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Malinen, Ilkka, Improving the robustness with modified bounded homotopies and
problem-tailored solving procedures
University of Oulu, Faculty of Technology, Department of Process and Environmental
Engineering, Chemical Process Engineering Laboratory,  P.O.Box 4300, FI-90014 University of
Oulu, Finland
Acta Univ. Oul. C 377, 2010
Oulu, Finland

Abstract

The aim of this work is to improve the overall robustness in equation-oriented chemical
engineering simulation work. Because the performance of locally convergent solving methods is
strongly dependent on a favourable initial guess, bounded homotopy methods were investigated
as a way to enlarge the domain of convergence. Bounded homotopies make it possible to keep the
homotopy path inside a feasible problem domain. Thus the fatal errors possibly caused by
unfeasible variable values in thermodynamic subroutines can be avoided. 

To enable the utilization of a narrow bounding zone, modifications were proposed for bounded
homotopies. The performance of the modifications was studied with simple test problems and
several types of distillation systems in the MATLAB environment. 

The findings illustrate that modified bounded homotopies with variables mapping make it
possible to bound the homotopy path strictly to run inside a feasible problem domain. The
homotopy path can be tracked accurately and flexibly also inside a narrow bounding zone. 

It was also noticed that by utilizing the concept of bounding the homotopy path with respect to
the homotopy parameter, the possibility of approaching starting point and solution multiplicities
is increased in cases where the traditional problem-independent homotopy method fails. The
concept aims to connect separate homotopy path branches thus offering a trackable path with real
space arithmetic. 

Even though the modified bounded homotopies were found to overcome several challenges
often encountered with traditional problem-independent homotopy continuation methods, alone
they are not enough to guarantee that the solution is approached from an arbitrary starting point.
Therefore, problem-tailored solving procedures were implemented in the consideration of
complex column configurations. Problem-tailored solving procedures aim to offer feasible
consecutive sub-problems and thus direct the solving towards the state distribution that fulfils
exact product purity specifications. 

As a whole, the modified bounded homotopies and problem-tailored solving procedures were
found to improve the overall robustness of an equation-oriented solving approach. Thus the
threshold for designing and implementing complex process systems such as complex distillation
configurations for practical use could be lowered. 

Keywords: bounded homotopies, chemical engineering, distillation, homotopy methods,
MESH equations, path tracking, process modelling, simulation, solving methods
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List of symbols and abbreviations 

a  Parameter 

A  Coefficient 

A  Weighting matrix 
b  Domain boundary 

b  Vector of domain boundary 

B  Coefficient 

B  Jacobian matrix approximation 

B  Bottom product flow, mol/s 

C  Coefficient 

D  Coefficient 

D  Distillate flow, mol/s 

e  Vector where every element has value one 

E  Coefficient 

f  Function 

f  Set of problem equations 

'f  Jacobian matrix of f  

F  Coefficient 
g  Auxiliary function 
h  Molar enthalpy of liquid flow, J/mol 

h  Homotopy function 

H  Molar enthalpy of vapour flow, J/mol 

I  Diagonal identity matrix 

K  Phase equilibrium value 

K  Occurrence matrix 
l  Lower inner boundary 

l  Vector of lower inner boundary 

L  Liquid flow, mol/s 

M  Scaling parameter 

n  Dimension 

nc  Number of components 
N  Number of corrector iterations 
p  Pressure, Pa 
p  Newton step 
q  Auxiliary vector 

Q  Heat flow, J/s 
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R  Reflux ratio or universal gas constant 

s  Arc length 

S  Reboil ratio 

T  Temperature, K 

u  Upper inner boundary 

u  Unit tangent vector or vector of upper inner boundary 

V  Vapour flow, mol/s 
W Diagonal weighting matrix 

x  Problem variable or liquid phase mole fraction 

x  Vector of variables 
x̂  Mapped vector of x  
y  Vapour phase mole fraction 

z  Tangent vector 

 

Greek Letters 

α  Parameter 
γ  Activity coefficient 

δ  Relative measure for bounding zone width 
Ωδ  Subset boundary 

Δ  Increment or step length 

ε  Error tolerance 
θ  Homotopy parameter 
λ  Step length or energy of interaction in the Wilson formulation 

Λ  Binary interaction parameter 

ν  Molar volume 

ξ  Auxiliary variable 

π  Penalty function 

Π  Penalty matrix 
ρ  Function 

υ  Auxiliary function 

ω  Non-negative scalar step factor 

Ω  Subset 

 

Subscripts 
b  Bounded 

i  ith component or ith variable 

j  jth equilibrium stage or jth component 
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k  kth component 

n  nth variable 

N  Reboiler stage 

opt  Optimum 

t  tth element 

unscaled Unscaled 
θ  Homotopy parameter 

 

Superscripts 
b  Bounded 

F  Feed 

i  ith corrector step 

inf Infinity 
k  kth point on the homotopy path or kth iteration round 

L  Liquid phase 

max Maximum 

min Minimum 

mod Modified 
p  Number of sub-problems inside the homotopy parameter interval [0 

1] in discrete homotopy path tracking 

sat Saturated 
S  Side draw 

T  Transpose 

V  Vapour phase 

0 Starting point 

* Solution 

’ Boundary 

 

Abbreviations 

ASPENPlus AspenPlus is a process modelling tool in AspenTech’s aspenONE® 

Process Engineering applications 

BP Bubble Point Method 

CFD Computational Fluid Dynamics 

CHEMCAD CHEMCAD is a chemical process engineering software by 

ChemstationsTM 

EQ Equilibrium 
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HYSYS AspenHYSYS is a process modelling tool in AspenTech's 

aspenONE® Engineering applications 

IO Inside-Out Method 

IVP Initial Value Problem 

MATLAB MATLAB® is a commercial product package for computing 

launched by MathWorksTM 

MESH Set of equations used to mathematically describe the equilibrium 

stage 

NAE Non-Linear Algebraic Equation 

NEQ Non-Equilibrium 

ODE Ordinary Differential Equation 

PDE Partial Differential Equation 

PRO/II PRO/II® is a process simulation software by InvensysTM 

SC Simultaneous Convergence 

SR Sum Rates Method 
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1 Introduction 

“There is a simple explanation for the dearth (and death might be a more 

appropriate word here) of purely algorithmic articles: The methods that have 

been developed and that now are widely available in simulators are capable 

of solving the great majority of simulation problems. In addition, computers 

are significantly faster than they were and devising methods to save tiny 

fractions of a second no longer should be an adequate reason for developing 

new computer-based solution methods. Reliability (actually getting an answer) 

is far more important.” (Taylor 2007) 

Process design can be understood as an iterative activity that aims to create and 

optimize both process structure and state distribution so that the criteria set for 

process performance can be met. In addition to product purity requirements, the 

process must fulfil the requirements set for safety, health and environmental 

issues, as well as being as cost-effective as possible. 

Basically, alternative process structures can be generated with a combination 

of creativity and accumulated knowledge (heuristic guidelines). However, the 

state distribution for the process cannot be determined without expensive and 

time-consuming pilot testing, or preferably examinations based on mathematical 

process models. Since process design is strongly iterative by its basic nature, it is 

highly justified to utilize process simulation instead of piloting when examining 

the state distribution of the process. In addition, because of the tendency to 

tighten time schedules and decrease total costs, interest in exploiting process 

modelling and simulation is certain to increase, rather than decrease, in the future. 

Frequently, two questions are faced that encapsulate almost everything that is 

challenging in process simulation: 

– How should the system be specified to fulfil the performance criteria set? 

– How can the solution actually be obtained? 

The first of these questions is highly dependent on the experience and knowledge 

of the engineer faced with the simulation task. However, the characteristic of the 

second is more or less numerical, and even though the solving can be 

substantially alleviated with proper specifications and the selection of an 

appropriate solving strategy, obtaining the solution may still be a challenging and 

tedious task. 
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Even though the solving algorithms in commercial process simulation 

packages are very versatile nowadays, enabling the carrying out of a large variety 

of tasks, simulation itself is still very much the same as 30 years ago. Locally 

convergent methods are still widely utilized, enabling convergence from an initial 

guess towards the most attractive root at best. Therefore, not only is the 

determination of multiple solutions challenging, but approaching even one 

reasonable solution may also be problematic. 

The challenges in solving could largely be tackled by utilizing homotopy 

continuation methods, which have a significantly larger convergence domain 

compared to locally convergent solving methods. (e.g. Wayburn & Seader 1987, 

Lin et al. 1987, Gritton et al. 2001) However, homotopy continuation methods 

have not been adopted into wider use. Obviously, homotopy continuation methods 

are not known so well and they are also thought to be complex and troublesome. 

In addition, the robustness of traditional homotopy continuation methods is not 

superior enough (Christiansen et al. 1996, Paloschi 1995, 1996, Wayburn & 

Seader 1987). 

1.1 Robustness in process simulation 

As noted for example in Bogle (1983), an algorithm that is utilized in chemical 

engineering should be robust, that is, capable of finding a solution from a wide 

range of initial guesses, and efficient, both in execution time and storage. 

Algorithm performance is usually judged based on efficiency or how much 

central processor time is required for convergence. However, poor robustness is a 

more likely reason for total failure. 

Bogle & Perkins (1988) evaluated solving methods and aspects of their 

implementation with robustness as the first priority, and efficiency, the speed with 

which the solution is found, second. It was concluded that in engineering 

applications it is important that a solution is found (the code is robust) while 

efficiency may be only a bonus. According to Paloschi (1998), the robustness of 

the solver is especially important in the early stages of the simulation when a 

good initial guess is not available. 

Robustness is often simply seen as a property of the solving method. 

However, it may be impossible to establish a solving method that would be 

absolutely robust, i.e. always succeeding in approaching the solution from an 

arbitrary initial guess. Therefore, it is unfair to focus solely on the robustness of 
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the solving method and it is well justified to consider robustness more widely as 

an aggregate of several aspects. 

The general view of robustness adopted in this thesis is illustrated in Figure 1. 

In addition to the robustness of the solving method, the robustness of the applied 

solving strategy, that is, how the solution is sought through the solving methods, 

is thought to be a solid element of overall robustness. In fact, by utilizing a 

feasible solving strategy the poor robustness of problem-independent solving 

methods can be at least partly compensated. Problem-tailored solving procedures 

are highlighted in this thesis as a way to improve the overall robustness in process 

simulation. In addition, since the selected solving approach has an effect on 

robustness and on feasible solving strategy alternatives, it is justified to include it 

also in the overall view of robustness. 

Fig. 1. The elements affecting overall robustness in process simulation. References to 

the Chapters and Sections where these issues are considered are marked by ‘→’. 

As the result of the above reasoning, the following definition has been adopted in 

this thesis: 

Robustness is a fundamental property that describes the ability to determine 

one or more solutions for a non-linear equation set representing the state 

model of a process. In addition to the robustness of the solving method, the 

robustness of the utilized solving strategy must be taken into account when 

considering the overall robustness of a solving approach. 

It is worth noting that all the aspects presented in Figure 1 can basically be 

assembled in the form of a solving algorithm. The solving algorithm is either 

1)  Which solving approach  is selected?
       * Sequential modular,
       * Simultaneous modular or
       * Equation oriented
          → Section 2.2
2)  Which solving strategy  is utilized?
       * Commonly utilized solving startegies (→ Section 2.4)
       * Problem tailored solving procedures  (→ Chapter 6)
3)  Which numerical solving method  is utilized?
       * Locally convergent solving methods (→ Section 4.1)
       * Homotopy continuation methods (→ Section 4.2)
       * Bounded homotopies  (→ Chapter 5)
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robust or not, i.e. the algorithm either obtains the solution for the equation set 

from an initial guess or it does not. By offering various starting points the level of 

robustness could be quantified. However, this kind of statistical approach would 

basically require an infinite number of starting points to be examined. In simple 

cases, the level of robustness between algorithms could be compared by 

analytically determining the extents of their convergence domains. However, this 

approach cannot be easily extended into wider systems. 

In addition to the overall robustness, the overall efficiency of the algorithm is 

admittedly important. Numerical tools and routines reducing the number of 

numerical operations and computing machine memory requirement, for example 

by exploiting the problem sparsity, are essential when aiming to improve the 

efficiency of the solving algorithm. 

1.2 Purpose of the work 

Briefly stated, the purpose of this thesis is to consider alternatives for improving 

the overall robustness of an equation-oriented solving approach. In addition to 

advanced numerical problem-independent solving methods in the form of 

modified bounded homotopies, it is considered that overall robustness can be 

enhanced by applying problem-tailored solving procedures. Since the interest in 

chemical engineering seems to be in implementing process systems that have 

more and more complex characteristics, the utilization of advanced solving 

methods and problem-tailored solving procedures are thus considered highly 

necessary. This is relevant for example when examining complex distillation 

configurations. 

At the beginning of the thesis, the role of simulation in chemical engineering 

is considered in general in Chapter 2. In particular, various strategies for solving 

process configurations are represented. To give background for the distillation 

systems examined in Papers I–VI, an overview of distillation modelling based on 

MESH equations and the properties of various distillation configurations is given 

in Chapter 3. 

In Chapter 4, problem-independent solving methods applicable in an 

equation-oriented solving approach are presented. In addition to locally 

convergent Newton-Raphson based solving methods, homotopy continuation 

methods possessing a wider domain of convergence are examined. 

