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Abstract
The present dissertation deals with the evaluation of multiple-input multiple-output (MIMO) radio
channel characteristics from time-division multiplexing (TDM)-switched MIMO channel sounding.
The research can be divided into three main areas. First, the impacts of phase noise in TDM-switched
MIMO channel sounding on channel capacity are studied. Second, we focus on those impacts on
channel parameter estimation using the SAGE algorithm. And in the last part, spatial correlation,
channel eigenvalue distribution, and ergodic capacity in realistic environments are analyzed.
The rationale behind the first two areas is that most advanced MIMO radio channel sounders
employ the TDM technique, which has significant problems from phase noise of the TX and RX
phase locked loop (PLL) oscillators causing measurement errors in terms of estimated channel
capacity and parameters. We propose statistical models that reproduce the capacity estimates. The
effects of the sounding mode (SM), the length of pseudo-random noise (PN) sequence L of the
sounding signal, and the system size are disclosed. The distinctive basis is to consider the impact of
the actual phase noise in TDM switched MIMO channel sounding, instead of assuming white
Gaussian-type phase noise. In a reality, the short-term phase noise component affecting one
measurement cycle of a MIMO system plays an important role in the traditional estimators of the
radio channel parameters and capacity. We show that the performance impairment is less than that
been under the hypothesis of uncorrelated white Gaussian phase-noises samples. The difference is
due to the non-vanishing correlation of phase-noise within the measurement cycle. Two approaches
to mitigating the impact of phase noise are proposed. The former is the simple and efficient sliding
averaging method, where the signal-to-noise ratio (SNR) of the channel impulse response can be
increased. The latter is the choice of SM and L, which is more thorough. In the second part, two
approaches to mitigating its impact on channel parameter estimation using the SAGE algorithm are
also discussed. Besides the sliding averaging, which in general can increase the SNR, the new SAGE
algorithm based channel parameter estimation based on the improved signal model accounting for the
phase noise in the measurement device is proposed. Finally, the channel eigenvalue distribution and
ergodic capacity based on complex hypergeometric functions and their asymptotic characteristics are
analyzed. It is shown that the derived theoretical expressions closely approximate the simulated
results of the measured finite-dimensional MIMO channels. The spatial correlation and the
eigenvalue statistics in frequency selective channels for single and dual polarized antennas are
investigated. This knowledge is useful when different MIMO and beamforming techniques are
applied.

Keywords: channel capacity, channel characteristic, channel parameter estimation, phase
noise, TDM-switched MIMO channel sounding
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List of symbols and abbreviations
c1 (Ω)

response of the transmit array to a wave impinging from direction

c2 (Ω)

Ω
response of the receive array to a wave impinging from direction
Ω

f (·)
F (·)

probability density function
empirical cumulative distribution function

G
G

guard interval
NR ×NT matrix with i.i.d. circularly symmetric complex Gaussian

h (·)

distributed with zero mean and unit variance
differential entropy

H
hnm

MIMO channel matrix
channel coefficient between transmit antenna m and receive an-

INR

tenna n
NR × NR identity matrix

I (x; y)
j

mutual information between x and y
imaginary unit

NR
NT

number of receive antenna elements
number of transmit antenna elements

N µ, σ 2
P
p(t)

Q (·)
ℜ (·)



normal distribution with µ mean and σ 2 variance
power of sounding signal
shaping pulse
log-likelihood function or Q-function
real part

Rϕ (τ )
s(θl )

phase noise sample at autocorrelation of ϕ (tk )
output vector of the receive array

Tcy
TG

one cycle duration
guard interval

Tp
Tr

duration of shaping pulse
interval between two successive scans of Switch 2

Ts
Tt

duration of sounding signal
interval between two successive scans of Switch 1
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u(t)

sounding signal

w
WH

zero-mean complex Gaussian vector
central Wishart matrix

w(tk )
y(t)

2
white Gaussian noises process with variance σw
= E[w(tk )2 ]
output signal

0
1N R

all-zero matrix
all-one matrix of size NR × NR

ρ
ηk (i, ·)

average receive signal-to-noise ratio
permutation description of the sounding mode of Array k during
the ith cycle

(HHH )
λk
Ω1,l

non-zero eigenvalues of HHH
direction of departure of the lth propagation path

Ω2,l

direction of arrival of the lth propagation path

τl
νl

propagation delay of the lth propagation path
Doppler frequency of the lth propagation path

αl
φ

complex weight of the lth propagation path
azimuth of Ω

φm
ϕ(ti )

mth order AR parameter
phase noise vector in the ith cycle

ϕnm (ti,n,m ) phase noise sample at ti,n,m
θ
coelevation of Ω
θl
θn

parameters vector characterizing the lth wave
nth order MA parameter

µA
µA|B

mean vector
conditional mean vector

2
σW

component variance of the vector-valued complex white Gaussian
noise with a component variance

ΣA

covariance matrix

ΣAB
ψX (t)

cross-covariance matrix
characteristic function of Gaussian distribution of random variable X

ACF
AIC

autocorrelation function
Akaike Information-theoretic Criterion

AR

autoregressive
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ARMA

autoregressive moving

ARIMA
AWGN

autoregressive integrated moving average
additive white Gaussian noise

BS
CDF

base station
cumulative distribution function

c.f.
CL

characteristic function
code length

CRLB
d

Cramér-Rao lower bound
differencing

dB
DF

decibel
Doppler frequency

DOA
DOD

direction of arrival
direction of departure

DPE

deterministic parametric estimation

DP
DS

dual polarization
direct sequence

(E-) step
ESPRIT

expectation step
estimation of signal parameter via rotational invariance techniques

FIM
I

Fisher information matrix
total number of cycles

i.i.d.
L

independent and identically distributed
length of PN sequence

LOS
LPF

line-of-sight
low-pass filtering

LT
(M-) step

long-term
maximization step

MIMO
MSEE

multiple-input multiple-output
mean-square estimation error

MUSIC

multiple signal classification

NLOS
OF

non line-of-sight
objective function

PDF
PLL

probability density function
phase locked loop

PN
PSBE

pseudo-random noise
parametric subspace-based estimation
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PSD

power spectral density

rad
RAMs

radian
radar-absorbing materials

RF
RMS

radio frequency
root mean-square

RMSEEs
RX

root mean-square estimation errors
receiver

SAGE
SISO

space-alternating generalized expectation maximization
single-input single-output

SM
SNR

sounding mode
signal-to-noise ratio

SP
ST

single polarization
short-term

TDM

time-division multiplexing

TX
U and UB

transmitter
upper bound

WLAN

wireless local area network

◦
⊗

element-wise Schur-Hadamard
Kronecker product

|a|
magnitude or absolute value of a
|A| or det |A|
(A)

H
T

transpose of matrix A
inverse of matrix A

∗

conjugate of matrix A
estimated A

(A)
(A)−1
(A)
Â

determinant of matrix A
transpose conjugate of matrix A

Ã

observed A

Ā
[A]nm

average of matrix A
nth row and mth column element of matrix A

arg max {·}
arg min {·}

argument of the maximum
argument of the minimum

Cκ (X)
E[·]
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complex zonal polynomial of a complex matrix X
expectation value

exp (·)

element-wise exponential

L
0 F0 (A, B)

lag operator
hypergeometric function of Hermitian matrix arguments of the ma-

lim (·)

trices A and B
limit operation

log (·)
log2 (·)

natural logarithm
base 2 logarithm

max (a, b)
min (a, b)

maximum function selecting the largest value between a and b
minimum function selecting the smallest value between a and b

trA
vec (·)

trace of matrix A
vector operation

◦

(·)
Γ (·)

degree
gamma function

Γm (·)

complex multivariate gamma function
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Introduction
“Propagation is at the heart of any wireless system; it sets the ultimate limits for other fields of communications engineering” –Ernst
Bonek
“Seen from a signal processing point of view an impulse response and
the corresponding transfer function are "sexy".” –Bernard H. Fleury

1.1

General

With the evolution of wireless communications, the growing demand of mobile
applications is constantly increasing the need for better coverage and higher
quality of service. Furthermore, to facilitate the implementation of high-speed
data services, very high data rates are required for future generations of mobile
radio systems. The increase in traﬃc puts a demand on both manufacturers and
operators to provide enough capacity in the networks. So far, using a cellular
system is by far the most common wireless method to access data or to perform
voice dialling. But in the near future, we will be surrounded by numerous options
for setting up an unwired connection over the radio interface. One of the popular
catch phrases for the fourth generation wireless communications system (4G) is
“always best connected,” meaning that your wireless equipment should connect to
the network or system that at the moment is the best for you. One of the means
to provide this improvement is to use array antennas combined with ﬂexible
spectrum use. The capacity enhancement can be obtained if multiple antennas
are used at both the receiver and transmitter in an environment presenting
suﬃcient scattering. This concept, which has been recently a matter of great
interest, consitutes a multiple-input multiple-output (MIMO) system, Foschini
& Gans (1998), Telatar (1999). To study the system design and the performance
analysis of MIMO communications system, a reliable and realistic MIMO radio
channel model is required. To achieve this, accurate channel measurements are
needed.
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1
1
RX

TX

NT
v

NR

Fig 1. Illustration of a MIMO system with multiple transmit and receive antennas.

1.1.1

MIMO radio channel

In communication systems transmitting information from one point to another,
the available transmission channel is of great importance to the performance. If
the transmission channel is not ideal, the received signal is a modiﬁed version of
the transmitted signal. The receiver (RX) basically regenerates the message sent
by the transmitter (TX). This task is feasible if good information of the channel
is available to the RX. In a radio channel, the whole environment in which the
radio signals are propagating aﬀects the signal. A typical mobile radio propagation environment consists of a number of objects altering the transmitted signal
with respect to amplitude, phase, direction, frequency, and polarization. This
results in each propagation path with diﬀerent parameters such as delay, directions, phase, Doppler shifts (due to the moving scatterers or/and TX or/and
RX with velocity v), etc. This eﬀect is called multipath propagation (see Fig.
1). In addition to the multipath propagation, the transmitted signal is distorted
by noise and possible interference from other radio signals. In MIMO wireless
communication systems, multiple antennas are used at both the TX (NT elements) and the RX (NR elements). As a consequence, the MIMO radio channel
is described for all transmit and receive antenna pairs. With such a system,
20

direction of departure (DOD) and direction of arrival (DOA) can be measured.
Considering an NR × NT MIMO system, a linear time-variant MIMO channel
obtained from a measurement is represented by an NR × NT channel matrix


h11 (t, τ )
h12 (t, τ ) · · · h1NT (t, τ )


h22 (t, τ ) · · · h2NT (t, τ ) 
 h21 (t, τ )
,
H(t, τ ) = 
(1)
..
..
..
..


.


.
.
.
hNR 1 (t, τ )

hNR 2 (t, τ )

· · · hNR NT (t, τ )

where hnm (t, τ ) denotes the time-variant impulse response between the mth
transmit antenna and the nth receive antenna. If polarization is to be included,
each element of the matrix H(t, τ ) is replaced by a polarimetric submatrix describing the coupling of vertically and horizontally polarized modes Yin et al.
(2003). The measured channel matrix in (1) includes the eﬀects of antennas
(type, conﬁguration, etc.) and pulse shaping eﬀects (bandwidth-dependent). If
the channel is time-invariant, the dependence of the channel matrix on t disappears, in this case H(t, τ ) = H(τ ). If the channel is also frequency-ﬂat, which
is typically the case of narrowband systems, the channel matrix is non-zero only
for τ = 0, in this case H(t, τ ) = H.

1.1.2

Time-division multiplexing (TDM)-switched MIMO
channel sounding systems

A channel sounding system is a communication system where the message signal
is known to the RX in advance. The purpose of such a system is based on a
received signal and a priori information of the transmitted signal to estimate the
parameters of the propagation channel according to some model.
Besides the parameters such as delay, Doppler frequency (DF), and complex
gain of the propagation, which can be estimated from a sounding system with
one TX antenna and one RX antenna, MIMO channel sounding systems can also
estimate DOD and DOA. Spatio-temporal sampling has to be applied at both
the TX and the RX sites. This is done by equipping the TX and the RX with
arrays of antenna elements. For channel sounding, calibration of the hardware
is required, making the TX and the RX very costly. Thus, instead of using
parallel transmitter and receiver chains, both the TX and the RX can employ
a synchronized time-division multiplexing (TDM) switching to step through all
21
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Fig 2. Block diagram of a TDM-switched MIMO channel sounding system.

the antenna elements (see Fig. 2). Consequently, the radio channel between
diﬀerent transmit and receive antenna pairs are measured separately. More
details of TDM-switched MIMO channel sounding systems are provided in the
next Section.

1.2

Motivation for this thesis

The research has been conducted in three main areas, namely the impact of
phase noise in TDM-switched MIMO channel sounding on channel capacity, the
impact of phase noise in TDM-switched MIMO channel sounding on channel
parameter estimation, and the analysis of the spatial correlation, channel eigenvalue distribution, and ergodic capacity in realistic environments. The rationale
behind the ﬁrst two areas is the fact that most advanced MIMO radio channel
sounders employ the TDM technique, which has signiﬁcant problems from phase
noise of the TX and RX phase locked loop (PLL) oscillators (see Fig. 2), causing measurement errors in terms of estimated channel capacity and estimated
channel parameters. Previous work in Baum & Bölcskei (2004) takes into account the impact of phase noise on channel capacity estimation by assuming
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phase noise to be a white Gaussian process, ignoring its actual properties. It
is shown that a wide-sense stationary random process leads to up to about a
100% overestimation of the channel capacity. In practice, the impact of phase
noise depends on the characteristics of the PLL oscillators at the TX and the
RX. The impact is related to the observation time scale, the sounding mode, the
length of PN sequence of the sounding signal, and the number of transmit and
receive antennas. Therefore, characteristics of phase noise of the practical PLL
have to be considered, Rutman (1978), CCIR (1986), Barnes et al. (1971), Allan
et al. (1988), Conroy & Le (1990), Allan & Barnes (1981). The eﬀect of phase
noise on MIMO capacity estimation has been studied in Almers et al. (2005),
which concentrated only on the long-term, slowly varying noise which is modeled as a zero-mean non-stationary inﬁnite power Wiener process. It is shown
that there is no eﬀect of phase noise on channel parameter and channel capacity
estimation if the Allan deviation at 1 s, σy (1 s) is less than 10−10 . However, all
state-of-the-art MIMO channel sounders which have a rubidium reference clock
easily fulﬁl the above condition. In the actual MIMO measurements and channel
parameter estimation, it is the short-term properties of phase noise which play
an important role. For instance, TDM based measuring of one cycle of a 4 × 4
MIMO channel matrix takes only about 80-160 µs if each TX-RX antenna pair
measurement covers a delay range of 5-10 µs. In the short-term, phase noise is

correlated depending on the noise bandwidth of the PLL oscillator. It is therefore worth investigating the impact of phase noise in the actual measurement
periods.
Due to such severe measurement errors, the studies of mitigating the impact of phase noise are incited. The inﬂuence of the choice of the length of PN
sequence L of the sounding signal, the sounding mode and the size of MIMO
system (NT , NR ) on the capacity estimate are also taken into account. The estimation techniques presently used for estimating the parameters of propagation
paths have not considered the impact of phase noise on them, thus raising the
issues/research questions dealt with in the second part of the research. The
impact of phase noise on channel parameter estimation, in particular using the
high-resolution space-alternating generalized expectation maximization (SAGE)
algorithm, Fleury et al. (1999, 2002), Fessler & Hero (1994), Yin et al. (2003) is
investigated. The mitigation approaches are proposed and discussed later in the
thesis.
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The spatial correlation, channel eigenvalue distribution, and ergodic capacity
are also considered in this thesis. The main motivation for this study is due to
the fact that the existing analytical tools used for these issues are not adequately
linked to reality. The analytical work with the results in the closed-form solutions
is done and compared to those from the measurements in this thesis.

