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Abstract
Electrostatic interactions are very important in biomolecular systems. Electrostatic forces have
received a great deal of attention due to their long-range nature and the trade-off between desolvation
and interaction effects. It remains a challenging task to study and to predict the effects of electrostatic
interactions in biomolecular systems. Computer simulation techniques that account for such
interactions are an important tool for the study of biomolecular electrostatics.

This study is largely concerned with the role of electrostatic interactions in biomolecular systems
and with developing novel models to estimate the strength of such interactions.

First, a novel formulation based upon continuum electrostatics to compute the electrostatic
potential in and around two biomolecules in a solvent with ionic strength is presented. Many, if not
all, current methods rely on the (non)linear Poisson-Boltzmann equation to include ionic strength.
The present formulation, however, describes ionic strength through the inclusion of explicit ions,
which considerably extends its applicability and validity range. The method relies on the boundary
element method (BEM) and results in two very similar coupled integral equations valid on the
dielectric boundaries of two molecules, respectively. This method can be employed to estimate the
total electrostatic energy of two protein molecules at a given distance and orientation in an electrolyte
solution with zero to moderately high ionic strength.

Secondly, to be able to study interactions between biomolecules and membranes, an alternative
model partly based upon the analytical continuum electrostatics (ACE) method has been also
formulated. It is desirable to develop a method for calculating the total solvation free energy that
includes both electrostatic and non-polar energies. The difference between this model and other
continuum methods is that instead of determining the electrostatic potential, the total electrostatic
energy of the system is calculated by integrating the energy density of the electrostatic field. This
novel approach is employed for the calculation of the total solvation free energy of a system
consisting of two solutes, one of which could be an infinite slab representing a membrane surface.

Keywords: boundary element method, coarse-grained model, computer simulation,
electrostatics, explicit ions, ionic strength, long-range interaction, potential of mean force,
protein, solvation free energy
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Abbreviations

ACE Analytical continuum electrostatic

BE Boundary element

BEM Boundary element method

CPU Central processing unit

Eq Equation

FD Finite difference

FDM Finite difference method

FE Finite element

FEM Finite element method

FMM Fast multipole method

NSC Numerical surface calculation

SASA Solvent-accessible surface area

PB Poisson-Boltzmann

PBC Periodic boundary conditions

PBE Poisson-Boltzmann equation

PPPM Particle-particle particle-mesh

PME Particle-mesh Ewald

LPBE Liner Poisson-Boltzmann equation

NPBE Non-liner Poisson-Boltzmann equation

NPBC Non-periodic boundary conditions

GBM Generalized Born method

SI Standard international

cgs centimetre gram second

MD Molecular dynamics

pKa Acid dissociation constant

ICM Internal coordinate mechanics

RDF Radial distribution function

PDE Partial differential equations

Lys Lysine

LU Lower/upper triangular

MC Monte Carlo
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NIA Nearest image approximation

MIMEL Modified image electrostatics

PMAFET Parallel multilevel adaptive finite element techniques

PFM Parallel focusing methods
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1 Introduction

1.1 General introduction

Electrostatic interactions are very important in the structure and function of macro-

molecules in solution and play a dominant role in most, if not all, biological pro-

cesses involving proteins and other biomolecules (Harvey 1989). Electrostatic terms

are among the most important interactions in molecular systems and the most difficult

to treat correctly. Because of their long-ranged character, special care must be taken to

ensure an accurate calculation of electrostatic interactions (Simonson 2003).

Methods that are based upon continuum electrostatics are very popular (Honig &

Anthony 1995, Fogolariet al.2002) and have found widespread applications in studies

of electrostatics of biomolecular systems. They have been employed for, among other

things, the calculation of protein-ligand affinities (Elcocket al.2001, Donnini & Juffer

2004), the prediction of acid dissociation constants (Bashford & Karplus 1990, Juffer

et al.1997), the investigation of the effects of point mutations in proteins (Sharp 1998),

the computation of solvation free energies of small molecules (Rashin 1988), and the

prediction of protein stability (Vorobjevet al. 1998). Continuum electrostatics is also

combined with quantum chemistry approaches to account for solvent effects (de Vries

et al. 1995, Chipman 2002, de Vrieset al. 1995). One reason for the popularity and

success of continuum electrostatics is that these methods include the important effect

of polarization due to differences in the dielectric properties of the protein and the

surrounding solvent (Bttcheret al. 1973). This type of polarization is still commonly

ignored in, for instance, classical force fields for biomolecular simulation.

To accurately predict the electrostatic component of the solvation free energy, many

different approaches are available, including methods based upon simple Coulomb

electrostatics, lattice sum methods, approaches that employ solutions of the Poisson-

Boltzmann (PB) equation, and the rather simple Generalized Born methods (Simonson

2003, Warwicker & Watson 1982, Klapperet al. 1986). Generally speaking, these

methods can be loosely grouped into two categories: ‘explicit solvent’ methods- which

treat solvent molecules in full molecular detail- and ‘implicit solvent’ methods- which

include solvent-solute interactions in an averaged or continuum fashion. The latter ap-

proach is of particular interest for incorporating solvent effects implicitly in atomic
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models of biomolecules.

A few methods that are based upon continuum electrostatics have become very

popular and have found widespread application to study electrostatic interactions in

biomolecular systems. Continuum electrostatics, in which the solvent is represented

as a featureless dielectric medium, is an increasingly popular approach to describe sol-

vation of polar molecules. The approximation goes back to Born, Kirkwood and On-

sager (Born 1920, Kirkwood 1934, Onsager 1936). Among such methods, the most pop-

ular one relies on the Poisson-Boltzmann equation (PBE). Several different computa-

tional techniques for solving the PBE have been developed during the last two decades,

for instance finite difference (FD) methods, finite element (FE) methods, and boundary

element (BE) methods. The boundary element method (BEM) offers an attractive al-

ternative because of its higher intrinsic accuracy. For molecules of arbitrary shape, the

PB equation that describes the electrostatic interactions in a multiple-dielectric environ-

ment are typically solved by finite difference or boundary element numerical methods.

Numerical solutions of the PB equation based on different computational techniques

can be obtained routinely for molecules of arbitrary irregular shapes. These methods

are very efficient for small molecules but may become rather expensive for large pro-

teins, nucleic acids or membranes.

1.2 Outline of thesis

This thesis is predominately concerned with the understanding of the role of electro-

static interactions in biomolecular interaction and the development of alternative mod-

els to estimate the strength of these interactions. This thesis explains two such methods.

A novel formulation based upon continuum electrostatics was developed to com-

pute the electrostatic potential in and around two biomolecules in a solvent with ionic

strength. The work introduces, for the first time, explicit ions in a BEM formulation to

describe the solvent as an electrolyte, which significantly increases the validity of the

method. The novel BEM can be applied to the case of one solute in an electrolyte solu-

tion as well as to the case of two solute molecules at a given distance and orientation.

This work also introduces a formulation to estimate the strength of the interactions

between a protein (or peptide) and a membrane. This model concentrates on an elec-

trostatic and a dehydration term and could be employed in a coarse-grained level of

system description. The work focuses mostly on the polarization component of the elec-

trostatic term. Polarization modulates the electrostatic contribution to the free energy-

12



which was considered previously with the Lekner summation technique (Lekner 1991).

It describes the difference in the dielectric properties of the various components of the

protein-membrane system. The dehydration term describes an effect very similar to the

hydrophobic effect in protein folding and binding: it models the entropically favorable

displacement of water molecules from the membrane surface due to binding of a protein

molecule.

This thesis is broadly arranged into three parts. In Chapter 2, the theory of electro-

statics in biomolecules, dielectric theory, the classical electrostatic problem, solvation

free energy, numerical methods for calculating electrostatic free energy and treatment

of electrostatic interactions are reviewed. In Chapter 4, the theory and methods that

form the basis of this work are introduced. A boundary element formulation for pro-

tein electrostatics with explicit ions is developed in Section 4.1. An alternative model

for protein-membrane association is developed in Section 4.2. Results for the novel

BEM formulations are presented in Section 5.1, while the test results for the protein-

membrane model are listed in Section 5.2. Finally, Chapter 6 and 7 offer a discussion

and summary of the work.

Note that all equations are given inSI units.

13
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2 Theory

2.1 Electrostatics in biomolecules

Electrostatic interaction in a biomolecular system is important because most biomole-

cules are charged and the electrostatic force between biomolecules is long-ranged and

sometimes the only dominant force. The electrostatic properties of proteins relate to

the proportion and distribution of charged and polar residues. The charged and polar

residues regulate the electrostatic properties by forming short-range electrostatic inter-

actions, like hydrogen-bonds and salt-bridges, and by defining the overall electrostatic

environment for biomolecules (e.g., proteins). Electrostatics play a major role in defin-

ing the mechanisms of molecular recognition, protein-protein complex formation, con-

formational adaptability, thermal stability and protein movement (Sinha & Smith-Gill

2002). Innumerable theoretical and experimental studies have established connections

between protein function and electrostatic properties (Nakamura 1996).

2.1.1 Enzyme action and p Ka

The connections between protein function and electrostatic properties have been listed

in many theoretical and experimental studies (Sharp & Honig 1990). Electrostatics

play an important role in enzyme catalysis (Hilvert 2000). The energy of electrostatic

interaction between a pair of charged residues is directly related to the pKa values

of the individual charged residues (Warshelet al. 1989). The determination of pKa

shifts helps in understanding the enzyme catalytic mechanism. Enzymes frequently

use charged groups and hydrogen bonding to stabilize polar transition states electro-

statically (Warshel 1998). When small molecules containing negative and positive

charges are used, electrostatic interactions can also be exploited for antibody catal-

ysis. For example, anionic phosphonamidate and phosphonates, originally designed

as potent inhibitors of hydrolytic enzymes (Mader & Bartlett 1997), have been use-

ful in the production of antibodies that hydrolyze esters, carbonates, and (more rarely)

amides (Stewartet al.1993). Such analogs resemble the transition state for hydrolysis

in a number of ways, including tetrahedral geometry, negative charge, and increased

bond lengths. How these features are reflected in the induced binding pockets has been
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deduced through structural studies of six independently derived esterases (Kristensen

et al.1998, Thayeret al.1999).

The ionization properties of the active-site residues in enzymes are of considerable

interest in the study of the catalytic mechanisms of enzymes. Knowledge of these ion-

ization constants (pKa values) often allows the researcher to identify the proton donor

and the catalytic nucleophile in the reaction mechanism of the enzyme (Nielsen & Mc-

Cammon 2003). The accurate determination of amino acid pKa values in proteins is also

of important interest in biophysical chemistry (Archontis & Simonson 2005). Knowl-

edge of the pKa values of residues in the active site of an enzyme helps identify po-

tential proton donors and acceptors, and contributes to the understanding the reaction

mechanism of an enzyme (Nielsen & McCammon 2003). The stability of proteins and

protein-ligand complexes depends on the ionization state of titratable residues. The

pKa and redox potential shifts provide information on the strength of electrostatic in-

teractions in the protein interior. Theoretical methods of calculating protein pKa values

have been the focus of considerable efforts (Simonsonet al. 2004, Czodrowskiet al.

2006, Jufferet al. 1997, Juffer & Vogel 2000). Several models that use very differ-

ent assumptions have had roughly comparable success, so that the underlying physics

remains partially unclear and controversial.

A widely used approach treats the protein as a low-dielectric cavity immersed in

a high-dielectric solvent, and determines the electrostatic free energy at various ion-

ization states by solving the Poisson-Boltzmann (PB) equation (Warwicker & Watson

1982, Honig & Anthony 1995). The meaning of the protein dielectric constant and

many of the approximations involved in continuum electrostatic calculations have been

discussed in detail (Simonsonet al. 1999, Simonson 2003). The optimum protein di-

electric constant for continuum pKa calculations depends on the details of the model. In

particular, the protein dielectric constant depends on which microscopic effects are rep-

resented explicitly and which are represented implicitly (Simonson 2003). Formation

of a complex may change the pKa values of titratable residues with respect to the pKas

in the unbound monomers, especially if these residues are located within the interface

of the complex. These pKa shifts can be used as an indicator of electrostatic energy con-

tribution of a particular residue to the monomer’s binding (Kundrotas & Alexov 2006).

Electrostatic interactions are responsible for shifting pKa values and thus changing pro-

tonation states of a titratable group upon protein-ligand complex formation. Therefore,

calculations to estimate pKa values always involve calculations of the electrostatic prop-

erties of proteins (Czodrowskiet al.2006).
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2.1.2 Protein affinity, binding and stability

Since the net energy associated with these processes is frequently smaller than many

of the components such as the electrostatic contribution, appropriate experimental com-

parisons are often difficult to make (Sharp & Honig 1990). Electrostatic interactions

play a more important role in binding than in folding (Xuet al. 1997). Continuum

electrostatic calculations and molecular dynamics (MD) simulations have shown that

electrostatic interaction is a major determinant of antibody-antigen binding specificity

and cross reactivity (Sinhaet al. 2002). High affinity and highly specific binding in-

volves polar and charged interactions inside and between biomolecules. Hydropho-

bicity and the lack of electrostatic interactions allow conformational flexibility (Sinha

et al. 2001). Binding interfaces have larger numbers of charged residues compared to

protein cores (Jones & Thornton 1996). Charge complementarity leads to specific bind-

ing of high affinity (Eatonet al. 1995). High affinity binding of proteinase-proteinase

inhibitor complexes and antibody-protein antigen complexes take place through polar

and charged interactions (Jackson 1999, Davieset al.1988), where only a few charge-

charge interactions actually contribute to the free energy of binding (Wibbenmeyeret al.

1999, Ponset al.1999). The strength of electrostatic interactions at the binding site in

turn determines the extent of specificity; higher strength leads to more geometrically

constrained binding (Sinha & Smith-Gill 2002). The calculation of binding energies

is closely related to the problem of conformational energies, since both require deter-

mination of the change in total electrostatic energy between initial and final states. In

binding, the relevant electrostatic interactions are the mutual attraction or repulsion of

charged groups balanced by the desolvation penalty associated with removing these

groups from water (Sharp & Honig 1990).

The major stabilizing forces of protein structures are hydrophobic and electrostatic.

While there is consensus on the hydrophobic contributions, the role of electrostatic in-

teractions in protein stability have been uncertain. Computational and experimental

analyses have shown that salt-bridges can be stabilizing (Xuet al. 1997) or destabiliz-

ing (Sunet al. 1991). Both cases play important structural and functional roles. The

driving force towards thermostability is through the optimization of electrostatic interac-

tions by increasing the number of salt-bridges (Kellyet al.1993), with more favorable

electrostatic interactions in thermophilic proteins (Xiao & Honig 1999). In proteins,

electrostatic interactions primarily result from the effects of charged amino acids. Their

mutual interaction can be probed by studying ionic strength and pH effects on protein
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stability. Salt can influence stability in a number of ways, including screening electro-

static interactions and by binding to specific sites (Pace & Grimsley 1988).

2.1.3 Protein-membrane interactions

Many computational, structural and experimental studies have established the impor-

tance of non-specific electrostatics as a driving force for peripheral membrane associ-

ation (Mulgrew-Nesbittet al. 2006). The membrane association of many peripheral

membrane proteins has been shown to be mediated, at least in part, by electrostatic

interaction (Cho & Stahelin 2005, Hurley & Misra 2000). The role of electrostatics

in the stability and function of membrane proteins has not been thoroughly investi-

gated. Charged residues present in the membrane-spanning region have been shown to

have functional importance. It has been suggested that long-range electrostatics play

a role in rapid kinetics and high specificity of electron transfer reactions in the photo-

synthetic reaction center ofRhodobacter sphaeroides(Gunneret al. 1996). Another

study suggested that charged side-chains contribute only marginally towards electro-

static energies in the reaction center (Johnson & Parson 2002). The complexity of the

thermodynamic principles underlying the binding of peptides and peripheral membrane

proteins to neutral or charged lipid bilayers has prevented a detailed understanding of

biomolecular membrane association. Major contributions to the overall change in the

free energy upon peptide binding arise from long-range electrostatic interactions, van

der Waals interactions and the hydrophobic (‘dehydration’) effect (Seelig 1997, White

& Wimley 1998). The latter two forces are probably responsible for driving the (partial)

penetration of peptides into the hydrophobic core of the membrane (Seelig 1997). The

membrane itself may undergo lipid rearrangements (Marsh 1995) and the distribution

of charge can also be changed. Protonation reactions may occur at the membrane sur-

face which in turn will affect the electrostatic contribution to the affinity. These shifts

in the protonation states of peptidic carboxyl and amino groups arise from the translo-

cation of the peptide from the aqueous phase into the interfacial membrane region of

lower dielectric constant and from an accumulation of protons near negatively charged

membrane surfaces, affecting the local pH (Seelig 1997).

In addition, interactions between the peptide and the membrane could result in dif-

ferent apparent acid-dissociation constants. In general, ionic strength does influence the

observed affinities of peptides for membranes, as well as the apparent acid-dissociation

constants of titrating sites in proteins and peptides (Jufferet al. 1997, Juffer & Vogel
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1998). Because of these different intercorrelated effects,it is difficult to arrive at con-

clusive statements concerning the thermodynamics of peptide-membrane binding. Due

to the strong effects of ionic strength on membrane binding, continuum electrostatics

based upon the PBE has been used to model electrostatic interactions at interfaces (Mur-

ray et al. 1997, Ben-Talet al. 1997). In such models, the solvent is seen as a high

dielectric medium, while the interior of the membrane (a lipid bilayer) and the peptide

or protein are considered as a low dielectric region. A new method was introduced

for the calculation of the electrostatic interaction between a biomolecule and a polar or

charged membrane surface in the presence of an electrolyte solution (Jufferet al.2001).

This method can be used in computer simulations (Monte Carlo, molecular dynamics,

Brownian dynamics) of systems with interfaces, e.g. the simulation of the association

of biomolecules with membrane surfaces.

2.2 Dielectric theory

2.2.1 Poisson equation

The Poisson equation (PE) is the fundamental equation of electrostatics (Jackson 1975,

Stratton 1941)

∇2φ(r) =−
ρ(r)
ε0

. (1)

Hereρ(r), φ(r) andε0 are the charge density, the electrostatic potential and the

permittivity of free space, respectively, as a function of position, andr is the Cartesian

coordinates of a point in space. For a point charge,ρ(r) has the form of aδ -function.

Eq (1) means that charges are the source of an electric field, since∇2φ(r) represents

the divergence of the electric field,E. Solution of Eq (1) give the familiar Coulomb’s

law

φ(r) = ∑
i

qi

4πε0|r− ri|
, (2)

whereqi andri are the magnitude of theith point charge and the position. In regions of

space where there is no charge density, the scalar potential satisfies the Laplace equation
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∇2φ(r) = 0. (3)

Essentially all electrostatic models used in studying macromolecules are based on the

PE (Sharp & Honig 1990). If all charges, whatever their origin, are represented explic-

itly, all interactions take place in free (vacuum) space and Coulomb’s law can be accu-

rately applied. The useful superposition principle can be deduced from Eq (1). This

states that the total electrostatic field produced by a system of charges is the arithmetic

sum of the fields produced by the individual charges (Jackson 1975).

If a region of some material responds in an average, or smeared out, way to the

electric field, i.e. the region of some material has a uniform dielectric susceptibility,χ ,

the polarizationP (induced dipole moment/unit volume) depends on the electric field

strengthE and is given by:P = χE, whereE is the average electric field in that region.

If the entire medium has a uniform dielectric susceptibility,χ , the potentials and fields

are screened by a constant factor, the dielectric constant:ε = 4πχ +1. In this case, the

Poisson and Coulomb equations can be written in the forms (Bttcheret al.1973)

∇2φ(r) =−
ρ(r)
ε0ε

(4)

and

φ(r) = ∑
i

qi

4πε0ε|r− ri|
, (5)

respectively. It is apparent that the potentials that result from this equation are just

1/ε of their values in a vacuum (free space) for the same charge distributionρ(r).

Electrostatic energies are reduced by the same factor. If the dieletric varies through

space, then Coulomb’s law is invalid, while the PE becomes

∇ · ε(r)∇φ(r) =−
ρ(r)
ε0

, (6)

where the dielectric constant,ε, is a function of the positionr.

Generally, the PE can be applied in many ways to a particular problem. However,

unless a full quantum mechanical treatment is used, there is essentially no way of avoid-
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ing averaging an environmental response over some region of space (which might cor-

respond, for example, to a single atom or to an entire protein) (Sharp & Honig 1990).

The environmental response can broadly be divided into three physical processes that

screen the effects of charge: reorientation of permanent dipoles, electronic polarization,

and redistribution of charges including ions.

2.2.2 The polarization in electrostatics

The physical basis of dielectric screening

The electrostatic interactions between charges in a medium are usually weakened rela-

tive to those for the same charges in a vacuum. With a dielectric medium work is done

not only to bring real (macroscopic) charges into position, but also to produce a certain

state of polarization in a medium (Jackson 1975). An atom or a molecule in an exter-

nally imposed electric field develops a nonzero net dipole moment, and if the molecule

already has a nonzero dipole moment, the external field increases it further.

The field generated by these induced dipoles and charges runs against the inducing

field. As a consequence, the overall electric field is weakened in space, as expected for

a dielectric medium. When a dielectric sphere of radiusα with dielectric constantε
is considered, it is placed in an initially uniform electric field which at large distances

from the sphere is directed along thez-axis and has magnitudeE0. There are no free

charges either inside or outside the sphere. The potential inside the sphere describes a

constant electric field parallel to the applied field with magnitude

Einside=
3

ε +2
E0 < E0. (7)

Outside the sphere the potential is equivalent to the applied electric fieldE0 plus the

electric field of an electric dipole at the origin with dipole moment oriented in the

direction of the applied field. The dipole moment can be interpreted as the volume

integral of polarizationP. Polarization is described by (Jackson 1975)

P(r) =

(

ε−1
4π

)

E(r) =
3

4π

(

ε−1
ε +2

)

E0(r). (8)

There are two main ways in which an atom or a molecule can generate a dipole

moment in response to an inducing field: electronic polarization and orientational po-

larization (Bttcheret al. 1973). Electronic polarization occurs when the inducing field
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shifts the positively charged nucleus of an atom in the direction of the inducing field and

the negatively charged electrons in the opposite direction, creating a dipole. Every atom

inside an applied field can be polarized in this way. Electronic polarization increases

in a linear way with the inducing field up to very high field strengths. The most com-

mon means of representing electronic polarizability at the molecular level assigns point

inducible dipoles to atoms, bonds, or groups (Bttcheret al.1973, Warshelet al.1989).

Orientational polarizability is suitable for molecules that have a permanent dipole mo-

ment. Water, for example, is such a molecule. In the absence of an applied field, the

permanent dipole moment of water molecules in liquid water tumbles randomly due to

thermal motion. As a consequence, the total dipole moment of water molecules is zero

on average. However, in the presence of an electric field, the tumbling of permanent

dipole moment of the water molecules is biased in the direction of the appling field,

leading to a nonzero total dipole moment along the applied field. The electronic po-

larization in condensed media gives a dielectric constant of∼ 1.5-2.5. This is actually

rather large, in the sense that it reduces electrostatic field energies by a factor of two

relative to those found in a vacuum. Adding orientational polarizability gives a much

larger dielectric constant, such as that of water which is about 80. Note that raising the

dielectric constant from 2 all the way to infinity, and thus lowering the energy to zero,

produces no more change in the energy than going from 1 (vacuum) to 2 (just electronic

polarization). The largest possible dielectric constant is found in an electrical conductor:

the field inside a conductor is zero and the dielectric constant is infinity (∞), because

electrons in the conduction band redistribute freely in response to an applied field.

Because the effects of electronic polarizability cannot be easily reduced to a set

of two-body interactions, electronic polarizability has not usually been considered in

potential energy force fields used in molecular mechanics simulations (Sharp & Honig

1990). For example, if a charge on a particular atom polarizes the electrons on neighbor-

ing atoms, those electrons will also polarize one another, leading to a complex many-

body interaction.

The work of polarization

A material is said to be polarized if the positive and negative charges within the material

become slightly displaced from one another or shift dipoles due to an external electric

field. This can be seen by a hypothetical thermodynamic process in which a chargeq

is built up fromqi = 0 to a final charge ofqf near a polarizable object, which could
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be a single molecule or a macroscopic dielectric body. The nature of the work (free

energy) cost of polarization depends upon the nature of the polarizable object. If the

only source of polarization is electronic, then the energy is purely enthalpic. If orien-

tational polarization plays a role, then there is an entropic component. In most cases,

the free energy of polarization combines enthalphic and entropic contributions. If the

polarization is non-uniform there can be a net increase or decrease of charge within any

small volume (Jackson 1975).

The electric displacement field or electric flux density is a vector fieldD that appears

in Maxwell’s equations. It accounts for the effects of bound charges within materials.

‘D’ stands for ‘displacement’ as in the related concept of displacement current in di-

electrics. The electric displacement,D, is the total polarization per unit volume. The

electric displacement is the sum of two terms: the electric field in free space and the

contribution due to the polarization of the material (Jackson 1975). The electric dis-

placement,D, can be thought of as the net polarization.

In general,D is defined by the relation

D = ε0E+ P, (9)

whereε0 is the vacuum permittivity,E is the electric field andP is the polarization

density of the material.

The polarization work is

dU = VE ·dD, (10)

whereV is the volume of space. The simplest model for polarizable material is that the

induced polarization densityP is linearly related to the applied fieldE

P = χeE, (11)

whereχe is the dielectric susceptibility of medium.

In most ordinary materials (linear isotropic material) (Jackson 1975), the displace-

mentD proportional toE andD may be calculated with the simpler formula
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D = εE, (12)

whereε = 1+4πχe is the permittivity of the material. In linear isotropic media it will

be a constant, and in linear anisotropic media it will be a rank 2 tensor (a matrix).

If ε does not depend onE and the material generates no heat as it is polarized, then

the polarization work, Eq (10), is given by

dU = VεE ·dE and U=
1
2

VεE2. (13)

2.2.3 The boundary-value problems with dielectric
boundaries

Many problems in electrostatics involve boundary surfaces. Electrostatic problems of

this type can be categorized into two classes: the homogeneous boundary-value prob-

lem and the inhomogeneous problem. It is related to an inhomogeneous problem to

embed a protein or other biomolecule in an infinite region of water. Because the dielec-

tric constant is different on both sides of a protein, (biomolecule) the system is not well

described by a uniform dielectric constant. The dielectric constant can be expressed as

a step-function on the boundary surface. The electrostatics are now significantly more

complex than when the dielectric constant is uniform. The relevant form of the Poisson

equation is

−∇ · [ε(r)∇φ(r)] =
ρ(r)
ε0

. (14)

Now the space-varying ( position-dependent ) dielectric constantε(r) is operated by

the divergence (∇·). As a consequence, a dielectric discontinuity can serve as a source

of E−field lines even if there are no source charges (ρ=0). In effect, an electric field

across a dielectric boundary induces a density of surface charge on the boundary. These

surface charges will act as new field sources.

