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Abstract

This dissertation presents time series analysis (TSA) on the simultaneous
multichannel photometric observations to study stellar differential rotation
with a novel three stage, multichannel period analysis (MPA).

The traditional TSA methods are typically applied only to one channel
photometric observations. This PhD work devises a new MPA method, based
on the traditional TSA technique, to analyze simultaneously all channel data
together. The applications of MPA focus on analyzing the photometric obser-
vations of brightness variations of stars, studying stellar surface spottedness
and differential rotation. Similarly to the solar differential rotation, which
can be studied using sunspots, stellar differential rotation can be investigated
from photometric variations caused by surface spots, which can be observed
instrumentally and analyzed by different TSA techniques.

The PhD work shows that the MPA method has advantages both in
recovering physical periodicities and in achieving higher accuracies of the final
results over the traditional TSA applied to the single channel data. It also
displays that the MPA method is able to detect the stellar differential rotation
from the photometric variability and its applications can help understanding
the stellar differential rotation, the magnetic field evolution and the physics
of dynamos.
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Chapter 1

Introduction

This PhD thesis presents time series analysis (TSA) of stellar photometric
variability with three stage multichannel period analysis (MPA). It focuses
on studying stellar differential rotation using modulations in the lightcurves
produced by starspots.

Time series analysis (TSA) is used to search periodicities occurring in
a process in time. In astronomy, TSA searches for hidden periods and re-
constructs corresponding phase process diagrams (PPDs) from observations
(typically, photometric observations), to explore the real physical processes.
The applications include variable and binary stars, the effect of spottedness
on stellar photometry, sunspot variations and magnetic cycles, stellar oscil-
lations and differential rotation modulated by starspots.

Starspots are most commonly produced by stellar magnetic activity. The
stellar magnetic fields are generated in the interior and emerge onto the
surface causing starspots. These surface spots are tracers of stellar activity
and can be relatively long-lived. They are distributed inhomogeneously over
the stellar surface and modulate the brightness and spectral line profiles as
the star rotates.

The Sun is the only star which surface can be directly observed. Our
knowledge of the Sun is the foundation in the study of other stars, which are
only point sources in our observations. The stellar surface structure is out
of direct observation and can only be reconstructed with the mathematical
models (for example, using Doppler imaging techniques). The rotation period
of the Sun is about 30 days. At different latitudes it rotates with a different
rate (so called differential rotation). The Sun’s equator is rotating faster than
its poles: the equator rotates approximately four times during the time the
poles make three turns. The Sun’s rotation can be monitored by sunspots on
its surface. Sunspots alter the integrated sunlight by less than 0.1%, so that
the effect is too small to be detectable in other main sequence stars. However,
due to enhanced magnetic activity in some stars such as BY Dra, RS CVn
and T Tau, their starspots are significantly larger. Especially for RS CVn
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2 CHAPTER 1. INTRODUCTION

stars, the spot region may cover as much as 50% of their surfaces. Thus,
photometric variability of these star is able to tell us about their surface
structure and differential rotation.

In the astronomical observations, stellar brightness variations are closely
connected with variations in activity of the stellar magnetic field. The mag-
netic field governs the structure and the energy balance of the outer layers
of the star and varies on a wide range of spatial and temporal scales. The
brightness variations in stars can reach an order of 20% over periods of days,
or a few weeks. This indicates that the surface of such stars is not uniformly
luminous. Pickering (1880) was the first to suggest the starspot idea more
than a century ago. He assumed that star rotation carries these variable or
‘spotted’ regions on and off the visible hemisphere, giving rise to the bright-
ness and color modulations. Nowadays, astronomers find that the starspot
model is one hypothesis which can successfully account for the wide diversity
of photometric variations in these stars (see Walker et al., 2007; Croll et al.,
2006; Jeffers et al., 2007).

Starspot lifetimes may exceed several years. For spotted stars, accurate
determination of the rotation periods (usually short, a few days) and their
differential rotation rate is important. For example, measurements of the
solar differential rotation set an observational boundary condition on the
magnitude of the internal differential rotation. In the hydromagnetic dy-
namo theory, the interaction of internal differential rotation, convection, and
turbulence generates and sustains stellar magnetic fields (see Rüdiger and
Hollerbach, 2004; Brandenburg and Dobler, 2002; Kitchatinov and Rüdiger,
1999). However, no current dynamo model can fully recreate the spatial and
temporal properties of the Solar magnetic field. The study of stellar differ-
ential rotation in general may help to solve the problems and improve our
understanding of the Sun and the stars. Thus the measurement of stellar
differential rotation is of fundamental importance to the magnetic dynamo
theory and can be studied with TSA of the photometric observations.

Astronomical photometric observations are usually obtained through dif-
ferent wavelength filters (channels) simultaneously. Traditional TSA includes
phase dispersion minimization methods, standard discrete Fourier analysis,
string length methods, information entropy minimization method etc. All
methods can be classified into the parametric and nonparametric categories.
So far, these methods have been typically applied only upon one single chan-
nel at a time (observational data from one filter).

It is necessary to devise a TSA method which can use simultaneously
all the multichannel data. For example, Jetsu and Pelt (1999) analyzed all
channels together after normalizing the data from different channels; how-
ever, some information is inevitably lost in this process, in particular if the
lightcurves and/or intrinsic errors are very different in the different channels.
In this PhD work, we generalize the three stage weighted period analysis
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method (Jetsu and Pelt, 1999) to include all channels simultaneously using
the original data. Like its predecessor, the new MPA method is based on
minimizing the sum of dispersions and the residual sum of squares, now over
all channels simultaneously. The three stages are the phase dispersion min-
imization, the linear modeling and the nonlinear modeling stage. The new
method has advantages both in searching for the real periods and in comput-
ing the final values with higher accuracies than what can be obtained from
the analysis of separate single channels.

In this thesis the new MPA method is applied on the stellar multichan-
nel photometric observation data, focusing on the study of the periodic light
variations due to starspots and differential rotation. Chapter 2 reviews the
mathematical foundation of TSA and the development of our MPA. Chap-
ter 3 reviews solar and stellar differential rotation, magnetic fields and dy-
namos with recent development. A summary of the relevant publications is
given at the end in both chapters.
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Chapter 2

From fundamental time series

analysis to multichannel period

analysis

Time series analysis (TSA) is commonly needed in astronomy in a wide
range of applications. In photometric observations (magnitudes of a variable
star), wrapping the data points with a physical period in a so-called phase
process diagram (PPD) gives a corresponding light curve. The light curve
can show many different shapes corresponding to different types of stellar
photometric variability. In many cases we don’t know what kind of curve
and periodicities to expect. From a wide range of possible periods, we can
choose one or more candidate values for the true physical periods. When the
approximate values of the period are inspected, our task is either to reject
the false possibilities or to derive more accurate values of the true periods,
using certain TSA methods. If the data are equally spaced in time, standard
discrete Fourier transform (FT) techniques (Press et al., 1994,p. 499ff) can
be applied routinely for finding periodicities. However, the astronomical time
series are more often unevenly sampled and finite (e.g. due to telescope time
availability, weather conditions and moonless night constraints), which makes
TSA difficult.

In this PhD thesis, TSA is applied to astronomical photometric obser-
vations. For a given observational time series, we need to search for any
recurrence in the data series, because any regular or semi-regular periodicity
may be associated with physical mechanisms of the underlying object. The
photometric observations are usually carried out simultaneously in different
wavelength passbands (channels) and the data collection becomes multichan-
nel. We therefore extend the traditional single channel TSA into a three
stage multichannel period analysis (MPA), specially designed for multichan-
nel data. We will show that MPA has advantages (Paper II) when analyzing
all channels together, if compared with the traditional methods where each

5



6 CHAPTER 2. FROM FUNDAMENTAL TSA TO MPA

channel is analyzed separately. In particular, this holds for the most complex
tasks arising from those photometric data, which have a low accuracy and
an insufficient number of points.

Because most astronomical observations are unequally-spaced in time,
specialized TSA algorithms have been developed. In particular, standard
discrete Fourier analysis becomes complicated because of irregular sampling
(Scargle, 1989). This problem becomes even worse when the searched periods
exceed one day, due to the typical one day gap between the nightly observa-
tions (Scargle, 1982). Lafler and Kinman (1965) and Renson (1978) devised
a method, belonging to the general class of ‘string length methods’. In their
method the period is determined by minimizing the average distance between
consecutive observations in the phase curve (observed data as a function of
phase, calculated for each trial period). For each trial period, the data have
to be reordered according to phase. On the other hand, modified Fourier
methods have also been developed to deal with irregular data (see Cuypers,
1987,for a review).

The phase dispersion minimization (PDM) methods (Marraco and
Muzzio, 1980) provide an alternative to the modified Fourier techniques and
are much faster than the string length methods. The phase of every observa-
tion is evaluated for an assumed period, data are binned according to phase,
and the sum of the bin variances (the sum of the squared phase dispersions)
is computed. The period is then obtained by minimizing this sum. Cincotta
et al. (1995) and Cincotta et al. (1999) developed a new method based on the
minimization of the information entropy of the phase curve. The idea is that
the phase curve, constructed using the correct period, is ordered, while all
the other phase curves are not. The advantage is that it can deal with very
irregularly sampled data, for example data with concentrations separated by
very large gaps.