1.3

Author’s contribution

This thesis is based on eight published original papers included in the Appendix
and one submitted journal paper extended from a published conference paper.
The author of this thesis contributed as the ﬁrst author in all the papers. The
three main areas of research in this thesis generated a number of contributions.
First, the impact of phase noise in TDM-switched MIMO channel sounding on
channel capacity was considered (Papers I-III). The study was ﬁrst focused on
the experimental analysis of the properties of phase noise in a realistic TDMswitched MIMO channel sounding (Paper I). Realistic phase noise properties
were taken into account in the investigation. The proper measurement approaches were conducted. In addition, the conventional averaging technique
was applied to decrease the impact of phase noise, which enables more accurate
estimates of MIMO channel capacity. The proposed statistical model makes it
possible to reproduce the capacity estimates that can be obtained from measurement (Papers II and III). The models in these two papers are diﬀerent. An autoregressive moving (ARMA) and an autoregressive integrated moving average
(ARIMA) estimating the parameters according to the short-term phase noise
component and the long-term phase noise component, respectively, were proposed in Paper II. However, the earlier work done in Paper III applied a simpler
autoregressive moving (AR) model for the short-term phase noise. The inﬂuence
of the choice of the length of the sounding signal and the size of the MIMO system were also taken into account in this part (Paper II). The extension of the
work was done in the submitted IEEE Transactions on Wireless Communications
paper, Taparugssanagorn et al. (2007), including the analytical expressions of
asymptotic characteristics of the Allan variance, the upper bound (UB) of the
ergodic channel capacity when the channel is impaired by phase noise. In Paper
III, a diﬀerent way of deriving the upper bound (UB) of the ergodic channel
capacity when the channel is impaired by phase noise was presented. In addi24

tion, the choice of sounding mode was shown to inﬂuence highly the estimated
ergodic capacity in Taparugssanagorn et al. (2007). The theoretical analysis
was elaborated in Pedersen et al. (2008). The proposed methods of mitigating
the impact of phase noise on estimated channel capacity were introduced and
discussed later in Papers I and II.
In the second part of the thesis, the impact on phase noise on channel parameter estimation using the high-resolution SAGE algorithm were studied (Paper
IV). The proposed approaches to mitigating the eﬀect were exploited in Paper
V and presented later in this thesis. We derived a new SAGE algorithm based
channel parameter estimation based on a signal model that incorporates phase
noise. We also carried out theoretical analysis and Monte Carlo simulations to
show that the new algorithm mitigates the eﬀect of phase noise and, in particular, signiﬁcantly outperforms the traditional SAGE algorithm. In addition,
the Cramér-Rao lower bounds (CRLBs) for the estimation were derived to compare the corresponding root mean-square estimation errors (RMSEEs) of the
parameter estimates. The last part of the research is composed of the analysis
of the spatial correlation, channel eigenvalue distribution, and ergodic capacity
in realistic environments. The channel eigenvalue distribution and ergodic capacity based on complex hypergeometric functions in Paper VI as well as their
asymptotic characteristics in Paper VII were analyzed. It is shown that the
derived theoretical expressions closely approximate the simulated results of the
measured ﬁnite-dimensional MIMO channels. Finally, the spatial correlation
and the eigenvalue statistics in frequency selective channels for single and dual
polarized antennas were investigated in Paper VIII.

1.4

Outline of the thesis

This thesis is organized as follows. Chapter 2 reviews brieﬂy the history of
channel sounding and provides an overview of TDM-switched MIMO channel
sounding, describing the timing structure of the sounding signal. The signal
model for TDM-switched channel sounding is also described. The impact of
phase noise on channel capacity is discussed. The fundamental theory on MIMO
channel capacity is refreshed. The traditional high resolution SAGE algorithm
applied to channel parameter estimation is reviewed. At the end of this Chapter, the channel eigenvalue distribution, the ergodic capacity, and the spatial
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correlation are discussed. Chapter 3 presents a summary of the original papers.
Section 3.1 brieﬂy introduces the problem and general scope of the research.
Phase noise in TDM-switched MIMO channel sounding is discussed in Section
3.2. The proposed statistical models for reproducing phase noise are presented
in Section 3.2.1. The impact of phase noise in TDM-switched MIMO channel
sounding on channel capacity is presented in Section 3.3. Section 3.4 deals with
the impact of phase noise in TDM-switched MIMO channel sounding on channel
parameter estimation. The mitigation approaches, including the sliding average
method and the new proposed SAGE algorithm, are introduced and explained in
Subsection 3.4.1. The channel eigenvalue distribution and the ergodic capacity
represented by complex hypergeometric functions of matrix arguments, which
can be expressed in terms of complex zonal polynomials, are analyzed in Section
3.5.1. Section 3.5.2 reviews the asymptotic evaluation of the channel eigenvalue
distribution and ergodic capacity. The investigation of spatial correlation and
eigenvalue statistics of MIMO channel measurements are discussed in Section
3.5.3. The measurement campaigns conducted during the research study are
summarized in 3.6. Finally, conclusions and some directions for further research
in the ﬁeld are included in Chapter 4.
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2

Literature review

This chapter provides relevant background information or parallel work within
the scope of the thesis. A historical review of channel sounding from the classical SISO channel sounding to the modern MIMO channel sounding is given in
Section 2.1. Subsection 2.1.1 particularly reviews TDM-switched MIMO channel sounding, describing the timing structure of the sounding signal. Section 2.2
describes the signal model for TDM-switched channel sounding. Section 2.3 reviews the capacity limits of a MIMO channel. Section 2.4 reports the impact of
phase noise on channel capacity estimation. Section 2.5 is devoted to the traditional high resolution SAGE algorithm applied to channel parameter estimation.
Finally, a review of the spatial correlation, channel eigenvalue distribution, and
ergodic capacity is given in Section 2.6 .

2.1

Historical review of channel sounding

A channel sounding system is a communication system where the message signal
is known to the RX in advance. The purpose of such a system is based on a
received signal and the knowledge of the transmitted signal used to estimate the
parameters of the propagation channel according to a certain model. The history
of radio channel soundings started at the end of the 1940’s, W. R. Young & Lacy
(1950), W. R. Young (1953). The early studies investigated the multipath propagation of radio channels. After the breakthrough theory of Bello Bello (2008) on
radio channel modeling, the big windfall on radio channel sounding reoccurred
in the late 1960’s and early 1970’s Engel (1969), Barsis (1971), Black & Reudink
(1972), Turin et al. (1972), Cox (1972, 1973), W. C. Jakes (1974), Allsebrook &
Parsons (1977), Hata (1980), Lee (1982). In the following decades, investigations
into radio channel characteristics from measurements were continued in many
various scenarios with increased bandwidths Bultitude (1983), Cox et al. (1984),
Devasirvatham (1986), Saleh & Valenzuela (1987), Whitteker (1988), Rappaport (1989), Bultitude & Bedal (1989), Rappaport & Seidel (1990), de Toledo &
Turkmani (1992), Seidel & Rappaport (1992), Braun & Dersch (1991), Dersch
& Zollinger (1994). Many publications on radio propagation measurements and
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modelings are disclosed, for instance, in Parsons et al. (1991), Parsons (1992),
Andersen et al. (1991), Fleury & Leuthold (1995). Since smart antenna and
MIMO technologies were disclosed, the radio channel measurement technologies
focused on MIMO channel sounding Klein et al. (1996), Norklit et al. (1996), Mogensen et al. (1996), Fuhl et al. (1997), Kalliola & Vainikainen (1997), Martin
et al. (2000), Thomä et al. (2001), Kivinen et al. (2001), Kermoal et al. (2002),
Kuroda et al. (2002), Gans et al. (2002), Andersen et al. (2002). The concept of
the double-directional mobile radio channel was introduced in Steinbauer et al.
(2001). The angular information at both link ends, e.g., at the base station and
at the mobile station can be obtained with synchronized antenna arrays at both
link ends.
To be able to measure the eﬀects of multipath propagation, the channel
sounding must apply wideband techniques. In wideband channel sounding a
short pulse W. R. Young & Lacy (1950) or a pseudo-random noise (PN) sequence
Cox (1972) can be a transmitting sounding signal. The latter kind of wideband
channel sounder contains a correlator receiver for recording the channel impulse
responses. However, these Cox-type sliding correlator based sounders are rather
uncommon nowadays, since they are very slow. Most of the modern channel
sounders store simply raw received data.

2.1.1

TDM-switched MIMO channel sounding

Most advanced MIMO radio channel sounders, including our studied EB Propsound CSTM , Pro (2007) multi-dimensional radio channel sounder, employ the
TDM technique, in which the radio channels between diﬀerent transmit and receive antenna pairs are measured separately using antenna switching at the TX
and the RX Steinbauer et al. (2000) and direct sequence (DS) methods due to
inherent processing gain Kivinen et al. (1995). Alternatively, instead of sending direct sequences, periodic multifrequency excitation signals are applied in
the Medav RUSK BRI vector channel sounder Thomä et al. (2001), which also
employs TDM technique, a time-dependent sequence of the channel frequency
response estimates can be directly obtained from a measurement. Both the TX
and the RX of these sounders employ a synchronized switching to step through
all the antenna elements. Such a technique is a simple extension of single-input
single-output channel sounders and has advantages over parallel operating ra28

dio frequency (RF) circuits due to a reduction of hardware costs and eﬀort for
system calibration Kalliola & Vainikainen (1997). Nevertheless, phase noise of
the TX and RX local oscillators can cause severe measurement errors in terms
of estimated channel capacity and estimated channel parameters. It has been
shown in Baum & Bölcskei (2004) that phase noise of the TX and RX local
oscillators, which was assumed to be a white Gaussian process, can cause up
to about 100% measurement errors in terms of estimated channel capacity in a
low-rank MIMO channel. The procedure used to estimate the phase noise and
its eﬀect on the dynamic range of the impulse response measurement in direct
sequence (DS) based sounder are studied in Kivinen & Vainikainen (1997).
Path #1

u(t)
y(t)

Path #L

Fig 3. TDM-switching MIMO sounder.
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Fig 4. Timing structure of sounding signal.

The TDM-switched radio channel sounder is equipped with RF antenna
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switches at both the TX and the RX, as illustrated in Fig. 3. In this ﬁgure, NT
and NR denote the number of transmit and receive antennas, respectively. The
diagram presenting the timing structure of the sounding signal transmission of a
TDM sounding mode Fleury et al. (1999, 2002) in this study is depicted in Fig.
4.

2.1.2

Time structure of the sounding signal

The sounding signal u (t) with power P consists of a periodically repeated burst
signal us (t) of duration Ts , i.e.,
u (t) =

∞
X
l=1

us (t − (l − 1) Ts ).

(2)

The burst signal is of the form
us (t) =

L−1
X
k=0

ak p (t − kTp ) ,

(3)

with [a0 , . . . , aL−1 ] denoting one period of a pseudo-noise (PN) sequence of length
L, and p (t) standing for the shaping pulse, whose duration Tp is related to Ts
according to Ts = LTp. As depicted in Fig. 4, the signal u (t) is applied by
means of Switch 1 during a period Tt successively at the input of each element
of Array 1. At the RX, the switch is activated as depicted in the same ﬁgure.
The outputs of the elements of Array 2 are successively scanned during a period
Ts . During one measurement cycle, each receive element is scanned once, while
each transmit element is active once. The interval between two successive scans
is Tr = 2Ts . The guard interval TG accounts for the switching time as well as any
related transient eﬀects. In the considered system setting, Tp =10 ns, TG = Ts ,
and L =127, 255, 511.
By the design, one measurement frame is composed of 8 cycles, each cycle
lasting Tcy sec. Sounding is performed during the ﬁrst cycle, whereas the remaining cycles are used for recording the measurement data in the data storage.
We select the reference time to coincide with the center of gravity of the temporal range corresponding to the total number of considered measurement frames.
The statement is valid only every 8th cycle according to the above.
The start timing of which the output of the nth element of Array 2 is scanned
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while the mth element of Array 1 is transmitting in the cycle i, is






I+1
NR + 1
NT + 1
ti,n,m = i −
Tcy + n −
Tr + m −
Tt ,
2
2
2

(4)

with I being the total number of cycles. Tcy denotes one cycle duration.

2.1.3

Sounding mode (SM)

To characterize the SM of a TDM-switched array, we retain the deﬁnition of
a spatial indexing of the array elements in Pedersen et al. (2004). The natural indexing for a uniform linear array is according to the element ordering,
i.e., starting at one end. Let ηk (i, ·) denote the permutation description of the
sounding mode of Array k during the ith cycle, i.e.,




NT + 1
I +1
Tcy + η1 (i, m1 ) −
Tt
ti,n,m = i −
2
2


NR + 1
Tr .
+ η2 (i, m2 ) −
2

(5)

Apparently, ηk (i, mk ) is the time index of the interval during which the mk th
element of Array k (k = 1, 2) is switched during the ith cycle. Therefore, ηk (i, ·)

maps a spatial index onto a time index. For notational convenience, we identify
the permutation ηk (i, ·) with the vector ηk (i) = [ηk (i, mk ) , mk = 1, . . . , Mk ],

where M1 and M2 are the number of transmit and receive antennas elements
NT and NR , respectively. If ηk (i) = ηk , i = 1, . . . , I, then the SM is called

“cycle-independent.” The “identity” SM ηk = [1, . . . , Mk ] switches the elements
of Array k in their spatial order. Four examples of diﬀerent SMs are illustrated
in Fig. 5: SM A is the commonly used identity SM Pedersen et al. (2004), SM
B is a cycle-dependent SM Pedersen et al. (2004), SM C is the repeat RX SM,
and SM D is an unstructured SM picked at random among all possible SMs.
Note that ti,n,m in (5) becomes the one in (4) when the SM is the identity and
cycle-independent mode.

2.2

Signal model for TDM-switched channel sounding

We consider a narrowband transmission implying that the product of the signal
bandwidth times the channel delay spread is much smaller than one. Following
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Fig 5. The spatio-temporal arrays of four different SMs for 8 × 8 TDM-MIMO sounding system. SM A is the commonly used identity SM Pedersen et al. (2004), SM B
is a cycle-dependent SM Pedersen et al. (2004), SM C is the repeat RX SM, and SM
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Fleury et al. (1999), in the case without phase noise, the signal at the output of
the receive antenna array can be written in vector notation as
Y=

L
X

(6)

s(θl ) + w.

l=1

The signal term s(θl ) in (6) is given by
T

(7)

s(θl ) = [s (t1 ; θ l ) , . . . , s (ti ; θl ) , . . . , s (tI ; θl )] ,
where
s (ti ; θl ) = [s11 (ti,1,1 ; θl ) , . . . , sNR 1 (ti,NR ,1 ; θl ) , . . .
T

snm (ti,n,m ; θl ) , . . . , sNR NT (ti,NR ,NT ; θl )] ,
(8)
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with
(9)

snm (ti,n,m ; θ l ) = αl exp {j2πνl ti,n,m } c2,n (Ω2,l ) c1,m (Ω1,l ) .

