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Juha, Karjalainen, Broadband single carrier multi-antenna communications with
frequency domain turbo equalization.
University of Oulu, Faculty of Technology, Department of Communications Engineering,
Centre for Wireless Communications, P.O. Box 4500, FI-90014 University of Oulu, Finland
Acta Univ. Oul. C 387, 2011
Oulu, Finland

Abstract
This thesis focuses on advanced multi-antenna receiver and transmission techniques to improve
the utilization efficiencies of radio resources in broadband single carrier communications. Special
focus is devoted to the development of computationally efficient frequency domain (FD) turbo
equalization techniques for single and multiuser MIMO frequency selective channels. Another
special emphasis is given to transmission power optimization for single user MIMO
communications, which takes into account the convergence properties of the iterative equalizer.
A new iterative FD soft cancellation (SC) and minimum mean square error (MMSE) filtering
based joint-over-antenna (JA) multiuser MIMO signal detection technique for multiuser MIMO
uplink transmission in frequency-selective channels is proposed. The proposed FD multiuser
MIMO detection technique requires significantly lower computational complexity than its timedomain counterpart. Furthermore, significant performance gains can be achieved with the
proposed JA turbo receiver compared to an antenna-by-antenna (AA) turbo receiver when the total
number of transmitter antennas and users is larger than the number of receiver antennas, as well
as in the presence of spatial correlation.
The impact of existing linear precoding techniques, e.g, maximum information rate (MaxRate)
and minimum sum mean square error (MinSumMSE), on the performance of frequency domain
turbo equalization is investigated by utilizing extrinsic information transfer (EXIT) chart analysis.
A novel transmission power minimization framework based on an EXIT analysis of single
carrier MIMO transmission with iterative FD SC-MMSE equalization is then proposed. The
proposed optimization framework explicitly takes into account the convergence properties of the
iterative equalizer. The proposed convergence constrained power allocation (CCPA) technique
decouples the spatial interference between streams using singular value decomposition (SVD),
and minimizes the transmission power while achieving the mutual information target for each
stream after iterations at the receiver side. The transmission power allocation can be formulated
as a convex optimization problem. A special case having only two mutual information constraints
is considered, for which the Lagrange dual function is derived and its dual problem is solved.
Inspired by the Lagrange duality, two CCPA based heuristic schemes are developed. The
numerical results demonstrate that the proposed CCPA schemes outperform the existing power
allocation schemes.

Keywords: EXIT chart, MIMO, power allocation, single carrier, turbo equalization

Juha, Karjalainen, Laajakaistainen yhden kantoaallon moniantenniviestintä
iteratiivisen taajuustason kanavakorjauksen kanssa.
Oulun yliopisto, Teknillinen tiedekunta, Tietoliikennetekniikan osasto, Centre for Wireless
Communications, PL 4500, 90014 Oulun yliopisto
Acta Univ. Oul. C 387, 2011
Oulu

Tiivistelmä
Tässä työssä tutkitaan edistyksellisten moniantennivastaanotto- ja lähetysmenetelmien käyttöä
radioresurssien
tehokkuuden
parantamiseen
laajakaistaisessa
yhden
kantoaallon
kommunikaatiossa. Työssä keskitytään erityisesti laskennallisesti tehokkaiden taajuustasossa
suoritettavien iteratiivisten kanavakorjaintekniikoiden kehittämiseen yhden ja usean käyttäjän
multiple-input multiple-output (MIMO) -kommunikaatiossa taajuusselektiivisen radiokanavan
yli. Toinen tutkimuksen painopiste on lähetystehon optimointi yhden käyttäjän MIMOkommunikaatiossa, jossa iteratiivisen kanavakorjaimen konvergenssiominaisuudet otetaan
huomioon.
Työssä ehdotetaan uudenlaista iteratiivista taajuustasossa suoritettavaa soft-cancellation (SC)
ja minimum mean square error (MMSE) -suodatukseen pohjautuvaa joint-over-antenna (JA)
monen käyttäjän ilmaisumenetelmää nousevan siirtokanavan tiedonsiirtoon taajuusselektiivisessa
radiokanavassa. Ehdotettu tajuustasossa suoritettava usean käyttäjän MIMO-lähetyksen
ilmaisumenetelmä vaatii selvästi vähemmän laskentatehoa verrattuna aikatason menetelmään.
Tämän lisäksi ehdotetulla menetelmällä voidaan saavuttaa merkittävää suorituskykyhyötyä
verrattuna antenna-by-antenna (AA) -pohjaiseen iteratiiviseen vastaanottimeen kun
lähetysantennien ja käyttäjien kokonaislukumäärä on suurempi kuin vastaanotinantennien.
Suorituskykyhyöty pätee myös tilakorrelaation tapauksessa.
Työssä tutkitaan lisäksi olemassa olevien lineaaristen esikoodaustekniikoiden, esim. maximum
information rate (MaxRate) and minimum sum mean square error (MinSumMSE), vaikutusta
taajuustasossa suoritettavaan iteratiivisen kanavakorjaimen konvergenssiominaisuuksiin extrinsic
information transfer (EXIT) -analyysin avulla.
Työssä ehdotetaan uudenlaista EXIT-analyysi-pohjaista lähetystehon minimointimenetelmää
yhden kantoaallon MIMO-lähetykseen käyttäen iteratiivista taajuustason SC-MMSE-kanavakorjainta. Menetelmä ottaa huomioon iteratiivisen kanavakorjaimen konvergenssiominaisuudet.
Ehdotettu convergence constrained power allocation (CCPA) -menetelmä erottaa tilatason
häiriön lähetteiden välillä hyödyntäen singular value decomposition (SVD) -tekniikkaa ja
minimoi lähetystehon ja saavuttaa samalla keskinäisinformaatiotavoitteet jokaiselle lähetteelle
iteraatioiden jälkeen vastaanottimessa. Lähetystehon minimointiongelma voidaan muotoilla
konveksiksi optimointiongelmaksi. Kahden keskinäisinformaatiorajoitteen erityistapaukselle
johdetaan Lagrangen duaalifunktio ja ratkaistaan sen duaalifunktio. Työssä kehitetään lisäksi
kaksi CCPA-pohjaista heuristista menetelmää. Numeeriset tulokset osoittavat ehdotettujen
CCPA-pohjaisten menetelmien suoriutuvan paremmin verrattuna olemassa oleviin menetelmiin.

Asiasanat: EXIT-analyysi, iteratiivinen kanavakorjaus, MIMO, tehoallokointi
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Symbols and abbreviations
(·)T
H

transpose of the argument

(·)

complex conjugate transpose (Hermitian) of the argument

au,g,v
n

nth diagonal element of the targeted channel matrix at the output
of the groupwise MMSE filter between the g th virtual transmit
and the v th receive antenna for the uth user

Aju

Ag,v
u

targeted blockwise diagonal channel matrix at the output of
the groupwise MMSE filter for the uth user and the j th jointly
detected antenna group(NG NF × NG NF )

targeted channel matrix at the output of the groupwise MMSE
filter for the uth user and the j th jointly detected antenna group
between the g th and v th link (NG NF × NG NF )
frequency bin index

b
bmax

index for the maximum element of the gradient

bu,t
n

transmitted symbol of the uth user at the nth symbol time instant
associated with the tth data stream

bu,d
n

transmitted symbol of the uth user associated with the dth data
stream at the nth symbol time instant

bdn

transmitted symbol of the dth data stream associated with the
nth symbol time instant

b̃dn

transmitted symbol soft-estimate of the dth data stream associated
with the nth symbol time instant

b
bju

transmitted multiuser symbol vector/data stream vector
(NU NT NF × 1)/NU ND NF × 1)

transmitted symbol vector associated with the j th group of the
jointly detected streams with j = 1...NJ for the uth user (NG NF ×

1)
u

b

bu,d
bd

transmitted symbol vector associated with the uth user (NT NF ×1)

transmitted symbol vector for the uth user’s dth data stream
(NF × 1)

transmitted symbol vector of the dth data stream (NF × 1)
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bRe-Im
d
b̂d

b̂Re-Im
d

transmitted stream vector in which the real and the imaginary
d
parts are stacked into one vector (NF NQ
× 1)

estimate of the transmitted data stream at the output of the
FD-MMSE filter after inverse Fourier transformation associated
with the dth data stream (NF × 1)
estimate of the transmitted stream vector at the output of the

FD-MMSE filter after inverse Fourier transformation in which
the real and the imaginary parts of the MMSE filter output are
u,d

b̂

d
stacked into one vector (NF NQ
× 1)

estimate of the transmitted stream vector at the output of the
FD-MMSE filter after inverse Fourier transformation for the uth

b̃ju

user associated with the dth data stream (NF × 1)

soft-estimate of the transmitted symbol vector associated with
the j th group of the jointly detected streams with j = 1...NJ for

b̃
u

b̃

u,t

b̃

b̃u,t
n

the uth user (NG NF × 1)

soft-estimate vector of the multiuser symbol vector (NU NT NF × 1)
soft-estimate vector of the transmitted data streams for the uth
user (NT NF × 1)

soft-estimate vector of tth the transmitted data stream for the uth
user (NF × 1)

soft-estimate of the transmitted symbol for the uth user at the
nth symbol time instant associated with the tth transmit stream

ḃj,g
u
b̈j,g
u
b̈d
u,d

b̈

th
vector
n for the
o j jointly detected data stream group with elements
2
E |bu,j,g
| on the column (NF × 1)
k

vector for the j th jointly detected data stream group with elements
2

|b̃u,j,g
| on the column (NF × 1)
k

2

vector for the dth detected data stream with elements |b̃dn | on the
column (NF × 1)

vector for the uth user associated with the dth detected data
2

bRe-Im
d

stream group with elements |b̃u,d
n | on the column (NF × 1)

transmitted QPSK vector in which the real and the imaginary
parts of the transmitted symbols are stacked into one vector
d
(NF NQ
× 1)
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transmitted QPSK vector for the uth user in which the real and

b̂u,d
ReIm

the imaginary parts of the transmitted symbols are stacked into
d
one vector (NF NQ
× 1)

diagonal matrix for the j th jointly detected data stream group
with the set of vectors ḃj,g
u (NF × 1), g = 1, ..., NG on the diagonal

Ḃju

(NG NF × NG NF )

j

diagonal matrix for the j th jointly detected data stream group with

Ḃu

the arithmetic mean over the vectors ḃj,g
u (NF × 1), g = 1, ..., NG
on the diagonal (NG NF × NG NF )

B(µd,1 , µd,2 ) set of frequency bins

computational complexity of Algorithm x

CAlgx

(i)

(i)

(i)

(i)

Cg(µ(i) ,µ(i) )

complexity costs for the calculation of the function g(µd,1 , µd,2 )

Cg(µ(i) ,µ(i) )

complexity costs for the calculation of the function g(µd,1 , µd,2 )

d,1

d,1

d,2

d,2

C[hk,d ]b

computational complexity for calculating [hk,d ]b

cdj

encoded bit for the dth stream associated with the j th bit position

cu,d
j

encoded bit of the uth user for the dth stream associated with the
j th bit position

ci,q

transmitted bit associated with the q th bit position of the ith
transmitted symbol

c̄i,q

antipodally modulated transmitted bit associated with the q th bit
position of the ith transmitted symbol

cw,s

bit candidate value in a MAP detection algorithm

cd

d
encoded bit vector for the dth stream (NQ
NF × 1)

cu,d
c0d
c

0u,d

ċw
c̄0d
d

encoded bit vector for the uth user associated with the dth stream
d
(NQ
NF × 1)

interleaved encoded bit sequence for the dth stream (NQd NF × 1)

interleaved encoded bit sequence for the uth user associated with
the dth stream (NQd NF × 1)

candidate bit vector for the wth candidate (NG NQ × 1)

antipodally modulated interleaved coded bit vector (NQd NF × 1)
d
NF × 1)
encoded bit vector (NQ

c
n,s,w
Du,j

distance metric for MAP detection

Eb

information bit power

Ed

MSE of the dth stream
13

Eu,d

MSE of the dth stream associate with the uth user

fm,n
f˚(·)

element of the DFT matrix for the mth row and nth column
monotonically increasing EXIT function of the channel decoder

fˆ(·)
f˘(·)

monotonically increasing EXIT function of the equalizer
monotonically increasing EXIT function of the equalizer when
CSI is not available at the transmitter

F
FN X
g

DFT matrix (NF × NF )

block diagonal DFT matrix having DFT matrices on the diagonal
(NX NF × NX NF )

jointly detected antenna index

g(·)

dual function

gbest

best value of dual function

Gju
hk,d
hr,t
u,l

auxiliary matrix ((NR + NG )NF × NG NF )

gradient vector NF × 1

fading gain for the lth multipath component in the channel between
the uth user’s tth transmit antenna and the rth receive antenna

H
Hu
H̄u
Hr,t
u
Hju

block circulant channel matrix (NR NF × NU NT NF )

block circulant channel matrix for the uth user (NR NF × NT NF )

block circulant channel matrix for the uth user with spatially
uncorrelated elements (NR NF × NT NF )

circulant channel matrix between the tth transmit and the rth
receive antenna for the uth user (NF × NF )

block circulant channel matrix corresponds to the uth user’s j th
jointly detected antenna group (NR NF × NG NF )
index associated with modulation symbols

i
IN

an identity of matrix (N × N )
encoded bit index

j
J(·)
J (·)

monotonically increasing function which maps its argument value
to mutual information
cost function

k

index associated with inequality constraints

kmax

index for the maximum element of the gradient

l
IˆA

index associated with multipath components

A
Iˆu,d

a priori mutual information for the equalizer of the uth user

d

14

a priori mutual information for the equalizer

˚
IdA
˚
IA

u,d
IˆdE

a priori mutual information for the decoder
a priori mutual information for the decoder of the uth user
average mutual information for the k th constraint between the
transmitted interleaved coded bits c0d and the LLRs at the output
of the equalizer L̂d

