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Abstract

From the very beginning of modern ionospheric science, different radar applications
have been utilised in ionospheric measurements. The most sophisticated ionospheric
radars are the incoherent scatter radars, which detect the extremely weak scattering of
radio waves from thermal fluctuations in the ionospheric plasma. Besides the low sig-
nal level, the stochastic nature of the scattering process causes further complications
to the measurements. The scattering produces a zero-mean random signal, whose au-
tocorrelation function contains the information of the ionospheric plasma parameters.
Incoherent scatter radars have been used for about half a century, but the demanding
task of developing transmission modulation and data analysis is still in progress.

In this thesis, a statistical inversion based method for removing range ambiguities
from the autocorrelation functions, lag profile inversion, is applied to incoherent scatter
radar data. The data have been recorded with the EISCAT incoherent scatter radars,
located in Northern Fennoscandia. The method is first applied to standard EISCAT
experiments, the results giving strong evidence that the method is applicable for the
purpose, and it provides results of at least equal quality with the present standard meth-
ods. In subsequent studies, new radar modulation methods are developed, which may
provide significant improvements to the present incoherent scatter radar experiments.
All the methods have been tested with a real radar, and lag profile inversion has been
successfully applied to the recorded data. The methods are also put to use in order to
measure the predicted effects of artificial heating of the free electrons in the D-region of
the ionosphere.
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1. The ionosphere

1.1. Some historical remarks

In literature, several different persons have gained credit for the first speculations
on the existence of an ionised upper atmosphere. According to Appleton [1947], the
hypothesis of electric currents flowing in a conducting upper atmosphere was first
put forward by B. Stewart in 1882 as an explanation for the daily changes in the
Earth’s magnetic field. Stewart actually mentioned the possibility of a conducting
upper atmosphere already in 1860, in a report of two large magnetic disturbances
[Stewart , 1860]. The disturbances were apparently in connection with the well
known Carrington Super-Flare [Carrington, 1859; Hodgson, 1859].

References indicating similar speculations by C.F. Gauss in 1839 and by Lord
Kelvin in 1860 are given by Rishbeth and Garriott [1969]. Gauss proposed the
upper-atmospheric conductivity as a possible explanation for the daily magnetic
variations, whereas Kelvin’s speculations were in connection with the phenomena
of atmospheric electricity. Despite the rather contradictory records, it is evident
that the possibility of electrical conductivity in the upper atmosphere was consid-
ered by several scientists during the 19th century.

The theory of a conducting atmospheric layer became topical in 1901 when
G. Marconi performed his famous transatlantic radio transmission. Soon after
Marconi’s experiment, both A.E. Kennelly and O. Heaviside concluded that a
conducting upper atmosphere could guide radio waves around the globe. In the
absence of direct evidence, the theory was not yet generally approved, though the
Kennelly-Heaviside layer was the best explanation for the success of Marconi’s
experiment.

1.2. The beginning of the ionospheric science

The first direct evidence of the existence of a conducting upper-atmospheric layer
was collected in 1925, when the existence of electromagnetic waves, reflected from
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the upper atmosphere, was confirmed by Appleton and Barnett [1925]. The re-
sult was based on careful studies of radio signals received near the transmission
antenna. More evidence of high conductivity in the upper atmosphere were col-
lected by Breit and Tuve [1926], who were able to separately detect both a short
radio pulse transmitted upwards and its ionospheric echo. The pulse transmission
method was soon developed into vertical incidence sounding, providing detailed
information on the height profile of the atmospheric electron density. Sounding
devices, nowadays called ionosondes, were built in several locations and Appleton
and Naismith [1935] were soon able to present a rather detailed study of seasonal
and diurnal variations in the ionosphere.

1.3. The main characteristics of the ionosphere

In the present standard nomenclature, the partly ionised region of Earth’s at-
mosphere is called the ionosphere. The main source of the ionisation is photo-
ionisation, caused by solar UV-radiation, but also particle precipitation has a
significant effect in the polar regions [e.g. Brekke, 1997]. An example of the prop-
erties of the ionospheric plasma is given in Fig. 1.1, where modelled values of the
plasma parameters usually of interest in incoherent scatter radar measurements
are plotted as a function of height. The parameters are calculated for the geo-
graphical coordinates of the EISCAT Tromsø radar station, in summer daytime
conditions (July 1 2009 11:00 UT), using the International Reference Ionosphere
version 2007 [Bilitza and Reinisch, 2008].

The ionosphere is divided into different regions according to the “normal” elec-
tron density values. The very lowest part, from 50 km to 90 km, where weak
ionisation exists mostly during daytime, is called the D-region. The local electron
density maximum around 100 km is called the E-region, whose height-extent is
tens of kilometres. The electron density in the E-region is considerably higher
than in the D-region; the value of about 1011 m−3 in Fig. 1.1 may be considered
rather normal. In some cases an F1-region is formed around 200 km of height, and
the global electron density maximum, the F2-region, is located around 300 km.

Above the F2-region maximum, the electron density gradually decreases and
the ionosphere is connected to the magnetosphere without a clear boundary. The
degree of ionisation is actually still increasing with height, but not enough to
compensate the decrease in particle density. The trend continues throughout the
upper ionosphere and the magnetospheric gas is already fully ionised. The heights
given for different regions are only approximative, as the locations of electron
density maxima of different regions are subject to rather substantial variations;
neither are all of the regions always present.

The other parameters in Fig. 1.1 are the ion-neutral collision frequency, the
electron and ion temperatures, and the mean ion mass. The exponential decrease
in neutral density is seen as a dramatic drop in the ion-neutral collision frequency.
The modelled temperatures of the ion and electron gases are considerably different
in the F-region, where collisions do not produce significant heat transfer between
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Fig. 1.1. Plasma parameters as function of height, calculated with the IRI2007-model,

for Tromsø geographical coordinates, for July 1 2009, 11:00 UT (local noon). Upper left

panel: the number density of free electrons. Upper right panel: the temperatures of ion

and electron gases. Lower left panel: the ion-neutral collision frequency. Lower right

panel: the mean ion mass.



4

electrons and heavier particles, but heat is still transferred from the ions to the
neutrals [Brekke, 1997]. In the D- and E-regions, where frequent collisions produce
heat transfer between different particle species, temperature differences fade out
much more rapidly than in the upper ionosphere. In ion mass, clearly visible
transition from O+

2 (mass 32 u) and NO+ (30 u) in the E-region to O+ (16 u) in
the F-region is present. In the upper ionosphere, the increasing fraction of H+ (1
u) still decreases the mean ion mass.

The modelled parameters are only examples of average conditions in the iono-
sphere, but Fig. 1.1 should work as a demonstration of the very large variations in
the ionosphere over the 1000 km height interval. As a rough estimate, the height
interval detectable with the EISCAT incoherent scatter radars is equal to that
included in the plot. Within this interval, the electron density and ion-neutral
collision frequency have variations of several orders of magnitude and the tem-
peratures range from a couple of hundred to a few thousand Kelvin. These large
differences in the target properties at different heights cause certain problems in
incoherent scatter radar measurements. The problems will be discussed in more
detail in section 3.4, and solutions to the problems are proposed in papers IV and
V.

1.4. Ionospheric heating

Special ionospheric heating experiments are used in the studies of paper III. In
these experiments, a radio frequency transmitter is used to accelerate the free
electrons in the ionosphere. When colliding with other particles, the kinetic energy
of the electrons turns into random thermal motion, i.e. the temperature increases.
The heating effect was first unintentionally observed in the so called Luxembourg
effect, in which a powerful radio station was radiating to the signal path of another
transmitter and modulating its signal [Tellegen, 1933]. The modulation was caused
by changes in ionospheric electron temperature which, in turn, led to changes in
a radio signal propagating in the ionospheric plasma at the same time. The RF
heating is nowadays utilised in active plasma-physical experiments. The method is
only shortly noted here because the plasma physics behind the heating experiments
is not the main topic of this thesis. For more detailed information on ionospheric
heating, see Kero [2008] and references therein.



2. Ionospheric incoherent scattering

About thirty years after the first direct observations of the ionosphere, radar tech-
nology had developed enough for the next step in ionospheric radar measurements.
It was first pointed out by Gordon [1958] that weak Thomson scattering from the
free electrons in the ionosphere should be detectable with a radar, built of the
best components available at that time. Gordon based his calculations on the
assumption of totally free electrons, leading to an estimate of a very large signal
bandwidth. The so called incoherent scattering was measured soon after Gor-
don’s publication by Bowles [1958]. The measured backscatter power was roughly
in agreement with Gordon’s prediction, but the spectral width turned out to be
much smaller.