More generally, dielectric boundaries can influence electrostatic fields in some ways.

Some additional quantitative sense of the limitations of Coulomb field approximation
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can be obtained by considering the case of a chargeq in a medium with a low dielectric

constantε1 near a planar dielectric boundary with a medium of a high dielectric constant

ε2 (Figure 1).

.r

d d

1
e

2
e

2
r

1
r

'q "qorq

z

Fig 1. A point charge q near a dielectric interface at z= 0. The dielectric constant
is ε1 or ε2 in the positive or negative z regions, respectively. The potential on the
+z side is a sum of the Coulomb potential of the real charge q at z = d, and an
image charge q′ at z= −d. The potential on the −z side is the Coulomb potential
of an image charge q′′ at z= d. The distances of an arbitrary point r from the z= d
and z=−d charge locations are denoted as r1 and r2, respectively.

The method of images (Jackson 1975) can be used to exactly obtain the electrostatic

potential.

φz>0 =
q

4πε0ε1r1
+

q′

4πε0ε1r2
, (15)

φz<0 =
q′′

4πε0ε2r1
, (16)

where

q′ =−q
ε2− ε1

ε2 + ε1
, (17)

q′′ = q
2ε2

ε2 + ε1
. (18)

For the two casesε1 > ε2 andε2 > ε1 the lines of force are different (Jackson 1975).

The potential due to the image charge also causes the ‘effective dielectric constant’

εe f f for interactions of other charges withq being greater than or equal toε1 and with
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varying position. Whenq is near the boundary and one looks at the potential somewhere

far away but still near the boundary, the ‘effective dielectric constant’εe f f approaches

(ε1 + ε2)/2. When the charge is far from the boundary and one looks at the potential

somewhere far from the boundary,εe f f approachesε1. It can be shown that the effective

dielectric constant for a charge at sitea producing a potential at siteb equals that for

a charge at siteb producing a potential at sitea. It should be noted that the effective

dielectric constant for two interacting charges is not controlled by the dielectric constant

of the material directly between them, but by the entirety of their dielectric environment.

More complex behaviors are also possible (Gilsonet al.1985).

The electrostatic forces are usually given in a uniform dielectric system which does

not include dielectric boundaries by

F = qE, (19)

whereF is the force,E the electric field, andq the charge. In this equation (Eq (19)) it

is assumed that the chargeq is located at a point, and the force and the electric field are

evaluated at that point. However, this is not the whole story in a non-uniform dielectric

system which includes dielectric boundaries. It is considered that a spherical molecule

contains an off-center charge and was immersed in a medium with a high dielectric

constant.
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Fig 2. Diagram of a low-dielectric molecule in water containi ng an off-center pos-
itive charge. The charge induces a negative surface charge at the boundary and
is attracted to this induced charge. The arrows indicate the pressure of the high-
dielectric solvent, which produces a net force equal and opposite to the reaction
field force on the positive charge.
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Due to electric polarization, there must be some force other thanqE. Something

similar to that shown in Figure 2 occurs: the high dielectric solvent attempts to get

closer to the charge, and the resulting force or pressure exactly balances the force on

the charge. Thus, the force on the molecule is the sum of aqE force and a dielectric

boundary force (Fdb f)

F = qE+ Fdb f. (20)

For the whole molecule in the absence of an external field, the net total force must be

zero, but the forces on each atom need not be balanced. Interestingly, the formula for

dielectric boundary pressure is not quite so simple as the product of field and surface

charge density.

2.3 The classical electrostatic problem

2.3.1 Continuum electrostatics

Dielectric properties of proteins play important roles in structural and functional char-

acteristics of proteins (Perutz 1978, Warshel & Russell 1984, Sharp & Honig 1990).

Molecular dynamics (MD) simulations allow for a detailed prediction of the protein

dielectric properties in solution (Shamet al. 1998, Nakamuraet al. 1988). In the con-

tinuum electrostatics model, one approach for studying the dielectric properties of pro-

teins or other biomolecules is to define the protein or biomolecule as a region with a

single and low dielectric constant which is embedded in a cavity surrounded by an in-

finite dielectric continuum region with the dielectric constant of the bulk solvent. The

non-homogeneous nature of the biomolecule interior, important for example in the di-

electric response on the active site or embedded chromophore (Marcus & Sutin 1985),

is neglected in this approach.

In classical electrostatics, a homogeneous medium has a dielectric constant that

measures its bulk polarizability. Hence, the medium can be considered as a ‘continuum’

and polarization of atoms is not treated explicitly. In such situations, Coulomb’s law can

fully describe the interaction between any two charges,qi andq j . The situation is more

complicated in the inside of proteins. Proteins have usually non-homogenous charge

distributions and low dielectric constants. At the same time, the solvent has a high

dielectric constant. The Poisson-Boltzmann equation (PBE) can model electrostatic
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effects in proteins more accurately. The continuum electrostatic calculations treat the

protein in full atomic detail but the solvent (water) is treated only in terms of its bulk

properties. It is possible to approximate the solvent by replacing it with an infinite

continuum of uniform dielectric constant. In this case one can separate two regions, a

finite inner region (region 1) of dielectric constantε1 containing explicit chargesqi at

positionri , and an infinite outer region (region 2) characterized by a dielectric constant

ε2 and an ionic strengthI. The potential in region 1 isφ1 and in region 2 isφ2 (see

Figure 3).

Region  2
I

S
2

f

2
e

Region 1

V
1

e

RFq fff +=
1

iq

Fig 3. The solute in a dielectric continuum approach. An expli cit charge distribu-
tion qi is situated in a cavity of volume V and relative dielectric constant ε1. The
cavity is surrounded by an infinite continuum of dielectric constant ε2 and ionic
strength I. The two regions are separated by the surface S. The potential is φ1 in
the cavity (region 1) and φ2 outside the cavity (region 2).

For the inner region the potential at a positionr satisfies the PE

∇2φ1(r) =−
1
ε1

N

∑
i=1

qiδ (r− ri) =−
ρ(r)
ε1

, (21)

for N source charges. In the outer region of solute, the potential satisfies the PBE

∇2φ2(r) =
2eIN2

A

ε2
sinh

(

eφ2(r)
kBT

)

, (22)

whereNA is the Avogadro constant,kB is the Boltzmann constant,T is the temperature,

ande is the absolute charge of an electron. The ionic strength of the outer region is

defined in terms of the concentrationci and chargezi of the surrounding ion species
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according to

I =
1
2 ∑

i
ciz

2
i . (23)

If the ionic strength is zero, Eq (22) reduces to the Laplace equation (whenκ = 0 in

Eq (24)). The full PB equation (Eq (22)) is generally too difficult to solve, although

solving it is becoming more common (Sharp & Honig 1990, Lutyet al. 1992), and a

simplified equation is usually invoked. If one assumes thateφ2(r) << kBT in Eq (22),

then it is possible to truncate the expansion of the sinh function after the linear term to

obtain the linearized PBE

∇2φ2(r) = κ2φ2(r), (24)

whereκ is the inverse Debye screening length

κ2 =
2IF 2

ε2kBT
(25)

andF is the Faraday constant.

The potential in region 1 can be broken down into two terms, one corresponding

to the Coulomb potential generated by the charge distribution within region 1,φq, and

another resulting from the interaction of this charge distribution with the surrounding

continuumε2, also known as the reaction field potential,φRF. The potential in region 1

is

φ1(r) = φq(r)+ φRF(r) =
1

4πε0ε1

N

∑
i=1

qi

|r− ri|
+ φRF(r). (26)

To solve forφRF, the relevant boundary conditions must be invoked (Frhlich 1958). At

the interface between region 1 and 2 a continuous potential

φ1(r) = φ2(r) (27)

and a continuous dielectric displacement

ε1∇nφ1(r) = ε2∇nφ2(r) (28)

are required, where∇n is the gradient normal to the surface atr. The condition
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lim
r→∞

φ2(r) = 0 (29)

is also required. Hence the solution toφ1(r) depends on the positions and magnitude

of the charges, the permittivity of both regions, the ionic strength and the temperature

of the outer region, and the shape of the boundary between both regions. For highly

symmetrical boundaries, e.g. a sphere or an ellipsoid, analytical solutions to this prob-

lem exist. However, for irregular surfaces, e.g. those of proteins and biomolecules, the

equations have to be solved using numerical methods.

2.3.2 Poisson-Boltzmann equation (PBE)

Classical continuum methods assume a classical treatment of the solute charge distribu-

tion. In the PB approach the macromolecule is treated as a low dielectric cavity with

embedded atomic partial charges. The dielectric constant of the cavity is typically set

between 2 and 4 to take into account electronic polarization and the limited flexibility

of the macromolecule (Sharpet al.1992, Gilson & Honig 1986). The effects of the sol-

vent molecules, whose motions are much faster than those of the molecule and the ions,

are taken into account on average through a continuum of high dielectric constant (Mc-

Cammon & Harvey 1987). In the mean-field approach, mobile ions in ionic solvents

are not represented explicitly. Instead the chemical potential of each ion is assumed to

be uniform throughout the solution.

To describe the electrostatics in molecules, such as the one depicted in Figure 4, the

PE (Eq 1) can be used. Assume that a structure of the molecule is known, with some

fixed chargesqi obtained from a parameterized force field. The electrolyte is composed

of ionic species with bulk concentrationc∞
i (i.e., far from the embedded molecule). The

redistribution of the electrolyte is the focus of Debye-Huckel theory (Debye & Huckel

1923).
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Fig 4. A biomolecule in a heterogeneous dielectric medium.

The electrostatic potential (φ(r)) is determined by the total charge density- that

includes the solute charge distribution inside the biomolecule (ρ int(r)) and the average

charge density generated by the ion outside the cavity (ρm(r)), via the PE

ε0∇ · [ε(r)∇φ(r)] =−ρm(r)−ρ int(r), (30)

whereε(r) is the position-dependent dielectric constant. The charge densityρm(r) can

be expressed in terms of the bulk concentration and a potential of mean force (Fogolari

et al.1999)

ρm(r) = ∑
i

c∞
i ziqexp

(

−wi(r)
kT

)

, (31)

wherec∞
i is the concentration of ioni at an infinite distance from the molecule (or at any

reference position where the potential of mean forcewi(r) is set to zero),zi is its charge

number,q is the proton charge,k is the Boltzmann constant andT is the temperature.

The charge density due to the ionic atmosphere can also be approximated at equilib-

rium by a Boltzmann distribution, as shown in Eq (32),

ρm(r) =−ε(κ2)sinh[φ(r)], (32)

whereκ is the inverse Debye-Huckel length.
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The PBE can be expressed in three different forms depending onthe ionic strength

(Orozco & Luque 2000): (i) for no ionic atmosphere (Eq (33)), (ii) for a low ionic

strength (i.e., the sinh((r)) function is replaced by the first term of a Fourier expansion,

Eq (34)), and (iii) for ionic strengths requiring a general non-linear expression (Eq (35))

∇ · [ε(r)∇φ(r)] =−
ρ int(r)

ε0
, (33)

∇ · [ε(r)∇φ(r)] =
κ ′0

2φ(r)
ε0

=−
ρ int(r)

ε0
, (34)

∇ · [ε(r)∇φ(r)] =
κ ′0

2sinh[φ(r)]
ε0

=−
ρ int(r)

ε0
, (35)

whereκ ′0
2 is zero inside the cavity andε0ε(r)κ2 outside the cavity.

2.3.3 The electrostatic free energy from the PBE

Solving Eqs (33), (34) and (35) yields the total electrostatic potential at any point (φi)

as well as the electrostatic free energy of solvation given by Eq (36) (Orozco & Luque

2000), where the indexessol andg refer to the solution and the gas phase, respectively,

andqi stands for the classical point charges used at the classical level of computation

to represent the solute charge distribution. The electrostatic free energy of solvation

can be obtained from two independent calculations, one with a dielectric constant of 1

inside and outside the cavity (φg) and the other with a dielectric constant of 1 inside the

cavity andεs outside the cavity.

4Gele =
1
2 ∑

i
qi

(

φsol
i −φg

i

)

. (36)

The electrostatic forces in a given system described by the linearized PBE include

an additional contribution from the pressure of ions at the molecular interface− an

ionic boundary force:

F = qE+ Fdb f + Fib f . (37)

32



2.4 Solvation free energy

The importance of solvation effects on polar and ionic molecules has been recognized

for many years (Kirkwood 1934, Warshel & Russell 1984, Gilson & Honig 1988). The

solvation free energies of such molecules, which tend to be dominated by electrostat-

ics, are of the order of 10 and 100kcal/mol, respectively (Cabaniet al. 1981, Mohan

et al. 1992). Particularly for macromolecules of biological interest, such as proteins

and nucleic acids, it is essential to include electrostatic solvation in investigations of

their stability and various functions, e.g. enzymatic processes, conformational alter-

ations, molecular association, and substrate binding, all of which can involve important

changes in the charge distribution and in solvation.

The solvation free energy∆Wsol is the free energy change when a molecule is trans-

fered from a vacuum to a solvent with high dielectric constant,ε. The solvation process

is divided into three stages (Luqueet al.2003): (i) generation of a cavity in the solvent,

(ii) insertion of the ‘uncharged’ solute, and (iii) generation of the solute charge distribu-

tion. According to the thermodynamic cycle in Figure 5. The solvation free energy is

calculated as the sum of two or three energy terms
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Fig 5. Two-step hydration process, illustrated for ethanol. Step 1 is formation
of a molecule-shaped cavity in the solvent ( Wnp) and Step 2 is the transfer of the
molecular charges into the cavity ( Wel), a step analogous to solvation of a Born
ion.
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∆Wsol = ∆Wel + ∆Wvdw+ ∆Wcav = ∆Wel + ∆Wnp. (38)

The electrostatic component∆Wel of solvation free energy is particularly important

for polar and charged solutes due to the polarization of the solvent which is modeled as

a uniform medium of dielectric constant,ε. The van der Waals interaction term∆Wvdw

is the free energy term representing the interactions between the solute and solvent.

The∆Wcav is a solvent-solvent cavity term corresponding to the free energy of creating

a cavity of solute in the solvent continuum.∆Wcav is positive and describes the entropic

penalty associated with the reorganization of the solvent molecules around the solute,

together with the work done against the solvent pressure in creating the cavity.∆Wnp is

a non-polar free energy and∆Wnp = ∆Wvdw+ ∆Wcav. A complete solvation model can

be assembled by thinking about the process illustrated in Figure 5. The calculation of

each term is discribed briefly in the following sections.

2.4.1 Evaluation of the electrostatic component

To evaluate∆Gelec accurately, there are means to be applied to the electrostatic com-

ponent of solvation free energy. The methods include (1) using simple Coulomb elec-

trostatics, (2) finding a solution to the Poisson-Boltzmann equation and (3) generalized

Born methods. These will be introduced in Sections 2.5.1, 2.5.2 and 2.5.3.

2.4.2 Evaluation of the van der Waals interaction

The van der Waals interaction term∆Wvdw includes an attraction term,∆Watt and a

repulsion term,∆Wrep. The van der Waals interactions are some of the most important

for the stability of a protein or other biomolecule. The van der Waals interaction is

most often modelled using the Lennard-Jones potential which expresses the interaction

energy using the atom-type dependent constantsA andB. The van der Waals interaction

between pairs of atoms composing the solute is simply calculated by a Lennard-Jones

potential function of the form (Cramer 2003)

∆Wa
vdw = ∑

i< j

[

Ai j

r12
i j

−
Bi j

r6
i j

]

, (39)
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wherer i j is the distance between pairs of atoms,i and j, andA andB are constants

specific to atomsi and j. The zero level of the Lennard-Jones potential in Eq (39) is ob-

tained at infinite separation of the two particles. A steeply repulsive wall is encountered

whenr i j < rs. Herers is the separation at which the Lennard-Jones potential changes

sign.

The van der Waals interactions between solute and solvent molecules are deter-

mined using a linear relationship between the van der Waals free energy of a given

atom,i, (∆Wvdw,i ) and its solvent-exposed surface,Si, as shown in Eq (40), whereξi

is an atomic surface tension. The values ofξi are typically determined by fitting the

experimental free energies of solvation or the partition coefficients for a training set of

molecules that contain functional groups of a prototype. Here

∆Ws
vdw =

N

∑
i

∆Wvdw,i =
N

∑
i

ξiSi , (40)

whereN is the number of atoms. Consequently

∆Wvdw = ∆Wa
vdw+ ∆Ws

vdw. (41)

2.4.3 Evaluation of cavity addition

The∆Wcav is the free energy required to form the solute cavity within the solvent.∆Wcav

is positive and describes the entropic penalty associated with the reorganization of the

solvent molecules around the solute, together with the work done against the solvent

pressure in creating the cavity. The related free energy of the atomi, ∆Wcav,i , is deter-

mined by weighting the contribution of the isolated atom,∆GP,i , by the ratio between

the solvent-exposed surface of such an atom,Si , and the total surface of the molecule,

ST , as noted in Eq (42), whereN is the number of atoms.

∆Wcav =
N

∑
i=1

∆Wcav,i =
N

∑
i=1

Si

ST
∆WP,i . (42)

The van der Waals interaction∆Wvdw and the addition of cavitation∆Wcav of solvation

free energy can also be calculated by setting (Stillet al.1990)

∆Wcav+ ∆Wvdw= ∑σkSASk, (43)

35



whereSASk is the total solvent-accessible surface area of atoms of typek, andσk is an

empirical atomic solvation parameter.

2.5 Numerical methods for calculating electostatic free
energy

2.5.1 Solving the Poisson-Boltzmann equation

Electrostatics plays a fundamental role in virtually all processes involving biomolecules

in solution. The PBE constitutes one of the most fundamental approaches to treating

electrostatic effects in solution. Continuum models of electrostatic interaction, based on

the PBE, have found increasing application in molecular modeling (Davis & McCam-

mon 1990, Honig & Anthony 1995, Simonson 2001, Fogolariet al.2002). Theoretical

results from solving the PBE to study electrostatic effects in solution have been used

for rationalizing or predicting experimental results, or for suggesting working hypothe-

ses (Fogolariet al.2002). Eqs (24) and (34) have the same form for low ionic strength,

and the potential satisfies the linear PB equation in Eq (24) and Eq (34).

In a continuum electrostatic description, the potential in the PE (Eq (21)) and lin-

earized PBE (Eq (24)),φ1 andφ2, must satisfy the following boundary conditions:

1. Continuity of the electric potential:φ1(r) = φ2(r) on the surface,

2. Continuity of the normal component of the dielectric displacement:(∂φ1/∂n)(r) =

(ε2/ε1)(∂φ2/∂n)(r) on the surface, wheren is the outward unit normal to the surface

at r.

Several different computational techniques have been developed in the last two decades,

such as finite difference (FD) methods (Davis & McCammon 1989, Nicholls & Honig

1991), finite element (FE) methods (You & Harvey 1993, Holstet al.2000a), and bound-

ary element methods (BEM) (Zauhar & Morgan 1985, Zhou 1993) to solve the LPBE.

Instead of considering the non-linear PBE (NPBE), the linearized PBE is considered

by assuming that the electrostatic energy of the ions is much smaller than their thermal

energy (Bordner & Huber 2003).
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Finite difference method (FDM)

In numerical analysis, finite difference method (FDM) play an important role. They are

one of the simplest ways of approximating a differential operator, and are extensively

used in solving differential equations. Advantages of FDM are that they are highly

adaptive and relatively fast solvers and include the straightforward and physically trans-

parent nature of the calculation and the ease of obtaining values for the field at arbitrary

points. Further advantages of FDM include the ability to treat irregular surfaces and

the possibility of including ionic strength effects. Its primary disadvantage has been

its computational intensity (Davis & McCammon 1990). Warwicker and Watson (War-

wicker & Watson 1982) applied the FDM to the problem of electrostatics around an

irregular cavity.

The FDM (Davis & McCammon 1990, Honig & Anthony 1995, Sharp & Honig

1990) has been widely applied to describe the electrostatic properties of proteins, nu-

cleic acids, and membrane (Baker & McCammon 2003, Ben-Talet al. 1996). The

technique has been very well tested and applied to a variety of problems, including

Brownian dynamics simulation and the calculation of pKa shifts (Davis & McCammon

1990). An efficient algorithm is presented for the numerical solution of the PB equation

by the FDM of successive over-relaxation (Nicholls & Honig 1991). The method has

been used to include the non-linear PBE, allowing for the treatment of stronger electric

fields and greater ionic strengths (Sharp & Honig 1990, Lutyet al.1992, Jayaramet al.

1989). In the FDM, the macromolecule and a region of the surrounding solvent are

mapped onto a cubic lattice; each lattice point represents a small region of either the

molecule or the solvent. Values are assigned at each point for the charge density, di-

electric constant, and ionic strength parameters in the PB equation. With a fine enough

lattice scale, variation in dielectric response can be represented at atomic resolution.

Using the divergence theorem (Jackson 1975), for each cube it is possible to write

∮

S
ε∇nφdS=

∫

V
∇2φdV, (44)

where the integrals are over the surface and volume of the cube respectively. Combining

Eq (44) with Eq (24) and using the finite difference approximation, the basic equation

of the finite difference method for grid pointi can be obtained as

d2
6

∑
j=1

εi j
φi−φ j

d
+cid

3εκ2φi = qi . (45)
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Hered is the separation between grid points,εi j is the permittivity of the face be-

tween cubes centered on grid pointsi and j, ci is the effective fractional volume of cube

i available to the surrounding ions,φi is the potential at the center of grid pointi, andqi

is the total charge enclosed within the cube.

Finite element methods (FEM)

The finite element method (FEM) (Reddy 1984) is used for finding approximate so-

lutions of partial differential equations (PDE) as well as of integral equations. In the

FEM, space is divided into a collection of small domains, the finite elements, on which

the solution is assumed to have only a very limited number of terms in a power series.

For example, on a triangular element the solution could be expanded in terms of three

functions, each of which has a value of one at one corner (node) and zero at the other

two. To improve accuracy, rather than include more terms in the expansion, the space

is merely divided into smaller elements. Dividing the space into elements is a major

task. Much work has been done in developing algorithms for tiling two dimensions

with triangles and rectangles. The problem is even more difficult in three dimensions,

but algorithms are available (Joe 1989, Perucchioet al.1989).

The FEM has two major advantages over previous methods based upon the finite

difference approach. First, charges are located on atomic centers rather than being dis-

tributed onto grid points. Second, an isoparameter model allows the use of noncubic

grids, providing a more accurate description of molecular shape. The principal disad-

vantage of the FEM has been its computational complexity, which arises from the use

of large matrices. To overcome this difficulty, a new matrix representation has been

formulated and an iterative solution procedure has been adopted (You & Harvey 1993).

A number of numerical PBE solvers of varying generality and efficiency have been

developed (Shestakovet al.2002).

In the area of molecular electric fields, this methodology has been principally ap-

plied to small atomic and molecular systems (Harvey 1989). The prime concern has

been to determine realistic local values forε as a function of position within molecules.

Orttung and co-workers have written several papers (Orttung 1985, Orttung & Vosooghi

1983, Orttung & Julien 1983) that examine the local dielectric constant. They determine

the local value from quantum mechanical considerations, sinceε is just a measure of

the polarizability of the medium, i.e. the electronic distribution in this case. Although

most of the work with this method has no incorporated counterions, there is no inherent
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restriction in the method. Code for solving the PE is probablymore readily available,

however as it figures prominently in solid mechanics calculations and electrical engi-

neering studies of antennas and resonant cavities (Davis & McCammon 1990).

Boundary element method (BEM)

The boundary element method (also known as boundary integral equation), BEM, is

a computational method for solving numeric partial differential equations which have

been formulated as integral equations. The most basic type of integral equation is

f (x) =

∫ b

a
K(x,t)φ(t)dt, (46)

whereφ(t) is an unknown function,f (x) is a known function, andK(x,t) is another

known function of two variables. Note that the limits of integration are constant.

If the unknown function occurs both inside and outside of the integral, it is known

as the equation

φ(x) = f (x)+ λ
∫ b

a
K(x,t)φ(t)dt. (47)

The parameterλ is an unknown factor, which plays the same role as the eigenvalue in

linear algebra.

If one limit of integration is variable, it is called a Volterra equation. Thus Volterra

equations of the first and second types, respectively, would appear as

f (x) =

∫ x

a
K(x,t)ϕ(t)dtϕ(x) = f (x)+ λ

∫ x

a
K(x,t)ϕ(t)dt. (48)

In Eqs (46, 47, 48), if the known functionf is identically zero, it is called a homo-

geneous integral equation. Iff is non-zero, it is called an inhomogeneous integral

equation.

The integral equation may be regarded as an exact solution of the governing partial

differential equation. The boundary element method attempts to use the given boundary

conditions to fit boundary values into the integral equation, rather than values through-

out the space defined by a partial differential equation. The BEM for solving the LPBE

has several advantages over the two other numerical methods: the finite difference and
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finite element methods (Bordner & Huber 2003). The first advantage is that infinite

domains may be simply treated without introducing a large artificial boundary. Another

advantage is that the equations are defined over the two-dimensional molecular surface

rather than a three-dimensional domain so that a smaller number of finite elements -

resulting from discretizing these equations on a mesh - are required.

The FDM maps a given protein/solvent system onto a three dimensional grid and

the PB equation is solved at the grid points. Subsequently, the total electrostatic en-

ergy of the system is obtained (Simonson 2003, Warwicker & Watson 1982, Klapper

et al. 1986). The BEM offers an attractive alternative because of its higher intrinsic

accuracy. The method starts from the same set of differential equations to describe a

protein/solvent system, but converts this into a set of integral equations valid on a sur-

face or a dielectric boundary enclosing the protein of interest (Zauhar & Morgan 1985,

Jufferet al. 1991). Discretization of these integral equations results in a matrix equa-

tion, the solution of which, under conditions of non-zero ionic strength, corresponds to

the total electrostatic potential and the normal component of the total electrostatic field

on the boundary (Jufferet al.1991, Yoon & Lenhoff 1990).