E
Iˆd,k

average mutual information between the transmitted interleaved
coded bits c0d and the LLRs at the output of the equalizer L̂d

˚
IdE

average mutual information between the transmitted interleaved
coded bits c0d and equalizer’s a priori LLRs

IˆdE

average mutual information between the transmitted interleaved
coded bits c0d and the LLRs at the output of the equalizer L̂d

E
Iˆu,d

average mutual information between the transmitted interleaved
coded bits c0u,d and the LLRs at the output of the equalizer L̂u,d

E
˚
Iu,d

average mutual information for the uth user between the transmitted interleaved coded bits c0u,d and equalizer’s a priori LLRs

IˆdA,target
IˆE,target

target for the equalizer’s a priori mutual information

˚
IdE,target
˚
IE

target for the decoder’s output mutual information

d

d,k
˚
IdE,target

target for the equalizer’s output mutual information
decoder’s output mutual information for the k th constraint
average mutual information between the transmitted interleaved
coded bits c0d and the equalizer’s a priori LLRs

L̂d
L̂u,d
L̊d
Lg,u

extrinsic LLR vector at the output of the FD-SC-MMSE equalizer
d
(NQ
NF × 1)

extrinsic LLR vector at the output of the FD-SC-MMSE equalizer
d
for the uth user’s dth stream (NQ
NF × 1)

d
extrinsic LLR vector at the output of channel decoder (NQ
NF × 1)

matrix for Lagrange multipliers (NF × NF )

L(·)

Lagrangian function

MNR

permutation matrix for SVD computation (NR NF × NR NF )

MNT
n

permutation matrix for SVD computation (NT NF × NT NF )
index associated with modulation symbols

NC

number of coded bits

NE

number of equalizer iterations

NF

number of frequency bins in DFT

NG

number of jointly detected antennas
15

NISub

number of projected subgradient iterations

NIfeasibility

number of iterations

NJ

number of jointly detected antenna groups

NK

number of optimization constraints

NKGreedy

number of optimization constraints in a Greedy algorithm

NL

length of the channel impulse response

NM

number of constellation symbols

NP

length of the cyclic prefix

NR

number of receive antennas

NT
NU

number of transmit antennas
number of users

NQ

number of bits per modulation symbol

d
NQ

number of bits per modulation symbol associate with the dth
stream

N0

noise power spectral density

Ou

auxiliary matrix (NT NF × NT NF )

pmax

transmission power constraint over all the data streams

Pmax

maximum transmission power per frequency bin

Ps

average transmitted symbol energy per symbol

Pd,b

bth diagonal element of the transmission power matrix Pd associated with the dth stream

Pu,d

diagonal power allocation matrix for the uth user associated
with the dth stream having transmission powers on the diagonal

Pd
Pu
P̈d,b

(NF × NF )

diagonal power allocation matrix for the dth stream having transmission powers on the diagonal (ND NF × ND NF )

diagonal power allocation matrix for the uth user having transmission powers on the diagonal (ND NF × ND NF )
auxiliary variable

r
b
r

received signal vector (NR NF × 1)
the output vector of soft-cancellation for the linearly precoded

r̂d

the output vector of soft cancellation associated with the dth

r̂

multiuser transmission (NR NF × 1)

the output vector of soft cancellation (NR NF × 1)
stream, d = 1, ..., ND , (NR NF × 1)
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r̂ju (n)

received signal vector in the frequency domain after softcancellation plus desired transmitted stream components at the
nth symbol instant (NR NF × 1)

r̆u,d ∈ CNR NF combination vector for the output of the soft-cancellation and
desired signal (NR NF × 1)

vector for the frequency domain received signal after post-

r̃

Rd,b
g

Q
s0

Sd,b

processing with UH (ND NF × 1)

auxiliary variable

selection matrix ((NR + NG )NF × NF )

bit position index in a MAP detection algorithm
bth diagonal element of the singular value matrix Sd associated
with the dth stream

Sd

diagonal singular value matrix of the frequency domain channel
matrix Γ for the dth stream having ordered singular values in a

S

nondecreasing manner on the diagonal (NF × NF )

diagonal singular value matrix of the frequency domain channel
matrix Γ having ordered singular values in a nondecreasing manner

Ŝ

on the diagonal (ND NF × ND NF )

block diagonal singular value matrix of the frequency domain
channel Γ̂ having ordered singular values in a nondecreasing

Sd,max
S(n)

manner on the diagonal (ND NF × ND NF )
maximum singular value

time-varying sampling matrix having NG ones on the main diagonal at the nth symbol instant, with the rest of the elements being

Š(n)

zeros (NG NF × NG NF )

time-varying sampling matrix having one the main diagonal at
the nth symbol instant, with the rest of the elements being zeros

T
Tu,d

(NF × NF )

linear precoding matrix for all the users (NU NT NF × NU ND NF )
linear precoding matrix of the uth user’s dth stream (NT NF × NF )

t

transmitter antenna index

u

user index

Ud

unitary matrix comprising the left singular vectors of the frequency
domain channel matrix Γ for the dth stream (NR NF × NF )
17

Ûd
U

(i)

unitary matrix comprising the left singular vectors of the frequency
domain channel matrix Γ̂ for the dth stream (NR NF × NF )
auxiliary variable associated with the ith iteration

v

jointly detected antenna index

v

vector of noise samples (NR NF × 1)
unitary matrix comprising the right singular vectors of the

Vu

frequency domain channel matrix associated with uth user Γ
V
V̂

(NT NF × ND NF )

unitary matrix comprising the right singular vectors of the frequency domain channel matrix Γ (NT NF × ND NF )

unitary matrix comprising the right singular vectors of the frequency domain channel matrix Γ̂ (NT NF × ND NF )

w

candidate index bit index in a MAP detection algorithm

wdRe-Im

Gaussian noise vector in which the real and the imaginary parts

wd

d
of the wd are stacked into one vector (NQ
NF × 1)

circularly symmetric complex Gaussian distributed noise vector
of the equivalent AWGN channel at the output MMSE filter

wuj
xd,b
xd
xu,d
Xd
Xu,d
y

associated with the dth stream (NF × 1)

circularly symmetric complex Gaussian distributed noise vector
at the output of the groupwise MMSE filter (NG NF × 1)
auxiliary variable

information bit vector associated with the dth data stream
d
(Rcd NQ
NF × 1)

information bit vector for the uth user associated with the dth
d
data stream (Rcd NQ
NF × 1)

an auxiliary matrix for associated with the dth data stream
(NR NF × NF )

an auxiliary matrix for the uth user associated with the dth data
stream (NR NF × NF )
user index

yd,b
yuj

auxiliary variable
auxiliary vector ((NR + NG )NF )

zju (n)

groupwise MMSE filter output vector for the nth symbol time
instant and the j th group associated with the uth user (NG NF × 1)
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β̄ d

arithmetic mean of vector b̈d

β̄ u,d

arithmetic mean of vector b̈u,d

∆

frequency domain residual covariance matrix of the feedback soft

∆d,k

estimates (NU NT NF × NU NT NF /NU ND NF × NU ND NF )
average residual interference of soft symbol estimates for the k th
constraint

δ

small positive constant

t
∆u

arithmetic mean of residual interference for the tth data stream
associated with the uth user

d

small positive value to control the minimum gap between the
EXIT functions of the equalizer and decoder

d,k

small positive value for the k th constraint to control the minimum
gap between the EXIT functions of the equalizer and decoder

z

auxiliary matrix (NR NF × NR NF )

block diagonal frequency domain channel matrix (NR NF ×

Γ̂

NU NT NF )
Γ
Γju
λu,t
n,q

frequency domain channel matrix (NR NF × NU NT NF )

frequency domain channel matrix for the j th group of jointly
detected data streams (NR NF × NG NF )

LLR value for the q th bit position of the nth symbol associated
with the uth user and the tth data stream

λ́u,j
n,s

extrinsic LLR value of the sth bit constituting the nth symbol of
the uth user produced by the MAP detector
diagonal autocovariance matrix of transmitted data streams

Λ
Λ̆ju
j

Λ̆u

(NU NT NF × NU NT NF )

j,g
diagonal matrix for the j th group with elements b̈j,g
u − ḃu ,

g = 1, .., NG on the diagonal (NG NF × NG NF )

diagonal matrix for the j th group with the arithmetic mean
j,g
of the elements b̈j,g
u − ḃu , g = 1, .., NG on the diagonal

κ

(NG NF × NG NF )

normalization parameter

µMSE

water-level parameter for MinSumMSE waterfilling

µMaxRate

water-level parameter for MaxRate waterfilling

µd,k

Lagrangian dual variable for the k th constraint
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µi

vector for Lagrangian dual variables associated with the ith

Ωju

frequency domain filtering matrix for a groupwise MMSE filter

Ω̌d
Ω̆u,d
υd

iteration (2 × 1)

for the uth user and the j th jointly detected antenna group
(NR NF × NG NF )
receiver MMSE filter matrix for the dth stream (NR NF × NF )

receiver MMSE filter matrix for the dth stream associated with
the uth user (NR NF × NF )

variance of the equivalent additive white gaussian noise (AWGN)
channel associated with the dth stream

Υju (n)
Υ̇ju

blockwise diagonal matrix with effective SNRs of the priori symbol
estimates on diagonals (NG NF × NG NF )

auxiliary matrix used in the computation of the noise covariance
matrix of the equivalent AWGN channel at the output of the

Ϋju

groupwise MMSE (NG NF × NG NF )

auxiliary matrix used in the computation of the noise covariance
matrix of equivalent AWGN channel at the output of the groupwise

πd
πu,d
Πju (n)
φ̂d
φd

MMSE (NG NF × NG NF )

random permutation matrix associated with the dth data stream

d
d
(NQ
NF × NQ
NF )

random permutation matrix associated with the uth user associated

d
d
with the dth data stream (NQ
NF × NQ
NF )

blockwise diagonal scaling matrix of the groupwise MMSE filter

(NG NF × NG NF )

mean of the LLRs at the output of the FD-SC-MMSE equalizer

channel gain of the equivalent AWGN at the output of the MMSE
filter

φu,d

channel gain of the equivalent AWGN at the output of the MMSE

φ(i)

filter for the uth user associated with the dth stream
step size for the ith iteration of the subgradient algorithm

Ψju

gains of the equivalent Gaussian channel at the output of the

σ̂d2
2
σ̂d,k

groupwise MMSE filter (NG NF × NG NF )

variance of LLRs at the output of the FD-SC-MMSE equalizer
the variance of LLRs at the output of the FD-SC-MMSE equalizer
for the k th constraint
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2
σ̊d,k

the variance of LLRs at the output of the decoder for the k th
constraint

σZ
σ

2

Σb̃u,d
Σr̂d
Σu,j
w

standard deviation of the LLRs
variance of noise
covariance matrix of the soft-symbols of the uth user associated
with the dth stream (NF × NF )

covariance matrix of soft-cancellation output (NR NF × NR NF )

noise covariance matrix of the equivalent AWGN channel at the
output of the groupwise MMSE filter for the j th group associated
with the uth user

Σu,j
r̂(n)
Σr̂
ΣNT
Σ̄NT
ϕ̇g,f
u
ϕ̈g,f
u

covariance matrix of the composite of soft-cancellation output
and desired signal components (NR NF × NR NF )

covariance matrix of soft cancellation output (NR NF × NR NF )

transmitter side correlation matrix for the transmitted frame

(NT NF × NT NF )

transmitter side correlation matrix for one symbol (NT × NT )
diagonal element of matrix Υ̇ju for the g th and v th link
diagonal element of matrix Ϋju for the g th and v th link

ε

small positive constant

Θju

Scaling matrix of the groupwise MMSE filter (NG NF × NG NF )

Θ(·)

auxiliary function for the derivation of the dual function

θk

auxiliary variable for the k th constraint

Ξju

block diagonal scaling matrix of the groupwise MMSE filter with
matrices Θj,g,g
, g = 1, ..., NG on the diagonal (NG NF × NG NF )
u

ζd

effective SNR of the prior symbol estimate

ζd,k

effective SNR of the prior symbol estimate for the k th constraint

ζu,d

effective SNR of the prior symbol estimate for uth user’s dth
stream

ξd,k

auxiliary constant for the CCPA

0N
0N ×N

a vector of zeros (N × 1)
a matrix of zeros (N × N )

1N

bdiag{·}
circ { · }

a vector of ones (N × 1)

generates the block diagonal matrix from its argument matrices

circulant operation, in which each column of the matrix is cyclically
shifted the version of the successive column
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diag { · }

generates a matrix from argument values that have the values on

ex

natural exponential function of x

E {· }

expectation over its argument

I(x; y)

mutual information between x and y

Md (·)

maps transmitted bits into a 2NQ -ary complex symbol

the main diagonal.

d

tr {· }

trace of its argument matrix

k · k2

Euclidian norm of the argument vector

det(·)

computes determinant of its argument

⊗

the Kronecker product

~(·)

projection of its argument on the feasible set

AY

dictates the strict matrix inequality between symmetric matrices
A and B

[· ]

rounds the argument to nearest integer towards minus infinity

[·]n

extracts the n-th element of its argument vector

[·]:,m:n

extracts all the elements of the argument matrix between the
m-th and n-th columns

x∗

optimal value of x

log2 (·)

2-base logarithm of its argument

ln(·)
→
−
[·] n

natural logarithm of its argument
extracts the elements from its argument vector and/or matrix, all
of which correspond to the nth symbol time instant

