let N → ∞, and since the objective of (31) is bounded, the series with positive
PN
(i)
terms i=1 ∆f1 must be convergent, thus, for any ² > 0 there exists an index t so
(i)
that ∆f1 < ² for any i > t. Therefore, the algorithm converges to a set of covariance
matrices that solves optimization problem (38), and, therefore satisfy its KKT optimality conditions.
Since the users are randomly selected with uniform probability, the resulted sequence of user pairs, {K(i) }i≥1 , is typical with probability one [62]. Thus, the KKT
conditions of (38) are satisfied with probability one for all distinct user pairs. Now it
can be observed that this set also maximizes the sum capacity (31). This follows from
the fact that the KKT conditions for the optimization problem (38) taken for all distinct
user pairs are identical with the KKT conditions of (31). Since (31) is a convex problem,
the KKT conditions are sufficient for optimality, and the proof is complete.

Regarding an OFDM system, the following remarks are made. To preserve the
generality in the algorithm description, it was considered that covariance matrix of nk
can have any Hermitian positive definite structure. However, if nk is uncorrelated in the
frequency domain, i.e., Rk = diag{Rk,1 , . . . , Rk,C } where Rk,c = E{nk,c nH
k,c }, then
Wk has a block diagonal structure, and the optimal covariance matrices have a block
diagonal structure as well, i.e., Qk = diag{Qk,1 , . . . , Qk,C } with Qk,c = E{x̃k,c x̃H
k,c },
for k = 1, . . . , K. Therefore, at each iteration, the waterfilling type optimization is
applied just over the T × Rk dimensional matrices.
Clearly, if nk contains also a frequency structured interference component in addition to thermal noise, the composite channel matrix has no block diagonal structure due
to the whitening filter and the capacity achieving signaling requires inducing of correlation between subcarriers (i.e., cooperative subcarrier transmission) and joint frequencyspace processing at the receiver side.
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3.2.1

Numerical examples

It is shown in [111] that the family of SPC-IWF algorithms proposed therein outperform the previously proposed broadcast sum capacity maximization methods [247, 274].
Therefore, in this section, the performance of the proposed IWF-RUP algorithm is compared to the algorithms in [111]. Note that all K covariance matrices are updated in each
iteration in [111], while the proposed algorithm updates just two randomly selected covariance matrices per iteration, and the computational complexity per covariance update
is the same for all the considered algorithms. Therefore, for a fair comparison between
the different algorithms, the dependence of mean normalized sum capacity deviation
³
´

(i)

 Csum − Rsum Q(i)
1 , . . . , QK
(54)
∆Csum (i) = E


Csum
versus the number of covariance updates is chosen as the performance metric. The
expectation in (54) is taken with respect to channel realization.
In [111], two hybrid algorithms have also been developed. They use the original
SPC-IWF algorithm for the first few iterations to generate a good starting point for the
modified algorithms, and then switch to [111, Alg.1] or [111, Alg.2] to ensure the convergence. For each simulated scenario, the convergence behaviors of the original SPCIWF and the hybrid SPC-IWF/[111, Alg.1] are also presented. As proposed in [111],
the hybrid algorithm uses the original SPC-IWF algorithm for the first five iterations.
Figure 8 shows the convergence behavior of the considered algorithms for a ten user
channel with four transmit and four receive antennas and SNR = 10 dB. In Figure 8(a),
an OFDM system with C = 64 subcarriers and uniform power delay profile with 16
channel taps is considered, while Figure 8(b) corresponds to a single carrier frequencyflat channel. The results show that the proposed IWF-RUP algorithm converges faster
than all algorithms developed in [111], and the difference is more accentuated as the
number of subcarriers increases. Specifically, in the case of 64 subcarriers (Figure 8(a)),
the proposed IWF-RUP algorithm requires just less than 150 covariance updates to
achieve an average normalized sum capacity error of 10−4 , whilst [111, Alg.2] requires
more than 1000 covariance updates, and [111, Alg.1] requires about 600 covariance
updates for the same accuracy. Note that [111, Alg.1] requires also a K − 1 times
the memory of the IWF-RUP algorithm. The hybrid SPC-IWF/[111, Alg.1] performs
slightly better than the proposed IWF-RUP in the case of a frequency-flat channel if
the tolerable normalized sum capacity deviation is larger than 10−3 . Nevertheless, for
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higher accuracy the proposed IWF-RUP algorithm converges the fastest.
Figure 9 uses the same channel setup as that in Figure 8(a), i.e., C = 64 subcarriers
and T × Rk = 4 × 4 antennas, but the number of users has been increased to K =
30. The SNR was 10 dB in Figure 9(a) and 20 dB in Figure 9(b). As the simulation
results show, the proposed IWF-RUP algorithm converges significantly faster than the
algorithms proposed in [111], and the difference is more accentuated as the number of
users increases. Since hybrid SPC-IWF/[111, Alg.1] performs first a fixed number of
SPC-IWF type iterations, it can show even worse convergence than [111, Alg.1] if it
does not switch to [111, Alg.1] before SPC-IWF starts to diverge. This effect can be
observed in both Figures 9(a) and 9(b). By comparing Figures 9(a) and 9(b), it can
be seen that the SNR has a negligible effect on the speed of convergence for all the
considered algorithms.
Figure 10 illustrates the influence of the antenna setup on the convergence behavior.
It is considered a ten user channel with Rk = 2 antennas, C = 64 subcarriers, uniform
power delay profile with 16 channel taps and SNR = 10 dB. In Figure 10(a) there are
T = 4 transmit antennas, while Figure 8(b) corresponds to T = 8 transmit antennas.
The results show that the proposed IWF-RUP algorithm has the fastest convergence and
the difference increases as T increases, e.g., it is four times faster than [111, Alg.1] and
eight times faster than [111, Alg.2] for a normalized sum capacity deviation of 10−6 in
Figure 10(b).
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Fig 8. Average normalized sum capacity deviation vs. number of covariance updates for K = 10 users, T × Rk = 4 × 4 antennas and SNR = 10 dB; (a) C = 64
subcarriers, (b) C = 1 carrier (frequency-flat channel). "Jindal et al" stands for
reference [111].
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Fig 9. Average normalized sum capacity deviation vs. number of covariance updates for K = 30 users, T × Rk = 4 × 4 antennas, C = 64 subcarriers; (a) SNR = 10
dB, (b) SNR = 20 dB. "Jindal et al" stands for reference [111].
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Fig 10. Average normalized sum capacity deviation vs. number of covariance
updates for K = 10 users, SNR = 10 dB and C = 64 subcarriers; (a) T × Rk = 4 × 2
antennas, (b) T × Rk = 8 × 2 antennas. "Jindal et al" stands for reference [111].
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3.3

Sum-rate maximization via dual decomposition
method

In general, when the main difficulty encountered in solving an optimization problem is
caused by a small set of constraints, called complicating constraints, the dual decomposition method can be used to break the original problem into a subproblem and a master
problem [13, 24]. The subproblem is obtained by dropping out the complicating constraints and replacing the original objective by the partial Lagrangian associated with
them. The master problem is the dual problem associated with the partial Lagrangian,
and it is usually solved by using a subgradient method [13, 24]. At each iteration a
subgradient is computed by solving the subproblem and the master problem adjusts the
dual variables accordingly. In this section, it is shown how the above method can be
applied to solving the sum-rate maximization problem (31). Detailed treatments of the
general dual decomposition method can be found in [13, 24].
To reveal the complicating constraints of the sum-rate maximization problem (31),
it is first reformulated in the following equivalent form
¯P
¯
¯ K
¯
maximize log ¯ k=1 H̃k Qk H̃H
+
I
¯
k
subject to

Qk º 0, k = 1, . . . , K
tr{Qk } ≤ p̃k , k = 1, . . . , K
PK
k=1 p̃k ≤ Pmax

(55)

where {p̃k }K
k=1 are auxiliary variables introduced to decouple the sum power constraint.
Note that without the last constraint, problem (55) would be equivalent to the sum-rate
maximization problem for the MIMO multiple-access channel with individual power
constraints p̃k on each user [282], and it could be solved by using the standard IWF
algorithm. Therefore, the last constraint is a complicating constraint.
By following the approach of [274], problem (55) can be solved via dual decomposition by iteratively solving the following subproblem (i.e., the inner loop)
¯P
¯
³P
´
¯ K
¯
K
maximize log ¯ k=1 H̃k Sk H̃H
+
I
p̃
−
P
−
λ
¯
max
k
k=1 k
(56)
subject to Sk º 0, k = 1, . . . , K
tr{Sk } ≤ p̃k ,

k = 1, . . . , K

K
with the variables {Sk }K
k=1 , {p̃k }k=1 for different fixed values of λ. The value of λ can
be interpreted as the inverse of the waterfilling level, and it is the optimization variable
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of the master problem (i.e., the outer loop) [274]
minimize
subject to

g(λ)
λ≥0

(57)

where g(λ) denotes the optimal value of subproblem (56) for a given λ, i.e.,
¯K
¯
ÃK
!
¯
¯X
X
¯
¯
? H
?
p̃k − Pmax
g(λ) = log ¯
H̃k Sk H̃k + I¯ − λ
¯
¯
k=1

(58)

k=1

? K
where {S?k }K
k=1 , {p̃k }k=1 is the solution of subproblem (56). The optimal value of the
master problem (57) is the sum-capacity, i.e., Csum = g(λ? ). Furthermore, when λ in
PK
subproblem (56) is equal to λ? , the solution satisfies k=1 p̃?k = Pmax and {S?k }K
k=1 is
?
?
the solution of the sum-rate maximization problem (31), i.e., Qk = Sk , k = 1, . . . , K.

Subproblem (56) is efficiently solved by using an IWF-like algorithm, and master
problem (57) finds the optimum waterfilling level µ? = 1/λ? by using a bisection
search [274]. Recently, it has been shown in [276] that the dual decomposition method
can be sped up by partially solving subproblem (56) to a certain tolerance level ², which
still guarantees the convergence of the global algorithm. The choice of ² has been
discussed in [276], but the issue of tracking the instantaneous error of subproblem (56)
has not been addressed. In the sequel, an upper bound of the instantaneous error will
be derived, and it will then be used to construct a non-heuristic stopping criterion for
subproblem (56).

3.3.1

Derivation of the error upper bound

In this section, the Lagrange dual function of subproblem (56) is derived and a method
to obtain a feasible dual variable is provided. Then, the duality gap theory [26] is used
to provide an upper bound of the instantaneous error. Finally, it is shown that the upper
bound is attained at an optimal point.
In order to derive the Lagrange dual function, subproblem (56) is first reformulated
in the following equivalent form
minimize
subject to

PK
− log |W| + λ k=1 p̃k − λPmax
PK
W ¹ k=1 H̃k Sk H̃H
k +I
Sk º 0, k = 1, . . . , K
tr{Sk } ≤ p̃k ,
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k = 1, . . . , K

(59)

where W is an auxiliary Hermitian positive semidefinite matrix variable. The equivalence between problems (56) and (59) follows from the matrix-monotonicity of the
log | · | function [26], which implies that at the optimal point of (59) the first constraint
holds with equality (see Appendix 1 for a formal proof).
The Lagrangian of problem (59) can be expressed as
¡
¢
K
K
K
L W, {Sk }K
k=1 , {p̃k }k=1 , Γ, {Ψk }k=1 , {νk }k=1
= − log |W| + λ

K
X

" Ã

pk − λPmax + tr Γ W −

k=1

−

K
X

tr(Ψk Sk ) +

k=1

K
X

K
X

!#
H̃k Sk H̃H
k

−I

k=1

νk [tr(Sk ) − p̃k ]

k=1

= − log |W| + tr(ΓW) − tr(Γ) +

K
X

(λ − νk )p̃k

k=1

+

K
X

tr

h³
´ i
νk I − H̃H
Γ
H̃
−
Ψ
k
k Sk − λPmax
k

(60)

k=1

where Γ º 0, Ψk º 0, νk ≥ 0 are the dual variables associated with the inequality
constraints. The second expression in (60) was obtained by using the trace property,
¡ H
¢
tr(ΓH̃k Sk H̃H
k ) = tr H̃k ΓH̃k Sk .
The Lagrange dual function of problem (59) is given by
¡
¢
K
l Γ,{Ψk }K
k=1 , {νk }k=1
=

inf

K
W,{Sk }K
k=1 ,{pk }k=1

¢
¡
K
K
K
L W, {Sk }K
k=1 , {pk }k=1 , Γ, {Ψk }k=1 , {νk }k=1 . (61)

The Lagrangian is a convex function of the primal variables. Thus, for any dual
feasible variables9 , the Lagrangian’s gradient vanishes at the optimum point of (61),
i.e., ∇W L = 0, ∇Sk L = 0, ∇p̃k L = 0. This implies that

−1

 Γ=W
H̃H
k ΓH̃k = νk I − Ψk , k = 1, . . . , K


νk = λ,
k = 1, . . . , K .

(62)

Therefore, for any Γ º 0, Ψk º 0, νk ≥ 0, the Lagrange dual function (61) can be
¯ ¡
©
K ¯
K
set of dual feasible variables is defined as Γ º 0, {Ψk º 0}K
k=1 , {νk ≥ 0}k=1 l Γ, {Ψk }k=1 ,
¢
ª
{νk }K
>
−∞
,
i.e.,
it
contains
all
the
dual
variables
for
which
the
Lagrangian
is
bounded
from
below.
k=1

9 The
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expressed as
¡
¢
K
l Γ,{Ψk }K
k=1 , {νk }k=1


 log |Γ| − tr(Γ) + T − λPmax
=


−∞

if H̃H
k ΓH̃k = λI − Ψk ,
k = 1, . . . , K
otherwise

(63)

and by eliminating the slack variables Ψk º 0, the Lagrange dual problem of (59) can
be formulated as
maximize
subject to

log |Γ| − tr(Γ) + T − λPmax
H̃H
k = 1, . . . , K
k ΓH̃k ¹ λI,
Γº0.

(64)

¡
¢
K
By denoting the objective function of subproblem (56) as fsub {Sk }K
k=1 , {p̃k }k=1 ,
the instantaneous error of the inner loop can be expressed as
¢
¢
¡
¡
K
K
K
e {Sk }K
k=1 , {p̃k }k=1 = g(λ) − fsub {Sk }k=1 , {p̃k }k=1 .