All the methods of TSA for searching periods can be classified into two ba-
sic types: parametric and non-parametric methods. The parametric methods
are based on measuring the data dispersion around the phase curve, which
is described by a parametric model. The least squares (LS) method with the
corresponding LS statistic is the most common of the parametric methods.
Non-parametric methods compute the phase dispersion of the observed data
without any models. The PDM methods with the corresponding statistics of
minimizing the sum of dispersions are usually applied in the non-parametric
approach. The main deficiency of parametric modeling is the lack of criteria
for choosing the model components. The non-parametric methods are more
sensitive to the errors and the noise in the observational data while trying to
minimize the sum of dispersions without a specific model. The PDM meth-
ods also lack criteria in the selection of optimal binning of the data points
when calculating the sum of dispersions.

After detection of a period from an observational series, one needs to
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obtain a final value of the period with a reasonable accuracy, using one of the
many refinement methods (a different method can be optimal, depending on
the properties of the data). The parametric modeling is usually used for the
final refinement process. We are seeking the periodicities and are concerned
about their accuracy but have less interest in fitting the precise shape of the
lightcurve. Fortunately, the lightcurve fitting inaccuracy influences mostly
the Residual Sum of Squares (RSS; this is the most common LS statistic)
rather than the periodicities we are seeking. Although a slight change in the
model can greatly increase or decrease the value of RSS, it does not change
much the position of the minimum of RSS.It thus allows the periods and
their accuracies to be optimized.

In the following sections, we review the concepts and techniques from
the mathematical background of classical TSA to our MPA. We start from
the description of the PPDs and the spurious periods which might arise due
to characteristics of the data sampling. Both are basic concepts needed to
understand the mathematical foundation of TSA. Then we describe the basic
idea of PDM methods and its several realizations, the analytics of the wildly
used FT and the LS modeling methods for the final refinement of the periods.
Finally, we describe the development of MPA and summarize the results of
Papers II and V.

2.1 Phase process diagram and spurious pe-

riods

Phase Process Diagram

A time series of astronomical observations can be described as y(ti), i =
1, 2, 3, ..., N, where y(ti) are the observed values at times ti and N is the
number of the observations.

The basic idea for searching an underlying period from the observational
data relies on evaluation of the PPD. We assign a trial period P and compute
the phase for each data point for this particular trial period

φP (ti) = Frac
ti − t0
P

, (2.1)

where Frac denotes the fractional part of a real number, such as Frac(9.7) =
0.7 and Frac(−9.7) = Frac(10 − 9.7) = 0.3. The reference time point for
computing the phase curve is denoted by t0. It can be chosen arbitrarily
and its influence on the phase curve is only that of shifting the curve in
phase; for simplicity, we assign t0 = 0 in the following discussion. For the
evaluation of each trial period we plot the implied PPD, which shows all
observed values y(ti), versus the corresponding phase φP (ti). If the trial
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period is close to the true period, all data points lie along the mean curve of
the periodic process. Otherwise, the data points in the PPD will be more or
less randomly distributed. Figure 2.1 shows the PPDs of the correct period
for the multichannel photometric observations of ER Vul (see also You (1999),
Chapter 12).

The simplest way to search for the correct period is to build PPDs for a
wide range of trial periods Pl, l = 1, 2, ..., L, and look for the most promising
candidates, e.g. those yielding the smallest summed bin variance.

Considering the number of different PPDs needed for searching the correct
periods, we usually compute trials with a fixed step in the frequency domain
f = 1/P .

fl = (l − 1)∆f + fmin, l = 1, 2, ..., L, (2.2)

fL = fmax,

where [fmin, fmax] is the range of frequencies of interest. The step ∆f must be
chosen so that the maximum shift of a data point in the PPD, when moving
from one trial to the next, does not exceed some prescribed value ∆φ:

∆f =
∆φ

tN − t1
. (2.3)

The maximum of ∆φ is 0.5, because a shift by e.g. ∆φ = 0.7 equals to
the shift ∆φ = 0.3 in the opposite direction. While the number of trials
increases with decreasing ∆φ, a small ∆φ may be necessary for not missing
some periods, which may not be found in the case of too large step of trial
periods. Normally, even for a coarse search, values of ∆φ are chosen from
0.05 to 0.1. The number of necessary trials can be found as

L =
fmax − fmin

∆f
=

(fmax − fmin)(tN − t1)

∆φ
. (2.4)

The number L may be rather large, even for the modest data sets. Because
checking large number of trials by computing and comparing the correspond-
ing PPDs takes much time, the search range of periods must be narrowed to
some degree for computations (see Chapter 2, Section 2.2).

Spurious Periods

A small scatter of the observed data points around the mean curve in the
PPD is not a proof for having found the correct period. If P is the true
period, then the periods Pk = kP, k = 2, 3, ... also display PPDs with small
dispersion. These ‘undertones’ are easy to identify.

The real spurious periods occur, when the time points ti, i = 1, 2, ..., N ,
happen to be a subset of a regular mesh

ti = kiτ + t1, i = 1, 2, ..., N, (2.5)
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Figure 2.1: PPDs of ER Vul in multiply channels U, B, V and R (from left to
right). From top to bottom, the PPDs are in the sequence of three observing
seasons and all three seasons combined. The photometric measurements of
ER Vul in the UBVR system were taken in Mount Maidanak Observatory.
The data span 896 days in the three observing seasons. The corresponding
TSA of the data has been performed in the four channels separately (see You,
1999,Chapter 12). The phases were computed as φ = FracJDhel−2449148.4233

0.69810126

for all PPDs. ER Vul is a binary system and its photometric period is the
orbital period, which contains two minima in its light curve.
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where τ is the mesh step, and the ki are integers. The time series shows
an equal spacing of the data points in time, while τ is the smallest spacing
between two consecutive points. t1 is the time of the first observed data
point; for simplicity, we can set t1 = 0. From Eq. (2.1), the computed phases
are

φP (ti) = Frac(
kiτ

P
). (2.6)

Also, for another trial period Ps fulfilling

1

Ps
=

1

P
+
s

τ
, s = 1, 2, ... (2.7)

we can compute the phases for the same time series by Eq. (2.1):

φPs
(ti) = Frac(

kiτ

Ps
)

= (
kiτ

Ps
) − Int(

kiτ

Ps
)

= kiτ(
1

P
+
s

τ
) − Int(kiτ(

1

P
+
s

τ
))

=
kiτ

P
+ kis− Int(

kiτ

P
) − Int(kis) + (0 or 1)1

=
kiτ

P
− Int(

kiτ

P
) + (0 or 1)

= φP (ti). (2.8)

In Eq. (2.8), we use the fact that kis are integers; Int denotes the integer part
of the argument. As a result, the PPD with φPs

(ti) instead of φP (ti) does
not change at all. However in astronomical observations, the time points ti
of the observational data are rarely exactly equally spaced. As a result of
this, the dispersion around the real phase curve is less than the dispersion
around those with the spurious periods Ps.

The same mechanism also produces another set of spurious periods con-
nected to the true period:

1

Ps
=

1

P
+
s

τ
, s = −1,−2, ..., (2.9)

for which the PPD mimics the real one or its mirror image. The mirror
imaging property of the two PPDs can be explained as follows: according
to Eq. (2.9), if Ps < 0, |Ps| is used because a negative value of the period
has no physical meaning. According to Eq. (2.1), the change in sign (±) of

1The difference between 0 and 1 is due to the fact, that the sum of the fractional parts
of two numbers can be larger than 1. But this does not affect the final result because the
phase is the fractional part of the final value.
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the period leads to a change in sign (and thus the sequence) of the phases,
and leads to the PPD to be a mirror image. This simply arises from the
fact that adding 1 in order to obtain again positive phases in the interval
[0, 1) leads to a mirror image of the calculated PPD, i.e. φ = −0.1,−0.3, ...
leads to φ = 0.9, 0.7, .... According to Eq. (2.8), the phases calculated from
Ps are the same as those obtained with the real period P . Thus, the PPDs
calculated with P and |Ps| become mirror images.

This kind of spurious periods in astronomical observational data is most
commonly connected with one sidereal day (0.99717 solar days), because
usually the star is consistently observed at the same hour angle(s) every
night.

1

Ps
=

1

P
+ s · 1.00284, s = ...,−2,−1, 1, 2, ... (2.10)

and also sometimes with annual (due to visibility of the object) and lu-
nar month cycles (due to the time allocation policy at the observatories).
Some other restrictions (such as mechanics for some instruments, especially
in space experiments) may cause observations to be made at certain periodic
moments or intervals. These time gaps will produce the corresponding series
of spurious periods.

The existence of this kind of spurious period series in discrete FT spectra
is called aliasing. Fig. 2.2 shows the spurious periods which occur in the
power spectrum of discrete FT of the photometric observations in channel V
of V815 Her (see You, 1999,Chapter 4). The identification of these spurious
periods can be achieved by analyzing the interplay of the actual frequencies
present in the data and those in the so-called transformed data window (see
Chapter 2, Section 2.3).