The total electrostatic potential and the total electrostatic field can be computed in

the protein or solvent region by a simple numerical integration across the boundary. The

electrostatic energy is then easily obtained from the total potential and, consequently,

the electrostatic forces are readily available (Bordner & Huber 2003). The BEM clearly

separates in a natural way the reaction potential from the direct Coulombic terms, the

latter being calculated in an exact manner, so that any numerical error in the total po-

tential and field solely arises from the computation of the reaction potential and field. It

should be noted that Zhouet al. (Zhouet al. 1996) have introduced a finite difference

formulation that also completely eliminates the need to compute the self-energy term.

In addition, recent developments such as adaptive finite element methods (Baker

et al. 2000, 2001, Cortis & Friesner 1997) and focused finite differencing (Gilson &

Honig 1987) have greatly improved the accuracy of traditional finite difference and

finite element methods as well.

Examples of BEM use in recent years include to compute solvation free energies

of small molecules (Rashin 1988), to study protein folding (Totrov & Abagyan 2001),

to predict acid-dissociation constants in proteins (Jufferet al. 1997), to compute the

affinity of a protein for a charged surface carrying an uniform charge density (Yoon &

Lenhoff 1992), to estimate the interaction energy and forces between two or more pro-

teins (Zhou 1993, Song 2003, Luet al 2005b, Luet al. 2005a, 2000), to calculate the
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affinities of peptides for proteins (Donnini & Juffer 2004), to consider the electrostatic

recognition between enzyme and inhibitor (Costabelet al. 2001), to describe solvent

effects in quantum chemistry approaches (de Vrieset al.1995), and to include electro-

static interactions in the framework of the generalized Langevin equation (Chenet al.

2000, Luet al.2000).

Poisson-Boltzmann equation: new solution methods

Parallel multilevel adaptive finite element techniques(PMAFET)

It is usually difficult to obtain a fast and accurate numerical solution of the PBE, due

to the presence of discontinuous coefficients, delta functions, three spatial dimensions,

unbounded domain, and rapid (exponential) nonlinearity (Bakeret al. 2000). A new

solution method was developed to explain how adaptive multilevel finite element meth-

ods can be used to obtain extremely accurate solutions to the PBE with modest computa-

tional resources (Holstet al.2000a). Adaptive multilevel finite element techniques (Holst

et al.2000b) were applied to the non-linear Poisson-Boltzmann equation (PBE) in the

context of biomolecules. It is currently suited to smaller systems or small molecule

binding.

Parallel focusing methods(PFM)

The parallel focusing technique (Bakeret al. 2001) combined standard focusing tech-

niques and the Bank-Holst algorithm into a ‘parallel focusing’ method for the solution

of the PBE. This method has excellent parallel complexity, permitting the treatment of

very large biomolecular systems on massively parallel computational platforms. Fur-

thermore, the finite difference discretization on a regular mesh allows for fast solution

by certain highly efficient multigrid solvers (Holst & Saied 1995).

2.5.2 Simple Coulomb electrostatics

Coulomb’s law describes the interaction force between two static point charges. Two

charges interact with each other with a force given by the Coulomb equation (Jackson

1975):

F =
q1q2

4πεε0r2 , (49)
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whereF is the force of interaction between the chargesq1 andq2 and r is distance

between the two charges. The dielectric constant,ε, in a vacuum is one. For eval-

uating∆Wel using the Coulomb model, the change in dielectric does not account for

when charges are moved from the solute environment to that of the solvent. Usually

the charges are screened by solvent and screening effect is not considered in this simple

treatment. Simple Coulomb model also ignores the reaction field of the solvent (Schae-

fer & Karplus 1996).

2.5.3 Generalized Born methods (GBM)

There are three types of approach for describing electrostatic solvation in a more or

less quantitative manner: (i) empirical methods related to the solvent-accessible sur-

face of a solute, (ii) microscopic methods, and (iii) methods based on the continuum

electrostatics model. Methods from all three categories have been incorporated into

molecular mechanics programs (Warshel & Levitt 1976, Levitt & Sharon 1988, Sharp

1991, Wesson & Eisenberg 1992).

Born-Onsager models

Important insight into the electrostatic contribution to the free energy of solvation were

made by Born (Born 1920) and Onsager (Onsager 1936). Born derived the electrostatic

component of free energy of solvation by placing a charge within a spherical solvent

cavity. In Born’s model,∆Wel of the ion (a charge in a spherical solvent cavity) is

equal to the work done in transferring the charge from a vacuum to a medium of high

dielectric,ε. The classic example of this is the Born ion, a point-charge in a spherical

cavity of radiusa (Figure 6). Onsager extended this model to a dipole in a spherical

cavity.
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Fig 6. The Born ion. A spherical ion of radius a is transfered from a vacuum
to water. In water, the induced polarization creates a surface charge and thus a
reaction field that stabilizes the ion.

Solving the PE (Eq (1)) under these two conditions (dielectric constant,ε, in the

solute exterior is 1 orεwater ) leads to potentials that can be denotedφsolventandφvacuum,

respectively. The difference between these potentials is the reaction field,φreaction =

φsolvent−φvacuum, and the electrostatic component of the solvation free energy is

∆Wsol =
1
2

∫

φreaction(r)ρ(r)dV (50)

or if the molecular charge distribution is approximated by a set of partial atomic point

chargesqi ,

∆Wsol =
1
2 ∑qiφreaction(ri). (51)

In this case, Born showed that the work to charge the ion in a medium of dielectric

constantε is equal toq2/8πεε0a, whereq is the charge on the ion,a is the radius of

the ion (the radius of the cavity in the medium) andε is the dielectric constant of the

medium. The electrostatic component of free energy of solvation is the difference in the

work done in charging the ion in a medium of high dielectricε and in a vacuum. The

potential can be found analytically and the result is the well-known Born formula (Born

1920),
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∆Wel =
q2

8πεε0a
−

q2

8πε0a
,

∆Wel =−
q2

8πε0a

(

1−
1
ε

)

. (52)

Generalized Born equation

An imaginary ‘molecule’ consisting of chargesq1...qN embedded in spheres of radii

a1...aN. If the distance of separationr i j between any two spheres,i and j, is sufficiently

large in comparison to the radii, then total electrostatic free energy of such a system is

given by the sum of Coulomb energy and the Born energy of solvation in the medium

with dielectric constantε (Still et al.1990)

Wel =
1

4πε0

N

∑
i=1

N

∑
j=i+1

qiq j

r i jε
−

1
8πε0

(

1−
1
ε

) N

∑
i=1

q2
i

ai
. (53)

The first term of Eq (53) can be written as

N

∑
i=1

N

∑
j=i+1

qiq j

r i jε
=

N

∑
i=1

N

∑
j=i+1

qiq j

r i j ε
+

N

∑
i=1

N

∑
j=i+1

qiq j

r i j
−

N

∑
i=1

N

∑
j=i+1

qiq j

r i j
. (54)

Rearranging Eq (54) one finds

N

∑
i=1

N

∑
j=i+1

qiq j

r i jε
=

N

∑
i=1

N

∑
j=i+1

qiq j

r i j
−

(

1−
1
ε

) N

∑
i=1

N

∑
j=i+1

qiq j

r i j
. (55)

Substituting Eq (55) back into Eq (53), the electrostatic free energy is obtained as

Wel =
1

4πε0

N

∑
i=1

N

∑
j=i+1

qiq j

r i j
−

1
4πε0

(

1−
1
ε

) N

∑
i=1

N

∑
j=i+1

qiq j

r i j

−
1

8πε0

(

1−
1
ε

) N

∑
i=1

q2
i

ai
. (56)

Eq (56) demonstrates the difference in a solvent with a dielectrostatic constant ofε
and in a vacuum (ε = 1). In a vacuum the second and the third term in Eq (56) become

zero, only the first term of Eq (56) remains. Then∆Wel = Wel(in−solvent)−Wel(in−vacuum)
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is

∆Wel =−
1

4πε0

(

1−
1
ε

) N

∑
i=1

N

∑
j=i+1

qiq j

r i j
−

1
8πε0

(

1−
1
ε

) N

∑
i=1

q2
i

ai
. (57)

For just one charge (ion),r i j → ∞ and Eq (57) reduces to the familiar Born equation

(Eq (52)). So the Born equation for a single ion is generalized to a system havingN

charges. So Eq (57) is named the ‘Generalized Born Equation’. Still (Stillet al.1990)

combined the two terms in Eq (57) into one term and rewrote Eq (57) as follows

∆Wel =−
1

8πε0

(

1−
1
ε

) N

∑
i=1

N

∑
j=1

qiq j

f (r i j ,ai j )
. (58)

The functionf (r i j ,ai j ) depends on the inter-charge distance,r i j and the Born radii,

ai j of each ion. This function can be used in Eq (58), such that in the self (i = j) terms, it

acts as the ‘effective Born radii’ and in the pair-wise terms (i 6= j), it acts as an ‘effective

interaction distance’. One simple but effective expression (Stillet al.1990) is

f (r i j ,ai j ) =
[

r2
i j +RiRjepx(−r2

i j /4RiRj)
]

1
2 , (59)

where,Ri andR j are the ‘effective Born radii’ of atomsi and j respectively, which not

only depend onai anda j but also on the relative positions of all other atoms. Used

in Eq (59), this expression gives the Born equation for superimposed charges when

r i j = 0. Then the function interpolates to the radius of that particular ion ((R2
i )

1
2 ), and

when there are two ions far apart,exp(−r2
i j /4RiRj) tends to zero, so that the function

interpolates in this case to(r2
i j )

1
2 . TheRi (effective Born radii) should be chosen so that

if the PE was solved for a single chargeqi placed at position of atomi, and the dielectric

boundary determined by all the molecule’s atoms and their respective radii with no

charge on them, then the self energy of the chargei in this reaction field,qiφreaction(r i)/2

would be equal to−(q2
i /2Ri))1−1/ε) as

∆Wel = qi
φreaction(ri)

2
=−

q2
i

2Ri

(

1−
1
ε

)

. (60)

Obviously, this procedure would not have a practical advantage over the GBM if the

PBE was solved to get the effective Born radii. To find a more rapid way to calculate

the effective Born radii, the formulation of electrostatics can be made in terms of energy
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densityw(r).

Analytical continuum electrostatics (ACE)

Analytical continuum electrostatics (ACE) (Schaefer & Karplus 1996, Schaefer & Fro-

emmel 1990) approaches the description of an electrostatic component of solvation free

energy∆Wel by defining electrostatic free energy in a particular medium,Wel, in terms

of energy densityw(r). The energy densityw(r) of an electrostatic field generated by

a charge distributionρ(r) can be expressed in terms of the electric displacement vector

D(r), whereD(r) is defined as

D(r) = ε(r)E(r). (61)

Following the approach used to derive the Born solvation energy of ions (Born

1920), the electrostatic energy,Gelec, of a solute withN chargesq1...qN can be calcu-

lated by integrating the energy densityw(r) = (ε0D2(r))/(2ε(r)) of the electric field

over all space (Jackson 1975), the electrostatic energy can be written as

Wel =

∫

V
w(r)d3r =

ε0

2

∫

V

D2(r)
ε(r)

d3r, (62)

whereV is the volume of all space. This integral expression can be split into two parts,

one over the volume of the soluteVP with a low dielectricεP, and the other as an integral

over the remaining volume of the solventVS with a high dielectricεS as follows

Wel =
ε0

2εS

∫

VS

D2(r)d3r +
ε0

2εP

∫

VP

D2(r)d3r. (63)

If the integral of(ε0D2(r))/(2εS) over the solute volume is added and subtracted in Eq

(63) as follows (Schaefer & Karplus 1996)

Wel =
ε0

2εS

∫

V
D2(r)d3r +

ε0τ
2

∫

VP

D2(r)d3r (64)

and

τ =
1
εP
−

1
εS

,

where the symbolV denotes the infinite three-dimensional Cartesian space. The di-

electric displacementD in both integrals of Eq (64) must satisfy the boundary condi-

tions (Jackson 1975) on the electric field at the interface between solute and solvent.
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This expression (Eq (64)) is still exact. An approximation can be introduced by assum-

ing that the first term corresponds to the situation in a homogeneous dielectric medium

and describes the dielectric displacement by simple Coulomb field (Bashford & Case

2000). This assumption has been shown to introduce an error of at most a few percent

in the electrostatic free energy (Schaefer & Froemmel 1990).

With the second integral term in Eq (64) given by the Coulomb and Born energies

in a medium with the solvent dielectric constant, calculation of the electrostatic energy

requires evaluation of the second integral over a finite volume, namely the solute vol-

ume. Distinguishing the self-energy termsWsel f
i from interaction energy termsWint

i j ,

one has

Wel = ∑
i

Wsel f
i +∑

i j
Wint

i j , (65)

Wsel f
i =

q2
i

8πε0εSRi
+

ε0τ
2

∫

VP

D2
i (r)d

3r, (66)

Wint
i =

qiq j

4πε0εSr i j
+ ε0τ

∫

VP

Di(r)D j (r)d3r. (67)

To evaluate the integral in Eq (66), the solute integration volume can be formally

subdivided into volumes associated with the individual atoms,A1...AN. A ‘molecular

density function’PS(r) is introduced for describing the solute volume according to

PS(r) =

{

1, if r is inside solute volume;

0, otherwise;

and rewritten the self-energy of chargei as a function that involves integration of the

energy density(ε0τ/2)D2(r) over all space

Wsel f
i =

q2
i

8πε0εSRi
+

ε0τ
2

∫

V
D2

i (r)PS(r)d3r, (68)

wherePS(r) acts as a weight function on the energy density. An atomic density func-

tion Pk(r) is introduced,k = 1, ...,N, describing the volumeAk associated with atomk.

With respect to the electrostatic energy, the only condition applied to the atomic density

functions is that their sum must be equal to the molecular density functionPS(r) at any

point,
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∑
k

Pk(r) = PS(r). (69)

The introduction of atomic density functions, Eq (69), makes it possible to write the

self-energy Eq (68) in the form of a pairwise atom potential

Wsel f
i =

q2
i

8πε0εSRi
+ ∑

k6=i

Wsel f
ik , (70)

Wsel f
ik =

ε0τ
2

∫

V
D2

i (r)Pk(r)d
3r. (71)

To evaluate the volume integral in Eq (71), the dielectric displacementDi(r) at r

due to chargei at ri is approximated by the Coulomb field.

Both the atom charge distributionsρi(r) and the density functionsPk(r) describing

atom volume in the method are given by Gaussians as

ρi(r) = qiπ−3/2a3
i exp

(

−a2
i (r− r i)

2) ; ai =
(π/2)1/2

Ri
, (72)

Pk(r) =
4

3π1/2α3
exp
(

−(r− r i)
2/(αRk)

2) , (73)

whereRi is the van der Waals radius of charged atomi. Theai is a parameter.Rk is

the effective radius of atomk. The definition of the atomic densityPk is such that the

volume associated with it is equal to the effective volume,
∫

V Pk(r)dr3 = (4πR3
k)/3 =

Vk. The effective volumeVk is independent ofα, which is a smoothing parameter

introduced to be able to vary the width of the volume density functionPk. The self-

energy approximation and interaction energy approximation are given in this method.

For more detail, see literature (Schaefer & Froemmel 1990, Schaefer & Karplus 1996,

Schaeferet al.1998).

2.6 Treatment of electrostatic interactions

The force of electrostatic interactions between two charges is proportional to the inverse

of the their square distance. Thus, the electrostatic interaction force decreases only

slowly with the increasing distance between two charges, but even at a long distance,

electrostatic interaction force does not become negligibly small. This property makes

it difficult to estimate electrostatic interactions in computer simulations. Calculation of
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electrostatic interactions is time consuming due to their property of long-range. Some

techniques based on lattice-sum and cut-off techniques are used currently to evaluate

electrostatic interactions in biomolecular systems (van Gunsterenet al. 2006, Tironi

et al. 1995). There are various treatments of electrostatic interactions in MD simu-

lations. Methosds include the Ewald summation method (Ewald 1921), the particle-

particle particle-mesh (PPPM) method (Hockney & Eastwood 1988), the fast multipole

method (FMM) (Greengard & Rokhlin 1987, Greengard 1994, Greengard & Rokhlin

1997), the cut-off method (Berendsen 1993), the Lekner summations method (Lekner

1991), the particle-mesh Ewald (PME) method (Dardenet al. 1993, Essmannet al.

1995), the multigrid method (Sagui & Darden 2001), and MMM2D method (Arnold &

Holm 2002b,a).

The PPPM method is an accurate and computationally efficient method for calcu-

lating electrostatic interactions in molecular simulations. This method is based on sep-

arating the total interaction between particles into the sum of short-range interactions,

which are computed by direct particle-particle summation, and long-range interactions,

which are calculated by solving Poisson’s equation using PBCs (Hockney & Eastwood

1988, Luty & van Gunsteren 1996). The MMM2D method can accurately calculate the

electrostatic energy and force when charges are distributed in a two-dimensional peri-

odic array of finite thickness. This method is not based on the Ewald summation method

so any fine-tuning of an Ewald parameter for convergence is not required (Arnold &

Holm 2002b,a). The cut-off method (Berendsen 1993) is the simplest approach which

is available for any type of system. It has been believed that increasing cut-off length

makes simulation results better but some results of the bulk water simulations studied

within the range of cut-off lengths, 9-18̊A, showed an opposite tendency: the artifact

was enhanced by increasing the cut-off length (Yonetani 2006). The PME method is

similar to that of PPPM method. In the PME, the basic form of the Ewald sum is taken

as a given (Dardenet al. 1993, Essmannet al. 1995). The FMM method (Greengard

& Rokhlin 1987, Greengard 1994) for calculating Coulomb interactions relies on two

related expansions: the multipole expansion and the local expansion. The purpose of

the FMM is to calculate the local expansion coefficients due to charges at some distance

from the interesting point and to account for the closer charges by a direct summation.

These methods are chosen depending on the purpose or the system of simulations. Some

comparisons have been made between these methods in different systems (Lutyet al.

1995, Solvasonet al. 1995, Sagui & Darden 1999, Mazars 2005, van der Spoel & van

Maaren 2006).
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It was found that the PPPM algorithm was a competitive alternative to the Ewald

method even for a small system containing only 206 water molecules with five ion pairs.

For a larger system containing approximately 5600 water molecules and 135 ion pairs,

the PPPM algorithm was almost two orders of magnitude faster than the Ewald method

due to theN log2(N) scaling of the FFT relative to theN2 scaling of the analytical sum-

mation (Lutyet al.1995). For small systems, the MMM2D method is much faster than

the 2-dimension Ewald methods, but for large systems it is clearly superior (Arnold

& Holm 2002b). The multigrid method was competitive with the FMM for low accu-

racy (Sagui & Darden 2001). The Lekner summations method obtained self-energies

in a much simpler manner but the disadvantage is that they include a triple sum (Tyagi

2004).

2.6.1 Models of solvent

Explicit solvent models

Explicit solvent models rely on using hundreds or thousands of discrete solvent mole-

cules (Bizzarri & Cannistraro 2002). They are the most widely used methods for car-

rying out computer simulations of solvent. Such calculations converge only slowly be-

cause of the large number of particles involved. They generally require orders of magni-

tude more CPU time than corresponding gas phase calculations on the same molecule.

Explicit ion representations

The term explicit ion means that the ion is considered as a separate charged partical

in a system. It is possible to represent mobile ion screening around polyelectrolytes

explicitly through Monte Carlo (MC) simulations (Murthyet al.1985, Allen & Tildes-

ley 1987, LeBret & Zimm 1984, Millset al.1985) or explicit solvent integral equation

methods (Bacquet & Rossky 1984), thereby including finite size and correlation effects

for the mobile ions. To date these studies have used the primitive model in which the

ions are explicitly represented, while the water is represented as a continuum of dielec-

tric constant 80. For small univalent ions, discreteness effects appear to cancel to a

large extent, and the agreement of results using the primitive model with PBE solutions

is good (Murthyet al.1985).
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Explicit particle electrostatics

The electrostatic potential generated at a positionr by a set of N chargesqi situated at

positionsri in a medium of dielectric constantε1 is given by

φ(r) =
1

4πε0ε1

N

∑
i=1

qi

|r− ri|
. (74)

The corresponding electric field is then

E(r) =−∇φ(r) =
1

4πε0ε1

N

∑
i=1

qi
r− ri

|r− ri|
3 . (75)

The potential energy of, and force on, a chargeq situated atr is then given byU = qφ
andF = qE, respectively. In molecular dynamics (MD) or Monte Carlo (MC) simula-

tions (Allen & Tildesley 1987) the electrostatic potential energy of the systemUpp is of

interest

Upp =
1

4πε0ε1

N

∑
i< j

qi−q j

|r− ri|
, (76)

whereqi andq j are charges associated with sitesi and j, and the summation is over all

interactingi j pairs as determined by the force field used (Jackson 1975, Bttcheret al.

1973, Scaife 1989, Frhlich 1958).

Implicit solvent models

Implicit models treat the solvent as a continuous medium having the average properties

of the real solvent, and surrounding the solute beginning at the van der Waals surface.

The generalized Born and surface area model (see Section 2.5.3 and Section 2.4.2) are

very popular (Tsui & Case 2001) for describing implicit solvent models. For many ap-

plications, the solvent can be approximated by a continuous medium with the dielectric

properties of the solvent. This saves expensive calculation because individual solvent

molecules are not explicitly taken into account. Many such continuum solvent mod-

els (Smith & Pettitt 1994) have been developed.
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2.6.2 Methods for evaluation of long-range electrostatic
interactions

Lattice-sum and truncation methods

Two techniques are predominantly used currently to evaluate long-range (electrostatic)

interactions in biomolecular systems (van Gunsterenet al. 2006). One technique is

called lattice-sum. In this technique the system is put into a box of specific shape and

surrounded by an infinite number of identical copies of itself (see part B of Fig 7). In

this way an artificial periodicity is enforced upon the system. An alternative technique

is to approximate the medium beyond a given cut-off distanceRr f from a specific atom

or molecule by a dielectric continuum of uniform permittivity and ionic strength (see

part C of Fig 7). In truncation methods potential,φi j (r), equals zero when the distance,

r, between pointi and j is larger than some cut-offRr f . The principle of the truncation

method is to calculate the interactions only between the atoms that reside closer to each

other than a defined cut-off distance,Rr f . The Onsager reaction field technique (On-

sager 1936) handles all electrostatic interactions explicitly within the cut-off distance

Rr f . For r > Rr f , the system is treated on a mean-field level and is thus completely

described by its dielectric constant (Patraet al. 2007). Such a dielectric continuum

produces a reaction field in response to the charge distribution inside the cut-off sphere

with radiusRr f . Techniques such as truncation and reaction field have been shown to

give rise to artifacts, if the truncation distance used in these schemes is too small. Also,

even Ewald techniques (especially PME) have been criticized due to their periodic na-

ture (Patraet al.2003, Yonetani 2006).

Both techniques are approximations of different types. The reaction-field approach

is a mean-field approximation of the real charge distribution beyond a distanceRr f ,

and treats its dielectric response in a spherically symmetric way. It does not introduce

artificial periodicity. The lattice-sum approach does not involve averaging, but treats

electrostatic interactions beyond the box size as periodic.
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rfR

B

C

A

Fig 7. Non-periodic (A) and periodic (B) boundary conditions as applied to an ex-
plicit calculation. (C) Continuum approximations beyond a given cut-off distance.
The solute is symbolized by a black spot and the solvent, water, is represented by
smaller white and grey circles.

Boundary conditions of simulation systems may be conveniently divided into pe-

riodic boundary conditions (PBC) (see part B of Figure 7) and non-periodic boundary

conditions (NPBC) (see part A of Figure 7). PBC are commonly used in explicit solvent

simulations (Kastenholz & Hunenberger 2004). For periodic systems, lattice-sum meth-

ods can be used to evaluate the electrostatic interactions without having to resort to an

unphysical explanation of the potential. The lattice-sum methods in periodic boundary

problems are based on an exact periodic treatment of the infinite system in simulations

using periodic boundary conditions. The lattice-sum is a sum of a regular periodic ar-

rangement of points in space. Lattice-sums in two and three dimensions can be used

to describle the distribution of charges and their images in an infinite plane and whole

space. Lattice-sums occur in many branches of mathematical physics including the de-

termination of the lattice energy of crystals, the study of thermal, electromagnetic and

elastic properties of materials, and the solution of certain partial differential equations

with periodic or non-periodic boundary conditions. The most popular of the lattice-

sum methods for computing the long-range electrostatic forces is the Ewald method

which has been successfully applied to molecular simulations (Lutyet al. 1995). The

Lekner summation method (Lekner 1991) is also an efficient and simple algorithm to

calculate the long-rang electrostatic interactions and it has been applied to study protein-
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membrane electrostatic interaction (Jufferet al. 2001).

Ewald’s method

Ewald’s method (Ewald 1921, Allen & Tildesley 1987) is a near exact method for the

evaluation of long-ranged interactions within periodic boundary conditions and a tech-

nique for efficiently summing the interaction between an ion (charge) and all of its

periodic images. This method applies a neutralizing counter charge to ensure conver-

gence of the energy summations, which are naturally performed in reciprocal space.

The relevant force for dynamical simulations is then obtained from the gradient of the

Ewald energy expression (Gronbech-Jensenet al.1997).

To illustrate the method, consider a periodic system ofN point charges{qi} located

at positions{ri}, i = 1, · · · , N, in a periodic unit cell,U , characterized by the set of

real-space lattice vectors{ak}, k = 1,2,3. The interaction energy, excluding the infinite

self-energy of the point charges, can be written as

Gelec=
1
2

∞

∑
L

N

∑
i=1

N

∑
j=1

qiq j

4πε0|ri j + L|
, (77)

whereqi , q j are the charges andri j = ri− r j , and the first summation overL is over all

integer translations of the real space lattice vectorsL = L1a1+L2a2+L3a3 for integers

Lk (k = 1,2,3), the second two sums are over theN molecules in the central box. The

prime symbol in Eq (77) indicates that the terms where|ri j + L| = 0, singularity, are

neglected. The summation in Eq (77) is not convergent unless the total charge of the

system sums to zero (the system is overall charge neutral) (Leeuwet al.1980). In any

case, the expression in Eq (77), under the conditions where it does converge, does so

very slowly, and is not a practical means of computing electrostatic energies for periodic

systems (Namet al.2005).