Pr(·)

probability of the argument to occur

p(x|y)

conditional probability density of x given y

tanh(·)

hyberbolic tangent of the argument

CM ×N

set of M × N complex matrix

R

M ×N

Re {· }

set of M × N real matrix
real part of its argument

AA

antenna-by-antenna

AMPS

Advanced Mobile Phone Service

BEP

bit error probability

BER

bit error rate

BLAST

Bell Laboratories Layered Space-Time

CAI

co-antenna interference

CC

convolutional code
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CCI

co-channel interference

CCPA

convergence constrained power allocation

CDMA

code division multiple access

CoMP

coordinated multi-point

CP
CSI

cyclic prefix
channel state information

DFT

discrete fourier transformation

DFTS

discrete Fourier transform spread

DoF

degrees of freedom

DPC

dirty paper coding

FD

frequency domain

FDD

frequency-division duplex

FDMA

frequency division multiple access

FFT

fast Fourier transformation

FEC

forward error correction

FER

frame error rate

EDGE

Enhanced Data rates for GSM Evolution

E-TACS

Extended Total Access Communications System

EXIT

extrinsic information transfer chart

GSM

Global System for Mobile Communications

GPRS

General Packet Radio Service

HSDPA

High Speed Downlink Packet Access

HSUPA

High Speed Uplink Packet Access

IFFT

inverse fast Fourier transformation

ISI

intersymbol interference

IS-54

Interim Standard 54

ITU

International Telecommunication Union

JA

joint-over-antenna

JG

jointly Gaussian

KKT

Karush-Kuhn-Tucker

LMS

least mean square

LTE

Long-Term Evolution

LTE-A
MAP

Long-Term Evolution-Advanced
Maximum a Posteriori

MaxRate

maximum information rate
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MFB

matched filter bound

MBMS

Multimedia Broadcast Multicast Services

MinSumMSE minimum sum MSE
MMSE

minimum mean square error

MSE
NMT

mean square error
Nordic Mobile Telephony

NoCSI@TX

no CSI at the transmitter

OFDM

orthogonal frequency division multiplexing

OFDMA

orthogonal frequency division multiple access

PAPR

peak-to-average power-ratio

PDC

Personal Digital Cellular

PDF

probability density function

QoS

quality of service

RA

repeat accumulate

SDP

semidefinite programming

SfISfO

soft-input soft-output

SNRdMMSE

SNR at the output of the MMSE filter’s equivalent AWGN channel
associated with the dth stream

UEC

unit-energy constraint

UTC

unit-tap constraint

UMTS

Universal Mobile Telecommunication System

TACS

Total Access Communications System

THP

Tomlinson-Harashima Precoding

TD

time domain

TDD

time-division duplex

TETRA

Terrestrial Trunked Radio

V-BLAST

Vertical-Bell Laboratories Layered Space-Time

WCDMA

Wideband CDMA

1G

first generation

2G

second generation

3G

third generation

4G

fourth generation

3GPP
3GPP2

3rd Generation Partnership Project
3rd Generation Partnership Project 2
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1

Introduction

Future broadband wireless communication systems, e.g., fourth generation (4G)
cellular systems, will allow the coexistence of various services to be provided,
with a wide range of different user data rates and diverse quality of service
(QoS) requirements, over severely frequency selective channels. To provide
those services, the spectral efficiency of future wireless networks needs to be
improved compared to our legacy systems, such as second generation (2G) and
third generation (3G) systems. However, especially with broadband uplink
transmission in cellular networks, i.e., from users to base station, it is a major
challenge for network operators to provide the wide range of services requiring
different QoS’s to the users located at the border of the cell in a cost-efficient
manner without increasing the costs of the network infrastructure. This is due
to the fact that the coverage of the cell is limited by the transmission power of
portable terminals due to their battery longevity. Therefore, to utilize efficiently
the radio resources of future broadband networks, advanced transmission and
reception techniques need to be developed.
This thesis focuses on advanced multi-antenna receiver and transmission
techniques to improve the utilization of radio resources in broadband single carrier
communications. Section 1.1 provides a brief overview of past, existing and
future mobile communication systems. Section 1.2 introduces key technologies for
broadband single carrier multi-antenna communication. Section 1.3 presents the
aims and outline of the thesis. Section 1.4 summarizes the author’s contribution
to the original publications.

1.1

Review of cellular mobile communication systems

The era of commercial mobile communications started in 1979 in Japan, where
the first cellular analog mobile communication system was deployed [1]. Later, in
1981 Nordic Mobile Telephony (NMT) in Nordic countries and in 1983 Advanced
Mobile Phone Service (AMPS) in the USA started their operations [2]. The
other first generation (1G) cellular systems are known as, e.g., Total Access
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Communications System (TACS), and extended TACS (E-TACS)1 . These analog
systems are called 1G mobile communication systems. The purpose of the
1G systems was mainly to provide voice services [1, 3]2 . In general, they are
all based on the concept that the total radio frequency band is sub-divided
and assigned users accommodated in the system [4]. This orthogonal multiple
access method is called frequency division multiple access (FDMA). All 1G
mobile communication systems are based on single carrier transmission in which
information-bearing signal is concentrated over the assigned frequency band.
In the early 1990s, the second generation (2G) digital cellular systems were
put into practical use. In 1991, a digital cellular mobile communication system,
Global System for Mobile Communications (GSM), was standardized in Europe
[1], and thereafter it gradually spread into use the majority of people around
the world. Another standard, Interim Standard 54 (IS-54), known as digital
AMPS (D-AMPS), was standardized in the USA. Both standards employ the
time division multiple access (TDMA) approach, in which users are grouped
and each user in the same group in the system transmits their signals over the
band allocated to the group but only in a fraction of the time assigned to them
periodically [2]. In fact, the GSM and IS54 systems are hybrid TDMA/FDMA
because they also support FDMA [2]. Other TDMA based 2G standards are,
e.g., IS-136 (extension of IS-54), Personal Digital Cellular (PDC) and Terrestrial
Trunked Radio (TETRA). One unique still categorized as 2G, is based on the
IS-95 standard also known as cdmaOne, in which the spectrum is shared by
multiple users simultaneously, with the assumption that the signals of multiple
users are orthogonal to each other. This multiple access method is referred to as
code division multiple access (CDMA).3 As a result of advanced speech coding
and forward error correction (FEC) techniques, 2G systems were able to achieve
higher spectrum efficiency and better resistance against interference compared to
1 In

fact, the analog systems, e.g., NMT, AMPS and TACS are hybrid systems because they
employed both digital and analog modulation. For example, AMPS uses digital modulation
and channel coding in access mode. In information exchange mode analog voice was modulated
with frequency modulation [2].
2 There already existed fax modems dedicated to communications over the 1G network in
Japan.
3 In CDMA based systems the orthogonality of users can only be guaranteed when the crosscorrelation between sequences associated with different users is zero. In practice, multipath
propagation may cause loss of the orthogonality between different transmitted sequences at the
receiver.
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1G systems. Both 1G and 2G mobile communication systems can be considered
narrowband systems, e.g., the GSM system’s spectrum occupancy per carrier is
200 kHz because their objective is to provide services, e.g, voice, that do not
require large bandwidth [3].
Since 2G systems were originally designed for circuit-switched voice transmission, they do not fit well the bursty and asymmetric nature of the data
traffic, resulting in inefficient utilization of radio resources [4]. Thus, packetswitched transmission, referred to as General Packet Radio Service (GPRS), was
introduced to 2G communications systems as an add-on component to improve
utilization of radio resources and to support new services. To further enhance
the data rates in 2G systems, Enhanced Data rates for the GSM Evolution
(EDGE) transmission adaptation technique was adopted to GSM and IS-136
standards. With the aid of EDGE, modulation and channel coding parameters
can be adaptively changed according to the quality of the wireless link between
a user and the base station [5]. As a result, the achieved peak data rates are
significantly higher compared to the original schemes, leading to approximately
three times higher spectral efficiency [5].
To enable users to have a wider range of advanced services, e.g., video calls
and broadband wireless data in mobile communications environments, and
to achieve higher spectrum efficiency with the aim of accommodating more
users, it was decided to develop third generation (3G) mobile communications
systems under the Third Generation Partnership Project (3GPP), as well as
under the Third Generation Partnership Project 2 (3GPP2) [3, 6]. To fulfill
these requirements, 3GPP and 3GPP2 have standardized the Universal Mobile
Telecommunication System (UMTS) and CDMA2000 standards. The most
widely spread radio interface of UMTS is Wideband CDMA (WCDMA), the first
release of which was in 1999. WCDMA has been evolving to meet the increasing
demands for high-speed data access and broadcast services, resulting in the
development of High Speed Downlink Packet Access (HSDPA), High Speed
Uplink Packet Access (HSUPA), and Multimedia Broadcast Multicast Services
(MBMS) [6]. In general, the 3G systems can be considered wideband systems
(e.g., WCDMA with 5 MHz) because they are designed to provide services that
required significantly larger bandwidth compared to 2G systems.
Recently, the International Telecommunication Union (ITU) has set the
requirements of beyond-3G systems, so called fourth generation (4G) broadband
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systems [3, 7]. The 4G systems are assumed to provide ubiquitous wireless
communication and seamless high-quality wireless services based on internet
protocol (IP) [3, 7]. Currently, the deployment of 4G mobile broadband systems
based on the highly flexible 3GPP Long Term Evolution (LTE) radio access
technology is ongoing [8].4 One of the key properties of the LTE networks is
flexible spectrum usage [8]. LTE offers extensive support for flexible spectrum
usage, e.g., scalable bandwidths for 1.25/2.5, 5,10,15 and 20 MHz. Another
important part of LTE networks is downlink multi-antenna transmission enabling
the data rate to increase without requiring bandwidth expansion. Furthermore,
LTE supports both frequency-division duplex (FDD) and time-division duplex
(TDD) as well as aims at a smooth evolution from earlier 3GPP technologies [8].
In contrast to 3G systems, the LTE networks are supposed to provide high data
rates for users at cell edges with low latency. The peak data rate targets are set
for the LTE at 100 Mbps and 50 Mbps for downlink and uplink communications,
respectively. The efficient usage of the portable terminal power amplifier plays a
crucial role in maximizing the battery lifetime of the portable terminal. A single
carrier based transmission enables more efficient usage of the power amplifier,
resulting in a lower peak-to-average-power-ratio (PAPR) compared to orthogonal
frequency division multiplexing (OFDM) [3, 7]. Therefore, the system that
combines the two techniques, single carrier and FDMA, is referred to as single
carrier FDMA, known as discrete Fourier transform spread (DFTS)-OFDM, has
been selected as the uplink transmission scheme for LTE. Contrary to uplink
transmission, downlink transmission has much less stringent requirements for
the efficient usage of the power amplifier. Therefore, an orthogonal frequency
division multiplexing access (OFDMA) transmission scheme is employed for the
LTE downlink [3, 7].
In order to fulfill 4G requirements for mobile communication systems defined
by the ITU, 3GPP has started to develop an evolved version of LTE networks,
called LTE-advanced (LTE-A). LTE-A is not a new radio access technology but
rather the evolution of LTE to further improve its performance [8]. Thus, in
LTE-A networks single carrier FDMA and OFDMA are employed as transmission
schemes for uplink and downlink, respectively. To achieve 4G requirements
4 The

first systems based on 3GPP release 8 are already in full commercial operation [8].
Strictly speaking, these systems are not categorized as 4G because they do not fulfill ITU
requirements.
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and even further enhance the system capability, LTE-A introduces several new
features, such as carrier aggregation, enhanced multi-antenna support, i.e. up
to eight streams in downlink and four streams in uplink, improved support
for heterogeneous deployments of the system be able to support relaying as
well [8, 9]. Hence, the throughput and coverage of the LTE networks can be
further improved. Some examples of the design targets of the LTE-A network are
given [8]: support for peak data rates up to 1 Gbps in downlink and 500 Mbps
in uplink, with the transmission bandwidth up to 100 MHz, and substantial
improvements in cell and user throughputs with respect to 4G requirements.
Further details about LTE and LTE-A networks can be found in [3, 7, 8] and the
references therein.

1.2

Broadband single carrier multi-antenna
communications with frequency domain equalization

During recent years, broadband single carrier communication, especially single
carrier FDMA, has drawn a lot of attention by being standardized as an uplink
transmission scheme for LTE and future LTE-A networks [8, 9]. For single
carrier systems, transmitted signals encounter impairments originated from radio
channel and thermal noise that limit the performances of the system. Fading is
one the most severe cause of impairments, introduced by a wireless channel.
In general, the fading can be categorized into two types, namely small-scale
and large-scale fading [10]. The large-scale fading is due to path loss of the
transmitted signal as a function of distance and shadowing by large objects, e.g.,
buildings and hills [10]. The small-scale fading can be further classified into
the frequency domain (flat and selective fading) and the time domain (slow
and fast fading) [4].5 The small-scale fading, referred to multipath fading is
caused by multipath propagation, e.g., via scattering, diffraction, reflection and
absorption, in which the transmitted signal arrives at the receiver via several
paths with different attenuations and delays [11, 12]. The signals from these
paths are added with different phases, resulting in a received signal amplitude