Because of the insufficient robustness of traditional homotopy continuation 

methods, bounded homotopies are considered in Chapter 5 as a way to improve 
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robustness. The modifications presented in Papers I and II are especially 

highlighted in order to make the bounded homotopies originally proposed by 

Paloschi (1995, 1996, 1998) more applicable in chemical engineering. 

In Chapter 6, problem-tailored solving procedures are presented as a way to 

improve overall robustness in comparison with more traditional solving strategies. 

The problem-tailored solving procedures presented herein have been developed in 

stages in Papers III–VI. They have been applied in minimum energy examinations 

of a fully thermally coupled distillation system (Paper IV) and thermally coupled 

side-column configurations (Papers V–VI). The observations and results gathered 

from Papers I–VI are discussed in Chapter 7. Finally, in Chapter 8, conclusions 

are drawn and objectives are suggested for further studies. 
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2 Process simulation in chemical engineering 

“The trend in computer-aided chemical process design and in many other 

important applications is to embed numerical methods in large, user-friendly 

programs or, possibly, expert systems. Failure of a non-linear equation solver 

buried deeply within such a system would be catastrophic because of the 

waste of costly calculations completed before the failure occurred and 

because of the waste of even more costly manpower as the user waited for 

expert help to arrive. For such a system, we need a sequence of methods of 

monotonically increasing reliability (and operating cost) culminating in a 

single method (or family of methods) capable of solving all but the most 

pathological problems. Whenever more economical methods fail, the final 

method in the sequence could be employed as a method of last resort. We 

propose that homotopy continuation methods be considered for this ‘method 

of last resort’.” (Wayburn & Seader 1987) 

2.1 Chemical engineering models and problem solving 

Models in chemical engineering typically consist of material and energy balances, 

equations for phase equilibria, transport equations, and chemical kinetic 

expressions (Seider et al. 1991). These equations may include linear algebraic, 

non-linear algebraic (NAE) and transcendental, ordinary differential (ODE), 

partial differential (PDE), integral equations, and combinations of them (Seader et 

al. 1990). Often, both temporal and spatial derivatives exist. The spatial 

derivatives are usually approximated with finite differences or trial functions in 

the form of polynomials. When the process is considered as steady-state, temporal 

derivatives are set to zero. (Seider et al. 1991) Thus, the process model is reduced 

to a set of non-linear equations:  

 ) .=f(x 0  (1) 

In addition to steady-state examinations, solving this equation set is required in 

the initialization of dynamic simulation (Paloschi 1998). 

As Shacham has listed in Westerberg & Chien (1984), solving a non-linear 

equation set is often difficult because: 

– some of the functions are undefined for certain values of the variables, 

– there are several solutions to the system, not all of them physically feasible, 
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– the functions are very non-linear and badly scaled, and 

– the system is very large and sparse. 

Although mass balance relations are often linear, energy balances and phase 

equilibria equations require thermo-physical property correlations, which are in 

general non-linear. In addition to nonlinearity, thermo-physical property 

correlations usually involve terms with discontinuities in the functions and their 

derivatives. (Bogle 1983) In some cases the solving of Eq. (1) may be facilitated 

at least somewhat by reducing functions to a simpler form, for example by 

eliminating variables from the denominators thus making the functions 

continuous and better behaving (Gritton et al. 2001). 

Since process models in chemical engineering usually involve at least one 

non-linear equation, the whole equation system becomes non-linear. In this case, 

multiple solutions may exist. However, some of the solutions may not be 

physically realistic. For example, a solution with a negative mole fraction or flow 

rate value is not feasible. 

In addition to the actual solution, unfeasible variable values may also be 

encountered during solving. In this case, thermodynamic subroutines easily fail if 

properties outside their validity range are evaluated. Therefore, it would be 

important to constrain variables within the valid domain. However, problems may 

still be encountered when variables lie on the domain boundaries or close to them. 

(Bogle 1983) 

Equation systems are often both large and sparse. Sparsity means that each 

equation involves only a small fraction of the problem variables of the overall 

equation set. (Bogle 1983) On the whole, it is evident that solving mathematical 

relations that describe chemical processes and even single process units cannot be 

done without a computer. 

The computers being launched on the markets are continually smaller, faster, 

with larger memory facilities, but still cheaper than previously. The huge 

development in computer technology has strongly affected working practices. 

Computer aided tools have become a standard feature in almost all aspects of 

chemical engineering, and methods for both steady-state and dynamic simulation 

have been evolved (Christiansen et al. 1996). Several commercial process 

simulation packages as well as proprietary (in-house) programs have been 

developed for process design purposes. 
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2.2 Approaches to solving flowsheeting problems 

The use of computer aids to perform steady-state heat and material balancing, 

sizing and costing calculations for a chemical process is called flowsheeting 

(Westerberg 1979). A flowsheeting package can be understood as a 

comprehensive and flexible tool for modelling a system of process units. In 

general, a flowsheeting package has libraries for commonly used process units 

and subroutines for calculating thermo-physical properties for common 

substances. If these libraries are not comprehensive enough, the users may add 

their own unit models and information of non-standard components. (Bogle 1983) 

To solve flowsheeting problems, three kinds of approaches exist (Bogle 1983, 

Perkins in Westerberg & Chien 1984): 

– sequential modular, 

– simultaneous modular, and 

– equation-oriented. 

A sequential modular approach must have subroutines for each unit, and each unit 

may be solved only if all inputs and parameters are known. The calculation is 

iterative and the order of calculation is the same as the process flow. Managing 

recycle streams that do not have calculated numerical values requires the user to 

guess the values. If the values after calling each subroutine in flow turn are not 

the same as the values guessed, the guessed values are updated. The iteration is 

continued until the required error tolerance is fulfilled. (Bogle 1983) 

The equation-oriented approach, which is also known as simultaneous, 

equation-based, and even global strategy (Westerberg & Chien 1984), is the major 

competing approach to the sequential modular approach. All the equations 

describing the process are gathered together and solved simultaneously with a 

general-purpose multi-dimensional root finding algorithm (Barton 2000). When 

the process model includes heat integration and recycle flows, as is often the case 

for example in distillation systems, the equation-oriented solving approach is 

more flexible than the sequential modular approach. 

The simultaneous modular approach is some kind of combination of the two 

main approaches. Subroutines of the sequential modular approach are meant to be 

utilized as in the equation-oriented approach. 
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2.3 Role of simulation in chemical engineering 

Process simulation can be utilized in searching and testing new process ideas, and 

comparing process alternatives. Simulation can also be utilized in examining and 

optimizing existing processes. Simulation packages can accelerate the completion 

of process design projects and possibly offer more rigorous results (Seider et al. 

2004). These packages are also relatively easy to use. 

Since testing with laboratory- and pilot-scale equipment is not only expensive 

and time-consuming, but may also include safety risks, simulation is an excellent 

alternative for developing and maturing novel process ideas to the level of 

implementation. Currently, the trend is to utilize the flexibility offered by 

simulation as much as possible and to resort to pilot tests only when it is 

absolutely necessary. 

The advanced models utilized nowadays to describe the chemical and 

thermo-physical properties of components accurately make it possible to exploit 

cumulated knowledge more innovatively in process design. The reduction of raw 

material and energy consumption and the minimizing or prevention of the 

formation of hazardous by-products and emissions regularly require new kinds of 

processes, which are often more complex than the current ones. However, 

structurally as well as operationally complex systems with detailed 

thermodynamics make process simulation a challenging task. 

Generally, problem solving should be fast and, because of the high cost of 

human contribution, require as little manual simulation activity as possible. 

Simulation is, however, seldom a routine kind of work, and more often demands 

creativity and a problem-solving-oriented attitude. Therefore, it is not viable to 

completely replace humans. However, it is worth aiming to minimize manual 

work with the aid of solving algorithms, which exploit sophisticated solving 

methods and approved solving strategies. Thus the human contribution could be 

focused on tasks that cannot be carried out by a machine, and which definitely 

require experience and knowledge-based innovativeness. 

2.4 Various solving strategies 

Basically, the aim is to solve process systems with exact product purity 

specifications. The solving strategy illustrated in Figure 2 is extremely useful 

from the process design and simulation aspects. It is, however, numerically 
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extremely challenging to obtain a converged result directly when the structure of 

the system or the component mixture under consideration is complex. 

Fig. 2.  Solving strategy where the system is solved directly based on product purity 

specifications. 

In order to facilitate solving, in distillation simulation the solution is often sought 

based on the strategy illustrated in Figure 3. In this case, the solution is sought 

based on sub-problems, which help to approach the solution in a step-by-step 

manner. Flow ratios can be utilized as simple specifications in the sub-problems. 

The technique where one solution is used as the initial value for the subsequent 

calculation is sometimes known as ‘sneaking up on an answer’ (Kister 1992). 

Fig. 3.  Solving strategy where a sequence of sub-problems with flow ratio 

specifications is solved to approach the required product flow purities. 

The problem is that the strategy illustrated in Figure 3 does not have a well-

constructed procedural base. It may take several rounds to approach the purity 

criteria and thus require a considerable amount of human contribution and time. 
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In addition, this kind of solving strategy is highly dependent on the knowledge 

and experience of the engineer carrying out the simulation task. 

To approach the desired product flow purities more straightforwardly, the 

strategy illustrated in Figure 4 is often applied. In this strategy, the system is first 

solved with flow ratio specifications. The idea is to generate an initial state 

distribution for the actual solving phase, where exact product purity specifications 

are utilized. If solving with exact purity specifications is not successful, the 

system is solved with new flow ratio specifications in order to obtain a more 

favourable initial state distribution. 

Fig. 4.  Solving strategy, where the system is solved first with flow ratio specifications 

in order to obtain a favourable initial state distribution for the actual solving phase 

with exact product purity specifications. If a converged result is not obtained, a new 

initial state distribution is generated. 

The strategy in Figure 4 results essentially in a state distribution that fulfils the 

purity criteria set for the process exactly. Therefore, in this thesis, the solving 

strategy illustrated in Figure 4 is preferred to the strategy illustrated in Figure 3. 
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3 Modelling and solving aspects of distillation 

“The design of complex distillation column configurations is an industrially 

relevant problem. Theoretical work under the assumption of minimum reflux 

has shown that these configurations can save up to 50% more utility than 

conventional column arrays. However, the complex column configurations 

that can potentially produce larger energy savings, such as the fully thermally 

coupled columns (Petlyuk), are not commonly used in industrial practice, 

largely because of control concerns. Another reason complex columns are not 

widely used is the fact that the design of such systems involves strong 

interactions, and requires detailed simulation models that are often difficult 

to converge.” (Yeomans & Grossmann 2000) 

Distillation is usually modelled with what are termed MESH equations. MESH 

equations are a mathematical formulation of material and heat balances as well as 

the phase equilibria prevailing in a single equilibrium stage. The equation set for a 

distillation column is obtained by aggregating equation sets describing single 

distillation column stages. In the same way, models for distillation column 

sequences and various column configurations may be formulated based on MESH 

equations. 

In addition to MESH equations, thermodynamic correlations for individual 

components as well as component mixtures are required in distillation modelling. 

The variety of thermodynamic models and their field of application is wide. The 

selection between the alternatives is made based on the properties of the 

component mixture under consideration. Simple and idealized correlations may 

give reasonable results for zeotropic systems. However, azeotropic systems 

require thermodynamic models, which are capable of describing the non-ideal 

behaviour of the component system. 

In general, equation sets describing distillation configurations are large and 

sparse. As a result of the close material and heat interactions between column 

stages, as well as the thermal couplings between columns, equation sets 

describing distillation systems can seldom be decomposed into smaller equation 

sets. In addition, both the complex structure of column configurations and the 

complex thermodynamic behaviour of component mixtures may induce multiple 

solutions. The complex characteristics of distillation systems make solving an 

interesting, but challenging task. As a whole, distillation systems offer an 
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excellent domain for examining the various solving methods and strategies that 

have been developed for chemical engineering purposes. 

3.1 Distillation modelling based on MESH equations 

According to the notation of Figure 5, the MESH equations for a homogeneous 

unreactive equilibrium stage applicable for multi-component separation can be 

formulated as follows: 

The overall material balance: 
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The phase equilibrium relations ( nci ...1= ): 
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The heat balance: 
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Alternatively, instead of two summation equations for mole fractions and 1−nc  

material balances for components, a summation equation for mole fractions:  
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and nc  material balances for components can be utilized. Doing this does not 

change the total number of MESH equations. 
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Fig. 5. A homogeneous unreactive equilibrium stage. 

The MESH equations can also be utilized when modelling reboilers and 

condensers. Reboilers and condensers are often considered in terms of reflux and 

reboil ratios. The relations can be formulated as follows: 

 

Relation for the reflux ratio R : 

 0)( 111 =+− RDDL VL  . (9) 

Relation for the reboil ratio S : 
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 . (10) 

Depending on the simulation case in question, the condenser (stage 1) is usually 

considered as either a total condenser or a partial condenser. Thus, either the dew 

point vapour VD1
  or the bubble point liquid LD1

  distillate flow is set to zero. 