The vector θl = [Ω1,l , Ω2,l , τl , νl , αl ] embodies the parameters characterizing the
lth wave. More speciﬁcally, Ω1,l , Ω2,l , τl , νl , and αl denote, respectively, the
DOD, the DOA, the propagation delay, the Doppler frequency, and the complex
weight of the lth propagation path. Note that the propagation delay is not
included in (9) due to the narrowband assumption. A direction is characterized
by a unit vector Ω anchored at a reference point. The vector Ω is uniquely
determined by its spherical coordinates (φ, θ) ∈ [−π, π) × [0, π] according to the
relation

T

Ω = [cos(φ) sin(θ), sin(φ) sin(θ), cos(θ)] ,
where φ and θ are the azimuth and the coelevation of Ω and (·)T denotes the
transpose operation. The responses of the transmit and receive arrays to a wave
impinging from direction Ω are denoted by c1 (Ω) and c2 (Ω), respectively, and
c1,m (Ω) = [c1 (Ω)]m and c2,n (Ω) = [c2 (Ω)]n . Finally, w in (6) denotes a vectorvalued circularly symmetric complex white Gaussian noise with a component
2
variance σw
.

2.3

MIMO channel capacity

In a wireless communication system, a channel by nature is random. It is common that (6) can be written in terms of H by
Y = HX + w,

(10)

where X is the NT × 1 transmit vector, Y is the NR × 1 receive vector, H

is the NR × NT channel matrix, and random additive noise vector w due to
thermal noise or/and ambient noise, which is assumed to be a white Gaussian
2
process with a component variance σw
, is also added to the channel. Thus, in

general, it is possible that two diﬀerent input sequences may give rise to the
same output sequence causing confusable error at the output due to the additive
noise. Throughout the thesis, it is assumed that the channel matrix is perfectly
known at the RX. A measure of how much information can be transmitted and
received with a negligible probability of error is called “channel capacity I”.
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Moreover, it is assumed that the channel is memoryless, i.e., for each use of
the channel an independent realization of H is drawn. Therefore, the ergodic
channel capacity C of a random MIMO channel with power constraint PT can be
computed as the maximum of the mutual information I (X; Y) Telatar (1999)


C = EH
max
I (X; Y) ,
(11)
p(X):tr(Φ)≤PT

n
o
where Φ = E XXH is the covariance matrix of the transmit signal vector X.
The total transmit power is limited to PT , irrespective of the number of transmit
antennas. By using (10) and the relationship between mutual information and
entropy, (11) can be expanded for a given H as Telatar (1999)
I (X; Y) = h (Y) − h (Y |X )
= h (Y) − h (HX + w |X )
= h (Y) − h (w) ,

(12)

where h (·) denotes the diﬀerential entropy of a continuous random variable. It
is assumed that the transmit vector X and the noise vector W are independent.
When Y is Gaussian, (12) is maximized since the normal distribution maximizes the entropy for a given variance Cover & Thomas (1991). For a complex
gaussian vector Y, the diﬀerential entropy is less than or equal to log
n 2 deto(πeK)
if and only if Y is a circularly symmetric complex Gaussian with E YY H = K

Telatar (1999). Assuming that the transmit vector X is an optimal Gaussian distribution, which gives entropy maximizers Telatar (1999), the covariance matrix
of the received complex vector Y is given by
n
o
n
o
E YY H = E (HX + w) (HX + w)H
2
= HΦHH + σw
INR .

(13)

When the TX has no knowledge about the channel, it is optimal to use a uniform
power distribution Telatar (1999). The transmit covariance matrix is then given
PT
INR . It is also common to assume uncorrelated noise in each receiver
by Φ = N
T
2
branch described by the covariance matrix σw
INR . The ergodic channel capacity
for a complex Gaussian MIMO channel is then expressed as



ρ
H
C = EH log2 det INR +
HH
,
(14)
NT
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where ρ =

PT
2
σw

is the average signal-to-noise ratio (SNR) at each receiver branch.

By using eigenvalue decomposition, the matrix product HHH is written as
HHH = EΛEH ,

(15)

where E is the eigenvector matrix with orthonormal columns and Λ is a diagonal
matrix with the eigenvalues on the main diagonal. Using this notation, (14) can
be written as



ρ
EΛEH
.
C = EH log2 det INR +
NT

(16)

After diagonalizing the product matrix HHH , the MIMO channel capacity now
includes unitary and diagonal matrices only. It is then easier to see that the
MIMO channel capacity is the sum of parallel additive white Gaussian noise
(AWGN) single-input single-output (SISO) subchannels. The number of parallel subchannels is determined by the rank K of the channel matrix, which is
generally given by
rank (H) = K ≤ min {NT , NR } .

(17)

Applying (17) together with the fact that the determinant of a unitary matrix
is equal to 1, then (16) can be expressed as
(K

)
X
ρ (HHH )
C = EH
log2 1 +
λ
,
NT k

(18)

k=1

(HHH )
where λk
are the eigenvalues of the diagonal matrix Λ.

2.4

Impact of phase noise on channel capacity
estimation

In this subsection, we consider a sounding system with NT transmit antenna
and NR receive antenna and assume that the channel is narrowband and static
during the measurement period. Let hnm denote the channel coeﬃcient between
transmit antenna m and receive antenna n. Due to phase noise of the local
oscillators, the coeﬃcient hnm is modulated by the phase process exp (jϕ (tk ))
to produce the observed channel coeﬃcient
h̃nm = hnm exp (jϕ (tk )) .

(19)
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Applying the unvec (·) operator, the matrix of the observed MIMO channel matrix is of the form
(20)

H̃ = H ◦ exp (jΦ) ,

where ◦ denotes the element-wise multiplication, exp(·) is the element-wise exponential, H is the matrix of the radio channel, i.e., [H]nm = hnm and Φ the
phase matrix deﬁned according to [Φ]nm = ϕnm .

When the channel is not known at the TX, but known at the RX, the channel
capacity of the MIMO channel reads Foschini & Gans (1998)


ρ
H
HH
I = log2 det INR +
NT


K
X
ρ (HHH )
λ
(21)
=
log2 1 +
NT k
k=1

H

in the case
 NTH ≥
 NR . In (21), (·) denotes transpose conjugation, while INR ,
(HH )
ρ and λk
are, respectively, the NR × NR identity matrix, the
k=1...K

average receive SNR, and the non-zero eigenvalues of HHH , with K standing
for the rank of the channel matrix.
The previous work in Baum & Bölcskei (2004) showed that, when H in (21) is

replaced by H̃ in (20) with the assumption of ϕ as a white Gaussian process, the
estimation of the MIMO channel capacity I faces up to about a 100% error in a
low-rank MIMO channel. We investigate how the eigenmodes and the estimates
of MIMO channel capacity I change when considering the actual phase noise in
a realistic situation.

2.5

Traditional high resolution space-alternating
generalized Expectation Maximization (SAGE)
algorithm

Recently, various high resolution methods have been proposed in mobile radio
to estimate the parameters of impinging plane waves, i.e., their complex amplitude, relative delay, direction of departure (DOD) and direction of arrival
(DOA). These methods can be categorized into Krim & Viberg (1996): spectral
estimation, parametric subspace-based estimation (PSBE), and deterministic
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parametric estimation (DPE). The multiple signal classiﬁcation (MUSIC) is referred into the ﬁrst group. The estimation of signal parameter via rotational
invariance techniques (ESPRIT) Schmidt (1986) and Unitary ESPRIT Roy &
Kailath (1989) methods belongs to the PSBE techniques.
All three above-mentioned methods were ﬁrst developed for azimuth estimation. The MUSIC algorithm was later applied to delay estimation Haardt &
Nossek (1995). The ESPRIT method was adapted for joint delay and azimuth
estimation Lo et al. (1994), while the Unitary ESPRIT method was extended
to perform joint azimuth and elevation estimation van der Veen et al. (1997).
An application of the latter for processing wideband channel measurement is
presented in Zoltowski et al. (1996). Among the last group, DPE methods, the
expectation-maximization (EM) algorithm was used for either delay or azimuth
estimation Fuhl et al. (1997). The space-alternating generalized Expectation
Maximization (SAGE) algorithm, which is an extension of the EM algorithm,
was proposed by Fessler and Hero Fessler & Hero (1994) in 1994.
Fleury et al. have initially applied the SAGE algorithm to the estimation
of propagation path parameters Fleury et al. (1999, 2002), Yin et al. (2003),
Pedersen et al. (2004). The SAGE algorithm has been applied to extract a
propagation path for the estimation of cluster angular spread in Czink et al.
(2006), Czink & Yin (2005), Czink et al. (2005). They introduced the method
to estimate rms directional spreads based on the propagation paths with the
clusters.
The SAGE algorithm can be characterized as a “grouped coordinate-ascent”
algorithm. The idea is to update a subset of the elements in the parameter
vector θ and thereby iteratively increase the log-likelihood ratio. Finally, the
output of the algorithm is an estimate θ̂.
Given an observation Y = y and an initial estimate of the parameter vector denoted
by θ[0] , the SAGE-algorithm generates a sequence of estimates
n
o∞
θ[n]
of the parameter vector. Note that a vector notation Y is used in this
n=0

thesis as well as in the original papers instead of [Y (ti )] , ti ∈ Do , where Do is
the observation window expressed with respect to its center of gravity and is writS
ten by Do = Ii=1 [(i − ((I + 1) /2)) Tf − (Ts /2) , ((i − ((I + 1) /2)) Tf + (Ts /2))]

Fleury et al. (1999). It is guaranteed that the sequence s is non-decreasing.
This is the monotonicity property of the algorithm. If the monotonicity prop-
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erty should be maintained, the set of parameters chosen to update must be
statistically independent of the complement set. This motivates us to deﬁne the
concept of “admissible hidden-data” explained in Fessler & Hero (1994).
We now review the derivation of the traditional SAGE algorithm for the
estimation of the propagation path parameters which updates at each iteration
a subset of the parameter vector θl . The hidden-data is selected under the
independent path assumption as
Xl = s (θl ) ◦ [1 + jϕ] + wl′ , l = mod(i, L).

(22)

Here, wl′ are independent complex white Gaussian noises with component variPL
2
2
ance σW
The nonnegative parameters βl satisfy l=1 βl = 1. We
′ = βl σw .
l
2
assume that the statistical properties of additive noise are known, i.e., that σw

is known. The parameter subset associated with the hidden-data Xl in (22) is θ l .
It can be shown that the probability density functions f (y |xl ; θl ) and f (xl ; θ)

are the density of the normal distributions
X
2
I)
s (θ l′ ), σw
CN (
l′ 6=l

and

2
CN s (θ l ) , σw
′I ,

respectively. Therefore, the selected hidden-data in (22) is admissible in the
sense deﬁned in Fessler & Hero (1994).
In the expectation (E-) step, the so-called Q-function is derived to be
o


n


Q θl ; θ̂ = E log f xl ; θl , θ̂l̃ Y = y; θ̂ l
Z 



= f xl |Y = y; θ̂ log f xl ; θl ; θ̂l̃ dxl .

(23)

Inserting


f xl ; θl , θ̂l̃ =

1

·
(π) |ΣXl (θl )|
n
o
H
exp − (xl − µXl (θ l )) Σ−1
Xl (θ l ) (xl − µXl (θ l )) ,
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N

(24)

where
µXl (θl ) = s (θ l ) and
2
ΣXl (θl ) = σw
′I

(25)

in (23) yields after some algebraic manipulations


Q θ l ; θ̂ =A(θl ) − tr{Σ−1
Xl (θ l ) ΣXl (θ̂ l )

ˆ H
ˆ
− ΣXl Y (θˆl )Σ−1
YY (θ l )ΣXl Y (θ l )

+ µXl |Y (θ̂ l )µH
Xl |Y (θ̂ l ) }
n
o
ˆ
+ 2ℜ sH (θ l ) Σ−1
Xl (θ l ) µXl |Y (θ l )
− sH (θl ) Σ−1
Xl (θ l )s (θ l ) ,

(26)

where


2
A(θl ) = − log (π)N σw
,
′I

µXl |Y = µXl + ΣXl Y Σ−1
YY (Y − µY ),
µY (θˆl ) =

L
X

s(θ̂l ),

l=1

2
ΣYY (θˆl ) = σw
I, and
2
ΣXl Y (θ̂l ) = σw
′ I, with

ˆ
ΣYXl (θˆl ) = ΣH
Xl Y (θ l ).

(27)

Note that one can seek a simpler objective function (OF) than the loglikelihood function Q θl ; θ̂ itself which eases the maximization described in
Fleury et al. (1999), Poor (1988). In the Maximization (M-) step in the ith
[i]

iteration, the estimate θ̂l of θl is computed as the maximization:
n 
o
[i]
[i−1]
θ̂l = arg max Q θl ; θ̂
.
θl

(28)

The maximization operation in (28) is simpliﬁed by splitting the joint optimization with respect to θ l in separate one-dimensional coordinate-wise optimizations
as described in Fleury et al. (1999). Note that in the original algorithm the function used in the M-step is a penalized-likelihood function Fessler & Hero (1994).
However, the discussed traditional SAGE algorithm does not take phase noise of
39

the local phase locked oscillators in the sounder into account. In the next chapter, we investigate and mitigate the impact of phase noise on channel parameter
estimation using the SAGE algorithm.