5 This

work considers only techniques for channels which are fading slowly and frequency
selective.
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and phase that vary with the antenna location, direction, and polarization, as
well as with time [13].
To cope with the impact of fading, an efficient technique is to introduce
diversity techniques[12]. The basic idea of diversity is to increase the reliability
of the transmission by sending/receiving the same information through multiple
channels which are independently fading [10]. The diversity techniques can be
categorized according to frequency, time, space and polarization [12]. Fading
is not always detrimental from system performance point of view [10]. In
contrast to traditional diversity approaches, opportunistic communication can
take advantage of signal fading; only when the channel is in good condition, the
signal is transmitted, resulting in being able to best utilize the available degrees
of freedom [10].
Other well-known techniques in communication systems to improve the
resistance against fading and noise are FEC coding and interleaving. The
objective of FEC techniques, e.g., convolutional [14], turbo [15] and repeat
accumulate (RA) codes [16], is to add structured redundant information the
transmission that can be utilized at the receiver in the decoding phase to recover
the transmitted data. The purpose of interleaving is to randomize the burst
errors caused by fading, by permuting the transmitted bits.
Another impairment introduced by the channel is inter-symbol-interference
(ISI) caused by a time difference in propagation delays on multiple paths [13].
As a result, transmitted signals that have different propagation delays reach
simultaneously the receive antennas, with the resulting overlap in time leading
to the time dispersion of the signal components at the receiver, giving rise to
frequency selective fading. The severity of ISI depends on the ratio of the delay
spread of the channel impulse response and symbol duration [17].
Pre-equalization at the transmitter and equalization at the receiver are among
the most well-known techniques for mitigating ISI [18]. However, pre-equalization
methods, such as [19], have not gained popularity in single carrier systems.
In contrast, time domain (TD) equalization techniques, originally developed
for wired telephone channels [20], have been extensively researched with the
aim of applying it to single carrier communication systems to compensate
the impairments due to the ISI at the receiver. However, the computational
complexity of TD techniques, e.g., linear filtering, becomes unacceptably high in
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severe frequency selective channels. An extensive overview of the equalization
techniques for wireless channels is provided in [21].
An alternative approach to avoiding the transmitted signal degradation due
to ISI is to use multi-carrier based transmission schemes [22, 23]. In multi-carrier
systems, data symbols are allocated to the parallel sub-bands that encounter flat
fading in transmission over a wireless channel. Recently, OFDM has attracted
a lot of interest for utilization as a standard in several broadband wireless
communication systems, e.g., IEEE 802.16m, LTE and LTE-A. OFDM enables a
frequency domain implementation of a low computational complexity receiver
for single user single-input single-output (SISO) channels by introducing inverse
fast Fourier transformation (IFFT) and fast Fourier transformation (FFT) at
the transmitter and receiver, respectively.
Despite the advantages of OFDM, it suffers from the PAPR problem and it
is sensitive to carrier synchronization errors [24]. Interestingly, in [24, 25], it has
been shown that single carrier transmission with a cyclic prefix combined with a
frequency domain (FD) equalization leads to similar performance to that in
OFDM while having essentially the same overall computational complexity. Hence,
single carrier communication is especially suitable for uplink communications in
which terminals could be equipped with low cost power amplifiers and simple
transmitters [24].
In the early 1970s, Walzman and Schwartz [26] showed for the first time
that an adaptive FD equalization can offer a significant complexity reduction
and better convergence properties than its time domain counterpart. Later,
in mid-1990s it was shown [25] that by appending a cyclic prefix (CP) to the
transmission block, the linear convolution of the channel and transmitted symbols
transforms into circular convolution, which enables efficient implementation
of the receiver by using FFT. To avoid inter-block interference (IBI) between
consecutive transmitted blocks, the length of the CP must always be longer than
the length of the impulse response of the channel. During the last decade, a lot
of research activity in FD equalization has been carried out to further develop
new concepts of FD equalization with single carrier transmission, e.g, decision
feedback equalization (DFE)[24] and turbo equalization [27].
Multiple-input multiple-ouput (MIMO) techniques have received great interest
as being a promising method for future broadband wireless systems to improve
data rates significantly without requiring bandwidth expansion. It has been
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shown that the use of MIMO techniques can provide enormous capacity gain
over the conventional single antenna transmission in rich scattered multipath
environments [28]. In addition to the capacity gain, i.e., spatial multiplexing gain,
MIMO techniques can also provide array gain, diversity gain and interference
suppression [29]. Spatial multiplexing can provide a linear increase in channel
capacity with respect to the minimum number of the transmitter, NT , and
receiver, NR , antennas when perfect CSI is available at the receiver [28, 30].
Array gain is obtained with the processing at the transmitter and receiver
resulting in an increase in the average received signal-to-noise ratio (SNR) due to
a coherent combining effect [29]. By combining all the transmitted signals over
all the receiver antennas, the resultant combined signal exhibits significantly less
amplitude variation compared with SISO communication systems, leading to
(NT NR )th of order diversity [29]. By using multiple antennas, it is possible to
exploit the differentiation between the spatial signatures of the desired signal and
co-channel signals to reduce interference [29]. Interference reduction allows for
efficient frequency reuse, resulting in increased multicell capacity [29]. It is worth
noting that it is not possible to exploit all the benefits of MIMO techniques
simultaneously [10]. Thus, there alway exists a tradeoff between the benefits of
MIMO techniques such as multiplexing vs. diversity [10]. Since the pioneering
work made by Winters [31], Foschini [28] and Telatar [30], a lot of advancements
have been made to try and realize the capacity improvements promised by
information theory with practical transmit and receiver architectures. Spacetime coding [32] and spatial multiplexing [33] are among the most prominent
techniques. Spatial multiplexing, e.g., Bell Laboratories Layered Space-Time
(BLAST) architecture [34], provides a simple and efficient transmission structure
which is able to utilize the multiplexing gain of MIMO channels.
To improve the network capacity of wireless communication systems in terms
of users per cell, Winters et al. [31, 35] proposed spatial division multiple access
(SDMA) for uplink communication. SDMA enables multiple users with multiple
transmit antennas to communicate simultaneously with the base station, sharing
the same frequency band. By employing multiple receiver antennas at the base
station, individual transmitted signals can be separated out from the other users.
In contrast to single user MIMO, a rich scattering environment is not a necessity
in SDMA based uplink communication. This is due to the fact that users are
geographically separated and their signals arrive from different directions at
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the receiver even if the scattering in the environment is limited [10].6 It is
worth noting that SDMA based uplink multiuser communication with single
transmitter antennas reduces to single user MIMO when CSI is only available at
the receiver. Further information about MIMO techniques and capacity bounds
for single and multiuser communications can be found in [18, 29, 36, 37] and the
references therein.
Despite the merits of single and multiuser MIMO transmission schemes,
simultaneous transmissions sharing the same frequency band causes signals
transmitted by different antennas belonging to different users to interfere with
each other, which is called co-channel interference (CCI). Interference caused
by simultaneous multi-antenna transmission of the desired user also results
in CCI, however; to provide a distinction in terminology, it is referred to as
co-antenna-interference (CAI). Therefore, the role of the receiver is to separate
each stream from the other transmitted data streams. Information-theoretically
an optimal receiver in terms of maximum sum rate for uplink multiuser MIMO
communications in frequency flat fading channels is a linear MMSE filtering with
successive interference cancellation (SIC) [10]. However, in practice, the MMSE
filtering with SIC suffers from performance degradation due to error propagation
caused by subtraction of incorrectly detected symbols from the residual received
signal. Another well-known technique to separate the transmitted signals is a
multiuser detection techniques which can be found in [38] and the references
therein. However, in employing broadband single carrier transmission, a major
challenge is encountered at the receiver because of the necessity for jointly
separating the transmitted data streams and equalizing the distortion caused by
CCI, ISI, and CAI. Thus, there is a mandatory requirement for broadband single
carrier communications to develop such techniques that can provide excellent
performances while its computational complexity is still relatively low.
The performance of MIMO systems can be improved by exploiting CSI at the
transmitter [10]. Typically, a receiver can accurately track CSI at the receiver by
the use of pilot symbols embedded within the transmissions [39]. However, it is
more challenging to obtain CSI at transmitter. Especially, it can be problematic
to obtain CSI at the transmitter in a FDD based system. In FDD systems,
uplink and downlink are apart in frequency, leading to a situation where the
6 SDMA

can be used similarly also in downlink communications.
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channels are not reciprocal. Hence, CSI has to be conveyed via a feedback
channel, resulting in erroneous CSI due to errors and delay in the feedback
[39]. Contrary to FDD methods, in time division duplex (TDD) based systems
channels between uplink and downlink are reciprocal as long as the coherence
time of the channel is larger than the duplex time [39]. Consequently, in channels
with low mobility an accurate CSI can be obtained at the transmitter.
To exploit CSI at the transmitter for MIMO communications, precoding
provides an attractive transmitter side signal processing technique [40]. In
general, precoding techniques can be categorized into linear and non-linear
methods. Linear precoding techniques have been of great interest because of
their computational simplicity. Linear precoding consists of beamforming and
transmission power allocation stages. The design of linear precoding typically
leads to joint optimization of the transmitter and receiver according to different
optimization criteria [40–42]. For multiuser communication systems, joint linear
transmitter and receiver optimization also provides an effective technique for
interference management [43]. Non-linear precoding techniques are based on
the dirty paper coding (DPC) technique, in which interference is cancelled at
the transmitter [44]. It is shown that DPC achieves the sum-rate capacity of
the multi-antenna broadcast channel [45]. However, dirty paper coding is a
complicated scheme which has not gained popularity among practical wireless
systems. An example of a non-linear precoding technique is Tomlinson-Harashima
precoding (THP) [46]. Further details about non-linear precoding techniques can
be found in [10] and the references therein.

1.3

Aims and outline of the thesis

The main objective of this thesis is to develop advanced multi-antenna receiver and
transmission techniques to improve the utilization of radio resources in broadband
single carrier mobile communications. Since computational complexity is a crucial
issue in the design of modern wireless communication technologies, a special focus
is on the study of computationally efficient frequency domain turbo equalization
techniques for frequency selective single and multiuser MIMO channels. CSI
is exploited at the transmitter with the aim of linear precoding resulting in a
significant performance enhancement in terms of the utilization of radio resources.
Therefore, it is of great interest to investigate the impact of linear precoding
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techniques on the performance of frequency domain turbo equalization. Since the
performance of turbo equalization is determined by its convergence properties,
special emphasis is given on the analysis of the convergence characteristics of
turbo equalization in conjunction with linear precoding. In fact, traditional
linear precoding techniques have not been optimized that work efficiently with
iterative techniques such as turbo equalization. Therefore, there is a great
opportunity to improve the efficiency of the use of radio resources by designing
novel precoding methodologies, especially focusing on the properties of iterative
techniques. Therefore, a special focus should be devoted to developing a new
design method for single user MIMO transmission which takes into account the
convergence properties of the turbo equalizer while optimizing the transmission
power.
Most of the results presented in this thesis have been published in peer
reviewed international conferences and journals. For the sake of clarity and
coherency, the thesis has been written as a monograph.
Chapter 2 provides the literature review of previous and parallel work related
to the contributions of the thesis. The aim is to present some relevant research
results and provide introductory background materials in this research area. The
review consists of different topics related to the evolution of the turbo principle,
time and frequency domain turbo equalization, convergence analysis, linear
transceiver design, and power optimization for turbo receivers.
Chapter 3, the results of which have been presented in part in [47–49], considers
the problem of joint-over-antenna (JA) turbo detection. A computationally
efficient frequency domain joint-over-antenna turbo based receiver is derived and
its bit error rate (BER) performance evaluation is carried out via Monte Carlo
simulations. The computational complexity of the proposed frequency domain
joint-over-antenna turbo receiver is analyzed and compared to its time domain
counterpart.
Chapter 4, the results of which have been presented in part in [50, 51],
focuses on linearly precoded single user MIMO transmission in conjunction with
frequency domain turbo equalization. It is shown that the design problem reduces
to simple transmission power allocation for single user channels according to
optimization criteria. Conventional two dimensional (2D) extrinsic information
transfer (EXIT) chart and projection based EXIT chart analysis methods are
briefly presented. Special focus is devoted to evaluating the impact of classical
39

linear precoding techniques on the convergence property of the frequency domain
turbo receiver with EXIT chart methods.
Chapter 5, the results of which have been presented in part in [51], considers
linearly precoded multiuser MIMO transmission with frequency domain turbo
equalization. It is shown that the design problem results in the optimization
of transmit covariance matrices from which the associated beamforming and
transmission power allocation weights for each users are obtained. With
centralized and de-centralized designs, assuming, respectively, global and local
knowledge about CSI, linear precoder design strategies are discussed. The main
emphasis is to investigate the influence of classical linear precoding techniques with
centralized and de-centralized design approaches to the convergence characteristics
of the frequency domain turbo receiver with EXIT chart analysis.
Chapter 6, the results of which have been presented in part in [52–54],
considers the transmission power minimization problem for single user MIMO with
frequency domain turbo equalization. Inspired by the convergence analysis results
of previous chapters, special focus is given on how to optimize the transmission
power allocation so that the convergence properties of the iterative receiver can
be taken into account. The EXIT chart based transmission power allocation
framework, referred to convergence constrained power allocation (CCPA), is
proposed. It is shown that the resulting transmission power minimization problem
can be formulated as a convex optimization problem. To gain further insight
into the structure of CCPA, a special case having only two mutual information
constraints is considered. For this special case, the Lagrange dual function is
derived, and to solve the associated dual problem a projected subgradient method
is presented. Additionally, an analytical expression for recovering optimal primal
variables (i.e., the transmission power allocation) from the optimal dual variables
is derived. Furthermore, the problem of primal infeasibility is addressed by
proposing a simple feasibility recovery algorithm. Then, the generalization of the
aforementioned optimization method is made for an arbitrary number of mutual
information constraints. This results in three heuristic power optimization
methods that are thoroughly discussed.
Chapter 7 concludes the thesis. The main results and conclusions are
summarized. Furthermore, some questions remaining open and directions for
future research are discussed.
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1.4

Author’s contribution to publications

The thesis is based in part on eight original publications, including two journal
papers [47, 53] and six conference papers [48–52, 54]. The thesis author played
the main role in developing the ideas, producing results and writing all the
papers.
In papers [47–49], the original idea of developing joint-over-antenna based
frequency domain turbo receiver is due to the fourth author. The first author has
developed the idea further leading to the publications. The other authors have
provided guidance, ideas and criticisms during the process. In papers [50, 51],
the first author developed the idea. In [52], the first author developed the idea
and the second author helped to develop the optimization framework. In [53, 54],
the idea was developed by the first author and the optimization framework was
developed in cooperation with the second and the third co-author. The fourth
and the fifth author have provided guidance, ideas and criticisms during the
process.
The simulation software for numerical results and analysis were developed
and implemented mainly by the author with the following exceptions. The
numerical results related to turbo coding have been carried out with the turbo
encoding and decoding software developed by Dr. Mikko Vehkaperä. The channel
realizations in the simulations have been produced with the channel simulator
developed by Dr. Esa Kunnari. The simulation results related to semidefinite
optimization have been carried out with convex optimization software, CVX,
developed by Grant and Boyd [55].
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2