In the Ewald method, each point charge is surrounded by a charge distribution of

equal magnitude and opposite sign, which spreads out radially from the charge. This

distribution is conveniently taken to be Gaussian

ρi(r) = qiκ3exp(−κ2r2)/π3/2, (78)
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where the arbitrary parameterκ determines the width of the distribution, andr is the

position relative to the centre of the distribution.

An elegant mechanism of transforming the slowly convergent sum in Eq (77) into

two rapidly convergent sums over real-space and reciprocal space lattice vectors is used

in the Ewald summation convention (Ewald 1921, Allen & Tildesley 1987). The inter-

action energy contains a real space sum plus a reciprocal space sum minus a self-term

plus the surface term (Allen & Tildesley 1987). The final result is

G(εs = 1) =
1
2

N

∑
i=1

N

∑
j=1

(

∞

∑
|L|=0

qiq j
erfc(κ |ri j + L|)
4πε0|ri j + L|

)

+
1

8π2ε0L3

N

∑
i=1

N

∑
j=1

∑
k6=0

(

qiq j(4π2/k2)exp(−k2/4κ2)cos(k · ri j )
)

− (κ/π
1
2 )

N

∑
i=1

1
4πε0



q2
i +(2π/3L3)

∣

∣

∣

∣

∣

N

∑
i=1

qiri

∣

∣

∣

∣

∣

2


 , (79)

here erfc(x) is the complementary error function which decays to zero with increasingx.

If the interaction energy Eq (79) is modified, it can be used to calculate the interaction

between charges and dipolar systems.

Multigrid methods

It was suggested that anO(N) multigrid-based method for the efficient calculation of

the long-range electrostatic forces was needed for biomolecular simulations (Sagui &

Darden 2001).O(N) means that an algorithm has a linear complexity.O (the ‘O’

sometimes described as the ‘order’ of the calculation, as in ‘on the order of’) notation

is concerned with what happens for very large values ofN (the number of particles).

This method is suitable for implementation on massive parallel architectures and able

to handle different boundary conditions of molecular systems (Rottler & Maggs 2004,

Sagui & Darden 2001). The method consists of: (i) a charge assignment scheme, which

both interpolates and smoothly assigns the charges onto a grid; (ii) the solution of Pois-

son’s equation on the grid via multigrid methods; and (iii) the back interpolation of the

forces and energy from the grid to the particle space. Two approaches have been de-

veloped in this mothod for the charge assignment and the force interpolation: a lattice

diffusion multigrid (LDM) method and a lattice Gaussian multigrid (LGM) method. In
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the LDM method, it is possible to map an arbitrary distribution of discrete particles in

space onto a grid. In the LGM method, the Fourier transforms were avoided and all the

calculations are performed in real space, by solving Poisson’s equation via multigrid

methods (Holst & Saide 1993), and by using exact analytical expressions in real space

for the forces. These new methods use the real-space multigrid techniques for the solv-

ing of Poisson’s equation for the long-range, reciprocal contribution to the energy and

forces. This method is also called the real space method. Multigrid techniques have the

advantage of requiring no fast Fourier transforms, and therefore avoid the large commu-

nication costs related to the global shifting of data associated with the 3-dimension fast

Fourier transforms employed by the PPPM and PME methods. In addition to their ease

of parallelization, multigrid methods do not require periodic boundary conditions, and

allow for an accelerated convergence on all length scales (Rottler & Maggs 2004, Sagui

& Darden 2001). The solution of the problem can be achieved inO(N) operations.

The Lekner summation method

In recent years, several new suggestions for handling long-range interactions in sys-

tems with periodic boundary conditions have been presented. In particular, the work

of Lekner (Lekner 1991) has opened a new direction for correctly evaluating the com-

plete interaction between particles in a periodic system. This method obtained self-

energy in a much simpler manner and is an efficient and simple algorithm to calculate

the long-range electrostatic interactions in the case of a system which is periodic in

two dimensions, say thex− andy−direction with repeat lengthLx andLy, but not in

z−direction. The Lekner method was generalized for the case of arbritraryLx andLy

by Clark et al (Clark et al. 1996, Gronbech-Jensenet al. 1997). The Lekner summa-

tion technique takes direct advantage of the symmetry given by the periodicity of the

summations, resulting in guaranteed convergence of the force. Interaction energies are

then found by integrating the evaluated force expressions and obtained self-energies in a

much simpler manner (Lekner 1991, 1989). This method has been used to study protein-

membrane electrostatic interactions (Jufferet al.2001). In principle, each chargeqi at

positionr i interacts with all others, leading to a computational effort ofO(N2) already

within the central simulation box (Arnold & Holm 2002b). The number of atoms,N,

leads to a computational complexity that grows asN2. In the Lekner summation method

the computational time grows with the relationshipN2/2 (Brodka 2002).
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The basic Lekner summation method

If an assembly ofN ions, with chargesqi and positionsri is considered and the

Coulomb interaction force between charges are of interest. The MD simulation is as-

sumed to be carried out in a central cell with dimensionsL, L, andD in thex, y andz

directions, respectively. The central cell is repeated to infinity in the±x and±y direc-

tions. The Coulomb force exerted on chargei by chargej, and by all the repetitions of

chargej in the periodic system, is

Fi =
qiq j

4πε0
∑

all−cells

ri− r j

|ri− r j |
3 . (80)

Dimensionless measures of the displacements between chargesqi and q j are de-

fined (Lekner 1991)

xi−x j = ξ L, yi−y j = ηL, zi−zj = ζL, (81)

with |ξ |, |η | ≤ 1, and|ζ | ≤ D/L. Thex, y andz components of the Coulomb force on

chargeqi due to chargeq j are thenqiq j/4πε0L2 times the dimensionless functionsX,

Y andZ, where (Lekner 1991)

X(ξ ,η ;ζ ) =
∞

∑
l=−∞

∞

∑
m=−∞

ξ + l
[

(ξ + l)2 + η +m2 + ζ 2
]3/2

, (82)

Y(ξ ,η ;ζ ) =
∞

∑
l=−∞

∞

∑
m=−∞

η +m
[

(ξ + l)2 + η +m2 + ζ 2
]3/2

, (83)

Z(ξ ,η ;ζ ) =
∞

∑
l=−∞

∞

∑
m=−∞

ζ
[

(ξ + l)2 + η +m2 + ζ 2
]3/2

, (84)

hereX(−ξ ,η ;ζ ) = −X(ξ ,η ;ζ ), etc. AlsoY(ξ ,η ;ζ ) = X(η ,ξ ;ζ ), so the sumsX

andZ need only be considered. The conversion of these sums in Eqs (82, 83, 84) to

rapidly convergent ones proceeds via three transformations (Lekner 1991). Dimension-

less functionsX andZ are obtained (Lekner 1989, 1991) after transformations
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X(ξ ,η ;ζ ) =
2π sin(2πξ )

cosh(2πζ )−cos(2πξ )

+ 8π
∞

∑
l=−∞

ξ + l
[

(ξ + l)2 + ζ 2
]1/2

∞

∑
m=1

mcos(2πmη)

× K1

(

2πm
[

(ξ + l)2 + ζ 2
]1/2

)

, (85)

Z(ξ ,η ;ζ ) =
2π sinh(2πζ )

cosh(2πζ )−cos(2πη)

+ 8πζ
∞

∑
l=1

l cos(2π lξ )
∞

∑
m=−∞

[

(η +m)2 + ζ 2
]−1/2

× K1

(

2π l
[

(η +m)2 + ζ 2
]1/2

)

, (86)

whereK1 is the Bessel function.

Thepotential energy functionis also obtained (Lekner 1991)

Ui j =
1

4πε0

qiq j

L
V (87)

by integration of the forceFi, so that

−∇iUi j = Fi , −
∂V
∂ξ

= X, etc. (88)

and in Eq (87),

V(ξ ,η ;ζ ) = 4
∞

∑
l=1

cos(2π lξ )
∞

∑
m=−∞

K0(2π l [(η +m)2 + ζ 2]
1/2

)

− log[cosh(2πζ )−cos(2πη)]

= 4
∞

∑
m=1

cos(2πmη)
∞

∑
l=−∞

K0(2πm[(ξ + l)2 + ζ 2]
1/2

)

− log[cosh(2πζ )−cos(2πξ )]. (89)
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Extension of the Lekner summation method

For a two dimensional system of rectangular cells, periodic in thex andy directions,

with cell lengthsLx, Ly andD, the electrostatic force acting on chargeqi due to another

chargeq j and its periodic images in thex− andy−direction is

Fi =
qiq j

4πε0
∑
v

ri− r j −v

|ri− r j−v|3
, (90)

where the vectorv has componentsvxLx, vyLy and 0. Using reduced distances4x,4y

and4z, defined in terms of the cell lengthLx as

xi−x j = Lx∆x, yi−y j = f Lx∆y, zi−zj = Lx∆z, (91)

where f = Ly/Lx, the components of the electrostatic force inx, y and z can be ex-

pressed as(qiq j)/(4πε0L2
x) times the following dimensionless functions (Clarket al.

1996, Lekner 1991)

Fx(∆x,∆y,∆z) =
∞

∑
l=−∞

∞

∑
m=−∞

4x+ l
[

(∆x+ l)2 + f 2(∆y+m)2 + ∆z2
]3/2

,

Fy(∆x,∆y,∆z) =
∞

∑
l=−∞

∞

∑
m=−∞

f (∆y+m)
[

(∆x+ l)2 + f 2(∆y+m)2 + ∆z2
]3/2

,

Fz(∆x,∆y,∆z) =
∞

∑
l=−∞

∞

∑
m=−∞

∆z
[

(∆x+ l)2 + f 2(∆y+m)2 + ∆z2
]3/2

.

(92)

Using the three transformations the new equations for the force components were ob-

tained. They are separated into two groups depending on whether∆x or ∆y appear in

the argument of the Bessel function.

When∆x appears in the argument the new equations are (Clarket al.1996)
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Fx =
1

2ε0 f
sin(2π∆x)

cosh(2π∆z)−cos(2π∆x)

+
2

ε0 f 2

∞

∑
l=−∞

∆x+ l
[

(∆x+ l)2 + ∆z2
]1/2

∞

∑
m=1

mcos(2πm∆y)

× K1

(

2π
m
f

[

(∆x+ l)2 + ∆z2
]1/2

)

,

Fy =
2

ε0 f 2

∞

∑
m=1

msin(2πm∆y)
∞

∑
l=−∞

K0

(

2π
m
f

[

(∆x+ l)2 + ∆z2
]1/2

)

,

Fz =
1

2ε0 f
sin(2π∆z)

cosh(2π∆z)−cos(2π∆x)

+
2∆z
ε0 f 2

∞

∑
m=1

mcos(2πm∆y)
∞

∑
l=−∞

[

(∆x+ l)2 + ∆z2
]−1/2

× K1

(

2π
m
f

[

(∆x+ l)2 + ∆z2
]1/2

)

. (93)

When∆y appears in the argument the new equations are (Clarket al.1996)

Fx =
2
ε0

∞

∑
i=1

l sin(2π l∆x)
∞

∑
m=−∞

K0

(

2π l
[

f 2(∆y+m)
2
+ ∆z2

]1/2
)

,

Fy =
1

2ε0 f
sin(2π∆y)

cosh
(

2π 4z
f

)

−cos(2π∆y)

+
2 f
ε0

∞

∑
m=−∞

∆y+m
[

f 2(∆y+m)2 + ∆z2
]1/2

∞

∑
l=1

l cos(2π l∆x)

× K1

(

2π l
[

f 2(∆y+m)2 + ∆z2
]1/2

)

,

Fz =
1

2ε0 f

sinh
(

2π ∆z
f

)

cosh
(

2π ∆z
f

)

−cos(2π∆y)

+
2∆z
ε0

∞

∑
l=1

l cos(2π l∆x)
∞

∑
m=−∞

[ f 2(∆y+m)2 + ∆z2]
−1/2

× K1

(

2π l
[

f 2(∆y+m)2 + ∆z2
]1/2

)

. (94)
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The potential energyUi j is also obtained by integration of the electrostatic force (Clark

et al.1996, Jufferet al.2001)

Ui j =
qiq j

πε0Ly

∞

∑
m=1

cos(2πm∆y)
∞

∑
l=−∞

K0

(

2π
m
f

[

(∆x+ l)2 + ∆z2
]1/2

)

−
qiq j

4πε0Ly
log[cosh(2π∆z)−cos(2π∆x)]−

qiq j

4πε0Ly
log2 (95)

and

Ui j =
qiq j

πε0Lx

∞

∑
l=1

cos(2π l∆x)
∞

∑
m=−∞

K0

(

2π l
[

f 2(∆y+m)2 + ∆z2
]1/2

)

−
qiq j

4πε0Lx
log

[

cosh

(

2π
∆z
f

)

−cos(2π∆y)

]

−
qiq j

4πε0Lx
log2. (96)
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3 Aims of the present work

Electrostatic interactions between biomolecules are very important and the dielectric

properties of biomolecules (proteins and membranes) play key roles in their structural

and functional characteristics. It is a challenging task to study and to predict the effects

of electrostatic interactions in biomolecular systems.

The main aims of the present study were to

1. Understand the role of electrostatics in biomolecular interaction.

2. Develop/consider alternative models to estimate the strength of electostatic interac-

tions.

To achieve these aims, the following has been carried out:

1. Completion of a boundary element formulation of protein electrostatics with explicit

ions.

2. Completion of an alternative model for protein-membrane association.

A novel boundary element method which can be applied to the case of one solute in

an electrolyte solution as well as to the case of two solute molecules at a given distance

and orientation is introduced. The work introduces, for the first time,explicit ions in a

BEM formulation to describe the solvent as an electrolyte, which significantly increases

the validity of the method.

An alternative method for the calculation of the electrostatic and non-polar contribu-

tion to the free energy of association of a protein with a membrane has been formulated.

The new approach, which can be used to calculate the total solvation free energy of a

two protein system and a protein-membrane system, considers electrostatic, modulated

by mutual polarization effects, and non-polar terms.
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4 Theory and methods

The following sections explain two methods to compute electrostatic interaction in

biomolecular systems. The first method (Section 4.1) is an extension based upon the

BEM, while the second method introduces a new approach to predict the strength of

electrostatic interactions in protein-membrane systems (Section 4.2).

4.1 A boundary element formulation with explicit ions

This section is based on published work (Xin & Juffer 2007). Its main objective is

to introduce a novel formulation of the boundary element method that describes ionic

strength by means ofexplicit ions.

The use of explicit ions in the description of biomolecular systems is not a new idea,

but the effects of dielectric boundaries in such formulations have simply been ignored

or were deemed irrelevant (Jufferet al. 2001). All existing BEM implementations are

based upon a full continuum description of the solvent to accommodate ionic strength

and rely on the linear PB equation, for instance, (Jufferet al. 1991, Zhou 1993, Song

2003). The linear PB equation is valid only at very low ionic strengths. It may be

possible to extend existing BEM formulations by means of the non-linear PBE, which

has already been implemented for the finite difference method (Holstet al. 1994), but

this seems infeasible with a BEM approach, although a ‘hybrid’ method has been pro-

posed (Vorobjevet al.1992, Boschitsch & Fenley 2004). It is rather questionable to rely

on the non-linear PBE given the fact that only the linear PB is an exact limiting law of

statistical mechanical theories of electrolyte solutions (Friedman 1985). Any continuum

approach to simulate electrolyte solutions ignores ion-ion correlation, which is already

significant at concentrations as low as 0.01 M (Barthelet al.1998). Also, the concept of

electroneutrality is not very well defined in pure continuum approaches, while special

measures to account for the ion-exclusion layer may be required as well (Boschitsch &

Fenley 2004).

The method presented in this work overcomes these limitations through the use

of explicit ions and, combined with a Monte Carlo (MC) simulation approach (or any

other appropriate simulation method, e.g. Brownian dynamics in reference (Jardatet al.

1999)) to sample ion configurations and protein orientations. It can be employed to com-
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pute, among other things, the electrostatic contribution tothe potential of mean force

between two protein molecules at a given distance and orientation in an electrolyte so-

lution. The results of a series of test calculations on systems ranging from very simple

to realistic solute molecules are presented here to demonstrate the quality and the feasi-

bility of the novel BEM method.

4.1.1 Formulation of integral equations

The derivations in this section follow very similar procedures as in reference (Juffer

et al.1991), which are formulation of the integral equations. Therefore, only the main

results are given here.

For the case of two polarizable regionsA andB at a given distance and orientation

with respect to each other, immersed in a polarizable regionS. All three regions (A,

B andS) contain free charges. All regions behave as linear dielectrics. The dielectric

properties of this system are contained in the following set of equations.

∇2F(r,s) =−δ (r− s), (97)

F(r,s) =
1

4π |r− s|
, (98)

∇2φA(r) =−∑
i

qA
i

ε0εA
δ (r− ri), (99)

∇2φB(r) =−∑
j

qB
j

ε0εB
δ (r− rj), (100)

∇2φS(r) =−∑
k

qS
k

ε0εS
δ (r− rk). (101)
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Here,εA, εB andεS are the dielectric constants ofA, B andS, respectively, andqA
i ,

qB
j andqS

k refer to the free charges ofA, B andS, respectively.F(r,s) represents the

electrostatic potential ins of a charge inr. F(r,s) with singularity ins is the fundamen-

tal solution of Eqs (99) to (101) and satisfies Eq (97). The functionsφA, φB andφS are

the electrostatic potentials inA, B andS, respectively. Eqs (99) to (101) correspond to

the PE for these regions. The potentialφS in the solvent satisfies regularity conditions

at infinity, i.e. |r|φS(r) and|r|2∇φS(r) are bounded forr tending to infinity, so that the

set of Eq (97) to (101) results in a unique solution to the problem.

The following boundary conditions apply atr0 on the surface∑A of A

φA(r0) = φS(r0), (102)

∂φA(r0)

∂n0
=

εS

εA

∂φS(r0)

∂n0
, (103)

where ∂φ
∂n0

= ∇φ(r0) ·n0 is the directional derivative ofφ atr0 andn0 is the unit normal

vector atr0 pointing outward (into the solvent region). Similarly, atr0 on the surface

∑B of B,

φB(r0) = φS(r0), (104)

∂φB(r0)

∂n0
=

εS

εB

∂φS(r0)

∂n0
. (105)

This set of Eqs (97) to (105) could describe two polarizable protein molecules im-

mersed in an electrolyte solution. The latter is described in the present work as a col-

lection ofexplicit charges in a background continuum. Notice that the free charges in

S (the ions) are treated in exactly the same way as in regionsA andB, that is, they are

considered as point charges. Charge size is imposed, though, through the use of radii

so that overlap between ions, for instance in the course of a simulation, is avoided. In

fact this model for the ions corresponds to the primitive model of electrolytes, a theory

known to predict the properties of electrolyte solutions very well at modest concentra-
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tions (Barthelet al. 1998). The classic Debye-Hckel theory for electrolyte solutions

expressed through the familiar linear PB equation, isnot required here. The use of ex-

plicit ions significantly widens the applicability range of the present formulation with

respect to previous formulations (Jufferet al. 1991, 1997), which are based upon the

linear PBE.

Multiplying Eq (98) with Eq (99), subtractingφA times Eq (97), withs ∈ A , and

applying Green’s second theorem (Jackson 1975) to regionA, for the potential atrA
0 in

A

φA(rA
0) =

∫

∑A

(

F(r,rA
0)

∂φA(r)
∂n

−φA(r)
∂F(r,rA

0)

∂n

)

dσ

+ ∑
i

qA
i

ε0εA
F(ri ,rA

0). (106)

Similarly

φB(rB
0) =

∫

∑B

(

F(r,rB
0)

∂φA(r)
∂n

−φB(r)
∂F(r,rB

0)

∂n

)

dσ

+ ∑
i

qB
j

ε0εB
F(r j ,rB

0) (107)

and

φS(rS
0) =

∫

∑A

(

−F(r,rS
0)

∂φS(r)
∂n

+ φS(r)
∂F(r,rS

0)

∂n

)

dσ

+
∫

∑B

(

−F(r,rS
0)

∂φS(r)
∂n

+ φS(r)
∂F(r,rS

0)

∂n

)

dσ

+ ∑
k

qS
k

ε0εS
F(rk,r

S
0). (108)

Here, the normal vectorn atr on the surface ofA or B always points into the solvent

region.

If the potentials are expressed inA, B andSas a function of the potentialsφA(r) on

∑A andφB(r) on ∑B only, so that the first objective is to remove any reference to the

directional derivatives∂φA
∂n and ∂φB

∂n on the surfaces∑A and∑B. From Eqs (97), (98)
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and (101), withs ∈ A, and applying once more Green’s second theorem (Jackson 1975)

to S, it is found that

∫

∑A

(

−F(r,rS
0)

∂φS(r)
∂n

+ φS(r)
∂F(r,rS

0)

∂n

)

dσ +

∫

∑B

(

−F(r,rS
0)

∂φS(r)
∂n

+ φS(r)
∂F(r,rS

0)

∂n

)

dσ −

∑
k

qS
k

ε0εS
F(rk,r

S
0) = 0. (109)

SubtractingεS
εA

times Eq (109) from Eq (106) and using the boundary conditions,

the electrostatic potential inA becomes

φA(rA
0) =

(

εS

εA
−1

)

∫

∑A

∂F(r,rA
0)

∂n
φA(r)dσ

−
εS

εA

∫

∑B

(

F(r,rA
0)

εB

εS

∂φB(r)
∂n

−φB(r)
∂F(r,rA

0)

∂n

)

dσ

+ ∑
i

qA
i

ε0εA
F(ri ,rA

0)+
εS

εA
∑
k

qS
k

ε0εS
F(rk,r

A
0). (110)

From Eqs (97), (98) and (100), withs ∈ A, and applying Green’s second theorem

to (Jackson 1975)B, it is found that

∫

∑B

(

F(r,rA
0)

∂φB(r)
∂n

−φB(r)
∂F(r,rA

0)

∂n

)

dσ +∑
j

qB
j

ε0εB
F(r j ,rA

0) = 0. (111)

Adding εBεS
εSεA

times Eq (110) to Eq (111), the desired result is obtained.
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φA(rA
0) =

(

εS

εA
−1

)

∫

∑A

∂F(r,rA
0)

∂n
φA(r)dσ

+

(

εS

εA
−

εB

εA

)

∫

∑B

∂F(r,rA
0)

∂n
φB(r)dσ

+ ∑
i

qA
i

ε0εA
F(ri ,rA

0)

+
εBεS

εSεA
∑

j

qB
j

ε0εB
F(r j ,rA

0)

+
εS

εA
∑
k

qS
k

ε0εS
F(rk,r

A
0). (112)

It should be noted that if there is no moleculeB and the solvent is charge-free with

zero ionic strength, this equation (Eq(112)) becomes identical to Eq (2.25) in refer-

ence (Jufferet al. 1991). The potential inA is seen to have a contribution from all

charges (the summation terms) and a contribution from the boundaries (the surface in-

tegrals).

If the same procedure is repeated but now with moleculeB instead of Eq (112), for

the potential inB

φB(rB
0) =

(

εS

εB
−1

)

∫

∑B

∂F(r,rB
0)

∂n
φB(r)dσ

+

(

εS

εB
−

εA

εB

)

∫

∑A

∂F(r,rB
0)

∂n
φA(r)dσ

+
εAεS

εSεB
∑
i

qA
i

ε0εA
F(ri ,rB

0)

+ ∑
j

qB
j

ε0εB
F(r j ,rB

0)

+
εS

εB
∑
k

qS
k

ε0εS
F(rk,r

B
0). (113)

From Eqs (97), (98) and (99), withs ∈ S, it is possible to derive in same way, for

regionA,
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∫

∑A

(

F(r,rS
0)

∂φA(r)
∂n

−φA(r)
∂F(r,rS

0)

∂n

)

dσ +∑
i

qA
i

ε0εA
F(ri ,rS

0) = 0 (114)

and also, from Eqs (100), (97) and (98), withs ∈ S, for regionB

∫

∑B

(

F(r,rS
0)

∂φB(r)
∂n

−φB(r)
∂F(r,rS

0)

∂n

)

dσ +∑
j

qB
j

ε0εB
F(r j ,rS

0) = 0. (115)

Adding εA
εS

times Eq (114) andεB
εS

times Eq (115) to Eq (108), it can be obtained for the

electrostatic potential inS

φS(rS
0) =

(

1−
εA

εS

)

∫

∑A

∂F(r,rS
0)

∂n
φA(r)dσ

+

(

1−
εB

εS

)

∫

∑B

∂F(r,rS
0)

∂n
φB(r)dσ

+
εA

εS
∑
i

qA
i

ε0εA
F(ri ,rS

0)

+
εB

εS
∑

j

qB
j

ε0εB
F(r j ,rS

0)

+ ∑
k

qS
k

ε0εS
F(rk,r

S
0). (116)

Notice that if the solvent is charge-free with zero ionic strength and there is just

one molecule (A or B) in the solventS, Eq (116) becomes identical to Eq (2.26) in

reference (Jufferet al.1991).

Eqs (112), (113) and (116) demonstrate that the electrostatic potential in any point

can be expressed as a function of just two unknowns,φA on ∑A andφB on ∑B. Two

integral equations are sought forφA andφB valid on∑A and∑B.

Taking the limitsrA
0 → ∑A andrB

0 → ∑B in Eqs (106) and (107), it is found that
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1
2

φA(r0) =
∫

∑A

(

F(r,r0)
∂φA(r)

∂n
−φA(r)

∂F(r,r0)

∂n

)

dσ

+ ∑
i

qA
i

ε0εA
F(ri ,r0), (117)

1
2

φB(r0) =

∫

∑B

(

F(r,r0)
∂φB(r)

∂n
−φB(r)

∂F(r,r0)

∂n

)

dσ

+ ∑
j

qB
j

ε0εB
F(r j ,r0), (118)

wherer0 ∈ ∑A in Eq (117) andr0 ∈ ∑B in Eq (118).