After the discovery of the detectable incoherent scattering, several theoretical
works, explaining the shape of the observed scattering spectrum, were published.
Dougherty and Farley [1960] derived the spectrum for non-magnetised, collisionless
plasma. The derivation was based on the theory of Landau damping [Landau, 1946]
and on the fluctuation dissipation theorem [Callen and Welton, 1951; Callen et al.,
1952; Callen and Greene, 1952; Greene and Callen, 1952], which is a generalised
version of the Nyquist’s theorem of noise in an electric circuit [Nyquist , 1928].
They soon continued by including magnetic field [Farley et al., 1961] and ion-
neutral collisions [Dougherty and Farley , 1963], then discussed on the effects of
ion-ion collisions [Farley , 1964], and finally included the effect of unequal ion and
electron temperatures [Farley , 1966]. Starting from a different basis, E.E. Salpeter
published a similar series of papers [Salpeter , 1960a;b; 1961a;b; 1963; Salpeter
and Treiman, 1964]. Furthermore, Hagfors [1961] published a theory of plasma
density fluctuations, and both Buneman [1962] and Cohen [1963] also gave their
contributions to the field.

All these studies shared a common result: the ionospheric electrons are not
completely free, but their motion is controlled by the much more massive posi-
tive ions. Thus, though the signal is physically scattered from the electrons, the
spectrum shape more closely corresponds to the ion velocity distribution. The
accurate theory of the scattering process opened the door to ionospheric radar
measurements of not only the electron density, but also electron and ion tempera-
tures, the plasma bulk velocity and, in certain conditions, the ion-neutral collision
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Fig. 2.1. The power spectral density of incoherent scattering (left) and the real part of

the corresponding autocorrelation function (right), for a 224 MHz radar. The spectrum

is calculated using the modelled plasma parameters plotted in Fig. 1.1.

frequency. Unlike ionosondes, incoherent scatter radars are also capable of measur-
ing the upper ionosphere above the F-region maximum. A rather complete review
of the techniques developed during 1960’s is given by Evans [1969].

The most commonly measured part of the incoherent scatter spectrum is the so
called ion line. The scattering process causing this particular spectral “line” closely
resembles Bragg’s scattering from wavefronts of ion-acoustic waves. An example of
the theoretical height dependence of the ion line power spectral density is plotted
in the left panel of Fig. 2.1. The origin of the frequency axis is the carrier frequency
of the EISCAT Tromsø VHF radar (224 MHz). The same frequency is used in the
spectrum calculations, together with the modelled plasma parameters plotted in
Fig. 1.1. As seen from the figure, the spectrum is only a few kHz wide; evolving
from a very narrow D-region spectrum into a double-humped shape in the F-region.
The Fourier transform of the power spectral density, the autocorrelation function,
is plotted in the right panel of the figure. For practical reasons, radar experiments
are usually designed for measuring the autocorrelation function, as explained in
section 3.3.

Another type of wave motion, electron acoustic waves, may also cause scattering.
It is seen as two narrow spectral lines, a few MHz apart from the carrier frequency,
at both sides of it. These plasma lines would provide an absolute value of the
electron density and even information of the electron temperature [Hagfors and
Lehtinen, 1981]. The plasma lines are an important part of many incoherent
scatter radar experiments, but they are not treated in the works included in this
thesis.



3. Some basic concepts of a radar

RADAR (RAdio Detecting And Ranging) is a system using electromagnetic ra-
diation at radio frequencies, either continuous waves or short pulses, to probe
remote objects. The system may either consist of a single antenna, used for both
transmission and reception, or additional remote antennae may be used for signal
reception. The former kind of system is called monostatic, whereas systems con-
sisting of several antennae are called multistatic. In this thesis, only monostatic
pulsed radars are considered.

3.1. Pulsed radar transmission

In a pulsed radar system, short radio pulses are transmitted consecutively. In
between the pulses, the radar is switched into reception mode, in order to detect
the possible echoes from remote objects. The time period from a start of pulse
to the start of the next one is called an inter-pulse period (IPP). In most radar
measurements, the inter-pulse periods are of equal length and chosen to be long
enough for a pulse to traverse the whole target before the next pulse is trans-
mitted. Special techniques, allowing pulses to be transmitted with much shorter,
non-uniform, intervals are introduced by Uppala and Sahr [1994; 1996] and Pirttilä
et al. [2005], and are applied to incoherent scatter radar works in papers IV and
V. Non-uniform inter-pulse periods are also used in Moving Target Identification
(MTI) radars, which belong to a completely different branch of radar technol-
ogy than the incoherent scatter radars treated in this thesis [e.g. Skolnik , 1990;
Schleher , 1991].

The frequency of the transmitted pulses is centred around a carrier frequency
νc. As a convenient model, the radar pulses can be expressed as a product of a
continuous sinusoidal carrier signal and a modulating transmission envelope. The
envelope may modulate signal phase, signal amplitude, or both. The transmitted
signal

sr
tx(t) = carr(t) · envr(t), (3.1)
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where t is time, is a product of a transmission envelope

envr(t) = Aenv(t) · cos (φenv(t)) (3.2)

and the carrier
carr(t) = Acar · cos (2πνcart + φcar). (3.3)

Here Ai is the amplitude and φi the phase of the envelope, or the carrier, cor-
respondingly. The phase of the carrier is a time-independent constant, because
modulation in both amplitude and phase are included in the envelope term. In
the present EISCAT systems amplitude modulation is not possible, i.e. Aenv has
only two possible values; 1 and 0. In addition, only binary phase-codes can be
transmitted, i.e. φenv is either 0 or π.

As an example, the transmission envelope of a single pulse of duration tp, trans-
mitted at time zero, is defined as

envp
r(t) =







0 t < 0
1 0 ≤ t ≤ tp.
0 t > tp

(3.4)

3.2. Signal reception and filtering

The true radar signal amplitudes are real-valued, but it is convenient to convert the
amplitudes to complex numbers using IQ-detection (In-phase/Quadrature). With
the complex-valued signal the carrier frequency can be down-converted to zero,
turning it into a time-independent constant, which greatly simplifies the further
analysis. Usually the receiver is tuned to perform the proper frequency mixing,
followed by some filtering and proper decimation, before storing the data. In data-
analysis, further frequency mixing and decimation are still possible. When mixing
to zero-frequency, the carrier frequency is eliminated from the formulae and the
IQ-detected transmission signal is

stx(t) = Aenv(t) · Acar · e
i(φenv(t)+φcar)

= A(t) · eiφ(t), (3.5)

where t is time. The carrier wave and transmission envelope are

env(t) = Aenv(t) · e
iφenv(t), (3.6)

car(t) = Acar · e
iφcar . (3.7)

After transmission, the pulse propagates away from the antenna at the speed of
light. When the pulse hits a static coherent object at range r, a part of its energy
is reflected backwards. The time taken for a signal to travel to the object and back
to the antenna is the roundtrip time S = 2r/c, where c is the speed of light. The
echo signal from this particular object is

ssc(t) = A0 · stx(t − S) = A0 · A(t − S) · eiφ(t−S), (3.8)
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where the complex constant A0 is the total backscattering coefficient of the target.
In a more general case, the target is continuous in range and the signal is scattered
from all ranges. If the backscattering coefficient as a function of roundtrip time is
a(S), the total signal scattered from the continuous target is

ssc(t) =

∫

S

stx(t − S)a(S)dS = (stx ∗ a)(t), (3.9)

where the asterisk means convolution operation.
It is not possible to perform the signal sampling with an infinite frequency band-

width, but the reception device always has an impulse response of finite length. If
the filter impulse response is p(t), the true received signal is a convolution of the
impulse response and the unfiltered signal,

zrx(t) = (p ∗ ssc)(t). (3.10)

Because the convolution operation is associative, the received signal can be alter-
natively expressed in the form

zrx(t) = (ztx ∗ a)(t), (3.11)

where ztx(t) is the convolution of the original transmitted signal and the receiver
impulse response,

ztx(t) = (p ∗ stx)(t). (3.12)

3.3. Autocorrelation function and power spectrum

If only one thin target would be present, sufficiently far away from the radar, one
could transmit a long pulse, record the echoes as a function of time, and calculate
the scattering spectrum using Fourier transform,

Z(ν) = F {zrx(t)} . (3.13)

If necessary, several spectrum measurements could be performed and the results
could be averaged. However, the ionospheric target is continuous in range, and
the measured spectrum would actually have substantial contributions from several
different ranges, the measurement is said to be ambiguous in range.

Because a higher range resolution is required, a method for removing the range
ambiguity is needed. As we are not interested in the Fourier spectrum Z(ν) itself,
but only in the power spectral density, or power spectrum |Z(ν)|2, the method of
first calculating the signal autocovariance is used. For historical reasons, the signal
autocovariance function is called autocorrellation function, though it is actually
lacking the appropriate normalisation. Actual methods for removing the range
ambiguity from the autocorrelation functions are reviewed in chapters 4 and 5.

The signal scattered from a narrow range interval of the ionosphere may be well
defined as a stationary zero-mean Gaussian random process. Naturally, the process
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is not assumed to remain stationary over extended periods of time, but only in
the time scale of the analysis time resolution, the integration time. The received
signal is not a stationary process, as the scattering properties vary along the radar
beam, but it is a zero-mean process, as the received signal is a sum of several
independent zero-mean elementary signals. Thus, any DC-offset in recorded data
can be assumed to origin either from the receiver or from ground clutter, and
should be subtracted before further analysis, if possible.