2.2 Methods of phase dispersion minimiza-

tion

In general, when performing TSA on photometric observation data, the in-
formation on the shape of the light curve and the period are both unknown.
Thus, an ideal method for the search for periodicity should be independent
on any assumption about the shape of the PPD, i.e. one should use a non-
parametric approach. The phase dispersion minimization (PDM) methods
are the most commonly used non-parametric methods nowadays. The idea
behind the PDM methods is simple: for the true period a correlation exists
between the proximity of the phases of two observations and the proximity of
the observed process values. For an arbitrarily chosen period this correlation
is much less probable.

In most cases, the observational data set contains information about the
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Figure 2.2: Discrete FT power spectrum of photometric observations in chan-
nel V of V815 Her. The highest peak in the spectrum is at the frequency
of 0.5481 cycles/day, which corresponds to the real period of 1.82454 day.
Here we can see that a whole series of spurious peaks is produced due to
the daily observational gap of τ = 0.99717 days. All the peaks in the spec-
trum arise from the convolution of the true periodicity of 1.82454 days with
the transformed data window peaking at 1.00284 cycles/day (see Eq. 2.34 in
Sect. 2.3). The first peak at a frequency of 0.4547 cycles/day is the mirror
image of the peak of the real frequency with s = −1 and τ = 0.99717 days
in Eq. (2.9). The double peaks around 1.5 cycles/day and around 2.5 cy-
cles/day are spurious: the right peaks are explained by Eq. (2.38) and the
left peaks by Eq. (2.39), respectively.
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accuracy of each data point, i.e. the observed time series is

y(ti), σ(ti), i = 1, 2, 3, ..., N. (2.11)

The y(ti) are the observed values and the σ(ti) are the errors of the corre-
sponding observations y(ti). N is the number of the observations. Formally,
the following statistic can be used to discriminate between the cases of correct
and arbitrarily chosen periods:

D(P ) =

∑N
i=1

∑N
j=i+1 g(ti, tj, P )wi,j[y(ti) − y(tj)]

2

∑N
i=1

∑N
j=i+1 g(ti, tj , P )wi,j

, (2.12)

wi,j =
wiwj

wi + wj

.

The weights wi are usually calculated as

wi =
1

σ(ti)2
. (2.13)

D(P ) is the weighted sum of the variances2 of pairs of observations in the
PPD corresponding to the period P . The function g(ti, tj, P ) defines the
selection law, which determines whether to take the pair of ti and tj into
account for computing D(P ) or not, based on the trial period P . There have
been many different realizations or approximations of g(ti, tj, P ), which result
in different PDM methods (Lafler and Kinman, 1965; Burke et al., 1970;
Penfold, 1975; Renson, 1978; Stellingwerf, 1978; Dworetsky, 1983; Cuypers,
1986; Schwarzenberg-Czerny, 1989, 1991, 1997; Davies, 1990).

For the true period, a correlation exists between the proximity of the
phases of two observations and the proximity of the observed process values.
The selection law g(ti, tj, P ) is defined to pair two observations for computing
D(P ) only when

ti − tj ≈ kP, k = 0,±1,±2, ... (2.14)

or in terms of the phases
φP (ti) ≈ φP (tj). (2.15)

The selection law is thus commonly defined as

g(ti, tj, P ) =

{

1, |φP (ti) − φP (tj)| ≤ ε or |φP (ti) − φP (tj)| > 1 − ε,
0, otherwise.

(2.16)
for some small fixed value ε > 0. ε determines the maximum distance in
phase by which ti and tj can be binned for computing D(P ), e.g. ε = 0.1.

2Nevertheless, the method is called phase dispersion minimization, because a minimum
of the variance is also a minimum of the dispersion.
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The smaller value for this parameter, the less pairs of (ti, tj) are taken into
account.

For obtaining a simple statistic for computation, various different tech-
niques (see below) are used to choose g(ti, tj , P ). These particular realizations
or approximations to the general PDM statistic D(P ) differ by the arrange-
ment of the computations and by the approximations used, which result in
different PDM methods. In most cases, these methods give slightly different
results in the search for periods.

For the computation of the general dispersion D(P ), a selection window
L(ti, tj) is generally introduced and D(P ) is set to:

D(P ) =

∑N
i=1

∑N
j=i+1 g(ti, tj , P )L(ti, tj)wi,j[y(ti) − y(tj)]

2

∑N
i=1

∑N
j=i+1 g(ti, tj , P )L(ti, tj)wi,j

, (2.17)

where the selection window L(ti, tj) is determined for binning the pairs of ti
and tj according to their distance in time. L(ti, tj) is generally computed as:

L(ti, tj) =

{

1, Tmin ≤ |ti − tj | ≤ Tmax ,
0, other.

(2.18)

The degree of smoothing of the spectrum of D(P ) obtained by the use of the
selection window L(ti, tj) depends on Tmax. When Tmax = tN−t1, then all the
observation pairs are taken into account when computing D(P ), and maximal
resolution is attained. For a smaller value of Tmax, only a subset of pairs is
considered and the computed function of D(P ) is smoother. This value of
the upper limit Tmax must be defined for the computation of D(P ). Too large
a Tmax makes two far separated points ti and tj binned into a pair, which
could be un-correlated, if e.g. the amplitude of the variation changes over a
long time scale or long-term trends are present in the data. Grouping these
far separated points not only consumes more computation time, but also may
lead to wrong periods, even if the periods are stable. A typical choice of Tmax

depends on the maximum trial period Pmax, e.g. Tmax = 10Pmax.
If the time points ti and tj are too close in time, i.e. |ti−tj | is less than the

minimum trial period Pmin, the corresponding terms in D(P ) do not change
significantly for all trial periods so that it does not help to discriminate
between them. To avoid such unnecessary computations, the lower limit
Tmin makes such pairs drop out of the general sum of D(P ). A typical choice
of Tmin depends on the minimum trial period Pmin, e.g. Tmin = 0.9Pmin.

Additionally to the minimization of D(P ) as given in Eq. (2.17) by using
Eqs. (2.16) and (2.18) directly, the following PDM methods are also used:

Stellingwerf method

The Stellingwerf method (Stellingwerf, 1978) uses a particular binning
method in phase for two observations ti and tj to compute the phase disper-
sion D(P ). The full range [0, 1) of phases is divided into K equal subranges
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(bins) Ik

Ik = [
k − 1

K
,
k

K
), k = 1, 2, ..., K. (2.19)

The approximation to the normal selection law g(ti, tj , P ) is to consider the
phases to be adjacent when the distance between them does not exceed ∆bin+
1 times the bin length 1

K
. The bins may overlap and periodic boundary

conditions are used at φP = 1. When ∆bin = 0, it becomes the well-known
statistic proposed by Jurkevich (1971). The role of ∆bin is more or less the
same as that of ε in Eq. (2.16) and ∆bin+1

2K
is comparable to ε. The Stellingwerf

method is well documented in the literature. This method is widely used in
the astronomical community.

Lafler-Kinman method

The Lafler-Kinman method is one of the oldest and most popular PDM
methods in the astronomical community. The original paper by Lafler and
Kinman (1965) was one of the first to introduce PDM methods into the prac-
tice of astronomical research. The Lafler-Kinman criterion chooses g(ti, tj, P )
such that g(ti, tj) = 1 only when φp(ti) and φp(tj) are immediate neighbors
in the sequence

φP (ti1) ≤ φP (ti2) ≤ ... ≤ φP (tiN) (2.20)

and otherwise g(ti, tj, P ) = 0. To determine Eq. (2.20), the Lafler-Kinman
method formally regards the criterion from Eq. (2.16) as ε = 0.5

N
, where N is

the number of data points in the observations. This small effective value for
ε causes the Lafler-Kinman spectrum of D(P ) to be usually erratic.

The Lafler-Kinman statistic for data normalized to the overall variance
becomes:

D(P ) =
1

N − 1

N−1
∑

i=1

[y(t
′

i) − y(t
′

i+1)]
2 , (2.21)

where the observations y(t
′

i) are sorted in phases

φP (t
′

i1) ≤ φP (t
′

i2) ≤ ... ≤ φP (t
′

iN) . (2.22)

Here, the times t
′

i are in the phase sorted sequence.

String-length method

The sum of dispersions D(P ) to be minimized is simply the sum of lengths
of line segments joining successive points in a PPD:

D(P ) =

N−1
∑

i=1

([y(t
′

i) − y(t
′

i+1)]
2 + [φP (t

′

i) − φP (t
′

i+1)]
2)1/2

+([y(t
′

1) − y(t
′

N)]2 + [φP (t
′

1) − φP (t
′

N ) + 1]2)1/2 (2.23)
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where the observations are sorted in phases. The string-length method was
introduced by Burke et al. (1970) and evaluated by Dworetsky (1983). It is
especially suitable for data sets with small number of observations.