(65)

¡
Problem (59) is equivalent to minimizing the objective function −fsub {Sk }K
k=1 ,
¢
K
{p̃k }k=1 under the constraints of problem (56). Thus, its optimal value is −g(λ). A
basic result of the duality gap theory [26] is that for any dual feasible variables, the
objective of dual problem (64) is a lower bound of the optimal value of primal problem
(59), i.e.,
−g(λ) ≥ log |Γ| − tr(Γ) + T − λPmax

(66)

for any Γ º 0 that satisfies H̃H
k ΓH̃k ¹ λI for k = 1, . . . , K. Therefore, the error (65)
can be bounded as
¢
¡
K
e {Sk }K
k=1 ,{p̃k }k=1

¡
¢
K
≤ − log |Γ| + tr(Γ) − T + λPmax − fsub {Sk }K
k=1 , {p̃k }k=1
¡
¢
K
= emax Γ, {Sk }K
(67)
k=1 , {p̃k }k=1 .

In order to construct a stopping criterion for subproblem (56) based on the upper
bound (67), a systematic way to construct a dual feasible variable Γ for any given set of
primal variables {Sk }K
k=1 is required. Such a procedure is described by the following
lemma.
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Lemma 3.3.1. Let {Sk }K
k=1 be a set of primal variables of problem (59). The following
Hermitian positive semidefinite matrix
¡

Γ̄ {Sk }K
k=1

¢

λ
¢
= ¡
λ̄ {Sk }K
k=1

Ã

K
X

!−1
H̃k Sk H̃H
k +I

(68)

k=1

where

¢

¡

λ̄ {Sk }K
k=1 =

max λmax H̃H
k

k=1,...,K

Ã

K
X

!−1


H̃k 

(69)

k = 1, . . . , K

(70)

H̃k Sk H̃H
k +I

k=1

is a dual feasible variable.
Proof. From (69) it follows that
Ã
H̃H
k

K
X

!−1
H̃k Sk H̃H
k

+I

¡
¢
H̃k ¹ λ̄ {Sk }K
k=1 I,

k=1

which further implies that
¡
¢
K
H̃H
k Γ̄ {Sk }k=1 H̃k ¹ λI,

k = 1, . . . , K

(71)

¡
¢
Thus, Γ̄ {Sk }K
k=1 given by (68) satisfies the constraints of the Lagrange dual
problem (64) and, therefore, it is a dual feasible variable.
¡
¢
K
By substituting (68) and the expression of fsub {Sk }K
k=1 , {p̃k }k=1 in (67), the
upper bound of the instantaneous error of the inner loop can be expressed as
¤
£ ¡
¢
K
K
emax Γ̄ {Sk }K
k=1 , {Sk }k=1 , {p̃k }k=1
¯ ¡
¢¯
£ ¡
¢¤
¯ + tr Γ̄ {Sk }K
= − log ¯Γ̄ {Sk }K
−T
k=1
k=1
¯K
¯
K
¯X
¯
X
¯
¯
− log ¯
H̃k Sk H̃H
p̃k
k + I¯ + λ
¯
¯
k=1
k=1
#
" Ã ¡
¢!
K
X
£ ¡
¢¤
λ̄ {Sk }K
k=1
−1 +λ
p̃k + tr Γ̄ {Sk }K
= T log
k=1
λ
k=1

(72)
Note that the problem (59) satisfies Slater’s condition [26, Section 5.2.3], i.e., it
is strictly feasible. Thus, strong duality holds between the convex problems (59) and
? K
(64). Furthermore, in Appendix 1 it is shown that for {Sk }K
k=1 = {Sk }k=1 the dual
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variable defined in (68) becomes optimal for dual problem (64). Therefore, the error
upper bound (67) is attained at the optimum point of (59), i.e.,
¡
¢
£ ¡ ? K ¢
¤
? K
? K
? K
e {S?k }K
k=1 , {p̃k }k=1 = emax Γ {Sk }k=1 , {Sk }k=1 , {p̃k }k=1 = 0

(73)

This result ensures that the error upper bound (67) can be used as a stopping criterion for subproblem (56) for any desired accuracy ² > 0.

3.3.2

Algorithm derivation

The algorithm described in this section differs from the one presented in [276, Section
IIB] in two aspects: a covariance scaling step is introduced between two successive
outer loops, and the stopping criterion of the inner loop is based on the error upper
bound derived in Section 3.3.1. In the sequel, these two aspects are described in detail.
The optimum set of covariance matrices for the dual multiple-access channel satisfies the sum power constraint of problem (31) with equality [111]. However, the
covariance matrices obtained by solving subproblem (56) do not necessarily satisfy
this condition. In fact, it can be shown that the solution of subproblem (56) satisfies
PK
?
k=1 tr{Sk } = Pmax if and only if λ is the solution of the master problem (57), i.e.,
?
λ = λ . Inspired by this observation, a covariance scaling step is introduced between
two successive outer iterations. Specifically, the covariance matrices obtained by solv±PK
ing subproblem (56) are multiplied by Pmax
k=1 tr{Sk } so that the sum power constraint is satisfied with equality. Then, the resulting scaled covariance matrices are used
as a starting point in the next inner loop optimization. Note that the convergence of the
global algorithm is still guaranteed, since the convergence conditions do not depend on
the specific initialization of the inner problem [276]. As will be shown in Section 3.3.3,
this covariance scaling greatly improves the rate of convergence of the global algorithm.
In the following, it is shown how the error upper bound derived in Section 3.3.1 can
be used to construct a stopping criterion for the inner loop. The instantaneous error of
subproblem (56) can be expressed as
¡
¢
¡
¢
¡
¢
K
K
K
e {Sk }K
k=1 , {p̃k }k=1 = e1 {Sk }k=1 + λe2 {p̃k }k=1

(74)

where
¡

e1 {Sk }K
k=1

¢

¯
¯
¯
¯
K
K
¯X
¯
¯X
¯
¯
¯
¯
¯
? H
H
= log ¯
H̃k Sk H̃k + I¯ − log ¯
H̃k Sk H̃k + I¯
¯
¯
¯
¯
k=1
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k=1

(75)

and
¡

e2 {p̃k }K
k=1

¢

=

K
X
k=1

p̃k −

K
X

p?k .

(76)

k=1

The main idea of [276, Algorithm 2] is to stop the IWF-like algorithm in the inner
¯ ¡
¢¯
¯ ≤ ²0 , where ²0 is a certain tolerance level that still guaranloop when ¯e2 {p̃k }K
k=1
¡
¢
tees the algorithm convergence. However, since the exact value of e2 {p̃k }K
k=1 cannot
be computed without solving the inner problem, an approximation is always needed to
¡
¢
test the stopping criterion. In [276], the error e2 {p̃k }K
k=1 was approximated by the
PK
difference between the resulting sum power k=1 p̃k in two successive covariance updates [275]. However, a better approximation can be obtained as follows. Via extensive
numerical examples, it was observed that the upper bound (72) is not only larger than
¡
¢
K
the total error e {Sk }K
k=1 , {p̃k }k=1 , but it is also larger than the second term of the
instantaneous error (74), i.e.,
¯ ¡
¢¯
£ ¡
¢
¤
K
K
¯ ≤ emax Γ̄ {Sk }K
λ ¯e2 {p̃k }K
k=1
k=1 , {Sk }k=1 , {p̃k }k=1 .

(77)

£ ¡
¢
¤
K
K
0
Therefore, the condition emax Γ̄ {Sk }K
k=1 , {Sk }k=1 , {p̃k }k=1 /λ < ² can be used
as a stopping criterion for the inner loop.
Based on the above discussions, the modified version of [276, Algorithm 2] can be
summarized as follows.
Algorithm 3.3.1. Sum-rate maximization via dual decomposition
H
1. Initialize {Sk = 0, p̃k = 0}K
k=1 , µmin = 0, and µmax = Pmax + 1/λmax (H̃1 H̃1 ).
2. Let µ = (µmin + µmax )/2.
3. Set ²0 = (µmax − µmin ) · υ · rank(H̃)/4, where H̃ = [H̃1 , . . . , H̃K ].

4. Solve for {Sk , p̃k }, k = 1, . . . , K in subproblem (56) with λ = 1/µ, by iteratively
optimizing each of {Sk , p̃k } using [276, (19)-(23)] while keeping all other {Sj , p̃j },
j 6= k fixed. The iterations cycle through k = 1, . . . , K, 1, . . . , K, . . . until
£ ¡
¢
¤
K
0
K
emax Γ̄ {Sk }K
k=1 , {Sk }k=1 , {p̃k }k=1 /λ < ² .
5. If

PK
k=1

p̃k > Pmax , then set
µmax = µmax − (µmax − µmin ) · (0.5 − υ) .

else set
µmin = µmin + (µmax − µmin ) · (0.5 − υ) .
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±PK
6. Set Sk = Sk · Pmax
k=1 tr{Sk }.
7. If µmax − µmin ≤ ²µ , STOP. Othewise, go to Step 2.
Step 4 is the inner loop which iteratively updates variables {Sk , p̃k } of subproblem
(56) by using a modified IWF algorithm, where the waterfilling level is fixed to µ. Step 3
selects the required tolerance of subproblem (56) as described in [276, Section II.B].
The outer loop, comprising steps 2 and 5, searches for the optimum waterfilling level by
using a modified bisection search. Note that the search domain [µmin , µmax ] is reduced
by a factor of (0.5 − υ) at each iteration. The value of υ can be selected within the
interval [0, 0.5], and a typical value is υ = 0.1. The covariance scaling is performed at
step 6. The value of ²µ represents the tolerance of the final waterfilling level.

3.3.3

Numerical examples

For the numerical results, the same simulation setup as in [276] was considered, i.e.,
a frequency-flat channel model, where each entry of the users’ channel matrices is an
i.i.d. complex Gaussian random variable with zero mean and unitary variance. The
transmitter has T = 10 antennas and each user terminal is equipped with Rk = 2
antennas. The sum power constraint is Pmax = 10.
Figure 11 shows the convergence behavior for different variants of the dual decomposition (DD) based sum-rate maximization algorithm. In [276, Alg.2], there is no
covariance scaling (CS) step, and, for testing the stopping criterion of the inner loop,
¡
¢
the sum power error e2 {p̃k }K
k=1 is approximated by the difference between the resulting sum power in two successive covariance updates. To reveal a deeper insight, some
modified versions were also considered. The first one corresponds to a hypothetical
implementation where the true sum power error could be computed and is used to test
the stopping criterion. Clearly, this requires the optimal value of (56) to be known in
¡
¢
advance, which is impossible in practice. The second one approximates e2 {p̃k }K
k=1
for testing the stopping criterion, but employs the CS step. The convergence behavior
of the proposed Algorithm 4.2.1 described in Section 3.3.2 is also presented. The results clearly show that the proposed covariance scaling step greatly improves the rate
of convergence, and the proposed stopping criterion is superior to the one used in [276].
Moreover, when the covariance scaling is used, the performance degradation due to the
usage of the upper bound instead of the true sum power error becomes negligible.
Figure 12 compares the convergence behaviors of the proposed IWF-RUP Algo86

rithm 3.2.1 and DD based Algorithm 4.2.1 to those of the modified SPC-IWF [111,
Alg.1] and DD based [276, Alg.2]. The results show that for a moderate number of
users, e.g., K = 10 in Figure 12(a), the IWF-RUP algorithm clearly outperforms the
previously proposed [111, Alg.1] and [276, Alg.2]. Furthermore, despite its simplicity, the proposed IWF-RUP algorithm converges almost as fast as the DD based Algorithm 4.2.1. Therefore, it can be concluded that for a moderate number of users it
provides the best tradeoff between complexity and speed of convergence. As the number of users increases, e.g., K = 50 in Figure 12(b), the DD based Algorithm 4.2.1
provides substantial performance improvement over the others algorithms. However, it
must be noted that this comes at the expense of increased complexity of the inner loop,
since the complexity of finding a feasible dual variable increases also linearly with K.
Remarkably, the IWF-RUP algorithm has a convergence speed similar to that of [276,
Alg.2] even in the case of a large number of users. Furthermore, it clearly outperforms
[111, Alg.1] in all simulated conditions. This is intuitively expected, since the proposed IWF-RUP does not have a memory in the covariance updating process, whilst
[111, Alg.1] has a memory of K − 1 previous steps.
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Fig 11. Different dual decomposition based sum-rate maximization algorithms:
normalized sum-capacity deviation versus number of covariance updates for
C = 1 carrier (frequency-flat channel), T × Rk = 10 × 2 antennas, SNR = 10 dB;
(a) K = 10 users, (b) K = 50 users. "Yu" stands for reference [276].
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Fig 12. Comparison between different sum-rate maximization algorithms: normalized sum-capacity deviation versus number of covariance updates for C = 1 carrier (frequency-flat channel), T × Rk = 10 × 2 antennas, SNR = 10 dB; (a) K = 10
users, (b) K = 50 users. "Jindal et al" stands for reference [111] and "Yu" stands
for [276].
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3.4

Summary and discussion

Numerical methods for computing the sum-capacity of MIMO-OFDM downlink channel were considered in this chapter. The broadcast to multiple-access channel duality
was used to convert the original downlink problem into a convex and well-structured
sum-rate maximization for the dual multiple-access channel. Two new iterative algorithms were proposed, and their performance was analyzed by computer simulations.
The first one, named IWF-RUP algorithm, increases iteratively the sum-rate by updating at each step just two randomly selected covariance matrices. The eigenvectors
of the updated covariance matrices are aligned to the single-user optimum direction obtained by treating the other users’ signals as noise. The power allocation is obtained by
waterfilling across the selected users, and their common waterfilling level is determined
by their own sum power constraint. Thus, there is no power exchange between the
updated pair of covariance matrices and the other ones, and, therefore, the sum power
is preserved after each iteration. Unlike the recently proposed SPC-IWF and its modified versions [111], the IWF-RUP algorithm has lower computational complexity and
requires no additional precautions to ensure the convergence. It was proved analytically
that the IWF-RUP algorithm is convergent with probability one, and the computer simulations clearly show that it converges faster than all variants of the SPC-IWF algorithm
proposed in [111].
The second algorithm is based on a dual decomposition method which breaks the
original optimization problem into two nested loops. The inner loop is an IWF-like algorithm which optimizes the transmit covariance matrices for a fixed waterfilling level,
and the outer loop finds the optimum waterfilling level by using a bisection search. The
problem of tracking the instantaneous error of the inner loop was considered and an
upper bound was derived by using the Lagrange theory. Specifically, the Lagrange dual
function of the inner loop was derived, and a systematic method to obtain the dual feasible variables was provided. Then, the duality gap theory was used to provide an upper
bound of the instantaneous error. Finally, it was shown that the upper bound is attained
at an optimal point, and, therefore, can be used to test a stopping criterion for any required accuracy. The simulation results showed that the proposed algorithm based on
the derived upper bound performs very close to a hypothetical implementation, where
the true sum power error could be computed. It was also shown that the rate of convergence of the global algorithm can be improved substantially by introducing a covariance
normalization step between two successive outer iterations.
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4