All material balances and summation equations include only problem 

variables. In heat balance and phase equilibrium relations there are also terms, 

which are not actual variables of the problem. These are the phase equilibrium 

value jiK , , and the enthalpies for liquid jh  and vapour jH . These terms are 

obtained from thermodynamic correlations, where mole fractions, pressure and 

temperature may exist as variables. These correlations are usually non-linear, thus 

posing a challenge to the solving of the MESH equation system. 

The MESH equations represented above are in simple form and represent the 

column stage at steady-state. In this case the vapour and liquid streams leaving 
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the stage are assumed to be in equilibrium (EQ). Even though it is possible to 

model distillation processes with non-equilibrium (NEQ) or rate-based models, or 

even detailed computational fluid dynamics (CFD) (Taylor 2007), the equations 

presented above are suitable for both conceptual and detailed distillation design. 

3.2 Complexity of distillation models 

Complexity appears in distillation in several ways. Distillation columns and 

column configurations may be complex in structure. In addition, non-ideal 

thermodynamics complicate distillation design and model solving. 

3.2.1 Complexity caused by the structure of distillation system 

As illustrated in Figure 6a, a simple distillation column is a conventional column 

having only one feed, two product flows, one condenser and one reboiler. The 

distillate is obtained from the top and the bottom product from the bottom of the 

column. All the other types of distillation columns are referred to as complex 

columns. Complex columns may have more than one feed, or have one or more 

side product flows, intermediate reboilers, intermediate condensers or 

pumparounds. (Doherty & Malone 2001, Kister 1992) 
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Fig. 6. A simple column and some complex distillation columns. (a) A simple column, 

(b) a vapour sidestream column, (c) a liquid sidestream column, (d) a column with two 

feed flows, (e) a column having an intermediate reboiler below the feed and (f) a 

column having an intermediate condenser above the feed. 

Column sequences are created by linking single distillation columns. This is done 

by routing the product flow of one distillation column into the feed stage of 

another column. This is how the conventional direct and indirect column 

sequences illustrated in Figure 7 are comprised. The prefractionator scheme 

illustrated in Figure 7c represents a more novel alternative, where both the 

distillate and bottom products of a distillation column are routed as one-way 

connections to the feed stages of a side draw column (e.g. Doherty & Malone 

2001, King 1980). 

  

Liquid
   Feed sidestream

   Feed
Vapor
sidestream   Feed

(a) (b) (c)

Intermediate
condenser

   Feed 1

   Feed   Feed

   Feed 2 Intermediate
reboiler

(d) (e) (f)



32 

Fig. 7. Conventional column schemes for ternary distillation. (a) Direct, (b) indirect and 

(c) prefractionator schemes. 

The column sequences having only one-way connections and no recycle flows 

from subsequent columns back to the previous ones are workable for the 

separation of zeotropic mixtures. However, when the complexity of the 

component mixtures increases, recycle flows become necessary. Classical 

extractive distillation with a heavy entrainer introducing no new azeotropes and a 

distillation sequence exploiting a curved distillation boundary are examples of 

homogeneous azeotropic distillations, where recycle flows are essential (Figure 8) 

(e.g. Doherty & Malone 2001, Rooks et al. 1996, Wahnschafft et al. 1992, 1993). 
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Fig. 8. Examples of homogeneous azeotropic distillations having a recycle flow. (a) 

Extractive distillation with a heavy entrainer and (b) a distillation sequence exploiting 

a curved distillation boundary. 

Recycle flows complicate not only the structure and operation of distillation 

configurations, but also design of such systems. Recycle flows also make the 

solving of the column system model more challenging. In this case, the modular 

solving approach is no longer as competitive as it is when solving conventional 

schemes. 

The unsuitability of the modular solving approach becomes apparent when 

there are two-way connections in the column configuration. Two-way connections 

are characteristic of the thermally coupled column configurations shown in Figure 

9 (see extensive list of references in Papers IV–VI). The strong interaction 

between distillation columns favours the equation-oriented solving approach, in 

which case the equations describing the column configuration are solved as an 

aggregate set. 
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Fig. 9. Thermally coupled distillation column configurations for ternary distillation. 

Thermally coupled (a) side-rectifier and (b) side-stripper, and (c) fully thermally 

coupled (the Petlyuk) column configuration. 

On the whole, the possibility of obtaining high product flow purities with 

diminished energy consumption makes thermally coupled and heat integrated 

distillation systems very attractive. However, the complexity of these systems 

makes the solving more demanding. From the research and development aspect as 

well as the perspective of detailed process design, robust solving methods and 

strategies are therefore desirable. 

3.2.2 Complexity caused by thermodynamics 

The mathematical correlations describing the thermodynamic properties of single 

components as well as component systems are usually non-linear. Nonlinearity is 
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essential, making it possible to describe the complex thermodynamic properties of 

component systems accurately. 

One example of nonlinearity is the modified Antoine equation, which 

represents the dependence of a pure component-saturated vapour pressure satp  

on the temperature as follows: 

 ( ) [ ]Fsat TETD
CT

B
Ap ++

+
+= )ln(ln . (11) 

The coefficients A, B, C, D, E and F are obtained by regressing experimental data. 

(HYSYS manual) 

Another example of the strong non-linear character of thermodynamic 

relations is the Wilson formulation of liquid phase activity coefficient γ  for 

component i: 
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The term )( iiij λλ −  is an empirically determined energy term, and L
iν  describes 

the molar volume of component i in the liquid phase. (Holland 1981, Poling et al. 

2001) 

In general, variable values substituted into thermodynamic correlations must 

be positive. If negative values are substituted into the logarithm or square root 

functions, complex numbers are obtained. Even though complex numbers are 

mathematically feasible, they are regularly not tolerated in the thermodynamic 

subroutines utilized in process simulation packages. In addition, the substitution 

of the pure zero value into a logarithm function poses a fatal error, in which case 

the solving is interrupted. 
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Complex thermodynamics also poses challenges in the form of azeotropes 

and distillation boundaries. Distillation regions divided by distillation boundaries 

(separatrices) is an issue that must be taken into account in process design and 

simulation (e.g. Fidkowski et al. 1993, Krolikowski 2006, Stichlmair & 

Herguijuela 1992, Thong & Jobson 2001, Wahnschafft et al. 1992, 1993). 

3.3 Distillation multiplicities 

Since the thermodynamic behaviour of component systems is frequently non-

linear, the existence of multiple steady-states is highly probable in distillation (see 

extensive list of references in Paper II). In addition, complex column 

configurations can result in multiple steady-states (e.g. Chavez et al. 1986, Lin et 

al. 1987). 

In order to succeed in process operation, and to prevent inappropriate process 

design and the non-consideration of attractive process alternatives, it is important 

to determine multiple solutions when they exist. This is not an easy task with 

locally convergent solving methods, which at best are able to find only one 

solution from an initial guess. Thus, the existence of multiple solutions is easily 

missed without several simulation runs altering the initial guess. Even then, since 

the region of attraction of solutions may be small, a random search may not locate 

every solution. (e.g. Bekiaris & Morari 1996, Dalal & Malik 2003, Seider et al. 

1991, Vadapalli & Seader 2001) 

∞/∞ analysis has been utilized to generate favourable initial profiles for 

attaining multiple steady-state solutions. Also, dynamic simulation with 

stabilizing control has been utilized to overcome the shortcomings of 

conventional solvers. (e.g. Bekiaris & Morari 1996, Kannan et al. 2005) 

Since homotopy continuation methods are basically able to approach several 

solutions from a single starting point, they are therefore appreciated in 

multiplicity studies. 

3.4 Various alternatives for solving distillation models 

Several classes of methods for numerically solving MESH equations can be 

identified (Perry 2008): 

1. Tearing methods 

2. Inside-out (IO) methods 
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3. Simultaneous convergence (SC) methods 

4. Relaxation methods 

5. Continuation methods 

6. Collocation methods 

7. Optimization methods 

The most widely utilized methods for solving MESH equations fall into 

categories 1–3 and 5. The inside-out (IO) methods have replaced the older tearing 

methods as the standard solving method. The inside-out methods and 

simultaneous convergence (SC) methods are available in many commercial 

process simulators such as ASPENPlus, HYSYS, PRO/II and CHEMCAD. 

Homotopy methods are finding increasing use in commercial software. (Seader & 

Henley 2006, Perry 2008) 

Tearing methods 

In tearing methods, a system of MESH equations is broken into small groups and 

each group is solved in a series of steps. When solving any subset of equations, 

only a corresponding number of variables, the so-called ‘tear’ variables, can be 

determined. To start the calculation, values for the remaining variables must be 

assumed. The ‘torn’ set of equations is then solved for the ‘tear’ variables. 

Consecutive groups of equations and variables are torn from the full set of 

equations and variables until all the variables have been updated. The procedure 

is repeated until all the equations are satisfied simultaneously. (Kister 1992, Perry 

2008) 

Several tearing (or decoupling) methods can be found in the literature, e.g. 

the bubble point (BP) method, the sum rates (SR) method, the θ  method of 

convergence and the 2N Newton-Method. Gaussian elimination, also known as 

the Thomas algorithm, has broadly been utilized to solve a tridiagonal matrix 

system in these applications. (Henley & Seader1981, Holland 1981, Kister 1992, 

Perry 2008, Seader & Henley 2006) 

Some tearing methods have a relatively limited range of application. For 

example, the BP methods are more successful for distillation and the SR methods 

for absorption and stripping (Henley & Seader 1981). One possible drawback of 

the tearing methods is that the number of times that physical properties must be 

evaluated per outer loop iteration may be high, thus increasing the solving time. 

Iteration loops may also be hard to converge. (Perry 2008) In addition, tearing 
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methods usually have a very limited set of specifications which can be utilized 

(Henley & Seader 1981, Seader & Henley 2006). 

Inside-out methods 

Even though inside-out (IO) methods actually belong to the group of tearing 

methods, they are nowadays so widely utilized in commercial simulation 

programs that it is worth presenting IO methods as a separate group of methods. 

In inside loop iterations, a simplified K-value and enthalpy correlations are 

utilized, where the iteration variables T , V , x  and y  are relatively free of 

interactions with each other. Thus the inside loop works well for a wide range of 

mixtures and is little affected by the non-ideality of mixtures. The simplified 

thermodynamic correlations are frequently updated from rigorous thermodynamic 

expressions in the outside loop. By reducing the number of complex 

thermodynamic calculations, the simulation time is reduced. (Kister 1992, Perry 

2008, Seader & Henley 2006) 

Simultaneous correction methods 

In simultaneous correction (SC) (or simultaneous convergence) methods, an 

attempt is made to solve all of the MESH equations simultaneously. Thus, 

separate inner and outer loops do not exist. Simultaneous convergence procedures 

are generally fast. They are also less sensitive to difficulties with non-ideal 

solutions than tearing methods are. (Henley & Seader 1981, Kister 1992, Perry 

2008, Seader & Henley 2006) However, as mentioned in Section 4.1, the Newton-

Raphson methods or variants require an initial guess close to the final solution to 

converge successfully. 

Relaxation methods 

The relaxation method uses at least one set of MESH equations (energy and 

component balances) in an unsteady-state form. The equations are integrated 

numerically from some initial state. At each time step, the equations are solved 

with the phase equilibria to obtain changes in stage temperatures, flow rates, and 

compositions. Even though the relaxation method is stable by always converging 

to the solution, the rate of convergence is slow and slows even further when the 

steady-state solution is approached. One option to speed up solving is to use the 
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relaxation method to bring the column state distribution near the solution and use 

Newton’s method to obtain the final solution. (Henley & Seader 1981, Kister 

1992, Perry 2008) 

Homotopy continuation methods 

The homotopy continuation methods can be classified in two basic categories: 

mathematical and physical (or parametric) homotopies. Mathematical homotopies 

place the MESH equations into a homotopy equation of a purely mathematical 

origin. In physical homotopies, the nature of MESH equations is exploited. 

(Kister 1992, Perry 2008) The homotopy continuation methods are considered in 

more depth in Section 4.2. 

Design specifications 

Distillation subroutines frequently offer a limited set of specifications to be 

utilized. A reflux ratio (or reflux rate) and product rate specifications are offered 

primarily. While these are the easiest specifications to solve, designers often 

prefer to set other specifications, such as purity specifications or recovery of some 

component. To accomplish this, simulators usually have a design specification 

facility. The variables and parameters that it is permitted to specify by means of a 

subroutine are utilized as floating variables to achieve the desired values for the 

desired column specifications. During the simulation calculations, a control 

subroutine compares the calculated values with the desired specifications and 

aims to manipulate floating variables so that the desired specifications are met. 

(Kister 1992, Seider et al. 2004) 

Initial profile 

Especially in cases where the distillation system is structurally complex and/or 

when component mixtures are highly non-ideal, the initial flow rates and 

temperature profiles have a significant role in contributing to the solving. If the 

initial profile is not favourable, the converged result may not be achieved.  

Generally, programs permit the user to initialize the internal flow rates and 

temperatures. On the basis of a few initialized values, the program calculates the 

others by linear interpolation. In some systems, for example columns with purity 
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specifications and highly non-ideal systems, the temperature profile should be 

near the expected results. (Kister 1992) 
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4 Numerical methods for an equation-oriented 
solving approach 

“It is ironic, particularly in light of the effort devoted to this problem in the 

70’s and 80’s, that at the moment, the leading commercial products rely on a 

slight modification of a 17th century algorithm.” (Barton 2000) 

Since all problem variables are treated equally in the equation-oriented solving 

approach, any problem variable may be utilized as a design specification. This 

feature makes the equation-oriented solving approach flexible and useful. 