Let us still assume that only a single thin target is present and the target is
continuously illuminated by a simple sinusoidal signal. Due to the stationarity of
the received signal, its autocorrelation function depends only on a time lag τ . If
angle brackets are used to denote the ensemble average (the expectation value),
the autocorrelation function of the received signal is

R(τ) = 〈zrx(t)z∗rx(t − τ)〉. (3.14)

Because the signal is stationary, the autocorrelation function can be expressed as
the limiting value of an integral,

R(τ) = lim
T→∞

1

2T

T
∫

−T

zrx(t)z∗rx(t − τ)dt. (3.15)

The autocorrelation function, as defined in 3.15, is the Fourier transform pair of
the power spectral density,

|Z(ν)|2 = F {R(τ)} . (3.16)

In practice, the autocorrelation function cannot be estimated using Eq. 3.15,
because the measurement must be performed within the limits of the integration
time, and only discrete signal samples are available. In real measurements, the
ensemble average in Eq. 3.14 is approximated as a sample average, by averaging
products of the discrete signal samples over the integration period,

R(τj) ≈
1

N

N
∑

k=1

zrx(tk)z∗rx(tk − τj), (3.17)

where N is the number of lagged products collected during one integration period.
With a monostatic pulsed radar, only those instances of time, when the target is
illuminated at both time instances tk and tk − τj , can be included in the average.
If the target is continuous in range and the radar pulses are short, the scattering
process can be assumed to be stationary inside the range interval covered by a
pulse. Then, if pulses are transmitted at suitable time intervals, the autocorrela-
tion function of the scattered signal, as a function of roundtrip time S and time
lag τj , can be estimated;

R(S, τj) ≈
1

N ′

N ′

∑

k=1

zrx(S, tk)z∗rx(S, tk − τj), (3.18)
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where z(S, tk) is the signal scattered from the range corresponding the roundtrip
time S at time tk. A range profile of a fixed time lag of the autocorrelation
function is called a lag profile. When transmitting longer pulses, or short pulses
with short inter-pulse periods, each signal sample has contribution from several
ranges. Methods for correctly treating this problem are discussed in chapters 4
and 5.

3.4. Underspread and overspread targets

In order to measure the scattering spectrum by means of the autocorrelation tech-
nique, the autocorrelation function needs to be estimated with high enough time
lag resolution ∆τ and long enough time lag extent τmax. The actual values of
∆τ and τmax are height-dependent, because the shape of the autocorrelation func-
tion varies with height. In a properly designed experiment, the pulse lengths and
inter-pulse periods should be carefully chosen to provide echoes at sufficient time
intervals, which facilitate the requirements of the target, from all heights of inter-
est. The terms underspread and overspread target are related to the ratio of signal
roundtrip time to and from the target to the required lag extent and lag resolution
(see Fig. 3.1). A similar inspection could be performed using the spectral width
and the inverse of the roundtrip time.

Let us assume that a target is located in the radar beam at distance r from the
radar, meaning that the roundtrip time to and from the target is S = 2r/c. If signal
reception is started immediately after the transmission has ended, the last echo
from the target is received S time units after the beginning of the reception. It is
now possible to separate two clearly different situations; if the required lag extent
is smaller than the roundtrip time, τmax < S, the target is severely overspread
and, if the required lag resolution is larger than the roundtrip time, ∆τ > S, the
target is underspread.

If the target is severely overspread, an S time units long series of echo samples
is long enough for proper estimation of the autocorrelation function. Thus, the
severely overspread targets can be measured by transmitting long pulses, tp >
τmax, whose echoes are received until the whole pulse has passed the target. The
autocorrelation function is then calculated at time lags shorter than the pulse
length. These short time lags are hereafter called intra-pulse lags. With intra-
pulse lags, the required lag resolution ∆τ is always possible to achieve because the
lag resolution is only limited by the signal sampling frequency.

If the target is underspread, it is possible to select an inter-pulse period ful-
filling the lag resolution requirement, ti ≤ ∆τ . In the simplest situation, short
pulses matched to the desired range resolution are used and the signal sampling
is matched to the pulse length. Exactly one echo from the target is received from
each pulse, and the time series of echoes is produced by combining the echoes from
different pulses. Echoes from different pulses are now correlated in the analysis,
which is the reason to call these time lags pulse-to-pulse lags. The final lag resolu-
tion of the pulse-to-pulse lags is matched to the inter-pulse period, but arbitrarily
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Fig. 3.1. The same autocorrelation function as in Fig. 2.1, after normalising the backscat-

ter power at each range to unity. Range is expressed as roundtrip time to make the

difference between overspread and underspread targets more understandable (1 ms in

roundtrip time equals to 150 km). At the solid black line, the roundtrip time is equal to

the time lag. Targets, whose ACF go to zero before reaching the line, are severely over-

spread, others are either moderately overspread or underspread. Evidently, the upper

E-region and F-region are severely overspread targets, whereas the D-region alone would

be an underspread one.
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long time lags can be measured with the pulse-to-pulse method.
In between the two extreme cases are the moderately overspread targets, for

which τmax ≥ S and ∆τ ≤ S. Their autocorrelation function is too long to
be estimated with the long pulses, but a sufficient time lag resolution cannot
be achieved with the short pulses, if transmitted with uniform inter-pulse periods.
There are special methods for measuring the moderately overspread targets, which
avoid the problems regarding the lag resolution, or the lag extent, by transmitting
the pulses with non-uniform inter-pulse periods [Uppala and Sahr , 1994; 1996;
Pirttilä et al., 2005; Chau et al., 2004; Hysell et al., 2008].

The previous discussion only included the simplest possible situation of having
a single thin target in the radar beam. A more realistic case is that of having
a continuous target, with different autocorrelation functions at different parts of
it. In the realistic case, the target as whole can be considered severely overspread
only, if it is severely overspread at all ranges and, as a whole underspread, only,
if the required lag resolution is at all ranges larger than the signal roundtrip time
to and from the furthermost part of the target. Because the range extent of
the measurable ionosphere is usually at least several hundred kilometres, and a
few millisecond correlations are located at the nearest ranges, the ionosphere as
a whole usually falls in the difficult class of the moderately overspread targets.
Furthermore, the correlation time in the F-region is usually so short that even the
methods developed for moderately overspread targets are not easily applicable. In
section 6.1, as well as in papers IV and V, special methods for the ionospheric
target are developed.



4. Transmission modulation

Special transmission modulations are usually applied to incoherent scatter radar
experiments in order to improve the range resolution. Some of the commonly used
methods are originally aimed for coherent targets, but may be used in incoherent
scatter works with certain restrictions [e.g. Gray and Farley , 1973]. The special
nature of the ionospheric target has also led to development of special coding
methods, only intended for incoherent targets.

4.1. The range ambiguity function

Due to the nature of incoherent scattering, the received signal is noise-like. The
echo signal from the ionosphere is Gaussian random noise with certain correlation
properties. Thermal noise from the receiver and sky noise produce a substantial
contribution to the recorded signal – in some cases the noise power may far exceed
the power of the ionospheric echo. Unlike the ionospheric signal, the receiver noise
and sky noise are uncorrelated signals, and they are usually modelled as Gaussian
white noise. In spatial scales much larger than the radar wavelength, the signals
scattered from different plasma elements can be assumed to be independent. In a
given lagged product of the received signal and its complex conjugate, zrx(t)z∗rx(t−
τ), the correlating signal originates only from those plasma elements, whose signal
contributes in both factors of the product. This property has to be utilised, if one
is willing to measure the ionosphere with a sufficient range resolution.

Exact expression of the contribution from different ranges in a given lagged
product is given by the range ambiguity function [Lehtinen, 1986]. As in chapter
3, let us express the transmission signal as a product of a sinusoidal carrier and a
transmission envelope, and mark the signal roundtrip time to and from a range r
with S = 2r/c, where c is the speed of light. Furthermore, the impulse response
of the receiver is marked with p(t) and a monostatic radar system is still assumed.
With this notation, the range ambiguity function of a lagged product, as defined
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by Lehtinen [1986], is

Wt,τ (S) = (p ∗ env)(t − S)(p ∗ env)∗(t − τ − S)

= ztx(t − S)z∗tx(t − τ − S), (4.1)

where the asterisk as a superscript means the complex conjugate, otherwise the
convolution operation. The simple form of the range ambiguity function is due to
the independence of the scattering from different ranges.

As derived in [Lehtinen, 1986], the expectation of the lagged product zrx(t)z∗rx(t−
τ) is given by the integral

〈zrx(t)z∗rx(t − τ)〉 =

∫

S

Wt,τ (S)xτ (S)dS, (4.2)

where xτ (S) is the true lag profile. The integral can be alternatively written as a
convolution

〈zrx(t)z∗rx(t − τ)〉 =

∫

S

Wτ (t − S)xτ (S)dS = (Wτ ∗ xτ ) (t), (4.3)

where Wτ (t) is the range ambiguity envelope

Wτ (t) = (p ∗ env)(t)(p ∗ env)∗(t − τ) = ztx(t)z∗tx(t − τ). (4.4)

By comparing the equations 4.3 and 3.11, the similarity between autocorrelation
function measurements and measurements of static coherent targets is obvious.
Measuring estimates of autocorrelation function is exactly similar to measuring the
coherent target, if both the received echoes and transmission signals are replaced
by their lagged products. However, the measured lagged products zrx(t)z∗rx(t− τ)
are only single samples of a random process and several measurements are needed
for autocorrelation function estimation, whereas a single measurement may be
satisfactory for a coherent target.