Linear transceiver design for MIMO
downlink channels

As discussed in Chapter 1, the knowledge of CSI at the transmitter side can dramatically
improve the performance of MIMO communications systems. However, especially in
the case of multiuser systems, it is difficult to achieve full CSI knowledge of every user
at the transmitter side.
An efficient method to exploit the multiuser diversity gain with limited CSI feedback is the opportunistic beamforming technique [193, 246]. It has been shown that in
the case of systems with a large numbers of users, opportunistic beamforming performs
very close to the optimum beamforming [43, 193, 246]. However, the performance deteriorates rapidly for systems with moderate or small numbers of users [130]. For such
cases, the use of a supplementary CSI feedback has been proposed in [130] to allow
beamforming and, thus, to reduce the detrimental effect at small to moderate numbers
of users. Typically, these schemes attempt to design the transmit and receive beamformers such that the SINR at the output of the linear receiver filter is maximized. However,
the problem of linear transceiver design for the MIMO downlink channel is still an
active research area.
In this chapter, the case of full CSI for scheduled users only is considered. General
methods for joint design of the linear transmit and receive beamformers according to different optimization criteria are proposed. The treatment is restricted to linear processing
both at the transmitter and receiver, since this is simple to implement and, thus, an important solution in practical system design. The main contribution of this chapter is the
generalization of the known schemes [18, 116, 130, 176, 188–190, 194, 205, 243, 256]
to handle multiple antennas at the BS and at the mobile users with an arbitrary number
of data streams per scheduled user. Furthermore, the optimization criteria are fairly
general and include sum power minimization under the minimum SINR constraint per
data stream, the balancing of SINR values among data streams, minimum SINR maximization, weighted sum-rate maximization, and weighted sum MSE minimization. Besides the traditional sum power constraint on the transmit beamformer, solutions for
transceiver optimization under a more general power constrain model are provided,
which cover a large range of practical applications. Specifically, sum power constraints
can be imposed for any number of arbitrary subsets of the transmit antennas. Finally, the
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advantage of the proposed algorithms is that they can be easily modified to accommodate supplementary constraints (e.g., upper and / or lower bounds for the SINR values
of data streams) and the feasibility of the resulting optimization problems can be easily
verified.
The optimization problems employed in the beamformer design are not convex in
general. Therefore, in some cases, the problem of finding the global optimum is intrinsically non-tractable, and suboptimal methods must be employed. The original optimization problems are decomposed as a series of remarkably simpler optimization
problems which can be efficiently solved by using standard convex optimization techniques [25, 34]. Even though each subproblem is optimally solved, there is no guarantee
that the global optimum has been found due to the nonconvexity of the problem. However, the simulations show that the algorithms converge rapidly to a solution, which can
be a local optimum, but is still efficient.
Convex optimization theory [13, 26] and standard optimization programs such as
second-order cone programming [137], semidefinite programming [239], and geometric
programming [25], are powerful tools which allow for efficient numerical solution for
various signal processing and digital communications problems [8–10, 34, 35, 116, 142,
144, 158, 160, 161, 168, 194, 207, 243, 248, 256, 270, 276, 277, 281]. In particular,
they have been used to solve a wide range of optimal transmit and receive beamformer
design problems [8–10, 161, 243, 256, 270]. Power allocation algorithms via geometric
programming have been considered in [25, 34, 35]. Robust design methods based on
imperfect CSI were provided in [158, 168, 248]. More examples of communication
problems solved via convex optimization systems can be found in the tutorials [25, 34,
142, 144], while a more detailed mathematical treatment is provided in [13, 25, 26, 137,
239].
The rest of this chapter is organized as follows. The MIMO multiuser system model
is described in Section 4.1. The problem of linear transceiver design under a sum power
constraints is addressed in Section 4.2. Solutions for linear transceiver design with
power constraints per antenna groups are presented in Section 4.3. Simulation results
are presented in Sections 4.2.5 and 4.3.3. Finally, Section 4.4 concludes the chapter.

4.1

Linear transceiver system model

A single-cell MIMO downlink system with K decentralized users operating in frequencyflat fading channel is considered. The base station has T transmit antennas and user k,
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k = 1, . . . , K is equipped with Rk receive antennas. The discrete-time MIMO downlink channel is mathematically described as
yk = Hk x + nk ,

k = 1, . . . , K

(78)

where Hk ∈ CRk ×T is the channel matrix between BS and the user k, x ∈ CT is
the signal vector transmitted by the BS, yk ∈ CRk is the signal vector received by the
kth user, and nk ∼ CN (0, Rk ) models the thermal noise and inter-cell interference at
the kth terminal. Without loss of generality it is assumed that Rk = I. Note that this
assumption is not a restriction, since colored additive noise can be viewed as white after
an appropriate whitening transform on the channel matrix [226, Section 1]. Thus, it is
assumed in (78) that the whitening filter10 is contained in Hk .
A linear transmission and reception strategy is considered. The base station transmits S ≤ T independent data streams, by generating the antenna signal vector
x = Vdiag(p)1/2 d

(79)

where d ∈ CS×1 , E{ddH } = I, contains the current transmitted data symbols, V =
[v1 , . . . , vS ] ∈ CT ×S , kvs k2 = 1, is the normalized beamforming matrix, and the
vector p = [p1 , . . . , pS ]T controls the power allocated to each stream.
For each data stream s, s = 1, . . . , S, the base station’s scheduler unit associates
an intended user ks . Note that more than one stream can be associated to a user, and,
therefore, the cardinality of the set of scheduled users, S = {ks |s = 1, . . . , S}, is
less or equal to S. Let us , kus k2 = 1 be the normalized receive beamformer (or
antenna combiner vector) used by the ks th user to generate the decision variables for
the sth data stream, dˆs = uH yk . By collecting all the decision variables into the vector
s

s

d̂ = [dˆ1 , . . . , dˆS ]T , the downlink linear processing model is given by
d̂ = UH HVdiag(p)1/2 d + n

(80)

where
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(81)

uH
S nkS

10 The

whitening filter is defined up to a scale factor. The assumption Rk = I implies that the scale factor is
chosen such that the output noise power is normalized to 1.
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Note that E{|[n]s |2 } = kus k2 = 1. Therefore, the SINR of the sth stream, γsdl , is
given by [245]
2
ps |uH
s Hks vs |
γsdl =
.
(82)
PS
2
1 + i=1,i6=s pi |uH
s Hks vi |
Following the approach of [245, Section II], the dual (or reciprocal) uplink linear
processing model is defined as
d̂0 = VH HH Udiag(q)1/2 d0 + n

(83)

where the vector q = [q1 , . . . , qS ]T controls the uplink power allocated to each stream,
us is the transmit beamformer used by the ks th user, vs is the receive beamformer used
at the BS to generate the decision variable for the sth stream, dˆ0 . The SINR of the sth
s

stream, γsul , is given by [245]
2

γsul =

qs |vsH HH
ks us |
PS
2 .
1 + i=1,i6=s qi |vsH HH
ki ui |

(84)

The following two lemmas are useful in the description of the proposed linear
transceiver design algorithms.
Lemma 4.1.1. Consider the downlink channel (80), where {v1 , . . . , vS } and p are
fixed and given. The normalized maximum SINR receiver is given by the set of beamformers, {u?1 , . . . , u?S }, that solves the following multi-objective optimization problem
(the beamformers are normalized such that their Euclidian norms are equal to unity)
maximize (w.r.t.IRS+ )
subject to

∆

γdl = [γ1dl , . . . , γSdl ]T
kus k2 = 1, s = 1, . . . , S

(85)

where the maximization is with respect to the nonnegative orthant, IRS+ [26]. The objectives of (85) are noncompeting and the optimum set {u?1 , . . . , u?S } is obtained by
normalizing the combiner vectors of the linear minimum mean square error (LMMSE)
receiver [158], i.e.,
ũs
,
u?s =
kũs k2

√
ũH
ps vsH HH
s =
ks

Ã S
X

!−1
pi Hks vi viH HH
ks + I

.

(86)

i=1

Lemma 4.1.2. Consider the uplink channel (83), where {u1 , . . . , uS } and q are fixed
and given. The normalized maximum SINR receiver is given by the set of beamformers,
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{v1? , . . . , vS? }, that solves the following multi-objective optimization problem
∆

maximize (w.r.t.IRS+ ) γul = [γ1ul , . . . , γSul ]T
subject to
kvs k2 = 1, s = 1, . . . , S.

(87)

The optimum set {v1? , . . . , vS? } is obtained by normalizing the LMMSE receiver’s combiner vectors [158], i.e.,
vs?

ṽs
,
=
kṽs k2

ṽsH

√
= qs uH
s Hks

Ã

S
X

!−1
H
qi HH
ki ui ui Hki

+I

.

(88)

i=1

In this chapter, a simple scheduling algorithm11 based on the opportunistic beamforming strategy [193, 246] is considered. It provides an efficient beamformer initialization based only on a limited CSI feedback from the mobile terminals. The schedulPK
ing algorithm can be summarized as follows. Let S = min{T, k=1 Rk }, p(0) =
1Pmax /S and form S orthogonal beams by generating randomly the orthogonal set
(0)
(0)
(0)
(0)
{v1 , . . . , vS } with (vi )H vj = 0 for 1 ≤ i 6= j ≤ S. Each user measures
the SINR achieved in each12 beam by using the LMMSE receiver and sends it back to
the BS. Based on this information, the BS’s scheduler unit makes the beam-to-users
association described by the following set of active users
S = {ks |ks = arg max γk,s , s = 1, . . . , S}
k=1,...,K

(89)

where ks is the user associated to sth beam (or data stream) and γk,s denotes the SINR
(0)
(0)
of the kth user in the sth beam. For further derivations, let us define {u1 , . . . , uS } as
(0)
the optimum set of receive beamformers given by (86) and γdl = [γk1 ,1 , . . . , γkS ,S ]T
as the SINR values of the scheduled users. In the following, it is assumed that the
selected users feed back their instantaneous CSI to the BS.

4.2

Linear transceiver design under a sum power
constraint

In this section, the problem of maximizing a system performance criterion under a
transmit sum power constraint is considered. The proposed iterative algorithm is based
11 For

simplicity, we only consider a best effort type of scheduling algorithm. Fairness or other cross-layer
issues can be taken into account as well by properly modifying the scheduling algorithm, but this falls outside
the scope of this thesis.
12 In the case of a large number of users, close to optimum performance can be achieved if each user feeds
back only the maximum (over the beams) SINR value and the index of the corresponding beam [246].

95

on the following uplink-downlink SINR duality theorem.
Theorem 4.2.1. For any given (fixed) set of normalized beamformers {u1 , . . . , uS }
and {v1 , . . . , vS }, the set of SINR values, γ̃ = [γ̃1 , . . . , γ̃S ]T , γ̃ Â 0, is achievable in
the downlink channel (80) under the sum power constraint 1T p ≤ Pmax if and only if
the same set of SINR values is achievable in the uplink channel (83) under the same
sum power constraint, 1T q ≤ Pmax .
Theorem 4.2.1 was independently proved in [19, 245] under the assumption that
the cross-coupling matrix between the users is irreducible. An alternative proof via
Lagrange duality, which holds for arbitrary cross-coupling matrices, is given in Appendix 2.
The uplink-downlink SINR duality theorem suggests that (86) and (88) can be used
to iteratively adjust the sets of normalized beamformers, {u1 , . . . , uS } and {v1 , . . . , vS },
by sequentially switching between the downlink and uplink channels and by updating
the power allocation vectors, p and q, according to a certain optimization criterion
before each channel switching. A simple heuristic procedure that increases the SINR
vector at each iteration is described in the following.

4.2.1

Heuristic SINR vector maximization
(0)

(0)

Consider a downlink channel specified by the transmit beamformers {v1 , . . . , vS }
and the initial power allocation p(0) , 1T p(0) = Pmax . The optimum set of receive beam(0)
(0)
formers, {u1 , . . . , uS }, that maximizes13 the downlink SINR vector γdl is given by
(0) (0)
(0) ∆
(0)
(86) and the optimum SINR vector, γdl = γdl ({us , vs , ps }Ss=1 , is given by (82).
Let us first consider the dual uplink channel (83), where the users’ transmit beamform(0)
(0)
(0)
(0)
ers are {u1 , . . . , uS } and the BS’s combining vectors are {v1 , . . . , vS }. Theorem 4.2.1 ensures the existence of a power allocation q(1) , 1T q(1) = Pmax such that
(0)
(0)
(0) (1)
γul ({us , vs , qs }Ss=1 ) = γdl . The key point is to observe that for this new power
(0)
(0)
allocation, the BS’s combiners {v1 , . . . , vS } are not necessarily optimal, and, there(1)
(1)
fore, the SINRs can be increased by updating them to a new value {v1 , . . . , vS }
(1)

(0)

(1)

given by (88). Lemma 4.1.2 ensures that γul º γdl , where γul is the new SINR vec(1) ∆
(0)
(1) (1)
tor given by (84), i.e., γul = γul ({us , vs , qs }Ss=1 ). Secondly, for the downlink
(1)

(1)

channel (80), which uses {v1 , . . . , vS } as transmit beamformers, a new power allo(0)
(1) (1)
cation vector p(1) , 1T p(1) = Pmax can be found such that γdl ({us , vs , ps }Ss=1 ) =
13 The
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vector maximization is with respect to the nonnegative orthant, IRS
+ [26].

(1)

(1)

(1)

γul . By updating the users’ receive beamformers to the new values {u1 , . . . , uS }
(1) ∆
(1)
(1) (1)
(1)
given by (86), Lemma 4.1.1 ensures that γdl = γdl ({us , vs , ps }Ss=1 ) º γul .
The scheme continues switching between the uplink and downlink channels until
the SINR values converge or a satisfactory solution is found. Note that at each iteration
the sum power is kept fixed, i.e., 1T q(i) = 1T p(i) = Pmax , and the achieved SINR
values are monotonically increasing, i.e.,
(i+1)

γdl
(i) ∆

(i)

(i+1)

º γul
(i)

(i)

(i)

(i)

(0)

º γdl º γul º . . . º γdl
(i+1) ∆

where γdl = γdl ({us , vs , ps }Ss=1 ), γul

(i)

(i+1)

= γul ({us , vs

(90)
(i+1) S
}s=1 )

, qs

for

i ≥ 0. Since the achievable SINR region under the sum power constraint is bounded,
the algorithm’s convergence to an equilibrium point is guaranteed.