In general, the equation set )(xf  must be square, that is, the number of 

elements in the vector x  must be equal with the number of equations. This is 

identical with the requirement of degrees of freedom being zero. The equation 

system must also be non-singular and well posed. In the case of a badly posed 

problem the specifications cannot be satisfied by the acceptable set of unknown 

variables. (Bogle 1983, Bogle & Perkins 1988) 

Since equation sets are often large and sparse, it is reasonable to decompose a 

large equation system into smaller equation sets. This is called partitioning 

(Westerberg 1979), and can be done by permuting the occurrence matrix until it is 

block triangular corresponding to the reordering of equations and variables (Bogle 

1983). Methods applicable for approaching the block triangular form can be 

found for example in Duff et al. (1986). 

Traditionally, Newton-Raphson based locally convergent methods are utilized 

in non-linear equation set solving. Local convergence means that for successful 

solving, an initial guess must be offered that is sufficiently close to the root. Even 

though the usability of locally convergent solving methods can be improved with 

a good initialization by utilizing a succession of approximate models to provide a 

guess in the vicinity of the solution (Seider et al. 1991), the poor robustness of 

locally convergent solving methods cannot be fully overcome. To increase the 

robustness, homotopy continuation methods with the property of more global 

convergence can be adopted. 

4.1 Locally convergent solving methods 

Locally convergent solving methods are well known, quite simple in 

implementation, and often work satisfactorily to obtain a root relatively quickly. 

In addition, they are very efficient when sufficient knowledge regarding the 
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location of a root is available (Gritton et al. 2001). Locally convergent methods 

are popular and widely utilized in various circumstances where non-linear 

equation sets are solved. 

Even though the convergence domain may be enlarged somewhat, the 

generation of a suitable initial point can be as difficult as obtaining the actual root, 

especially when the functions are highly non-linear (Gritton et al. 2001). In 

addition, locally convergent solving methods are able to find only one root from 

one initial guess at best. Therefore, several initial guesses need to be generated 

when utilizing locally convergent solving methods in multiplicity studies. 

Consideration of the locally convergent solving methods given below is 

based on Bogle (1983), Bogle & Perkins (1988), Dennis & Schnabel (1983), 

Kelley (1995), Westerberg (1979) and Shacham in Westerberg & Chien (1984). 

4.1.1 The Newton-Raphson method 

Newton-Raphson based solving methods rely on the sequence of iterations 

according to: 

 [ ] )()('
11 kkkk xfxfxx

−+ −= , (13) 

where )(' kxf  is known as a Jacobian matrix evaluated at kx . 

The non-linear equation systems are often large and sparse. In addition, they 

are often unstructured. This means that the calculation of the next iterate 1+kx  by 

utilizing the inverse Jacobian according to Eq. (13) becomes impractical. Since 

the inverse Jacobian tends to be full and calculation of the inverse requires a 

significant amount of computation work, the next iterate should be calculated 

based on a two-phase strategy: 

 )()( kkk xfpxf' −= , (14) 

 kkk pxx α+=+1 . (15) 

First, the Newton step kp  is obtained from Eq. (14) based on Gaussian 

elimination. Then, the next iterate 1+kx  is calculated based on Eq. (15). 

α  in Eq. (15) is a suitable parameter 0>α  that is utilized to improve the 

convergence property. A common practice is to try a full Newton step ( 1=α ) first. 

If this step does not reduce the residual of the functions, the numerical value of 

parameter α  is diminished until reduction is attained. This practice is a 

backtracking form of the line search method. Since the Newton step is a descent 
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direction for f , the described practice guarantees a decrease in absolute function 

values. 

4.1.2 Jacobian matrix determination 

Fundamentally, the Jacobian matrix is defined with partial derivatives as: 
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Each row contains a gradient vector of the corresponding function. When the 

Jacobian matrix is determined on the basis of analytical derivatives, the Newton 

method has a quadratic convergence rate near the solution. Since analytical 

Jacobian matrix elements are seldom easily available, it is the established practice 

to approximate the Jacobian matrix numerically, based on finite differences such 

as forward or central differences. 

Since the sparsity pattern of the Jacobian matrix is equal to the occurrence (or 

incidence) matrix, the location of zero and non-zero elements in the Jacobian 

matrix may be known in advance. The sparsity pattern of the Jacobian can also be 

gained from the Jacobian matrix approximation carried out in the first iteration 

round. Since only non-zero elements need to be stored, the storage demand 

decreases. In addition, the number of function evaluations in the numerical 

Jacobian matrix approximation can be reduced and the computation rationalized 

by taking the Jacobian matrix sparsity pattern into account. The use of sparse 

matrix techniques is therefore highly recommended. 

4.1.3 Quasi-Newton methods 

Even though the Newton-Raphson method is well known and has a quadratic 

convergence property close to the solution, the need for approximating the 

Jacobian matrix in every iteration round makes the method computationally 

tedious. This is a fact regardless of whether the Jacobian matrix is determined 

analytically or numerically. 
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In order to reduce the work that is spent in Jacobian matrix approximation, 

the quasi-Newton methods have been developed. In quasi-Newton methods the 

Jacobian matrix approximation obtained from the previous iteration round is 

updated based on the function evaluations of the present round. Thus, continual 

Jacobian matrix evaluation is avoided and, in an ideal case, the Jacobian matrix 

needs to be determined only in the first iteration round. 

Broyden’s method is the most popular quasi-Newton method. It is based on 

the secant updating strategy, where the Jacobian matrix approximation B  is 

updated based on the following updating formula: 
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Broyden’s method, like secant updating methods in general, has a superlinear 

convergence rate close to the root. 

Broyden’s method is not suitable for sparse problems since the sparsity 

pattern of the Jacobian matrix is not preserved in updating. To preserve the 

original sparsity, Schubert’s method has been developed, where only non-zero 

Jacobian matrix elements are stored and updated. 

Because the quasi-Newton methods only update the Jacobian, they admittedly 

result in inaccuracy in the solving, thus decreasing the robustness. This weakness 

can be partly tackled by approximating (initiating) the Jacobian matrix in iteration 

rounds where a decrease in function values is not achieved. The new 

approximated Jacobian matrix is utilized in updating from then on. 

4.2 Homotopy continuation methods 

As recently as in the early 1980s, computer technology was not mature enough 

for the large-scale utilization of homotopy continuation methods in chemical 

engineering. However, the fast increase in the availability and power of 

computers has made homotopy continuation methods usable in chemical 

engineering. 

Homotopy continuation methods are also referred to by other names such as 

embedding methods, continuation methods and homotopy methods (Allgower & 

Georg 2003, Wayburn and Seader in Westerberg & Chien 1984). These methods 

are known as globally convergent methods and even methods of ‘last resort’, 

which can almost be guaranteed to converge from an arbitrary starting point to a 
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solution (Wayburn & Seader 1987). Homotopy continuation methods also make it 

possible to approach several solutions from a single starting point. Therefore, they 

are usable in multiplicity studies. 

Computationally, homotopy methods are substantially heavier than locally 

convergent solving methods. Therefore, the solving times of homotopy methods 

are certainly longer. However, the clear benefit of homotopy continuation 

methods in terms of better robustness becomes advantageous in cases where the 

other methods fail to obtain a solution. 

It is worth noting that both problem-dependent and problem-independent 

homotopy methods exist. The division is made based on the role of the 

continuation parameter. In the case of problem-dependent homotopy, the 

continuation parameter has a physical meaning. In the case of problem-

independent homotopy, the continuation parameter is an artificial parameter 

without physical meaning. 

All the non-linear equation set solving methods considered in this thesis are 

problem-independent. Therefore, only homotopy methods with respect to an 

arbitrary homotopy parameter are considered herein. 

4.2.1 Homotopy methods 

A homotopy ),( θxh  is a continuous blending of two functions, )(xf  and )(xg , by 

means of a homotopy parameter θ  (Wayburn & Seader 1987). )(xf  describes the 

equation set that is being solved and )(xg  is an auxiliary set of equations, whose 

solution is known or can easily be found. Homotopy equations constructed of 

)(xf  and )(xg  must satisfy the condition (Kovach 1987) 

 [ ] 0xgxfxh == θθ ),(),(),( func  (18) 

such that 

0xgxh == )()0,( 00  (simple equation system) 

0xfxh == ∗∗ )()1,(  (difficult (actual) equation system). 

The basic idea of homotopy methods is to provide an implicitly defined curve 

from a starting point )0,( 0x  to a solution )1,( ∗x . If this succeeds, the solution ∗x  

of the original equation set )(xf  can be obtained. (Allgower & Georg 2003) 
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Homotopy methods introduce nonlinearities gradually (Seider et al. 1991). In 

fact, solving a sequence of equations with a diminishing degree of simplifications 

until finally the actual equation set is solved is called homotopy (Seydel 1988). 

The smooth continua of solutions defined by the homotopy equation are 

called branches, and the diagram formed as a branching diagram (Seydel 1988). 

The basic idea and some general terms appearing in homotopy methods are 

illustrated in Figure 10. 

Fig. 10. Two branches and some general terms appearing in homotopy methods. 

In general, homotopy methods are based on the homotopy function defined by 

 0g(xxfxh =−+= ))1()(),( θθθ , (19) 

where ),( θxh  is a convex combination of )(xf  and )g(x  (Choi et al. 1996). 

Depending on the selection of )(xg , different homotopies are obtained. The 

following three homotopies are presented e.g. in Wayburn & Seader (1987): 

 Newton (or global) homotopy: ))()(()( 0xfxfxg −=  (20) 

 Fixed-point homotopy: )()( 0xxxg −=  (21) 

 Affine homotopy: ).()( 0xxAxg −=  (22) 

The matrix A  in Eq. (22) denotes a proper weighting matrix that is utilized to 

scale the elements of a difference vector )( 0xx −  properly to fit with the 

equations of the original equation set )(xf . A typical choice is the Jacobian matrix 

)(' xf  defined at the starting point 0x . This selection guarantees scale invariance 

with respect to the variables. The Newton homotopy is also scale-invariant. 

It is worth noting that different homotopies have different properties. In the 

Newton homotopy, numerical values of the elements in the vector )(xf  decrease 
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linearly from their initial values at 0=θ  to zero at 1=θ  (Kovach 1987). In 

addition, the Newton homotopy has the advantage that closed paths for x  on θ  

are possible within a finite domain. However, since the auxiliary function 

)()() 0xfxfg(x −=  may have several solutions, the Newton homotopy may have 

multiple roots at 0=θ . This means that more than one branch may exist at 0=θ . 

(Seader et al. 1990) 

The starting point multiplicity problem of the Newton homotopy can be 

avoided by using fixed-point or affine homotopy. This is because in these 

homotopies the auxiliary function )(xg  is satisfied by only one root at 0=θ . 

4.2.2 Continuation principles for homotopy path tracking 

Continuation can be considered as a way to track the curve defined by n  scalar 

equations in the )1( +n -dimensional ),( θx space (Seydel & Hlavacek 1987). 

Despite the branch tracking (or path following) method that is utilized, a chain of 

solution points is formed that is expected to lead from the starting point )0,( 0x  to 

the actual solution )1,( ∗x . 

Tracking can be carried out with the predictor-corrector strategy illustrated in 

Figure 11. The next point on the homotopy path is predicted ),( )1()1( ++ kk θx  based 

on the previous point ),( )()( kk θx . The predicted point is corrected until a point 

),( )1()1( ++ kk θx  is approached that fulfils the criterion set for error tolerance ε . 

Corrector iterations can be carried out with a locally convergent solving method. 

The distance between points ),( )()( kk θx  and ),( )1()1( ++ kk θx  is called step size or 

step length. (Seydel 1988) 

A vast number of continuation methods can be constructed by combining the 

four basic elements of continuation methods differently (Seydel 1988): 

a) predictor 

b) parameterization strategy 

c) corrector 

d) step length control. 

The first three of these can be chosen independently of each other. However, the 

step length control must correspond to the predictor, the underlying 

parameterization and the corrector. Different continuation methods have their 

merits and relatively simple principles work satisfactorily even for complicated 

problems. Therefore, no particular continuation method can be recommended 

exclusively. (Seydel 1988) 
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Fig. 11. The basic idea of predictor-corrector tracking strategy. Predicted points (○) 

and corrected points (●). 

According to Richter (1983), there are two main methods of following a 

homotopy curve. These are the discrete and continuous path following methods. 

In the representation below, the discrete method is briefly reviewed first. Then, 

the numerical principles applied in continuous methods are considered more 

widely. Path tracking based on arc length parameterization is given particular 

consideration. 

Discrete homotopy path tracking 

In discrete homotopy path tracking, which is also referred to as the classical 

embedding method, the homotopy parameter interval [0,1] is divided to obtain a 

finite chain of problems: 

 0xh =),( )()( kk θ ,          1...0 )()1()0( =<<<= pθθθ . (23) 

As illustrated in Figure 12, the next solution point )1( +kx  at )1( +kθ  is computed 

using the previous solution point )( kx  at )(kθ  as an initial guess for the corrective 

iterations. The procedure is continued until the actual solution at 1=θ  is 

achieved. 