2.3 Fourier transform

The discrete Fourier transform (DFT) is a common parametric method used
for a fast search of periodicity, even if it has its shortcomings in the case of
irregularly sampled data. In DFT, the correlations between the data points
are measured based on a series of given basic functions, usually sine and
cosine functions. DFT is classically presented by Deeming (1975) and later
by Lomb (1976) and Scargle (1982). A recent widely used software package,
called Period04, designed for the multi-period analysis of pulsating stars by
Lenz and Breger (2005) uses a combination of DFT and Marquardt-modelling
of sinusoids. A most recent improved statistical treatment to determine the
significance of a peak in a DFT, called SigSpec, is presented by Reegen (2007).
His concept of spectral significance can be understood as an improvement of
the Lomb-Scargle periodogram.

The full FT of a function y(t) is defined as the complex expression

Y(f) =

∫ +∞

−∞

y(t)ei2πftdt . (2.24)

With this definition, the inverse transform3 is

y(t) =

∫ +∞

−∞

Y(f)e−i2πftdf . (2.25)

If the function y(t) is a finite data segment, some important conclusions can
be deduced like:

1. FT of a finite data segment is different from zero nearly everywhere.
2. A shorter data segment leads to a smoother spectrum Y(f).
3. A longer data segment can reveal more details in the spectrum Y(f).
The spectral resolution is bounded by the width of the sinc smoothing

kernel, which is defined as

sinc(πt) =
sin(πt)

πt
(2.26)

and thus the spectral resolution is limited by the length of the data segment.

3Here we follow the notation by Deeming; readers may find e
−i2πft instead of e

i2πft

in the integral part of Eq. (2.24) from other literature. In this case the inverse transform
will use e

i2πft instead of e
−i2πft in Eq. (2.25).



2.3. FOURIER TRANSFORM 17

In astronomy, an observed time series is not only finite but also discrete,
which can be defined as y(ti), i = 1, 2, 3, ..., N . We can specify an arbitrary
trial period P = f−1, and compute correlations with cosine,

C(f) =
N

∑

j=1

y(ti) cos(2πftj) , (2.27)

and sine,

S(f) =

N
∑

j=1

y(ti) sin(2πftj) , (2.28)

functions. The power periodogram can be obtained by combining these two
correlations into one statistic, expressed generally as

Θ(fl) =
A(fl)

2C(fl)
2 +B(fl)

2S(fl)
2

D
, l = 1, 2, ..., L, (2.29)

where the weighting functions A(f), B(f) and normalization coefficient D
are to be specified.

The power Θ(f) can be computed as the Deeming periodogram (Deem-
ing, 1975) or as the Lomb-Scargle periodogram (Lomb, 1976; Scargle, 1982),
which is also widely used. The traditional Deeming periodogram is computed
with A = 1, B = 1, and D = N/2:

ΘDeeming(f) =
2[C(f)2 + S(f)2]

N
. (2.30)

The Lomb-Scargle periodogram is computed by setting

A(f) =
1

{
∑N

j=1 cos2 2πf(tj − τ(f))}2
, (2.31)

B(f) =
1

{
∑N

j=1 sin2 2πf(tj − τ(f))}2
,

D = 2σ2 ,

where σ is the standard deviation of the original data around the mean. The
value of τ is computed from

tan(4πfτ) =

∑N
j=1 sin(4πftj)

∑N
j=1 cos(4πftj)

. (2.32)

The main statistical properties of Θ(f) can be obtained under the assump-
tion, that the observed data points are statistically independent, randomly
distributed with equal dispersion and zero mean. From a knowledge of the
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distribution of the Θ(f) values for purely random data, a false alarm prob-
ability can be deduced and consequently the significance of the peaks in the
Θ(f) spectrum can be estimated (Scargle, 1982).

The Deeming periodogram is a sampling method, which assumes that the
properties of the periodogram do not change much when unequally spaced
data are used instead of equally spaced data. The Lomb-Scargle periodogram
can be derived from the standard least-squares principle (Lomb, 1976). The
actual difference of the two periodograms is rather small. Even for small
data sets, the corresponding spectra are rather similar.

The convolution theorem from standard Fourier theory states that, if

z(t) = x(t) · y(t) (2.33)

then

Z(f) = X (f) ∗ Y(f) =

∫ +∞

−∞

X (f − f
′

)Y(f
′

)df
′

, (2.34)

where Z(f), X (f) and Y(f) are the corresponding FTs of z(t), x(t) and y(t),
and ∗ means convolution as described by the rightmost part of Eq. (2.34).
This is true in particular, when y(t) is the continuous process to be observed,
and w(t) is the data window:

w(t) =

N
∑

j=1

δ(t− tj) j = 1, 2, ..., N, (2.35)

where δ(t − tj) is the Dirac function. The FT data window W (f) is called
the transformed data window or sometimes the spectral window. From Eq.
(2.34) the final FT is

Y(f) = Y (f) ∗W (f) , (2.36)

where

W (f) =

N
∑

j=1

ei2πftj . (2.37)

In astronomy, the FT is performed on finite and discrete observed data
points, which are usually unequally distributed in time. Both the data length
and the data spacing have important effects on the accuracy. If the final
FT turns out to be concentrated in certain regions of frequency, it suggests
certain characteristic time scales present in the data. The power of the final
periodogram Θ(f) is actually given by the convolution of the true physical
process with the spectral window (transformed data window). The pathology
of the data distribution is all contained in the spectral window, which can
be calculated from the data spacing alone, and does not depend directly on
the data themselves (see Eq. 2.37 and Deeming 1975). The interference of
the spectral window can be described as one of two types: due to the finite
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length of the data and due to the data spacing, which is called aliasing. For
continuously recorded data, aliasing does not exit, while for equally spaced
data, it exists in its most extreme form.

It is usually thought that the largest recoverable frequency (or the small-
est recoverable period) in the data depends on the minimum distance between
consecutive observations in time. For unequally spaced data, the transformed
data window depends on the overall structure of the time spacing, and does
not require time points to be arbitrarily close. The possibility of finding a
period smaller than the data gaps still exists.

The spectral window is, therefore all-important. In any practical appli-
cation for astronomical data, the particular data spacing involved and the
particular spectral window it gives rise to are known. Typically, the peri-
odogram Θ(f) shows a series of well defined peaks, which have a central peak
at frequency f0 and other subsidiary peaks at

fk = f0 ± k · ∆f, k = 1, 2, 3, ...{f0 ± k · ∆f > 0} (2.38)

and mirror imaging peaks at

fk =| f0 − k · ∆f |, k = 1, 2, 3, ...{f0 − k · ∆f < 0} , (2.39)

where ∆f arises from the peculiarities in the data spacing. As already men-
tioned, in astronomical observations, such peculiarities often arise due to a
one day, one synodic month, one calendar month, or one year gaps in the
data. All these facts require us to compare the peaks in the periodogram
Θ(f) with the shape of the spectral window for identification of true period-
icities in the observed data.

2.4 Modeling and period refinement

Given an observational time series, for a specific trial period we can compute
the parameters for some parametric model and characterize the distribution
of the corresponding residuals by some statistic Θ(P ). By computing Θ(P )
for a grid of trials Pl, l = 1, 2, ..., L, we obtain a periodogram or spectrum
whose minima or maxima (depending on the nature of the statistic Θ(P ))
indicate probable values for the real periods. For instance, the modeling
spectrum

Θ(P ) =
N

∑

i=1

[y(ti) −
R

∑

r=1

Ĉr(P )ψr(fti)]
2 (2.40)

is a conceptual statistic for periodicity analysis, which can be derived from
the maximum likelihood principle. Here, the parametric model Ĉr(P )ψr(fti)
consists of the function ψr(fti) and the amplitudes Ĉr(P ), in which P = 1/f
is the trial period.
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When the modeling uses trigonometric functions (Vańıček, 1969; Lomb,
1976), the general form of this statistics is

Θ(P ) =
N

∑

i=1

{y(ti) − a0 −
R

∑

r=1

[ar cos(2πrft) + br sin(2πrft)]}2 . (2.41)

The particular case of R = 1 or 2 is the most popular.
Given an observed time series, the FT and the PDM methods can nor-

mally give the real time scales of the periodicity with the help of the corre-
sponding data window, but the precision of the periods obtained from these
methods is limited by the frequency step used, and thus, the final optimized
values and error estimates for the periods cannot be obtained. After the
identification of the periods from the grid searches in equal frequency steps,
the final value of the periods is normally obtained from a refinement with
modeling of a parametric model.

When M(t, c1, c2, ..., ck) denotes a general model for the data y(ti) with
K parameters to be estimated, the estimates for the model parameters
ĉ1, ĉ2, ..., ĉk are computed as those values for which the weighted residual
sum of squares

WRSS =
N

∑

i=1

w(ti)[y(ti) −M(ti, c1, c2, ..., ck)]
2 (2.42)

attains a minimum. After the model parameters are estimated, we can com-
pute the residuals of the fit

e(ti) = y(ti) −M(ti, ĉ1, ĉ2, ..., ĉk), i = 1, 2, ..., N (2.43)

and predict process values for an arbitrary time point t:

ŷ(t) = M(t, ĉ1, ĉ2, ..., ĉk). (2.44)

According to the standard statistical theory, the estimates and the values of
predicted process have certain statistical properties - mean, standard devia-
tion (variance), skewness and kurtosis (see Press et al., 1994,p. 610). We use
only the standard deviation for the estimated parameters and derive confi-
dence limits within the normal theory for the predicted process (see Press
et al., 1994,p. 689). In practice, very rarely more sophisticated characteristics
such as skewness and kurtosis are used.