4.2.2

General algorithm for joint beamformer and power
optimization

By modifying the power update policies before each channel switching14 , the previous
method can be further generalized to include different optimality criteria, e.g., weighted
sum-rate maximization, weighted sum-MSE minimization, maximization of the minimum SINR among the data streams, and minimization of the sum power required to
satisfy some target SINR values. The general iterative optimization algorithm can be
summarized as follows.
Algorithm 4.2.1. Joint beamformer and power optimization under a sum power constraint
1. For a given stream-to-users association described by the set of active users S =
(0)
{ks |s = 1, . . . , S}, an initial beamformer configuration {vs }Ss=1 , and an initial
power allocation p(0) = 1Pmax /S compute the optimum set of receive beamformers
(0)
{us }Ss=1 given by (86). Let i = 0 and go to Step 2.
(i)
(i)
2. Consider the uplink channel (83) specified by {us }Ss=1 and {vs }Ss=1 . Update the
power allocation vector q(i+1) by solving a certain optimization problem which will
be specified in detail in Section 4.2.3, i.e.,
³
´
(i) S
q(i+1) = ful {u(i)
s , vs }s=1 .

(91)

14 The iterative method, based on the uplink-downlink SINR duality, is a "virtual" technique, and the algorithm

is implemented at the BS only. It requires no extra communication between BS and mobile terminals.
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(i+1) S
}s=1

Update the base station’s beamformers to {vs

given by (88). Compute the
achieved SINR vector
given by (84) and go to Step 3.
(i)
(i+1) S
3. Consider the downlink channel (80) specified by {us }Ss=1 and {vs
}s=1 . Up(i+1)
date the power allocation vector p
by solving a certain optimization problem
which will be specified in Section 4.2.3, i.e.,
(i+1)
γul

³
´
(i+1) S
p(i+1) = fdl {u(i)
,
v
}
s
s
s=1 .

(92)

(i+1)

Update the users’ beamformers to {us
}Ss=1 given by (86). Compute the achieved
(i+1)
SINR vector γdl
given by (82) and test a stopping criterion. If it is not satisfied,
let i = i + 1 and go to Step 2, otherwise STOP.
The main idea of Algorithm 4.2.1 is clarified in the following example. Consider the
problem of maximizing a system performance criterion under a sum power constraint,
and assume that the performance criterion can be expressed as a nondecreasing function
of the SINR values of the data streams, i.e., f (γ) such that γ1 º γ2 ⇒ f (γ1 ) ≥ f (γ2 ),
where γ contains the SINR values of the data streams. For such a problem, (91) and
(92) compute an optimum uplink and downlink power allocation that maximize f (γul )
and f (γdl ), respectively. Following the reasoning of Section 4.2.1, it is easy to observe
that Theorem 4.2.1 ensures that f (γ) is monotonically increased at each iteration of
Algorithm 4.2.1, i.e.,
¡ (i+1) ¢
¡ (i+1) ¢
¡ (i) ¢
¡ (i) ¢
¡ (0) ¢
f γdl
≥ f γul
≥ f γdl ≥ f γul ≥ . . . ≥ f γdl .

4.2.3

(93)

Computing the power allocation vectors

In this section, the optimization problems (91) and (92), which provide the power allocation vectors q(i+1) and p(i+1) in Algorithm 4.2.1, are derived in detail. The objective
functions are either a performance criterion of the system that has to be maximized (e.g.,
SINR, rate, etc.) or a cost (e.g., sum power) that has to minimized. Since the objective
functions and the constraints depend only on the streams’ SINRs and the sum power,
the uplink-downlink SINR duality theorem allows us to formulate similar optimization
problems for computing the power allocation vectors, p(i+1) for the downlink channel
and q(i+1) for the uplink channel.
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Sum power minimization
Consider the problem of minimizing the total transmitted power under a constraint on
the minimum SINR of each data stream. According to (82) and (84), this problem can
be formulated as the following linear program
minimize
subject to

PS

xk
xs gs,s
PS

k=1

1 + k=1,k6=s xk gs,k
xs ≥ 0, s = 1, . . . , S

≥ γ̃s , s = 1, . . . , S

(94)

where the variables are x1 , . . . , xS , γ̃s is the minimum SINR required for the sth data
stream, and the problem data, gs,k , s, k = 1, . . . , S, are defined according to which
(uplink or downlink) power allocation is solved, i.e.,
 ¯
¯2

 ¯¯(vs(i) )H HH u(i) ¯¯
for solving (91)
kk k
∆
¯
¯2
gs,k =
.
(i+1) ¯

H
 ¯¯(u(i)
¯ for solving (92)
s ) Hks vk

(95)

The solution of the linear program (94), x? = [x?1 , . . . , x?S ]T , provides the power
allocation vectors required at Step 2 and Step 3 of Algorithm 4.2.1, i.e., q(i+1) = x?
when solving (91) or p(i+1) = x? when solving (92).
In the following it is shown that x? can be expressed in a closed form. First, the
problem (94) is written in a more compact form, as
minimize
subject to

1T x
(I − DC)x º D1
xº0

(96)

∆

where x = [x1 , . . . , xS ]T , and the matrices C and D are defined as
(
½
¾
gs,k if s 6= k
γ̃1
γ̃S
∆
∆
,...,
.
[C]s,k =
; D = diag
g11
gSS
0
if s = k

(97)

∆

Note that D1 Â 0 and the cross-coupling matrix A = DC is nonnegative. Assuming that A is primitive [100, Definition 8.5.0], the problem (96) is feasible if and only if
the Perron-Frobenius eigenvalue of A is strictly less than 1 [19, 72, 90, 171, 284]. Note
that this assumption does not necessarily hold in general, since after a few iterations of
Algorithm 4.2.1, any of gs,k , s 6= k in (95) may become zero. In fact, the computer
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simulations have confirmed that this is often the case. Therefore, an alternative proof,
which holds for any nonnegative A, is given in Appendix 2. An independent and different proof of the result can be found in the parallel work of [20]. When the problem is
feasible, the optimum solution is given by (see Appendix 2)
x? = (I − DC)−1 D1 .

(98)

It is worthwhile to remark that the heuristic SINR vector maximization presented
in Section 4.2.1 can be interpreted as a modified version of the sum power minimiza∆
tion algorithm, where the SINR constraint vector γ̃ = γ̃1 , . . . , γ̃S is updated at each
iteration, according to
(
γ̃ =

(i)

γdl
(i+1)
γul

for solving (91)
for solving (92)

.

(99)

In some special cases, it is possible that certain SINR constraints cannot be satisfied at the first iteration of Algorithm 4.2.1 for any initial power allocation. This oc(0)
(0)
curs when the spatial subchannels created by the initial beamformers {u1 , . . . , uS }
(0)
(0)
and {v1 , . . . , vS }, obtained at the first step of Algorithm 4.2.1, are not "separable
enough". Therefore, the system is in the interference limited region. Obviously, when
the spatial subchannels are not interfering each other, i.e., gs,k = 0 for s 6= k, any
SINR requirements γ̃ are achievable since A = 0. Therefore, a simple method that
always finds a feasible starting point consists of replacing the receive beamformers for
(0)
(0)
the virtual uplink channel {v1 , . . . , vS } by the zero-forcing solution.
Weighted sum-rate maximization
Consider the problem of maximizing the weighted sum of the rates of the individual data
∆
streams under a sum power constraint, Pmax . The weight vector, w = [w1 , . . . , wS ]T ,
w º 0, is used to prioritize differently the data streams and can be chosen based on different criteria, e.g., the states of queues or buffers in the case of cross-layer optimization
schemes. The proposed weighted sum-rate maximization algorithm can also be used to
compute the achievable rate region under the linear processing constraint. Obviously,
w = 1 corresponds to the usual sum-rate maximization or best effort.
Assuming optimal channel coding (i.e., Gaussian codebook [62]) for each data
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stream, the weighted sum-rate can be expressed as
Rw =

S
X

w s rs =

s=1

S
X

ws log(1 + γs ) = − log

s=1

S
Y

(1 + γs )−ws

(100)

s=1

where rs and γs are the rate and the SINR of the sth data stream. Since Rw increases
with respect to each γs and − log(·) is a decreasing function, the weighted sum-rate
maximization problem can be formulated as follows
minimize
subject to

QS

+ γs )−ws
xs gs,s
γs ≤
, s = 1, . . . , S
PS
1 + k=1,k6=s xk gs,k
PS
xs ≥ 0, s = 1, . . . , S
k=1 xk ≤ Pmax ;
s=1 (1

(101)

where the variables are x1 , . . . , xS , γ1 , . . . , γS , and the problem data, gs,k , s, k =
1, . . . , S are given in (95).
The optimization problem (101) is a signomial optimization problem [25]. Thus,
it is not convex in general. In high SINR region γs À 1, it can be accurately approximated by a geometric program [26]. This approach means that the objective is
QS
replaced by the monomial function s=1 γs−ws . Clearly, the condition γs À 1 cannot
be controlled (e.g., imposed as a constraint) without affecting the solution since γs is a
problem variable. Therefore, a method applicable to the whole SINR range is needed.
Such a procedure consists of searching for a close local minimum by solving a sequence
of geometric programs which locally approximate the original problem. This procedure,
which converges very fast [25] (in a few iterations), is presented in the following.
QS
Lemma 4.2.2. Let m(γ1 , . . . , γS ) = c s=1 γsas be a monomial function [25] used to
QS
approximate the objective of (101), f (γ1 , . . . , γS ) = s=1 (1 + γs )−ws , near the point
γ̂ = (γ̂1 , . . . , γ̂S ). The parameters c and as of the best monomial local approximation
are given by
as = −ws

γ̂s
,
1 + γ̂s

c=

f (γ̂1 , . . . , γ̂S )
.
QS
as
s=1 γ̂s

(102)

Proof. The monomial function m is the best local approximation of f near the point
γ̂ = (γ̂1 , . . . , γ̂S ) if [25]
(

m(γ̂1 , . . . , γ̂S ) = f (γ̂1 , . . . , γ̂S )
∇m(γ̂1 , . . . , γ̂S ) = ∇f (γ̂1 , . . . , γ̂S )

(103)
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and by replacing the expressions of m and f in (103) we obtain the following system
of equations
( Q
S
c s=1 γ̂sas = f (γ̂1 , . . . , γ̂S )
(104)
QS
c s=1 γ̂sas as γ̂s−1 = −ws f (γ̂1 , . . . , γ̂S )(1 + γ̂s )−1 , s = 1, . . . , S
which have the solution given by (102).
By using the local approximation given by Lemma 4.2.2 in the objective function
of problem (101), and ignoring the multiplicative constant c which does not affect the
problem solution, the following iterative algorithm is obtained.
Algorithm 4.2.2. Power optimization for weighted sum-rate maximization
1. Let the initial SINR guess, γ̂ = (γ̂1 , . . . , γ̂S ), be
(
(i)
γdl
for solving (91)
γ̂ =
(i+1)
γul
for solving (92)

(105)

2. Solve the following geometric program,
minimize

QS
s=1

γ̂s
−ws 1+γ̂
s

γs

subject to

(1 − α)γ̂s ≤ γs ≤ (1 + α)γ̂s , s = 1, . . . , S
PS
−1 −1
−1 −1
xs γs ≤ 1 , s = 1, . . . , S
gs,s
xs γs + k=1,k6=s gs,k xk gs,s
PS
k=1 xk ≤ Pmax
(106)
?
with positive variables x1 , . . . , xS , γ1 , . . . , γS . Denote the solution by x1 , . . . , x?S ,
γ1? , . . . , γS? . If maxs |γs? − γ̂| > ²γ set γ̂ = (γ1? , . . . , γS? ) and go to Step 2, otherwise
STOP.
The optimal points x?1 , . . . , x?S are the power allocation vectors required at Step 2
and Step 3 of Algorithm 4.2.1, i.e., q(i+1) = [x?1 , . . . , x?S ]T when solving (91) or
p(i+1) = [x?1 , . . . , x?S ]T when solving (92). Problem (106) is a geometric program
which approximates the original signomial problem (101) around the point γ̂ =
(γ̂1 , . . . , γ̂S ). The first set of inequality constraints of problem (106) are called trust
region constraints [25] and they limit the domain of variables γs to a region where
the monomial approximation is accurate enough. The small constant α < 1 controls
the desired approximation accuracy, and a typical value is α = 0.1 [25]. Note that
the approximation error vanishes as α goes to zero. Thus, monotonicity (93) can be
guaranteed by a proper control of α.
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Let us now consider a more general weighted sum-rate maximization problem,
where the services provided by a subset of the data streams, P1 ⊆ {1, . . . , S}, require some minimum SINR values, i.e., γs ≥ γ̃s for s ∈ P1 . Furthermore, a more
accurate model for the rate provided by the sth data stream can be considered, i.e., rs =
min{log(1 + Γγs ), rmax }, where Γ is the SNR gap to the channel capacity and rmax is
the maximum data stream rate (Γ and rmax are used to describe the modulation and cod∆

ing schemes set [41]). Note that rs increases with γs for γs ≤ γmax = (2rmax − 1)/Γ
and remains constant for γs > γmax . Thus, it is easy to observe that any sum-rate optimal design must satisfy γs ≤ γmax for s = 1, . . . , S. Therefore, this problem can be
solved by modifying the power allocation problem (101) as follows
minimize
subject to

QS

+ Γγs )−ws
xs gs,s
γs ≤
, s = 1, . . . , S
PS
1 + k=1,k6=s xk gs,k
γs ≤ γmax , s = 1, . . . , S
γs ≥ γ̃s , s ∈ P1
PS
xs ≥ 0, s = 1, . . . , S .
k=1 xk ≤ Pmax ;
s=1 (1

(107)

Assuming that problem (107) is feasible under the initial beamforming configura(0)
(0)
(0)
(0)
tion, {u1 , . . . , uS } and {v1 , . . . , vS }, obtained at the Step 1 of Algorithm 4.2.1,
it can be solved by following the same approach as in the case of problem (101). A
(0)
sufficient condition for the feasibility is γ̃s ≤ [γdl ]s for any s ∈ P1 . The method can
also be extended to handle general minimum SINR constraints, which are not necessarily feasible under the initial beamforming configuration. This is possible by solving
first the sum power minimization problem under γs ≥ γ̃s , s ∈ P1 constraints, using
the method described in Section 4.2.3. Recall that this problem is always feasible. If
the obtained minimum sum power is larger than Pmax , optimization problem (107) is
infeasible, otherwise the resulting beamformer configuration can be used as a feasible
starting point for the original optimization problem (107). Note that the sum power
minimization problem needs to be solved with high accuracy only to certify the infeasibility of the minimum SINRs constraints under the sum power constraint Pmax . In the
case of feasible SINR constraints, the sum power minimization process can be stopped
after any iteration that produces an initial feasible point for problem (107), i.e., a sum
power lower than Pmax . Starting from this beamformer configuration, Algorithm 4.2.1
is used to solve the weighted sum-rate maximization problem by updating the power
allocation vectors q(i+1) and p(i+1) according to (107).
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SINR balancing
Suppose now that the system has to provide different services which can be translated
into minimum SINR requirements γ̃s for the corresponding data streams, i.e., γs ≥ γ̃s
for s ∈ P1 , where P1 ⊆ {1, . . . , S} is a subset of data streams and γs is the SINR of
the sth data stream. Furthermore, the SINR values of the remaining streams have to be
kept in some fixed ratios, i.e., γs /αs = %, s ∈ P2 = {1, . . . , S} \ P1 for some fixed
values αs > 0, and % has to be maximized under a total transmitted power, Pmax . This
optimization problem can be formulated as follows
maximize
subject to