To succeed in tracking, a sufficiently small increment θΔ  must be chosen. 

Thus, a starting point )( kx  close enough to the next solution point )1( +kx  can be 

offered. To enable accurate tracking, the number of necessary steps with respect 

to θ  may become high. (Richter 1983) 

A clear drawback of the discrete path tracking method is that it fails when 

turning points are encountered with respect to the homotopy parameter θ . To 
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increase the robustness in path tracking, it is necessary to track the path closely 

rather than only use increments with respect to the homotopy parameter. 

Therefore, path-tracking methods based on arc length are preferred to the discrete 

method. (Allgower & Georg 2003) 

Fig. 12. The basic idea of discrete homotopy path tracking. 

Parameterization in continuous homotopy path tracking 

Parameterization can be understood as a measure along the homotopy path – a 

mathematical way of identifying each solution on the branch (Seydel 1988). 

Parameterization plays an important role in continuous path tracking. Various 

parameterization strategies are presented in Figure 13. 

When parameterization is carried out with respect to the homotopy parameter 

θ , the predictor step length is determined based on the progress in relation to the 

homotopy parameter. In the corrector phase, the predicted step is corrected 

orthogonally to the homotopy parameter. This parameterization strategy does not 

work at turning points, where the path turns with respect to the homotopy 

parameter. To tackle this, a local parameterization strategy can be applied. 

In the local parameterization strategy, the variable utilized in 

parameterization is altered during path tracking. Parameter switching on a local 

basis is referred to as reparameterization (Wayburn & Seader 1987). At a 

particular point on the homotopy path, the selection may be made by picking a 

variable, which has maximal change perpendicular to the homotopy parameter. 

The predictor step length is determined based on the increment in the 

parameterization variable ixΔ , and the correction is made orthogonally to the 

parameterization variable. 
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Fig. 13. The three parameterization strategies utilized in continuous path tracking. (a) 

Parameterization with respect to the homotopy parameter, (b) local parameterization, 

and (c) arc length parameterization. 

Of the three parameterization strategies illustrated in Figure 13, arc length 

parameterization is the most sophisticated. In arc length parameterization, the 

predicted point ),( )1()1( ++ kk θx  and the corrected point ),( )1()1( ++ kk θx  lie 

equidistant from the previous point ),( )()( kk θx . 

Prediction of direction in continuous homotopy path tracking 

In order to deal with turning points, x  and θ  can be considered as functions of 

arc length s . Differentiating the homotopy function ),( θxh  with respect to the 

arc length, results in (Wayburn & Seader 1987): 

 0hx
x
hh =

∂
∂+

∂
∂=

ds

d

ds

d

ds

d θ
θ

. (24) 

By taking into account the arc length relation 

 ( ) ( ) ( ) 1222
1 =++⋅⋅⋅+ dsddsdxdsdx n θ  (25) 

and the initial condition 0xh =)0,( 0 , an initial value problem (IVP) is obtained. It 

is worth noting that the system presented in Eq. (24) is linear and the arc length 

relation Eq. (25) non-linear (Seydel 1988). Therefore, the matrix formulation 

resulted by combining Eqs. (24) and (25) 
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is non-linear. 

In order to determine the tangent vector 

[ ] T
kk

n
kk dsddsdxdsdxdsdx )()()(

2
)(

1 )/(,)/(,...,)/(,)/( θ  

at the point ),( )()( kk θx  without tedious non-linear equation set solving, the 

normalization 

 [ ] 1)(,)(,...,)(,)( )()()(
2

)(
1 =

Tkk
n

kkT
t dsddsdxdsdxdsdx θe  (27) 

can be utilized. All the elements in )1( +n -dimensional column vector te  equal 

zero except the t th element, which equals unity. As a result, the tangent vector 
)( kz  can be determined based on the linear equation system 
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Eq. (28) is also feasible for the determination of a tangent vector )( kz  at the 

turning points. However, t in Eq. (27) must be selected so that it does not 

correspond to the variable for which the turning point is encountered. (Seydel 

1988)  

Since the tangent vector )( kz  is normalized with respect to one parameter, it 

is basically not a unit tangent vector having the length equal to one. In order to 

obtain the unit tangent vector )(ku , the elements of )( kz  are divided by the 

Euclidian norm of )( kz  

 )(

2

)(
)( 1 k

k
k z

z
u = . (29) 

In principle, there are two directions for the unit tangent vector )(ku  that fulfil the 

relation presented in Eq. (26). These directions are the reverse for each other, that 

is )(ku  and )(ku− . The two directions are often called ‘positive’ and ‘negative’ 

directions with respect to the homotopy parameter. 
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Arc length based predictor-corrector strategy in continuous homotopy path 
tracking 

After determining the tangent at a point ),( )()( kk θx , the next point can be 

predicted based on the first-order Euler method according to 

 )()(
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. (30) 

The distance between the predicted point ),( )1()1( ++ kk θx  and the previous point 

),( )()( kk θx  is kλ , which is the step length. Instead of the ODE predictor described 

by Eq. (30), the predictor step may be based on some polynomial extrapolation 

method. In the first order secant method, the next point is predicted based on two 

previous corrected points. (Seydel 1988) 

Since all prediction methods simply approximate the course of the path, a 

corrector phase must follow the predictor phase in order to return the predicted 

point more closely to the actual homotopy path. Corrective iterations can be 

carried out with some local solving method, the Newton-Raphson method for 

instance. 

One option is to select the direction for the correction steps from the 

hyperplane that is orthogonal to the unit tangent vector )(ku . By iteratively 

correcting the predicted point, the arc length parameterization strategy illustrated 

in Figure 13c is imitated. In this case the direction for correction iterations is 

defined according to 
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where Tii ),( )()( θΔΔx  is the i th correction step. The sequence of correction 

iterations based on Eq. (31) and 
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is continued until a point ),( )1()1( ++ kk θx  close enough to the actual homotopy 

path is approached. (Seydel 1988, Wayburn & Seader 1987) 
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Step length control in continuous homotopy path tracking 

A uniformly constant step length is not an efficient strategy to track a homotopy 

path. To increase efficiency, long steps are preferred. However, lengthening the 

predictor step generally increases the distance between the predicted point and the 

actual homotopy path. Thus, the number of corrective steps that are required in 

the corrector phase may also increase. This increases total computation time and 

decreases efficiency. Overlong steps also weaken robustness, for example by 

increasing the risk for segment jumping. In the worst case, the path tracking may 

even fail totally. (Allgower & Georg 2003, Choi et al. 1996) 

Even though the efficiency and robustness of path tracking are to some extent 

contradictory to each other, by properly tuning the path tracking algorithm it is 

possible to attain a trade-off that offers good robustness and satisfactory 

efficiency. A step length control strategy is necessary in this. 

Perhaps the simplest strategy to control step length adaptively has been 

presented in Seydel (1988) and Seydel & Hlavacek (1987). Their strategy is based 

on the fact that continuation is expensive for both short steps (many predictor 

steps) and long steps (slow or no convergence of correctors). Thus costs can be 

seen to be moderate with a certain ‘medium’ step length, which is related to some 

optimal number of corrector iterations. When the number of corrector iterations 

N  is higher than the optimal number of corrector iterations optN , the step length 

is reduced. Likewise, the step length is increased in the case of optNN < . One 

option for updating the step length is to multiply it by the factor NNopt / . 

4.2.3 Fundamental causes of failure 

There are several reasons why problem solving based on homotopy continuation 

methods may fail. Problems may appear because of 

– shortcomings in path tracking, or  

– failures caused by the course of the path of the homotopy method. 

Loose path tracking easily fails. Failure occurs for example when a path makes 

sharp curves. In addition, loose path tracking may lead to segment jumping, 

where the path tracking routine jumps from one segment of the homotopy path to 

another. In this case the complete path may not be tracked and roots or other 

points of interest on the untracked segment are missed (Choi et al. 1996). 
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Even though many challenges in path tracking can be avoided simply by 

tracking the homotopy path more accurately, there are several fundamental causes 

of failure, which cannot be tackled by improving the performance of the path 

tracking algorithm alone. These failures are caused by the combined effect of the 

considered problem )(xf  with its restrictions, and the homotopy equation ),( θxh . 

The following six causes of failure illustrated in Figure 14 have been 

compiled from Wayburn & Seader (1987) and Christiansen et al. (1996): 

1. The Jacobian of ),( θxh  becomes singular at turning points. 

2. The homotopy path strikes an interior boundary of the domain of definition, 

i.e. boundary striking problem. 

3. The homotopy path may exceed the domain on which the variables are 

defined. 

4. The homotopy path becomes totally unbounded, i.e. runs towards infinity. 

5. Multiple solutions exist for )(xg , i.e. starting point multiplicity problem. 

6. Occurrence of isolated solutions. 
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Fig. 14. Some fundamental causes of failure in homotopy continuation based problem 

solving. 

Turning point singularity 

The problem of turning point singularity is closely dependent on what kinds of 

principles the solving algorithm exploits in path tracking. Utilizing an arc length 

path tracking strategy means that the challenges encountered at turning points can 

be tackled. 
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Boundary striking 

According to Wayburn & Seader (1987), one requirement for the homotopy 

continuation method to be able to approach the solution successfully from an 

arbitrary starting point is that the homotopy path does not strike the definition 

domain boundary of )(xf , that is the homotopy ),( θxh  has no solutions on the 

domain boundary. Since variables in chemical engineering, molar flows and mole 

fractions for instance, may have values very close to the problem domain 

boundary, it is not surprising that the homotopy path may strike the boundary. 

Wayburn & Seader (1987) calls this interior boundary striking. 

Even if the actual homotopy path does not cross the problem domain 

boundary, boundary striking certainly constitutes a challenge in path tracking. For 

instance, a predictor step in predictor-corrector path tracking may cross the 

problem domain. Crossing may also occur in corrector steps. In addition, when a 

Jacobian matrix is approximated numerically close to the problem domain 

boundary with some finite difference method, it may happen that an unfeasible 

variable value is substituted into a thermodynamic calculation routine, in which 

case a fatal error may result. 

Lin et al. (1987) have presented means to revise negative variable values into 

positive. One of these is based on variables mapping, where all steps to the 

negative variable space are mapped back to the positive space according to 
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where ix̂  is the mapped variable of ix , ω  is a non-negative scalar step factor and 

ixΔ  is the step of variable ix . Another strategy is to convert negative values to an 

arbitrary small positive value, e.g. 810− . 

Variables exceeding the definition domain 

In some cases the homotopy path runs partly or entirely outside the problem 

domain. Wayburn & Seader (1987) calls this exterior boundary striking. In these 

cases thermodynamic subroutines may generate a fatal error. 

Wayburn and Seader (1987) suggested an absolute-value function )( xf  

instead of function )(xf . In this case the absolute value is regarded as part of the 

function and not part of x . This is obtained by defining: 
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 ii xx =ˆ . (34) 
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Lin et al. (1987) suggested utilizing mapping 

 ii xx =2ˆ  (35) 

instead. This mapping does not set any constraints. The path is tracked in the x̂  

domain instead of in the x  domain. The functions are differentiable anywhere 

with respect to x̂ . 

It is clear that the mappings presented above do not prevent variables from 

having negative values, but only aim to tolerate negative variable values. These 

mappings are also useless in cases where variables encounter positive values 

outside their feasible definition domain. For example, mole fraction values above 

one are absurd and should not be accepted. 

The unboundedness of the homotopy path 

Occasionally, the homotopy path may run to infinity. This may happen both with 

respect to the homotopy parameter and problem variables. In these cases the 

solution may not be achieved at all or some of the multiple solutions may be 

missed. In addition, when the homotopy path runs to infinity with respect to 

problem variables x , it inevitably runs outside the feasible problem domain. 

Seader et al. (1990) suggested mapped continuation methods, called toroidal 

and boomerang mappings. In these methods, x  and/or θ  that extend to ±∞  are 

kept limited through a suitable transformation, where an infinite path is 

transformed into a finite domain. According to Seider et al. (1991), when fixed-

point homotopy is utilized together with mapping functions, all solutions can 

usually be found by tracking a single path of finite length. 

To prevent unboundedness in homotopy paths, Christiansen et al. (1996) 

suggested branch-jumping techniques. They used a simple inverse mapping 

function and showed how symmetry may be utilized to predict where solution 

branches connect across asymptotes. In the cases of single and linear asymptotes 

inverse mapping worked satisfactorily, but in situations where several asymptotes 

lie close in the variable space or in the cases of non-linear asymptotes the 
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situation is not that simple and the algorithm displayed poor convergence 

characteristics. 

Starting point multiplicities 

Starting point multiplicities are occasionally encountered when the Newton 

homotopy is utilized. This is because the auxiliary function )()()( 0xfxfxg −=  

may have several roots. 

One evident consequence is that the Newton homotopy path may double back 

to a second root at 0=θ  without passing through the desired root at 1=θ . 

Hence, instead of approaching the solution for the original problem 0xf =)( , 

another root for 0xg =)(  is approached (Christiansen et al. 1996, Wayburn & 

Seader 1987). 

As illustrated in Figure 14, starting point multiplicities also provide the 

opportunity for separate homotopy path branches. In this case, a trackable real 

space path from the selected starting point at 0=θ  to the solution at 1=θ  may 

not exist. 