Taking the limitrS
0→ ∑A in Eq (108) gives

1
2

φS(r0) =
∫

∑A

(

−F(r,r0)
∂φS(r)

∂n
+ φS(r)

∂F(r,r0)

∂n

)

dσ

+

∫

∑B

(

−F(r,r0)
∂φS(r)

∂n
+ φS(r)

∂F(r,r0)

∂n

)

dσ

+ ∑
k

qS
k

ε0εS
F(rk,r0), (119)

wherer0 ∈ ∑A. Adding Eq (117) andεS
εA

times Eq (119) and using the boundary condi-

tions, it follows for the potentialφA(r0) on∑A that

1
2

(

1+
εS

εA

)

φA(r0) =

(

εS

εA
−1

)

∫

∑A

∂F(r,r0)

∂n
φA(r)dσ

+
εS

εA

∫

∑B

(

−F(r,r0)
εB

εS

∂φB(r)
∂n

+ φB(r)
∂F(r,r0)

∂n

)

dσ

+ ∑
i

qA
i

ε0εA
F(ri ,r0)+

εS

εA
∑
k

qS
k

ε0εS
F(rk,r0). (120)

Finally, taking the limitrA
0 → ∑A in Eq (111), multiplying the result withεBεS

εSεA
and

adding this to Eq (120), gives
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1
2

(

1+
εS

εA

)

φA(r0) =

(

εS

εA
−1

)

∫

∑A

∂F(r,r0)

∂n
φA(r)dσ

+

(

εS

εA
−

εB

εA

)

∫

∑B

∂F(r,r0)

∂n
φB(r)dσ

+ ∑
i

qA
i

ε0εA
F(ri ,r0)

+
εBεS

εSεA
∑

j

qB
j

ε0εB
F(r j ,r0)

+
εS

εA
∑
k

qS
k

ε0εS
F(rk,r0). (121)

It should be noted that if the solventSis charge-free and there is no moleculeB, this

equation (Eq(121)) becomes identical to Eq (2.24) in reference (Jufferet al.1991).

Following similar steps, it is found that

1
2

(

1+
εS

εB

)

φB(r0) =

(

εS

εB
−1

)

∫

∑B

∂F(r,r0)

∂n
φB(r)dσ

+

(

εS

εB
−

εA

εB

)

∫

∑A

∂F(r,r0)

∂n
φA(r)dσ

+
εAεS

εSεB
∑
i

qA
i

ε0εA
F(ri ,r0)

+ ∑
j

qB
j

ε0εB
F(r j ,r0)

+
εS

εB
∑
k

qS
k

ε0εS
F(rk,r0). (122)

Eq (121) and Eq (122) represent a pair of integral equations forφA andφB valid

on the surfaces∑A and ∑B. It should be noted that, from Eqs (121) and (122), if

εA = εB = εS = ε, both the potential onA andB correspond to the regular Coulomb

potential, but screened by a factorε, as expected.
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4.1.2 Electrostatic energy

The total electrostatic energy of a system consisting of two moleculesA andB in an

electrolyte solution with explicit ions is given by

Wel =
1
2 ∑

l

ql φ(rl )

=
1
2 ∑

i

qA
i φA(ri)+

1
2 ∑

j

qB
j φB(r j)+

1
2 ∑

k

qS
kφ(rk)

= W(q)
el +W(b)

el , (123)

whereql is one of the charges in the system andφ(rl ) is the total potential at the charge

locationrl . The total electrostatic potential is determined from Eqs (112), (113) and

(116) and includes the effects of mutual polarization between the different regions in

the system. Eq (123) is appropriate for linear dielectric media (Bttcheret al.1973). The

total potentialφ(r) has a contributionφ (q)(r) from all charges and a contributionφ (b)(r)

from the boundaries, so that the total electrostatic energy is the sum. It includes a

contributionW(q)
el due to interactions between all charges, represented by the summation

terms of Eqs (112), (113) and (116), and a contributionW(b)
el due to interactions of

charges with the boundaries, represented by the integrals terms of Eqs (112), (113)

and (116). The calculation ofW(b)
el generally involves a numerical integration over the

boundaries (Jufferet al.1991, 1997).

W(q)
el corresponds to Coulomb-like interactions according to

W(q)
el =

1
2εA

∑
p,i

qA
pqA

i

ε0|ri− rp|
+

1
2εA

∑
p, j

qA
pqB

j

ε0|r j − rp|
+

1
2εA

∑
p,k

qA
pqS

k

ε0|rk− rp|

+
1

2εB
∑
q,i

qB
qqA

i

ε0|ri− rq|
+

1
2εB

∑
q, j

qB
qqB

j

ε0|r j − rq|
+

1
2εB

∑
q,k

qB
pqS

k

ε0|rk− rq|

+
1

2εS
∑
r,i

qS
r qA

i

ε0|ri− rr |
+

1
2εS

∑
r, j

qS
r qB

j

ε0|r j − rr |
+

1
2εS

∑
r,k

qS
r qS

k

ε0|rk− rr |
.

(124)

It is seen that the cross-terms (direct interaction between charges indifferent re-
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gions) do not symmetrically contribute to the total electrostatic energy, because of

different prefactors1
εA

, 1
εB

and 1
εS

. The terms on the diagonal (interactions between

charges in thesameregion) can be converted according to1
2 ∑n ∑m = ∑n<m and are the

conventional intramolecular (intrasolvent) interactions that also appear (except for the

intrasolvent part) in the case of a single solute in a solvent without free charges (Zauhar

& Morgan 1985, Jufferet al. 1991). Bothφ (q) andW(q)
el can be computed by standard

means.

4.1.3 Numerical solution of integral equations

Generally, the integral equations must be solved by numerical means. Here, a solution

based upon the BEM is employed. First the integral Eqs (121) and (122) are rewritten

as

εS+ εA

2
φA(s) = (εS− εA)

∫

∑A

∂F(r,s)
∂n

φA(r)dσ

+ (εS− εB)

∫

∑B

∂F(r,s)
∂n

φB(r)dσ

+ ∑
i

qi

ε0
F(ri ,s), (125)

εS+ εB

2
φB(t) = (εS− εA)

∫

∑A

∂F(r, t)
∂n

φA(r)dσ

+ (εS− εB)

∫

∑B

∂F(r, t)
∂n

φB(r)dσ

+ ∑
i

qi

ε0
F(ri , t), (126)

where the summation terms are overall charges of the solutes/solvent system and cor-

respond to the Coulomb potential on the surfaces.

Following a notation similar to that in references (Zauhar & Morgan 1985, Juffer

et al. 1991, 1997), Eqs (125) and (126) are written as a single matrix equation (see

Appendix 1 for details)
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(

cTI−S
)

x = b. (127)

Here, the vectorx of lengthn, wheren is the number of collocation points on the

boundaries, contains the unknown functions(εS− εA)φA and(εS− εB)φB. I is a diag-

onal matrix, vectorc depends on values of the dielectric constants,S corresponds to

the kernels of the form∂F(r,s)
∂n in the integral equations, and vectorb corresponds to

the source terms in Eqs (125) and (126). The exact form of the matrix elements ofS

depends on the details of the discretization or collocation method employed and the

geometry of the boundaries, but not on the values of the dielectric constants. Eq (127)

can be solved forx with LU-decomposition techniques (Presset al. 2002) or iterative

procedures (Hildebrand 1987). This work relies upon the LU-decomposition method.

The solution vectorx is employed to numerically integrate over the boundaries to

calculate the contributionW(b)
el to the electrostatic energy. The integrals can be calcu-

lated in a similar way to those used to obtain the matrix elements of the matrixS are

obtained (Appendix 1). For instance, for the surface integrals of Eq (112), it is found

that (Jufferet al.1997)

Φ(b) =
1
εA

Zx, (128)

where the matrixZ represents the kernels of the form∂F(r,s)
∂n in the surface integrals

of Eq (112)− see also Eqs (224 to 228) in Appendix 1. The vectorΦ(b) holds the

contribution to the total potential due to the boundaries. The length of this vector is

the number of pointsm in A where the potentialφ (b)
A is to be calculated, so thatZ has

dimensionsmn. The matrixZ depends on the positions of the charges insideA, the

details of the collocation method, and the geometry of the boundaries.

4.1.4 Monte Carlo simulation

The formulation given in Section 4.1.2 gives the total electrostatic energy for a given

configuration of one or two solutes in an electrolyte. In this section, Eq (123) is em-

ployed in MC simulations of solutes in NaCl with concentrations ranging from 0.05 to

0.15 M, the latter being the salt concentration under physiological conditions.
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The simulations were performed in the canonical ensemble with importance sam-

pling (Allen & Tildesley 1987). A trial move of an ion consisted of placing it in a

random position somewhere in the box. A trial move of a solute molecule consisted of

a random translation followed by a random rotation, where the rotation matrix is com-

puted from a quaternion formalism (Evans 1977, Vesely 1982). The energy difference

is subsequently evaluated to test if the new configuration is representative for the sys-

tem. The Monte Carlo energy includes a hard-sphere potential to avoid overlap between

solute atoms and ions.

The hard-sphere potential,Uhs
i j , is given from

Uhs
i j =

{

∞, if |ri− r j |< σ ,

0, if |ri− r j |> σ ,

The distance of closest approachσ between two particlesi and j with position vec-

torsri andr j , respectively, was chosen to be the distance for which the Lennard-Jones

interaction between the two particals (unless both particles are ions) is at its minimum.

The Lennard Jones parameters for peptide atoms were obtained from the Gromacs force

field (Berendsenet al. 1995). The distance of closest approach between two ions was

determined from radii for bare ions which were obtained from reference (Barthelet al.

1998).

Internal degrees of freedom for the solutes were ignored and, consequently, solute

molecules act like rigid bodies. The temperature of the system is always 298 K, the

dielectric constant of the solutes is always 4, and the dielectric constant of the solvent

is always 80. The box dimensions are chosen such that at 0.15M NaCl the distance

between the solutes’ surfaces and the edge of the box is at least 6.0 nm, resulting in

several hundreds of ions at 0.15 M. The box size is increased to simulate at lower ionic

strength so as to avoid a difference in sampling frequencies. The simulations rely on pe-

riodic boundary conditions (PBC) with the nearest image approximation (NIA) (Allen

& Tildesley 1987). The PBC+NIA approach is appropriate for simulations of elec-

trolytes based upon such a primitive model. The charge distribution of the solute is

constant (that is, pH effects were not accounted for).

In addition, three simulations of two peptides in 0.05, 0.10 and 0.15 M NaCl, re-

spectively, are carried out. The peptide corresponded to sandostatin (a somatostatin

analogue), a peptide hormone that has been used previously (Jufferet al. 2001, Shep-

herdet al. 2001). This molecule consists of 8 residues and carries an overall positive

charge ( more details are given in Figure 8 and 9).
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Fig 8. Structure of the peptide sandostatin. This molecule ca rries an overall pos-
itive charge of +1. The structure of the peptide was obtained from the PDB entry
1soc (Melacini et al. 1997) and its charge distribution was obtained from the Gro-
macs force field (Lindah et al. 2001). A disulphide bridge exists between the two
Cys residues. The figure was obtained with visual molecular dynamics (Humphrey
et al. 1996).

DPhe - Cys - Phe

Thr(ol) - Cys - Thr

Lys

DTrp

Fig 9. Molecular construction of sandostatin. This molecule consists of 8
residues Phe-Cys-Phe-Trp-Lys-Thr-Cys-Thr. A disulphide bridge exists between
the two Cys residues.

As indicated above, the total number of ions in these simulations was always the

same (846), but the box size was appropriately adapted to obtain the required ionic

strength (about 21, 24 and 30 nm for 0.15, 0.10 and 0.05 MNaCl, respectively). The

two peptides are initially placed at a distance of 3 nm but otherwise were free to explore

the whole of the box through rigid body motion (rotation and translation). Each simula-
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tion took about 10,000,000 MC steps. The peptide’s triangulated surfaces are obtained

as described in reference (Juffer & Vogel 1998). The matrixS is updated and conse-

quently the LU-decomposition is carried out when the orientation of one of the solutes

changes with respect to the other during a MC step. The LU-decomposed matrix of the

previous step is restored if the new state is not accepted.

4.2 A model for protein-membrane association

This section is concerned with the development of an alternative model for protein-

membrane association. It focuses on two energetic contributions to the solvation free

energy of protein/peptide membrane system, namely an electrostatic contribution that

accounts for polarization effects and a dehydration term (non-polar contribution). This

model could be employed to describe molecular systems at a coarse-grained level.

The present work concentrates mostly on polarization. The polarization term mod-

ulates the electrostatic contribution- which was considered previously with the Lekner

summation technique (Lekner 1991)- to the free energy. It arises from the difference in

dielectric properties between the various components of the peptide-membrane system.

The dehydration term describes an effect that is very similar to the hydrophobic effect in

protein folding and binding: it models the entropically favorable displacement of water

molecules from the membrane surface due to the binding of a protein molecule. The

method is not limited a protein-membrane system, but can equally well be employed

for protein-protein associations. In fact, under certain conditions, the method should

be applicable to a many-solute system as well, but this particular case is not considered

here.

Because other important contributions are not considered here, which is not to imply

that these other interactions are irrelevant, the total solvation free energyWsol of a given

system is given by

Wsol = WT
el +Wnp. (129)

Here, termsWT
el andWnp are the total electrostatic energy and the non-polar energy of

a given system. They are calculated, respectively.

As previously alluded to, the present work is largely concerned with the prediction

of the solvation free energy of two solutes in water, placed at a certain orientation with
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respect to each other. The total electrostatic energyWT
el of the system was calculated

partly based on the ACE method (see Section 2.5.3) and starts from the energy density

of the system (Section 4.2.1). The non-polar termWnp was calculated based on a formu-

lation from the literature (Schaeferet al.1998) (Section 4.2.2). To handle a membrane,

one solute was extended to an infinite slab (so that it becomes very large with respect

to the other solute), such that the direct Coulomb interaction can be computed from the

Lekner summation technique (Lekner 1989, 1991). This was in fact judged to be an im-

portant condition: numerical implementations of last term of Eq (143) (see below) were

required to be able to cleanly separate a direct Coulomb from total interaction terms, as

in the BEM of Section 4.1.

4.2.1 Electrostatic contribution

Electrostatic energy of a single solute molecule

The total electrostatic workWT
el that is required to build up free charge from zero to

their final configuration in the presence of linear dielectric media is given by

WT
el =

1
2

∫

V
D(r) ·E(r)dτ, (130)

whereD(r) is the total electrostatic (Maxwell) field atr due to all charges in the system

andD(r) = ε0E(r)+ P(r) is the dielectric displacement atr, whereP(r) is the polar-

ization andε0 is the vacuum permittivity.dτ is the volume element of integration for

volumeV. The integration is over the entire volumeV of the system.

Using the expressionD(r) = ε0ε(r)E(r) for linear media, it follows

WT
el =

1
2ε0

∫

V

D(r) ·D(r)
ε(r)

dτ, (131)

which, for a single proteinP in a continuum solventS without free charges, may be

rewritten as

WT
el (P,S) =

1
2ε0

∫

P

D(r) ·D(r)
εP

dτP +
1

2ε0

∫

S

D(r) ·D(r)
εS

dτS, (132)
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whereεP andεS are the dielectric constant of the protein and solvent, respectively.dτp

and dτs are volume elements of integration for volumeP and S, respectively. The

integrations are over the protein and solvent region. The symbolWT
el (P,S) indicates

that the system consists of a single protein solvated in a charge free solvent. Note that

WT
el ≥ 0.

D(r) can be written as

D(r) = D(q∈P)(r), (133)

whereD(q∈P)(r) is due to all charge density (sources) enclosed inP (indicated by the

symbolic notationq∈ P). At this point, the details of the charge density are left unspec-

ified. The dielectric displacementD is a superposition of the contributions from the

individual charges inP; i.e.,D(q∈P)(r) = ∑i D
(q∈P)
i (r). With Eq (133), Eq (132) can be

rewritten as

WT
el (P,S) =

1
2ε0

∫

P

D(q∈P)(r) ·D(q∈P)(r)
εP

dτP

+
1

2ε0

∫

S

D(q∈P)(r) ·D(q∈P)(r)
εS

dτS. (134)

Electrostatic energy of a collection of solute molecules

The volumeV is subdivided intoM non-overlapping regionsRi . The term ‘non-overlap-

ping’ is strictly speaking only appropriate in the case where point charges are being

used to describe molecular charge densities. A regionRi is defined as the volume that

is enclosed by simple surface ofRi . This surface is commonly computed from the

atom positions and the atomic radii (e.g.molecular surface, solvent accessible surface).

However, if one employs charge densities, then a regionRi is operationally defined as

that part of the total volume in which 95%, say, of the charge density ofRi is contained.

Strictly speaking, of course, there is no such surface that would enclose all charge

density ofRi .

Thus,V = R1
⋃

R2
⋃

· · ·
⋃

RM andRi
⋂

Rj = �, i 6= j, so that the total electrostatic

energy of the system becomes
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WT
el (M) =

1
2ε0

M

∑
i=1

∫

Ri

D(r) ·D(r)
εi

dτi . (135)

Here,εi is the dielectric constant of regionRi and the integration is now overRi .

The notationWT
el (M) is to indicate that this applies toM regions. Eq (135) is just a

generalization of Eq (132). Further, it is assumed that the displacement follows the

superposition approximation of individual charges or charge densities of each region,

D(r) =
M

∑
i=1

D(q∈Ri)(r). (136)

This amounts to assuming that the total displacement atr consists of Mindependent

contributionD(q∈Ri)(r) due to sources inRi .

Now the special case of three regionsA, B andS is considered, whereS does not

contain any free charge. In this case,

D(r) = D(q∈A)(r)+ D(q∈B)(r). (137)

With Eq (137),D(r) = D(q∈A)(r)+ D(q∈B)(r), Eq (135) becomes
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WT
el (A,B,S) =

1
2ε0

∫

A

D(q∈A)(r) ·D(q∈A)(r)
εA

dτA

+
1
ε0

∫

A

D(q∈A)(r) ·D(q∈B)(r)
εA

dτA

+
1

2ε0

∫

A

D(q∈B)(r) ·D(q∈B)(r)
εA

dτA

+
1

2ε0

∫

B

D(q∈A)(r) ·D(q∈A)(r)
εB

dτB

+
1
ε0

∫

B

D(q∈A)(r) ·D(q∈B)(r)
εB

dτB

+
1

2ε0

∫

B

D(q∈B)(r) ·D(q∈B)(r)
εB

dτB

+
1

2ε0

∫

S

D(q∈A)(r) ·D(q∈A)(r)
εS

dτS

+
1
ε0

∫

S

D(q∈A)(r) ·D(q∈B)(r)
εS

dτS

+
1

2ε0

∫

S

D(q∈B)(r) ·D(q∈B)(r)
εS

dτS. (138)

Now, if the following are added

1
2ε0

∫

B

D(q∈A)(r) ·D(q∈A)(r)
εS

dτB−
1

2ε0

∫

B

D(q∈A)(r) ·D(q∈A)(r)
εS

dτB = 0

1
2ε0

∫

A

D(q∈B)(r) ·D(q∈B)(r)
εS

dτA−
1

2ε0

∫

A

D(q∈B)(r) ·D(q∈B)(r)
εS

dτA = 0

1
ε0

∫

A

D(q∈A)(r) ·D(q∈B)(r)
εS

dτA−
1
ε0

∫

A

D(q∈A)(r) ·D(q∈B)(r)
εS

dτA = 0

1
ε0

∫

B

D(q∈A)(r) ·D(q∈B)(r)
εS

dτB−
1
ε0

∫

B

D(q∈A)(r) ·D(q∈B)(r)
εS

dτB = 0

(139)

to Eq (138), and setsS′ = S
⋃

B andS′′ = S
⋃

A, it is found
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WT
el (A,B,S) =

1
2ε0εA

∫

A
D(q∈A)(r) ·D(q∈A)dτ

+
1

2ε0εS

∫

S′
D(q∈A)(r) ·D(q∈A)(r)dτ

+
1

2ε0εB

∫

B
D(q∈B)(r) ·D(q∈B)(r)dτ

+
1

2ε0εS

∫

S′′
D(q∈B)(r) ·D(q∈B)dτ

+
1
ε0

(

1
εA
−

1
εS

)

∫

A
D(q∈A)(r) ·D(q∈B)dτA

+
1
ε0

(

1
εB
−

1
εS

)

∫

B
D(q∈A)(r) ·D(q∈B)dτB

+
1

2ε0

(

1
εA
−

1
εS

)

∫

A
D(q∈B)(r) ·D(q∈B)dτA

+
1

2ε0

(

1
εB
−

1
εS

)

∫

B
D(q∈A)(r) ·D(q∈A)dτB

+
1

ε0εS

∫

V
D(q∈A)(r) ·D(q∈B)(r)dτ. (140)

Upon comparison with Eq (134), this form suggests that it is possible to write

Wel(A,B,S) as

WT
el (A,B,S) = Wel(A,S′)+Wel(B,S′′)+Wint

el (A,B,S) (141)

whereWel(A,S′) andWel(B,S′′) are given from the first and second (third and fourth)

term on the right of Eq (140).Wint
el (A,B,S) represents an interaction energy and is given

from the last five terms of Eq (140)

Wint
el (A,B,S) =

1
ε0

(

1
εA
−

1
εS

)

∫

A
(D(q∈A)(r)+

1
2

D(q∈B)(r)) ·D(q∈B)dτ

+
1
ε0

(

1
εB
−

1
εS

)

∫

B
(D(q∈B)(r)+

1
2

D(q∈A)(r)) ·D(q∈A)dτ

+
1

ε0εS

∫

V
D(q∈A)(r) ·D(q∈B)(r)dτ. (142)
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This is an exact equation for the three regions system(A,B,S) and is a direct con-

sequence of Eq (136). It is assumed here that the dielectric displacementD in three

integrals of Eq (142) satisfy the boundary conditions on the electric field at the inter-

face between solutes and solvent: that are, the tangential components of the electric

field and the normal component of the dielectric displacement do not change when

passing through the solute-solvent boundary.

Numerical calculations should prove its usefulness. It is quite possible to generalize

the last result toWint
el (A,B,C,S) or, even more generally, toWint

el (N,S), the total electro-

static interaction energy of a collection ofN solute molecules in a charge free solvent.

Instead, it is assumed here that the total electrostatic energy of a collection ofN solute

moleculesAi(i = 1...N) can be generalized from Eqs (141) and (142) to

WT
el (N,S) =

N

∑
i=1

Wi
el(Ai ,S

(i))+ ∑
i< j

Wint
el (Ai ,A j ,S

(i, j)), (143)

whereS(i) = S
⋃

(V−Ai) andS(i, j) = S
⋃

(V−Ai −A j). Obviously, Eq (143) is just an

approximation, which should be valid only at very low solute concentrations.

A special case of Eq (142) is where soluteA has the shape of a slab that extends

itself in thex andy direction, but not in thez directon. This could model the situation

where there is a peptide or a proteinB near a membrane or a bilayerA. If the size of

the slab in thex andy direction is extremely large (but still finite) with respect toB, one

can assumeA to be an infinitly large object relative toB.

Numerical approximations

If all regionsAi corresponds to a collection of solute molecules, the first term on the

right hand side of Eq (143) is the sum of individual solvation free energies of solute

molecules, which can be computed by several standard approaches based upon contin-

uum electrostatics, such as the finite difference method (Davis & McCammon 1990,

Honig & Anthony 1995, Sharp & Honig 1990), the boundary element method (Juffer

et al.1991, Zhouet al.1996, Jufferet al.1997) and implementations of the generalized

Born models (Bashford & Case 2000), such as the analytical continuum electrostat-

ics method (ACE) of Schaefer and Karplus (Schaefer & Karplus 1996, Schaeferet al.

1998). The ACE method is employed in this work for calculating the first term in right

85



hand side of Eq (143).

To handle Eq (142) numerically, it isassumedthat an analytical form forD(q∈Ai)(r)

is available. Such an approach is also common for Generalized Born models that con-

sider the electrostatic contribution to the free energy of solvation of a single molecule

in a charge free solvent. There, it is assumed that the displacement due to a chargeq

of a protein can be replaced by the vacuum Coulombic fieldEc (Schaefer & Karplus

1996, Schaeferet al.1998, Bashford & Case 2000, Simonson 2003), that is,D≈ ε0Ec =

−ε0∇( q
4πε0r ). Here, a similar approach is followed, but this approach will be extended

to the case of two interacting molecules. We will consider in fact two approaches, part

I andII below.

In partI, the displacement due to soluteA is approximated by the electrostatic field

of A in vacuum, which is the negative gradient of electrostatic potential in vacuum,

whose sources are the free charges ofA (and the same forB). In partII (page 89), a

similar approximation is assumed, but the sources now include the bound charges as

well.

I. The displacement due to all sources inA (and the same forB) is approximated as

D(q∈A)(r)≈ ε0CE(q∈A)
v =−ε0C∇φq∈A(r), (144)

whereC is an appropriate constant factor (pure constant) that may be interpreted as a

parameter of the numerical method andφ (q∈A)(r) is thevacuumelectrostatic potential

at r, is the negative gradient corresponding to the vacuum Coulomb field, according to

φ (q∈A)(r) = ∑
k

q(A)
k

4πε0|r− rk|
, (145)

E(q∈A) =−∇φ (q∈A)(r) = ∑
k

q(A)
k (r− rk)

4πε0|r− rk|3
. (146)

Apart from its last term, Eq (142) contains two basic forms,
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∫

A
D(q∈A)(r) ·D(q∈B)(r)dτ ≈ ε2

0C1C2

∫

A
∇φ (q∈A)(r) ·∇φ (q∈B)(r)dτ (147)

(a similar equation is found when the integration is over soluteB) and

∫

A
D(q∈B)(r) ·D(q∈B)(r)dτ ≈ ε2

0C2
2

∫

A
∇φ (q∈B)(r) ·∇φ (q∈B)(r)dτ. (148)

(a similar one where the integration is over soluteB). The last term of Eq (142) is

considered further below.

The integral in Eq (147) may contain a singularity inφ (q∈A). With Green’s first

identity (Griffiths 1981), it is possible to obtain

ε2
0C1C2

∫

A
∇φ (q∈A)(r) ·∇φ (q∈B)(r) dτ =

ε2
0C1C2

∫

∑A

φ (q∈A)(r)
(

∇φ (q∈B)(r) ·n
)

dσ −

ε2
0C1C2

∫

A
φ (q∈A)(r)∇2φ (q∈B)(r) dτ. (149)

Sinceφ is the vacuum potential of a charge and a dipole,

∇2φ (q∈A)(r) = 0, r 6∈ A, (150)

so thatφ (q∈B)(r) satisfies Laplace’s equation inA and the second term on the right of

Eq (149) vanishes.