αs−1 xs gs,s
PS
s∈P2 1 +
k=1,k6=s xk gs,k
xs gs,s
≥ γ̃s , s ∈ P1
PS
1 + k=1,k6=s xk gs,k
PS
xs ≥ 0, s = 1, . . . , S
k=1 xk ≤ Pmax ;
min

(108)

where the variables are x1 , . . . , xS and the problem data, gs,k , s, k = 1, . . . , S, are
given by (95). A particular case of this problem, with no minimum SINR requirements
(i.e., P1 = {∅}), has been studied in [188, 256] in the case of single-antenna terminals.
The objective function of problem (108) is quasiconcave, since it is the minimum
of a family of linear fractional functions [26]. Thus, it can be solved by using the
bisection method [26]. In the following it is shown that it can be reformulated as a
geometric program [26] and, therefore, solved more efficiently. First, problem (108) is
transformed by inverting its objective and the first set of constraints, as follows:
PS
−1
−1 −1
xk x−1
minimize max αs gs,s
xs + k=1,k6=s αs gs,k gs,s
s
s∈P2
P
S
−1
−1
−1 −1
(109)
xk x−1
subject to gs,s
xs + k=1,k6=s gs,k gs,s
s ≤ γ̃s , s ∈ P1
PS
xs ≥ 0, s = 1, . . . , S.
k=1 xk ≤ Pmax ;
By expressing the problem (109) in the epigraph form15 , the following equivalent
geometric program is obtained
minimize
subject to

15 The

t
PS
−1 −1
−1
αs gs,s
xs + k=1,k6=s αs gs,k gs,s
xk x−1
s ≤ t, s ∈ P2
P
S
−1 −1
−1
−1
gs,s xs + k=1,k6=s gs,k gs,s xk xs ≤ γ̃s−1 , s ∈ P1
PS
k=1 xk ≤ Pmax

(110)

epigraph form [26, Section 4.1.3] of the optimization problem minimize f (x) is obtained by introducing an auxiliary scalar variable t and reformulating the original problem as minimize t subject to the
additional constraint t ≥ f (x).
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with positive variables t, x1 , . . . , xS , i.e., t ≥ 0, xs ≥ 0, s = 1, . . . , S, are implicit constraints. The optimal points x?1 , . . . , x?S are the power allocation vectors, i.e.,
q(i+1) = [x?1 , . . . , x?S ]T when solving (91) or p(i+1) = [x?1 , . . . , x?S ]T when solving
(92).
Let us now discuss some particular cases which do not require solving the geometric
program (110). Without the minimum SINR requirements, i.e., P1 = {∅}, the problem
(108) can be expressed as
maximize

%

subject to

αs−1 xs gs,s
≥ %, s = 1, . . . , S
PS
1 + k=1,k6=s xk gs,k
PS
xs ≥ 0, s = 1, . . . , S
k=1 xk ≤ Pmax ;

(111)

which can be written in a more compact form as
maximize
subject to

%
%D̃Cx + %D̃1 ¹ x
1T x ≤ Pmax ; x º 0

(112)

∆

where C is given by (97) and D̃ = diag {α1 /g11 , . . . , αS /gSS }.
Since all SINR constraints are active at the optimal point, the sum power constraint
can be relaxed to %1T D̃Cx + %1T D̃1 ≤ Pmax . Furthermore, from the first constraints
of (111) follows that for any % > 0, x must be strictly positive. By changing the variable
%−1 = ξ, problem (112) is equivalent to
minimize
subject to

ξ"

D̃C
−1 T
Pmax 1 D̃C
xÂ0

D̃1
−1 T
Pmax 1 D̃1

#"

x
1

#

"
¹ξ

x
1

#
(113)

which is the epigraph form [26] of the following equivalent problem:
minimize

max

[Bυ]s
[υ]s
[υ]S+1 = 1

s∈{1,...,S+1}

subject to υ Â 0 ;

(114)

∆

where υ = [xT , 1]T and the matrix B ∈ IRS+1×S+1 is given by
"
#
D̃C
D̃1
∆
B=
.
−1 T
−1 T
Pmax
1 D̃C Pmax
1 D̃1

(115)
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Since B is a nonnegative matrix, the problem (114) represents the min-max characterization of the Perron-Frobenius eigenvalue [100]. Thus the optimal value, ξ ? , is
the Perron-Frobenius eigenvalue of matrix B and υ ? is its corresponding eigenvector,
scaled such that [υ ? ]S+1 = 1. The optimal values [υ ? ]1 , . . . , [υ ? ]S represent the optimum power allocation vectors, i.e., q(i+1) when solving (91) or p(i+1) when solving
(92), and the achieved SINRs are given by γs /αs = 1/ξ ? . The same result has been
obtained in [188] for the case of single-antenna terminals.
When the values αs are equal for all s, problem (111) reduces to the classical minimum SINR maximization problem. Since the rate is an increasing function of SINR,
it can be also interpreted as a sum-rate maximization problem under equal SINR constraint. The MSE of the sth data stream at the output of optimum LMMSE receiver Gs
is related to the stream SINR, by Gs = (1 + γs )−1 [158] and, thus, it is a decreasing
function of γs . Therefore, the minimization of the maximum MSE problem reduces
also to the minimum SINR maximization problem.
Weighted sum MSE minimization
Consider the problem of minimizing the weighted sum of the MSEs of the individual
∆
data streams under a sum power constraint Pmax . The weight vector, w = [w1 , . . . , wS ]T ,
w º 0, is used to prioritize differently the data streams or to compute the achievable
MSE region. Obviously, w = 1 corresponds to the usual minimum MSE optimization
criterion. The weighted sum MSE at the output of the optimum LMMSE receiver can
be expressed as [158]
S
X
ws
Gw =
(116)
γ
+1
s=1 s
where γs is the SINR of the sth data stream. Since Gw is a decreasing function of variables γs , the weighted sum MSE minimization problem can be formulated as follows,
PS
−1
minimize
s=1 ws (1 + γs )
xs gs,s
subject to γs ≤
, s = 1, . . . , S
PS
(117)
1 + k=1,k6=s xk gs,k
PS
xs ≥ 0, s = 1, . . . , S
k=1 xk ≤ Pmax ;
where the variables are x1 , . . . , xS , γ1 , . . . , γS , and the problem data, gs,k , s, k =
1, . . . , S are given by (95).
Optimization problem (117) is a signomial problem [25]. In the high SINR region,
γs À 1, it can be accurately approximated by a geometric program by replacing the
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PS
objective by the posynomial function [25] s=1 ws γs−1 . Following the approach introduced in Section 4.2.3, a solving method applicable to the whole SINR range is
presented in the sequel. All the constraints can be handled by a standard geometric
program solver, but the objective function has to be replaced by a local posynomial
approximation. Since the objective function is separable16 , we search for a separable
PS
posynomial approximation, i.e., p(γ1 , . . . , γS ) = s=1 cs γsas , where the coefficients
cs and the exponents as are given by the following lemma.
PS
Lemma 4.2.3. Let p(γ1 , . . . , γS ) = s=1 cs γsas be a posynomial function [25] used
PS
−1
to approximate the objective of (117), f (γ1 , . . . , γS ) =
, near
s=1 ws (1 + γs )
the point γ̂ = (γ̂1 , . . . , γ̂S ). The parameters cs and as of the best posynomial local
approximation are given by
γ̂s
as = −
,
1 + γ̂s

γ̂s

γ̂s1+γ̂s
cs = ws
1 + γ̂s

(118)

Proof. The posynomial function p is the best local approximation of f near the point
γ̂ = (γ̂1 , . . . , γ̂S ) if [25]
(
p(γ̂1 , . . . , γ̂S ) = f (γ̂1 , . . . , γ̂S )
(119)
∇p(γ̂1 , . . . , γ̂S ) = ∇f (γ̂1 , . . . , γ̂S )
and by replacing the expressions of p and f in (119) we obtain the following system of
equations
( P
PS
S
−1
as
s=1 ws (1 + γ̂s )
s=1 cs γ̂s =
(120)
cs as γ̂sas −1 = −ws (1 + γ̂s )−2 , s = 1, . . . , S
which is satisfied by cs and as given by (118).
By using the local approximation given by Lemma 4.2.3 in the objective function
of problem (117), the following iterative algorithm is obtained.
Algorithm 4.2.3. Power optimization for weighted sum MSE minimization
1. Let the initial SINR guess, γ̂ = (γ̂1 , . . . , γ̂S ), be
(
(i)
γdl
for solving (91)
γ̂ =
(i+1)
γul
for solving (92)

(121)

16 The

objective function f (x1 , . . . , xn ) is called separable [26, Section 5.5.5] if it can be expressed as a sum
P
of functions of the individual variables x1 , . . . , xn , i.e., f (x1 , . . . , xn ) = n
i=1 fi (xi ).
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2. Solve the following geometric program,
PS

γ̂s

−

γ̂s

ws γ̂s1+γ̂s (1 + γ̂s )−1 γs 1+γ̂s
(1 − α)γ̂s ≤ γs ≤ (1 + α)γ̂s , s = 1, . . . , S
PS
−1 −1
−1 −1
gs,s
xs γs + k=1,k6=s gs,k xk gs,s
xs γs ≤ 1 , s = 1, . . . , S
PS
k=1 xk ≤ Pmax
(122)
?
with positive variables x1 , . . . , xS , γ1 , . . . , γS . Denote the solution by x1 , . . . , x?S ,
γ1? , . . . , γS? . If maxs |γs? − γ̂| > ²γ set γ̂ = (γ1? , . . . , γS? ) and go to Step 2, otherwise
STOP.
minimize
subject to

s=1

The optimal points x?1 , . . . , x?S are the power allocation vectors required at Step 2
and Step 3 of Algorithm 4.2.1, i.e., q(i+1) = [x?1 , . . . , x?S ]T when solving (91) or
p(i+1) = [x?1 , . . . , x?S ]T when solving (92). It is worthwhile mentioning that the
weighted sum MSE minimization method can be also modified to accommodate supplementary constraints following the same approach as presented in Section 4.2.3.

4.2.4

A sum MSE lower bound

In this section, a lower bound for the sum MSE is derived. The result will be used in
Section 4.2.5 to evaluate the convergence of the proposed algorithm. Let i be the vector
of the indices of the scheduled users, sorted in ascending order, i.e., i = [i1 , . . . , iU ]T
where U is the cardinality of set S defined in (89), ij ∈ S for j = 1, . . . , U , and
i1 < i2 < · · · < iU . Furthermore, let us define the vector s = [s1 , . . . , sU ]T where sj ,
j = 1, . . . , U is the number of data streams allocated to the user ij .
The sum MSE for the dual uplink channel (83) can be expressed as [142, 190]
G1 = 1T s − T + tr{(

PU
j=1

−1
HH
}
ij Qij Hij + I)

(123)

where 1T s represents the total number of data streams and Qij is the transmit covariance
matrix of the user ij and has rank sj . The sum MSE minimization problem can be
formulated as follows:
PU
−1
minimize tr{( j=1 HH
}
ij Qij Hij + I)
subject to

Qij º 0,
j = 1, . . . , U
PP
j=1 tr{Qij } ≤ Pmax
rank{Qij } = sj ,
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j = 1, . . . , U

(124)

where the variables are the covariance matrices Qij , j = 1, . . . , U . The objective and
the first two constraints are convex, but the rank constraints are nonconvex. In other
words, once the stream to user allocation has been fixed by the scheduling unit, the sum
MSE minimization problem becomes nonconvex. Nevertheless, a lower bound for the
sum MSE can be obtained by relaxing the rank constraints. By following the approach
of [142, 143], the relaxed problem can be transformed into the following equivalent
semidefinite program [26, 239]:
minimize

tr{Θ}
"
#
Θ
I
subject to
º0
PP
H
I
j=1 Hij Qij Hij + I

(125)

Qij º 0,
j = 1, . . . , U
PP
j=1 tr{Qij } ≤ Pmax
where Θ is an auxiliary Hermitian positive semidefinite matrix variable. Note that
the sum MSE lower bound is achievable whenever the covariance rank constraints are
redundant for problem (124), i.e., the ranks of the optimal covariance matrices Q?ij obtained by solving the relaxed problem (125) satisfy rank{Q?ij } = sj for j = 1, . . . , U .