4.2. Pulse-coding

The most basic forms of transmission modulation are the different pulse-coding
methods, in which the transmitter is simply switched on and off in a predefined
manner. The perhaps simplest form of a radar experiment is that of transmitting
short pulses, with length equal to the desired range resolution. In this way, an
estimate of the backscatter power as a function of range is achieved. The short
pulses were of interest at the early days of incoherent scatter measurements, when
the computing power available for signal processing was considerably smaller than
today [e.g. Farley , 1969a]. However, short pulses may still be an important part
of experiments, which combine several different modulation methods.

The short pulse method suffers from the fact that only the zero lag is provided
from an overspread target. Pulse-to-pulse correlations could be measured, but
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they are useful only for underspread targets. The simplest method for estimating
the scattering autocorrelation of an overspread target is that of using long pulses
[e.g. Farley , 1969b] which, in turn, leads to a very coarse range resolution.

The benefits of short and long pulses can be combined by transmitting a care-
fully selected sequence of short pulses, a multi-pulse code [Farley , 1972]. The total
duration of the sequence is chosen to be equal to the long pulse and the duration of
a single pulse equal to the short pulse. The pulse separations inside the sequence
are selected so that each separation is a multiple of the pulse length, and all pos-
sible pulse-pairs in the sequence have a different separation. When organised in
this way, the range ambiguity functions of the lagged products are identical to the
zero-lag range ambiguity function of a single short pulse.

The original multi-pulse modulations are designed for severely overspread tar-
gets. The modulation consists of separate pulses, but the whole pulse sequence is
intended to be transmitted before switching to reception. In aperiodic transmitter
coding (ATC) [Uppala and Sahr , 1994; 1996], the idea behind multi-pulse codes is
extended to pulse-to-pulse correlation measurements in a novel way, which is espe-
cially suitable for moderately overspread targets. The same method is also known
as simultaneous multiple pulse-repetition frequency (SMPRF) [Pirttilä et al., 2005].
With aperiodic transmitter coding, all pulse-to-pulse lags can be measured unam-
biguously up to the range corresponding to the length of the full inter-pulse period
cycle, instead of a single inter-pulse period.

4.3. Phase-coding

In phase-coding, long pulses with constant amplitude are transmitted, and the
phase of the carrier signal is modulated. Usually binary phase-coding is used,
where the pulse is divided into small pieces called bits, and the carrier phase of
selected bits is shifted by 180◦. In transmission envelopes, the phase-shifts are
equivalent to multiplications by -1, which makes the common way of expressing
the binary phase-codes as sequences of “+” and “-” signs very visual. In this thesis,
a sign-sequence applied to a single pulse is called a code, and one or more codes
belonging together form a code sequence. Usually, the codes in a code sequence
are transmitted subsequently.

The data from phase-coded pulses is conventionally analysed using special de-
coding filters. The procedure of simple coding and decoding in coherent target
detection can be easily understood by the explanation of Sulzer [1989], as follows.
Let the transmitted phase-coded waveform as a function of time to be env(t),
expressed as a convolution of a unit-pulse u(t) and a coding filter hc(t),

env(t) = (hc ∗ u)(t). (4.5)

The target backscattering coefficient, as a function of roundtrip time, is a(S).
Now, the signal scattered back to the receiver is a convolution of the transmission
envelope and the target

ssc(t) = (env ∗ a)(t) = (hc ∗ u ∗ a)(t). (4.6)
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In frequency domain, the Fourier transform of the scattered signal is S(ω), the
transform of the coding filter Hc(ω), the transform of the unit pulse U(ω), and
the transform of the target backscattering coefficient A(ω). The transform of the
scattered signal is a product of the other transforms,

S(ω) = Hc(ω)U(ω)A(ω). (4.7)

In the receiver, the signal ssc(t) is filtered with a decoding filter hd(t), and the
final decoded signal is the convolution of these two,

sd(t) = (hd ∗ ssc)(t). (4.8)

The Fourier transform of the decoded signal is a product of the Fourier transforms
of the decoding filter, the coding filter, the unit pulse, and the target,

Sd(ω) = Hd(ω)Hc(ω)U(ω)A(ω), (4.9)

where Hd(ω) is the transform of the decoding filter.
If it is possible to find a decoding filter such that Hd(ω)Hc(ω) = 1, the transform

of the decoded signal would be

Sd(ω) = U(ω)A(ω). (4.10)

After transforming back to time domain, the decoded signal is

sd(t) = (u ∗ a)(t), (4.11)

which is the signal expected from a unit pulse. Thus, the product of the Fourier
transforms of a phase-code and its perfect decoding filter is constant. Interestingly,
no assumptions on the actual shape of the unit pulse were made, meaning that
e.g. further phase-coding of the unit pulse is possible.

If the Fourier transform of the coding filter does not contain any zeros, a perfect
decoding filter could be generated through an inverse Fourier transform,

hd(t) = F−1

{

1

Hc(ω)

}

. (4.12)

This decoding filter would lead to perfect decoding, and is called an inverse filter
[Ruprecht , 1989] or a side-lobe free filter [Lehtinen et al., 2004]. The most common
way of filtering is known as matched filtering, where the impulse response of the
decoding filter is simply the complex conjugate of the code in reversed order,

hd(t) = h∗
c(−t). (4.13)

On the basis of known properties of Fourier transforms, the transforms of a code
and its matched filter are found to be complex conjugates, if the coding filter is
real. Thus, though the decoding with matched filtering is not perfect, the filter
still removes the phase-shifts from the received signal, if binary phase-codes are
used.



18

Phase-coding was originally developed for targets with high coherence, allowing
the decoding to be performed for the raw received signal. The simplest phase-
codes are the Barker codes [Barker , 1953], which are single codes optimised for
matched filtering. As a single constant-amplitude binary code cannot be perfectly
decoded with matched filtering, complementary code pairs [Golay , 1961] are used
in some applications. Their decoding is perfect when the matched filter outputs
of the two codes are averaged.

When measuring incoherent scattering, the target undergoes significant changes
even during the passage of a single pulse. The methods developed for highly coher-
ent targets are applicable to incoherent scatter radars, if the whole phase-coded
pulse is shorter than the time lag, where the first zero of the autocorrelation
function is located [Gray and Farley , 1973]. Unfortunately, this lag extent is not
sufficient for proper estimation of other parameters than the electron density. For
incoherent scatter radars, alternating codes [Lehtinen and Häggström, 1987; Sulzer ,
1993; Nygrén and Markkanen, 1997; Markkanen and Nygrén, 1997] and random
codes [Sulzer , 1986] have been developed. All lagged products of alternating codes
form complementary code sequences, allowing perfect decoding of lag profiles. The
random codes are basically similar to alternating codes, but their decoding hap-
pens only in statistical sense. The alternating codes of Lehtinen and Häggström
[1987] are called type 1 codes, and the codes of Sulzer [1993] are called type 2
codes.



5. Lag profile inversion

Lag profile inversion is a statistical inversion based method for removing range am-
biguities from autocorrelation function estimates. The procedure of implementing
the method for raw voltage data is introduced in paper I. Very similar analysis
methods have been published also by Lehtinen et al. [2002], Damtie et al. [2002],
and Nikoukar et al. [2008]. An inversion method has been used for power profile
data already by Lehtinen and Huuskonen [1986]. The method is computationally
much more expensive than the different decoding methods introduced in chapter
4. However, the method is a very attractive choice because it is directly applicable
to arbitrary transmission modulations, and it provides a straightforward way of
estimating measurement errors. With modulation methods designed for decod-
ing, the inversion may be always expected to provide at least equally good results
as decoding. In several cases the inversion allows a better analysis, e.g. when
the transmission waveform does not exactly follow the intended shape, or when
sporadic data loss is caused by meteors or space debris.

5.1. Radar experiment as a linear inverse problem

A lagged product of raw data is a composite of the true values of the autocorrela-
tion function in several plasma elements, plus noise. The range ambiguity function
(Eq. 4.1) tells, how each lagged product is composed of contributions from dif-
ferent ranges. In discrete form, each lagged product is a weighted sum of the
true autocorrelation function values at discrete range points, with the weighting
coefficients given by discrete values of the range ambiguity function.

During a single integration period, N signal samples, forming the column vector

z = (z1, z2, . . . , zN )T , (5.1)

where the superscript T means the matrix transpose, are recorded at times

t = (t1, t2, . . . , tN )T = k∆t, k = 1, 2, . . . , N, (5.2)



20

where ∆t is the sampling interval. The values zi are samples of received echoes
when the transmitter is off, and samples of transmission envelope, convolved with
the receiver impulse response, when the transmitter is on. The transmission enve-
lope is known to be zero when the transmitter is off, but some echo samples are
missing from the times when the transmitter is on. The missing echo samples can
be easily excluded later. Range is also discretised, with

r = (r1, r2, . . . , rM )T = cl∆t/2, l = 1, 2, . . . ,M, (5.3)

where c is the speed of light and rM is the largest range included in the analysis
– preferably the largest range from which detectable scattering is expected.