Review of earlier and parallel work

2.1

The evolution of the turbo principle

In Shannon’s pioneering work [56], it was stated that for any data rate up to the
channel capacity, there exists a code achieving arbitrarily low decoding error
probability. Nearly for five decades after Shannon published his landmark paper,
the main objective of the channel coding research field was to find practical
coding schemes that could approach channel capacity.
In 1965, Forney [57] introduced a concatenated code involves a serial cascade
of two linear block codes, namely, an outer non-binary Reed-Solomon code and
an inner binary code. The main idea was that concatenated codes are relatively
simple codes in terms of encoding and decoding whereas obtained concatenated
code is a long and powerful code. He also showed that the probability of error of
his proposed class of codes decreases exponentially with the overall block length
while the decoding complexity increases only polynomially with the block size.
Later in 1970s the development of deep-space and satellite communications
resulted in another type of concatenated codes to enhance the error rate
performance, where a convolutional code [14] is used as an inner code, and
Reed-Solomon code as an outer code; the inner convolutional code is decoded by
the Viterbi algorithm [58] in the seek of maximum likelihood (ML) optimality
for sequence estimation. Furthermore, a symbol interleaver was introduced to
interconnect outer and inner codes as well as a de-interleaver between decoders
to spread the burst errors over the codeword made by Viterbi algorithm. In the
end of 1980s, Hagenauer et al. [59] introduced the soft output Viterbi algorithm
(SOVA). The SOVA is modified a version of the Viterbi algorithm which utilizes
soft input and soft output values representing the bit-wise reliability.
In 1993, Berrou et al. [15] discovered a revolutional idea, parallel concatenation
of two simple codes, referred to as constituency codes, via an interleaver. The
constituency codes used in [15] are two half-rate recursive systematic convolutional
codes resulting in a total code rate of 1/3. The number of parallel constituency
codes for parallel concatenation was later extended to greater than two [60]. The
proposed method was shown to approach 0.5 dB close to the Shannon limit.
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The computational complexity of the optimal decoding increases exponentially
with respect to sum of memory of the codes and interleaver length, resulting in
intractable complexity. Berrou et al. [15] proposed to eliminate the computational
complexity by splitting the decoding problem by means of local decoding of
each constituency code separately of the other decoders.Thus, for example,
if two codes are used for the code concatenation, the decoding of the overall
code is performed with two separate soft-input soft-output (SfISfO) decoders
exchanging soft extrinsic information in an iterative fashion. The principle
of iteratively decoding a concatenated code by exchanging soft information
between constituency decoders is referred to the turbo principle [15]. At the
first iteration, the first SfISfO decoder provides extrinsic soft output based on
the soft channel inputs without any soft a priori information from the second
SfISfO decoder. Then, the extrinsic soft output of the first decoder is used
as soft a priori information for the second SfISfO decoder. For the following
iterations, the extrinsic soft output of the second SfISfO decoder is used as soft
a priori information for the first SfISfO decoder, resulting in improved, more
reliable, extrinsic information obtained, compared to the previous iteration.
The iterations are performed until the bit error probability of the decoded
bits decreases. Inspired by Hagenauer [59], Berrour et al. used a modified
version of the classical maximum a posteriori (MAP) algorithm developed by
Bachl-Cocke-Jelinek-Raviv (BCJR)[61] to decode the convolutional codes in the
SfISfO block. Independently of Berrou et al. [15], the decoding of concatenated
codes with the SfISfO decoder based on the MAP algorithm was developed by
Lodge et al. [62].
After the discovery of parallel concatenated codes [15], serially concatenated
codes with iterative decoding were proposed [63, 64]. The idea of serially
concatenated codes is that the outer and inner codes are cascaded serially with
an interleaver that permutates the outer codeword bits. The application of
serially concatenated schemes also has an essential role in this manuscript, which
will be further clarified in the forthcoming sections of this thesis.
The rediscovery of Gallager0 s low-density parity-check (LDPC) codes [65]
and belief propagation (message passing) algorithm [66] based decoding on the
underlying factor graph of the LDPC code have gained substantial interest
for design of capacity-approaching coding. Later in [67], it was shown that
irregular LDPC codes outperform turbo codes with the same length and rate
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when the codeword length is large. For rate 1/2, the best code found has a
threshold within 0.0045 dB of the Shannon limit of the binary-input additive
white Gaussian noise (AWGN) channel [68]. Motivated by [65] Divsalar et al.
[16], proposed another variant of LDPC codes referred to repeat accumulate
code having a simplified encoder structure compared to original LDPC codes.
Various applications of the turbo principle have evolved at a rapid rate and
have reached a state of maturity due to the intensive research efforts. In the
arena of wireless mobile communications, turbo and LDPC have been employed
as a standard for 3G and upcoming 4G systems such as WCDMA [6], IEEE
802.11n [69], LTE, and LTE-A [3, 7].

2.2

Time domain turbo equalization

Single user processing
In general, the turbo principle can be applied to any concatenated schemes
[70]. An illustrative example of the application of the turbo principle can be
found by considering the decoding of convolutionally coded bit-interleaved coded
modulation (BICM)[71, 72] based single carrier transmission in a frequency selective channel. Figure 1 depicts a system model for BICM based communication.
The considered system can be seen as a serially concatenated scheme. More
specifically, the symbol mapping in conjunction with a multipath channel can be
considered as a rate 1 convolutional code (inner code), whereas a convolutional
code (outer code) is an error correction code. Optimal joint equalization and
decoding schemes for minimizing the BER and the sequence error rate are
nonlinear and are based on maximum-likelihood (ML)/MAP estimation. The
complexity of the optimal receiver per bit is prohibitive O(2NQ NI (NL −1)NC ),

where NQ is the number of bits per constellation point, NI the length of the

interleaver, NL the length of the channel impulse response relative to the symbol
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duration, and NC the constraint length of the code. To reduce the computational
complexity of the optimal joint equalization and decoding, several non-turbo
based suboptimal approaches have been proposed, e.g., [73]. An attractive
solution to the problem can be determined by following the turbo principle.
According to the turbo principle, the problem requiring unacceptable complexity
is divided into smaller and simpler subproblems which can be solved in a locally
either exactly optimal or sub-optimal way. As a consequence, by exchanging
iteratively the soft information between the sub-problem solvers, the global
solution can be made to be close enough to the optimal [74].
The pioneering work of Douillard et al. [75] proposed a successful approach
to perform joint equalization and decoding of the transmitted coded data
in the receiver by performing equalization and decoding iteratively. Figure
2 shows a block diagram of the iterative equalizer. The receiver consists of
a SfISfO equalizer and a SfISfO channel decoder for the convolutional code.
Both SfISfO blocks exchange with each others iteratively the soft extrinsic
information via a deinterleaver/interleaver pair. At each iteration, a new soft
value of extrinsic information is computed at the SfISfO equalizer by using
channel observations and a priori information. The extrinsic output of the SfISfO
equalizer is deinterleaved to become a a priori information for the SfISfO channel
decoder, which calculates a new soft value of extrinsic information. The extrinsic
output of the SfISfO channel decoder is interleaved and fed back as a priori
information for the SfISfO equalizer, in which it is exploited in further iterations.
In Douillard et al. [75], both soft-symbol equalizer and channel decoder blocks
use the SOVA to perform detect/decode transmitted bits, respectively. It was
shown that in a static frequency selective channel after a sufficient number of
iterations the proposed turbo equalization scheme can completely compensate for
46

the degradation due to ISI. As a result, the proposed turbo equalization scheme
can achieve the BER performance of convolutionally encoded transmission in the
AWGN channel [75].
Inspired by the work of Douillard et al.[75], Bauch et al. [76, 77] further
developed the original idea by replacing the SOVA based equalizer with a
MAP-BCJR algorithm. The computational complexity of a MAP based equalizer
grows exponentially O(2NQ (NL −1) ) per bit. Therefore, the optimal MAP-based

signal detection might be practical only for channels with a short delay spread
with relatively simple modulation formats, like binary (BPSK) and quadrature
phase shift keying (QPSK). Naturally, Max-Log [78] and Log-MAP in [79] can
further reduce the computational burden for the MAP, but high complexity is
most often the bottleneck. Due to the high computational complexity, there is a
strong motivation towards further developing sub-optimal algorithms to decrease
the computational complexity of the equalization block.
Since the introduction of turbo equalization [75], several methods have been
proposed to reduce its computational complexity. The design of low-complexity
turbo equalizers based on the minimum mean square error (MMSE) criterion
has attracted considerable interest [80–84]. Glavieoux et al. [80] approximated
the optimal MAP detector with a linear MMSE filter. Later, Raphaeli and
Saguy [85] modified the idea of [80] by updating the coefficients of the linear
filter with a least mean square (LMS)-based algorithm to match the output of a
MAP equalizer. Wang and Poor [81] introduced the classical soft cancellation
(SC) and MMSE based turbo equalizer for the detection of coded code-division
multiple-access (CDMA) signal in multiuser communication scenario. The main
idea of SC-MMSE turbo equalizer is to re-generate the ISI components by using
soft-feedback from SfISfO channel decoder. The MMSE filter then suppresses
residual interference at the output of soft cancellation and LLRs are computed
from the filtered symbols. Wang and Reynolds [82] extended the work of [81] for
single user frequency selective single-input-multiple-ouput (SIMO) channels.
The most computationally intensive part in the iterative SC-MMSE receiver is
to perform matrix inversion which is required to update the filter coefficients of
the MMSE filter for each symbol time [81, 82]. The computational complexity of
the receiver is approximately of cubic order O(2NR (NL − 1))3 ) per symbol. An
extensive survey of turbo equalization techniques is given in [86] .
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Tüchler et al. [83, 84] further extended the original version of the iterative SCMMSE receiver [81] and introduced several important ideas, such as an extension
of BPSK modulation to NM -PSK, where NM is the number of constellation
points, as well as a hybrid approach where performance is close to the optimal
MAP equalizer. Furthermore, a time average based approximated version of the
original SC-MMSE and the time-recursive update algorithm were introduced
to reduce the computational burden caused by matrix inversion while keeping
the performance close enough to the original receiver. As a result, instead
of a symbol-by-symbol update of filter coefficients, their update is required
only once per iteration, resulting in the complexity order to be reduced to
O((2NR (NL − 1))3 ) per iteration. In parallel, matched filter approximation

in [87] has been developed to further reduce the computational complexity of
the MMSE filtering. An alternative method to reduce the computational cost
of the iterative soft cancellation and MMSE filtering technique is based on
turbo-diversity [88, 89]. The idea of turbo diversity is to divide the receive
antennas into groups of the size NGTD-MMSE , in which the soft cancellation MMSE
processing is performed independently. After a sufficient number of iterations,
the LLRs at the output of each SfISfO decoder are exchanged with each other
and combined. Consequently, the computational complexity per symbol becomes
O((2NR NG(NL −1) )3 ).
TD-MMSE

An alternative approach to a SC-MMSE based turbo equalizer is to employ a

DFE based turbo equalizer. The performance of a traditional DFE tends to be
severely limited by error propagation due to the fact that incorrect hard symbol
decisions are fed back, and cause other errors. However, by incorporating soft
decisions from the channel decoder into the decision feedback process has turned
out to be an effective way of minimizing error propagation [90]. Tüchler et al.
were among the first who encapsulated the idea of DFE to turbo equalization
[83]. Very recently, Lou and Xiao [91] proposed further improvements to the
previous works of [83, 90].
High order modulation methods are a straightforward way to increase the
spectral efficiency of the transmission. However, the large modulation alphabet
size combined with the presence of ISI leads to a prohibitive computational
complexity of MAP based turbo equalization. Thus, the SC-MMSE filtering
based turbo equalization is an attractive approach because the complexity for
the MMSE filtering part itself does not change due to the modulation format.
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However, the equalized received signals need to converted to LLRs with a
demapper, the complexity of which becomes high if higher order modulation is
used. The soft cancellation and MMSE filtering based turbo equalization with
high order QAM methods has been examined in [92] by generalizing the results
of [83] to NM -QAM schemes. Dejonghe and Vandendorpe [93, 94] analyzed the
impact at the interleaving bit-level or symbol-level on the BER performance as
well as convergence properties of the turbo receiver in frequency selective SISO
channels. An alternative way to increase the spectral efficiency of a transmission
is through multi-level coding [95, 96]. Multilevel coded modulation has been
studied with turbo equalization in [97].
Various approaches to reduce the computational complexity of the MMSE
based turbo equalization have been developed. In [98], jointly Gaussian (JG)
approach was proposed to detect a particular transmitted symbol and treat all
other signals (and noise) as a jointly Gaussian random vector [99] in CDMA
communications.7 Recently, JG approach [98, 99] has been generalized to perform
detection over an arbitrary number of ISI components enabling an enhanced
performance at the receiver in exchange for a controllable increase in complexity
[100]. An another attractive approach to reduce the computational complexity of
MMSE based turbo equalization can be obtained with reduced rank processing
[101, 102].

2.2.1

MIMO and multiuser processing

Information theory promises an increase in capacity if joint decoding of users is
performed in multiple access channels [103]. Multiuser detection (MUD), known
as joint detection, has been considered a as receiver side detection technique for
uncoded data transmission in multiuser wireless networks, in which multiple
users simultaneously access and share a common channel creating CCI [38].
Similarly to single user communication, the multiple access channel can be
regarded as the inner code of a serially concatenad system. Thus, iterative
joint multiuser detection and decoding can be applied by performing multiuser
detection and the decoding of FEC coding separately according to the turbo
7 In

strict sense, the JG approach is not the MMSE method because it has not been optimized
according the MMSE criterion. However, LLRs are identical to those obtained by the SC-MMSE
approach [99, 100].
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principle [104]. In fact, from the point of view of the receiver’s signal processing,
there is a straightforward analogy between a transmitted signal from different
spatially independent antennas and transmitted signals from different users.
An optimal solution for optimal joint detection and decoding of coded
multiuser MIMO transmission data, in terms of minimizing probability of a bit
error is the MAP-BJCR based detector [61]. The computational complexity of
the optimal joint detection and decoding increases exponentially at an order of
O(2NT NU NQ NI (NL −1)NC ) per bit, where NT is the number of transmit antennas
and NU number of users.