In general, the model M(t, c1, c2, ..., ck) with parameters to be estimated
contains a polynomial function, a trigonometric function and a transient func-
tion. In real applications to photometric observation data, the trigonometric
functions are most important for iteratively refining the periods (frequencies)
of different components.
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The polynomial part of a time series can be described by a polynomial
model

Mpolynomial(t) = cmt
m−1 + cm−1t

m−2 + ...+ c2t+ c1. (2.45)

The number of the polynomial parameters is m, and the degree of the corre-
sponding polynomial is m−1. When m = 1, only the mean C1 of the original
data is described, and for m = 2, a linear trend c2t+c1 is considered. In prac-
tice m = 1 is the most common case, while m ≥ 2 is rarely applied. Some
stellar light variations contain a steady long-term increasing or decreasing
trend. For the accuracy in seeking short-term periodicities in the data, the
long-term trend is usually removed by subtracting the mean in each divided
data segment before the application of the modeling. Because we are seeking
periodicities hidden in the observations, any higher degree of the polynomial
may affect the periods sought with the trigonometric part. If the data length
is not sufficient for the time scale of periodicities under seeking, to distin-
guish the long-term polynomial trends from long-term periodicities has to be
resolved based upon the verification of the applied mathematical model with
stellar physics.

Trigonometric functions are entered into the model as

T (t, f, R) =

R
∑

r=1

[ar cos(2πrft) + br sin(2πrft)] . (2.46)

The results give the estimates of the parameters (ar, br) with standard devi-
ations (δar, δbr). Phases and amplitudes are also computed from ar and br.
If the subterm is denoted by

Tr = ar cos(2πrft) + br sin(2πrft) , (2.47)

then the amplitude is computed as

Ar =
√

a2
r + b2r (2.48)

and the phase as
φr = arctan(−br/ar) , (2.49)

adjusted by ±π, if necessary, due to the ambiguity of the arctangent function.
The phase φr is called cos-phase, because it allows a representation in the
form

Tr = Ar cos(2πrft+ φr) . (2.50)

Introducing the transient function in the modeling is quite rare in the
search for periods in astronomical data. But functions can be added to
the model to specify the transient part, if required in some special cases,
and the corresponding parameters and their standard deviations can also be
estimated.
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In summary, for modeling the observed data, a time series model can
contain all three parts as

M(t) = Mpolynomial(t) +Mtrigonometric(t) +Mtransient(t), (2.51)

where the most important part, from which the periodicities are sought, is

Mtrigonometric(t) =

n
∑

j=1

T (t, fj, Rj). (2.52)

The total number of parameters L in the complete model M(t) is

L = m+ n+

n
∑

j=1

(2Rj) + E, j = 1, 2, ..., n, (2.53)

where m− 1 is the degree of the polynomial part, n is the number of model
periods included into the trigonometric part, Rj is the number of harmonics
in the trigonometric component of the jth period and E is the number of
parameters in the function used for the transient part in the model.

The total number of parameters of the model L must be smaller than
the number of data points. However, modeling precision depends not only
on the data number but also, greatly on the accuracy of the observations:
the higher the accuracy, the fewer is the number of the observations required
for the same successful modeling. It can occur that too few observations per
parameter produces an overfit, manifesting as spurious results.

The parameters in the modeling process are classified as linear and non-
linear. Linear parameters are simply multipliers attached to the expressions,
such as c1, c2, ..., cN , ..., in

c1f1(t) + c2f2(t) + ...+ cNfN(t). (2.54)

The nonlinear parameters occur such as P in the expressions like

y(t, P ) = cos(2πt/P ) . (2.55)

Linear modeling uses fixed trial frequencies in equal steps and thus op-
timizes only the linear parameters. The solution of the linear modeling has
been the standard problem in solving the normal equations (see Press et al.,
1994,p. 665). But due to the fixed trial frequencies, the final value of the
period cannot be optimized and its error estimate cannot be reached. Non-
linear modeling avoids such a shortcoming by varying the period as a non-
linear parameter in a certain range working together with linear modeling
for the harmonic amplitudes of the corresponding period.

For multidimensional minimum seeking algorithms, such as the Down-
hill Simplex Method (see Press et al., 1994,p. 402) and the gradient-search
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by Marquardt (see Bevington, 1969,p. 235), the final results often depend
greatly on the initial value of the period. On the other hand, the standard
one-dimensional minimum seeking algorithm – Brent method (see Press et al.,
1994,p. 395) gives a stable solution once the correct bracketing for the mini-
mum is given. The Brent algorithm reaches the convergence to the minimum
of a one-dimensional curve by inverse parabolic interpolation.

For most cases the linear modeling can be applied for getting an initial
value for the subsequent non-linear refinement. We can nearly always be sure
that a local minimum found by the linear modeling is also the global one,
which is reliable within its accuracy. But if this is not the case, the final value
of the periods may be so sensitive to changes of the initial values that the
final value becomes unreliable. At this point, the best choice for optimizing
the periods is to compare the initial estimates from various methods (see
Sections 2.2 and 2.3).

The main deficiency of the data modeling is the lack of criteria for choos-
ing the model components. Thus, all preliminary information about the
physical process must be used in building of the model. The observed data
inevitably contain noise. The interplay of different cyclic processes described
in the model with a combination of several harmonic components, the data
noise, and the data irregular sampling, all distort the modeling procedure.
Additionally, any model can only approximate the real process. As a conse-
quence, the parametric approach includes the following unavoidable limita-
tions:

1. Some information is inevitably lost when noise is added to the process
values: a precise computation does not always guarantee the recovery of
precise physical periods.

2. The model components cannot always be recovered with sufficient pre-
cision in a one-by-one manner, because of the interplay between the various
components.

3. Every prediction is correct only as much as the underlying assumptions
about the model are correct.

4. To be reliable, the periods that we are seeking from the data should
be many times shorter than the characteristic length of changes in the poly-
nomial part of the model.

Fortunately, all the above limitations mostly influence the attainable min-
imum value ofWRSS rather than the periods themselves, which are our main
interest. A slight change in the model can greatly increase or decrease the
value of WRSS, but usually does not change much the position of the mini-
mum of WRSS, especially in the case of only one period. This is the reason
for us to rely on modeling to get the final value of the periods with their
error estimates. Also, this is the reason which allows us to seek the periods
one by one from a data set containing multiple periods, using subtraction
procedures.
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Figure 2.3: Modeling light curves of ET Dra in five seasons in multichannel
UBVR photometric observations. From left to right, the modeling curves
are in the sequence of U, B, V and R. From top to bottom, they are in the
sequence of the seasons 1, 2, 3, 4 and 5. All the curves show well defined
sinusoid shapes with clear minima and maxima. The lines represent the LS
model for the modeling curves and their 3σ limits. The shapes of the light
curves in the same season appear identical in the different channels. But
there is a clear phase shift of the light curves in time. The photometric
measurements of ET Dra in the UBVR system were carried out at Mount
Maidanak Observatory. The data span five seasons and covers a time interval
of 1417 days. The TSA application for the data and the derivation of the
period (P = 14.072 ± 0.016 days) of ET Dra can be found in (see You,
1999,Chapter 11). The counting of cycles starts at HJD0 = 2448178.1329,
which is the date of the first observation in the data.
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In the routine of the refinement of periods we can input multiple peri-
ods simultaneously and may take into account transient phenomena for the
process. But in many applications, we compute best modeling for only one
period with higher reliability. In the modeling procedure, we can always
build the model with one single period to describe the initial data. The pa-
rameters of the model can be estimated, and the modeling residuals can be
computed. Then, the residuals can be considered as an initial data set to
repeat the previous step, and so on. For most cases, the models used for
refining periods contain only one period with two harmonics R = 2 in the
trigonometric part, and a m = 1 polynomial component as usual. In the
period search range, for each trial period all linear parameters are estimated
and the corresponding WRSS is computed; then the WRSS is minimized by
varying the period. Figure 2.3 shows modeling light curves of multichannel
UBVR photometric observations of ET Dra.

It has been argued that if a data set contains two periods too near to
each other, the modeling of only one period will greatly affect the detection
of the second one due to the incompleteness of the model. A simulation
was done to demonstrate the validity of TSA in such kind of situation (see
You, 1999,Chapter 6), using artificially generated data. Conclusions can be
drawn as following. The periodicities hidden in a process keep their iden-
tity so strongly that distorting the process by subtracting other periodicities
usually does not affect much their neighbors, even if they are very close to
each other. One criterion of how close the two periods can be for the sub-
traction procedure to stay valid is that the two neighboring periods need
to be resolved as two peaks in the power spectrum (the FT spectrum in
the case studied in You, 1999). Then, the modeling and the subtracting by
the modeling procedure can be performed. Subtracting one period with an
incomplete model will inevitably add extra noise to the residuals, and this
noise will magnify as the procedure continues for possible further periods.
Thus, the one-by-one process does not always recover the multiple periods
with sufficient precision, especially if the amplitudes are small. This problem
becomes more and more evident as larger noise and more periodicities are
added into the real process.