4.2.5

Numerical examples

A MIMO downlink channel with T = 4 antennas at the BS and Rk = 2 antennas
at each user terminal has been considered for the numerical results. A frequency-flat
fading channel with uncorrelated antennas was assumed, i.e., vec(Hk ) ∼ CN (0, I).
Figure 13 shows the sum-rate performance of the weighted sum-rate maximization algorithm for the case w = [1, 1, 1, 1]T , i.e., all S = 4 data streams are equally
weighted. Specifically, the sum rate achieved after different number of iterations of Algorithm 4.2.1 is presented. The power allocation vectors q(i+1) and p(i+1) at Step 1 and
2, respectively have been updated according to Algorithm 4.2.2 of Section 4.2.3. Figure
13(a) shows the sum-rate versus SNR for K = 20 users and Figure 13(b) shows the sumrate versus the number of users for SNR = 10 dB. Each figure presents also the sum-rate
achieved when only opportunistic beamforming is used, and the MIMO broadcast sum
capacity computed for the following two distinct cases: when all K users are considered and when only the scheduled users are considered. The sum-rate achieved by using
only the opportunistic beamforming is the starting point of the proposed optimization
method (i.e., iteration i = 0), while the sum-capacity computed for the scheduled users
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is an upper bound of the sum-rate. The upper bound is not achievable with any linear
transmission strategy, since the sum-capacity achieving schemes require nonlinear precoding based on DPC [245]. However, it can be still used as an ultimate performance
benchmark. As the figures show, the sum-rate provided by the proposed optimization
method is within 0.5 – 1.5 bits/second/Hz close to the sum-capacity, which represents
more than 90 percent of the sum-capacity. The sum rate improvement relative to the
simple opportunistic beamforming increases dramatically with SNR (Figure 13(a)) and
remains large even in the case of K = 256 users (Figure 13(b)). The proposed method
converges relatively fast, i.e., depending on the SNR point and K, it requires about
30–70 iterations to arrive at a sum-rate stationary point. Note that most of the gain is
achieved in the first few iterations. Therefore, the proposed algorithm is attractive for
practical implementation, where an implementation with a fixed number of iterations
may be preferable due to the complexity reasons.
In Figure 14, the sum-rate provided by the true sum-rate maximization algorithm
(i.e., Algorithm 4.2.2) is compared to the resulting sum-rate when the power allocation
vectors p(i+1) and q(i+1) are updated based on different optimization criteria, such
as sum MSE minimization, minimum SINR maximization, and heuristic SINR vector
maximization. The minimum SINR maximization criterion is equivalent to imposing a
supplementary constraint of equal SINR values for all data streams, but, as discussed in
Section 4.2.3, each power control step of Algorithm 4.2.1 can be solved as an eigendecomposition problem. Therefore, it has reduced complexity. The results show that for
K > 8 users, all algorithms considered achieve a sum-rate within 0.5 bits/sec/Hz close
to the sum-rate maximization algorithm. In other words, the resulting sum-rate is just
slightly decreased if all data streams are constrained to have equal SINR values, e.g.,
due to some fairness requirements. Moreover, the heuristic SINR vector maximization
algorithm provides essentially the same sum rate as the minimum SINR maximization
(obviously, the SINR values of the individual data streams are not necessarily equal).
From a practical perspective this is an important remark, since the heuristic SINR vector maximization has the least complexity. The sum MSE minimization algorithm appears to be the closest to the true sum-rate maximization algorithm. This confirms the
intuition that, under linear processing constraint, a rate efficient design can be obtained
by minimizing the sum MSE. Interestingly, as will be shown later, the converse is not
true.
Figure 14 shows also the sum-rate provided by the ZF solutions proposed in [202].
Specifically, for identical stream-to-user allocation as in case of the proposed algo110

rithms, the coordinated transmit-receive channel block diagonalization method combined with the WF power allocation was used, as described in [202, Section V]. The
results show that the proposed sum-rate maximization method provides a SNR gain
of more than 4 dB (Figure 14(a)) and a spectral efficiency improved by up to 3.5 bits/sec/Hz (Figure 14(b)) compared to the ZF solution. By comparing Figures 13 and
14, it is also interesting to remark that only one iteration of the proposed method is
enough to substantially outperform the zero forcing based solution. However, it must
be noted that the considered opportunistic beamforming based scheduling algorithm is
not particularly well suited for the ZF applications. It selects the most appropriate users
for the randomly generated transmit beamformers by assuming the optimum linear interference suppression at the receiver side (i.e., the LMMSE receiver). In contrast, the
block diagonalization method proposed in [202] assumes fixed receive beamformers
(i.e., the dominant singular vectors of the users’ channels), and eliminates completely
the multiuser interference by linear processing at the transmitter side. This approach
causes a severe performance degradation, since the interference rejection capabilities
of the receiver are not fully exploited when the transmit beamformers are designed. ZF
based schemes may work substantially better when full CSI knowledge of every user
is available at the transmitter, and, consequently, the users with the most orthogonal
channels can be scheduled at the same time. However, this kind of CSI knowledge level
is often difficult to achieve and falls outside the scope of the thesis.
Figure 15 shows the weighted sum-rate performance of the algorithms considered
in Figure 14, for a different weight vector, w = [4/3, 4/3, 2/3, 2/3]T , i.e., the first two
streams have double weights compared to the last two streams. The results show that
the performance gap between different algorithms increases as the spread of the weights
increases. Therefore, to accurately compute the entire rate region achievable with linear
transmission strategy, the weighted sum-rate maximization algorithm is required.
Figure 16 shows the sum MSE performance of the weighted sum MSE minimization
algorithm for the case w = [1, 1, 1, 1]T . Specifically, the sum MSE resulted after different numbers of iterations of Algorithm 4.2.1 is presented. The power allocation vectors
p(i+1) and q(i+1) have been updated according to Algorithm 4.2.3 of Section 4.2.3. The
sum MSE achieved after iteration i = 0 (i.e., when only opportunistic beamforming is
used), and the sum MSE lower bound obtained in Section 4.2.4 by relaxing the rank
constraints on the users’ covariance matrices, are also presented. As the figures show,
the sum MSE improvement relative to the simple opportunistic beamforming increases
dramatically with SNR (Figure 16(a)) and remains large even in the case of K = 256
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users (Figure 16(b)). The proposed method converges fast, i.e., depending on the SNR
point and K, it requires about 20–50 iterations to achieve a sum MSE stationary point,
which is very close to the sum MSE lower bound. Similarly to the sum-rate maximization, most of the sum MSE improvement is achieved after the first few iterations.
In Figure 17, the sum MSE provided by the true sum MSE minimization algorithm
(i.e., Algorithm 4.2.3) is compared to the resulting sum MSE when the power allocation
vectors p(i+1) and q(i+1) are updated based on different optimization criteria. The results show that for K > 20, all algorithms considered achieve a close to minimum sum
MSE. In particular, the minimum SINR maximization algorithm achieves essentially
the same minimum sum MSE as the true sum MSE minimization algorithm in all the
simulation setups. Recall that the minimum SINR maximization criterion is equivalent
to imposing the supplementary constraint of equal MSE values (or SINR values) for all
data streams, and, as discussed in Section 4.2.3, it has reduced complexity. Therefore,
the resulting sum MSE is almost unaltered if all data streams are constrained to have
equal SINR values. More surprisingly, the least complex heuristic SINR vector maximization algorithm performs well even in the case of a small number of users. Figure
17 reveals an interesting and probably non-intuitive fact: the sum-rate maximization
algorithm provides the largest sum MSE among the algorithms considered. Conversely,
recall that, as shown in Figure 14, the sum MSE minimization algorithm provides the
closest sum rate to the true sum-rate maximization algorithm, Algorithm 4.2.2.
Figures 16 and 17 show that the minimum sum MSE achieved by the sum MSE
minimization algorithm is very close to the sum MSE lower bound obtained in Section
4.2.4. A natural question is whether the remaining small gap is due to the non-tightness
of the lower bound or due to the sub-optimality of the solution provided by the optimization algorithm. As discussed in Section 4.2.4, the lower bound is achievable whenever
the covariance rank constraints are redundant for the problem (124). Therefore, a partial answer can be obtained if we look at the sum MSE gap obtained for those particular
channel realizations. Figure 18 shows the sum MSE gap averaged over all channel realizations for which the ranks of the optimal covariance matrices Q?ij obtained by solving
the relaxed problem (125) satisfy rank{Q?ij } = sj for j = 1, . . . , U . First, it can be
seen that in such conditions, the lower bound is asymptotically attained. The algorithm
has a fast initial convergence, i.e., the initial gap is decreased by 2 decades in the first
10 iterations, and the speed of convergence decreases as the algorithm approaches the
optimal point.
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Figure 19 shows the weighted sum MSE performance of the algorithms considered
in Figure 17, for a different weight vector, w = [4/3, 4/3, 2/3, 2/3]T , i.e., the first two
streams have double weights compared to the last two streams. The results show that
the performance gap between the different algorithms increases as the spread of the
streams’ weights increases. Therefore, the weighted sum MSE minimization algorithm
has to be used to accurately compute the entire MSE region.
Figure 20 considers the case where the users experience different path-losses. In
order to avoid the scheduler to select only the users with large path gains, a scenario
with K = 4 users and a single data stream per user has been considered. The total transmitted power is fixed to Pmax and the path-loss of the kth user is modeled as
lk = −(k − 1) × ∆SNR [dB]. Thus, the SNR of the kth user is given by SNRk =
SNR0 + (k − 1) × ∆SNR dB, where SNR0 = 5 dB. The initial transmit beamform(0)
(K)
ers {v1 , . . . , v1 } were obtained by applying the Gram-Schmidt orthogonalization
to the set of dominant right singular vectors of all users’ channels. The Gram-Schmidt
procedure started from the dominant singular vector with the largest singular value and
continued towards the one corresponding to the smallest singular value. As shown in
Figure 20(a), the above initialization method produces an efficient starting point, e.g.,
95% of the final sum-rate is achieved after only one iteration of the sum-rate maximization algorithm. The results show that the performance gap between the different
algorithms increases as ∆SNR increases. Figure 20(a) also shows that the resulting
sum-rate decreases considerably if all data streams are constrained to have the same
SINR (i.e., the minimum SINR maximization algorithm is used) in case of large ∆SNR
values. It is interesting to remark that, as already observed in Figures 14 and 17, the
sum MSE minimization algorithm provides a fairly large sum-rate. In contrast, the
sum-rate maximization algorithm provides the largest sum MSE among the considered
algorithms. This is due to the fact that the sum-rate maximization algorithm allocates
more power to the data streams with large channel gains and less power to the weaker
one. Consequently, the MSE of the weakest data streams dominate the resulting sum
MSE.
The same scenario with a random initialization of the transmit beamformers was
also simulated. It was observed that the initialization method has a negligible effect
on the final results of all the considered algorithms except for the heuristic SINR vector
maximization. Recall from Section 4.2.1 that it can only increase the initial SINR values
of all data streams. Therefore, the initialization has a higher influence on the final result.
However, the results show that, when the heuristic SINR vector maximization algorithm
113

is properly initialized, it performs reasonably well according to both rate maximization
and MSE minimization criteria, even for large ∆SNR values. For example, when the
transmit beamformers are initialized based on the channels’ dominant singular vectors,
the heuristic SINR vector maximization algorithm achieves a slightly higher sum-rate
than the sum MSE minimization algorithm. With a random initialization, it achieves
almost the same sum MSE as the minimum SINR maximization algorithm.
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Fig 13. Sum-rate performance of Algorithm 4.2.2 after different numbers of iterations for T = 44, Rk = 2 antennas and w = [1, 1, 1, 1] T ; (a) K = 20 users, SNR =
2 ÷ 20 dB, (b) SNR = 10 dB, K = 2 ÷ 256 users.
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Fig 14. Sum-rate performance of different algorithms for T = 44, Rk = 2 antennas and w = [1, 1, 1, 1]
K = 2 ÷ 256 users.
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Fig 15. Weighted sum-rate performance of different algorithms for T = 44, Rk = 2
antennas and w = [4/3, 4/3, 2/3, 2/3] T ; (a) K = 20 users, SNR = 2 ÷ 20 dB, (b) SNR
= 10 dB, K = 2 ÷ 256 users.
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Fig 16. Sum MSE performance of Algorithm 4.2.3 after different numbers of iterations for T = 44, Rk = 2 antennas and w = [1, 1, 1, 1] T ; (a) K = 20 users, SNR =
2 ÷ 20 dB, (b) SNR = 10 dB, K = 2 ÷ 256 users.
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Fig 17. Sum MSE performance of different algorithms for T = 44, Rk = 2 antennas and w = [1, 1, 1, 1]
K = 2 ÷ 256 users.

T

; (a) K = 20 users, SNR = 2 ÷ 20 dB, (b) SNR = 10 dB,

119

0

10

Sum MSE − sum MSE lower bound

−1

10

−2

10

−3

10

−4

10

0

10

20

30

40

50

60

70

80

90

100

Number of iterations

Fig 18. Average sum MSE gap versus iteration for T = 44, Rk = 22, K = 2 ÷ 256 and
SNR = 10 dB. Only the channel realizations for which the sum MSE lower bound is
achievable have been considered.

120

0

Weighted sum MSE

10

opportunistic beamforming only
weighted sum−rate maximization
heuristic SINR vector maximization
minimum SINR maximization
weighted sum MSE minimization

−1

10

2

4

6

8

10

12

14

16

18

20

SNR

(a)
opportunistic beamforming only
weighted sum−rate maximization
heuristic SINR vector maximization
minimum SINR maximization
weighted sum MSE minimization

Weighted sum MSE

1.2

1

0.8

0.6

0.4

0.2

1

2

10

10

Number of users

(b)

Fig 19. Weighted sum MSE performance of different algorithms for T = 44, Rk = 2
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Fig 20. Comparison between different algorithms for T = 44, Rk = 2 antennas,
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4.3

Linear transceiver design with power constraints per
antenna groups

The linear transceiver optimization Algorithm 4.2.1, derived in Section 4.2, was based
on the uplink-downlink SINR duality Theorem 4.2.1. Therefore, the method is restricted to the case in which the transmit beamformers are subject to a single sum power
constraint (see Theorem 4.2.1). However, there are certain applications where more
general transmit power constraints must be considered during the linear transceiver optimization.
Such power constraints are required, e.g., in the case of distributed MIMO antenna
architectures, where a BS is connected via high speed links to multiple antenna heads
which are distributed over a large geographical area [66, 107, 283, 285, 290]. The BS
can perform cooperative antenna heads transmission, but an individual sum power constraint must be applied for each antenna head [214–218]. Specific practical applications
may also require a per antenna power constraint. This is the case when each transmit antenna is equipped with its own power amplifier, and the linearity of the power amplifier
is the limiting performance factor [281].
The transmitter optimization for MIMO downlink channel with per antenna or per
group of antennas power constraints via its dual uplink problem with uncertain noise
covariance was investigated in [281]. This section describes an alternative design based
on the recent results in [25, 34, 256]. The precoder design via conic optimization for
fixed linear MIMO receivers [256] and the power allocation via signomial programming [25, 34] are combined to provide an iterative ascent algorithm.
The transmit power constraint model considered is fairly general and covers a large
range of practical applications, including those discussed above. Specifically, sum
power constraints can be imposed for any number of arbitrary subsets of the transmit
antennas as follows. Let An be an arbitrary subset of transmit antennas. The part of the
transmit beamformer vs that contains the weights of the antennas belonging to An is
[n]
denoted by vs . If Pn is the maximum transmit power for the antenna set An , then the
° [n] °2
PS
sum power constraint can be expressed as s=1 ps °vs °2 ≤ Pn according to (79).