A powerful sub-optimal technique for the joint detection and decoding
problem, is to employ turbo equalization. Most of the early work on turbo
based multiuser detection focused on multiuser detection in CDMA systems.
Several researchers have independently applied the turbo principle to multiuser
detection in a CDMA framework by utilizing a MAP algorithm to a SfISfO
equalizer as well as to a SfISfO decoder [105–107]. The aforementioned receivers
can achieve near optimal performance, but the computational complexity of the
equalizers is still exponential O(2NU NT NQ (NL −1) ). This motivates the design of
suboptimal soft equalizers whose complexities should be in a scalable order of

system dimensions. An extensive overview of iterative multiuser detection can
be found in [108, 109].
Various signal processing algorithms have been developed to approximate the
MAP based turbo multiuser detection including those based on a tree-search,
a trellis structure, and linear filtering. Inspired by the parallel interference
cancellation (PIC) multiuser detection techniques as well as the linear MMSE
based turbo equalizer in [80], Wang and Poor [81] developed a classical iterative
SC-MMSE filtering-based receiver for coded CDMA systems. Lu and Wang[110]
extended the work of [81] to the iterative joint detection and decoding for
space-time block and space-time trellis coded multiuser MIMO transmission in
flat fading channels. Reynolds and Wang [110] developed further the well-known
SC-MMSE receiver [81] to turbo multiuser detection in the presence of unknown
CCI.
For single user MIMO communication, Ariyavistakul [111] proposed the turbo
based decision feedback equalization in which the soft-output of the forward filter
is forwarded to the channel decoder and the hard decisions at the output of the
VA based channel decoder are forwarded to the feedback filter. Sellathurai and
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Haykin [112, 113] studied further the turbo principle in the context of a BLAST
type of transmission to approach MIMO capacity and reduce the complexity of
optimal joint detection and decoding approach.
Various soft cancellation and MMSE filtering based turbo equalization
methods have been presented in literature for single and multiuser MIMO
communcations. Abe and Matsumoto [114, 115] extended the classical iterative
SC-MMSE receiver [81] to frequency selective MIMO channels. They proposed a
scheme which aims to detect signals transmitted from the multiple antennas
with antenna-by-antenna (AA) detection resulting in scubic order computational
complexity, as with single antenna transmission. In the AA detection, the MMSE
filter performs joint suppression of residual interference, i.e., ISI, CAI and noise,
after interference cancellation for each transmitted data stream. Abe et. al [116]
extended the work of [114, 115] to perform joint signal detection of multiple
users, decoding and channel estimation in an iterative manner in the presence of
unknown CCI. In [117], the computational complexity of a turbo based MIMO
equalizer [115] has been reduced to a square order of O ∼ (2NR (NL − 1))2 per
frame, where NR is the number of receive antennas. Kansanen et al. [118]
extended the work of [115] on multilevel coded MIMO transmission.
An alternative way to perform a detection of multiple users’ transmitted
signals is to use joint detection [119]. In [120, 121], Veselinovic et. al proposed
joint-over-antenna (JA) detection by combining the ideas of channel shortening
[122], joint-detection [119] and an iterative SC-MMSE MIMO receiver [81, 115]
for space-time trellis coded multiuser MIMO transmission. The idea of JA is
to separate the different signal processing stages in ISI and CAI cancellation
to preserve more degrees of freedom (DoF) for MMSE filtering than in the
conventional AA approach. In the JA scheme, ISI suppression is performed by
groupwise MMSE filtering and CAI cancellation is employed in a non-linear
detector, e.g., a MAP algorithm [61]. As demonstrated in [121, 123], the JA
scheme can provide substantial performance gains with, e.g, spatially correlated
transmit antennas and NT NU > NR , over the AA-detection scheme at the price
of an increased computational cost. In parallel, Visoz et al. [124], also addressed
the compensation of ISI and CAI with the aid of iterative groupwise MMSE
filtering and a non-linear MIMO signal detector. An another interesting approach
to decouple ISI equalization and CAI cancellation was addressed in [125, 126]
and its extension to unknown CCI [127], in which MMSE based soft successive
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interference cancellation turbo equalization was employed. Other examples of
SC-MMSE based turbo equalization in the presence of ISI and CAI have been
studied in [128–131].
Several other methods have also been proposed for further decreasing the
computational complexity of iterative joint equalization/detection and decoding,
e.g, channel-shortering and the JG approach. The channel shortening as a
concept was introduced by Falconer et al. [132] and Quereshi et al. [133] in the
1970s. Al-Dhahir and Cioffi [134] are the first who proposed to use the channel
shortening equalizer for space-time coded transmission. After the invention of
the turbo principle, Bauch and Al-Dhahir [122] further developed the work of
[134] and proposed an iterative equalization and decoding receiver structure
for space-time coded transmission in frequency selective MIMO channels. In
[122], they investigated a channel shortening filter design by imposing an energy
constraint at the output of the channel shorting filter, resulting in a significant
computational complexity reduction of the space-time MAP decoder. In related
work, Koca and Levy [135] studied the channel shortening concept in multiuser
scenarios. The JG approach was extended to [99] single user MIMO. Recently,
JG approach for MIMO channels was further modified to perform joint detection
over symbols causing CAI and ISI [136].
Examples of performance improvements of time domain SC-MMSE based
turbo equalization in practical wireless communication systems can be found
in [137, 138]. Laot et al. [137] applied soft cancellation based MMSE turbo
equalization to an EDGE mobile communication system. Visoz et al. [138]
examined performance turbo equalization in high speed data packet access
(HSDPA) MIMO communications.

2.3

Frequency domain MMSE filtering based turbo
equalization

2.3.1

Single user processing

Over the past decade, the frequency domain (FD) MMSE based turbo equalization
techniques for single carrier transmission have been intensively studied due
to reduced complexity compared to their time domain counterparts. Tüchler
and Hagenauer [27] introduced first an iterative frequency domain SC-MMSE
52

based receiver for cyclic prefix appended BPSK modulated transmission in
frequency selective SISO channels. In their proposal, the MMSE filtering part
was performed blockwise in the frequency domain, resulting in a significant
complexity reduction compared to the time domain approach [81, 84]. In
[139], they generalized an iterative frequency domain receiver for higher order
modulation schemes. Schnitter et al. [140, 141] addressed the problem of iterative
frequency domain equalization in double dispersive SISO channels in which the
channel is simultaneously time and frequency selective, respectively. Sabbaghian
and Falconer [142] proposed an analytical approach to predict the performance
of a frequency domain SC-MMSE based turbo equalizer [139].
Similar to the time domain processing case, DFE provides an alternative
method to implement frequency domain MMSE based turbo equalization. Early
work on frequency domain turbo DFE was based on the work of [143], in which
the feedforward filtering was implemented in the frequency domain and the
feedback filtering in the time domain by using the soft outputs of the channel
decoder. Pancaldi and Vitetta [144] extended the previous work of [143] by
adapting the coefficients of the frequency domain feedforward filter according to
the soft-feedback from the channel decoder. Furthermore, the feedback filtering
was implemented also in the frequency domain. Another derivative idea of
frequency domain DFE, referred as iterative block (IB)-DFE, was proposed
by Benvenuto and Tomasin [145]. In their approach the both feedforward and
the feedback filters were implemented in the frequency domain. However, the
proposed receiver structure used only hard symbol decisions in the feedback
process. In [146], they modified the IB-DFE to exchange soft-information
between the equalization part and the channel decoder according to the turbo
principle.

2.3.2

MIMO and multiuser processing

Recently, a large number of the research studies have been dedicated to the
developments of SC-MMSE based turbo equalization in MIMO channels. Inspired
by [27, 115, 139], Yee et al. [147] introduced an AA frequency domain SC-MMSE
filtering based turbo equalizer for single user MIMO channels. In [148–150],
the frequency domain SC-MMSE filtering based turbo equalizer was further
modified and generalized to multiuser MIMO channels. Furthermore, the
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convergence properties of the frequency domain SC-MMSE turbo receiver were
throughly analyzed with different channel coding strategies. Kansanen et al.
[151], evaluated the performance and convergence properties of the frequency
domain SC-MMSE turbo equalizer in single user channel measurement based
MIMO channels with multilevel coded QAM modulation.
Driven by [121, 150], Chapter 3 in this thesis will introduce a frequency
domain SC-MMSE based JA detector for multiuser MIMO channels in which
the frequency domain groupwise MMSE filter is utilized in the group of data
streams to suppress ISI and a spatial domain MAP algorithm is employed to
perform joint detection over the group of data streams. In Chapter 3, it is shown
in [47] that a significant computational complexity reduction can be achieved,
compared to the original time domain SC-MMSE based JA turbo receiver
[121]. In related work, Chtourou et al. [152–154] also proposed a frequency
domain SC-MMSE based JA turbo equalizer for single user MIMO channels. In
[152], it was shown that frequency domain SC-MMSE based JA turbo receiver
outperformed AA when the numbers of the transmit and receive antennas are
equal, and 16-QAM with a high rate convolutional code is employed. Inspired
by the hybrid time domain turbo equalizer in [84, 87], they also proposed a
low complexity hybrid version of the frequency domain SC-MMSE based JA
turbo equalizer[152]. In [155], Visoz analyzed the performance of frequency
domain SC-MMSE based JA turbo equalizer in single user MIMO channels in
which channels are spatially correlated at the transmitter side. Karjalainen et
al. [156] examined the performance of frequency domain SC-MMSE based JA
turbo receiver with space-time non-binary repeat accumalate codes in frequency
selective single and multiuser MIMO channels. Kai et al. [157] introduced an
antenna doping concept to further improve the performance of a frequency
domain SC-MMSE based JA turbo receiver [47] in spatially correlated MIMO
channels. The bit error rate performance comparison of single carrier and OFDM
MIMO systems with a frequency domain SC-MMSE based turbo equalizer
was carried out in [147, 158], where turbo as well as convolutional coding was
assumed.
Alternative approaches for frequency domain MMSE based turbo equalization
in frequency selective MIMO channels have been considered in the literature. In
[159], Yuan et al. extended the time-domain jointly Gaussian approach in [99] to
frequency domain processing for frequency selective MIMO channels. Another
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derivative technique for a frequency domain SC-MMSE turbo equalizer based on
probabilistic data association with nonlinear frequency domain MMSE filtering
was proposed in [160]. Recently, the performance of the frequency domain turbo
based DFE in frequency selective MIMO channels has been studied in [161, 162].
Some interesting results for the performance of different frequency domain turbo
receivers in LTE and LTE-A uplink communications can be found in [163, 164].

2.4

EXIT chart convergence analysis

Since the discovery of turbo codes, convergence analysis methods have been of
great interest better understanding of the convergence behavior of an iterative
decoder/receiver. In [165], it is shown that the convergence analysis methods can
be classified into two categories, namely deterministic, e.g. [166], and stochastic,
e.g. [167–172], approaches. In the deterministic approach, decoding is considered
a deterministic process in which the behavior of the decoder is characterized for
each instance of the input [165]. In the stochastic approach, the input and output
of a decoder are considered as random processes, the statistical characteristics of
which are of main interest [165]. The most attractive property of the stochastic
approach is that the statistics can be easily calculated by using realizations of
the random processes [165]. More rigorous discussion about stochastic methods
can be found in [165]. Recently, research interests have been focused on the
usage of stochastic methods and their applications.
The extrinsic information transfer (EXIT) charts have emerged as one of the
most powerful stochastic approaches to analyzing and optimizing the iterative
processing [168, 173], and its multi-dimensional extensions [174–176]. The
EXIT chart analysis provides an efficient method to visualize the evolution of
mutual information between decoding blocks in a 2-dimensional (2-D) figure.
The horizontal and vertical axes of a 2-D figure, respectively, represent the
EXIT functions of the two decoding blocks of the iterative decoding scheme
[168]. In other words, the EXIT function describes how mutual information
at the input of each decoding block is transformed to mutual information at
the output of each decoding block. Typically, the EXIT chart analysis is used
to predict the convergence point and convergence threshold of the iterative
decoding process [168]. Figure 3 depicts an example of a 2-D EXIT chart
to predict the convergence characteristic of a turbo equalizer in a frequency
55

1
Iˆ1E ˚
I1A

=Equalizer

=Decoder

Convergence point

Convergence tunnel

0.5

0.5

Iˆ1A

˚
I1E

1

Fig 3. An example of 2-D EXIT chart for turbo equalizer.

selective SISO channel. On the y-axes, the extrinsic output information of the
equalizer, IˆE , becomes a priori input information for the channel decoder, ˚
I A.
1

1

8

On the x-axis, the extrinsic output information of the channel decoder, ˚
I1E ,
becomes as a priori input information for the equalizer, IˆA . The convergence
1

point is defined as the lowest intersection point of the two EXIT curves, which
determines the communication reliability represented by the bit error probability
(BEP) achieved by an iterative decoder [168]. Correspondingly, the convergence
threshold determines the SNR value at which a convergence tunnel between
two EXIT curves remains open up to the convergence point (1,1) [168, 175]. In
[177], it has been shown that mutual information is the most robust metric to
analyze the convergence of an iterative decoder. Several authors have utilized
EXIT charts to investigate convergence characteristics of iterative decoding
in different serially/parallelly concatenated coded systems, e.g, [84, 178–180].
Recently, Ibing and Boche [181] extended the one-parametric EXIT chart based
conditional Gaussian LLR distribution model to two-parametric Gaussian model
8 It
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is assumed that deinterleaving/interleaving does not change mutual information.

to cover arbitrary distributions. The proposed method combines [168], [175]
and [165] with the proposed offset compensation into an EXIT chart-based
method. They demonstrated that the proposed method improves the prediction
of performance by better fitting the realistic LLR distributions and thereby
achieving satisfactory mutual information prediction accuracy.
To reduce the computation time of histogram measurement based EXIT
chart simulations, e.g., [174] there has been an interest to develop semi-analytical
methods to compute analytical expressions for the EXIT function of a MMSE
based turbo equalizer. Hermosilla and Szczecinski [182] considered a method
to compute numerically the EXIT function for the SC-MMSE turbo equalizer.
In parallel, an efficient numerical method to compute an EXIT function for
the frequency domain SC-MMSE based turbo equalizer for SISO and MIMO
channels was developed in [150]. In a related work, Ramon et al. [183] proposed
a semi-analytical performance prediction method for an iterative SC-MMSE
receiver. By assuming Gaussian distributed LLRs at the output and the input of
the SC-MMSE based turbo receiver, the convergence properties of the receiver
can be predicted. In [184], they further extended the semianalytical method and
considered the performance prediction of turbo receiver under the presence of
SNR estimation errors. Recently, Huusko et al. [185, 186] proposed a statistics
based performance a prediction method for frequency domain SC-MMSE based
turbo receiver for Chase-combined hybrid automatic repeat request (HARQ)
transmission in frequency selective SIMO and SISO channels.