For time lag τ , the lagged products of the echoes

m = (mM+1, mM+2, . . . ,mN−τ )T , mi = zrx(ti)
∗zrx(ti + τ), (5.4)

are calculated, with an error

ε = (εM+1, εM+2, . . . , εN−τ )T (5.5)

associated to each of them. Hereafter the vector m is called the measurement. The
first M lagged products are discarded because the corresponding range ambiguity
functions cannot be fully constructed using the samples z. Furthermore, range
ambiguity envelopes

W = (W1, W2, . . . ,WN−τ )T (5.6)

are associated to each sampling time. The true autocorrelation function values at
each range are

x = (x1, x2, . . . , xM )T . (5.7)

The lagged product mM+1 is a linear combination of the true autocorrelation
function values, plus the measurement error,

mM+1 = WMx1 + WM−1x2 + WM−3x3 + . . . + W1xM + εM+1

=

M
∑

j=1

WM−j+1xj + εM+1. (5.8)

Similarly, mM+2 =
M
∑

j=1

WM−j+2xj +εM+2, etc. All measurements can be collected

into a matrix equation,
m = Ax + ε, (5.9)

where the theory matrix A is

A =











WM WM−1 . . . W1

WM+1 WM . . . W2

...
...

. . .
...

WN−τ−1 WN−τ−2 . . . WN−τ−M











. (5.10)

Each row of the matrix A is found to be the discrete range ambiguity function of
the corresponding lagged product. Those lagged products, which do not actually
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exist, are now easily removed by deleting the corresponding row from the set of
equations in 5.9. In the same manner, the lagged products e.g. contaminated by
ground clutter, or some other harmful signal, are easily excluded. The remaining
measurements, their errors, and the theory matrix are noted with m′, ε

′ and A′,
so that the final problem to be solved is

m′ = A′x + ε
′. (5.11)

The lagged products m′, the errors ε
′, and the unknowns x′ are all modelled as

normally distributed random variables. To calculate the formal solution of problem
5.11, one needs to first estimate the error covariance matrix

Σ = 〈ε′
ε
′H〉, (5.12)

where angle brackets are used to denote the expectation value and the superscript
H means the conjugate transpose (Hermitian conjugate). The Fisher information
matrix Q is then calculated, using the error covariance matrix and the theory
matrix,

Q = A′HΣ−1A′. (5.13)

Finally, the “most probable value” (maximum a posteriori) of x is

xo = Q−1A′HΣ−1m′. (5.14)

The error covariance of xo is the inverse of the Fisher information matrix,

Σx = Q−1. (5.15)

In real analysis, the full theory matrix is never stored in computer memory.
The matrix is formed in smaller pieces, one row or a few rows at a time. The
pieces are then fed to a special solver, FLIPS (Fortran Linear Inverse Problem
Solver) [Orispää and Lehtinen, 2008], together with the corresponding error vari-
ance. FLIPS is especially suitable for solving the large inverse problem, because
it allows each piece of the theory matrix to be removed from the computer mem-
ory after feeding it to the solver, which greatly reduces the computer memory
requirements. This procedure is explained in more detail in paper I. The analysis
uses variances estimated from the data (section 5.5) and assumes a diagonal er-
ror covariance. The latter assumption may be invalid in high signal-to-noise ratio
conditions, but is needed in order to restrict the inverse problem to a manageable
size.

5.2. Integration in range

Usually the range resolution corresponding to the sampling interval is not needed
at all heights covered by the experiment. For example, a sufficient range resolu-
tion for a sporadic E-layer may be only tens of meters, whereas a resolution of
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tens of kilometers is more suitable in the F-region and above. In conventional
decoding-based analysis, the range resolution can be reduced by averaging de-
coded autocorrelation functions from subsequent ranges. This procedure is known
as range-gating [Lehtinen, 1986]. In inversion analysis, the most adequate place for
reducing the range resolution is before the actual inversion. This is also beneficial
from a practical point-of-view, as decreasing the number of unknowns makes the
analysis significantly faster.

Likewise the conventional range-gating, also the range-integration in lag profile
inversion is simply an assumption of an equal autocorrelation function at several
subsequent discrete ranges. The assumption that the unknowns xl . . . xl+n are
equal, may be written in the form

xl′ = xl = xl+1 = xl+2 = . . . = xl+n. (5.16)

By substituting this to equation 5.8, we get

mM+1 = WMx1 + . . . + (WM−l+1 + . . . + WM−l−n+1)xl′ + . . . + W1xM + εM+1

=
l−1
∑

j=1

WM−j+1xj + xl′

l+n
∑

k=l

WM−k+1 +
M
∑

j=l+n+1

WM−j+1xj + εM+1.(5.17)

Similar expressions can be written for all measurements m′. In matrix form (Eq.
5.11), the procedure is performed by deleting the unknowns xl+1 . . . xl+n from the
vector x, and summing up columns l . . . l + n in the theory matrix A′.

5.3. Integration in lag

If the target correlation time is long when compared to the final decimated sam-
pling interval, the autocorrelation function may be modelled to be constant over
several subsequent time lags. Likewise in range direction, integration in lag is also
possible in lag profile inversion.

In order to estimate the full autocorrelation function, a set of equations is
produced for each possible time lag,

m′
τ = A′

τxτ + ε
′
τ . (5.18)

If the lag profiles xl . . .xl+n may be assumed equal

xl′ = xl = xl+1 = . . . = xl+n, (5.19)

the corresponding sets of equations may be combined in a larger set,










m′
l

m′
l+1
...

m′
l+n











=











A′
l

A′
l+1
...

A′
l+n











xl′ +











ε
′
l

ε
′
l+1
...

ε
′
l+n











. (5.20)

Instead of solving n smaller inverse problems, problem 5.20 is now solved. The
result xl′ is a weighted average of the original unknowns xl . . .xl+n.
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5.4. On the range ambiguity functions

In section 4.1, the range ambiguity function was given for continuous transmis-
sion envelope and range (Eq. 4.1). The analysis of the autocorrelation function
measurements was found to be similar to that of amplitude domain analysis, if
both transmission signals and echoes are replaced by the lagged products of the
signal itself and its complex conjugate. The result was later used for discrete
transmission signal samples as such, without checking its validity in the discrete
case. Because the range ambiguity function is derived for a product of two discrete
signal samples, the discrete echo signal samples are suitable data for the analysis
by definition. The question is only about the proper calculation of the discrete
form of the range ambiguity envelope.

After proper frequency mixing, the transmission signal in the recorded data is
the convolution of the transmission envelope env(t) and the filter p(t),

ztx = (p ∗ env)(t) =

∞
∫

−∞

p(t − t′)env(t′)dt′. (5.21)

If a boxcar impulse response, matched to the sampling interval, is assumed, the
sample taken at time ti is the integral

ztx(ti) =

ti
∫

ti−1

env(t)dt. (5.22)

The discrete range ambiguity envelope values used in the analysis should be in-
tegrals of the continuous range ambiguity envelope, i.e. integrals of the lagged
product of the continuous signal,

Wτ (ti) =

ti
∫

ti−1

ztx(t)z∗tx(t − τ)dt. (5.23)

If decimation is matched to the filter impulse response, the integral (5.23) is ap-
proximated by its value at the time ti,

ztx(ti)z
∗
tx(ti − τ) =





ti
∫

ti−1

env(t′)dt′









ti−τ
∫

ti−1−τ

env∗(t′′)dt′′



 . (5.24)

If the continuous filtered transmission envelope would be constant during the time
intervals (ti−1, ti) and (ti−1−τ , ti − τ), this product would provide an exact value
of the range ambiguity envelope. However, the approximation will lead to unac-
ceptably large errors in many cases.

The raw voltage data used in lag profile inversion is usually heavily oversam-
pled, and the final sampling interval is achieved after filtering and decimating the
recorded data. The availability of the oversampled signal provides a simple method
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for suppressing the decimation error to an acceptable level. If the sampling in-
terval of the final decimation is ∆tp, and that of the oversampled data ∆to, the
oversampling ratio is

No = ∆tp/∆to. (5.25)

If the transmission signal samples are filtered with p(t), but not further decimated,
the lagged products of the decimated signal,

ztx(ti)z
∗
tx(ti − τ), (5.26)

can be replaced by the more accurate approximation

Wτ (ti) ≈
1

No

No
∑

k=1

ztx(ti−1 + k∆to)z
∗
tx(ti−1 + k∆to − τ). (5.27)

In principle, the range ambiguity envelopes could be still improved by interpolating
the oversampled signal, but so far the piecewise constant approximation has been
found accurate enough. Its accuracy can also be increased by using a higher
sampling frequency in data recording.