4.3.1

Weighted sum-rate maximization

Consider first the problem of maximizing the weighted sum-rate Rw (100) subject
to N sum power constraints P1 , . . . , PN on arbitrary subsets of transmit antennas,
123

A1 , . . . , AN . Since Rw increases with respect to each γs and log(·) is a increasing
function, the weighted sum-rate maximization problem can be formulated as
maximize
subject to

QS

+ γs )ws
¯
¯2
¯
ps ¯uH
s Hks vs
γs ≤
¯
¯2 , s = 1, . . . , S
PS
¯
1 + k=1,k6=s pk ¯uH
s Hks vk
° [n] °2
PS
°
° ≤ Pn ,
n = 1, . . . , N
s=1 ps vs
2
s=1 (1

kus k2 = 1, kvs k2 = 1, ps ≥ 0,

(126)

s = 1, . . . , S

where the variables are vs ∈ CT , us ∈ CRks , ps ∈ IR, γs ∈ IR, s = 1, . . . , S.
The variables vs , ps , and us represent the normalized transmit beamformer, the power
allocated, and the normalized receive beamformer for data stream s. It is easy to observe
that at the optimal point of (126), the first constraint holds with equality17 , and, thus,
the optimal value of γs represents the SINR of the sth data stream.
Problem (126) is not convex, and, hence, the problem of finding the global optimum
is intrinsically non-tractable. However, it can be maximized with respect to different
subsets of variables by considering the others fixed. For instance, the maximum SINR
receiver given by (86) is optimal for any fixed vs and ps . Furthermore, by fixing the
beamformers vs and us , (126) becomes a signomial problem [25, 34] and can be solved
similarly to problem (101). Finally, for fixed receive beamformers us and γs values, a
maximum power reduction factor, common for all per antenna group power constraints,
can be found such that the SINR values are preserved. It is given by the optimum β ?
that solves the following problem:
minimize
subject to

β

¯
¯2
¯
ps ¯uH
s Hks vs
γs ≤
¯
¯2 , s = 1, . . . , S
PS
¯
1 + k=1,k6=s pk ¯uH
s Hks vk
° [n] °2
PS
ps °vs °2 ≤ βPn , n = 1, . . . , N
° s=1
°
°vs ° = 1, ps ≥ 0,
s = 1, . . . , S
2

(127)

where the variables are β ∈ IR, ps ∈ IR, vs ∈ CT , s = 1, . . . , S.
Note that the solutions vs? and p?s do not directly increase the objective of the original problem (126). However, they increase the power margin for a fixed value of the
objective, and, hence, the saved power can be used to increase the objective. This is
realized by updating vs and ps in (126) to the new values vs? and p?s /β ? , respectively,
17 It

follows from the fact that Rw increases with respect to each γs and there are no other constraints on γs
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and increasing all γs until all SINR constraints become tight. Note that this is an ascent
step, since β ? ≤ 1 for any us and γs that are feasible for the problem (126).
The above observations suggest the following iterative ascent algorithm.
Algorithm 4.3.1. Weighted sum-rate maximization with power constraints per antenna
groups
1. Initialization: start with a given stream-to-users association described by the set of
(0)
active users S = {ks |s = 1, . . . , S}, an initial beamformer configuration {vs }Ss=1 ,
(0)
{us }Ss=1 and a feasible initial power allocation p(0) . Let i = 1 and go to Step 2.
(i−1)
2. Solve the problem (126) for the variables ps and γs , by fixing us = us
and
(i−1)
vs = vs
, s = 1, . . . , S. Denote the solutions by p?s and γs? . Update the achieved
SINR values γstmp = γs? , s = 1, . . . , S.
(i−1)
3. Solve the problem (127), where γs = γstmp and us = us
, s = 1, . . . , S. Denote
(i)
(i)
?
?
?
?
?
the solutions by β , ps and vs . Update ps = ps /β and vs = vs? , s = 1, . . . , S.
(i)
4. Update the receive beamformers us according to normalized maximum SINR re(i)
ceive given by (86). Update the achieved SINR values γdl = [γ1dl , . . . , γSdl ]T according to (82) and test a stopping criterion. If it is not satisfied, let i = i + 1 and go to
Step 2, otherwise STOP.
(0)

(0)

The set of active users S, the initial beamformers {vs }Ss=1 and {us }Ss=1 , and
the power allocation p(0) can be initialized by using the scheduling algorithm based on
the opportunistic beamforming strategy described in Section 4.1. In the following, the
optimization problems solved at Steps 2 and 3 of Algorithm 4.3.1 are derived in detail.
The second step of Algorithm 4.3.1, which solves problem (126) for the variables
{ps }Ss=1 and {γs }Ss=1 by fixing the beamformers {us }Ss=1 and {vs }Ss=1 , results in the
following optimization problem:
QS
−ws
minimize
s=1 (1 + γs )
ps gs,s
subject to γs ≤
, s = 1, . . . , S
PS
1 + k=1,k6=s pk gs,k
(128)
° [n] °2
PS
°
°
p
v
≤
P
,
n
=
1,
.
.
.
,
N
s
n
s=1 s
2
ps ≥ 0,
s = 1, . . . , S
¯ H
¯2
where gs,k = ¯us Hks vk ¯ , s, k = 1, . . . , S. Note that this problem is identical to
(101), except that the sum power constraint has been replaced by N distinct power
constraints. Since all power constraints are linear, the same signomial programming
method described in Section 4.2.3 can be used to solve problem (128). The procedure
is summarized in the following algorithm.
125

Algorithm 4.3.2. Power allocation for weighted sum-rate maximization with power
constraints per antenna groups
(i−1)

1. Let the initial SINR guess be γ̂ = γdl .
2. Solve the following geometric program,
minimize
subject to

QS

−ws

γ̂s

γs 1+γ̂s
(1 − α)γ̂s ≤ γs ≤ (1 + α)γ̂s , s = 1, . . . , S
PS
−1 −1
−1 −1
gs,s
ps γs + k=1,k6=s gs,k pk gs,s
ps γs ≤ 1, s = 1, . . . , S
° [n] °2
PS
°
°
ps vs
≤ Pn , n = 1, . . . , N
s=1

s=1

(129)

2

with positive variables {ps }Ss=1 and {γs }Ss=1 .
maxs |γs? − γ̂| > ²γ set γ̂ = (γ1? , . . . , γS? ) and

Denote the solution by p?s and γs? . If
go to Step 2, otherwise STOP.

Let us now focus on Step 3 of Algorithm 4.3.1 and describe in detail how the optimization problem (127) is solved. First, observe that the change of variable ms =
√
ps vs defines a bijective mapping between the sets {(ps , vs ) |ps > 0, kvs k2 = 1, ps ∈
IR, vs ∈ CT } and CT . Thus, one can solve problem (127) for the variables ms ∈ CT ,
and then recover the optimal ps and vs . Furthermore, by replacing the positive variable
β by δ 2 , the following equivalent reformulation of problem (127) is obtained:
minimize
subject to

δ2

¯ H
¯
¯us Hk ms ¯2
s
γs ≤
¯
¯2 , s = 1, . . . , S .
PS
¯
1 + k=1,k6=s ¯uH
s Hks mk
PS ° [n] °2
°ms ° ≤ δ 2 Pn , δ ≥ 0,
n = 1, . . . , N
s=1
2

(130)

Note that the constraints of problem (130) can be expressed as generalized inequality with respect to the second-order cone [256]. Thus, by following the approach of
[256, Section IV.B], problem (130) can be further reformulated as the following secondorder cone program (SOCP):
minimize
subject to

δ

 q
1 + γ1s uH
s Hks ms


 ºSOC 0, s = 1, . . . , S

MH HH
u
s


ks
1#
"
√
δ Pn
ºSOC 0, n = 1, . . . , N
vec(M[n] )
[n]

(131)

[n]

where M = [m1 , . . . , mS ], M[n] = [m1 , . . . , mS ], and ºSOC denotes the generalized inequality with respect to the second-order cone [26, 256], i.e., for any x ∈ IR
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° °
and y ∈ Cn , [x, yT ]T ºSOC 0 is equivalent to x ≥ °y°2 . Note that the objective
function of problem (130) has been replaced by δ in problem (131), since for any δ ≥ 0,
minimizing δ 2 is equivalent to minimizing δ. Problem (131) can be solved by using a
standard SOCP solver [26, 256]. Let us denote by δ ? , m?s its solution. The solution of
° °
° °2
problem (127) is given by β ? = δ ? 2 , vs? = m?s /°m?s ° , p?s = °m?s ° , s = 1, . . . , S.
2

4.3.2

2

Generalization to other system performance criteria

A close investigation of Algorithm 4.3.1 described in Section 4.3.1 reveals the following
interesting property: the particular expression of the objective function in problem (126)
is used only at the second step of the algorithm. Therefore, Algorithm 4.3.1 can be easily extended to other system performance criteria, described as a general nondecreasing
function of SINR values of the data streams f (γs , . . . , γS ).
Similarly to (126), the general linear transceiver design problem can be formulated
as
maximize
subject to

f (γs , . . . , γS )

¯
¯2
¯
ps ¯uH
s Hks vs
γs ≤
¯
¯2 , s = 1, . . . , S
PS
¯
1 + k=1,k6=s pk ¯uH
s Hks vk
° [n] °2
PS
°
°
ps vs
≤ Pn ,
n = 1, . . . , N
s=1

(132)

2

kus k2 = 1, kvs k2 = 1, ps ≥ 0,

s = 1, . . . , S

where the variables are vs ∈ CT , us ∈ CRks , ps ∈ IR, γs ∈ IR.
The problem is solved by using a modified version of Algorithm 4.3.1, where at the
second step problem (126) is replaced by problem (132). Recall that this step computes
the optimum power allocation by considering the transmit and receive beamformers
fixed. Consequently, this optimization problem is identical to the problem of computing
the power allocation vector at Step 3 of Algorithm 4.2.1, except that the sum power
constraint is replaced by a set of N power constraints (one for each antenna group
An ). Notice that all power constraints are linear, and, thus, the algorithms described in
Section 4.2.3 can be used to solve the resulting power allocation problem [214–218].

4.3.3

Numerical examples

For the numerical results, the same simulation setup as in Section 4.2.5 has been considered, i.e., a MIMO DL channel with T = 4 antennas at the BS and Rk = 2 antennas
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at each user terminal operating in a frequency-flat fading channel.
Figure 21 shows the sum-rate achieved after different numbers of iterations of Algorithm 4.3.1. In order to facilitate the comparison to the sum-capacity, a sum power
constraint Pmax for all transmit antennas has been considered first. All S = 4 data
streams were equally weighted, i.e., w = [1, 1, 1, 1]T . Figure 21(a) shows the sum-rate
versus SNR for K = 20 users, and Figure 21(b) shows the sum-rate versus the number
of users for SNR = 10dB. As a reference, the sum-rate achieved when only opportunistic beamforming is used and the sum-capacity of the MIMO DL channel (where only
the scheduled users are considered) are also presented. As the results show, the sumrate provided by the proposed optimization method is within 0.5 - 1.5 bits/second/Hz of
the sum-capacity. The algorithm converges relatively fast, i.e., depending on the SNR
point and K, it requires about 30-70 iterations to arrive at a sum-rate stationary point.
Figure 22 compares the sum-rates achieved by the proposed algorithm under three
different power constraints: a single sum power constraint Pmax for all four transmit
antennas, two sum power constraints Pmax /2 for the antenna groups A1 = {1, 2} and
A2 = {3, 4}, and an individual power constraint Pmax /4 for each antenna. Clearly, the
last power constraint is the most restrictive. The sum-rate loss is about 5% compared
to the case of sum power constraint for all transmit antennas. Figure 22 shows also the
sum-rate provided by the ZF design [202] with a sum power constraint. The results
show that the proposed sum-rate maximization method provides a large gain, even in
the case of per antenna power constraint.
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Fig 21. Sum-rate performance of Algorithm 4.3.1 after different numbers of iterations for T = 44, Rk = 2 antennas and w = [1, 1, 1, 1] T ; (a) K = 20 users, SNR =
2 ÷ 20 dB, (b) SNR = 10 dB, K = 2 ÷ 256 users.
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Fig 22. Sum-rate performance of Algorithm 4.3.1 under different power constraints
for T = 44, Rk = 2 antennas and w = [1, 1, 1, 1] T ; (a) K = 20 users, SNR = 2 ÷ 20 dB,
(b) SNR = 10 dB, K = 2 ÷ 256 users.
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4.4

Summary and discussion

The problem of linear transceiver design for MIMO downlink channels was considered
in this chapter. For the case in which the channel of the scheduled users is available
at the BS, a general framework for a joint transmit and receive beamformer design according to different optimality criteria was provided. The optimality criteria were fairly
general and include sum power minimization subject to minimum SINR constraints per
data stream, balancing of SINR values among data streams, minimum SINR maximization, weighted sum-rate maximization, and sum MSE minimization.
The proposed algorithms can handle multiple antennas at the BS and at the mobile
terminals with an arbitrary number of data streams per scheduled user. Furthermore,
they can be easily modified to accommodate certain supplementary constraints imposed
by a specific application (e.g., minimum QoS requirements for a subset of users and/or
data streams), and the feasibility of the resulting problems can be verified. Besides the
traditional sum power constraint on the transmit beamformers, solutions for a more general power constraint model were provided. The model considered allows for multiple
power constraints on arbitrary subsets of transmit antennas. Such power constraints
are required, e.g., in the case of distributed MIMO antenna architectures, where the
BS performs cooperative antenna heads transmission subject to individual sum power
constraints for each antenna head. Furthermore, certain applications may require a per
antenna power constraint due to issues related to the linearity of the power amplifiers.
The optimization problems encountered in the beamformer design are not convex in
general. Therefore, in some cases, the problem of finding the global optimum is intrinsically non-tractable and suboptimal methods must be used. The original optimization
problems were decomposed as a series of remarkably simpler optimization problems
which can be efficiently solved by using standard convex optimization methods. Even
though each subproblem is optimally solved, and the objective function is monotonically improved at each iteration, there is no guarantee that the global optimum has been
found due to the nonconvexity of the original problems. However, the simulations have
shown that the proposed algorithms converge rapidly to a solution, which can be a local
optimum, but is still efficient. As an example, the sum MSE lower bound developed
in Section 4.2.4 was asymptotically attained by the proposed algorithm for all channel
realizations for which its attainability can be guaranteed. The simulations showed also
that even few iterations in the proposed algorithm are enough to outperform the existing
ZF based solutions.
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The weighted sum-rate maximization algorithm can also be a useful tool in finding
the gap between the achievable rate region with linear processing only and the rate
region achievable with DPC. The weighted sum MSE minimization algorithm can be
used to compute the achievable MSE region, and the SINR balancing algorithm enables
one to study the impact of different fairness requirements on the total system throughput.
Finally, the sum power minimization subject to minimum SINR constraints allows one
to evaluate the feasibility of a set of QoS requirements and enables an effective user
admission control mechanism.
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5