The first term on the right hand side of Eq (149) is a surface integral over the surface

∑A of A, where∇φ ·n =−E ·n corresponds to∂φ/∂n, the directional derivate ofφ on

the surface, andn is theoutwardunit normal vector atr on ∑A. Obviously, there is no

singularity in this term (unlessB overlaps withA, but this situation has been excluded

earlier). Numerically, one can compute this integral with similar approximations that

are common for the BEM (Jufferet al. 1991, 1997). In its most simple form (van

Duijnenet al.1992), it is found
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∫

A
D(q∈A)(r) ·D(q∈B)(r)≈ ε2

0C1C2

NA

∑
n

φ (q∈A)(rn)
∂φ (q∈B)(rn)

∂n
σn. (151)

Here, the summation overNA surface elements (e.g. triangles (Juffer & Vogel

1998)) with an areaσn and the positionrn is a representative point of the surface element

(e.g. it’s midpoint). It is assumed here that both the potential and normal component of

the field are constant over the surface elementn. The direction derivative follows from

Eq (146),

∂φ (q∈A)(rn)

∂n
=−

1
4πε0

∑
k

q(A)
k (rn− rk) ·n

|rn− rk|
3 . (152)

The second form in Eq (148) can be handled in exactly the same way as Eq (147).

In the analogous equations, they should employφ (q∈B)(r) andφ (q∈B)(rn) instead, so

that Eq (148) arrives at

∫

A
D(q∈B)(r) ·D(q∈B)(r)dτ ≈ ε2

0C2
2

NA

∑
n

φ (q∈B)(rn)
∂φ (q∈B)(rn)

∂n
σn. (153)

The use of Eq (144) for the displacementD converts the last term of Eq (142) into

1
ε0εS

∫

V
D(q∈A)(r) ·D(q∈B)(r)dτ ≈

ε0

εS
C5C6

∫

V
∇φ (q∈A)(r) ·∇φ (q∈B)(r)dτ. (154)

Using Green’s first identity, it follows

ε0

εS
C5C6

∫

V
∇φ (q∈A)(r) ·∇φ (q∈B)(r) dτ =

ε0

εS
C5C6

∫

V
∇φ (q∈A)(r)∇2φ (q∈B)(r) dτ −

ε0

εS
C5C6

∫

∑V

φ (q∈A)(r)
∂φ (q∈B)(r)

∂n
dσ . (155)

The surface integral vanishes, since the vacuum potential satisfies the regularity
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condition for an unbound region, so that is found that

1
ε0εS

∫

V
D(q∈A)(r) ·D(q∈B)(r)dτ ≈

C5C6

εS
∑
k,l

qlqk

4πε0|rl − rk|
, (156)

where Gauss’s Law for sources contained in regionB,

∇2φ (q∈B)(r) =−∑
k

qk

ε0
δ (r− rk) (157)

and a special property of the Delta functionδ (r−rk), to write
∫

f (x)δ (x−y)dx= f (y),

is employed. Combining Eqs (151, 153, 156), thesingularity freeresult forWint
el (A,B,S)

now becomes

Wint
el (A,B,S) =

(

1
εA
−

1
εS

)

ε0

NA

∑
n

(

C1φ (q∈A)(rn)+
1
2

C2φ (q∈B)(rn)

)

×

C2
∂φ (q∈B)(rn)

∂n
σn

+

(

1
εB
−

1
εS

)

ε0

NB

∑
m

(

C3φ (q∈B)(rm)+
1
2

C4φ (q∈A)(rm)

)

×

C4
∂φ (q∈A)(rm)

∂n
σm

+
C5C6

εS
∑
l ,k

ql qk

4πε0|rl − rk|
, (158)

whereNA andMB are the total number of surface elements (e.g. triangles (Juffer & Vo-

gel 1998)) ofA andB with an areaσn andσm. The positionrn andrm are representative

points of the surface element (e.g. it’s midpoint).

The first and second terms and the last term on the right hand side of Eq (158)

represent respectively surface terms related to the number of surface elements ofA and

B and a direct Coulombic interaction between the charges ofA andB. Eq (158) contains

6 parametersCi (besides the dielectric constants, charges values, atom radii and size of

soults).

II. Again the displacement due to all sources inA (and the same forB) is approxi-
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mated as

D(q∈A)(r)≈ ε0CE(q∈A)
v (r), (159)

whereE(q∈A)
v (r) is the vacuum electrostatic field due to all sources inA. C is an ap-

propriate constant (pure constant) factor that may be interpreted as a parameter of the

numerical method. The sources are the free( f ) and bound(b) charges ofA, where the

bound charges were induced solely due to the presence of a second moleculeB.

Now it is postulated that

E(q∈A)
v (r) =−∇φ (q∈A)(r) =−∇φ (qf∈A)

f (r)−∇φ (qb∈A)
b (r), (160)

φ (qf∈A)

f (r) = ∑
k

q(A)
k

4πε0|r− rk|
, (161)

E
(qf∈A)

f (r) = ∑
k

q(A)
k (r− rk)

4πε0|r− rk|3
, (162)

φ (qb∈A)
b (r) = ∑

k

µ (A)
k · (r− rk)

4πε0|r− rk|3
, (163)

E(qb∈A)
b (r) = ∑

k

1
4πε0

(

3
µ(A)

k · (r− rk)

|r− rk|5
(r− rk)−

1
|r− rk|3

µ (A)
k

)

. (164)

Here,φ (q∈A)
q (r) is thevacuumCoulomb electrostatic potential atr, its negative gra-

dient corresponding to the vacuum Coulomb fieldE(q∈A)
v . Both are due to the free

chargesq(A)
k of A. The quantityφ (qb∈A)

b is the vacuum electrostatic potential of a dipole

in A positioned at the location of a chargek, its negative gradient corresponding to the

vacuum fieldE(qb∈A)
b (r) of a dipole. This represents the contribution to the field due to
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theboundcharges ofA, which were induced by free charges ofB. It is assumed that to

first order a dipole is computed from

µ(rk) = Cf E
qf∈B
q f (rk), (165)

whereCf is a constant with unitsCm3V−1 and may be interpreted as a parameter of the

numerical method.

Apart from its last term, Eq (142) contains two basic forms,

∫

A
D(q∈A)(r) ·D(q∈B)(r)dτ ≈ ε2

0C1C2

∫

A
∇φ (q∈A)(r) ·∇φ (q∈B)(r)dτ, (166)

where Eq (160) was used (a similar equation is found when the integration is over solute

B) and

∫

A
D(q∈B)(r) ·D(q∈B)(r)dτ ≈ ε2

0C2
2

∫

A
∇φ (q∈B)(r) ·∇φ (q∈B)(r)dτ. (167)

(and a similar one where the integration is over soluteB).

The last term of Eq (142) is considered further below.

The integral in Eq (166) may contain a singularity inφ (q∈A). With Green’s first

identity (Griffiths 1981), one obtains

ε2
0C1C2

∫

A
∇φ (q∈A)(r) ·∇φ (q∈B)(r) dτ =

ε2
0C1C2

∫

∑A

φ (q∈A)(r)
(

∇φ (q∈B)(r) ·n
)

dσ −

ε2
0C1C2

∫

A
φ (q∈A)(r)∇2φ (q∈B)(r) dτ. (168)

Sinceφ is the vacuum potential of a charge and a dipole,

∇2φ (q∈A)(r) = 0, r 6∈ A, (169)

so thatφ (q∈B)(r) satisfies Laplace’s equation inA and the second term on the right hand
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side of Eq (168) vanishes.

The first term on the right of Eq (168) is a surface integral over the surface∑A

of A, where∇φ · n = −Ev · n corresponds to∂φ/∂n, the directional derivate ofφ on

the surface, andn is theoutwardunit normal vector atr on ∑A. Obviously, there is

no singularity in this term. Numerically, one can compute this integral with similar

approximations that are common for the BEM (Jufferet al. 1991, 1997). In its most

simple form (van Duijnenet al.1992), it is found

∫

A
D(q∈A)(r) ·D(q∈B)(r)≈ ε2

0C1C2

NA

∑
n

φ (q∈A)(rn)
∂φ (q∈B)(rn)

∂n
σn. (170)

Here, the summation overNA surface elements (e.g. triangles (Juffer & Vogel 1998))

with an areaσn and the positionrn is a representative point of the surface element (e.g.

it’s midpoint). It is assumed here that both the potential and normal component of the

field are constant over the surface elementn. The direction derivative follows from

Eqs (162, 164),

∂φ (q∈A)(rn)

∂n
=

−
1

4πε0
∑
k

(

q(A)
k (rn− rk)

|rn− rk|
3 +3

µ (A)
k · (rn− rk)

|rn− rk|
5 (rn− rk)−

1

|rn− rk|
3 µ (A)

k

)

·n

(171)

and

∂φ (q∈B)(rn)

∂n
=

−
1

4πε0
∑
k

(

q(B)
k (rn− rk)

|rn− rk|
3 +3

µ (B)
k · (rn− rk)

|rn− rk|
5 (rn− rk)−

1

|rn− rk|
3 µ (B)

k

)

·n.

(172)

92



At the same time, the direction derivative follows from Eqs (161, 163),

φ (q∈A)(r) = φ (qf∈A)

f (r)+ φ (qb∈A)
b (173)

and

φ (q∈B)(r) = φ (qf∈B)

f (r)+ φ (qb∈B)
b . (174)

The second form in Eq (167) can be handled in exactly the same way as Eq (166).

In the analogous equations, one should employφ (q∈B)(r) andφ (q∈B)(rn) instead, so that

one arrives at

∫

A
D(q∈B)(r) ·D(q∈B)(r)dτ ≈ ε2

0C2
2

NA

∑
n

φ (q∈B)(rn)
∂φ (q∈B)(rn)

∂n
σn. (175)

The use of Eq (159) for the displacementD converts the last term of Eq (142) into

1
ε0εS

∫

V
D(q∈A)(r) ·D(q∈B)(r)dτ ≈

ε0

εS
C5C6

∫

V
∇φ (q∈A)(r) ·∇φ (q∈B)(r)dτ. (176)

Using Green’s first identity, it follows that

ε0

εS
C5C6

∫

V
∇φ (q∈A)(r) ·∇φ (q∈B)(r) dτ =

ε0

εS
C5C6

∫

V
∇φ (q∈A)(r)∇2φ (q∈B)(r) dτ −

ε0

εS
C5C6

∫

∑V

φ (q∈A)(r)
φ (q∈B)(r)

∂n
dσ . (177)

The surface integral vanishes, since the vacuum potential satisfies the regularity

condition for an unbound region, so that is found

1
ε0εS

∫

V
D(q∈A)(r) ·D(q∈B)(r)dτ
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≈
C5C6

εS
∑
k,l

ql qk

4πε0|rl − rk|
+ Interaction(dipole−charge,dipole−dipole), (178)

where Gauss’s Law for sources contained in regionB,

∇2φ (q∈B)(r) = −
ρ (B)

f (r)+ ρ (B)
b (r)

ε0

= −∑
k

qk

ε0
δ (r− rk)+

1
VB

∑
k

∇ ·µ (A)
k

ε0
δ (r− rk) (179)

and a special property of the Delta functionδ (r−rk), to write
∫

f (x)δ (x−y)dx= f (y),

is employed.

Combinding Eqs (170, 175, 178), thesingularity freeresult forWint
el (A,B,S) now

becomes

Wint
el (A,B,S) =

(

1
εA
−

1
εS

)

ε0

NA

∑
n

(

C1φ (q∈A)(rn)+
1
2

C2φ (q∈B)(rn)

)

×

C2
∂φ (q∈B)(rn)

∂n
σn

+

(

1
εB
−

1
εS

)

ε0

NB

∑
m

(

C3φ (q∈B)(rm)+
1
2

C4φ (q∈A)(rm)

)

×

C4
∂φ (q∈A)(rm)

∂n
σm

+
C5C6

εS
∑
l ,k

ql qk

4πε0|rl − rk|

+ Interaction(dipole−charge,dipole−dipole), (180)

whereNA andMB are also the total number of surface elements (e.g. triangles (Juffer

& Vogel 1998)) ofA andB with an areaσn andσm. The positionrn andrm are repre-

sentative points of the surface element (e.g. it’s midpoint). Eqs (171) to (174) are also

used in Eq (180). The first and second terms and the third term and the last trem in the

right hand side of Eq (180) represent respectively surface terms related to the number

of surface elements ofA andB and a direct likely Coulombic interaction between the

charges ofA andB and the interaction between dipole and charge, dipole and dipole.

Eq (180) contains six parametersCi (besides the dielectric constants, charges values,

atom radii and size of soults).
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Both approaches, partI and II above, have resulted in two Eqs (158) and (180)

where a direct Coulomb term (the last term in Eqs (158 and 180)) is separated from

total interaction terms. However, in Eq (180) the Coulomb term is more complicated

such that this term may not be so easily handled with the Lekner summation technique

(see Section 4.2.1). Consequently, further work below is focussing on Eq (158).

Specifically, if soluteA is a seemingly infinitely large slab representing a bilayer

or a membrane, some modications are required. First of all, the dominant long ranged

Coulombic interaction of Eq (158) and (180) requires special handling. Obviously, it is

not possible to treat an object that is extremely large, so a common solution is to place

a portion of the slab in a box of much smaller dimensions and impose periodicity in

two dimensions, say thex− andy−direction, but not in thez−direction. In Eq (180),

more interactions between charges are included, so that it could be more accurate than

Eq (158).

To proceed, the last (Coulombic) term in Eq (158) can be replaced by a 2-dimenional

lattice sum according to

C5C6

4πε0εS
∑
k

∑
l

∑
v

qA
k qB

l

|rl − rk−v|
, (181)

where the vectorv has componentsvxLx, vyLy and 0(vi ∈ Z). Here,Lx andLy are the

repeat or box lengths in thex− andy−direction, respectively. The summation over the

surface points of soluteB in Eq (158) can be rewritten in terms of lattice sums according

to

MB

∑
m

[(

C3φ (q∈B)(rm)+
1
2

C4∑
k

∑
v

qA
k

4πε0|rm− rk−v|

)

×

C4∑
k

∑
v

(

−
qA

k (rm− rk−v)

4πε0|rm− rk−v|3
·nmσm

)]

. (182)

It should be noted thatφq∈B(rm) can still be computed in the regular way. Similarly,

the summation over the surface points ofA becomes
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NA

∑
n

[(

C1∑
k

∑
v

qA
k

4πε0|rn− rk−v|
+

1
2

C2∑
l

∑
v

qB
l

4πε0|rn− rl −v|

)

×C2∑
l

∑
v

(

−
qB

l (rn− rl −v)

4πε0|rn− rl −v|3
·nnσn

)]

. (183)

Here, the surface points include only those that are located in the central box and

at the interface between the slab and the adjacent material. The various lattice sums

can be computed in this work with the Lekner summation technique (Jufferet al.2001,

Lekner 1989, 1991, Clarket al. 1996), which transforms the conditionally converging

lattice sum into a fast absolutely converging sum.

To calculate surface elements,σn andσm, in first and second terms (the surface of

molecules) in the right hand side of Eq (158), a flexible triangulation method to describe

the solvent-accessible surface of biopolymers (Juffer & Vogel 1998) is employed. The

NSC (Numerical Surface Calculation) program (Eisenhaber & Argos 1993) has also

been employed in this section (Section 4.2.1).

Application of the Lekner summation technique

Calculation of electrostatic field and potential

To calculate the various lattice sums in Eqs (182) and (183), the Lekner summation

technique (see Section 2.6.2) is employed. Electrostatic field and potential are calcu-

lated with the Lekner summation technique.

In this section, the electrostatic field is calculated by

E = ∑
i

Ei = ∑
i

Fi

qi
. (184)

For a two-dimensional system of rectangular cells, periodic in thex− andy−directions,

with cell lengthsLx, Ly andD, the force,Fi , on a chargei due to a chargej and all its

periodic images is
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Fi =
qiq j

4πε0
∑
v

ri− r j −v

|ri− r j−v|3
(185)

and

Fi = (FiX
2 +FiY

2 +FiZ
2)1/2, (186)

hereFiX , FiY andFiZ are force components inX, Y andZ direction, respectively.FX, FY

andFZ in Eqs (93, 94) are calculated by using the Lekner summation technique (Lekner

1989, 1991) by Clark (Clarket al.1996).

The electrostatic potential is calculated by

Vi =
q j

4πε0
∑
v

1
|ri− r j−v|

=
Ui j

qi
, (187)

hereUi j is the potential energy and it can be obtained from Eqs (95, 96) which are

calculated using the Lekner summation technique (Lekner 1989, 1991) formulated by

Clark (Clarket al.1996).

Calculation of the Bessel function

The Bessel function is an important part in formulation of the Lekner summation

technique. Bessel functions are one family of functions that satisfy Bessel’s differential

equation

x2y′′+xy′+(x2−n2)y = 0, y′ = dy/dx. (188)

Bessel functions are denoted byKn(x) the most commonly used are forn = 0 and 1

K0(x) = 1−x2/(22× (1!)2)+x4/(24× (2!)2)+ · · · , (189)

K1(x) = x/2−x3/(23×1!×2!)+x5/(25×2!×3!)+ · · · , (190)
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the general formula is

Kn(x) = ∑(x/2)(n+2×k)× (−1)k/(k!×n!), (191)

summed overk = 0,1,2, · · ·

In this work, Bessel functionKn(x) of the first kind of ordern, wheren is of positive

integral order, the following recurrence relation satisfied by the Bessel function is used

xKn−1(x)+xKn+1(x) = 2nKn(x). n = 1,2, · · · (192)

and the following relation is used

dK0(x)
dx

=−K1(x). (193)

In formulations of the Lekner summation technique in this work, termsK0(x) and

K1(x) are calculated as in the fellowing forms (Clarket al.1996)

K0

(

2π
m
f

[

(∆x+ l)2 + ∆z2
]1/2

)

and K1

(

2π
m
f

[

(∆x+ l)2 + ∆z2
]1/2

)

or

K0

(

2π l
[

f 2(∆y+m)2 + ∆z2
]1/2

)

and K1

(

2π l
[

f 2(∆y+m)2 + ∆z2
]1/2

)

.

Solvation free energy of a single solute

The first two terms on the right hand of Eq (141) refer to the total solvation free energy

of single solute molecules. They can be computed with the so-called ACE method

(Section 2.5.3). In this continuum electrostatic model, a solute is defined as a region

with low dielectric constant which is embedded in an infinite region with the dielectric

constant of the solvent. For the solute withn atoms, the ACE free energy is the sum of

n(n+ 1) self energy (related withq2
i ) andn(n− 1)/2 interaction energy (related with

qiq j , i 6= j) terms (Schaefer & Karplus 1996, Schaeferet al.1998)
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WACE
el =

1
4πε0

∑
i

q2
i

(

1
2εsRi

−
τ

ω∗ii

)

+
τ

4πε0
∑
i,k

q2
i

(

exp(−r2
ik/σ2

ik)

ωik
+

Vk

8π

(

r3
ik

r4
ik + µ4

ik

)4
)

+
1

4πε0
∑
i< j

qiq j







f nb
i j

εpr i j
−

τ
(

r2
i j +bib j exp

(

−r2
i j /4bib j

))1/2






, (194)

whereqi , Ri , Vi are the partial charge, radius, and volume of atomi, r i j is the distance

between the atomsi and j, τ = (1/εp)− (1/εs) andεs andεp are the solvent and so-

lute dielectric constant, respectively. The parametersω , σ andµ are described in the

Appendix in literature (Schaeferet al. 1998)). The factorf nb
i j is introduced to account

for the exclusion of atom pairs in the Coulomb energy.bi andb j are effective solvation

radii. More detail about ACE free energy is expressed in Eqs (A2), (A3), (A4), (A5),

(A6), (A7), (A8), and (A9) in Appendix in literature (Schaeferet al.1998)).

The ICM (Abagyanet al. 1994) molecular modeling program is used to calculate

electrostatic contributions to solvation energy of small molecules. In the electroMeth-

ods, the MIMEL term is selected when electrostatic contributions to solvation energy

of small molecules is calculated.

4.2.2 Non-polar contribution

The binding of a biomolecule such as a peptide or protein to a surface displaces solvent

(‘surface dehydration’). Displacement of solvent (ions, water) from the membrane and

protein or peptide surface upon binding is entropically favourable and is rather similar

in nature to the well-known hydrophobic effect in protein folding. In the course of

the binding process, the region between the protein and the membrane surface will

contain less solvent (or no solvent at all), which in turn could modify the strength of the

electrostatic interaction.

To account for the non-polar solvation of the hypothetical uncharged solute, Still

et al (Still et al. 1990) introduced the concept of the so-called Born solvation radius

bi for atom i. Their expression for the total non-polar solvation free energy of the

hypothetical uncharged soluteWnp(r1, ...,rn) is a measure of the solvent exposure of
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each atom and is given from (Schaeferet al. 1998)

Wnp(r1, ...,rn) = ∑
i

Wnpi (ri) = 4πσ ∑
i

(Ri +Rs)
2 Ri

bi
, (195)

where the solute is in a given conformation, i.e. for a specific set of co-coordinatesr1,...,

rn of then solute atoms. Here,Ri andRs refer to the radius of atomi and of a water

probe sphere, respectively. The Born solvation radiusbi depends on the geometry of

the solute and is derived from the self energy of the atomi (Still et al. 1990, Schaefer

& Froemmel 1990, Schaefer & Karplus 1996, Schaeferet al.1998). It depends on the

self energy according to

bi =

{

−τq2
i /(2∆Gsel f

i ), if ∆Gsel f
i ≤−τq2

i /2b0;

b0(2+ ∆Gsel f
i (2b0/τq2

i )), otherwise;

and

∆Gsel f
i ) =

1
4πε0

(

−
τq2

i

2Ri
−

τq2
i

ω∗ii
+∑

k

Gsel f
ik

)

, (196)

Gsel f
ik = τq2

i

(

exp(−r2
ik/σ2

ik)

ωik
+

Vk

8π

(

r3
ik

r4
ik + µ4

ik

)4
)

, (197)

whereb0 is the radius of a sphere with the total volume of the solute.τ is a constant for a

fixed system.∆Gsel f
i is the atomic solvation energy, the difference between the solution

and the gas phase self energies of atomi. For atoms at the surface,bi is in the range of

the van der Waals radius of the atom, whereasbi for a atom in the interior of the solute

approaches the value of the molecular radius. More detail about Eq (197) is expressed

in Eqs (A4), (A5), (A6), (A7), (A8) and (A9) in Appendix in literature (Schaeferet al.

1998)). Thus, Eq (195) is a quantitative measure of the solvent-accessibility of atoms.

In this work, Eq (195) is employed to calculate the non-polar solvation free energy

for the association process of two molecules. This could model the situation where

there is a peptide or protein near a membrane or bilayer and describes the dehydration

effect in association reactions when one molecule can be extended to a infinite slab. A

number of small molecules were slected from the literature (Schaefer & Karplus 1996,
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Still et al. 1990). These small molecules are constructed by using ICM (Abagyanet al.

1994). The command ‘build smiles’ is used when molecules are constructed. A program

has been developed based on Eq (195).

The concept of the solvent-accessible surface of a protein molecule will be used in

this work. It was originally introduced by Lee and Richards (Lee & Richards 1971), as a

way of quantifying hydrophobic burial. The solvent-accessible surface area (SASA) de-

scribes the area over which contact between protein and solvent can occur. The solvent-

accessible surface is defined as the locus of the centre of a probe sphere (representing

the solvent molecule) as it rolls over the van der Waals surface of the protein (illustrated

for a simple case in Figure 10).

Fig 10. Solvent-accessible surface of a molecule, defined as t he locus of the cen-
tre of a solvent molecule as it rolls over the van der Waals surface of the protein.

The ICM (Abagyanet al. 1994) molecular modeling program is also used to cal-

culate the non-polar contributions to solvation energy of small molecules. In the sur-

faceMethod, constant tension is selected when non-polar, surface energy contributions

to solvation energy of small molecules is calculated.
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4.2.3 Summary

Combining Eqs (143) and (195), Eq (129) can be rewritten as

Wsol =
N

∑
i=1

Wi
el(Ai ,S

(i))+ ∑
i< j

Wint
el (Ai ,A j ,S

(i, j))+∑
i

Wnp(Ai ,Si) (198)

and each term on the right of Eq (198) is computed as described in Section 4.2.1 and

Section 4.2.2, respectively.

Eq (198) for a system consisting of two moleculesA andB becomes

Wsol = Wel(A,S(A))+Wel(B,S(B))+Wint
el (A,B,S)+Wnp(AB). (199)

The first and second term on the right of Eq (199) is calculated by using Eq (194)

(ACE). Both are constant for a given system. The third term on the right of Eq (199)

is calculated by using Eq (158) and represents the electrostatic interaction. The last

term on the right of Eq (199) is calculated by using Eq (195) and corresponds to the

non-polar contribution.
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5 Results

5.1 A boundary element formulation with explicit ions

The results presented in this section are based on published work (Xin & Juffer 2007).

5.1.1 Test of the formulation

The quality of the boundary element method was considered by performing a simple

test calculation on two spherical objectsA andB, each containing a single chargeqA

andqB located at the center of a sphere with a radius of 1 nm. Figure 11 displays the

interaction energy withqA = +1 andqB = −1 in a solvent withzeroionic strength, as

a function of the number of triangles on the spherical surfaces. The interaction energy

Wint
el at a given distance between the charges was computed simply asWint

el (A,B) =

Wel(A,B)−Wel(A)−Wel(B), that is, as the difference of the total electrostatic energy of

the combined system (A,B) and the sum of the total electrostatic energy of the individual

systems (A andB). It is seen that with an increasing number of triangles, the numerical

result quickly approaches the exact value. While this work does not present the best

possible approach to numerically solving the integral equations, it appears to be of

sufficient accuracy for the scope of this section.
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Fig 11. Electrostatic interaction between two spherical obj ects (each with a ra-
dius of 1.0 nm), each containing a single charge (+1 and −1, respectively). The
ionic strength is zero. The calculation is performed for an increasing number of
boundary elements or triangles, ranging from 60 to 960 elements. The triangu-
lated surface was obtained as described elsewhere (Juffer et al. 1991). The exact
result is obtained from an implementation based upon reference (Carnie & Chan
1993), as kindly provided by Dr. Xueyu Song (Department of Chemistry, Iowa State
University, Ames, IA 50011, USA).