2.6

Spatial correlation, channel eigenvalue distribution,
and ergodic capacity of MIMO channel

MIMO systems have been studied from two diﬀerent perspectives: one is the
performance evaluation in terms of error probability of practical system, the
other concerns the evaluation of the information-theoretic capacity. The former
can be obtained by simulation Boubaker et al. (2002), Lozano & Papadias (2002)
or analytically, as presented in Zanella et al. (2002), Zhu & Murch (2002). For
the latter, the cumulative distribution function (CDF) of the capacity (outage
capacity) was studied by Monte Carlo simulation in Winter (1987), Foschini &
Gans (1998), Foschini (1996), and the ergodic capacity was derived in Telatar
(1999) for uncorrelated MIMO Rayleigh-fading channels. The analysis of MIMO
systems in block Rayleigh-fading channels is reported in Marzetta & Hochwald
(1999). All of these works showed that MIMO systems in uncorrelated Rayleighfading environments can potentially provide tremendous channel capacities.
However, in many realistic scenarios, there is spatial correlation among the
antenna elements because of poor scattering conditions. This is a motivation
for studying MIMO systems in correlated fading environments. Signal correlation limiting the achievable capacity of MIMO systems has been theoretically
disclosed in Shiu et al. (2000). Some studies on the eﬀect of spatial correlation on MIMO systems have been done by Monte Carlo simulation Shiu et al.
(2000), Loyka & Tsoulous (2002). In Shiu (2000), spatial fading correlation is
introduced for the one-ring model of scatterers. A number of MIMO channel
measurements have been carried out in various propagation scenarios in both
indoor and outdoor environments Kermoal et al. (2002), Andersen (2000), Özcelik et al. (2003), IST (2003), Kyritsi et al. (2003). The spatial correlation for
a narrowband system in an indoor environment is presented in Kyritsi et al.
(2003).
Various analytical models imitate this correlated fading channel, such as
the popular separable Kronecker model Kermoal et al. (2002), which is in good
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agreement with outdoor scenarios Wyne et al. (2005). More elaborate models, for
instance the Weichselberger model, which performs more excellently in indoor
scenarios Weichselberger et al. (2006), and the virtual channel representation
Sayeed (2002), have been proposed. It is pointed out in Wyne et al. (2005) that
the Weichselberger model is more applicable in outdoor-indoor scenarios.
The calculation of the capacity of a spatially correlated MIMO channel H
can be based on the the eigenvalues of the matrix HHH , which are the eigenvalues of the matrix HHH . The channel eigenvalue analysis has been studied
for a narrowband channel in Andersen (2000). The analytical evaluation of the
capacity distribution for spatially correlated MIMO Rayleigh-fading channels is
presented in Chiani et al. (2003). They derived a closed-form expression for the
characteristic function (c.f.) of MIMO capacity and also the ergodic capacity in
frequency-ﬂat Rayleigh-fading environment. When stochastic models are used,
the statistics of the random eigenvalues need to be known Chiani et al. (2003).
Unfortunately, characterizing the eigenvalue statistics is diﬃcult in general. On
the other hand, asymptotic eigenvalue statistics of large random matrices can be
obtained more easily Marčenko & Pastur (1967), Silverstein (1995), Voiculescu
(1998). This has motivated research into the large limit of communication systems and asymptotic capacities Chuah et al. (2002), Müller (2002), Martin &
Ottersten (2004). In the case of product channel models, the concepts of free
multiplicative convolution and asymptotic freeness Voiculescu (1998) was found
to be a useful tool for this task Müller (2002), Skupch et al. (2005). However,
these analytical works are rarely connected to realistic scenarios.
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3

Summary of published papers

This section summarizes the research results and contributions developed in this
thesis and included in the publications.

3.1

General

The contents of the papers can be divided into three categories. The ﬁrst part
consists of three listed papers including phase noise in TDM-switched MIMO
channel sounding, the impact of phase noise in TDM-switched MIMO channel
sounding on channel capacity, proposed statistical models for reproducing the
capacity estimates, and the approaches to mitigating its impact. Two papers focusing on the impact of phase noise in TDM-switched MIMO channel sounding
on channel parameter estimation using the high-resolution SAGE algorithm and
the approaches to mitigating its impact are sorted into the second part. The last
part is composed of three papers discussing the analysis of the spatial correlation,
channel eigenvalue distribution, and ergodic capacity in some realistic environments. The measurement campaigns conducted during the research studies are
summarized at the end of this chapter.

3.2

Phase noise in TDM-switched MIMO channel
sounding

Let ϕ(tk ) denote the concatenated phase noise due to the two local oscillators
in the TX and the RX of a TDM based MIMO Sounder, where tk is the kth
sample time instant. We assume that ϕ(tk ) remains essentially constant over
the scan period Ts . Phase noise measurement samples are obtained by sampling
the correlator output at the RX during every scan period. Fig. 6 depicts an
example of obtained phase noise samples versus time.
The property of phase noise very much depends on the observation time
scale and the way in which the oscillators are connected. In the case where the
system is phase-locked, i.e., the TX and the RX are connected and use the same
clock, phase noise is modeled as a zero-mean, stationary Gaussian process, CCIR
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Fig 6. Measured phase noise versus time.
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Fig 7. Spectrum of phase noise according to Rutman (1978): f is the frequency
offset with respect to the center frequency.

(1986). In free-running, frequency-locked only, system phase noise observed on
a long-term scale is non-stationary as illustrated in Fig. 6. Such non-stationary
phase noise can be modelled to be the superposition of ﬁve independent noise
processes as illustrated in Fig. 7, CCIR (1986). However, in practice, only two
or three processes of these processes are signiﬁcant, while the others can be
neglected. On the short-term (ST) scale, phase noise is correlated as shown in
Fig. 9 (in Paper I). The low-pass ﬁltered curve obtained by matching the cut-oﬀ
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frequency 30 kHz, which corresponds to the equivalent noise bandwidth of the
loop ﬁlter in Fig. 3 (in Paper I), are also shown.

3.2.1

Proposed statistical models for reproducing phase
noise (Papers II-III)

In Paper II, we propose a phase noise model ϕ (tk ), which is composed of the
sum of a long-term (LT) component ϕLT (tk ) and a short-term (ST) component
ϕST (tk ) as
(29)

ϕ (tk ) = ϕLT (tk ) + ϕST (tk ) .

The LT component is extracted by low-pass ﬁltering (LPF) of window size
250 × LTp the measured phase noise sequence. Subtracting the LT component from the measured phase noise sequence yields the ST component. An
autoregressive moving average (ARMA) model and an autoregressive integrated
moving average (ARIMA) model are ﬁtted to the ST component and the LT
component, respectively. Thus, the phase noise model consists of the sum of
an ARIMA process (LT component) and an ARMA process (ST component),
of which the parameters are estimated as already described. In the subsequent
analysis, the main focus is on the statistical behavior of the ST phase noise component, as this behavior predominates within the duration of one measurement
cycle.
In Paper III, a simpler autoregressive (AR) approach is applied to model the
phase noise. The AR parameters are the solution of the Yule-Walker equation
Kay (1999).

3.2.2

Model for the short-term (ST) phase noise component

We propose to model the ST phase noise component by means of an autoregressive moving (ARMA) process:
p
q
 X
 X


ϕST tk =
φm ϕST tk−m +
θn w tk−n + w tk ,
m=1

(30)

n=1

where φ1 , φ2 , . . . , φp represent the AR parameters, p is the order of the AR
process, θ1 , θ2 , . . . , θq represent the MA parameters, q is the order of the MA
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Fig 8. Block diagram of phase noise model: (a) estimator and (b) generator.

process, tk = kTr (k = 1, 2, . . .), and w(tk ) is a white Gaussian noises process
2
with variance σw
= E[w(tk )2 ]. Moreover, we assume that the sampling times
tk , tk−1 , ... are equally spaced. The ARMA parameters are estimated by the BoxJenkins method Box & Jenkins (1976), Shanmugan & Breipohl (1988). Akaike’s
Information-Theoretic Criterion (AIC) is applied to estimate the order of the
process Akaike (1986):
(p̂, q̂) = argmin AIC (p, q) ,
p,q

(31)

where
 2(p + q)
2
AIC (p, q) = log σ̂w
(p, q) +
N

(32)

2
with σ̂w
(p, q) denoting the estimate of the minimum mean-squared prediction
error that results from using an ARMA(p, q) model and N being the total number

of observation samples.
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3.2.3

Model for the long-term (LT) phase noise component

The LT phase noise component behaves as a random walk process. We model it
by means of an autoregressive integrated moving average (ARIMA) process of
order (p, d, q) deﬁned by Shanmugan & Breipohl (1988)

ϕdLT



tk =

p
X

m=1

φm ϕdLT



tk−m +

q
X

n=1



θn w tk−n + w tk ,

(33)


where d denotes the diﬀerencing order and ϕdLT tk is the d-th discrete derivative

of ϕLT tk . An appropriate estimate dˆ of d is identiﬁed by diﬀerencing the
observed time series until it appears to be stationary, i.e., the autocorrelation

function (ACF) of the series decays away fairly rapidly Shanmugan & Breipohl
(1988). In our case, we select dˆ = 1. Then, an ARMA model is ﬁtted to the
1st discrete derivative of the phase noise sequence using the same approach as
applied to the model of the ST phase noise component.

Table 1. The estimated parameters of the ST and LT phase noise models.

Parameters

ST Model

LT Model

p̂

7

6

q̂
dˆ

6

6

θ̂

1.37,1.47,1.33,

1
1.25,-0.01,-0.50,

φ̂

1.57,1.67,1.52
-0.19,-0.21,-0.39,

-0.30,0.20,0.30
-3.3,3.4,-0.72,

0.43,0.16,-0.10,-0.49
4.54 × 10−4

-0.13,-0.40,-0.72
5.58 × 10−4

2
σ̂w

The estimated parameters of the ARMA models of both the ST and the LT
models of phase noise are reported in Table 5. In the further analysis, we focus
on the statistical behavior of the short-term phase noise component, which is
phase noise within a single measured cycle.
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3.2.4

Model validation

Autocorrelation function (ACF) and power spectral density (PSD)
The goodness of ﬁt of the ST phase noise models is validated by comparing the
normalized autocorrelation function (ACF) and the normalized power spectral
density (PSD) of the estimated ARMA process with, respectively, the sample
normalized ACF and the normalized periodogram computed from the measured
phase-noise sequence. The estimated normalized ACF in Fig. 9(a) shows that
the ARMA model with the estimated parameters orders (p̂, q̂) = (7,6) has good
agreement with the ST phase noise component. A normalized version of the
estimated power spectrum density of the ST phase noise component
1+

q̂
P

m=1

ŜST (f ) =

1−

2
2
θ̂m exp (−j2πf m) σ̂w

p̂
P

2

(34)

φ̂n exp (−j2πf n)

n=1

is depicted in Fig. 9(b). The corresponding normalized periodogram is also
reported in this ﬁgure for purposes of comparison.
Allan variance of the ST noise component
The Allan variance was introduced in Rutman (1978) to characterize the frequency stability of local oscillators in the time domain. In this contribution we
use the Allan variance as an additional criterion to assess the property of the
phase noise sequence over diﬀerent time scales. We also use it to evaluate the
goodness of ﬁt of the ST phase noise model described in the previous subsections.
The Allan variance is deﬁned in Rutman (1978) to be


(ȳk+1 − ȳk )2
,
σy2 (τ ) = E
2

(35)

where
ȳk =

1
τ

Z

tk +τ

tk

y(t)dt =

ϕ(tk + τ ) − ϕ(tk )
,
2πfc τ

(36)

tk+1 = tk + τ , and y(t) is the instantaneous normalized frequency deviation from
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Fig 9. Estimated normalized ACF (a) and PSD (b) of the ST phase noise component.
The variance of the ST phase noise is 0.02 radian, or 1.15◦ , or 8.1◦ RMS.

the carrier frequency fc , which is related to phase noise ϕ(t) as
y(t) =

1 dϕ(t)
.
2πfc dt

(37)

In our case, τ = mTr :
.
σy2 (m) =σy2 (mTr ),
=

1
·
2(N − 2m)(2πfc mTr )2

(38)

NX
−2m
k=1

(ϕ(tk+2m ) − 2ϕ(tk+m ) + ϕ(tk ))2 ,
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where N is the number of time measurements spaced by Tr .
In Taparugssanagorn et al. (2007), we derive two asymptotes of the Allan
variance. Assuming that ϕLT (tk ) in (29) is non-stationary, while ϕST (tk ) is
stationary. Firstly, the Allan variance is derived in terms of the autocorrelation
of ϕ (tk ). The autocorrelation of ϕ (t) can be derived in terms of LT and ST
components as

Rϕ (t, τ ) =E [ϕ (t) ϕ (t + τ )] ,
= E [ϕLT (t) ϕLT (t + τ )] + E [ϕST (t) ϕST (t + τ )]
{z
} |
{z
}
|
RϕLT

RϕST

+ E [ϕLT (t) ϕST (t + τ )] + E [ϕST (t) ϕLT (t + τ )] .
|
{z
} |
{z
}
E[ϕLT (t)]E[ϕST (t+τ )]

(39)

E[ϕST (t)]E[ϕLT (t+τ )]

Since ϕST (t) and ϕLT (t) are assumed to be uncorrelated, the last two terms are
equal to zero. Consequently

Rϕ (t, τ ) = RϕLT (t, τ ) + RϕST (τ ) .

(40)

The Allan variance can be expressed in terms of the autocorrelation of ϕ (t) Allan
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& Barnes (1981) as
h
i
2
E
(ϕ
(t
+
2τ
)
−
2ϕ
(t
+
τ
)
+
ϕ
(t))
,
2
2 (2πfc τ )
h
i
1
2
=
E
((ϕ
(t
+
2τ
)
−
ϕ
(t
+
τ
))
−
(ϕ
(t
+
τ
)
−
ϕ
(t)))
2
2 (2πfc τ )
i
 h
1
2
E
(ϕ
(t
+
2τ
)
−
ϕ
(t
+
τ
))
=
2
2 (2πfc τ ) |
{z
}

σy2 (τ ) =

1

I

− 2 E [(ϕ (t + 2τ ) − ϕ (t + τ )) (ϕ (t + τ ) − ϕ (t))]
{z
}
|
II
h
i
2
+ E (ϕ (t + τ ) − ϕ (t))
.
{z
}
|

(41)

III

All three expressions in (41) are of the form

ξ = E [(ϕ (t′′ + τ ) − ϕ (t′′ )) (ϕ (t′ + τ ) − ϕ (t′ ))] ,

(42)

where the time variables t′ and t′′ in each expression in (41) are as follows:
ξI :t′ = t′′ = t + τ → t′′ − t′ = 0,

ξII :t′′ = t + τ, t′ = t → t′′ − t′ = τ,

ξIII :t′ = t′′ = t → t′′ − t′ = 0.

(43)

Note that the autocorrelation of ϕ (t) is
Rϕ (t, τ ) = E [ϕ (t) ϕ (t + τ )] = E [ϕ (t + τ ) ϕ (t)] = Rϕ (t + τ, −τ ) .

(44)

Making use of this deﬁnition, (42) can be recast to
ξ =E [ϕ (t′ + τ ) ϕ (t′′ + τ )] − E [ϕ (t′ + τ ) ϕ (t′′ )]
− E [ϕ (t′ ) ϕ (t′′ + τ )] + E [ϕ (t′ ) ϕ (t′′ )] ,

=Rϕ (t′ + τ, t′′ − t′ ) − Rϕ (t′′ , t′ − t′′ + τ )
− Rϕ (t′ , t′′ − t′ + τ ) + Rϕ (t′ , t′′ − t′ ) .

(45)
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Replacing t′ , t′′ in terms of t and τ , the three expressions in (41) are
ξI = Rϕ (t + 2τ, 0) − Rϕ (t + τ, τ ) − Rϕ (t + τ, τ ) + Rϕ (t + τ, 0) ,
= Rϕ (t + τ, 0) + Rϕ (t + 2τ, 0) − 2Rϕ (t + τ, τ ) ,
ξII = Rϕ (t + τ, τ ) − Rϕ (t + τ, 0) − Rϕ (t, 2τ ) + Rϕ (t, τ ) ,
= Rϕ (t, τ ) + Rϕ (t + τ, τ ) − Rϕ (t + τ, 0) − Rϕ (t, 2τ ) ,
ξIII = Rϕ (t + τ, 0) + Rϕ (t, 0) − 2Rϕ (t, τ ) .