2.5

EXIT chart based turbo receiver design

A standard approach to solve the EXIT analysis based design problem is to find
a forward error control code where the EXIT functions of the equalizer and
decoder are well matched to each other, referred to a curve-fitting technique.
Ten Brink and Kramer [179] applied a curve fitting approach to non-fading and
flat fading MIMO channels with additive white Gaussian noise (AWGN). A
low-density parity check (LDPC) code was designed so that in an Ergodic sense
the EXIT functions of the detector and decoder were well matched. Ten Brink
and Kramer further extended their own work in [179] to repeat accumulate
(RA) codes. In a related work, Tüchler [187] examined the code design approach
in a non-fading channel with different bit mapping schemes and an iterative
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detector and irregular convolutional codes. Wohlegenannt et al. [148] considered
a code design approach for frequency selective MIMO channels in conjunction
with iterative FD-SC-MMSE equalization. They proposed a convergence outage
probability based code design approach with irregular LDPC codes, where the
designed code for the iterative decoder is matched with the EXIT function of the
equalizer so that the outage requirement can be met. Ibi et al. [188] proposed an
adaptive code selection approach for frequency-selective fading MIMO channels
with single-carrier transmission and an iterative FD-SC-MMSE equalizer. They
assumed implicitly that perfect CSI is available at the transmitter as well as
at the receiver and that the parameters of a punctured convolutional code are
adaptively controlled according to channel’s temporal and spatial characteristics
to achieve a good match between the equalizer and decoder EXIT functions.
Yue and Wang [189] addressed the code design problem for an irregular RA
(IRA) coded single user MIMO system using turbo MAP and SC-MMSE based
turbo receivers. They formulated the code design problem as an optimization
problem that can be solved with the help of density evolution and the EXIT
chart. In [190], the rate allocation problem for 2-users with a frequency domain
SC-MMSE equalizer based on the EXIT chart analysis was addressed.

2.6

MSE based linear transceiver design for single user
and multiuser uplink communications

A large number of papers have addressed the problem of single user joint
optimization of linear precoding at the transmitter and linear beamforming at
the receiver based on MSE. It is worth mentioning that throughout this section,
perfect CSI is assumed to be available at both the transmitter and receiver
sides. Lee and Peterson [191] introduced the minimization problem of the sum
MSE between the transmitted and estimated symbols for cross-coupled wired
communications under a constraint on the total transmission power. Inspired
by [191], Yang and Roy [192] revisited the problem and further developed the
design methodology for wireless MIMO channels. In [41], different MSE based
design criteria were considered for a linear transceiver design with OFDM
transmission. In related work, Sampath et al. [42] generalized the results of [41]
by using the weighted minimum sum MSE (MinSumMSE) criterion subject
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for sum power constraint at the transmitter. It was shown in [193, 194] that
the capacity achieving solution, referred to the maximum information rate
(MaxRate), introduced by Telatar [30], and the solution of MinSumMSE are
related to each other with the MSE matrix. The objectives of MinSumMSE
and MaxRate are, respectively, to minimize the trace of the MSE matrix and
to minimize the determinant of the MSE matrix. It was shown in [195] that
by using a channel diagonalizing transmitter-receiver structure, the problems
of determining the pre-processing and the post-processing matrices at the
transmitter and receiver, respectively,9 both reduce to a convex optimization
problem with respect to transmission power. Thus, for the optimal solution of
the power allocation problem, the powers are allocated for each eigenmode of the
channel according to the MaxRate or MinSumMSE power allocation strategies.
Another difference between the MinSumMSE and MaxRate solutions is that for
MinSumMSE, the code rate is fixed while in a MaxRate Gaussian code with a
varying code rate is allocated to each eigenmode and frequency bin according to
its allocated transmission power [103]. Further examples of an MSE based linear
transceiver design and its various derivative techniques can be found for OFDM
systems in [10, 194–196].
In single carrier systems, despite the technique of diagonalizing the transmitterreceiver structure, ISI also needs to be mitigated to avoid performance degradation.
Recently, transceiver design has attracted interest for single carrier FDMA
applications. Inspired by [197], Chapter 4 will adopt a linear MMSE based
joint transmitter and a receiver optimization framework for a single carrier
FDMA system. In chapter 4, the power allocation is optimized by assuming
a linear MMSE equalizer at the receiver. However, instead of using a linear
MMSE equalizer at the receiver, a frequency domain SC-MMSE filtering
based turbo equalizer is used at the receiver. The results demonstrate that
the MinSumMSE and MaxRate based linear precoding schemes significantly
improved the convergence behavior of the frequency domain SC-MMSE filtering
based turbo equalizer. In related work, Dang et al. [198, 199] considered the
MinSumMSE transceiver design by employing a linear frequency domain MMSE
equalizer and a non-turbo based frequency domain DFE at the receiver.

9 Pre-processing

and post-processing matrices can be computed e.g, by using singular value
decomposition (SVD) of the channel matrix.
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For multiuser systems, joint transmitter and receiver design is an effective
interference management approach. However, the joint optimization of a linear
transmitter and receiver under a constraint of finite fixed per user power is
more challenging for multiuser systems due to the non-convexity of the problem
[197]. Serbetli and Yener [43] proposed an iterative algorithm to optimize
precoders where the receiver performs beamforming for multiuser MIMO uplink
communications in flat fading channels. Luo et al. [197] reformulated the
non-convex MinSumMSE based linear transceiver design problem under a
constraint of finite fixed per user power as a semidefinite program. As a result,
the globally optimal linear precoding matrices of multiple users can be found for
multiuser MIMO OFDM. Motivated by [197], Chapter 5 will investigate the
impact of linear precoding on the convergency properties of a frequency domain
SC-MMSE filtering based multiuser receiver in single carrier multiuser MIMO
communications.

2.7

Transmission power optimization for turbo receivers

Despite the volume of the literature describing the linear transceiver design shown
in the previous section, relatively little effort has been made the transmission
power optimization assuming iterative reception techniques. In this section,
transmission power optimization refers to power allocation in frequency, space and
over users depending on the considered scenario. The seminal paper by Caire et al.
[200] addressed for the first time the problem of transmission power optimization.
They optimized the transmission power levels by linear programming and
density-evolution analysis in CDMA systems. Further insightful approaches
to the transmission power optimization for iterative equalization were later
presented by Shepherd et al. [201, 202], where a suboptimal transmission power
optimization technique was proposed for CDMA systems with an iterative
multiuser detector based on the EXIT analysis. Yuan et al. [203–205], addressed
the problem in frequency selective single-input-single-output (SISO) channels
for single-carrier transmission with FD-SC-MMSE based iterative equalization,
assuming the availability of perfect CSI both at the transmitter and the receiver
sides. Their design method utilizes signal-to-noise ratio (SNR) variance charts
[159] in the convergence analysis to determine the optimal power allocation.
Yuan et al. [206] extended their previous work to SVD based linear precoding for
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MIMO transmission. Independently of Yuan et al.’s work, Chapter 6 will propose
a convergence constraint power allocation (CCPA) design technique based on
EXIT charts and SVD based MIMO transmission with FD-SC-MMSE based
iterative equalization. Here, transmission power optimization refers to power
allocation over frequency and space. Chapter 6 shows that transmission power
optimization can be formulated as a convex optimization problem. Additionally,
Chapter 6 derives three different CCPA methods, approximately-optimal, and
two different heuristic methods inspired by the Lagrangian duality. In parallel,
in [207], transmission power was optimized based on correlation charts for
SVD based MIMO transmission with frequency domain SC-MMSE based turbo
equalizer. Driven by [208, 209], Karjalainen et al. [210] extended the CCPA
design strategy to irregularly modulated single user MIMO transmission. Very
recently, Xu et al. [211, 212] considered transmission power optimization based
on the previous work of [203–205] in the presence of imperfect channel state
information at the transmitter and perfect CSI at the receiver.

61

62

3

Frequency domain joint-over-antenna turbo
receiver for multiuser MIMO

This chapter considers the problem of FD-JA turbo detection. A major objective
is to derive computationally efficient FD multiuser MIMO detector which is
based on joint-over-antenna detection technique. The BER performance of the
proposed turbo receiver is evaluated via Monte Carlo simulations. Furthermore,
the computational complexity of the proposed FD-JA turbo receiver is analyzed
and compared to its time domain counterpart.
The rest of the chapter is organized as follows: Section 3.1 introduces the
system model of vertically encoded spatially multiplexed multiuser MIMO.
Section 3.2 presents the derivation of the proposed FD-JA turbo receiver
for multiuser MIMO communications. Section 3.3 shows the results of the
computational complexity analysis of the proposed FD-JA turbo receiver. Finally,
the BER performance of the proposed FD-JA turbo receiver is studied in Section
3.4.

3.1

System model

Single carrier multiuser MIMO uplink system with NU users, each equipped
with NT transmit antennas and a receiver with NR antennas, is considered.
Each user’s transmission is based on vertically encoded spatially multiplexed
MIMO, known as vertical Bell Laboratories Layered Space-Time transmission
(V-BLAST) [34]. A model of the considered system is depicted in Figure 4, where
a turbo code is assumed as the vertical code [213]. The encoded sequences are
bit-interleaved and modulated symbols are further interleaved at the symbol level.
The serial data stream is uniformly demultiplexed to form parallel independent
symbol streams, called layers, which are simultaneously transmitted from the NT
transmit antennas using the same frequency band. The system uses cyclic-prefix
single carrier block transmission. After cyclic prefix removal,10 a space-time
presentation of the signal vector r ∈ CNR NF received by the NR received antennas
10 It

is assumed that the length of the cyclic prefix is larger than or as large as the channel
memory length.
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Fig 4. Vertically encoded spatially multiplexed multiuser MIMO system ([47], published by permission of IEEE) .

is given by
(1)

r = Hb + v,

where v ∈ CNR NF is a circularly symmetric complex Gaussian distributed noise
vector, i.e., v ∼ N C (0NR NF , σ 2 INR NF ) with NF being the length of the discrete

fourier transform (DFT), and b ∈ CNU NT NF is the transmitted multiuser signal

vector

b

=

T

T

[b1 , ..., bu T , ..., bNU ]T

(2)

with bu ∈ CNT NF and u = 1, ..., NU . The sub-vectors bu of b given by
bu

=

T

T

T

[bu,1 , ..., bu,t , ..., bu,NT ]T

(3)

denoting the uth user’s transmitted data streams over the NT transmit antennas.
The vector bu,t ∈ CNF is given by
bu,t

=

u,t T
u,t
[bu,t
1 , ..., bn , ..., bNF ] ,

(4)

where t = 1, ..., NT and n = 1, ..., NF contain the transmitted symbols of the
uth user’s tth data stream. The sum power over all data streams per user is
normalized to one at every symbol time instant. The operator (·)T indicates the
vector/matrix transpose operation. The circulant block channel matrix becomes
H

=

[H1 , ..., Hu , ..., HNU ]T , ∈ CNR NF ×NU NT NF

(5)

where Hu ∈ CNR NF ×NT NF with u = 1, · · · , NU is a circulant block matrix
corresponding to the uth user. The circulant block matrix for the uth user is
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denoted as



H1,1
u

..

Hu = 
.
NR ,1
Hu

...
..
.
...


T
H1,N
u

..
,
.