2.5 Multichannel period analysis and review

of Papers II and V

Astronomical photometric observations are usually obtained through differ-
ent wavelength passbands (channels) simultaneously. Traditional time series
analysis typically uses only one single channel. For a maximum use of in-
formation, one can analyze separate channels and then use a weighted mean
of the obtained individual periods as the final period (You, 1999). This ap-
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proach may introduce a large error in the final average due to the errors
in separate channels. For analyzing all channel data combined together,
Jetsu and Pelt (1999) and Lyytinen et al. (2002) first normalized the data of
separate channels and applied the TSA afterward. However, such a normal-
ization approach can cause discrepancies which arise from the distortion and
the phase lag of light curves.

To keep the shapes of light curves and the phase lags in different chan-
nels untouched, a new MPA method was devised in this PhD work, extending
the method of three stage analysis (Jetsu and Pelt, 1999) for the simulta-
neous multi-channel observations. The three stages are the phase dispersion
minimization (PDM), the linear modeling (LM) and the nonlinear modeling
(NLM) stage. MPA is based on minimizing the weighted sum of dispersions
in the first stage of PDM search and the weighted residual sum of squares
(WRSS) in the second and the third stages of LN and NLM modeling, over
all channels simultaneously. Both the full analytical details and the compu-
tational testing results have been presented in Papers II and V. Here, we give
a brief review of the articles.

In Paper II, the test of MPA was done by applying the method to two
groups of simulated data. Each group contains twelve simulated data sets,
which represent typical multi-channel photometric observations. The testing
results have been compared with the analyses of the single channels. The
comparisons show that MPA has advantages both in searching the real pe-
riods and in computing the final values with higher accuracies upon those
obtained by analyzing only the separate single channels.

1) The first stage of PDM search is able to detect existing periods in a
wide range of time scale for a given data set. In this rough search stage,
the identification of spurious periods is done with the data window of the
spacing of observation time points. A more general mathematical expression
is also derived for the identification of spurious periods originating from the
interplay of a correct period with periodicities in the observing times. The
PDM can identify and provide initial estimates for all real periods.

2) The second stage of LM is an intermediate stage, which refines the
periods from PDM with much smaller equal step size increments of trial
frequencies. The modeling in LM stage is linear because the periods are
fixed and only the amplitudes of the harmonics are modeled. It is solved by
the conventional linear least square (LS) solution. The purpose of the LM
is to provide best initial values and correct bracketing (the search range for
periods) for the final optimization in the NLM stage.

3) The third NLM stage does not use multidimensional nonlinear mini-
mization directly, because of the above discussed pitfalls of such an approach.
Instead, each minimization step is splitted into a linear multidimensional step
(for model amplitudes) and a nonlinear one-dimensional step (for the period).
In practice, the final period is found by a one-dimensional Brent minimiza-
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tion, performed using a subroutine that for each fixed period returns the best
fitting harmonic model amplitudes obtained by LS solution. The procedure
continues until the period yielding the minimum of WRSS is found. Brent’s
algorithm also gives the error estimate for the period computed from the
WRSS hypersurface.

Paper II shows that the three stage MPA performs successfully for si-
multaneous multi-channel photometric observations. The advantage of MPA
over traditional TSA can be summarized as following:

1. Because the multichannel analysis method only makes summing of
D(P ) of Eq. (2.12) or WRSS of Eq. (2.42) over individual channels,
this allows the physical light curves in different channels to vary, as long
as the periods are identical in all channels. Thus MPA has a wider field
of application than the normalization approach which makes the im-
plicit assumption that the light curves are identical in different channels
except for their amplitude scales. Also, there is no need for separate
processing of raw data before the application of MPA.

2. The application of MPA on the simulated data demonstrates that it
gives more accurate results than the analysis of the single channel data,
even when compared to that individual channel which has the best
signal to noise ratio. For most cases, MPA is efficient and accurate in
detecting periods in the multichannel data, especially for noisy data,
for which the traditional approach of analyzing separate channels may
lead to erroneous results.

As the noise level increases in the data, the simulated period may not
be recovered from the analyses of channels separately. On the other
hand, combining all channels into our multichannel PDM search, the
real period can be recovered as the deepest minimum in the D(P ) peri-
odogram. The reason here is the fact that D(P ) is a simple summing of
Dc(P ) of all channels. For the large noise cases in Dc(P ) periodogram,
the large noise combined with the interference between the two selec-
tion criteria L(tij), g(tij, P ) (see Paper II for explanations) and the data
gaps in time, can cause deep spurious minima. Because these spurious
minima usually occur at different trial frequencies in different channels,
they are suppressed when summing into D(P ), while the minima of the
real periods accumulate into an even deeper minimum.

3. If some channels are totally corrupted and contain only noise, the ap-
plication of MPA should omit these channels. Thus for such kind of
data, it is still necessary to analyze all channels separately in order
to make an initial identification of the real periods. The subsequent
application of MPA then gives the final optimized value of the periods
with reasonable error estimations.
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4. The recovered period values and their error estimates rely on two as-
pects of the original observational data: the observation accuracies and
the number of observations. In particular, increased number of data
points in MPA means usually improved accuracy. Nevertheless, the
former aspect needs also attention: correct error estimation depends
crucially on knowing the true errors of the original data points.

5. The basic structure of the three stage method (PDM, LM and NLM) is
very logical. For a given data set, we may not know where the true pe-
riods are located. Thus, the role of PDM is to detect existing periods in
a wide range of time scales with the help of the data window to identify
the spurious periods. LM refines these periods with much denser trial
frequencies and provides best initial values and correct bracketing for
NLM. The final optimized value of the periods and all other modeling
parameters with their error estimations are given by NLM. Note that
for some special cases not all three stages are needed: the LM and/or
NLM stages can be used to refine the period and compute a model also
in a case where the data have been analyzed earlier (for example this
has been done in paper IV).

Paper V tackles another problem in the modeling procedure when multi-
ple periodicities are encountered in time series analysis for the photometric
observations. For example, multiple periodicities are encountered in both
Papers III and IV and the final optimization of the periods then depends
on the modeling the lightcurves. The paper V tries to compare the accuracy
between complete modeling and componentwise modeling for the multiple pe-
riods. The complete modeling is performed by building a full model including
all detected periods and varying them simultaneously in a multi-dimensional
period space. The componentwise modeling fits first a model containing
only one detected period and interprets the effects from all other periods
as random noise. Both mathematical formalism and statistical simulations
for the two modeling types are presented in the paper. The work in Paper
V supports the subtracting and optimizing technique of recovering multiple
periods, as is done in the MPA of the photometric observations in Papers III
and IV.



Chapter 3

Applications of multichannel

period analysis to photometric

observations of brightness

variations of stars

3.1 Solar and stellar differential rotation

Differential rotation means that different parts of a rotating object move
with different angular velocities (rates of rotation). The phenomenon usually
occurs when the rotating object is not solid. Most astrophysical objects are
not solid (such as stars, accretion disks and galaxies etc.) and thus usually
show differential rotation. The examples in our solar system include the Sun,
Jupiter and Saturn. The Sun and stars are giant balls of gaseous plasma and
their different parts spin at different rates.

Mathematically, solar and stellar rotation can be described with the dif-
ferential rotation rate. In the case of the Sun, the rate of rotation is fastest
at the equator (latitude θ = 0◦) and decreases as latitude increases. The
rotation rate is described by the equation:

Ω(θ) = Ωeq − ∆Ω sin2 θ (3.1)

where Ω(θ) is the angular velocity in degrees per day at latitude θ, Ωeq is the
equatorial angular velocity and ∆Ω = Ωeq − Ωpole is the difference between
equator and pole. Both Ωeq and ∆Ω are constants such as for the Sun:

Ωeq ≈ 14.18◦ /day , ∆Ω ≈ 3.15◦ /day .

At the equator the solar rotation period is 25.38 days, which is called the
sidereal rotation period.

For the convenience to describe the degree of star’s differential rotation,
we define a differential rotation parameter α as

29
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α = ∆Ω/Ωeq. (3.2)

For the Sun α ≈ 0.2 and the lap time is 115 days, which is the time the
equator needs to overtake the poles by one full rotation. The above equa-
tions have been commonly used for characterizing the observations of stellar
differential rotation (Donati and Collier Cameron, 1997; Kovári et al., 2004).

For the Sun, the rotation constants have been measured by following the
motion of various features (tracers) on the solar surface (St. John, 1918).
The first and most widely used tracer are sunspots. At the start of a new
sunspots cycle, the sunspot groups form at middle latitudes. As the sunspot
activity rises and then declines, the sunspot groups subsequently form at
latitudes closer to the equator. Because the equator is rotating faster than the
poles, the mean rotation period marked by sunspots progresses from longer to
shorter periods. When a large sunspot group crosses the visible hemisphere
of the Sun, the observed variation of the solar integrated flux is less than
1%. Comparing with up to 30% variations for the RS CVn and BY Dra
stars, the starspots may be very different from sunspots. The sensitivity of
the ground-based stellar photometry used is not sufficient to detect solar-type
spots on stars. Thus, the properties of the starspots detected by photometric
methods differ from those of sunspots. Only modern space telescopes can
observe solar and stellar low-amplitude light variations: it has only recently
become possible to track the solar differential rotation by the modulation in
the flux caused by sunspots (Hempelmann, 2003).