Occurrence of isolated solutions 

Even though homotopy methods have more global convergence compared to 

locally convergent solving methods, it may not always be possible to approach all 

solutions from a single starting point by tracking the homotopy path based on real 

space arithmetic alone. This happens when the roots of the equation set 0xf =)(  

lie on a separate homotopy path branch than the starting point. 

As illustrated in Figure 14, in some cases some of the roots may lie on an 

isola. An isola is a closed homotopy branch that is unreachable from the starting 

point based on real space arithmetic alone, but can be reached by computation in 

a complex domain. Once the first root on the isola is reached, the remaining isola 

roots can be obtained by calculations in the real space domain (Kuno & Seader 

1988). 

Basically, all variables in x  and the homotopy parameter θ  may be 

considered as complex numbers. Even though separate branches have trackable 

connections in complex space, the utilization of complex space arithmetic would 

make path tracking a challenging task. One challenge is how to determine the 

bifurcation points, where two or more branches intersect. The determination of 

intersection points is important because they offer a connection between branches. 
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5 Bounded homotopies 

“One of the difficulties in using the available homotopies to solve sets of 

algebraic non-linear equations is the unboundedness of the continuation path. 

This is particularly important when physical properties must be calculated 

within some prescribed domain.” (Paloschi 1995) 

Paloschi (1995, 1996, 1998) presented bounded homotopies to prevent the 

homotopy path from exceeding the boundaries of the problem domain. Bounded 

homotopies restrict the course of the homotopy path and thus the variables can be 

kept inside the feasible problem domain. This avoids the problem of fatal error 

generated by unfeasible variable values in thermodynamic subroutines. In 

addition, variable values outside the validity range of thermodynamic correlations 

can be avoided. 

Despite the sophisticated basic principle, the bounded homotopies proposed 

by Paloschi do not work satisfactorily when simulating chemical engineering 

systems, such as distillation systems. To tackle these shortcomings, Papers I, II 

and IV introduce modifications, which aim to improve the usability of bounded 

homotopies in chemical engineering. 

5.1 Bounded homotopies proposed by Paloschi 

Bounded homotopies can be expressed with the general equation: 

 0xυxυxhxxh =−+= )()(),()(),( b
b θπθ . (36) 

The bounded homotopy path defined by ),( θxhb  coincides with the path formed 

by the unbounded homotopy ),( θxh  inside the subset Ω  restricted by the box 

constraints 

 }{ niuxlx iii
n ,...,1,: =≤≤ℜ∈=Ω , (37) 

and departs from it outside. As Figure 15 illustrates, the bounding zone is formed 

outside the subset boundary Ωδ . The width of the bounding zone is defined 

based on the selected positive constant δ  that is a measure for the bounding zone 

width relative to the width of subset Ω . In fact, the basic idea of bounded 

homotopies is to force the homotopy path always to run inside subset 'Ω  

composed by subset Ω  and the bounding zone. 
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Fig. 15. A schematic representation of the formation of the bounding zone. 'Ω  

describes an open and bounded subset that is composed of subset Ω  and the 

bounding zone. The bounding zone is restricted by boundaries Ωδ  and 'Ωδ . 

One option for defining the auxiliary function )(xυ  in Eq. (36) is to specify it as 

an affine function: 

 ))((')( 00 xxxfxυ −= . (38) 

In this case the general Eq. (36) gets the form: 

 ))(('),()(),( 0 b
b xxxfxhxxh −+= θπθ . (39) 

)(xπ  is a penalty function that annihilates the magnitude of the unbounded 

homotopy ),( θxh  whenever the homotopy path runs outside Ω . The numerical 

value of the penalty function [ ]10)( ∈xπ  depends on the course of the path inside 

the subset 'Ω . Inside subset Ω  the value is one and changes nonlinearly from one 

to zero when running from Ωδ  to 'Ωδ . Correspondingly, the auxiliary function 

))((' 0 bxxxf −  compensates the annihilation. The definitions for penalty function 

)(xπ  and vector bx  can be found in the original papers by Paloschi (1995, 1996, 

1998). 

In general, bounded homotopies have the following benefits: 

– The homotopy path and thereby the problem variables can be kept inside a 

feasible domain. Thus, fatal errors generated by unfeasible variable values in 

thermodynamic subroutines are avoided. In addition, a homotopy path can be 

forced to run inside the domain where the thermodynamic correlations are 

valid. 

– The bounded homotopy path is shorter than the unbounded one. The shorter 

path may reduce the number of steps required in path tracking. 

Despite the benefits, there are also some shortcomings in bounded homotopies 

when applied as presented by Paloschi (1995, 1996, 1998). These shortcomings 

Ω
'Ω

Ωδ

'Ωδ

Bounding zone
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have decreased the usability of bounded homotopies in chemical engineering. The 

following shortcomings have been compiled from Paper I: 

– The way the bounding zone is defined is not beneficial. In the papers by 

Paloschi (1995, 1996, 1998), the strategy is utilized where a bounding zone is 

formed outside the predetermined constraints l  and u , based on the 

magnitude of the positive constant δ . In this case, it may be difficult to 

match the outermost values of the bounding zone with the real physical 

constraints. 

– In the case of a narrow bounding zone, the numerical challenges in path 

tracking are considerable. This is illustrated in Figure 16. When the path is 

close to the narrow bounding zone, the predictor-corrector path tracking 

method easily predicts points outside the feasible problem domain. In this 

case, the predicted step must be shortened to adjust the predicted point inside 

the problem domain. However, because the narrow bounding zone forces the 

bounded path to bend abruptly after running inside the bounding zone, very 

short predictor steps need to be taken in order to enable accurate path tracking. 

In addition, corrector steps may easily fall outside the problem domain. The 

increasing number of predictor steps and continuous need to return the steps 

that have fallen outside the problem domain back into the feasible domain 

certainly increase the solving time. 

– In the case of a narrow bounding zone, the numerical values of the elements 

in the auxiliary function vector ))((' 0 bxxxf −  of Eq. (39) are particularly 

small. Thus the magnitude of compensation given by the auxiliary function 

against the annihilation effect of penalty function )(xπ  is almost negligible. 

As a result, homotopy path tracking may fail and an erroneous solution inside 

the bounding zone might be attained rather than the correct one. Thus, the 

general equation of bounded homotopies (Eq. (39)) has a poor bounding 

effect and even a questionable capability of keeping the path strictly bounded. 

– The penalty function )(xπ  in Eq. (39) also focuses the annihilation effect on 

equations where bounded variables do not exist. In addition, in the case of a 

large and sparse equation set, the element of the diagonal penalty matrix 

)(xΠ  focuses the annihilation effect only on one equation in ),( θxh . In this 

case, the annihilation effect is not focused on all the equations where bounded 

variables exist. This weakens the accuracy. 

– The way to preserve sparseness in bounded homotopies applied to solving 

sparse problems is largely based on the utilization of zero-free diagonal 
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matrices (Paloschi 1998). Considering only the diagonal terms admittedly 

accelerates solving and gives savings in the required storage capacity. 

However, omitting the non-diagonal terms may result in inaccuracies in path 

tracking. 

Fig. 16.  The effect of bounding zone width on homotopy path tracking. Path tracking 

is (a) easy with a wide bounding zone, and (b) challenging with a narrow bounding 

zone. 

5.2 Modified bounded homotopies 

It is known that some variables, such as mass and mole fractions in distillation 

calculation, may often have reasonable values very close to the problem domain 

boundaries. Therefore, in order to avoid a situation where one or more of the 

actual solutions fall inside the bounding zone, the bounding zone must be kept 

sufficiently narrow. 

To force the homotopy path to be tightly bounded and to enable flexible and 

accurate path tracking inside a narrow bounding zone, not only must the general 

equation of the bounded homotopies be modified, but also a suitable variables 

mapping strategy needs to be applied. When implementing these, it is important 

to preserve the problem sparsity and thus make it possible to keep the number of 

function evaluations reasonable in the numerical Jacobian matrix approximation. 

With respect to the shortcomings and requirements presented above, modified 

bounded homotopies have been proposed in Papers I and IV. Modified bounded 

homotopies include formulations for both small- and large-scale problems. In 

addition, the concept of homotopy parameter bounding has been proposed in 

Paper II. The concept aims to establish a path in real space so that multiple 

               Bounding zone                Bounding zone

 (a) (b)
θ

x

θ

x
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solutions, which would be unattainable with unbounded homotopy method, could 

be approached. 

5.2.1 Variables mapping 

In order to facilitate accurate and flexible path tracking close to the problem 

domain boundaries, variables mapping has been proposed in Papers I and IV. The 

proposed mapping scales a finite variable space into an infinite space, so that 

problem variables become more sensitive to changes close to the problem domain 

boundaries. Sensitivity is a useful property especially when utilizing a narrow 

bounding zone. In addition, the proposed mapping tackles the boundary striking 

problem that may appear both in problem-dependent and problem-independent 

homotopies. 

The basic idea of variables mapping is to offer a way to track the homotopy 

path in an infinite space ] ∞−∞ [ rather than a finite space [ maxmin bb ]. On the 

basis of maximum ( max
ib ) and minimum ( min

ib ) values that are set for every 

variable ix , mapping from a finite space into an infinite space is carried out as 
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The maximum ( max
ib ) and minimum ( min

ib ) values can be realized as domain 

boundary values, either real physical restrictions or as artificial values. The mole 

fraction, for instance, has physical restrictions 0 and 1, which can be utilized as 

domain boundary values. Because molar flows and reflux and reboil ratios have a 

natural minimum value of 0 but not a self-evident maximum, an artificial value of 

1000 can be selected. In addition, temperatures (in Kelvins) can be bounded by 

[250 450]. All the problem variables have been mapped as described above in the 

distillation cases examined in Papers I–VI. 

Although the homotopy path is tracked in an infinite variable space, the 

variables must be mapped into a finite space before substituting them into the 

equations of the original equation set )(xf . The mapping is carried out based on 

the following equations: 
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Even though variables mapping has primarily been proposed to facilitate 

homotopy path tracking close to problem domain boundaries, mapping is also 

beneficial when utilizing locally convergent solving methods. By utilizing the 

proposed mapping strategy, the problem of an iteration step falling outside the 

feasible problem domain can be avoided. It must be noticed, however, that 

mapping as such is not sufficient to eliminate the problem encountered with 

traditional problem-independent unbounded homotopies in cases where the path 

exceeds the domain on which the variables are defined. Nor does variables 

mapping make the locally convergent solving methods robust. 

5.2.2 Modified bounded homotopies for small-scale problems 

The general equation of modified bounded homotopies for small-scale problems 

equipped with an affine-based auxiliary function can be expressed as 

 ))(('),()(),( inf,infinf,0infinfinfmod b
b xxxfxhxxh −+= θπθ . (44) 

Note that in contrast to Eq. (39), the mapped variables infx  are utilized herein 

instead of unmapped x . In the case of a narrow bounding zone, the numerical 

values of auxiliary function elements become large, thus offering a strictly 

bounded homotopy path. In consequence, the path can be tracked without the 

need for shortening the step length or tightening the error tolerance. As a whole, 

long steps can be taken without the risk of crossing the problem domain or 

encountering erroneous solutions inside the narrow bounding zone. 

The penalty function 

 




 −−=

∞
δρπ ,)(1)( inf,inf

1
inf bxxWx  (45) 

that is utilized in the modified bounded homotopies includes the infinity norm, 

not the quadratic Euclidean norm( 2

2
) that is utilized in the bounded homotopies 

proposed by Paloschi (1995, 1996, 1998). 

The elements in vector inf,bx  are obtained from 

 ( )( )inf,'infinf,'inf
2

infinf, ),( b
ii

b
iiiii

b
i xxxxWxx −−−= δρ , (46) 
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and the elements in diagonal weighting matrix W as 
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where the upper and lower constraints, i.e. inf
iu  and inf

il , form the inner 

boundaries for the bounding zone in the mapped variable space. In practice it is a 

good idea to specify them as having the same absolute value with an opposite sign, 

that is inf
iu  positive and inf

il  negative. The higher their absolute value, the 

narrower the bounding zone in the finite variable space. 

Based on the chosen inf
iu  and inf

il , inf,'b
ix  is defined as 
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The functions 1ρ  and 2ρ  existing in Eqs. (45) and (46) are defined as 

 




 ++=

,1

,
),(

3
3

4
4

5
5

1
ξξξδξρ aaa

       
δξ

δξ
>

≤≤0
 (49) 

and 

 ),(),( 12 δξρδξρ = . (50) 

The parameters 5a , 4a  and 3a  are specified as 5/6 δ , 4/15 δ−  and 3/10 δ . By 

defining the parameter values this way the functions 1ρ  and 2ρ  become twice as 

continuously differentiable (Paloschi 1996). A graph for 1ρ  as a function of δξ  

is presented in Figure 17. 

Herein, the positive constant δ  is not a relative measure for the bounding 

zone width in the finite variable space. Instead, it is a measure of how close to the 

actual domain boundary the bounded homotopy path may run in the finite 

variable space. The higher the value of δ , the closer to the domain boundary the 

path is allowed to run. In Papers I and III–VI, the value 5.0=δ  has been utilized. 
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Fig. 17. 1ρ  as a function of 
δ
ξ

. 