(46)

Inserting in (41) yields
σy2 (τ ) =

1

2 (ξI − 2ξII + ξIII ) ,
2 (2πfc τ )

1
=
2 Rϕ (t + τ, 0) + Rϕ (t + 2τ, 0) − 2Rϕ (t + τ, τ )
2 (2πfc τ )


− 2 Rϕ (t, τ ) + Rϕ (t + τ, τ ) − Rϕ (t + τ, 0) − Rϕ (t, 2τ )

+ Rϕ (t, 0) + Rϕ (t + τ, 0) − 2Rϕ (t, τ ) ,

1
=
2 4Rϕ (t + τ, 0) + Rϕ (t, 0) + Rϕ (t + 2τ, 0)
2 (2πfc τ )

− 4Rϕ (t, τ ) − 4Rϕ (t + τ, τ ) − 2Rϕ (t, 2τ ) .

(47)

Considering Rϕ (t, τ ) as (40), the Allan variance σy2 (τ ) in (47) can be written by
σy2 (τ ) =

1
2

2 (2πfc τ )



4RϕLT (t + τ, 0) + RϕLT (t, 0) + RϕLT (t + 2τ, 0)

− 4RϕLT (t, τ ) − 4RϕLT (t + τ, τ ) + 2RϕLT (t, 2τ )

+ 6RϕST (0) − 8RϕST (τ ) + 2RϕST (2τ ) .

(48)

With the assumption that all RϕLT (·, ·)−terms in (48) are approximately equal,
we ﬁnally obtain
σy2 (τ ) =

1
2 (2πfc τ )2

(6RϕST (0) − 8RϕST (τ ) + 2RϕST (2τ )) .

(49)

Two asymptotic behaviors of the Allan variance are investigated. When τ is in
the range, in which the stated assumption holds, the Allan variance equals (49).
We can calculate the asymptote when τ converges to zero, L’Hospital Rule is
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applied to ﬁnd the asymptotic value:
′′ 
f (τ )
,
′′
τ →0
g (τ )


′′
′′
−8Rϕ
(τ ) + 8Rϕ
(2τ )
1
ST
ST
,
=
2
4
(2πfc )

lim σy2 (τ ) = lim

τ →0



= 0.

(50)

(τ )
where σy2 (τ ) = fg(τ
) . When τ gets inﬁnity ∞, RϕST (τ ) and RϕST (2τ ) become
zeros. The Allan variance has just the ﬁrst term of (49).

On the other hand, when τ is in the complementary set of the above range,
the summands in the third line in (48) are close to zero. Only the summands in
the ﬁrst two lines are signiﬁcant.
The sample Allan variance obtained from the measured phase noise sequence
and computed from the ACF of the estimated ARMA process of the ST model are
depicted in Fig. 10. As one can see, in the short-term scale the Allan deviation
is increasing. This is due to the fact that the assumption of independent samples
is not valid in the short-term scale (Paper III). The asymptotic characteristics
of both curves are also reported. A good agreement can be observed in this case
too. The range of the lag τ in which the ST phase noise component predominates
is [0, 200]µs. In the range beyond τ = 200µs, the Allan variance curve has slope
-2 corresponding to a white phase noise, CCIR (1986). In the range beyond 1
s, which is not shown in the ﬁgure, phase noise behaves according to a random
walk.

3.3

Impact of phase noise in TDM-switched MIMO
channel sounding on channel capacity estimation
(Paper II)

We investigate how the eigenvalues and the MIMO channel capacity I change
when H in (21) is replaced by H̃ in (20). To enable a comparison with the
results presented in Baum & Bölcskei (2004), we retain the same MIMO channel
(HHH )
considered in this publication: a 8 × 8 channel with λk
= NR /K for k =
(HHH )
1, 2, . . . , K, and λk
= 0 otherwise. As can be observed in Fig. 11, H̃ has
full rank with probability one when the phase noise variance is diﬀerent from
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Fig 11. Effect of phase noise on the eigenvalues of an observed 8×8 MIMO channel
correlation matrix. The blue, green, and brown bars represent the eigenvalues of
the matrix when the rank of the channel matrix equals 1, 4, and 8, respectively.

zero. Thus, the observed channel matrix of any deﬁcient MIMO channel matrix
has full rank (with probability one). Two examples of 8 × 8 channel matrices

with rank one and rank four illustrate this fact. This eﬀect was ﬁrst reported
in Baum & Bölcskei (2004). We show that due to the non-vanishing correlation

between its temporally nearby samples, typical phase noise leads to a smaller
overestimation of the channel capacity than it does under the assumption of
uncorrelated phase noise samples Baum & Bölcskei (2004). Fig. 12 reports the
cumulative distribution of the capacity of an observed 8 × 8 MIMO channel. The

impact of phase noise can be clearly seen and is particularly signiﬁcant for lowrank channel matrices. Nevertheless, phase noise has no eﬀect on the capacity
when the channel matrix has full rank and the eigenvalues of HHH are all equal.
Assuming that the MIMO channel fading is ergodic, the ergodic capacity is given
by C = E [I]. Fig. 13 shows the ergodic capacity of an observed 8 × 8 MIMO
channel. We can see that the impact of phase noise on the ergodic capacity is
signiﬁcant for high SNR. Moreover, the capacity values obtained from generating
synthesized phase noise using the ST model derived in Subsection 3.2.2 are close
to the values computed from measured phase noise.
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Fig 12. Empirical cumulative distribution function of the channel capacity of an
observed 8 × 8 MIMO channel matrix affected by phase noise with the rank of the
channel as a parameter: SNR = 20 dB, 8 degree rms phase noise variance.
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Fig 13. Ergodic capacity of an observed 8 × 8 MIMO channel affected by phase
noise versus SNR with the rank of the channel matrix as a parameter.
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Fig 14. Ergodic channel capacity versus SNR of an observed 8 × 8 MIMO channel
affected by phase noise with the length of the PN sequence L and the rank K of
the channel matrix as a parameter.

3.3.1

Effect of the length of the sounding signal

In this subsection, we consider the eﬀect of the length of the sounding signal
L on the estimated channel capacity. Three diﬀerent lengths of the sounding
signal, i.e., L =127, 255, and 511 are investigated (Paper II). The longer L is,
the longer the interval between consecutive phase noise samples is. Therefore,
the correlation between phase noise samples considered at diﬀerent sounding
periods decreases as the period length increases. Consequently, the phase noise
has in this case a greater eﬀect on the estimated channel capacity, as shown in
Fig. 14.

3.3.2

Effect of sounding mode (SM), Taparugssanagorn
et al. (2007), Pedersen et al. (2008)

We investigate the eﬀect of the choice of sounding mode on the estimated ergodic capacity in Taparugssanagorn et al. (2007). The results in the previous
subsection are from the commonly used SM of the TDM-switched array, i.e., the
identity and cycle-independent switching mode. In Fig. 15, we compare the
results of the estimated channel capacity when the switches of antenna arrays
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Fig 15. Ergodic channel capacity versus SNR of an observed 8 × 8 MIMO rank-1
channel affected by phase noise with different SMs. SM A is the commonly used
identity SM [12], SM B is a cycle-dependent SM [12], and SM C is an unstructured
SM picked at random among all possible SMs.

process in the identity and cycle-independent mode, the cycle-dependent mode
and the unstructured mode picked at random among all possible SMs. As can
be seen, all three simulation curves lie in between the “No phase noise” and “Uncorrelated phase noise” curves. We can see that the performance of the ergodic
capacity estimator is highly aﬀected by the choice of the SM. SMs A and B yield
equal ergodic capacity estimates, while the ergodic capacity estimate is higher
for C, which is close to the “Uncorrelated phase noise case.” The reason for the
diﬀerences in the ergodic capacity estimates is the fact that the columns (and
the rows) of the phase noise matrix exp (jΦ) are whitened by the SM C. The
theoretical analysis of the eﬀect of the sounding mode is explained in detail in
Pedersen et al. (2008).

3.3.3

Upper bound (UB) of ergodic channel capacity
(Papers III and Taparugssanagorn et al. (2007))

In Taparugssanagorn et al. (2007), we derive an upper bound of the estimated
ergodic channel capacity when considering the ST phase noise component. Applying Jensen’s inequality Loyka & Kouki (2001) to (21), we obtain the upper
57

bound U of the ergodic channel capacity aﬀected by the phase noise as

h
i
H
ρ
E ĤĤ
,
I ≤ log2 det INR +
NT
!
 h
i
K
H
X
E ĤĤ
ρ
.
λk
≤
log2 1 +
NT
k=1
{z
}
|

(51)

=U

h
i
H
In general, E ĤĤ in (51) can be expressed as
h n
oi
H
E ĤĤ

n,m

=

NT
X

k=1

NT

X
E hn,k h∗m,k
E [exp (j (ϕn,k − ϕm,k ))].

(52)

k=1

With the assumption that E [exp (j (ϕn,k − ϕm,k ))] = E [exp (j (ϕn − ϕm ))], i.e.,

the cross-covariance
of phase noise is independent of the transmit antenna eleh
i
H
ments, E ĤĤ can be rewritten by
oi
h n
H
E ĤĤ

n,m

=

NT
X

k=1



E hn,k h∗m,k E [exp (j (ϕn − ϕm ))].

(53)

The characteristic function of Gaussian distribution is given by

2 2
tX ,
ψX (t) = E [exp (jtX)] = exp jtµX − σX

(54)

2
where X, µX , and σX
are a Gaussian random variable and its mean and variance,

respectively. At t = 1, this characteristic function corresponds to E [exp (j (ϕn − ϕm ))].
Therefore, we get



2
E [exp (j (ϕn − ϕm ))] = exp −σ(ϕ
= exp −σϕ2 (1 − cn,m ) ,
(55)
n −ϕm )
where cn,m =

E[ϕn ϕm ]
E[ϕn ]2

is the coeﬃcient of the normalized covariance of phase

noise.
h
i
H
Consequently, E ĤĤ in (53) can be expressed as
NT
h
i X



H
E ĤĤ =
E hn,k h∗m,k exp −σϕ2 (1 − cn,m ) ,
k=1

h
i



= E HHH ◦ exp −σϕ2 1NR − cNR
,
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Fig 16. Ergodic channel capacity versus SNR of an observed 8 × 8 MIMO rank-1
channel affected by phase noise with upperbounds (UB).

where 1N is a matrix of ones of size N ×N , and cNR is the normalized covariance
matrix


1
c1,2 · · · c1,NR


1
· · · c2,NR 
 c2,1

.
cNR = 
(57)
..
..
..
..

.


.
.
.
cNR ,1

cNR ,2

···

1

h
i
H
Finally, λk of E ĤĤ in (56) is calculated and inserted in (51). The upper

bounds of the ergodic capacity versus SNR of an 8 × 8 MIMO rank-one channel

aﬀected by phase noise are shown in Fig. 16.
In Paper III, we show another way to derive an upper bound of the estimated
ergodic channel capacity when considering the ST phase noise component. However, it requires the linear approximation exp (Φ(t)) = 1 + jΦ(t). The derivation is started by considering the inequality property in (13) in Paper IV Horn
& Johnson (1991). The result of the upper bound is expressed in a diﬀerent way
from the one in Paper III, or as



ρ
(HHH )
U = log2 1 +
E λ1
NT
Z ∞


ρ
+ (K − 1) log2 1 +
λ1 fΛ1 (λ1 ) dλ1 ,
NT
0

(58)
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Table 2. RMS phase errors without and after averaging over 10, 20, and 35 cycles.

RMS phase errors (°)

Original

10 cycles

20 cycles

35 cycles

Tx1-Rx1

7.71

2.29

1.38

0.67

Tx2-Rx2
Tx19-Rx3

7.59
7.73

3.31
2.46

2.70
1.82

1.75
0.94

Tx20-Rx4
8.47
2.95
2.07
1.36
(HHH )
where λ1
denotes the eigenvalues of HHH with the rank K of the channel matrix H, fΛ1 (λ1 ) denotes the probability density function of the largest
eigenvalue of ΨΨH , and the eﬀective noise matrix Ψ = H ◦ jΦ (t).

3.3.4

Phase noise mitigation approaches

Sliding average (Paper I)
We employ the conventional sliding averaging method to reduce the impact of
phase noise presented ﬁrst in Paper I. Table I shows the root mean squared
phase error as a function of the averaging length. It is obvious that by averaging
over several measurement cycles, the phase variance can be decreased to an
acceptable value. This is a consequence of more accurate estimation of channel
capacity, as indicated in Fig. 11 in Paper I.
Choice of the length of the PN sequence L and the sounding mode (SM)
(Papers II and Taparugssanagorn et al. (2007))
As we investigated before, the choices of the length of the PN sequence L of the
sounding signal and the SM have an inﬂuence on the estimated ergodic capacity.
A shorter CL of the sounding signal seems to be a better choice for reducing the
impact on channel capacity as much as possible since the phase noise sample
has higher
h correlation. As can bei seen from the covariance matrix of phase
T

noise E (Φ − E [Φ]) (Φ − E [Φ])

reported in Fig. 17, the longer the length

of the PN sequence L of the sounding signal is, the longer the sampling time of
the phase noise sample is. In addition, Fig. 18 depicts the mean values of the
oﬀ-diagonal of the phase noise covariance matrix versus the size of the MIMO

60

1
0.9
0.8
0.7

(a)

0.6

(b)

0.5
0.4
0.3
0.2
0.1
0

(c)

(d)

Fig 17. The normalized covariance matrix of the phase noise of the considered
8 × 8 MIMO sounding system with the length of the PN sequence L as a parameter:
(a) L = 127, (b) L = 255, (c) L = 511, (d) uncorrelated phase noise samples.
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Fig 18. The mean value of the off-diagonal elements of the phase noise covariance
matrix versus its dimension with the length of the PN sequence L as a parameter.

channel with the length of the sounding signal as a parameter. The correlation
of the phase noise sample decreases when the size of MIMO system (NT , NR )
increases. However, a minimum length of the PN sequence L is enforced by the
maximum excess delay of the channel, and, thus, it is not really a free design
parameter.
As we disclosed that the estimated ergodic capacity is also highly inﬂuenced
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by the choice of SM, we learned that not only the typical identity SM (SM A)
performs well, i.e., less predicted error of the ergodic capacity estimate. We have
shown in Fig. 15 that the cycle-dependent mode (SM B), which is superior to
SM A in terms of joint Doppler and bi-direction estimation accuracy Pedersen
et al. (2004), performs equally well with regard to the estimation of channel
capacity as the SM A.

3.4

Impact of phase noise in TDM-switched MIMO
channel sounding on channel parameter estimation
(Papers IV and V)

Due to the ST phase noise of the local oscillators at the TX and the RX of the
MIMO channel sounder, the signal term in (6) is modulated by the phase noise
T

process exp (jϕ) with ϕ = [ϕ (t1 ) , . . . , ϕ (ti ) , . . . , ϕ (tI )] and
ϕ (ti ) = [ϕ11 (ti,1,1 ) , . . . , ϕNR 1 (ti,NR ,1 ) , . . .
T

. . . , ϕnm (ti,n,m ) , . . . , ϕNR NT (ti,NR ,NT )] ,

(59)

where exp is the element-wise exponential. Therefore, the output signal of the
receive antenna array in the presence of phase noise can be expressed as
Y=

L
X
l=1

s (θ l ) ◦ exp (jϕ) + w,

(60)

where ◦ denotes the Hadamard product and w is the complex white Gaussian
2
noise matrix with component variance σw
.
As revealed in Paper IV, the impact of phase noise on the directional channel
estimation using the SAGE algorithm are investigated. The impact of phase
noise on the DOA and the DOD estimations for the test scenario of Fig. 42 in
Section 3.6.2 when using a full 50 × 32 MIMO scheme is illustrated in Fig. 19.