3.2 Stellar magnetic fields and dynamos

Magnetism pervades the Universe. Planets, stars and entire galaxies all have
associated magnetic fields. Magnetic fields are generated by the motion of
electrically conducting fluids, which is the so-called dynamo effect. Stellar
magnetic fields are thought to be generated by magnetohydrodynamic dy-
namos. The precise details of what drives the motion and what the fluid
consists of, have not been fully understood. Magnetic fields are also crucial
in the formation of stars.

The basic theory of stellar dynamo magnetic field generation was ini-
tially developed by Parker (1955) and further elaborated by Steenbeck et al.
(1966) and Parker (1971). Recent progress in the theory of solar and stellar
dynamos has been reviewed by Brandenburg and Dobler (2002) and Rüdi-
ger and Hollerbach (2004). Particular emphasis is placed on the mean-field
theory which tries to describe the collective behavior of the magnetic field.
The dynamo theory can describe the global geometry and behavior of solar
and stellar magnetic fields by the stability of dynamo modes with different
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symmetries (Brandenburg et al., 1989). For instance, the 11-year sun spot
cycle agrees with an axisymmetric mean-field dynamo dipole-like mode. Sim-
ilarly, starspot cycles may be associate with an axisymmetric quadrupole-like
mode, in which case the symmetry is with respect to the equator.

Solar and starspots are closely associated with their dynamo magnetic
fields. High-latitude spots on very active stars can be explained by non-linear
models for flux-tube instability (Schuessler et al., 1996). In a rapid rotator
with a dynamo operating near the base of the convection zone, the effect of
the Coriolis force makes flux tubes to emerge nearly parallel to the rotation
axis. This produces high-latitude activity even if the dynamo amplifies the
field only at low latitudes. Such a model is capable to reproduce the sunspot
behavior as well (Caligari et al., 1995). In addition to rapid rotation, the
depth of the convection zone, stratification and magnetic field strength play
an equally important role in the poleward deflection of rising flux-tubes. In
particular, the size of the stellar core affects the magnetic curvature force
and the rise time, while gravity determines the strength of the buoyancy
force. Cool stars with external convection envelopes exhibit various magnetic
phenomena similar to those observed on the Sun.

Starspots originate from stellar dynamo magnetic fields and thus provide
the best window from which we can see through stellar magnetism and un-
derstand the stellar dynamos. On the other hand, the Sun is a slow rotator
with low activity. Studying stars rotating as slow as the Sun help us to know
what to expect from the Sun in the future. A butterfly diagram is a com-
bination of two effects: stellar surface differential rotation and systematic
latitudinal shift of star spot regions over an activity cycle. Monitoring over
the period of at least one activity cycle can yield a stellar butterfly diagram.
The groundbased automatic photometric telescopes (Henry, 1999) are precise
enough for observations of the butterfly diagrams (Strassmeier et al., 1997).
A remarkable progress in observational facilities and numerical techniques for
studying starspots has been achieved in the last two decades. High precision
stellar photometry gives us a deep insight into the nature of starspots and
underlying magnetic fields (Walker et al., 2007; Croll et al., 2006). Differen-
tial rotation is a key parameter for stellar dynamos. A theoretical study of
its dependence on the rotation rate and spectral type is important for inter-
preting observations. A noticeable progress in such modeling was achieved
by Kitchatinov and Rüdiger (1999).

3.3 Differential rotation and multichannel

period analysis

Differential rotation is a fundamental ingredient of hydromagnetic dynamo
theory. Measurements of the solar differential rotation set an observable
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boundary condition to the amount of the internal differential rotation. In
the hydromagnetic dynamo theory, the interaction of internal differential ro-
tation, convection, and turbulence generates and sustains the magnetic fields.
However, no current dynamo model can fully recreate the spatial and tem-
poral properties of the Solar magnetic field. The study of stellar differential
rotation may help to solve the problems and improve our understanding of
the Sun and the stars. Precise measurements from the observations of stellar
differential surface rotation are important for understanding the connections
between stellar dynamo theory, differential rotation, and stellar surface spots.
The MPA may provide the answers using observations of the stellar photo-
metric variability.

It is not yet possible to directly observe stellar surface differential rotation
from the migration of starspots. The study of the stellar surface differential
rotation has so far been based on two basic approaches: the changes in
Doppler-imaging maps (Donati and Collier Cameron, 1997; Korhonen et al.,
2000) and the changes in the rotation period as modulated by starspots in
the lightcurves (Reglero et al., 1986). For stars with significant spot cover-
age, the presence of differential rotation can be well deduced with the second
approach. This approach has been based on broadband photometric mea-
surements (Hall, 1991) and on time variations in Ca II H&K emission-line
fluxes (Vaughan et al., 1981; Baliunas et al., 1983, 1985; Donahue et al.,
1996).

Various numerical techniques have been applied to study the properties
of starspots. These methods include light-curve modeling and inversions
(surface imaging), Doppler and Zeeman-Doppler imaging, molecular line di-
agnostics, asteroseismology, etc. Detailed reconstructions of starspot sizes,
shapes, and positions have been attempted by the ‘surface imaging’ tech-
nique. It shows that the shape and amplitude of both the brightness and
color variations yield typical ‘effective’ spot temperatures near 3400 ± 200K,
generally 1000 - 1200K cooler than the unspotted regions. This indicates
that the spotted areas are huge compared to those of sunspots. Starspots
reconstructed so far tend to show an extensive coverage (up to 40% of the
stellar disk), and the presence of polar spots is frequently inferred. Such large
cool spots when passing over stellar disks cause large variations in brightness
(up to 0.6 mag) and strong line profile distortions in the spectra of rapidly
rotating stars. Analysis of time series of spectral line profile variations using
Doppler imaging techniques provides the spot distribution over the visible
stellar surface. Doppler images reveal that spots on cool rapidly rotating
stars are preferably formed at higher latitudes, from 30◦ up to the visible
pole, in contrast to sunspots which on average appear at latitudes below
30◦. Magnetic field measurements suggest that the large starspots represent
active regions consisting of smaller, mixed polarity spots.

In RS CVn and BY Dra variables, differential surface rotation is a consis-
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tent explanation of ‘wave migration’ or changing periods observed in the light
curves (Vogt, 1981; Dorren and Guinan, 1984). Surface differential rotation
has been attributed as being the cause of changing or dual periodicities in the
nearby young solar analogue HN Peg in Paper III and also in chromospheric
records of some sample of stars in Wilson (1978). These stars have been
monitored on a nightly basis since 1980 (Baliunas et al., 1985). The rota-
tion of the Sun differs by 3% within the restricted latitude zones of sunspots
(Labonte, 1984). However, because the latitudes of the star rotation trac-
ers are undetermined from the chromospheric records alone (Gilliland, 1984;
Baliunas et al., 1985), it is difficult to compare the solar and stellar results.
For spotted stars, accurate determinations of the differential rotation peri-
ods (usually short, a few days) are possible. Early estimates of differential
rotation where obtained by Vogt (1983).

Two types of behavior in the time series of chromospheric records im-
ply surface differential rotation. Firstly, the periods significantly vary from
one season to the next. Active areas presumably form at a different lati-
tudes and hence show a different period, when one season is compared with
another. Secondly, two or more periods can be present simultaneously in
a given season, which suggests two or more active areas rotating differen-
tially with respect to each other, probably because they formed at different
latitudes within the season. The growth and decay of active areas forming
at different longitudes can mimic the signal of the multiple periods in the
seasonal time series (see Paper III for HN Peg and Paper IV for LQ Hydrae).

The stellar photometry is commonly done by collecting stellar photons
through different filters (passbands) at the same time. For this kind of multi-
channel data, traditional TSA methods analyze first the separate bands and
then combine these analyses to get a final result, but this introduces arbi-
trary errors. In another approach all passband data are normalized to allow
a simultaneous analysis, but it can cause discrepancies due to distortion of
the light curves. In order to maximally use the information and to reach
higher precision, we devised in this PhD work the multichannel period anal-
ysis (MPA) package for the simultaneous analysis of multichannel data (see
section 2.5 and Paper II). The aim of MPA is to reach higher accuracy, not
only for the primary period (modulation of the primary starspot region), but
also for the additional secondary periods (modulation of the secondary spot-
ted regions). The more precise measurements of stellar rotation periods give
more precise estimates of differential rotation rates and thus give us more
solid foundation for interpreting stellar magnetic fields and hydromagnetic
dynamo theory.
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3.4 Summary of Papers I, III and IV

The MPA application to real photometric observations in this PhD work was
conducted in Paper III for HN Peg and in Paper IV for LQ Hydrae, while
TSA for V815 Herculis in Paper I still uses the earlier normalization method
by Jetsu and Pelt (1999). Here, we briefly review the work reported in Papers
III and IV and make conclusions about the usefulness of MPA.

HN Peg is a nearby young solar analogue exhibiting variations in the
Ca II H&K emission flux. We chose it as a useful candidate for testing
the MPA method, because of the ambiguous period variations reported by
previous authors, likely to indicate the presence of multiple periods (see the
introduction part of Paper III).