The current EISCAT standard, the type 1 alternating codes, are usually sampled
with the sampling interval matched to the bit length of the phase-coding. If the
transmission signal is sampled at the same time intervals, the final sampled signal
will contain the sign-sequences of the codes. The alternating codes are decoded
using the sign-sequences as such, which works because the codes are selected to
fulfil the so called strong condition [Lehtinen, 1986]. If the same range ambiguities
are used in lag profile inversion, the inversion result will be exactly equal to the
decoding result (see section 5.6). With any modulation not fulfilling the strong
condition, careless decimation may lead to range-ambiguities also in lag profile
inversion.

5.5. On variance estimation

The correct estimation of the error variance is not always a straightforward task.
In theoretical calculations, the signal-to-noise ratio is often assumed to be small.
This assumption allows a constant variance value to be used for all measurements,
with the possibility of estimating the signal variance simply as average power of
all recorded signal samples. In practice, the signal-to-noise ratio is usually not
low enough for this assumption to be well justified. A constant variance value,
estimated from data points expected to contain negligible signal contribution, has
often been used in practical analysis, because the method is very simple. This
assumption will readily lead to unrealistically small error estimates, if moderate
or high signal-to-noise ratios exist at some part of the data.

In order to gain enough speed for real-time analysis, the lagged products from
the same phase-code, transmitted at different instances of time, are often aver-
aged. When dealing with averages, the variance of the average can be estimated
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with standard statistical methods. Alternatively, the formulae of Lehtinen [1986]
may be used. Because we are dealing with complex-valued lagged products, their
variances are simply products of two signal power values.

In non-averaged analysis, the error estimation is a somewhat more difficult task,
as variance estimates cannot be drawn from single points of random time series.
The method presently in use is to calculate variances as if an averaged analysis
was used. Same variance values are then repeatedly used for the echoes from the
nominally similar phase-codes. If the integration time is not long enough for the full
transmission cycle to be repeated several times, the variance has to be estimated
using power-profiles from different phase-codes. Because the range ambiguities of
the power profiles are very similar, though not identical, for all phase-codes, the
averaging over different phase-codes may not be a serious disadvantage in this case.

5.6. Relation to decoding filters

In the beginning of this chapter, lag profile inversion was introduced as an easily
adaptable alternative for decoding filters. The inversion method was also claimed
to be equivalent with matched filter decoding in certain circumstances (section
5.4). The relation between the inversion process and that of matched filtering is
easy to see, if the decoding process is also written in the form of a matrix equation.

When matched filtering is performed in amplitude domain, the time series of
echoes is correlated with the transmission envelopes (section 4.3). Decoding of
lag profiles is otherwise similar, but the echoes and transmission envelopes are
replaced by their lagged products (section 4.1). In the same way as in sec-
tion 5.1, the lagged products of the ehoes form the measurement vector m =
(mM+1, mM+2, . . . ,mN−τ )T , and the range ambiguity envelopes the vector W =
(W1, W2, . . . ,WN−τ )T . The decoder output, xd = (x1, x2, . . . , xM )T , is most easily
calculated as

xd
j =

N−τ
∑

k=M+1

mkW ∗
k−j+1, j = 1, . . . ,M, (5.28)

where matched filtering of all codes and summing the outputs are combined in the
same summation. The first M lagged products are again discarded because the
corresponding range ambiguity functions are not exactly known.

The decoder output 5.28 can be alternatively written in the form

xd =











W ∗
M W ∗

M+1 . . . W ∗
N−τ

W ∗
M−1 W ∗

M . . . W ∗
N−τ−1

...
...

. . .
...

W ∗
1 W ∗

2 . . . W ∗
N−τ−M











m = AHm. (5.29)

By comparing to equation 5.10, it is easy to see that the matrix formed in decoding
really is the conjugate transpose of the inversion theory matrix A. Some measure-
ments are again missing from the times when the transmitter was on. Non-existing
values cannot be summed, and in a real decoder they become replaced with zeros.
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Because the zero-valued elements in the summation 5.29 do not affect the value
of the sum, the missing elements of m and the corresponding columns from the
matrix AH can be removed. As a result, a new set of equations,

xd = A′Hm′, (5.30)

is formed, where A′ and m′ are this time the same as in equation 5.11.
The decoder output is not yet the decoding result, because each output xd

k is
lacking a normalisation according to the number of measurements with contribu-
tion from the corresponding range. The true decoding result is

xd
0 = Bxd, (5.31)

where B is a diagonal matrix

Bi,i =





Nm
∑

j=1

∣

∣(A′H)i,j

∣

∣

2





−1

, (5.32)

and the integer Nm is the number of columns in A′.
From Eq. 5.14, the inverse solution of the lag profile under study is known to

be
xi

o = Q′−1A′HΣ−1m′, (5.33)

whereas the decoding solution is

xd
o = BA′Hm′. (5.34)

If the signal-to-noise ratio is low, the uncorrelated thermal noise dominates and
the error covariance matrix Σ is well approximated by a diagonal matrix with
equal values at all its diagonal elements. In this case the inverse solution is

xi
o =

(

A′HA′
)−1

A′Hm′ = CA′Hm′. (5.35)

If the matrix C in Eq. 5.35 is diagonal, it must be equal to the matrix B in Eq.
5.31. In this case the decoding result and inversion result are equal. However, the
matrix C in the inverse solution may contain also non-diagonal elements.

In low signal-to-noise ratio conditions, the error covariance matrix of x (Eq.
5.15 ) is

Σx = σ2A′HA′, (5.36)

where σ
2 is the noise variance. Thus, lag profile inversion and matched filtering are

equivalent analysis methods in the low signal-to-noise case, if the errors of decoded
lag profiles are independent, because that readily leads to a diagonal matrix C.

The independence of the errors has been proven for type 1 alternating codes in
[Lehtinen and Häggström, 1987], whereas the type 2 alternating codes require that
all signal samples with contribution from the range to be decoded are collected
[Sulzer , 1993]. For this reason, the matched filtering of the type 2 codes produces
side-lobes near the edges of the lag profiles, but is perfect in the middle of the lag
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profile. The independence of errors is true only, if the range ambiguity functions
are calculated using the sign-sequences of the codes, or using its equivalent – dec-
imated data with the decimation matched to the bit length. With more accurate
range ambiguity envelopes, the lag profile inversion result is always different from
the decoding result, because the final range ambiguity functions of the inversion
analysis are narrower.

5.7. Phase-code optimisation for lag profile inversion

The existence of inverse filters (section 4.3) and lag profile inversion rise the ques-
tion of the existence of near-perfect phase-code sequences. In matched filtering
these modulations would not necessarily be as good as alternating codes, but they
would be good enough to be analysed with lag profile inversion, or some other
analysis method. The imperfectness of the decoding would be acceptable, if the
modulation would be otherwise more suitable for a given target. Whatever mod-
ulation is used, lag profile inversion can remove all side-lobes from the results –
the imperfectness is only seen as larger variances of the results. Single phase-codes
optimal for side-lobe free filtering in amplitude domain are known [e.g. Lehti-
nen et al., 2004; Damtie et al., 2008; Damtie and Lehtinen, 2009, and references
therein]. The codes are optimal in the sense that they maximise the signal-to-noise
ratio, when decoded with an inverse filter (see section 4.3).

In paper II, an evaluation method for code sequences intended for lag profile
inversion is introduced. The code sequence is assumed to consist of Nc phase-codes,
with Nb bits in each of the codes. Following again the notation in section 5.1, the
lagged products of the echoes from code number k, at time lag τ , form a vector
mk

τ , the range ambiguity envelope forms a vector Wk
τ , and the measurement errors

form a vector ε
k
τ . The receiver impulse response is not included in the model; the

range ambiguity envelopes are simply lagged products of the code sequences. The
unknown true lag profile forms a vector xτ . The evaluation implicitly assumes
that none of the measurement mk

q;τ is missing and all the vectors are infinitely
long. The former assumption may make the evaluation unreliable near the edges
of lag profiles, as is seen in section 6.2.

The measurement mk
τ is the convolution of xτ and Wk

τ , plus the measurement
error,

mk
q;τ =

∞
∑

r=−∞

W k
r;τxq−r;τ + εk

q;τ , (5.37)

where the unknown xτ is same for all codes in the sequence. Using the convolution
theorem of Fourier transforms, the Fourier transform of the measurement is

F
{

mk
τ

}

= F
{

Wk
τ

}

F {xτ} + F
{

ε
k
τ

}

. (5.38)

When assuming an infinitely low signal-to-noise ratio, the Fourier transform of
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the unknown can be solved from equation 5.38. The result, given in paper II, is

F {xτ} =

∑Nc

k=1 F
{

Wk
τ

}∗
F

{

mk
τ

}

∑Nc

k=1 |F {Wk
τ} |

2
+

F {ε}
√

∑Nc

k=1 |F {Wk
τ} |

2

, (5.39)

where F {ε} is the Fourier transform of normalised white noise.
In paper II, the error covariance of xτ is derived from Eq. 5.39. The ratio R of

the smallest possible posteriori variance and the actual variance in an experiment
using a given code sequence is given by the limiting value

(Nc(Nb − τ))−1

1
M

∑M−1
q=0

(

∑Nc

k=1 |F {Wk
τ} |

2
)−1 → R , as M → ∞. (5.40)

Here M is the actual number of points in a discrete Fourier transform. Another
possibility, more compatible with an inversion-based evaluation in section 6.2, is
to calculate the normalised variance V = 1/R.