Conclusions and future work

Advanced MIMO transceiver structures capable of utilizing the knowledge of CSI at
the TX side to optimize certain system performance criteria under different constraints
were considered in this thesis. The first chapter included a literature review related to
the topic under consideration. Adaptive transmission schemes for point-to-point MIMO
systems were addressed in Chapter 2. A robust link adaptation method for TDD systems
employing MIMO-OFDM channel eigenmode based transmission was developed. The
scheme maintains a constant FER by controlling the instantaneous transmitted power
in such a way that the average SINR at output of the linear receivers is kept constant.
A bit and power loading algorithm which copes with reduced signaling overhead to inform the receiver about the transmission parameters was proposed. Despite its reduced
computational complexity, the numerical results have shown that the throughput degradation compared to the optimal Hughes-Hartogs algorithm is negligible. The effect of
spatial correlation on the achievable spectral efficiency was studied by numerical simulations. It is shown that by using a simple scalar channel encoder in an unbalanced
antenna MIMO system, the achieved spectral efficiency at low and medium SNR values is significantly higher than the outage MIMO capacity with unknown CSI at the
TX.
Numerical algorithms for computing the sum-capacity of the MIMO downlink channel were considered in Chapter 3. By using the uplink-downlink duality, two algorithms
were derived. The first one, denoted as IWF-RUP, is an extension of the original IWF
algorithm used to optimize the transmit covariance matrices of the MIMO multipleaccess channel with individual per-user power constraints. In contrast to the previously
proposed SPC-IWF algorithms, it has lower complexity and requires no additional precautions to ensure the convergence. At each step, the IWF-RUP algorithm increases the
sum-rate by updating just two randomly selected covariance matrices while preserving
their sum power. It was proved analytically that the IWF-RUP algorithm is convergent with probability one. The computer simulations demonstrated that it converges
significantly faster than the previously proposed SPC-IWF algorithms and the difference is more accentuated as the number of users, transmit antennas and/or subcarriers
increases.
The second algorithm studied is based on the dual decomposition method and con-
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sists of two nested loops. The inner loop optimizes the transmit covariance matrices for
a fixed waterfilling level, and the outer loop finds the optimum waterfilling level by using a subgradient method. The problem of tracking the instantaneous error of the inner
loop was considered, and an upper bound was derived by using the Lagrange duality
theory. The upper bound was used to construct a stopping criterion for the inner loop.
The simulations demonstrated that the proposed algorithm based on the derived upper
bound performs very close to a hypothetical implementation where the true error of the
inner loop could be computed. It was further shown that the rate of convergence can
be improved substantially by introducing a covariance normalization step between two
successive outer iterations. When the proposed algorithms are compared to each other,
the numerical results showed that the IWF-RUP algorithm provides the best tradeoff
between complexity and speed of convergence for a moderate number of users. Nevertheless, as the number of users increases, the dual decomposition based algorithm
converges substantially faster.
The problem of linear transceiver design for MIMO downlink channels was studied
in Chapter 4. A general framework for joint transmit and receive beamformer design according to different optimality criteria was provided. The optimality criteria were fairly
general and include sum power minimization subject to minimum SINR constraints
per data stream, balancing of SINR values among data streams, minimum SINR maximization, weighted sum-rate maximization, and sum MSE minimization. The proposed
algorithms can handle multiple antennas at the BS and at the mobile terminals with an
arbitrary number of data streams per scheduled user. Besides the traditional sum power
constraint on the transmit beamformers, solutions for a more general power constraint
model were provided. The considered model allows for multiple power constraints on
arbitrary subsets of transmit antennas. Such power constraints are required, e.g., in the
case of distributed MIMO antenna architectures, where the BS performs cooperative antenna heads transmission subject to individual sum power constraints for each antenna
head. Furthermore, certain applications may require a per antenna power constraint
due to issues related to the linearity of the power amplifiers. The computer simulations
showed that the sum-rate degradation due to such supplementary constraints is minor.
The weighted sum-rate maximization algorithm is a useful tool for studying the
gap between the achievable rate region with linear transceiver architectures and the rate
region achievable with optimal nonlinear pre-coders using DPC. As the linear architectures are computationally less demanding, this comparison reveals more insight on
the performance complexity tradeoff. The weighted sum MSE minimization algorithm
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can be used to compute the achievable MSE region, and the SINR balancing algorithm
enables one to study the impact of different fairness requirements on the total system
throughput. Finally, the sum power minimization subject to minimum SINR constraints
allows one to evaluate the feasibility of a set of QoS requirements and enables an effective user admission control mechanism. The transceiver design solutions based on
convex optimization techniques can be easily extended to accommodate various supplementary constraints, such as upper and/or lower bounds for the SINR values and
guaranteed QoS for different subsets of users. The ability to handle transceiver optimization problems where a network-centric objective (e.g., aggregate throughput or
transmitted power) is optimized subject to user-centric constraints (e.g., minimum QoS
requirements) is an important feature which must be supported by future broadband
communication systems.
When mobile users are equipped with multiple antennas, the linear transceiver design leads to nonconvex optimization problems. In such cases, the problem of finding
the global optimum is intrinsically non-tractable and suboptimal methods must be used.
The proposed iterative algorithms decompose the original transceiver design problems
as a series of remarkably simpler optimization subproblems which can be efficiently
solved by using standard convex optimization techniques. Even though the subproblems are optimally solved, and the objective function is monotonically improved at each
iteration, there is no guarantee that the global optimum is found due to the nonconvexity of the original problem. However, the simulations showed that algorithms converge
rapidly to a solution, which can be a local optimum, but is still efficient. As an example,
the sum MSE lower bound was asymptotically attained for all channel realizations for
which its attainability can be guaranteed. The iterative solutions, where most of the
improvement is achieved during the first few iterations, make the proposed methods attractive for practical implementation in future broadband communication systems. The
simulations demonstrate that even few iterations in the proposed algorithm are enough
to outperform the existing ZF based solutions. A simple heuristic SINR vector maximization algorithm with lower complexity than ZF solutions was also derived. Even
though it was not specifically designed to optimize a certain objective function, it was
shown to perform remarkably well according to different system performance criteria.
While issues related to the point-to-point MIMO system design have been analyzed
thoroughly during the last two decades, there are still many open problems in the area
of transceiver design for MIMO multiuser systems. Since the capacity region of the
MIMO downlink channel was an open problem until recently, only the sum-capacity
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maximization has been considered in this thesis. Numerical algorithms for computing
the entire capacity region more efficiently than by using general interior-point methods
deserve future investigations. The linear transceiver optimization algorithms for downlink must be evaluated with more realistic channel models and system parameters for
investigating the system level benefits. The single-cell environment used in the studies is useful to obtain only preliminary qualitative results. However, accurate models
for data traffic and inter-cell interference should be also taken into consideration in further studies. The MIMO multiuser transceiver optimization with imperfect CSI at the
transmitter side is still an open problem of great interest. Such an optimization problem is probably intractable, but recent results from the robust optimization theory could
provide possible ways to approach this problem.
As opportunistic communication systems are gaining more interest, one could also
study the different dimensions of opportunism with MIMO techniques. These include,
e.g., spectrum, location, user cooperation, channel knowledge and behavior, traffic models as well as topology awareness. Finding a practical combination of these paves the
road for future cognitive radio systems.
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Appendix 1 KKT optimality conditions
Since problem (59) is convex, the following KKT optimality conditions are necessary
? K
?
? K
? K
and sufficient for the variables W? , {S?k }K
k=1 , {p̃k }k=1 , Γ , {Ψk }k=1 , {ν }k=1 to be
primal and dual optimal.

PK
?
? H

 W ¹ k=1 H̃k Sk H̃k + I
S?k º 0,
k = 1, . . . , K


?
?
tr{Sk } ≤ p̃k ,
k = 1, . . . , K

?

Γ
º
0

Ψ?k º 0,
k = 1, . . . , K

 ?
ν ≥ 0,
k = 1, . . . , K
 k
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?
?−1

Γ
=
W

?
?
?
H̃H
k Γ H̃k = νk I − Ψk ,

 ?
ν = λ,
 k£ ¡
¢¤
PK
?
?
? H

 tr Γ W − k=1 H̃k Sk H̃k − I = 0
tr(Ψ?k S?k ) = 0,

 ?
νk [tr(S?k ) − p̃?k ] = 0,

k = 1, . . . , K
k = 1, . . . , K
k = 1, . . . , K
k = 1, . . . , K

From νk? = λ > 0, k = 1, . . . , K, it follows that the corresponding constraints are
tight, i.e., tr(S?k ) = p̃?k . Furthermore, Γ? = W?−1 Â 0, implies that the corresponding
PK
constraint is tight, i.e., W? = k=1 H̃k S?k H̃H
k + I. This confirms the equivalence of
problems (56) and (59), and implies that
ÃK
!−1
X
(134)
Γ? =
H̃k S?k H̃H
k +I
k=1

and

Ã
H̃H
k

K
X

!−1
H̃k S?k H̃H
k

+I

H̃k = λI − Ψ?k ,

k = 1, . . . , K .

(135)

k=1

The last equation is very similar to the single-user waterfilling condition. The only
difference is that λ (i.e., the inverse of the waterfilling level) is not obtained from a sum
power constraint. It is a fixed value that itself determines the sum power. Since Ψ?k º 0,
¡
¢
from (135) it follows that λmax {S?k }K
k=1 defined in (69) satisfies
(
¡ ? K ¢
λ0 < λ if Ψ?k Â 0 for all k = 1, . . . , K
λ̄ {Sk }k=1 =
.
(136)
λ
otherwise
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From the complementary slackness, i.e., tr(Ψ?k S?k ) = 0, it follows that Ψ?k Â 0 for
all k = 1, . . . , K implies that S?k = 0 for all k = 1, . . . , K. By letting S?k = 0 in (135),
¡
¢
it is easy to observe that Ψ?k Â 0 if and only if λ > λmax H̃H
k H̃k for all k = 1, . . . , K.
Physically, this situation corresponds to a very small water level in (135), which does
not inundate any of the channel eigenmodes. Clearly, such λ values can not be optimal
for the master problem (57). Thus, the search domain of the master problem (57) can be
¡
¢
¡ ? K ¢
restricted to λ < maxk=1,...,K λmax H̃H
k H̃k . In such conditions, λ̄ {Sk }k=1 = λ,
and, therefore, the dual variable defined in (68) become an optimal dual variable, i.e.,
¡
¢
Γ̄ {S?k }K
k=1 =

Ã

K
X
k=1
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!−1
H̃k S?k H̃H
k

+I

= Γ? .

(137)

Appendix 2 Uplink-downlink SINR duality via
Lagrange duality
∆

∆

Let us denote by γdl = [γ1dl , . . . , γSdl ]T and γul = [γ1ul , . . . , γSul ]T the data streams’
∆
SINRs (82) and (84), and let γ̃ = [γ̃1 , . . . , γ̃S ]T , γ̃ Â 0 be a set of minimum SINRs
requirements. From (82) and (84) follows that
γdl º γ̃ iff G̃p º 1

and

where the matrix G̃ ∈ IRS×S is given by
(
−gs,k if s 6= k
∆
[G̃]s,k =
gs,s /γ̃s if s = k

γul º γ̃ iff G̃T q º 1

(138)

2

where gs,k = |uH
s Hks vk | .

(139)

The downlink sum power minimization problem under γdl º γ̃ constraint can be
expressed as
minimize 1T p
(140)
subject to G̃p º 1
pº0
and has the Lagrange dual problem [26, Sect. 5.2]
maximize
subject to

1T λ1
−G̃T λ1 − λ2 + 1 = 0
λ1 º 0 ; λ2 º 0

(141)

where the dual variables are λ1 , λ2 ∈ IRS . By eliminating λ2 between the last two
constraints the following equivalent formulation is obtained
maximize
subject to

1T λ1
G̃T λ1 ¹ 1 .
λ1 º 0

(142)

The physical meaning of the dual problem (142) can be interpreted as follows. Since
the dual variable λ1 º 0, it can be interpreted as the uplink power allocation, i.e.,
q = λ1 . The first constraint is equivalent to γul ¹ γ̃ (see (138)). Therefore, the
dual problem can be interpreted as the maximization of the uplink sum power under the
maximum SINR constraints γul ¹ γ̃.
155

First, the case in which problems (140) and (142) are feasible is considered. The
solutions of problems (140) and (142) are denoted by p? and q? , respectively. The
following conclusions can be made:
– The sum powers of the downlink and the dual uplink channel are equal, i.e., 1T p? =
1T q? . This follows from the zero duality gap of a feasible linear program [26].
– The SINR values of the downlink and the dual uplink channel are equal, and they
?
?
are equal to γ̃, i.e., γdl
(p? ) = γul
(q? ) = γ̃. This follows from the fact that at the
optimal point all the SINR constraints have to be active, i.e., they hold with equality.
The last fact can be easily proved by contradiction as follows. Suppose, for example,
that there is a positive margin (or slack) in the kth constraint of problem (140), i.e.,
γkdl > γ̃k . In this case, p?k can be decreased until the constraint is satisfied with equality
without violating any other constraint. This strictly decreases the objective function and
contradicts the assumption that p? is optimal. A similar reasoning can be used to prove
that all SINR constraints are active in problem (142).
In the following, the feasibility conditions for problems (140) and (142) are established. Since they are dual linear programs and the objective of (140) is bounded from
below, they can be either both feasible or both infeasible [26]. Therefore, only problem
(140) will be analyzed in the sequel. From (139) it follows that all off-diagonal entries
of the matrix G̃ are smaller or equal to zero. Note that since γ̃ Â 0, (82) implies that
p Â 0, i.e., if (140) is feasible, the solution must be strictly positive. Therefore, [101,
Theorem 2.5.3.12] implies that the problem (140) is feasible if and only if the matrix G̃
is an M-matrix, that is, all eigenvalues of G̃ have positive real part.
Note that by expressing the matrix G̃ as G̃ = D−1 (I − DC) with D, C given by
(97), the classical feasibility condition18 obtained in [19, 90, 171] under the assumption
that the matrix A = DC is primitive can be also obtained. In fact, this type of decomposition is a standard trick to connect the theory of M-matrices to the Perron-Frobenius
theory of nonnegative matrices (see also [101, Lemma 2.5.2.1]). Note that, in contrast
to the classical proofs [19, 90, 171], here it was not assumed that the matrix A is primitive for proving the converse. This extends the generality of the result, e.g., to the case
of Costa precoder, where the matrix A is upper triangular and, therefore, not primitive.
Since at the optimal point the SINR constraints are active, i.e., G̃p? = 1 and
18 Problem
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(140) is feasible if and only if the Perron-Frobenius eigenvalue of A is strictly less than 1.

G̃T q? = 1, the solutions are unique and given by
(
p? = G̃−1 1 = (I − DC)−1 D1
q? = (G̃T )−1 1 = D(I − CT D)−1 1

.

(143)

In sum, it has been established that a set of minimum SINR requirements, γ̃ Â 0,
are achievable in the downlink channel if and only if they are achievable in the dual
uplink channel. Furthermore, when they are achievable, the sum power required in
uplink is smaller or equal to the sum power required in downlink. By replacing G̃
by G̃T in (140) the converse is obtained, i.e., the sum power required in downlink is
smaller or equal to the sum power required in uplink. Therefore, when the SINR values
γ̃ are achievable, they require the same sum power in both the original downlink and
the dual uplink channels.
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