Paper III is the first application of MPA to real observations. All the
three stages (PDM, LM and NLM) have been fully performed for HN Peg.
The first stage of PDM search shows its ability to identify multiple periods by
analyzing the residuals after subtracting the previously known periods. The
following stages of LM and NLM can constrain the periods to a satisfactory
degree through a one-dimensional refinement. The final period refinement
optimizes only one period in the original data and interprets the effects from
other periods as random noise.

Paper IV for LQ Hydrae is the second application of MPA to real observa-
tions. Because of the closeness of multiple periods of LQ Hydrae, the original
data cannot be always used for optimizing the periods, except for the first
significant period which corresponds to the largest amplitude. This makes
the main difference from the case of HN Peg. For the case of LQ Hydrae,
the direct use of LM spectra simplifies the computational analysis and shows
the method’s powerful ability to identify the multiple periods by subtracting
the most significant minimum in the multichannel spectrum. Also, the NLM
constrains the periods with higher accuracy than what could be obtained
from a single channel.

In Paper III, the MPA detects two photometric periods of HN Peg, with
the longer one almost constant near 5.1 days and the shorter one fluctuat-
ing within 4.4–4.8 days. The spot modulation by the differential rotation
of HN Peg may consist of two distinct latitude zones of spot activity cor-
responding to the two periods. The spots corresponding to 5.1 days would
be confined to within a very narrow range of latitudes, and the other spot
latitude range corresponding to 4.4–4.8 days would be broader. The sug-
gested existence of two latitude zones of activity in this young solar analogue
matches closely what is seen in the Sun.

In Paper IV on LQ Hydrae, the MPA detects a primary period of 1.60–
1.61 days, existing in all observing seasons, while additional secondary pe-
riods during different seasons expand the entire period range to be three
times wider (1.585–1.625 days). This may tell us that the primary long-lived
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spots on LQ Hydrae are constrained between two latitudes corresponding to
two different rotation periods of 1.60 and 1.61 days, while some new surface
structures temporary exist at different latitudes corresponding to the larger
period range. It is important that these additional spot structures are also
detectable with our MPA measurements.

In summary, the applications of the MPA to the two stars demonstrate
that the method allows us to reach high precision in the analysis of mul-
tichannel photometric observations. Papers III and IV are fundamental for
further application of MPA to other stellar photometric time series. It is very
interesting and important to see how the measured periods change and fur-
ther investigate their cyclicity. But for further investigation of the starspot
cyclicities, longer datasets are required (usually from a few years to several
decades). Because the photometric data lengths used in the two papers are
not yet long enough to allow us to make firm conclusions, we haven’t touched
these long-term cyclicities.

3.5 Discussion and future prospects

A key mystery in stellar magnetohydrodynamics is the cause of stellar dif-
ferential rotation. The question whether TSA for stellar photometry is an
appropriate tool to detect stellar differential rotation must be clarified for
both the future stellar photometry and the TSA techniques. In this section,
we attempt to give a brief answer to that, not only for rapidly rotating stars
with high activity levels, but also for slowly rotating stars with low activity.

Rapidly rotating stars are typically covered by spots, often located near
the rotation poles (Strassmeier and Linsky, 1996). These spots modulate
the stellar broad-band photometry. The modulations are easily detected
in the photometric variations. This allows our TSA analysis to measure
the photometric period and the differential rotation. The photometric TSA
methods are mostly applied to rapidly rotating active stars such as in the
case of HN Peg and LQ Hydrae. When extended cool spots dominate the
light curve and cause observable amplitudes to be stable over many stellar
rotations, photometric TSA is a powerful tool to analyze differential rotation
of the active star.

The amplitudes of photometric variability of low-activity stars like the
Sun cannot be detected by groundbased telescopes with typical detection
limit of one millimag. The photometric TSA becomes difficult to apply to
these slow rotators concerning activity and differential rotation. Knowledge
of the activity and differential rotation of these stars has depended on CaII
H+K observations (Baliunas et al., 1985, 1995; Donahue et al., 1996). The
question is still open whether the future photometric precision allows TSA to
be successfully applied to the stars with solar-like activity levels as what has
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been done for HN Peg and LQ Hydrae in this PhD work. At present, the only
practical method for detecting the presence of surface differential rotation
for slowly-rotating stars relies on the indirect measurement of the stellar
butterfly diagram such as Doppler imaging (Jeffers et al., 2007; Marsden
et al., 2005).

The photometric period analysis strongly depends on the data length
applied. The change in mean latitude of the star surface inhomogeneities
modulates its light variations and allows us to apply MPA to determine the
rotation period change correlated with the stellar long-term activity cycle.
However, searching for the correct period is hampered by the evolution of
star’s active regions which introduces variability in the amplitude and phase
of the modulation. Detecting this evolution becomes the most difficult and
unavoidable task in the photometric MPA. The most important part of the
photometric MPA concerns the division of the entire data into reasonable
segments before its application. Too small sub-divisions give rise to an in-
sufficient number of data points for MPA. It occurs usually in this kind of
situation that MPA recovers only the primary period (or not any periods at
all) from the sub-divisions, while their error estimates are so large that they
appear to agree with the mean value within their errors. The information ob-
tainable from the original data is thus not fully recovered. On the other hand,
accumulating more data in a longer time span may also prevent meaning-
ful periods from being derived. This is because in the presence of multiple
periods, the variations of the periods, the phase shifts, and the long-term
variation of the mean brightness of the star, all tangle together intrinsically.
For a maximum use of information and the correct MPA application, we have
to know how to balance all these factors: we need to consider the stability
of star’s cool spots and bright faculae, as well as the rapid evolution of spots
on time-scales comparable to the star’s rotation period.

Mathematically, MPA uses the subtraction procedure to pick up one-by-
one the multiple periods (for HN Peg and LQ Hydrae in this PhD work).
Questions arise if the first significant period is precise enough, and if not,
how accurate is the second one, the third one, etc. It is clear that subtract-
ing one period with an incomplete model will inevitably add extra noise to
the residuals, and the noise will increase as the procedure continues. Thus,
the periods may not be recovered with sufficient precision in the one-by-one
manner, especially those with small amplitudes. This will become more evi-
dent as larger noise and more periodicities are added into the real process. It
is obvious that not all periods can be recovered due to the insufficient data
sampling and the observational errors. The best we can do is to be cautious
when performing the subtraction procedure during MPA, and to use all ex-
isting knowledge about the star’s physics. The PPDs provide the best check
for a correct period. When folding the data points with the period found, dis-
tinguishing the pattern of data point distribution in the light curve, whether
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randomness or noisiness, gives us the degree of confidence of the period. The
photometric MPA of HN Peg and LQ Hydrae show its ability in analyzing
the patterns of the stellar surface differential rotation when viewed through
modulated star spots. The MPA technique demonstrates itself as a suitable
method for studying stellar differential rotation and monitoring the stellar
butterfly diagram with satisfactory accuracy.

Starspot region lifetimes may exceed several years. The degree of spotted-
ness varies with time, which shows up as slow changes in the mean luminosity
on time scales of years. It has also been found that some of these changes
are cyclic, which indicate the presence of cycles in both the spot formation
rate and the stellar magnetic activities, which can be predicted with the dy-
namo modes. Concerning this long-term spot activity cycle (such as 11-year
of the sunspots), the data length in respect to the the cycle length must be
considered. For homogeneously sampled data with daily gaps and seasonal
gaps typical to astronomical photometry, it is commonly required that the
data length is at least ten-times than the period to be detected, to ensure a
correct TSA performance. Also, a sufficient amount of data should be pro-
vided to obtain a clear PPD plot. In the case of LQ Hydrae in Paper IV, the
longest data segment for MPA has a time span of 237 days but contains only
181 observations in V channel. This is due to the daily observational gap,
weather and instrumental problems. This time span is about 148 rotations of
LQ Hydrae with the period of 1.6 days. Combining all seasonal observations
(for about half a year) of LQ Hydrae for MPA makes the assumption that
the modulation of the differential rotation is not yet too much affected by
the evolution of star’s active region, such as causing variability in the mean
magnitude, amplitude and phase.

Very high precision data may give us a clear period even when the data
length is only two or three times the period. But for a star with long-term ac-
tivity cycles this may not be enough. Even if the photometric data have good
precision and sampling coverage in time, at least three cycle lengths should
be covered. This is the reason why our MPA technique has not been ap-
plied to study the stellar long-term activity cycles. Clearly, this will become
one of the future tasks of our photometric MPA. Space automatic photomet-
ric telescopes will accumulate stellar photometric data with unprecedented
high precision. The MPA method in principle can be applied to the data
obtained by the space projects such as MOST1 (Microvariablity and Oscilla-
tions of Stars, see Walker et al. 2003) and COROT2 (COnvection, ROtation
and planetary Transits, see Weiss et al. 2004).

1MOST is a scientific satellite of the Canadian Space Agency and designed to perform
high-precision stellar photometry from space.

2COROT is a space mission led by the French Space Agency with the collaboration
of many European countries and Brazil. Its main scientific goals are the study of stellar
variations and the detection of extrasolar planets.
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