The test system

One test system was concerned with a very simple case of two spherical objects, each

carrying a physical dipole parallel on thez−axis. The dipole was constructed from two

charges of values−2 and+2 placed at a distance of 1 nm with respect to each other

inside a sphere with a radius of 1 nm. The negative charge was placed on the negative

side of thez−axis. The distance between the spheres’ centers of mass was 2.5 nm and

was kept unchanged, the orientation of the spheres was fixed. The box size for this

simulation was almost 21 nm and there were 812 ions in the system.

The test results

Figure 12 shows the density (i. e. the ratio of the actual number density in parallel slabs

and the bulk density) of ions in the simulation box containing two spherical objects,
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each with a physical dipole parallel to thez−axis. It is observed that, close to the

spheres, there exists an inhomogeneity in the density, which is obviously due to the

asymmetric charge distribution of the two spheres. On the negativez−axis there is an

accumulation of positive ions (Na+), while on the positive side, the opposite is observes,

as expected. Since there is space between the two spheres (0.5 nm), ions can enter that

region and there appears to be a higher probability of observing a negative ion than a

positive ion in that region. Towards the edges of the box, the density approaches the

bulk value (the ratio of the actual number density in slabs and bulk density approaches

1). Due to the hard sphere potential between the ions and spheres, ions were not allowed

to enter the region inside the spheres.
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Fig 12. Density of ions (Na + and Cl−) throughout the simulation box parallel to
the z−direction for the case of two physical dipoles, each inside a sphere with
a radius of 1 nm. Each dipole was constructed from two charges with charge
values −2 and +2 placed at a distance of 1 nm with respect to each other and
placed on the negative and positive z−axis, respectively. The distance between
the centers of the spheres was 2.5 nm. The graph displays the ratio of the density
in slabs perpendicular to the z−axis and the bulk number density. The width of
a slab in the z−direction was 0.1 nm, while the width of the slab perpendicular
to the z−axis was 3.0 nm. If the latter had taken the full width of the simulation
box, the inhomogeneity in the density would have been more difficult to observe.
The relatively small size of the sphere with respect to the box sizes would have
obscured the inhomogeneity of the density and the calculation would not have
been sensitive enough to see the effects. This calculation method renders the
graph noisier though.

5.1.2 Results of Monte Carlo simulation

The system of simulation

As indicated in the test system, the total number of ions in these simulations was always

the same (846), but the box size was appropriately adapted to obtain the required ionic

strength (about 21, 24 and 30 nm for 0.15, 0.10 and 0.05 M NaCl, respectively). The

two peptides were initially placed at a distance of 3 nm but otherwise were free to

explore the whole of the box through rigid body motion (rotation and translation). Each
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simulation took about 10,000,000 MC steps.

Results of the simumulation

A number of Monte Carlo simulations of a system consisting of two peptides were also

performed. Figures 13 to 15 show the distribution of ions throughout the box for these

simulations. Since the peptides carry an overall positive charge, there is a tendency of

negative Cl− ions to occupy the regions around the peptides. It is observed that the

density of Cl− ions with respect to the bulk density in between the two peptides is

increasing with decreasing ionic strength. It is also observed that the density of Na+

ions with respect to the bulk density in between the two peptides is decreasing with

decreasing ionic strength. Further away from the peptides, towards the box edges, the

ion density reaches the bulk value, as it should. The peptides are free to roam the entire

simulation box and from Figures 13 to 15, it is observed that they occupy mostly the

region between about−5 to+10 nm. Much longer simulations would better cover the

rest of the box, though.

Figures 16 to 18 display the radial distribution function (RDF)g(r) of ions with

respect to the centers of mass of the peptides, averaged over the orientations of the

peptides (an analysis of the orientation of the peptides with respect to each other over

the full course of the simulation indicated no particular preference). With decreasing

ionic strength, the spatial correlation between the positive peptides and the ions is longer

ranged, but disappears at a distance of 8 to 10 nm. This is in correspondence with

Figures 13 to 15 and indicates that the number density of ions approaches the bulk value

beyond, say, 10 nm on either side of the middle of the box. It should also be noted that

Figures 16 to 18 possibly indicate a degree of penetration of ions into the outer regions

of the peptides, as the radius of the peptides is about 1 nm. The distribution of ions

around the peptides is rather like that of an electric double layer observed at a charged

surface (Jufferet al.2001). With decreasing ionic strength, a stronger accumulation of

Cl− ions is observed at the surfaces of the peptides at aboutr = 1 nm. The peptide

is however far from spherical (Figure 8) and it is therefore quite possible that, in one

region at the peptide’s surface, the ions are closer to the peptide’s center of mass than

in another region.

Figure 19 shows the radial distribution function (RDF) between Na+ and Cl− for

the three solute simulations. These results also suggest an increased spatial correla-

tion at lower ionic strengths due to reduced screening effects. At the same time, due
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to a stronger average interaction between the ions, a stronger accumulation of counter

charges is observed at the ion surfaces. Descriptions based upon a full continuum de-

scription of electrolytes do not account for explicit ion-ion correlation.

In Figure 20, the frequency plot of the distance between the two peptides is shown.

This is a measure for the potential of mean force. For 0.15 and 0.10 M NaCl, the

distances most often visited appear to be in the range of 6 to 8 nm. For 0.05 M NaCl

there is a considerable degree of sampling of shorter distances, while the system also

visits distances beyond 8 nm. Generally, with decreasing ionic strength, the region

beyond 8 nm is more frequently visited, while there also seems to be an increasing

tendency to visit shorter distances more often.
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Fig 13. Density of ions throughout the simulation box paralle l to the x−direction
for the case of two peptides (sandostatin) in a box. The box size was about 21 nm.
The density is calculated in a similar manner as for Figure 12.
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Fig 14. As Figure 13, but now the ionic strength is 0.10 M NaCl. T he box size was
about 24 nm.
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Fig 15. As Figure 13, but now the ionic strength is 0.05 M NaCl. T he box size was
about 30 nm.
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Fig 16. The radial distribution function g(r) of ions around the peptides at 0.15 M
NaCl.
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Fig 17. As Figure 16, but now the ionic strength is 0.10 M NaCl.
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Fig 18. As Figure 16, but now the ionic strength is 0.05 M NaCl.
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Fig 19. The radial distribution function between ions at 0.15 M, 0.10 M and 0.05 M
NaCl.
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Fig 20. A frequency plot of the distance between the sandostat in peptide
molecules at 0.15 M, 0.10 M and 0.05 M NaCl.

5.2 A model for protein-membrane association

5.2.1 Electrostatic contribution

Simple test of the electrostatic interaction

Simple test calculations

The quality of the electrostatic interaction Eq (158) was considered by performing

a simple test calculation on two spherical objectsA andB, each containing a single

chargeqA andqB located at the center of a sphere with a radius of 1 nm. The values

of C1,C2,C3,C4,C5 andC6 in Eq (158) were all set to 1. Figure 21 and 22 display the

interaction energy withqA = +1, qB = −1 andqA = +1, qB = +1, respectively in a

solvent withzeroionic strength. The exact result (dotted line) is shown as well.

The results show that the interaction energyWint
el (A,B,S) is quite close to the exact

value at a distance between two spherical objects larger than about 5 times the radius of

the sphere in Figure 21 or about 3 times the radius of the sphere in Figure 22. The model

clearly over-estimates the contribution of the surface terms to the total electrostatic

interaction at short distances and consequently the absolute error increases for shorter
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distances as well. The error is particularly large at short distances in Figure 21, where

the interacting solutes are oppositely charged. This also emphasizes that the effects

due to polarization are important and increasingly more complex at shorter distances.

Apparently, these effects are not properly captured by the model.
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Fig 21. Electrostatic interaction between two spherical obj ects. The radius of
both spheres is 1.0 nm and there is a unit charge at the center of each sphere
(+1 and −1, respectively). The dielectric constant is 4.0 inside, and 80.0 outside
the spheres. Interaction energy calculated using the model is shown by the solid
line. The exact result (points) is kindly provided by Dr. Xueyu Song (Department
of Chemistry, Iowa State University, Ames, IA 50011, USA).
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Fig 22. As Figure 21, but now the unit charge at the center of eac h sphere are
both +1, respectively.

The interaction energy for a series of other simple test systems was estimated as

well and the results are listed in Table 1. In this table, the symbols (+), (−) and (→)

represent a positive unit charge, a negative unit charge and dipoles pointing in the indi-

cated direction, respectively. The charges and dipoles were put in the center of a sphere

with a radius of 1.0 nm. Only the sign of the interaction energy at distances in the range

from 1 to 10 nm between the two charged systems is listed in the table 1, to provide an

indication of the behaviour of the energies.

The Coulomb term dominates the total interaction energy (Jackson 1975, Bttcher

et al. 1973), so that the sign of the total interaction energy (under the column ‘Total’)

and theory value should be identical to the Coulomb term. For situations where there is

in fact a non-vanishing Coulomb interaction, this was always the case as Table 1 illus-

trates. If the surface term does express the interaction energy due to mutual polarization,
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it is always negative in theory (Bttcheret al. 1973). It is observed from the table that

this is not always the case, again pointing to a failure of the model to properly capture

certain polarization effects.

Application of the Lekner summation technique

As explained in Section 2.6.2, the Lekner summation technique is an algorithm that can

be employed to calculate the long-range electrostatic interaction in systems with 2D

and 3D periodicity. A program was developed implementing the Lekner summation

technique, which is capable of delivering both the electrostatic potential and field. This

program is used to calculate the direct Coulomb term ofWint
el (A,B,S) in Eq (158) when

soluteA is a infinitely large slab representing for instance a bilayer or a membrane.

The test system

To illustrate some features of the Lekner summation technique, the electric potential

and field of a positive unit test charge with four charges and their periodic images in the

x,y−plane have been calculated (Figure 24, 25). In both cases, the charge is positioned

along thez−axis perpendicular to the surface. The four surface charges are placed at

(−a,−a, 0), (a,−a, 0), (−a, a, 0), and (a, a, 0), where the surface is placed atz=0

parallel to thex−, y−plane and a is set at 0.2 nm. A value of 0.64087058×10−19 C or

0.4 e is assigned to three charges and one is set to 1.2817412×10−19 C or−0.8 e, so

that the surface carries a net total charge of 0.64087058×10−19 C or 0.4 e. The repeat

length (box dimension) in thex− andy−direction was set to 6 nm, therefore the total

surface charge density is 0.011 e nm−2.

Results of calculation

The energy for the vacuum electrostatic interaction was calculated for the test sys-

tem based on Eqs (95, 96) (see Figure 23) and the result is exactly the same as in Figure

2 of reference (Jufferet al.2001). The electric potential and the field for the test system

were also calculated using Eqs (187) and (184), respectively, and are shown in Figure 24,

and 25, respectively. For comparison purposes, the potential and field according to the

regular Coulomb interaction, which behaves like 1/r, and due to a flat surface carrying

an uniform charge density are displayed as well (Jackson 1975, Gronbech-Jensenet al.

1997).
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Table 1. Electrostatic interaction energy in vacuum.

Charged system Direction Coulomb term Surface term Total Theory

(+)(→) x − + − −

y 0 − − −

z 0 − − −

(+)(←) x + − + +

y 0 − − −

z 0 − − −

(−)(→) x + − + +

y 0 − − −

z 0 − − −

(−)(←) x − + − −

y 0 − − −

z 0 − − −

(→)(←) x + − + +

y − + − −

z − + − −

(→)(→) x − + − −

y + − + +

z + − + +

(+)(−) x − − − −

y − − − −

z − − − −

(−)(−) x + − + +

y + − + +

z + − + +

(+)(+) x + − + +

y + − + +

z + − + +

The symbols (+), (−), and (←/ →) represent a positive unit charge, a negative unit
charge and dipoles pointing in the indicated direction as shown in the Table 1. Two
spherical objects with selected charged system as shown in Table 1 are separated along
thex, y andz axis when the electrostatic interaction energy are calculated. The dipole
consist of a positive and negative unit charge placed at a distance of 1.0nmwith respect
to each other. The charges and dipoles are put at the center of a sphere with a radius
of 1.0 nm. ‘Coulomb term’ refers to the last term in the right hand of Eq (158), the
‘Surface term’ corresponds to the first and second terms in the right hand of Eq (158),
‘Total’ is total interaction energy from Eq (158) and ‘Theory’ is obtained according to
reference (Bttcheret al. 1973). The table lists the sign (not the actual value) on the
energy at all distances between the spherical objects in order to provide a rough idea of
the behaviour of the various terms.
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The computer program (developed in C++, as all programs prepared for this thesis)

for calculating the electrostatic potential and field using the Lekner summation tech-

nique produces consistent results. Figure 24 shows the electrostatic potential in the

z−direction (which is perpendicular to the surface). The electric potential (and also

the energy) should assume exactly the same values on both sides of the surface as it is

a scalar quantity (Jufferet al. 2001). The behaviour of the regular Coulomb electric

potential and energy follows that of 1/r (r is distance) and therefore it vanishes at large

distance as would be expected for systemswithout periodicity. The electric potential

calculated by using the Lekner summation technique is always smaller than the poten-

tial according to the regular Coulomb potential at distances smaller than about 1.0 nm

with respect to the surface. In contrast to the regular Coulomb potential, the Lekner

potential approaches the potential due to a surface carrying a uniform surface density

at large distances ( beyond 5.0 nm). This is a clear consequence of including periodic

images of the charges in the central box, such that at large distances a unit charge would

‘see’ a uniform charge density, while at short distances the details of the surface charge

distribution become relevant, where the Lekner potential becomes similar to the regular

Coulomb potential. It should be noted that the electric potential is not expected to be

zero at points far away from the charged surface. This in fact follows from Eq (187)

and also Eqs (95), (96). Eqs (95), (96) have the property that at large distances they be-

come the interaction of a single chargeqi with a flat surface carrying a uniform charge

densityσ j of strengthq j/(LxLy) (Gronbech-Jensenet al.1997, Jufferet al.2001), that

isUi j →−qi
σ j
2ε0

d whend→∞, whered is the distance between chargeqi and the plane

carryingq j and its images. According to this property and Eq (187), the electric po-

tential behaves asVi →−
σ j
2ε0

d, d→ ∞. This shows clearly that the electric potential is

not zero at points far away from the charged surface and decreases when the distance

increases in a linear way.

From Figure 25, it is observed that the distribution of the field is not symmetrical

with respect to the surface because the electric field is of course a vector. The electric

field calculated by using the Lekner summation technique behaves similarly to the regu-

lar Coulomb field at locations near the surface (< 1 nm), but at large distances (beyond

5 nm), as the Lekner electrostatic potential, the field approaches the field of a surface

carrying a uniform surface density. Because the electrostatic potential approaches a

straight line at large distances, as noted in the previous paragraph, the field therefore be-

comes constant and not zero like the regular Coulomb field, and is pointing in opposite

directions on either side of the surface.
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Fig 23. Electrostatic interaction energy (in kJ/mol) of a pos itive unit test charge
with four charges and their periodic images in x−, y−plane. The interaction energy
is calculated as a function of the distance z (in nm) of the test charge to the surface
at z= 0.
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Fig 24. Electric potential of a positive unit test charge with four charges and
their periodic images in the x−, y−plane. The electric potential is calculated as a
function of z (in nm) of the test charge to the surface at z= 0.
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Fig 25. Electric field ( z−component) of a positive unit test charge with four
charges and their periodic images in the x−, y−plane. The electric field is cal-
culated as a function of z (in nm) of the test charge to the surface at z= 0.

Solvation free energy of a single solute

The first term of Eq (143) is the sum of individual solvation free energies of solutes,

which can be computed by several standard approaches based upon continuum elec-

trostatics, such as the finite difference method (Davis & McCammon 1990, Honig &

Anthony 1995, Sharp & Honig 1990), the boundary element method (Jufferet al.1991,

Zhouet al.1996, Jufferet al.1997) and implementation of the generalized Born mod-

els (Bashford & Case 2000) and the analytical continuum electrostatics method (ACE)

of Schaefer and Karplus (Schaefer & Karplus 1996, Schaeferet al.1998).

In this work a program based upon the ACE method (see Eq (194) and also Eqs (A2),

(A3), (A4), (A5), (A6), (A7), (A8) and (A9) (Schaeferet al. 1998)) was employed to

calculate the electrostatic component of solvation free energy of a solute embedded in

an infinite region representing a polarizable solvent, as expressed through its dielectric

constant. As a test, the electrostatic component of solvation free energy of 17 small

molecules selected from the literature (Stillet al.1990, Schaefer & Karplus 1996) were

calculated (Table 2). The molecules were constituted by using internal coordinate me-

chanics (ICM) (Abagyanet al.1994).

The results are compared with the data calculated using ICM (Abagyanet al.1994)
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for which the electroMethods (MIMEL) module was employed to estimate the electro-

static contribution to the solvation energy of small molecules (Figure 26 and Table 2).

It is seen that the data calculated with the aforementioned computer program correlates

well with the data produced by ICM. A linear regression fit for finding the best possible

straight line (regression line) was performed (the solid line in Figure 26) which resulted

in a correlation coefficient of 0.99. Figure 26 shows that the vertical distance from the

points to the regression line represent the errors of the prediction and the points are near

the regression line (y = 1.01+ 0.96x). When the points are compared with the data

calculated by using ICM, the average error is 19.6%. It should be noted that to a sig-

nificant degree errors arise from the different parameter sets (CHARMM (Brookset al.

1983) versus ICM) used for the assignment of van der Waals atom radii and charges.

This is more clearly seen in Figure 27 where the alanine-dipeptide data point (which is

the lower-left point in Figure 26) has been removed and the fitting has been repeated.

In this case, the equation of the regression line, correlation coefficient and average error

arey = 0.30+0.86x, 0.89 and 19.7%, respectively.

In conclusion, the new computer program is capable of calculating the electrostatic

component of solvation free energy of a single solute sufficiently accurately. Therefore,

it can be used to calculate the first term on the right of Eq (143). Note that these

energies do not correlate with the distance between solutes. They are constants for a

given system.
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Fig 26. The electrostatic contribution to the solvation free energy of a single
solute. ACE (y −axis) versus ICM (x −axis). The numerical values are listed in
Table 2.

-15 -10 -5 0
ICM(el) Kcal/mol

-15

-10

-5

0

T
hi

s 
w

or
k(

el
) 

K
ca

l/m
ol

Fig 27. As Figure (26) but for a smaller subset of data.
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Table 2. Electrostatic and non-polar contribution to solvat ion free energies of
small molecules.

Molecule Solvation energies (Kcal/mol)

Non-polar contribution Electrostatic contribution

ICM This work ICM This work (ACE)

acetamide 1.79 1.95 -10.19 -9.55

benzene 2.02 2.45 -3.64 -2.29

methanol 1.36 1.38 -6.56 -6.57

pyridine 1.99 2.33 -8.15 -5.57

ethanol 1.64 1.88 -5.77 -4.80

imidazole 1.78 2.01 -13.06 -10.16

acetone 1.88 2.09 -6.26 -7.04

(Z)-N-methylacetamide 2.09 2.34 -9.08 -7.54

phenol 2.06 2.47 -6.57 -2.83

acetic acid 1.71 1.81 -10.66 -8.88

alanine-dipeptide 3.55 3.81 -35.70 -33.81

2-propanol 1.88 2.28 -5.41 -3.31

N,N-Dimethyl acetamide 2.28 2.78 -6.58 -6.68

dimethyl ether 1.72 1.90 -4.52 -3.47

methyl acetate 2.05 2.33 -5.07 -5.12

methyl mercaptan 1.58 1.48 -3.68 -3.51

toluene 2.28 2.86 -3.78 -1.76

5.2.2 Non-polar contribution

Calculation of non-polar free energy

The non-polar energy of solutes is required for the last term of Eq (195). The same 17

small molecules as before (Stillet al.1990, Schaefer & Karplus 1996) were employed

to calculate the non-polar component of the solvation energy of a single solute (see

Table 2). Eqs (195 to 197 and (A4), (A5), (A6), (A7), (A8) and (A9) in Appendix in

literature (Schaeferet al. 1998)) were employed and implemented in a computer pro-

gram, which is in fact the same program as employed for the results in Section 5.2.1.

As before, the results are compared with the data calculated using ICM and the ‘sur-

faceMethod -> constant tension’ module to compute a non-polar energy contributions

to a solvation energy of small molecules (see Figure 28) and similar observations can be

made. Good correlation is observed between the data produced by the new program and

122



those obtained from ICM. Also, a best fit has been performed andthe correlation coef-

ficient was calculated to be 0.96. The vertical distance from the points to the regression

line represent the errors of prediction. As shown in Figure 28, the data points are near

the regression line (y=−0.05+1.16x). The average error is 5.2% from the points. Also

here, small errors exist, probably because different parameter sets (CHARMM (Brooks

et al.1983) versus ICM) are used for the assignment of van der Waals radii and charges

to atoms.

Figure 29 shows the case where the alanine-dipeptide data point (which is the upper-

right point in Figure 28) has been removed and the fitting has been repeated. In this

case, the equation of regression line, correlation coefficient and average error arey =

−0.88+1.61x, 0.98 and 3.6%, respectively.

In conclusion, the data of this subsection demonstrates the feasibility of the method

to calculate the non-polar component of the solvation free energy of small molecules.
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Fig 28. The non-polar contribution to the solvation free ener gy of a single solute.
ACE (y−axis) versus ICM (x −axis). The numerical values are listed in Table 2.
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Fig 29. As Figure (28) but for a smaller subset of data.

Simple application

The results of the previous sections suggest that the program based on Eqs (195 to

197) and (A4), (A5), (A6), (A7), (A8) and (A9) in Appendix in literature (Schaefer

et al.1998)) could be employed to compute the dehydration effects when two separate

solutes. As a test case, the non-polar solvation energy of two spherical solutes as a

function of the distance between the two solutes was computed. The probe sphere

radius (see Figure 10) is set to 0.14 nm. The non-polar energy is calculated from

∆Wnp = Wnp(S1)− [Wnp(S2)+Wnp(S3)] . (200)

Here, soluteS2 andS3 represent a sodium and chlorine ion, respectively, whileS1

refers to the combined ‘super-solute’ consisting of a sodium and chloride ion combined

into a unified ‘molecule’. EachWnp in Eq (200) is computed according to Eqs (195 to

197) and (A4), (A5), (A6), (A7), (A8) and (A9) in Appendix in literature (Schaeferet al.

1998)). Figure 30 displays the results.

∆Wnp vanishes at large distances (beyond 0.8 nm), which is larger than the sum of
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the radii of the ions, indicating that upon separation, increasingly more space between

the two ions becomes available that can be occupied by water molecules. According

to Eq (2) in reference (Stillet al. 1990), the non-polar energy is directly proportional

to the solvent-accessible surface area. The solvent-accessible surface area increases

when two spherical objects separate from an overlapping to a completely dissociated

state, where the latter is identical to two totally independent solutes. Consequently, the

results in Figure 30 correctly reflect the expected behaviour of the non-polar energy and

again demonstrates the usefulness of the computer implementation of Eqs (195 to 197)

and (A4), (A5), (A6), (A7), (A8) and (A9) in Appendix in literature (Schaeferet al.

1998)).
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Fig 30. Difference of non-polar energy of (Na+Cl) solute. The radius of sodium
(Na) and chlorine (Cl) ions are 0.18 and 0.098 nm, respectively. The non-polar
energy is calculated as a function of the distance between two spherical objects
centers of mass(in nm).
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6 Discussion

6.1 A boundary element formulation with explicit ions

This section is based on published work (Xin & Juffer 2007) and is concerned with

a novel formulation to describe ionic strength in a BEM scheme for the calculation

of electrostatic interactions in and between proteins. Without exception, current for-

mulations that include mutual polarization effects and ionic strength depend on a full

continuum model limiting their applicability and validity range.

One advantage of the use of explicit ions is that the present formulation is not limited

at all to 1:1 electrolytes. It is straightforward to apply the approach to asymmetric elec-

trolytes such as CaCl2, a realm of applications where the standard Poisson-Boltzmann

utterly fails (Barthelet al. 1998). Another advantage is concerned with the details

of interactions between charged groups of the solute and the solvent, which in a full

continuum description are totally incorrectly described, therefore interfering with the

dynamical properties of these groups.

Many researchers, in the 1980−1990’s, have already commented on the impor-

tance of ion-ion correlation in describing the physical properties of electrolyte solu-

tions (Barthelet al.1998). This is probably best reflected in the (mean) activity coeffi-

cientγ, which appears in the chemical potential, a free energy. Its dependence on the

ionic strength predicts a straight line according to the Debye-Hckel theory (-lnγ versus

the square root of the ionic strength), which in fact is not the case at increasingly higher

ionic strengths. The predicted dependence is true only at very low concentrations.

Computer simulations using an explicit model of ions in a continuum background

and recent statistical mechanical theories reproduce the correct behaviour ofγ quite

well. Deviations are expected and are also observed in experiments with concentrations

above about 0.01 mol l−1, although each salt has its own peculiarities. The fact is

that methods based upon an explicit treatment of ions describe the thermodynamical

and structural properties of electrolytes better. As it is true that the solvent very much

influences the structural and other properties of a protein (Creighton 1992), one can

argue that a pure continuum model for the solvent is too crude to properly simulate

proteins in electrolyte solutions.

The feasibility and the correctness of the present formulation has been demonstrated
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by a number of test calculations. A typical outcome for the electrostatic interaction

between two proteins in an electrolyte solution is presented in Figure 20. Generally,

this figure suggests that with decreasing ionic strength, the region beyond 8 nm is more

often visited. There also appears to be an increasing tendency to visit shorter distances

more often. The fact that the system visits longer distances is a consequence of reduced

screening at lower ionic strengths, rendering the repulsive interaction stronger due to

the overall positive charge of the peptide.

Figure 8 shows that the sandostatin of molecule is strongly asymmetric. It contains

two widely separated positive charges located on the N-terminus and the Lys residue,

and there is a negative charge on the C-terminus of the peptide positioned in about the

same region as the N-terminus. The molecules carry therefore a dipole and also higher

order multipoles. At short distances between the two peptides, the details of the charge

distribution and the peptide’s structure will strongly affect the potential of mean force

between the molecules. The electrostatic interaction is stronger at lower ionic strengths,

resulting in a slightly higher probability of the two molecules sticking to each other.

This is a consequence of the interaction between the dipoles and the other higher order

multipoles of the two molecules, the effects of which are significantly reduced at longer

distances where the monopole term dominates the potential of mean force, pushing

them away from each other. At higher ionic strengths, these interactions are effectively

screened; also at shorter distances. A similar effect has been observed previously (Juffer

et al.2001).