In code optimisation, the R-values of different code sequences are calculated at
all time lags of interest, using Eq. 5.40, and the sequences with R nearest to unity
in average are chosen. It is also possible to give different weights for different time
lags, if necessary. Because the number of possible code sequences is usually very
large, a random search method of Vierinen et al. [2008] is used in the optimisation.

The evaluation method does not provide any kind of decoding filters for the
individual codes in a code sequence, but the analysis is performed with lag profile
inversion in this thesis. Interestingly, the evaluation even contains summing the
Fourier transforms of range ambiguity envelopes of different codes. Thus, individ-
ual codes in a good sequence may be excessively bad in inverse filtering. This is in
fact the case e.g. with type 1 alternating codes, which get the optimal evaluation
result R = 1 at all time lags τ , but the long pulse contained in the code sequence
has zeroes in its amplitude spectrum.

The code optimisation described above relies on the assumption of a low signal-
to-noise ratio. The lagged product estimates are thus independent and their vari-
ances are equal. If the signal-to-noise ratio would not be low, the actual covariances
between all lagged product estimates would need to be handled. This approach
would, first of all, require the covariances to be modelled and, most importantly,
the full covariance of the Fourier-transform of the noise to be calculated. The
evidently complicated calculations would thus ruin the speed of the evaluation
method, which is its main benefit.



6. Special applications of lag profile inversion

The most important benefit of lag profile inversion is its adaptability to arbitrary
transmission modulations. One possible way to exploit the adaptability is to re-
place the long code sequences of standard alternating codes with much shorter,
near-perfect, modulations. The shorter code sequences are beneficial in experi-
ments requiring short integration times. A method for the code sequence opti-
misation has already been presented in section 5.7 and, in more detail, in paper
II. Optimised code pairs have also been successfully used in the real radar exper-
iments of paper III. This chapter introduces some other possible ways to put the
adaptability of the method to full use.

6.1. Multi-purpose experiments

In order to make the measured data useful for as many scientific purposes as possi-
ble, simultaneous measurements of all the ionospheric regions would be beneficial.
However, the moderately overspread nature of the ionospheric target as a whole
(see section 3.4) makes covering the whole ionosphere with a single experiment
rather problematic. In short, the ionospheric D-region requires pulse-to-pulse cor-
relation measurements, with a lag resolution shorter than the signal roundtrip time
to and from the upper ionosphere. In order to cover all ionospheric regions with
a single experiment, the only possibility is to transmit pulses with so short inter-
pulse periods that several pulses are always inside the ionosphere. Furthermore,
the inter-pulse periods must be non-uniform, because uniform inter-pulse periods
would lead to “blind” ranges at multiples of the inter-pulse period.

The first step towards multi-purpose experiments is taken in paper IV, where
non-uniform inter-pulse periods and several different phase-code sequences are
combined in the same carrier frequency. Autocorrelation functions are successfully
measured, from a range interval larger than the longest inter-pulse period of the
experiments. Also D-region pulse-to-pulse correlations are measured, with a lag
resolution better than the signal roundtrip time to and from the largest analysed
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Fig. 6.1. The absolute radar efficiency (normalised number of received echo samples) as

function of lag and range. Upper panel: the EISCAT arc_dlayer experiment. Lower

panel: a PPATC experiment with the same lag resolution of the pulse-to-pulse lags.

range. The multi-purpose experiments are further developed in paper V, where
phase-coded pulse aperiodic transmitter coding (PPATC) is introduced.

A PPATC experiment consists of phase-coded pulses, which are transmitted
at non-uniform inter-pulse periods. The lengths of the inter-pulse periods are
carefully chosen so that all time lags of interest can be measured from each range.
In paper V, this is guaranteed by using an inter-pulse period sequence which
forms a simple difference cover [Uppala and Sahr , 1994; Golay , 1961]. Other
possibilities, such as arithmetic progression [Uppala and Sahr , 1994; 1996] and
ramped IPP [Vierinen et al., 2009], are also available. In principle, the phase-
coding in the PPATC experiments can be optimised using a method introduced
in section 6.2. However, the lag profile inversion based analysis may not be fast
enough for optimising experiments with high range resolution and large coverage
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Fig. 6.2. The sum of the absolute radar efficiencies at time lags from 1264 to 1856 µs

(the first pulse-to-pulse lag). The continuous line is the total efficiency of arc_dlayer

and the dashed line the total efficiency of the PPATC experiment. The longer pulses

of the PPATC experiment make it clearly less efficient than arc_dlayer in the D-region.

However, the experiment still provides the high-resolution pulse-to-pulse lags, though it

also provides an extensive set of intra-pulse lags from all ionospheric regions.

in range and lag.
The improvement in range and lag coverage is demonstrated in figure 6.1, where

the coverage of a standard EISCAT D-region experiment arc_dlayer and that of
a PPATC experiment providing the same pulse-to-pulse lags are compared. The
absolute radar efficiency used in the plots is the fraction of the total experiment
duration, during which samples from the given range at the given time lag can
be measured. In this normalisation, the unit efficiency is given for an experiment
with 100 % duty cycle and continuous reception, which cannot be realised with a
monostatic radar. The arc_dlayer experiment consists of 128 µs pulses, which are
transmitted at 1560 µs inter-pulse periods. The PPATC experiment has a pulse
length of 296 µs, and its inter-pulse periods are 1560, 3120 and 6240 µs. Thus, the
RF duty cycles of the two experiments are almost equal (8.21% and 8.13 %). The
standard decoding of arc_dlayer only covers the ranges below a single inter-pulse
period, whereas the range coverage of the PPATC experiment is more than 1500
km. The PPATC experiment also provides much longer intra-pulse lags from all
ranges.

A drawback of this particular PPATC experiment is that its longer pulses make
it less efficient than arc_dlayer in the very lowest ranges. The “total efficiency”
of the first pulse-to-pulse lag, where the efficiencies of all the fractional time lags
less than one pulse length apart from the nominal full lag (1560 µs) are summed,
is plotted in figure 6.2. The PPATC experiment evidently provides useful mea-
surements from the D-region, but longer integration times are needed than with
the arc_dlayer experiment. In order to make a dedicated D-region PPATC exper-
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Fig. 6.3. Demonstration of meteor subtraction. Left panel: a lag profile calculated with

lag profile inversion, using data which contains a strong meteor echo at around 100 km in

range. Middle panel: the same data analysed with lag profile inversion, when the signal

samples containing meteor echoes are not included in the analysis. Right panel: The two

analysis results on top of each other. The meteor echo has affected the inversion result

also at ranges above its true location, because the experiment used was of PPATC type,

with inter-pulse periods 960 and 1920 µs.

iment, the pulse length of arc_dlayer could be used, with inter-pulse periods of
1040 and 2080 µs. The experiment would provide the same amount of D-region
lagged products as arc_dlayer, but the lag resolution would be improved to 1040
µs, and the continuous range coverage would be doubled to about 450 km.

The incoherent scatter radar data contains also echoes from other kinds of
targets than the thermal fluctuations of the plasma. Most importantly, the data
contains echoes from space debris [Markkanen et al., 2005; Vierinen et al., 2009]
and meteors. Besides being interesting as such, echoes from these highly coherent
targets cause errors in the incoherent scatter measurements. Thus, a true multi-
purpose experiment should provide sufficient data for space debris and meteor
detection, and the data analysis should allow these coherent echoes to be excluded
from the incoherent scatter analysis, with a minimum data loss.

The raw data recording allows the coherent echoes from space debris and me-
teors to be detected before the inversion. After detecting a coherent echo, the
contaminated data points can be excluded from lag profile inversion as explained
in section 5.1. In order to demonstrate the meteor removal, a 5 s period of raw
data, measured with the EISCAT VHF radar on 28 November 2008 at 09:38 UT,
is selected. The experiment is of the PPATC type, 128 µs pulse length combined
with 960 and 1920 µs inter-pulse periods. Two coherent events are found from this
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period, one very faint echo from 102 km range and another stronger from 103 km,
the latter of which also lasts longer, about 70 ms. In the left panel of figure 6.3 is
the lag profile at 12 µs time lag (4,8,. . .20 µs lags integrated to one profile), from
an analysis without coherent echo detection. The strong meteor echoes are seen
as a very high peak in the lag profile. In a second analysis, the signal samples
contaminated with the coherent echoes are excluded from the incoherent scatter
analysis. The result of the second analysis is plotted in the middle panel of figure
6.3, where the strong peak has now been completely removed. In the right panel,
the two analysis results are plotted on top of each other. The strong meteor echo
is cut to show the true ionospheric part of the lag profiles. At ranges well above
and below the meteor location, the two curves follow each other very well. Because
the experiment is of the PPATC type, some differences are also seen around 240
km and 390 km. In addition to its efficiency, the meteor removal performed in this
way is also very economical; in the demonstration analysis, the total loss of raw
data was only about 0.2%.