5.2.3 Modified bounded homotopies for large-scale problems 

Since the penalty term )( infxπ  in Eq. (44) is a scalar, the equation is not useful as 

such for large-scale problems. When the homotopy path runs into the bounding 

zone, the single penalty term focuses the annihilation effect on every equation in 

the equation set ),( inf θxh , and also on equations in which bounded variables do 

not exist. This not only weakens the accuracy, but also makes the Jacobian matrix 

full, forcing a switch from sparse to dense linear algebra. This admittedly 

decreases efficiency. 

To make the modified bounded homotopies applicable for large and sparse 

problems requires the modification of the way annihilation is carried out. The 

penalty term must not surrender the possibility of exploiting the problem sparsity 

in numerical Jacobian matrix approximation. To fulfil this, the modified bounded 

homotopies for large-scale problems are expressed as 

 ))(('),()(),( inf,infinf,0infinfinfmod b
b xxxfxhxΠxh −+= θθ . (51) 

The diagonal penalty matrix )( infxΠ  enables the composition of an individual 

penalty term for every single equation in the equation set ),( inf θxh  separately. 

Thus the annihilation effect can be focused on every equation where a bounded 

variable exists, and thereby the annihilation becomes more precise and 
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theoretically acceptable. The elements of the diagonal penalty matrix )( infxΠ  

fulfilling this property can be defined as 

 [ ]
∞

−−=Π ))((1)( infinf xπeKex diagT
iii . (52) 

ie  describes a unit vector, whose ith element has the value one, and e  describes a 

vector in which every element has the value one. To make it possible to exploit 

the sparsity pattern of the original equation set )(xf , the occurrence matrix K  is 

defined as: 
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The elements of the vector function )( infxπ  can be defined as 

 ( )δρπ ,)(1)( inf,inf
1

inf b
iiiiii xxWx −−= , (54) 

where 1ρ  is the function defined by Eq. (49) and inf,b
ix  defined by Eq. (46). 

5.2.4 The concept of bounding the homotopy parameter 

In several cases, non-linear equation sets have multiple solutions. Even if the 

homotopy path ran through every root, it might make long unnecessary curves 

outside the homotopy parameter space [ 10 ]. This undoubtedly increases the 

number of predictor-corrector steps needed and time spent in path tracking. It is 

also possible that multiple solutions may lie on homotopy path branches, which 

do not have a real space connection. Even if a connection existed in complex 

space, the utilization of complex arithmetic would considerably complicate the 

solving. 

To tackle homotopy parameter unboundedness and make it possible to 

connect separate branches with starting point or solution multiplicities, a 

homotopy parameter-bounding concept has been presented in Paper II. This 

concept is based on the following expression: 

 )()(),()(),( b
b θθθθπθ θθθθ υυxhxh −+= . (55) 

The magnitude of the selected homotopy function ),( θxh  is annihilated with the 

penalty function )(θπθ  whenever the path runs outside the predefined homotopy 
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parameter space. The auxiliary functions )(θθυ  and )( bθθυ  are utilized to 

compensate the annihilation. 

Since the homotopy parameter θ  exists in every equation of the homotopy 

function ),( θxh , it is worth subjecting every equation to both annihilation and 

compensation . To achieve this, the auxiliary function may be defined as 

 eυ θθθ M=)( . (56) 

e  is a column vector where every element has the value one. The parameter 

] [∞+∞−∈M  scales the elements of vector e  properly. Situating Eq. (56) into 

Eq. (55) gives 

 exhxh )(),()(),( b
b M θθθθπθ θθ −+= . (57) 

To make the compensation e)( bM θθ −  reasonable it is worth scaling the 

equations of the original equation set )(xf  adequately, in order to obtain elements 

in the equation vector ),( θxh  of the same order of magnitude.  

Since in problem-independent homotopies the homotopy parameter θ  is an 

artificial parameter without physical meaning, there are no evident boundary 

values for it. One choice is to force the homotopy parameter to run inside the 

domain [ 21− ] and the bounding to occur when the homotopy path runs outside 

the domain [ 10 ]. To attain this, selections of 1=δ  and 'bθθξ −=  in Eqs. (49) 

and (50) have been made. In this case the parameter bθ  is defined as 

 [ ]'3'4'5' 10156 bbbbb θθθθθθθθθθ −





 −+−−−−= , (58) 

and the penalty function generating a scalar value as 
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The parameter 'bθ  existing in Eq. (58) is defined as 
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6 Problem-tailored solving procedures 

“A procedure is a specified series of actions or operations which have to be 

executed in the same manner in order to always obtain the same result under 

the same circumstances (for example, emergency procedures). Less precisely 

speaking, this word can indicate a sequence of tasks, steps, decisions, 

calculations and processes, that when undertaken in the sequence laid down 

produces the described result, product or outcome. A procedure usually 

induces a change” (Wikipedia) 

As discussed in Section 2.4, flow ratios offer an easy way to obtain a converged 

result even for complicated separation systems. In this case, however, a 

considerable amount of manual simulation activity as well as several iteration 

rounds may be required in order to approach the desired separation target. 

Therefore, rather than approaching the solution with numerically easy flow ratio 

specifications, it is desirable to aim to solve the state distribution directly with 

exact product purity specifications. However, this makes numerical solving more 

demanding and establishes a need for robust solving methods. 

Homotopy continuation methods have a superior convergence property 

compared to locally convergent solving methods. This means that homotopy 

methods are able to achieve a solution for an equation set from a substantially 

larger starting point domain compared to locally convergent solving methods. 

However, homotopy continuation methods are computationally heavier, requiring 

considerable computational effort. In simulation this is seen as longer solving 

times compared to the computationally lighter locally convergent solving 

methods. In addition, despite a large convergence domain, homotopy continuation 

methods cannot guarantee that a solution is always obtained. Even though the 

solving of complex systems can be enhanced by selecting an equation-oriented 

solving approach rather than a modular-solving approach and by utilizing 

homotopy continuation methods instead of locally convergent methods, the 

overall robustness may still be not good enough to guarantee successful solving. 

Usually, solving strategies rely largely on the skills of the engineer carrying 

out the simulation. From the overall robustness point of view, this is not a 

recommended way of seeking a solution. Since there is often cumulated 

knowledge about how the solution can be obtained, it is logical to exploit this 

knowledge systematically when systems possessing the same kind of 
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characteristics are being solved. To put this into practice, it is worth applying a 

solving strategy that relies on a problem-tailored solving procedure. 

6.1 The purpose of problem-tailored solving procedures 

Problem-tailored solving procedures aim to systematize solving by dividing the 

solving task into ordered phases. The phases are based on certain kinds of 

heuristic guidelines, which in a step-by-step manner direct the solving in such a 

way that the desired state distribution is attained, even if the initial guess in the 

first phase of the solving procedure were relatively far from the solution finally 

achieved in the last phase of the solving procedure. Thus, problem-tailored 

solving procedures increase the overall robustness. At their best, problem-tailored 

solving procedures can be assembled into the form of a solving algorithm so that 

no intervention is needed between the solving procedure phases. 

Depending on the difficulty of the problem, the number of required solving 

procedure phases may vary. When the complexity of the process increases in the 

form of a complex structure or non-ideal component mixture, the number of 

required phases generally increases. 

The number of required solving procedure phases may also vary depending 

on the solving method utilized. With locally convergent solving methods more 

phases might be needed on the way to the solution than with methods featuring 

more global convergence. 

In addition to phases including non-linear equation set solving tasks, 

procedures may also include phases in which the considered system is optimized 

with respect to some optimization criterion. One example of this is the 

determination of a state distribution of the distillation configuration such that the 

product purity requirements are fulfilled with the minimum overall energy 

consumption. 

6.2 General procedure for thermally coupled column 

configurations 

A problem-tailored solving procedure is illustrated in Figure 18 that forms the 

basis for the solving procedures applied in Papers IV–VI. The procedure is 

intended to solve the state distribution for a distillation configuration whose 

structure has been determined in advance. The procedure cannot be applied as 
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such to optimization tasks in which the aim is to determine both the process 

structure and operation conditions in terms of minimum total annual costs. 

 

Fig. 18.  General problem-tailored solving procedure applied in Papers IV–VI to solve 

state distribution for thermally coupled column configurations. 

In addition to the conditions of the feed flows, i.e. flow rates, compositions, 

temperatures and pressures, the column configuration structure must be defined 

before the actual solving procedure phases. The structure includes specifications 

for the number of stages in the columns, feed and side draw stages, types of 

condensers, and flow connections between the columns. 

In the first actual solving procedure phase, the column configuration model is 

solved based on flow ratios. Flow ratios may include reflux and reboil ratios, and 

other flow ratios such as side draw relative to the total flow leaving the side draw 

stage. Because product flow compositions are functions of internal flows in the 

column (Kister 1992), flow ratios offer a practicable means to obtain an initial 

profile for a distillation configuration without any special information about the 

material distribution in the system. 

In the second phase of the solving procedure, the system is solved with exact 

product purity requirements. Based on the experience obtained with thermally 

Specify the structure of the column system 
and conditions of the feed flows. 

1. Calculate the initial state distribution for the column system. 
Use molar flow ratios (reflux and reboil ratios, SV/(V+SV), 

SL/(L+SL) etc.) as the specifications. 

2. Calculate the state distribution for the column system with exact 
product purity specifications. To obtain zero degrees of freedom, 

specify also as many molar flow ratios as necessary.

3. Determine the optimum operation conditions for the column system 
with respect to the selected object function. Use molar flow ratios as 
optimization variables. Keep the same product purity specifications 

as utilized in the second phase of the solving procedure.
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coupled side-column configurations (Paper V), it is advantageous to carry out 

solving with exact mole fraction specifications one column end at a time. 

In cases where the number of degrees of freedom of the system is higher than 

the number of product flows in the system, flow ratios may be utilized as 

additional specifications in the second phase of the solving procedure. The same 

flow ratios are also utilized as optimization variables in the third phase of the 

solving procedure, where the performance of the system is minimized or 

maximized with respect to the object function. The minimum total duty of 

reboilers has been utilized as a criterion in the optimization studies carried out in 

Papers IV–VI. 

The general problem-tailored solving procedure illustrated in Figure 18 can 

be supplemented for various applications. For instance, a fourth solving procedure 

phase may be added in studies where the target is to determine whether an 

intermediate heat exchanger situated in a thermally coupled side-column 

configuration decreases the total energy requirement (Paper VI). 
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7 Performance of the proposed improvements 

“The important thing in science is not so much to obtain new facts as to 

discover new ways of thinking about them.” – Sir William Bragg 

One objective of this thesis is to illustrate the benefits of modified bounded 

homotopies as well as the performance of problem-tailored solving procedures on 

various distillation systems. The issues affecting fundamental robustness have 

been taken into particular consideration in the studies carried out in Papers I–VI. 

The path tracking algorithm as well as the models of the considered column 

configurations and the thermodynamic correlations utilized have been 

implemented in the MATLAB environment. Thus the development and testing is 

transparent and independent of the restrictions set by commercial process 

simulation and non-linear equation set solving packages. 

7.1 Implementation of path tracking strategy 

The implemented predictor-corrector path tracking strategy exploits the routines 

of arc length type parameterization presented in Section 4.2.2. In the predictor 

phase, the tangent vector )( kz  is normalized with respect to the homotopy 

parameter, in which case Eq. (28) takes the form: 
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The elements of the solved tangent vector )( kz  are divided by its Euclidian norm 

according to Eq. (29). The unit tangent vector )(ku  obtained is then substituted 

into the first-order Euler predictor Eq. (30). 

To mimic arc length path tracking as precisely as possible, the auxiliary 

vector q  is introduced as )()0( kuq = . The predicted point ),( )1()1( ++ kk θx  is 

corrected based on corrective iterations, which are carried out according to the 

following four steps: 
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The corrector iterations are continued until the Euclidian norm of ),( )1()1( ++ ii θxh  

is under the error tolerance. 

As illustrated in Figure 19, the corrector phase iterations carried out in the 

way described above guarantee that the distance between the corrected steps 

),( )()( kk θx  and ),( )1()1( ++ kk θx  is exactly )(kλ , i.e. the desirable step length. Thus 

over-lengthened steps are avoided. 

Fig. 19. The characteristics of two predictor-corrector path tracking routines. (a) The 

strategy presented in Section 4.2.2 and (b) the routine implemented in this thesis. 

In order to ensure robust path tracking, a tight error tolerance has been utilized in 

simulations. Thus short steps have been taken and thereby potential failures in 

path tracking have been minimized. 

The applied solving algorithm exploits the Jacobian matrix sparsity pattern 

based on the tools offered by MATLAB. Not only has the utilization of sparse 

matrix routines diminished the memory requirement, but it has also rationalized 

the computation. The number of function evaluations required in finite-difference 

based Jacobian matrix approximation has been significantly reduced. 

Usually, several Jacobian matrix approximations are required in the corrector 

phase of the predictor-corrector path tracking routine. Since corrector iterations 
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need to be performed essentially at every step, the possibility to save 

computational effort in the corrector phase is an attractive option (Allgower & 

Georg 2003). The number of function evaluations could be reduced and the 

Jacobian matrix approximation accelerated by implementing a Jacobian matrix 

updating method, such as Schubert’s method. 