The SAGE algorithm applies ﬁve iterations in determining the directions. The

directions of the three dominant propagation paths are clearly seen, especially
in the DOA estimation, and they match the TX/RX/reﬂector geometry well. It
can be noticed also that the DOD estimation has more variation than the DOA
estimation. The reduced accuracy in the DOD estimation can be explained by
the fact that the actual propagation paths are visible from only few TX antenna
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Fig 19. DOD and DOA estimations for multipath components of 50×32 MIMO using
the SAGE algorithm.

elements pointing in the directions of the three propagation paths. The switching
time in the TX antenna array is longer than that in the RX antenna array, which
may be another, though minor, reason for this observation.

3.4.1

Phase noise mitigation approaches

Sliding average (Paper IV)
The sliding averaging over the measurement cycles (here we used a window size
of 20 cycles) decreases the Allan deviation in the microsecond range as shown
in Fig. 5 in Paper IV. This improvement is signiﬁcant for a small number of TX
and RX antennas in the case of which the scan time for 1 cycle is typically less
than 500 µs. Even if we investigate here the impact of phase noise on the channel
parameter estimation using the SAGE algorithm, the results also apply to any
other parameter estimation methods. This can be explained by the fact that
such sliding averaging improves the signal-to-noise ratio (SNR) of the impulse
response, which is beneﬁcial to any parameter estimation method.
Since the sliding averaging decreases the Allan deviation of phase noise, it
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Fig 20. DOD and DOA estimations for multipath components of 50 × 32 MIMO
using the SAGE algorithm with 20 measurement cycles sliding average of phase
variation.
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Fig 21. DOD and DOA estimations for multipath components of 8 × 8 MIMO using
the SAGE algorithm.
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Table 3. RMS estimate errors of azimuth estimation (φ1 , DOA) without and after
sliding averaging over 10, 20, and 30 measurement cycles.

RMS estimate errors

Original

10 cycles

20 cycles

30 cycles

4×4
4 × 4 (dual polarization)

2.70
2.32

1.60
1.60

0.90
0.88

0.71
0.68

2.54
2.24

1.55
1.53

0.89
0.87

0.68
0.68

1.90
2.31

1.48
1.55

0.87
0.88

0.67
0.67

1.70

1.40

0.84

0.63

4×8
4 × 16
4 × 32
8×8

50 × 32

Table 4. RMS estimate errors of azimuth estimation (φ2 , DOD) without and after
sliding averaging over 10, 20, and 30 measurement cycles.

RMS estimate errors

Original

10 cycles

20 cycles

30 cycles

4×4

4.70

1.90

1.23

1.01

4.19

1.72

1.15

0.76

8×4
16 × 4

4.22
4.10

1.64
1.62

1.15
1.14

0.75
0.72

3.24
2.90

1.62
1.55

1.12
1.10

0.72
0.71

4 × 4 (dual polarization)

32 × 4
50 × 4

8×8
4.15
50 × 32
2.86
is validated to mitigate the impact on the
depicted in Fig. 20. Similar investigations

1.60
1.12
0.75
1.53
1.01
0.70
DOA and DOD estimation errors as
were performed for the 8 × 8 MIMO

antenna constellation, the results of which are illustrated in Figs. 21 and 22.
Again, the larger deviations from the true directions are noted especially in the
DOD estimation. The variation is clearly more severe than in the 50 × 32 MIMO

case. The impact of phase noise on the estimations is more severe for the smaller
MIMO antenna conﬁgurations due to the fact that phase noise is not averaged

over a large number of antennas. This is contrary to Almers et al. (2005) due
the fact that their phase noise is independent even within the cycle, whereas in
reality phase noise is correlated over many RX antennas.
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Fig 22. DOD and DOA estimations for multipath components of 8 × 8 MIMO using
the SAGE algorithm with 20 measurement cycles sliding average of phase variation.

New proposed SAGE algorithm based channel parameter estimation
(Paper V)
[0]

Given an observation Y = y and an initial estimate of the parameter θ̂l , the
[n]

SAGE algorithm generates a sequence of estimates θ̂l of the parameter vector.
We have to guarantee that the sequence log f (Y = y|θ l ) is non-decreasing according the monotonicity property. That means the set of parameters we choose
to update must be statistically independent of the complement set. This is the
concept of “admissible hidden-data” Fessler & Hero (1994).
In Paper V, we resort to the SAGE method, which updates at each iteration
of a subset of the parameter vector θl based on a system model incorporating
phase noise. Using a 1st order Taylor expansion as a linear approximation to
exp (jϕ) in (61) yields

Y≈
66

" L
X
l=1

#

s (θl ) ◦ [1 + jϕ] + w.

(61)

We select
Xl = s (θ l ) ◦ [1 + jϕ] + wl′ , l = mod(i, L)

(62)

as the hidden data in the ith iteration. Here, wl′ is an independent complex white
2
2
Gaussian noise matrix with component variance σW
′ = βl σw . The nonnegative
l
PL
parameters βl satisfy l=1 βl = 1. We assume that the statistical properties of

phase noise and the additive noise are known, i.e., the phase noise covariance
2
matrix Rϕ and σw
are known. The parameter subset associated with the hiddendata Xl in (62) is θl . It can be shown that the probability density functions
f (y |xl ; θl ) and f (xl ; θ) are the density of the normal distributions
X
X
X
2
I)
CN (
s (θl′ ), [
s (θl′ )
s (θ l′′ )] ◦ Rϕ + σw
l′ 6=l

l′ 6=l

l′′ 6=l

and



2
CN s (θl ) , s (θl ) sH (θl ) ◦ Rϕ + σw
′I ,

respectively. Therefore, the selected hidden-data in (62) is admissible in the
sense originally deﬁned in Fessler & Hero (1994).
In the expectation (E-) step, the so-called Q-function is derived to be
o


n


Q θ l ; θ̂ = E log f xl ; θl , θ̂ l̃ Y = y; θ̂ l
Z 



= f xl |Y = y; θ̂ log f xl ; θl ; θ̂l̃ dxl .

(63)

Inserting


f xl ; θl , θ̂l̃ =

where

1

·
(π) |ΣXl (θl )|
n
o
exp − (xl − µXl (θl ))H Σ−1
Xl (θ l ) (xl − µXl (θ l )) ,
N

µXl (θl ) = s (θ l ) and


2
ΣXl (θl ) = s (θl ) sH (θl ) ◦ Rϕ + σw
′I

(64)

(65)
67

in (63) yields after some algebraic manipulations



Q θl ; θ̂ =A(θ l ) − tr Σ−1
Xl (θ l ) ΣXl (θ̂ l )

ˆ H
ˆ
− ΣXl Y (θˆl )Σ−1
YY (θ l )ΣXl Y (θ l )

+ µXl |Y (θ̂l )µH
Xl |Y (θ̂ l )
n
o
+ 2ℜ sH (θl ) Σ−1 (θl ) µX |Y (θˆl )
Xl

−s

H

l

(θ l ) Σ−1
Xl (θ l )s (θ l ) ,

(66)

where




2
A(θ l ) = − log (π)N s (θl ) sH (θl ) ◦ Rϕ + σw
,
′I


ˆ
ˆ
µXl |Y (θˆl ) = µXl (θˆl ) + ΣXl Y (θˆl )Σ−1
Y (θ l ) y − µY (θ l ) ,
µY (θˆl ) =

L
X

s(θ̂l ),

l=1

L
X
2
ˆ
ΣYY (θ l ) = [
s(θ̂l )sH (θ̂l )] ◦ Rϕ + σw
I, and
l=1

ΣXl Y (θ̂ l ) = [s(θˆl )

L
X
l=1

ΣYXl (θˆl ) =

2
s(θ̂l )H ] ◦ Rϕ + σw
′ I, with

ΣH
Xl Y (θ̂ l ).

(67)



Note that Q θ l ; θ̂ in (66) reduces to the form derived in Fleury et al. (1999)
when Rϕ = 0. In the Maximization (M-) step in the ith iteration, the estimate
[i]

θ̂l of θl is computed as the maximization:
n 
o
[i]
[i−1]
θ̂l = arg max Q θl ; θ̂
.
θl

(68)

The maximization operation in (68) is simpliﬁed by splitting the joint optimization with respect to θl in separate one-dimensional coordinate-wise optimizations
as described in Fleury et al. (1999).
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3.4.2

Performance evaluation in synthetic channels

Cramér-Rao lower bound (CRLB) for the estimation
In Paper V, we also show the result of the Cramér-Rao lower bound (CRLB) for
the estimation of one wave of the signal model expressed in (61). However, the
derivation presented below is included in Taparugssanagorn et al. (2008). For
the subsequent investigation, it is worth deﬁning the 3L-D vector

Ω = [ν1 , . . . , νL , φ1,1 , . . . , φ1,L , φ2,1 , . . . , φ2,L ]

(69)

instead of θ. The information inequality for the covariance matrix of any unbiased estimate Ω̂ reads Lehmann (1983)

EΩ



Ω̂ − Ω

T 

Ω̂ − Ω



≥ F −1 (Ω) ,

(70)

where the 3L × 3L positive deﬁnite matrix F (Ω) is the so-called Fisher infor-

mation matrix (FIM) of Ω. If Ω̂k is unbiased, its mean-square estimation error
(MSEE) is lower-bounded as


2 
 
MSEE Ω̂k = EΩ Ω̂k − Ωk

≥ F −1 (Ω)kk = CRLB (Ωk ) .

(71)

We now derive CRLB (Ωk ) in (71) as reported in Taparugssanagorn et al.
(2008). It follows from (26) in Fleury et al. (1999) that F (Ω) is diagonal in the
69

case L = 1, so the element of F (Ω) can be expressed as
!
T
∂Σy
∂Σy
−1
Σy
·
F (Ω) =
∂Ωk
∂Ωk
)
(
(
)

 H T −1 ∂Σy
 H T ∂ Σ−1
∂ Σ−1
∂Σy
y
y
−1
EΩ yy
Σy
− Σy EΩ yy
−
∂Ωk
∂Ωk
∂Ωk
∂Ωk


 H T −1
∂
∂
−1
− Σy EΩ yy
Σy
Σy
∂Ωk ∂Ωk





∂
∂sH (Ω) ∂ Σ−1
∂
y
−1
H
Σ
s(Ω) + 2
s(Ω)
+ 2ℜ s (Ω)
∂Ωk ∂Ωk y
∂Ωk
∂Ωk




∂ Σ−1
∂
∂
∂s(Ω)
y
H
−1
H
+ 4ℜ s (Ω)Σy
s(Ω)
+ 2s (Ω)
∂Ωk ∂Ωk
∂Ωk
∂Ωk
(

 H


)
∂ Σ−1
∂s (Ω) −1 ∂s(Ω)
∂s(Ω)
y
H
+2
Σy
+ 4ℜ s (Ω)
∂Ωk
∂Ωk
∂Ωk
∂Ωk


∂
∂
+ sH (Ω)
Σ−1 s(Ω),
∂Ωk ∂Ωk y
Σ−1
y



(72)

where


∂sH (Ω)
∂Σy
= 2ℜ s(Ω)
◦ Rϕ ,
∂Ωk
∂Ωk

∂
∂
Σy =
∂Ωk ∂Ωk

 



∂
∂ H
∂s(Ω) ∂sH (Ω)
2ℜ s(Ω)
s (Ω) + 2ℜ
◦ Rϕ ,
∂Ωk ∂Ωk
∂Ωk ∂Ωk
(74)


 


∂ Σ−1
∂ H
y
−1
= −Σy
2ℜ s(Ω)
s (Ω)
◦ Rϕ Σ−1
y ,
∂Ωk
∂Ωk
and
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Fig 23. Normalized Q-function for the Doppler frequency for (1) the traditional
SAGE algorithm based channel parameter estimation without phase noise (continuous line), (2) the traditional SAGE algorithm based channel parameter estimation
with phase noise (dash-dot line), and (3) the new SAGE algorithm based channel
parameter estimation with phase noise (dash line).

Table 5. The parameter setting.

Channel Parameters
Doppler frequency ν
Azimuths of departure φ1

0
π/2

Azimuths of arrival φ2

π/2


 

2
∂
∂
∂ H
−1
−1
Σ−1
=4
Σ
ℜ
s(Ω)
s
(Ω)
◦
R
ϕ Σy
y
∂Ωk ∂Ωk y
∂Ωk
 

∂
∂ H
− Σ−1
2ℜ
s
(Ω)
s
(Ω)
y
∂Ωk ∂Ωk



H
∂s (Ω) ∂s (Ω)
+2ℜ
◦ Rϕ Σ−1
y
∂Ωk
∂Ωk
 



∂ H
−1
+ Σ−1
4ℜ
s(Ω)
s
(Ω)
◦
R
Σ
.
ϕ
y
y
∂Ωk

(76)

Consequently, the CRLB’s can be obtained by (71).
We investigate the performance of the proposed SAGE algorithm in a narrowband “one-path” scenario. The transmit and receive arrays are uniform and
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Fig 24. RMSEEs of the Doppler frequency, the azimuth of departure, and the azimuth of arrival of the wave in the considered scenario versus the phase noise
variance and the corresponding CRLBs.

linear with NT = NR = 8 half-a-wavelength spaced elements. Horizontal-only
propagation is considered, i.e., θ1,1 =
˙ θ2,1 = π/2. The channel parameters are
given in Table 5. The Doppler frequency ν, the azimuths of departure φ1 and of
arrival φ2 are jointly estimated with the proposed method.
Fig. 23 illustrates the Q-functions of the Doppler frequency for (1) the traditional SAGE algorithm, Fleury et al. (1999) without phase noise, (2) the traditional SAGE algorithm with phase noise, and (3) the new SAGE algorithm
with phase noise. It can be observed that the Q-function in case (2) has higher
side-lobes and a wider main-lobe than the log-likelihood in case (1). The width
of the main-lobe and the height of the side-lobes of the Q-function in case (3) are
decreased compared to those of case (2). This observation leads to the conclusion
that the new SAGE algorithm will outperform the tradition SAGE algorithm in
the presence of phase noise.
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The root mean-square estimation errors (RMSEE)’s of the parameter estimates returned by the traditional SAGE algorithm and the new proposed SAGE
algorithm have been assessed by means of Monte Carlo simulations. They are
reported versus the phase noise variance in Fig. 24. It can be observed that
the RMSEEs increase with the variance. In the range of the actual phase noise
variance, i.e., 0.02-0.03 rad (Paper II), the RMSEEs of the new proposed SAGE
algorithm is lower by about 10 dB compared to the corresponding RMSEEs of
the traditional SAGE algorithm. For values of the above 0.06 rad, the new SAGE
algorithm outperforms the traditional SAGE algorithm by about 5 dB. It is also
observed that the simulated RMSEEs of the new proposed SAGE algorithm for
small variance follow the corresponding CRLBs derived in the “one-path” case.
The simulated RMSEEs deviates signiﬁcantly from the CRLBs at large variance,
i.e., above 0.06 rad.