A few practical notes are worth mentioning. While this work relied on the LU-

decomposition method to solve the matrix equation Eq (127), this method is not prac-

tical for large linear algebraic systems due to both memory and CPU speed limitations

even though LU decomposition is used to find the solutions of linear systems. So, for

large macromolecular systems, an iterative procedure is usually employed to solve the

matrix equation. The inclusion of ionic strength does not modify the size of the matrix

S. In implementations based upon the linear PBE, the size of this matrix doubles if

ionic strength is included in the description (Jufferet al.1991). This negatively affects

both memory requirements and efficiency, if for instance a LU decomposition method

is employed to solve the matrix equation. The use of explicit ions could be objected for

reasons of efficiency when compared to pure continuum approaches, since additional

computing time is now spent on the handling of explicit ions through a simulation

scheme. On the other hand, any realistic simulation model should include some degree

of flexibility for the solute.
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In the current approach, the number of ions (except for small solutes) is typically

less than the number of protein atoms. Therefore in any ensemble or dynamical simula-

tion most of the computation time is now concerned with the energy and forces related

the protein atoms, instead of with the solvent. This is to be contrasted with the case of

an all-atom molecular dynamics simulation, where 80 to 90% of the computation time

is concerned with the solvent. Then again, in the present formulation, it is necessary to

regularly update the boundary of the solute molecules and also the matrixS, because

of the changing conformations of the proteins in the course of a simulation. Obviously

this would reduce the efficiency of the method compared to implicit solvation models.

The handling of the surface is not a major obstacle, since a number of very efficient

algorithms already exist for this purpose (a short overview is presented in reference (Juf-

fer & Vogel 1998)). The calculation of the surface may in fact not be required at every

step of the simulation. In conclusion then, when compared to an application of molec-

ular dynamics that relies on an implicit solvent model, the inclusion of explicit ions

should not drastically decrease the efficiency of the simulation method and is certainly

more efficient than an all-atom model.

The Monte Carlo simulations rely on the simple PBC+NIA approximation (there

are no cut-off distances in this scheme) to compute the direct screened Coulomb inter-

action between charges (Eq (124)) and to calculate the right hand side of the matrix

equation(Eq (127)). The results indicate that towards the edges of the simulation box,

the ion densities reach bulk values. It can be concluded that there are no major artifi-

cial effects interfering with the properties of the system. It should be possible and is

probably necessary to extend this scheme to more sophisticated methodologies.

Standard approaches, such as the Ewald (Ewald 1921) and the Lekner (Lekner 1991)

summation techniques and methods based upon these approaches, may not be immedi-

ately appropriate, since these methods do not accommodate mutual polarization effects.

On the other hand, the terms in Eq (124) and Eq (127) depend on a (screened) 1/r term,

so it seems likely that the aforementioned summation methods could possibly be used

in their current form. However, a detailed analysis should be performed to assert if this

is indeed possible. The analysis could lead to a new boundary condition model in the

framework of the present formulation. In particular it should be noted that the neutral-

ity of the system in this method may not be fully guaranteed due to polarized charges.

Also the treatment of the normal derivative of the fundamental solution in Eqs (125,

126) might not be so straightforward, despite the fact that Eq (124) just contains an

1/r term. The issue of calculating electrostatic forces in a BEM framework was also
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addressed in detail by Luet al (Lu et al.2005a, Luet al2005b, Luet al.2000).

It should be noted that in a dynamic simulation that relies on dielectric boundaries

and explicit ions, such as in this work, if ions enter a low dielectric region the energy

may suffer from large fluctuations, which will also affect the forces. It is expected

that the present formulation will be most suitable when employed in coarse-grained

simulation models, where the number of degrees of freedom has been considerably

reduced to be able to reach longer time scales and simulate at larger length scales than is

currently possible with, for instance, molecular dynamics simulation (Berendsen 2001).

Typically, boundary models of this type tend to describe the protein at the atomic level

and consider the solvent as a continuum without ionic strength, leading to a model

with different levels of description for the protein and the solvent (for instance see

references (Schaefer & Karplus 1996, Simonson 2000)). A truly consistent coarse-

grained simulation model should describe both the solute and the solvent at a similar

level. For example a protein could be described as a collection of connected larger units,

each unit describing for instance a portion of a side chain. These units are collectively

moving in an electrolyte solution and are separated from the solvent by an adjustable

dielectric boundary to accommodate for mutual polarization effects, as in the present

work.

6.2 A model for protein-membrane association

This work offers an alternative formulation for calculating the electrostatic and non-

polar contribution to the interaction energy between a solute, such as a protein, and an

interface, such as a membrane. The model, Eq (198), accounts for other mutual polar-

ization effects between the solute and the interface. This model is in part based upon

the ACE method (Schaefer & Karplus 1996, Schaeferet al.1998) but introduces a new

formulation to describe mutual polarization effects between the protein and the inter-

face. An important precondition was to seek for a formulation where a direct Coulomb

contribution could be separated from a polarization term, such that the Coulomb term

could be computed using standard approaches that are commonly employed in various

molecular simulation models, such as molecular dynamics. This was accomplished.

A series of calculations for a selection of rather simple test systems consisting of

spherical solutes were performed to judge the model’s merits. Based upon these test

results, the general but unfortunate conclusion must be that the model fails to capture

mutual polarization effects, in particular at short distances between solutes. On the
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other hand, it is quite able to describe the non-polar and the direct Coulomb contribu-

tion. Both the electrostatic and non-polar component of the total interaction energy are

discussed in some detail below.

6.2.1 Electrostatic contribution

The electrostatic component consists of two contributions, namely a direct screened

Coulomb interaction (screened by the dielectric constant of the solvent) and a term that

accounts for mutual polarization effects. Both terms can be calculated separatedly, very

much in the same way as in the BEM method, as discussed in Section 6.1. The Coulomb

term can be calculated in an exact manner, such that any error in the electrostatic inter-

action energy must arise from the polarization term.

This works proposes that the Coulomb interaction can be computed by means of the

Lekner summation technique (Lekner 1991, 1989, Clarket al. 1996), but it should be

noted that any suitable method that can handle 2D or 3D symmetry can be employed.

The usefulness of the Lekner summation method has been demonstrated here and also

elsewhere (Jufferet al. 2001). Very consistent results were obtained. To calculate the

lattice sum in Eqs (182) and (183), the electric potential, field and energy are required.

In particular, the calculated electrostatic interaction energy in a vacuum agrees com-

pletely with results presented in Figure 2 in reference (Jufferet al. 2001). Figure 25

demonstrates the different behaviour of the electric field when calculated using differ-

ent methods such as Coulomb, Flat surface, and Lekner summation technique (Jackson

1975, Gronbech-Jensenet al.1997, Lekner 1991, 1989, Clarket al.1996).

It should be noted that in previous work that relies upon the Lekner summation

method, differences in the dielectric properties of water and the interior of the mem-

brane were not considered such that a single dielectric constant was used throughout

the whole system. In this work, different dielectric constants are used for solutes

(biomolecules) and solvent (a background continuum, water), such that a degree of

polarization is described as a separate term in the electrostatic interaction.

These polarization effects have been implemented in a rather unusual approach that

is based on the displacementD. A series of test calculations for simple solute systems

were performed and analysed (see Figure 21, 22, and Table 1). The data clearly show

that the method performs reasonably well at large distances, but really fails to capture

the mutual polarization effects at short distances. The results also show that the model

is suitable in only a few simple cases (see Table 1). The mutual polarization effects are
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contained in certain surface terms (the first and second term on the right of Eq (158))

that were derived following a particular numerical approach explained in Section 4.2.1.

Because these surface terms apparently cannot handle all these simple cases equally

well, it must be concluded that these terms fail to describe the polarization effects. One

would therefore have to conclude that the proposed model for mutual polarization ef-

fects may not suitable to general solutes (biomolecules) in its current form and it is

likely that an alternative route is required, potentially still based upon or starting from

Eq (142). Because of these issues, the model was in fact not applied to an interface

representing a membrane surface as of yet.

Before the underlying assumptions of Eq (158) are discussed below, it should be

noted that an application of that equation to an interface is in fact not that straightfor-

ward. While the Lekner summation can be applied to calculate the Coulomb interaction,

as explained above, the handling of the polarization contribution (the surface terms) in

the case where one of the two solutes is in fact an interface, may require additional

work. In the course of this work, it was thought that the new model would be employed

in simulations of coarse-grained systems with large length scales (that is, length scales

that are clearly much larger than normally is assumed in, for instance, molecular dy-

namics simulations of membrane systems). Consequently, it was argued that it may

not be required to integrate over interface surfaces beyond the edges of the simulation

box, as the interactions between polarization density is falling off faster than the reg-

ular Coulomb interaction, such that ignoring these contributions probably would not

result in any significant error (obviously, in a small system, this assumption would not

hold). However, this line of thought was not pursued further for reasons explained in

the previous paragraph.

The work which has been carried out does not involve other methods for evalua-

tion of long-range electrostatic interactions. So the Lekner summation method used

in this work have not been compared with other methods such as the Ewald sum-

mation method (Ewald 1921, Yeh & Berkowitz 1999), the particle-particle particle-

mesh (PPPM) method (Hockney & Eastwood 1988), the fast multipole method (FMM)

(Greengard & Rokhlin 1987, Greengard 1994, Greengard & Rokhlin 1997), the cutoff

method (Berendsen 1993), the particle-mesh Ewald (PME) method (Dardenet al.1993,

Essmannet al. 1995), the multigrid method (Sagui & Darden 2001), and MMM2D

method (Arnold & Holm 2002b,a).

To understand the possible failure of Eq (158) to properly capture mutual polariza-

tion effects in a many solute system, it is necessary to assess the assumptions on the
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basis of which Eq (158) was derived. There are essentially two:

1. The displacement follows the superposition approximation of individual charges or

charge densities of each regions, Section 4.2.1, Eq (136).

2. The displacement is approximated by the Coulomb field, PartI andII in the Methods

section, Section 4.2.1, Eqs (144, 159).

In addition, there may be a number of numerical issues. However, these are most likely

not so significant, given that for instance the description of solute surfaces by triangles

is very much the same as in the BEM. Each of above assumptions are now discussed

below.

First the superposition approximation is considered. For a charge distribution in

an infinite linear dielectric medium, the electric displacement is the superposition of

the electric displacement of each individual charge (Jackson 1975). It is assumed in

the model that the displacement follows the superposition approximation of individual

charges or charge densities Eq (136). Since Eq (136) is a vector sum, it should also be

correct for different systems of charges, located in different regions (solutes). Conse-

quently, the assumption is also suitable for calculating the total electric displacement

of a given system with two (or more, for that matter) non-overlapping charge distribu-

tions. Therefore, the approximation is appropriate for deriving Eq (142). It is concluded

here that Eq (142) is an exact result. The real problem is how to express the electric

displacement,D, in different regions with charges.

Schaefer and others have postulated that the electric displacement due to a charge

q of a protein could be approximated by the vacuum Coulombic fieldEv (Schaefer

& Karplus 1996, Schaeferet al. 1998, Bashford & Case 2000, Simonson 2003), that

is, D ≈ ε0Ev = −ε0∇( q
4πε0r ). This work assumed a similar approximation, but the

approximation was applied to the case of two solutes in a solvent. The displacement due

to all sources in regionA (and the same for regionB) was approximated as,D(q∈A)(r)≈

ε0CE(q∈A)
v = −ε0C∇φq∈A(r), whereφ (q∈A)(r) is the vacuum electrostatic potential at

r, and−∇φ is the negative gradient of the vacuum potential and corresponds to the

vacuum Coulomb field. An appropriate constant factorC was added that should be

interpreted as a parameter of the numerical method. Its value could be obtained by

‘fitting’ the numerical results to exact results.

According to the above assumption, a modified (because of the parameterC) vac-

uum Coulomb field substitutes the sum of the Coulomb field in a vacuum and the re-

action field produced by the induced bound (surface) charge density. The basic idea
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is of course that a suitable choice forC would capture the effects of polarization on

electrostatic interactions reasonably well. Coulomb’s law is invalid when the dieletric

properties vary through space (Jackson 1975). Consequently, it is obviously a rather

severe approximation to neglect the induced surface charge density on the boundary

surfaces and to use the basic assumption according to Eq (158) for the three regions sys-

tem (A, B, S). The process of polarization between two regions containing charges in a

solvent is extremely complex and the results have very clearly shown that it is unlikely

that parameters such asCi (there are in fact 6) can capture such effects. Also, if the

dielectric displacementD appearing in three integrals of Eq (142) does not satisfy the

boundary conditions of the electric potential and field at the interfaces between solutes

and solvent, a significant error should also be introduced.

Because the contribution from the reaction field produced by the induced surface

charge density at the boundary between solute and solvent to the electric displacement

was essentially neglected to a certain degree, the last term in Eq (158) was calculated

from the last term in Eq (142). Despite the fact that at larger distances the energy

matches the exact result reasonable well, which is a consequence of the Coulomb ap-

proximation such that the screened Coulomb interaction dominates the total interaction

at longer distances, a number of important interaction terms are lost in the numerical

approach. A potential solution could be to assume a particular functional behaviour

for the parametersCi in Eq (158) that may be a function of the distance between the

charge distribution. In addition, it may be required to include higher order multipole

interactions for interactions between bound charges in the interaction energy (partII in

Section 4.2.1).

It is now clear that the Coulomb approximation as proposed by Schaeferet al (Schae-

fer & Karplus 1996, Schaeferet al. 1998, Bashford & Case 2000, Simonson 2003) is

limited to single solute/solvent systems only, where the solvent has no free charges.

As mentioned above, to overcome some of the limitations of the present approach to

protein-membrane association, a specific form of the functionCi(xi) could be consid-

ered. Ci(xi) most likely should depend on the dielectric constants in three different

dielectric regions (solute A, solvent, solute B) and also on the distance and possibly

orientation between regions. It should be noted however that such a route will defeat

the simplicitly and efficiency of the original model. Also the numerical procedure as

explained in Chapter 4.2 is not anymore applicable. Consequently, the resulting model

could be as complicated or even more complicated than existing models and there would

be no benefit at all in using this new method. Clearly, the calculation of mutual polar-
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ization effects in inhomogeneous charged systems remains a challenging problem. But

if a new approach is developed that still separates a direct Coulomb from a polariza-

tion term, such that for instance the Lekner summation technique can still be employed

for the direct interaction, and where the effects of polarization are appropriately deter-

mined, a new window of opportunity could be opened to study electrostatic interactions

in protein-membrane association.

6.2.2 Non-polar contribution

The relevance of determining the interaction due to the displacement of water in a bind-

ing process has been frequently documented. Consequently, any model for protein-

membrane association should contain a term that estimates the strength of such entropic

effects, as it is favourable for binding. This work estimates the total non-polar energy

for two solutes from a method originally proposed by Schaefer (Schaeferet al. 1998).

Good and consistent results have been obtained (see Figures 28 to 30, and Table 2),

which indicate that the method could be used to describe such important dehydration

effects. This term is a short-range potential and its use implies knowledge of the struc-

ture of the surface involved and a consistent set of radii that accurately describe the

dehydration effects.

It should be noted that Schaefer’s method was originally meant for asinglesolute

system. The quality of the implementation required for this work was demonstrated by

using the software for a selection of single-solute test cases and the results were also

compared to another methodology. The few errors that were observed in the results

(see Figure 28) are probably due to the different parameter sets (CHARMM (Brooks

et al. 1983) and ICM) that are used for the assignment of van der Waals radii and

charges of atoms. The smoothing parameterα (see Section 2.5.3) is also a reason

for errors included in the ACE model. Due to the different values of this smoothing

parameterα, somewhat different errors are generated. In the case of small molecules,

smoothing parameterα was set equal to 1.6 even though the average error is found

unique minimum atα=1.6 (Schaefer & Karplus 1996).
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7 Summary

To understand the role of electrostatics in biomolecular systems, this work introduces

two novel formulations to estimate the strength of electrostatic interactions between so-

lutes. One method is based upon the boundary element method (BEM) and focuses in

particular on the inclusion of the effects due to ionic strength. The second method con-

siders protein-membrane association and in particular attempts to properly describe the

effects due to mutual polarization between solutes. Both methods start from continuum

electrostatics.

Many, if not all, current methods rely on the non-linear Poisson-Boltzmann equation

to include the effects of ionic strength in biomolecular systems. The present formula-

tion, however, describes ionic strength through the inclusion of explicit ions, which

considerably extends its applicability and validity range. The method relies on the

boundary element method (BEM) and results in two very similar coupled integral equa-

tions valid on the dielectric boundaries of two molecules, respectively. The method

can be employed to estimate the total electrostatic energy of two protein molecules at

a given distance and orientation in an electrolyte solution with zero to moderately high

ionic strength. The formulation is equally applicable to the case of a single solute in

an electrolyte. A number of Monte Carlo simulations of protein-like solutes in NaCl at

various concentrations have been performed and demonstrate the method’s usefulness

in estimating the electrostatic contribution to the potential of mean force between two

biomolecules in an electrolyte. The method can easily be incorporated into existing

simulation schemes, is not limited to 1:1 electrolytes, and is suitable for coarse-grained

simulation models.

The second formulation is concerned with protein-membrane association. Standard

continuum electrostatics cannot immediately be applied, because one of the solutes is

described as an infinite slab. This work focuses on two important energetic contribu-

tions to the free energy, namely an electrostatic term modulated by mutual polarization

effects (expressed by different dielectric constants for solute and solvent) and a dehy-

dration term that models the displacement of water from an interface upon binding.

The total electrostatic energy of the system is calculated partly based on the so-

called analytical continuum electrostatic (ACE) method and starts from the energy den-

sity of the system. The electrostatic component is formulated such that it separates a
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direct screened Coulomb contribution from polarization effects. Therefore the direct

contribution can be computed using very efficient methods for calculating electrostatic

interaction in systems with 2D (and 3D) symmetry. This work relies upon the Lekner

summation for calculation of the Coulomb interactions at interfaces, whose usefulness

has been demonstrated in a series of test calculations. ACE is employed to estimate the

electrostatic component for a single solute in a charge-free solvent (water).

The method requires two basic assumptions to arrive at a formulation for the elec-

trostatic component that is suitable for implementation on a computer. One of them is

the so-called Coulomb approximation for the electric displacement, commonly applied

in the case of a single solute in a charge-free solvent. From a series of test calcula-

tions, however, it was concluded that the current formulation fails to capture the effects

of polarization at short distances, and consequently it still requires more work to cor-

rect for these defects. The main cause of this problem is the failure of the Coulomb

approximation when applied to multi-solute systems.

The non-polar contribution term is a straighforward extension of the non-polar com-

ponent of the ACE method when applied to a multi-solute system. Its usefulness has

been demonstrated for the case of two simple solutes.
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Appendix 1 Matrix-vector formulation

To handle the integral equations (Eqs (125), (126)) numerically, various schemes have

been proposed. A very simple approach is followed here. The equations are seen to be

of the type

CA f (s) =
∫

∑A

K(r,s) f (r)dσ +
∫

∑B

K(r,s)g(r)dσ +Q(s), (201)

CBg(t) =

∫

∑A

K(r, t)g(r)dσ +

∫

∑B

K(r, t) f (r)dσ +Q(t), (202)

where f (r) = (εS− εA)φA(r) andg(r) = (εS− εB)φB(r) with r ∈ ∑A andr ∈ ∑B. The

source terms in Eqs. (125) and (126) are represented by the Coulomb potentialQ(s) =

∑i
qi
ε0

F(r,s), where the sum is overall charges. The constant areCA = (εS+ εA)/2 and

CB = (εS+ εB)/2 and the kernelK(r,s) = ∂F(r,s)
∂n .

To proceed, the functionsf andg are discretized on so-called collocation points,

according to

f (r) = ∑
i

wi(ri ,r) fi , (203)

g(r) = ∑
j

wj(r j ,r)g j . (204)

Here,ri andr j refer to the collocation points on the boundary ofA andB, respec-

tively, and fi = fi(ri) andg j = g j(r j) are the values off (r) andg(r) at ri andr j , re-

spectively. The functionswk(rk,r) are functions defined only on the boundaries. With

Eqs (203), (204), Eqs (201), (202) become
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CA∑
k

wk(rk,s) fk = ∑
i

fi

∫

∑A

K(r,s)wi(ri ,r)dσ +∑
j

g j

∫

∑B

K(r,s)wj (r j ,r)dσ ,

+ Q(s) (205)

CB∑
l

wl (rl , t)gl = ∑
i

gi

∫

∑A

K(r, t)wi(ri ,r)dσ +∑
j

f j

∫

∑B

K(r, t)wj(r j ,r)dσ .

+ Q(t) (206)

Multiplying Eq (205) from the left withwm(rm,s) with rm, s ∈ ∑A and integrating

over∑A, it is found that

CA ∑
k

fk

∫

∑A

wk(rk,s)wm(rm,s)dσs

= ∑
i

fi

∫

∑A

∫

∑A

K(r,s)wi(ri ,r)wm(rm,s)dσdσs

+ ∑
j

g j

∫

∑A

∫

∑B

K(r,s)wj (r j ,r)wm(rm,s)dσdσs

+

∫

∑A

Q(s)wm(rm,s)dσs. (207)

Similarly, multiplying Eq (206) from the left withwn(rn, t) with rn, t ∈ ∑B and

integrating over∑B, it is found that

CB ∑
l

gl

∫

∑B

wl (rl , t)wn(rn, t)dσt

= ∑
i

gi

∫

∑B

∫

∑A

K(r, t)wi(ri ,r)wn(rn, t)dσdσt

+ ∑
j

f j

∫

∑B

∫

∑B

K(r, t)wj(r j ,r)wn(rn, t)dσdσt

+

∫

∑B

Q(t)wn(rn, t)dσt . (208)

In a matrix-vector notation, Eqs (207), (208) are written as

150



CA∑
k

Umk fk−∑
i

Kmi fi−∑
j

Lm jg j = Pm, (209)

CB∑
l

Vnlgl −∑
i

Mnigi−∑
j

Nn j f j = Qn, (210)

where

Ui j =

∫

∑A

wj (r j ,s)wi(ri ,s)dσs, (211)

Vi j =

∫

∑B

wj (r j , t)wi(ri , t)dσt , (212)

Ki j =
∫

∑A

∫

∑A

K(r,s)wj (r j ,r)wi(ri ,s)dσdσs, (213)

Li j =

∫

∑A

∫

∑B

K(r,s)wj (r j ,r)wi(ri ,s)dσdσs, (214)

Mi j =
∫

∑B

∫

∑A

K(r, t)wj(r j ,r)wi(ri , t)dσdσt , (215)

Ni j =

∫

∑B

∫

∑B

K(r, t)wj(r j ,r)wi(ri , t)dσdσt , (216)

Pi =

∫

∑A

Q(r)wi(ri ,r)dσ , (217)
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Qi =
∫

∑B

Q(r)wi(ri ,r)dσ . (218)

MatricesU andV are termed ‘overlap’ matrices.

To proceed further, the surface is divided into boundary elements, so thatf∑ =

∑k
∫

∑k
becomes a sum of integrals over boundary elements. Also, a collocation pointri

is corresponded to the center of boundary element∑i . Finally, if wi(ri ,r) is of the form

wi(ri ,r) =
1
4i

, ri ∈∑
i

,

= 0, ri 6∈∑
i
, (219)

where4i is the total area of elementi, Li j becomes

Li j =
1
4i4 j

∫

∑(A)
i

dσs

∫

∑(B)
j

dσK(r,s), (220)

where the superscripts (A) in ∑(A)
i and (B) in ∑(B)

j are to indicate that elementi and j

belong to the boundary ofA andB, respectively. Eq (219) corresponds to assuming

that the unknowns functionsf (r) andg(r) are constant over each boundary element

and are given as the average of the values off (r) andg(r) over the boundary element.

Eq (220) can easily be computed by numerical means to a desired accuracy (Zauhar &

Morgan 1985). Some care must be taken wheni and j both refer to the same boundary

element (Jufferet al. 1991)(inKi j andNi j ). Eqs (211), (212) and (214-218) can be

treated in a similar fashion asLi j . Also Eqs (112), (113) and (116) can be computed

along similar lines. For example,Pi becomes

Pi =
1
4i

∫

∑(A)
i

dσQ(r),

(221)

where the integration is over boundary elementi located on the boundary ofA. Note

thatUi j (andVi j ) becomes
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Ui j =
1
4i

, i f i = j,

= 0, i f i 6= j, (222)

The matrix Eqs (209, 210) can be combined into a single matrix equation

(cTI−S)x = b. (223)

If n = nA + nB is the total number of collocation points (boundary elements), then

the vectorx of lengthn represents the unknownsfi = xi(i = 1,nA) andgi = xnA+ j( j =

1,nB) and the right-hand-sideb of lengthn represents the source termsPi andQi in

Eqs (201) and (202).I is a diagonal matrix carrying the matrix elemensUii andVj j

andc is a vector for whichci = CA for i = 1,nA andci = CB for i = nA + 1,nA + nB.

The superscriptT refers to the transpose ofc. S contains the kernelsK,L,M andN.

Eq (223) can be solved forx by means of LU decomposition methods (Presset al.2002)

or iterative procedures (Hildebrand 1987). This work relies on the LU-decomposition

method. After the solution of the matrix Eq (223) is obtained, it is required to integrate

over the boundaries ofA andB to obtain the potential due to the boundaries, Eqs (112),

(113) and (116). For instance, with the collocation method presented in this Appendix,

the contributionφ (b)
A (rA

k ) at rk to the total potentialφA(rA
k ) arising from the surface

integrals in Eq (112) becomes

φ (b)
A (rA

k ) =
1
εA

∑
i

fi
4i

∫

∑(A)
i

K(r,rk)dσ +
1
εA

∑
j

g j

4 j

∫

∑(B)
k

K(r,rk)dσ

(224)

or, as a matrix-vector equation,

φ (b)
A,K =

1
εA

∑
i

Xki fi +
1
εA

∑
j

Xk jg j (225)

with
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Xi j =
1
4 j

∫

∑(A)
j

K(r,ri)dσ (226)

and

Yi j =
1
4 j

∫

∑(B)
j

K(r,ri)dσ , (227)

These equations can be combined into a single eqation of the form

φ (b) =
1
εA

Zx, (228)

where the matrixZ now contains bothX andY. Almost identical equations but with a

different prefactor(ε−1
A ) can be derived for the surface integrals of Eqs (113) and (116).
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