6.2. General experiment evaluation

Though the FFT method introduced in section 5.7 is computationally very effi-
cient, its weakness is the assumption of a complete set of measurements. The
evaluation may be considered valid only at ranges sufficiently far away from the
edges of the measured lag profiles. This property causes problems especially when
designing PPATC experiments, because they always contain short inter-pulse pe-
riods, making most of the data to more resemble “an edge” than a centre part of a
lag profile. Also experiment design for D-region measurements would benefit from
evaluation accounting for the edges, as in this case the target is very near to the
lower edge of the lag profiles.

To overcome the problems of the FFT method, a similar phase-code sequence
evaluation can be based on inversion of theory matrices, exactly or closely corre-
sponding to those produced in real radar experiments. Because the information of
actual inter-pulse periods is used in the evaluation, the lag profile inversion based
evaluation is actually not only code sequence evaluation, but experiment evalua-
tion. This kind of evaluation is used in paper V, where variances of inverted lag
profiles are calculated. In the evaluation, a code sequence and inter-pulse periods
are selected, and the corresponding theory matrix is constructed for a given time
lag. If a unit variance is assumed for all lagged products, the error covariance is a
unit matrix, and the covariance matrix of the inverted lag profile is

Σx =
(

AHA
)−1

. (6.1)

The error covariance matrix 6.1 is not useful for code evaluation as such, because
its actual values depend on the length of the modulation cycle. The matrix needs to
be normalised in order to make the variances of different experiments comparable.

The simplest normalisation is to multiply the covariance matrix by the length
of the full modulation. The method is useful for experiment comparisons and
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Fig. 6.4. Posteriori covariance matrix (upper panels) and variances as a function of range

(lover panels) for experiments using an eight-bit code pair (left) and an eight-bit weak

alternating code (right). Both evaluations are made with lag profile inversion for the lag

number one, and are covering the range-gates from 10 to 59. The variance of the code

pair experiment is rather near to unity in the middle of the lag profile, but significantly

larger variances are found near its edges. The alternating code has a unit variance at all

ranges and different ranges are not correlated.
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visualisation, because the result still contains the effects of the radar efficiency.
This simple normalisation is used in the plots of paper V.

In order to optimise code sequences for pre-defined inter-pulse periods and pulse
lengths, the effects of radar efficiency need to be removed. This is correctly per-
formed for variances at different ranges by multiplying them by the number of
data samples with contribution from each range. If the number of samples with
contribution from ranges r1, r2, r3, . . . is n1, n2, n3, . . ., one possible way of doing
the normalisation is to first form a matrix

K =













1√
n1

0 0 . . .

0 1√
n2

0 . . .

0 0 1√
n3

. . .

...
...

...
. . .













, (6.2)

and then multiply the covariance matrix with the inverse matrix of K from both
sides

Σ′
x

= K−1
(

AHA
)−1

K−1. (6.3)

The normalisation is expressed in this form, because the matrix K can be used
for normalisation before the actual covariance calculation. If the original theory
matrix is multiplied by the matrix K,

B = AK, (6.4)

the normalised posteriori covariance is

(

BHB
)−1

=
(

(AK)
H

AK
)−1

= K−1
(

AHA
)−1

K−1, (6.5)

where the fact that K is diagonal is needed for the equality. In practice, the whole
theory matrix is first constructed, and then each of its columns is divided by the
square root of the sum of its absolute values. When the normalisation is performed
in this way, the actual radar efficiency values do not need to be stored at all.

As an example, the posteriori covariance of an eight-bit phase-code pair and
an eight-bit weak type 1 alternating code, at lag number one, are plotted in Fig.
6.4. The normalisation is performed with the latter method, which excludes the
effects of radar efficiency from the results. Thus, an optimal code sequence should
have a unit variance at all ranges. In the FFT-based analysis, the code pair gets
the evaluation result R = 0.91, V = 1.10 at this time lag, whereas the alternating
code is exactly optimal (R = V = 1.00). In the inversion analysis, the variances of
both experiments are in good agreement with the FFT evaluation in the middle of
the lag profile, V = 1.10 for the code pair and V = 1.00 for the alternating code.
However, the code pair has significantly larger variances near the edges of the lag
profile, whereas the alternating code has the optimal unit variance also at these
ranges.



7. Summary and Discussion

In this thesis, the analysis of incoherent scatter radar data with statistical inver-
sion based lag profile inversion is introduced. Lag profile inversion is a method
for removing range ambiguities from measured autocorrelation function estimates.
The intention is to develop an analysis method easily adaptable to all transmitter
modulations and, as such, capable of replacing analysis methods based on decod-
ing filters. After the inversion process, the resulting autocorrelation functions can
be used in further analysis in the same way as the corresponding decoding results.

In paper I, the whole incoherent scatter radar data analysis is reviewed, starting
from the recording of raw IQ-sampled data. In addition to the lag profile inversion,
a fit of plasma parameters is performed to the inversion results. The raw data used
in the study is recorded in parallel with the standard receiving system, which uses
decoding filter based methods for removing the range ambiguities. A fit of plasma
parameters is made to the decoded data using the EISCAT standard tool, the
GUISDAP package. Both autocorrelation functions and plasma parameters of the
two methods are compared, and they are found to agree well.

Though the transmission modulations designed for decoding may also benefit
from the inversion analysis – e.g. in terms of corrections for inaccuracies in trans-
mitted pulse forms – the true power of lag profile inversion is the possibility of
analysing arbitrary modulations. In paper II, a fast method for evaluating arbi-
trary phase-code sequences is introduced. The evaluation can be combined with
an optimisation algorithm [Vierinen et al., 2008], in order to find near-perfect
phase-code sequences, shorter than the corresponding alternating codes.

Paper III is the first ionospheric study using data from an experiment based
on the optimised code sequences. For the purposes of this study, an attempt was
made to optimise a radar experiment for measuring the effects of RF heating in
the D-region of the ionosphere – a target which is especially difficult for inco-
herent scatter radar measurements. The experiment was successful and the first
incoherent scatter radar observations of the heating-induced electron temperature
enhancements in certain parts of the D-region are published in paper III. The
combination of raw data recording and lag profile inversion greatly simplified the
process of experiment design, as different transmission modulations could be tested
without a need of modifying the receiver part at all.
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The experiment in paper III is based on a single code sequence and uniform
inter-pulse periods, which is the standard way of using phase-codes. However, as
lag profile inversion is applicable to arbitrary modulations, the experimenter has
the freedom to combine different pulse lengths, bit lengths and inter-pulse periods
in the modulation. These combinations are not new as such, but the inversion
method allows the different modulations to be transmitted in the same carrier fre-
quency, thus providing the possibility for pulse-to-pulse correlation measurements.
Simultaneously, the non-uniform inter-pulse periods increase the range-coverage of
the experiment above the “normal” maximum of a single inter-pulse period. Fur-
thermore, the experiment combining several different bit lengths should be more
adaptable to different regions of the ionosphere, as the optimal bit length of a
phase-code is known to be about 1.5 times the desired range resolution in low
signal-to-noise conditions [Lehtinen, 1989]. This kind of combination was success-
fully tested, and paper IV contains a report of the test results.

A further development of the non-uniform inter-pulse period method is pub-
lished in paper V. A proper method for selecting the inter-pulse periods, found
to be already in use in other radar applications, is adopted to incoherent scatter
radars. The aperiodic transmitter coding, originally applied with short pulses, is
combined with much longer, phase-coded pulses. The evaluation method in sec-
tion 6.2 is used to find a good code sequence for the selected transmitter coding.
The experiment designed is compared to the theoretical optimum values and to
experiments which use uniform inter-pulse periods, and it is found to be reason-
ably good for all purposes it is intended for. The experiment is tested with a
real radar, and autocorrelation functions covering all intended lags and ranges are
successfully measured.

Some other application of raw data recording and lag profile inversion are intro-
duced in chapter 6. In order to design a real multi-purpose incoherent scatter radar
experiment, the methods introduced in this thesis could be combined. In this kind
of measurement, raw voltage data would be recorded from a PPATC experiment,
which covers all time lags and ranges of interest. The raw data would be first
passed to space debris and meteor detection, which would provide both important
measurements of these targets and the data samples contaminated by the coherent
echoes. After the coherent target detection, the raw data would be passed to lag
profile inversion, together with the information of the coherent events. Finally,
a fit of plasma parameters would be performed for the autocorrelation functions
resulting from the lag profile inversion.

Data analysis methods easily applicable to arbitrary radar modulations, as well
as modulation methods for experiments covering the whole ionosphere at VHF fre-
quencies, may be of great importance in the near future. According to the present
plans, the EISCAT mainland radars may be replaced by a new, much more pow-
erful EISCAT-3D radar system in a few years. The EISCAT-3D plans include
continuous operation to produce long time series of ionospheric plasma parame-
ters. In this kind of work, experimental methods covering the whole ionosphere
with a single experiment would be important. Because the EISCAT-3D radar
would operate roughly at the same carrier frequency as the present VHF system,
the methods developed for the present VHF radar would be directly applicable
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to the new system. The radar would also be capable of transmitting arbitrary
modulations, giving a possibility of further development by replacing the present
binary codes by polyphase codes combined with amplitude modulation, which
could possibly improve the time resolution of the PPATC method.
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