3.5

Channel eigenvalue distribution, ergodic capacity,
and spatial correlation in realistic environments
(Papers VI-VIII)

In Papers VI and VII, a realistic propagation environment in the presence of
spatial fading correlation under an outdoor-indoor scenario at 5.25 GHz, which
has important applications for data transmission in future cellular as well as
wireless local area networks (WLAN) systems, is taken into account as described
in Section 3.6.3. The channel eigenvalue distribution and ergodic capacity based
on complex hypergeometric functions are derived. The analytic results of the
asymptotic distribution of the channel eigenvalues and the asymptotic ergodic
channel capacity, which assume that the number of antenna elements approaches
inﬁnity, are also reviewed. We show that these closed-form solutions are also
valid for a realistic channel and a realistic number of antenna elements. The
outdoor-indoor scenario including the channels in an oﬃce room and corridors
is investigated.
First, we investigate the spatial correlation of the channel matrix H. It is
shown in Figs. 25.a and 25.b that the RX correlation is signiﬁcantly smaller
compared to the TX correlation. The mean value of oﬀ-diagonal elements of the
RX spatial correlation matrix is 0.15, whereas the TX spatial correlation matrix

73

1
1
0.9
0.9
0.8
0.8

0.7
0.7

0.6
0.6

0.5
0.5

0.4
0.4

0.3

0.3

0.2

0.2

0.1

0.1

0

a.)

0

b.)

Fig 25. The magnitude of spatial correlation matrices at a.) TX and b.) RX of the
channel in the room.
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Fig 26. The different between the MIMO spatial fully correlation (128 × 128 RMIMO )


calculated directly from the measurement E vec(H)vec(H)H and from Kronecker
product RTX ⊗ RRX

has the mean value oﬀ-diagonal elements of 0.7. Furthermore, the diﬀerence
between the MIMO spatial fully correlation (128 × 128 RMIMO ) calculated di74
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rectly from the measurement E vec(H)vec(H)H and from Kronecker product
RTX ⊗ RRX as depicted in Fig. 26 is relatively small. Therefore, the spatial

correlation matrix of the RX can be assumed to be independent from the correlation of the TX in an outdoor-indoor scenario. Moreover, the RX correlation is
so small that it can be disregarded. Consequently, the channel matrix H can be
modelled by the one-sided Kronecker model Skupch et al. (2005)

1/2

H = GRTX ,

(77)

where G is an NR × NT matrix with independent and identically distributed
(i.i.d.) circularly symmetric complex Gaussian-distributed with zero mean and
unit variance, RTX is an NT × NT fading correlation matrix observed on the TX


side deﬁned by RTX = E HT H∗ (see the square and circle plots in Fig. 29),
1/2

and RTX stands for the Hermitian positive deﬁnite square root of RTX .

To validate the applied channel model, the probability density functions
(PDFs) of the envelop of channel coeﬃcients for the measured and simulated

channels are compared to each other as shown in Fig. 27. It is evident that
the diﬀerent PDFs excellently ﬁt to each other. The results are conﬁrmed by
the Pearson Chi-squared χ2 goodness of ﬁt test Eadie et al. (1982). Both re76

sults from the measurement and the one-sided Kronecker model are examined
in a null hypothesis of the Rayleigh Channel. The Pearson statistic, which distributes Chi square χ2 with the length of the tested bins (XP )-2 degrees of
freedom is expressed as
χ2 =

X
x

2

(E (x) − O (x))
E (x)

!

,

(78)

where E(x) is the expected frequency X falling within XP chosen to give 10
tested bins with equal expected probability according to the Rayleigh distribution, and O(x) is the observed frequency. The decision to reject the null
hypothesis is taken when the P value (probability that χ2 random value with
the length of XP -2 degrees of freedom is greater than χ2 ) is less than signiﬁcance
level α. The results from the test show that the PDFs of the envelop of channel
coeﬃcients for the measured and simulated channels ﬁt well with a Rayleigh
distribution.
In addition, the mean values of the ordered channel eigenvalues for the measured and the simulated channels are presented in comparison to those for the
i.i.d. channel in Fig. 28. The diﬀerence between the means of the largest and
second largest channel eigenvalues is 4 dB, which is quite small. In addition, the
largest and second largest of the simulated channels eigenvalues ﬁt reasonably
well to those of the measured channels.
In the following, we assume that our analysis is restricted to frequency ﬂat
channel (H). We also assume that we are in a situation where the channel
is perfectly known only at the RX and is unknown at the TX. The uniform
distribution of the TX power is the most reasonable power allocation scheme to
use Foschini & Gans (1998). The general capacity expression of a random MIMO
channel in bits per second per Hertz (bit/s/Hz) can be expressed as Foschini &
Gans (1998)
ρ
WH )],
(79)
C = log2 [det(INmin +
NT
where INmin is the Nmin × Nmin identity matrix, ρ is the average signal-to-noise
(SNR) ratio at the RX branch, Nmin = min(NR , NT ) and the (Nmin × Nmin )
matrix WH is deﬁned as:
(
HH H if NR > NT ,
WH =
HHH if NR ≤ NT ,

(80)
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H

where (·) denotes transpose conjugate. When the elements of H are zero-mean
complex Gaussian, WH is called a central Wishart matrix. Wishart matrices
are of great importance in multivariate statistical theory Fisher (1915), Wishart
(1928), James (1964). By using eigenvalue decomposition, the capacity (79) can
be expressed as

C=

N
min
X
i=1



ρ
log2 1 + λi ,
β

(81)

where {λi }i=1...Nmin denotes the eigenvalues of NR−1 WH and β = NT /NR .

The ergodic capacity is deﬁned as the statistical expectation of the capacity
over time and expressed as

E[C] = E

"N
min
X

log2

i=1



ρ
1 + λi
β

#

.

(82)

It must be noted that the observation interval is long enough to guarantee that
all possible channel states are covered. The ergodic capacity can be also written
by Lebesgue integral over dFWH (x) and given by [13]

E [C] = Nmin

Z∞

−∞

3.5.1



ρ
log2 1 + x fWH (x)dx.
β

(83)

Channel eigenvalue distribution and ergodic capacity
by complex hypergeometric functions (Paper VI)

In Paper VI, we investigate the density of the eigenvalues of complex central
Wishart matrices WH = HH H and their applications to MIMO channel capacity.
Complex zonal polynomials is one way to enable us to represent the densities of
the eigenvalues of these complex Wishart matrices. We compare the results from
the theoretical point of view to the ones obtained from the real measurement
campaign for an outdoor-indoor scenario.
The joint density function of the unordered channel eigenvalues or the eigenvalue distribution λ1 , λ2 , . . . , λNT of complex central Wishart matrices with
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NR > NT − 1 can be written by James (1964)
NT
π NT (NT −1) (det RTX )−NR Y
R −NT
λN
f (λ1 , . . . , λNT ) =
k
NT !ΓNT (NT ) ΓNT (NR )
k=1

.

NT
Y

k<l

2

(λk − λl )

0 F0


−R−1
TX , Λ ,

(84)

where Λ = diag (λ1 , . . . , λNT ), Γm (a) denotes the complex multivariate gamma
function, which can also be expressed in terms of the gamma function as follows:


m
X
1
1
Γ a − (i − 1) .
(85)
Γm (a) = π 4 m(m−1)
2
i=1

Moreover, 0 F0 (A, B) is the hypergeometric function of Hermitian matrix arguments deﬁned as James (1964)
0 F0

(A, B) =

∞ X
X
Cκ (A) Cκ (B)

k=0 κ

k!Cκ (INR )

(86)

,

where κ = (k1 , k2 , . . . , kNT ) is a partition of the integer k with k1 ≥ · · · ≥ kNT ≥
0 and k = k1 + . . . + kNT . The complex zonal polynomial Cκ (X) of a complex
matrix X is deﬁned as
(87)

Cκ (X) = χ[κ] (1) χ[κ] (X) ,
where χ[κ] (1) and χ[κ] (X) are given by

χ[κ] (1) = k!

N
QT

i<j

(ki − kj − i + j)

N
QT

i=1

and

i
k +N −j
λi j T
h
i .
T −j
det λN
i

det
χ[κ] (X) =

(88)

,

(ki + NT − i)!

h

(89)

From (38) of Constantine (1963), we have the value of the zonal polynomial at
the unit matrix as
2k

Cκ (INR ) = 2 k!



1
NR
2



κ

r
Q

i<j

(2ki − 2kj − i + j)
r
Q

i=1

,

(90)

(2ki + r − i)!
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where



r 
Y
1
1
NR
=
(NR − i + 1)
,
2
2
κ
k1
i=1

(91)

the partition κ of k has r nonzero parts, and (a)k = a (a + 1) · · · (a + k − 1) as
well as (a)0 = 1. This is diﬀerent from the method proposed by Chiani et al.
(2003), since we consider arbitrary (unordered) channel eigenvalues, and they
derived it in terms of the Vandermonde matrix Horn & Johnson (1991) and
obtained the joint PDF of the real ordered channel eigenvalues. If the input
power is constrained by signal-to-noise ratio (SNR) ρ, the ergodic capacity E [I]
of MIMO channels when the transmitter has no channel state information (CSI)
can be derived by
E [I] =

Z

Λ>0

log2

NT
Y

k=1

!
ρ
λk f (λ1 , . . . , λNT ) dλ1 . . . dλNT .
1+
NT

(92)

Inserting f (λ1 , . . . , λNT ) from (84) in (93), we obtain the ergodic capacity E [I]
as
E [I] =

Z

Λ>0

.

NT
Y

k<l

log2

NT
Y

k=1
2

(λk − λl )

!
NT
ρ
π NT (NT −1) (det RTX )−NR Y
R −NT
1+
λk .
λN
k
NT
NT !ΓNT (NT ) ΓNT (NR )

0 F0

k=1


−R−1
TX , Λ dλ1 . . . dλNT .

(93)

As can be seen in Figs. 30 and 31, the analytic results of the channel eigenvalue
distribution and the ergodic capacity of 8 × 8 MIMO system in the indoor environment are in good agreement with those of the measured channels. Since the
measured SNR is on average 15 dB and the range of the reference SNR investigated here is 0-20 dB, the results are acceptable due to low capacity estimation
error Kyritsi et al. (2002).

3.5.2

Asymptotic evaluation of the channel eigenvalue
distribution and ergodic capacity (Paper VII)

Paper VII analyzes the asymptotic distribution of the channel eigenvalues and
the asymptotic ergodic channel capacity using the measured MIMO channel.
Because of the lack of an analytical closed-form expression of this capacity, the
80
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Fig 30. The probability density function (PDF) of the channel eigenvalues for NT =
NR = 8 in an indoor environment.
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Fig 31. The ergodic capacity versus SNR for NT = NR = 8 in an indoor environment.

asymptotic behavior of capacity, e.g., when the number of both transmit and
receive antennas increase without bound at the same rate (NT , NR → ∞), is

attractive to study. The eigenvalues of WH are nonnegative real numbers. Let
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fWH (x) denote the empirical probability density function of the eigenvalues of
WH and it is given by Verdú & Shamai (1999), Rapajic & Popescu (2000)
fWH (x) =

NR
dFWH (x)
1 X
=
δ (x − λi ),
dx
Nmin i=1

(94)

where FWH (x) denotes the empirical cumulative distribution function (cdf) of
the eigenvalues and is deﬁned as Verdú & Shamai (1999), Rapajic & Popescu
(2000)
FWH (x) =

|{λi |λi ≤ x }|
.
Nmin

(95)

As can be seen in (83), the ergodic capacity depends on the empirical distribution of the eigenvalues. Therefore, the asymptotic properties of the ergodic
capacity depends on how the empirical distribution of the eigenvalues converges
to a limiting distribution. When the entries of H are independent and identically distributed (i.i.d.) circularly symmetric Gaussian-distributed with zero
mean and unit variance, the empirical distribution function of the eigenvalues of
NR−1 WH almost surely converges to the so-called Marčenko-Pastur distribution
Verdú & Shamai (1999), Rapajic & Popescu (2000). The integral in (83) can
be expressed in the closed form, as derived in Rapajic & Popescu (2000). In
realistic channels, the eﬀect of fading correlation between the entries of H at
the TX or the RX or both of them must be taken into account. We investigate
this phenomenon in an outdoor-indoor scenario. The fading correlation between
the array elements at the receiver (RX) is low enough to be ignored due to the
existence of local scatterers around it. Thus, there is approximately just the
fading correlation at the TX.
The matrix NR−1 WH when NR ≤ NT in (80) is now expressed as
WH =

1
1/2 H/2
GRTX RTX GH .
NR

(96)
1/2

H/2

With the fact that WH = N1R GRTX RTX GH has the same eigenvalues as
1/2 H/2
RTX RTX N1R GH G = RTX V, with V = N1R GH G, but the dimensions are diﬀerent. Hence, the empirical probability density function of WH can be expressed
in terms of the empirical probability density function of RTX V as
∞
∞
fW
(x) = βfR
(x) + (1 − β)δ0 (x),
H
TX V
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Fig 32. The probability density function (PDF) of the channel eigenvalues for NT =
NR = 8 compared to the asymptotic pdf of the channel eigenvalues.
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Fig 33. Ergodic channel capacity per receive antenna for NT = NR = 8 and asymptotic capacity per receive antenna for β = 1 versus SNR.

where δ0 (x) is the Dirac’s delta function centered at x = 0. Based on free probability theory, these matrices are asymptotically free Müller (2002), therefore the
∞
empirical probability density function fR
(x) is the free multiplicative conTX V
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volution of the empirical probability density function of RTX and V. With the
so-called S-transform as well as the Stieltjes transform and its inverse (explained
in more detail in Paper VII), we obtain



∞
(x) = max 0, 1 −
fW
H

1
β



δ0 (x/β) +

r



− ξ1 ξ2 − βx


1[ξ1 ,ξ2 ] (x), (98)
2π βx 1 + µ βx
x
β

where δ0 (x) is deﬁned as in (97),

1[ξ1 ,ξ2 ] (x) =

(

1,
if
0, otherwise

x ∈ [ξ1 , ξ2 ]

.
 p p
ξ1 = 1 + 1/β+2µ β − 2/ β
(1 + µ) (1 + µ/β),
.
 p p
(1 + µ) (1 + µ/β),
ξ1 = 1 + 1/β+2µ β − 2/ β

(99)

(100)

(101)

and
µ=

σ2
1 − σ2

(102)

with the component σ of the exponentially decaying correlation model {RT X }i,j =
σ |i−j| .
∞
Replacing fWH (x) with fW
(x) in (83), we ﬁnally achieve a closed form for
H
the asymptotic capacity per antenna for the transmit correlation case integrating
δE[C]
δρ

with respect to ρ and forcing E[C]|ρ=0 = 0 as




ρ 1
β
1
ρ 1
E [C] =β log2
, , µ + log2 1 − µ .v
, ,µ
β β
µ
β
β β


ρ 1
− (1 − β) log2 u
, ,µ ,
β β
ρ
w
β
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(103)

where w, v, and u are given by
√
β + (1 − β)ρ + 2µβ 2 − y
,
2β(ρ − µβ)
√
β + ρ(1 + β) − y + 2ρβµ
,
v(ρ, β, µ) =
2βρ [1 + (1 + β)µ + βµ2 ]

√ 
(1 + (1 + β)µ) β + ρ(1 + β) + y
w(ρ, β, µ) =
2βρ [1 + (1 + β)µ + βµ2 ]
2βµ (ρ − µβ)
,
−
2βρ [1 + (1 + β)µ + βµ2 ]
u(ρ, β, µ) =

and
2

y = [β + (1 + β)ρ] − 4βρ(ρ − βµ).