Even though the robustness and efficiency of the path tracking algorithm are 

admittedly important issues, they are considered more as practical implementation 

problems, not fundamental ones. Therefore, the robustness and efficiency of the 

implemented solving algorithm do not belong to the core focus of this thesis. 

7.2 Robustness of the modified bounded homotopies 

7.2.1 Homotopy path bounding with respect to the problem variables 

Even though the traditional homotopy continuation methods are quite robust in 

general, they may fail when the path runs out of the problem definition domain. 

The solving may also fail due to the homotopy path striking the problem domain 

boundary. In this case a predictor or corrector step in the predictor-corrector path 

tracking routine may fall outside the problem domain. 

In principle, crossing the problem domain boundary is not dangerous. 

However, the substitution of an unfeasible variable value into a thermodynamic 

subroutine may cause a fatal error and thus cut off path tracking. In addition, the 

extrapolation of physical and chemical properties outside the domain of data 

should be avoided. 

In order to keep the homotopy path inside the predefined problem domain, 

modified bounded homotopies have been exploited in Papers I and III–VI. In 

addition to simple mathematical test examples, distillation column examples have 

been studied to examine the performance of modified bounded homotopies. 

Tackling boundary striking by means of variables mapping 

Even if the homotopy path would not cross the problem domain boundary, it may 

run very close to the boundary. This is illustrated in Figure 20, where the mole 

fraction of acetone runs close to zero. 

Challenges encountered close to the domain boundary can be tackled by 

implementing variables mapping, in accordance with Section 5.2.1. This mapping 
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brings sensitivity to path tracking close to the problem domain boundaries and 

thus makes the path tracking accurate and flexible. Unfeasible variable value 

predictions outside the problem domain and thus fatal errors potentially generated 

by thermodynamic calculation routines can be avoided completely. 

 

Fig. 20.  Homotopy paths for the mole fraction of acetone in the bottom product flow 

of Case 1 of Paper III. (a)–(b) Homotopy path in unmapped variable space, and (c) path 

in mapped variable space. 

Preventing problem domain crossings 

As illustrated by the sidestream column examples in Papers I and III, variables 

mapping together with modified bounded homotopies make it possible to restrict 

the homotopy path so that it runs only inside the predefined problem domain. The 

path can be kept bounded even though the bounding zone is kept narrow. 

By tracking the path in the mapped variable space instead of the unmapped 

one, the numerical values of the auxiliary function elements in Eq. (36) become 

significant and, in contrast to the bounded homotopies presented by Paloschi, 

erroneous solutions inside the narrow bounding zone are avoided. 

Tackling the total unboundedness of the homotopy path 

Bounded homotopies prevent the homotopy path from running to infinity and 

thereby becoming totally unbounded. However, when unbounded homotopy path 

branches run into opposite infinity directions, bounded homotopies are not able to 

form a trackable path between these branches. In this case homotopy path 

bounding with respect to the problem variables does not bring any advantage. 

This situation is illustrated in Figure 21a. Correspondingly, Figure 21b illustrates 

the situation where the homotopy path branches run to the same infinity direction. 
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In this case bounded homotopies are usable by offering a way to connect the 

branches. 

In order to tackle the challenge illustrated in Figure 21a, some kind of branch 

jumping technique, like that proposed for example by Christiansen et al. (1996), 

would be required. 

Fig. 21.  Separate homotopy path branches running through the starting point (○) and 

the solution (x). (a) The starting point and the solution lie on separate homotopy path 

branches and run to the opposite infinity directions. (b) The starting point and the 

solution lie on separate homotopy path branches and run to the same infinity 

direction. 

Challenge posed by an extremely narrow bounding zone 

When the aim is to narrow the width of the bounding zone so that none of the 

actual solutions fall inside the bounding zone, numerical challenges may appear 

in path tracking. Even though homotopy path tracking in the mapped variable 

space makes path tracking accurate and flexible inside a narrow bounding zone, 

numerical problems appear when the path is getting close to or diverging from a 

narrow bounding zone. As illustrated in Paper I, in these cases elements of the 

Jacobian matrix may become nearly singular. Even though the analytical values of 

the Jacobian matrix elements would not be exactly zero, the imprecision in 

numerical Jacobian matrix approximation would cause singularities. 

As a general conclusion, it is not possible to narrow the bounding zone 

endlessly in order to prevent the actual solution from lying inside the bounding 

zone. There must be a limit for the bounding zone width set by the precision of 

the computing machine that should not be crossed. 
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7.2.2 Homotopy path bounding with respect to the homotopy 
parameter 

Occasionally some real space solutions lie on separate homotopy path branches. 

When the selected (trivial) starting point and the actual solution of the problem lie 

on separate branches, it is not possible to approach the root from the starting point. 

As illustrated in Figure 22, by bounding the homotopy path outside the 

predefined homotopy parameter space [ 10 ], the homotopy path branches can be 

forced to bend in such a way that the separate branches are connected. Thus, the 

solutions on separate branches can be approached from a single starting point by 

tracking the path in real space. Correspondingly, starting point and solution isolas 

can be broken and connected to other branches. By connecting the separate 

branches, the ability of approaching one or more otherwise unattainable solutions 

from a single starting point only based on real space arithmetic is undoubtedly 

improved. 

The ability to connect separate homotopy path branches is useful when 

determining: 

– starting point multiplicities of the Newton homotopy, and 

– solution multiplicities. 

Fig. 22. Advantages achieved by bounding the homotopy path with respect to the 

homotopy parameter. (a) Connecting separate homotopy branches, and (b) breaking 

the isola branch and connecting it to another branch. 

Determination of starting point multiplicities 

The Newton homotopy method may have several solutions at 0=θ . In this case 

it may happen that there is no trackable real space path from the selected starting 

point to the actual solution. 
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As is illustrated by a sidestream column (Case 3 of Paper III), the actual 

solution may be approached from the other starting point multiplicities, but not 

from the trivial one. As shown in Paper II, the described starting point multiplicity 

problem can be tackled by bounding the homotopy path with respect to the 

homotopy parameter. By properly defining the absolute value and sign of the 

parameter M  in Eq. (57), the connections between starting point multiplicities 

can be formed or broken. 

By offering a way to determine one or more starting point multiplicities lying 

on separate homotopy path branches, the overall ability of approaching at least 

one and possibly several actual solutions is enhanced. Thus the implementation of 

the homotopy parameter bounding concept improves the robustness of the 

Newton homotopy method. 

Determination of solution multiplicities 

The concept of homotopy parameter bounding can also be utilized in the 

determination of solution multiplicities. As demonstrated in Paper II, the concept 

enlarges the starting point domain from where it is possible to approach multiple 

solutions with homotopy methods. This reduces the need for numerous starting 

points in multiplicity studies. 

Because the concept of homotopy parameter bounding makes it possible to 

approach multiple solutions by relying only on real space arithmetic, the concept 

is well suited to chemical engineering computations. 

Solution multiplicities on unreachable isolas 

Even though the domain from where the homotopy methods may converge to one 

or more solutions can be enlarged by utilizing the concept of homotopy parameter 

bounding, the solution isolas lying at 1=θ  are still unreachable unless there is a 

trackable real space path from the starting point at 0=θ  to one of the solutions at 
1=θ . This situation is illustrated in Figure 23b. 
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Fig. 23. The achievability of solutions on isola. (a) Solutions on isola can be 

approached by bounding the homotopy path with respect to the homotopy parameter, 

and (b) isola solutions cannot be approached by bounding the homotopy path only 

with respect to the homotopy parameter. 

7.3 Overall robustness in solving distillation configurations 

Even if the solving method itself is relatively robust, it may not bring any benefits 

unless the solving strategy is well formulated. Therefore, in order to improve the 

overall robustness, problem-tailored solving procedures are worthwhile. 

7.3.1 Solving based on modified bounded homotopies 

Modified bounded homotopies together with the variables mapping improve the 

robustness of homotopy continuation methods by keeping problem variables 

inside the prescribed problem domain. Thus fatal errors caused by unfeasible 

variable values are avoided. 

As illustrated in Papers I and III, modified bounded homotopies may make it 

possible to obtain the solution directly with exact mole fraction specifications 

even though the starting point is trivial. In fact, it requires no special initial state 

distribution profile for the column system. As illustrated in Paper II, no special 

initial state distribution profile is required when the starting point and solution 

multiplicities are determined based on homotopy methods that exploit the concept 

of homotopy parameter bounding. 

Despite the improved robustness, modified bounded homotopies are not able 

to tackle all the problems existing in non-linear equation set solving. Perhaps the 

most challenging is the problem of solution multiplicities on unreachable isolas 

(Section 7.2.2). In addition, homotopy path bounding with respect only to the 

problem variables (Section 7.2.1) does not bring benefits when the unbounded 

homotopy path branches run to opposite infinities. 
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7.3.2 Solving based on problem-tailored solving procedures 

Because the solving methods developed for solving non-linear equation sets still 

have fundamental problems in their robustness, problem-tailored solving 

procedures have been applied in Papers IV–VI. In these papers, fully thermally 

coupled column configuration (the Petlyuk system) and thermally coupled side-

rectifier and side-stripper configurations have been studied in crossing a 

distillation boundary. 

By incorporating heuristically justified guidelines in the form of problem-

tailored solving procedure, the solution may be approached straightforwardly 

even with a locally convergent solving method. However, as an example in Paper 

V illustrates, a locally convergent solving method may not allow successful 

convergence within a reasonable number of iterations or even not allow it at all. 

In this case, modified bounded Newton homotopy can be utilized to enlarge the 

convergence domain. 

7.4 Overall findings and discussion 

The simulations carried out in Papers IV–VI show how thermally coupled column 

configurations are able to cross the distillation boundary from the concave side. 

Even though the crossing with the fully thermally coupled column system (the 

Petlyuk system) is only moderate (Figure 24a), the crossing with thermally 

coupled side-column configuration is significant (Figure 24b). 
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Fig. 24. Distillation boundary crossing by (a) the fully thermally coupled column 

configuration (Case 13 of paper IV), and (b) the thermally coupled side-rectifier (Case 

6 in Table 3 of Paper V). 

The simulations carried out in Papers V–VI also show that thermally coupled 

side-column configurations make it possible to cross the distillation boundary 

with higher product flow purities than is possible with conventional direct and 

indirect column sequences. In addition, implementing an intermediate heat 

exchanger into the thermally coupled side-column configurations may decrease 

the energy requirement with respect to the conventional column configuration. 

On the basis of the general trend of increasing labour costs against decreasing 

computation costs, it is supposed that interest in improving the robustness of 

solving methods and utilization of problem-tailored solving procedures will 

increase in process simulation. Thus, even though the bounded homotopies and 

problem-tailored solving procedures increase the focus towards the solving 

resources (hardware), approaching the same simulation target in a more manual 

way might be even more expensive. 
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8 Conclusions and suggestions for future 
research 

As illustrated in Papers I–III, boundary striking, the homotopy path exceeding the 

problem definition domain, the total unboundedness of the homotopy path, and 

the existence of starting point multiplicities are the fundamental causes of failure 

in the problem-independent homotopy continuation methods, which can be 

tackled by utilizing modified bounded homotopies with variables mapping. Since 

the problem of turning point singularity can be simply tackled with arc length 

parameterization, the occurrence of isolated solutions is the only issue that has not 

been satisfactorily solved to date. 

It is argued that at present there is no absolutely robust problem-independent 

solving method that would always guarantee approaching the solution for a 

complex column configuration from an arbitrary starting point. However, as 

illustrated in Papers IV–VI, utilizing problem-tailored solving procedures can 

enhance solving by offering well-ordered phases for the solving algorithm. The 

phases are based on heuristic guidelines, which direct the solving towards the 

state distribution that exactly fulfils the product purity specifications set for the 

system. 

Based on the results summed up in this thesis, it can be concluded that 

modified bounded homotopies together with problem-tailored solving procedures 

improve the overall robustness of an equation-oriented solving approach. The 

improved overall robustness diminishes the need for intensive manual simulation 

activity, thus rationalizing simulation work. Therefore, enhanced robustness also 

indirectly improves overall efficiency. This means that the state distribution for a 

process with the desired specifications is obtained faster with more robust solving 

methods and problem-tailored solving procedures than without. As a whole, 

improved robustness is expected to lower the threshold of designing and 

implementing novel process configurations. 

At the moment, the proposed modified bounded homotopies and problem-

tailored solving procedures have not been implemented in any special 

flowsheeting package. Even though the basics have largely been set out in this 

thesis, the practical implementation aspects in particular require some effort 

before the fruits of this work can be harnessed in engineering practice. For 

instance, consolidation of the homotopies developed with a robust and efficient 

homotopy path tracking algorithm would be advantageous. 
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In addition, the incorporation of the branch-jumping technique into modified 

bounded homotopies could be fruitful. Particular attention must be directed to 

tackling the problem posed by solution isolas, which cannot be approached 

systematically either by the traditional homotopies or the bounded homotopies 

proposed so far. 

The application of modified bounded homotopies is justified especially for 

numerically challenging process models, where the structure of the process 

system is complex and/or component mixtures are highly non-ideal in 

thermodynamic terms. In addition to separation systems, reactive systems and 

systems combining reaction and separation in the same process unit certainly 

represent applications where the benefits offered by modified bounded 

homotopies in the form of enhanced solution and improved possibility of 

determining multiple steady-states can be exploited. 
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