(104)

Fig. 32 illustrates the PDFs of the empirical channel eigenvalues of the measured
and simulated channels when NRX = NT X = 8 compared to the asymptotic
∞
∞
PDFs for the i.i.d channel fV
(x) and the TX correlation channel fW
(x). The
H
∞
asymptotic PDF fW
(x) seems to be a good approximation to those of the
H
measured and simulated channels. Fig. 33 presents the comparison between the

ergodic capacity per receive antenna C/NR versus signal-to-noise ratio (SNR)
for NRX = NT X = 8 and the asymptotic capacity per receive antenna C ∞ /NR
at β = 1. It seems that the asymptotic capacity is a reasonable approximation
to those of the measured and simulated channels. The same kind of plots are
shown in Fig. 12 in Paper VII for NRX = 8, NT X = 16 in comparison with the
asymptotic capacity per receive antenna C ∞ /NR at β = 2.

3.5.3

Spatial correlation and eigenvalue statistics of MIMO
channel measurements (Paper VIII)

The ﬁrst part of Paper VIII shows the results from outdoor wideband MIMO
channel measurements in an urban microcell scenario as described in Section
3.6.4. Speciﬁcally, spatial correlation and eigenvalue statistics in frequency selective radio channels for single and dual polarized antennas are studied.
The spatial correlation characterizes the signal variation in space and describes how the signals are correlated at two locations. The TX and RX spatial
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correlation matrices are deﬁned as


RTX = E HT H∗ ,

(105)

and

h
i
RRX = E HHH .

(106)

The MIMO spatial correlation for ith ﬂat fading narrowband sub-channel matrix
H̃ (fi ) deﬁned in Paper VIII is expressed as




H 
RMIMO = E vec H̃ (fi ) vec H̃ (fi )
,

(107)



where vec H̃ (fi ) denotes the NR NT × 1 vector composed by stacking the

columns of H̃ (fi ). In an outdoor scenario, for instance an urban non line-ofsight (NLOS) microcell scenario, which is a rich scattering environment, RTX

can be assumed to be independent of RRX . In that case, RMIMO can be also
written as
RMIMO = RTX ⊗ RRX ,

(108)

where ⊗ denotes the Kronecker product.
The results in Paper VIII show the magnitude of the spatial correlation
matrices of 4 × 4 MIMO system, of which the elements are displayed by color
scaling technique. The highest correlation is denoted as dark red and the lowest
correlation as dark blue. We show now the results of the strongest frequency bin.
Figs. 34a and 34b show high correlation at the RX in the line-of-sight (LOS) case
for both single polarization (SP) and dual polarization (DP). In this case, the
antenna spacing is the same for the SP and DP antenna constellations. In the DP
case, the spatial correlation is somewhat smaller. The lower correlation at the TX
is revealed in Fig. 34c. This can be explained from the measurement environment
in which most of the scatterers locate around the TX. However, the main reason
for the reduced correlation is the antenna spacing and the diﬀerent pattern of TX
and RX antennas. Figs. 34d-34g conﬁrm that in the LOS case, the MIMO spatial
correlation calculated from the Kronecker product (108) is quite diﬀerent from
the real MIMO correlation (107). In addition, the polarization eﬀect causing
more uncorrelated channels is also found in the results. The summary of the
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Fig 34. The spatial correlation matrices in the LOS case.

results is shown by Figs. 34h and 34i, which are the diﬀerence between (107)
and (108) in SP and DP cases, respectively. The analysis of the NLOS case is
done in the same way and shown in Figs. 4a-4i (in Paper VIII). As mentioned
above, in the NLOS case, which has more multipaths, the spatial correlation is
lower, and the MIMO spatial correlation calculated directly from the measured
data is closer to the one from the Kronecker product (108) than in the LOS case.
In addition, we notice also from the other frequency bins that the results are
similar. We also notice that the frequency bins with weak signal-to-noise ratio
(SNR) depicted (not shown in the paper) may not be useful for applying MIMO
techniques since the correlation is low even in the LOS scenario.
H

In the second part, we investigate the eigenvalues of the matrix H̃ (fi ) H̃ (fi )
87

Fig 35. The eigenvalues of the NLOS channels over the frequency domain, SP.

Fig 36. The eigenvalues of the LOS channels over the frequency domain, SP.

of 4 × 4 MIMO system. The eigenvalue λk,i is interpreted as the power gain of
the k th eigenmode on the ith sub-channel. The variation of the eigenvalues over
the frequency domain of the NLOS channels is reported in Figs. 35 and 37. The
frequency-dependent behavior is important information in adjusting the antenna
weights to achieve beamforming gain in beamforming techniques. Figs. 36 and
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Fig 37. The eigenvalues of the NLOS channels over the frequency domain, DP.

Fig 38. The eigenvalues of the LOS channels over the frequency domain, DP.

38 depict the result in the LOS case. As can also be noticed, we can obtain a
little more gain if polarization diversity is applied. Note that the fast variations
with frequency in Figs. 35-38 are induced by noise and interference.
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3.6

Measurement campaigns.

3.6.1

Phase noise measurement (Papers I-III).

The radio channel sounder EB Propsound CSTM Pro (2007), which represents
a TDM based state-of-the art equipment for MIMO channel characterization, is
considered in our study. The sequential radio channel measurement between all
possible transmit and receive antenna pairs is achieved by antenna switching at
both the TX and the RX. The antenna switching makes the sounder suitable
for MIMO radio channel studies which usually incorporate a large number of
antennas. The TX and the RX are synchronized using a standard Rubidium
clock reference with a stability of 10−11 Allan (1975). The Rubidium reference is
typically employed also in other corresponding channel sounding devices. In our
study, the 100 Mchip/s sounding signal consists of a 127-chip M-sequence with
a length of 1270 ns. These typical measurement parameters lead to a sampling
speed in which the time coherence of the phase variation is observed. The
complex-valued impulse responses between the transmit and receive antennas
are recorded coherently. A phase noise evaluation is carried out as a back-toback measurement at a centre frequency of 2.45 GHz, which allows very fast
sampling. This can be accomplished by connecting the RF cables of the TX and
the RX units with a 50 dB ﬁxed attenuator and, thus, by-passing the antenna
switching units. Despite of the direct RF connection, the signals are transmitted
and sequentially switched through a large number of channels, which ensures
that a recording period of the channel samples occurs only after measuring a
large number of impulse responses. The set-up is required for direct recoding of
consecutive channel samples so that short term phase noise characteristics can
be studied in a controlled way. In our study, the measurements are done with
an independent clock reference at the TX and the RX units to investigate the
characteristics of phase noise in free-running systems, which is usually the case
in ﬁeld measurements. The impulse response data are recorded for investigating
the characteristics of phase noise, i.e., the autocorrelation (ACF), the power
spectral density (PSD), and the Allan variance of phase noise. In addition, we
repeat the measurements for the 255-chip and 511-chip M-sequence sounding
signals in order to investigate the eﬀect of the length of PN sequence to the
correlation properties of phase noise.
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Fig 39. Block diagram of a radio channel sounder and the method for measureing
the phase noise of the local oscillators (PLL) causing phase errors in the received
signal.

3.6.2

Measurement of impact of phase noise on channel
parameter estimation using the SAGE algorithm
(Paper IV).

In this study, the measurement campaigns, which were performed by means of
the EB Propsound CSTM , were conducted in an anechoic chamber. The applied
center frequency was 5.25 GHz with the zero-to-zero measurement bandwidth
of 100 MHz. The transmitter continuously sent PN-sequences with 127 chips.
The chip rate was 100 Mchips/s. The 16 element dual polarized (+/−45 degree)
planar patch antenna array was applied at the RX, and it had an antenna element
separation of λ/2. The half-power beamwidth of the elements was about 150
degrees. A 25-element dual polarized omni-directional antenna was used as the
TX antenna. The speciﬁc elements are chosen for 4 × 4 and 8 × 8 cases as
shown in Figs. 40 and 41. The measurements were conducted in a manner
in which a rectangular-shaped metal reﬂector with a size of 1.3 × 2 m2 was
placed in a predeﬁned position for facilitating controlled DOA and DOD as
illustrated in Fig. 42. The ﬂoor of the anechoic chamber is made of electrostatic
discharges materials and is not covered by the radar-absorbing materials (RAMs)
in order to be counted as a reﬂector. In this scenario, the dominant radio waves
propagate via the line-of-sight (LOS) path, the reﬂected path from the ﬂoor, and
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the reﬂected path from the reﬂector. The dimension of the antenna apertures
D of the TX and RX arrays are small (λ for the TX array and 4 × λ/2 = 2λ
for the RX array). The far ﬁeld boundary is set as 2 × D2 /λ, which is, thus,

0.11 m and 0.46 m for the TX array and the RX array, respectively. With the
distance shown in Fig. 42, the TX and RX arrays are, therefore, in the far-ﬁeld
from each other, and the reﬂector is also in the far-ﬁeld.

Fig 40. The 28 element dual polarized omni-directional TX antenna. (The elements
1, 3, 15, 17, 19, 21, 33, 35 and 1, 3, 15, 17 are used for 8 × 8 and 4 × 4, respectively.
In addition the elements 1, 2, 3, 4, 15, 16, 17, 18 are used for 4 × 4 dual polarization
case.)

3.6.3

Outdoor-to-indoor measurement (Papers VI and VII).

The measurement campaign was conducted with an EB Propsound CSTM channel sounder with a center frequency of 5.25 GHz and a zero-to-zero measurement bandwidth of 100 MHz. As illustrated in Fig. 43, the transmit antenna
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Fig 41. The 16 element dual polarized planar patch RX antenna. (The elements 1,
3, 10, 12, 17, 19, 26, 28 and 1, 10, 17, 26 are used for 8 × 8 and 4 × 4, respectively. In
addition, the elements 1, 2, 9, 10, 17, 18, 25, 26 are used for 4 × 4 dual polarization
case.)
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Fig 42. The layout of the measurement in an anechoic chamber (The reflector is at
the same height as the antennas).

was a 16-element dual polarized uniform linear patch array with element spacing λ/2. However, 9 elements (the ring below) of the 25-element dual polarized
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omni-directional receive antenna was used, covering the entire 360-degree view
in azimuth. In this case only single polarization was applied for analysis. The
100 Mchip/s sounding signal consisting of a 1023-chip M-sequence was applied.
Fig. 44 illustrates the ﬂoorplan of the indoor measurement environment. As
can be seen, the transmitter (TX) was located outside the building at the height
of 12 m, and the receiver (RX) was moving with the speed of 15 cm/s in the
building, as depicted on the ﬂoorplan. The concrete building has 30 cm thick
concrete walls. The example measurement routes were in the oﬃce room (route
no.1), which are surrounded by tables and electronic pieces of equipment, and
corridors (route no.2 and no.3).

Fig 43. A 16-element dual polarized uniform linear patch array at the transmitter
and a 9 chosen-element (the ring below) dual polarized omni-directional antenna
at the receiver.

3.6.4

Urban microcell measurement (Paper VIII).

The measurements were conducted using an EB Propsound CSTM multi-dimensional
radio channel sounder. The center frequency was 2.53 GHz with a zero-to-zero
measurement bandwidth of 100 MHz. The transmitter sent PN-sequences with
511 chips continously.. The chip rate was 100 Mchips/s. Hence, the accessible
delay range was 5.11 µs with a resolution of 1/100 MHz = 10 ns. A 16-element
dual polarized (+/−45 degree) 0.5λ-spaced planar patch antenna array with
the azimuth range from −70 to 70 degrees was applied at RX (see Fig. 45)
and a 0.6λ-spaced L-shaped transmit antenna array with 11 vertical polarized
monopole elements at the mobile station (see Fig. 46). This leads to 11 × 32
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Fig 44. The floorplan of the building and the measurement routes.

MIMO measurements. We conducted the measurements in an urban microcell
environment in downtown Oulu, Finland. The antenna height of the RX base
station (BS), illustrated in Fig. 47, was 19 m, which was below the average
rooftop level of the area. The TX mobile station was moved at street level, and
its antenna height was 2 m. An example route including both LOS and NLOS
parts is shown in Fig. 47.
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Fig 45. RX dual polazied patch antenna array with 16 elements.

Fig 46. TX L-shaped antenna array with 11 monopole elements.
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Fig 47. The measurement route in downtown Oulu, Finland.
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4

Summary

The purpose of the present thesis was two-fold; to provide a comprehensive
and up-to-date review of the evaluation of MIMO radio channel characteristics
from TDM-switched MIMO channel sounding, and to investigate and model the
eﬀects of the local oscillator phase noise on MIMO measurements and data analysis. Chapter 2 presented a literature review on the history of channel sounding,
the TDM-switched MIMO channel sounding, and the evaluation of MIMO radio channel characteristics. An overview of the research results was presented
in Chapter 3. Three particular areas were studied in this thesis. The analysis of phase noise in TDM-switched MIMO channel sounding and the impact
of phase noise in TDM-switched MIMO channel sounding on channel capacity
were explored ﬁrst. Statistical models for reproducing the capacity estimates
were proposed. The eﬀects of the sounding mode (SM), the length of PN sequence L of the sounding signal, and the number of TX and RX antennas were
also investigated. The distinctive basis was to consider the impact of the actual
phase noise in TDM-switched MIMO channel sounding, instead of the assumption of the white Gaussian process type of phase noise. In reality, the short-term
phase noise component aﬀecting one measurement cycle of a MIMO system plays
an important role in the traditional estimators of radio channel parameters, like
the path parameters (direction of departure, direction of arrival) and the channel capacity. All pairs of the TX and RX array elements are switched once in
a measurement cycle. Our investigations show that the actual short-term phase
noise has less impact on capacity estimation due to its correlation properties.
Two approaches for mitigating the impact of the phase noise on the channel capacity estimation were proposed. The former was the sliding averaging method,
which is simple and eﬃcient, since the signal-to-noise ratio (SNR) of the channel impulse response can be increased. The latter was the choice of SM and L,
which is more thorough. The second area under study was the problem of the
impact of phase noise in TDM-switched MIMO channel sounding on channel
parameter estimation using the high-resolution SAGE algorithm. Besides the
sliding averaging, which can increase the SNR of the channel impulse response
in general, the new SAGE algorithm based channel parameter estimation based
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on the improved signal model accounting for the phase noise in the measurement
device was proposed and developed to be a more elaborate way to mitigate the
impact of the phase noise. The last part of this research work was devoted to
the study of the analysis of the spatial correlation, channel eigenvalue distribution, and ergodic capacity in realistic environments. The channel eigenvalue
distribution and ergodic capacity based on complex hypergeometric functions
as well as their asymptotic characteristics were analyzed. It is shown that the
derived theoretical expressions closely approximate the simulated results of the
measured ﬁnite-dimensional MIMO channels. Finally, the spatial correlation
and the eigenvalue statistics in frequency selective channels for single and dual
polarized antennas were investigated. This knowledge is useful when diﬀerent
MIMO and beamforming techniques are considered.
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