R ,NT
HN
u

(6)

NF ×NF
where the channel submatrices Hr,t
between the tth transmit and the
u ∈C

rth receive antennas, r = 1, ..., NR , are also circulant, as
nî
óT o
r,t
r,t
Hr,t
hr,t
.
u = circ
u,1 , hu,2 . . . hu,NL , 01×NF −NL

(7)

The operator circ { · } generates a matrix that has the circulant structure of the

argument of the operator. The parameter NL denotes the length of the channel
impulse response, and hr,t
u,l , l = 1, ..., NL denotes the complex channel gains of
the multipath channel between the uth user’s tth transmit antenna and the rth
receive antenna. For each user’s transmit-receive antenna pair, the sum of the
average power of fading gains is normalized to one.
It is well known that the circulant matrices can be diagonalized by the
unitary DFT matrix F ∈ CNF ×NF [214] with the elements fm,q =

√ 1 exp
NF

j2πmq
NF

,

where m, q = 0, ..., NF − 1. Similarly, the circulant block matrices can be blockdiagonalized by using block diagonal DFT matrices. The block-diagonalization
of H is performed as
H = F−1
NR ΓFNU NT ,

(8)

where Γ ∈ CNR NF ×NU NT NF is the corresponding diagonal block matrix, and F−1
NR

NR NF ×NR NF
= FH
is the unitary block inverse discrete fourier transform
NR ∈ C

(IDFT) matrix. The operator (·)H indicates the Hermitian transpose, and
FNR ∈ CNR NF ×NR NF is the block-diagonal DFT matrix given by
FN R = I N R ⊗ F

(9)

for the NR received antennas, where INR ∈ RNR ×NR is the identity matrix
and the symbol ⊗ indicates the Kronecker product. The matrix FNU NT ∈

CNU NT NF ×NU NT NF is given by

FNU NT = INU NT ⊗ F

(10)

for the transmit antennas of all users, where INU NT ∈ RNU NT ×NU NT is the

identity matrix. The average signal-to-noise ratio per information bit and
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E
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σ 2 R c NQ NU
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where Ps = N1F tr E bbH Eis the average
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b
=
,
(11)
symbol, NQ the number of bits
N0per symbol,
σ 2 Rc NQand
NU Rc the coding rate, and E {· }
defines the expectation
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principle, and the aim of the equalization stage is to mitigate ISI and CCI. The
equalization stage consists of three stages; soft-cancellation, groupwise filtering,
and joint detection. Correspondingly, the channel decoder’s task is to generate
soft decisions of the decoded bits in the time domain based on the a priori
information for the coded bits and on the trellis structure of the constituent
codes.

3.2.1

Soft cancellation

In order to detect transmitted layers, soft-cancellation needs to be performed
first. After the cancellation of signal components to be detected from the received
signal, the frequency domain residual interference, r̂ ∈ CNR NF , is given by
(12)

r̂ = FNR r − ΓFNU b̃,

where b̃ ∈ CNU NT NF represents the soft estimate of the multiple user’s transmitted
signal vector

b̃ =

T

T

T

[b̃1 , ..., b̃u , ..., b̃NU ]T

(13)

when b̃u ∈ CNF is the soft estimate of the uth user’s transmitted layers
b̃u
b̃u,t ∈ CNF is given by

=

T

T

T

[b̃u,1 , ..., b̃u,t , ..., b̃u,NT ]T ,

ó
î
u,t T
u,t
b̃u,t = b̃u,t
.
.
.
b̃
.
.
.
b̃
,
n
1
NF

(14)

(15)

th
and b̃u,t
transmitted symbol of the uth user’s tth layer.
n is soft estimate of n
¶
©
u,t
u,t 2
The first two moments of soft-symbol estimates, b̃u,t
,
n = E {bn } and E |bn |

are obtained as

b̃u,t
n

X

= E bu,t
=
bi Pr(bu,t
n
n = bi )

(16)

bi ∈M

and
¶
©
X
2
2
E |bu,t
=
|bi | Pr(bu,t
n |
n = bi )

(17)

bi ∈M
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respectively, which will be utilized in the next section. The symbol a priori
probability Pr(bu,t
n = bi ) in (69) and (17) can be calculated from [83]
Pr(bu,t
n

Å ãNQ N
Q

1
u,t
= bi ) =
Π 1 − ci,q tanh λn,q /2 ,
2
q=1

(18)

where ci,q = 2ci,q − 1 and λu,t
n,q is the a priori log-likelihood ratio (LLR) of the
bit ci,q , provided by the decoder.

3.2.2

Frequency domain groupwise MMSE filtering

The groupwise MMSE based filtering suppresses the uth user’s residual ISI
components from the symbols within the same transmit antenna group, and the
CCI components between different transmit antenna groups and different users.
The number of jointly detected data stream groups is defined as NJ = [NT /NG ],
where NG is the number of jointly detected data streams, and [· ] rounds the
argument to the nearest integer towards minus infinity. Note that joint detection
over multiple users is out of the scope of this thesis.
Exact solution
The objective of this sub-section is to design a user specific FD groupwise
MMSE filter Ωju ∈ CNR NF ×NG NF for the j th group where j = 1, .., NJ that
the filter transforms a frequency selective MIMO channel into a user specific
targeted blockwise diagonal channel matrix Aju ∈ CNG NF ×NG NF .
blockwise diagonal channel matrix
groupwise MMSE filter is given by

A1,1
u

..
j

Au = 
.

G ,1
AN
u

Aju

∈C

NG NF ×NG NF

...
..
.

G
A1,N
u
..
.

...

G ,NG
AN
u






11

The targeted

at the output of the

(19)

NF ×NF
where its submatrix Ag,v
, g, v = 1...NG is the sub-channel matrix
u,j ∈ C

between the g th and the v th link, given by
¶
©
g,v T
g,v
Ag,v = diag ag,v
.
1 . . . an . . . aNF

11 This
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(20)

work can be seen as an extension of channel shortening equalization in [122, 134, 215].

The operator diag { · } generates a matrix that has the values on the main

diagonal. The scalar ag,v
n is the path gain of the targeted channel matrix for the
th
n symbol time instant.
The frequency domain groupwise MMSE filter coefficients Ωju for the uth
user’s j th jointly detected antenna group, and the targeted channel matrix Aju
at the output of groupwise MMSE filtering are determined jointly according to
the following MMSE criterion :
ß
H
H
−1
arg min
E
FN
Ωju r̂ju (n) − S(n)Aju bju
G
j
j
Ωu ,Au

2
2

™
,

(21)

where S(n) ∈ RNG NF ×NG NF is a time-varying sampling matrix having NG ones on
the main diagonal at the nth symbol time instant, when the rest of the elements

are zeros, and bju ∈ CNG NF with j = 1...NJ is the uth user’s j th desired group

to be jointly detected. The matrix FNG ∈ CNG NF ×NG NF is defined as FNG =
ING ⊗ F where ING ∈ RNG ×NG is an identity matrix. The vector r̂ju (n) ∈ CNR NF

combines the soft-cancellation outputs for the desired transmit antenna group at
the nth symbol time instant, as
r̂ju (n) = r̂ + FNR Hju S(n)b̃ju ,

(22)

where b̃ju ∈ CNG NF is the j th group of the soft estimates of the uth desired user’s
layers in the group. The block-circulant channel matrix Hju ∈ CNR NF ×NG NF
corresponds to the uth desired user’s j th transmit antenna group.

A derivation of the solution to the optimization problem of (21) is provided
in Appendix 1. To help the reader follow the derivation of the receiver, the
solution of the optimization problem of (21) is here re-stated for the optimized
MMSE filter coefficients Ωju , multiplied by the DFT matrix FNG as
h
−1
−1
j,1
j,1,1
j,g
j,g,g
Ωju FNG = Σu,j
(n))−1 . . . Σu,j
(n))−1 . . .
r̂(n) Φu (n)(Θu
r̂(n) Φu (n)(Θu
i
−1
j,NG
G ,NG
Σu,j
(n)(Θj,N
(n))−1
(23)
u
r̂(n) Φu
and the targeted channel matrix Aju at the output of the MMSE filter



Aju S(n) = 


Θj,1,1
(n)(Θj,1,1
(n))−1
u
u
..
.
G ,1
Θj,N
(Θj,1,1
(n))−1
u
u

...
···
...

Θj,1,g
(Θj,g,g
(n))−1
u
u
···

G ,g
Θj,N
(n)(Θj,g,g
(n))−1
u
u
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...
···
...


G
G ,NG
Θj,1,N
(n)(Θj,N
(n))−1
u
u

..

.

j,NG ,NG
−1
G ,NG
Θj,N
(n)(Θ
(n))
u
u

(24)

Note that the square matrix Θj,g,g
∈ CNF ×NF in (23) is a sub-matrix of
u

Θju ∈ CNG NF ×NG NF given by

−1

Θju (n) = Ḃuj

H

−1

j
+ Φju Σu,j
r̂(n) Φu ,

(25)

NR NF ×NR NF
where Σu,j
is the covariance matrix of the composite residual
r̂(n) ∈ C

and desired signal components at the nth symbol time instant, given by
H

j
j j
Σu,j
r̂(n) = Σr̂ + Φu (n)Λ̆u Φu (n).

(26)

Here, matrix Φju (n) ∈ CNR NF ×NG NF is given by
Φju (n)

= FNR Hju S(n)
= Γju FNG S(n),

(27)

where Γju ∈ CNR NF ×NG NF is frequency domain channel matrix for the j th group

of the jointly detected data streams. The matrix Λ̆ju ∈ RNG NF ×NG NF in (26) is
expressed as

Λ̆ju = diag

nî

j,1
b̈j,1
u − ḃu

óT

î
óT
î
óT o
j,g
G
G
. . . b̈j,g
. . . b̈j,N
− ḃj,N
.
u − ḃu
u
u

(28)

In (26), the covariance matrix of the residual interference at the output of
soft-cancellation Σr̂ ∈ CNR NF ×NR NF is given by
H
2
Σr̂ = ΓFNU NT ΛFH
NU NT Γ +σ INR NF .

(29)

The soft-feedback terms in (25), (28) and (29) are defined as follows: The
diagonal matrix Ḃju ∈ CNG NF ×NG NF in (25) contains the powers of transmitted
data streams for the j th jointly detected data stream group and it is obtained as
®ï
ò ´
T T
j,NG
j
j,1T
j,g T
Ḃu = diag ḃu . . . ḃu . . . ḃu
,
(30)
NF
where ḃj,g
is given by
u ∈R
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h n
o
n
oiT
¶
2
2©
u,j,g 2
ḃj,g
|
,
| . . . E |bu,j,g
| . . . E |bu,j,g
u = E |b1
n
NF

(31)

¶
©
2
for which the second moment of the soft-symbol estimates E |bu,j,g
| is obtained
n

by utilizing (17). Note that because of the grouping, the indices with the soft
symbols in (17) have to be associated with the user u, group j, and antenna g,
NF
which are different from those used in (17). The vector b̈j,g
in (28) is
u ∈ C

denoted as

h
iT
u,j,g 2
u,j,g 2
u,j,g 2
b̈j,g
=
|
b̃
|
.
.
.
|
b̃
|
.
.
.
|
b̃
|
,
u
n
1
NF

(32)

where soft-symbol estimates b̃u,j,g
are obtained using (16).
n
As a result of statistical independence assumption of transmitted symbols
and data streams, diagonal autocovariance matrix of transmitted data streams
Λ ∈ RNU NT NF ×NU NT NF is expressed as
nî
óT
î
óT
î
óT o
Λ = diag ḃ1 − b̈1 . . . ḃu − b̈u . . . ḃNU − b̈NU
,

(33)

where

h
i
T
T
T T
ḃu = ḃu,1 . . . ḃu,t . . . ḃu,NT
∈ CN T N F

(34)

and ḃu,t ∈ CNF is again obtained in the same way as ḃu,j,g
in (31). The vector
n

b̈u ∈ CNT NF in (33) is denoted as
h
i
T
T
T T
b̈u = b̈u,1 . . . b̈u,t . . . b̈u,NT
,

(35)

where b̈u,t ∈ CNF is obtained in the same way as b̃u,j,g
in (32) was obtained.
n
Note that because of the grouping, the indices with the soft symbols in (31) and

(32) are different from those used in (34) and (35).
The frequency domain block circulant Hermitian residual covariance matrix
∆ ∈ CNU NT NF ×NU NT NF of the feedback soft estimates can then be obtained as
∆

= FNU ΛFH
NU .

(36)

In order to reduce the computational complexity, the matrix inversion lemma
[216] is used to invert the covariance matrix of (26), resulting in
 H
−1 H
−1
−1
−1 j
−1 j
j
j −1
Σu,j
Φju (n)Σ−1
r̂ .
r̂(n) =Σr̂ −Σr̂ Φu (n) Φu (n)Σr̂ Φu (n)+ Λ̆u

(37)

Finally, by using (21),(22), (27), (28), (37) and (23) the groupwise MMSE

filter output zju (n) ∈ CNG NF can be written as
−1

H

−1
j
j
j
zju (n) = Ξju Πju (n)(S(n)F−1
NG Γu Σr̂ r̂ + Υu (n)b̃u ),

(38)
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where Υju (n) ∈ CNG NF ×NG NF is defined as
H

−1 j
j
Υju (n) = S(n)F−1
NG Γu Σr̂ Γu FNG S(n),

(39)

with which the matrix Πju (n) ∈ CNG NF ×NG NF in (38) is given by
−1

Πju (n) = Υju (n)(Υju (n) + Λ̆ju )−1 − ING NF .

(40)

Now, let bdiag{·} denote operation to generate block diagonal matrix. The
matrix Ξju ∈ CNG NF ×NG NF is then expressed as
G ,NG
Ξju = bdiag{Θj,1,1
(n)...Θj,g,g
(n)...Θj,N
(n)},
u
u
u

(41)

where the square matrix Θu (n)j,g,g ∈ CNF ×NF is defined by the explanatory
sentence before (25). Using (37) the matrix Θju can be re-written as
−1

Θju (n) = Ḃju

−1

− Υju (n) + Υju (n)(Υju (n) + Λ̆ju )−1 Υju (n).

(42)

It should be noted at this stage that the matrix ∆ is block circulant Hermitian,
the covariance matrix Σr̂ of the residual interference does not have a diagonal
structure. Therefore, it requires unacceptable computational efforts to strictly
invert (29), and to calculate Υju (n) as well. Moreover, the sampling matrix, S(n),
still remains in the filter output expression of (38), which necessitates the whole
chain of equations for the algorithm to be calculated at every symbol timing.
Approximation
To reduce the prohibitively high computational complexity for the exact solution,
an approximated algorithm is derived in this sub-section. As indicated in the
previous sub-section, a major part of the computational complexity is due to
matrix inversion of the residual covariance Σr̂ . This invokes an idea that ∆
is approximated by a diagonal matrix. In this thesis, we follow the technique
presented in [83] that replaces the symbol-wise residual interference energy terms
in (33) by each layer’s corresponding time average. With this approximation,
the necessity for the symbol-by-symbol computation of the algorithm can be
avoided, because the residual interference energy is assumed to be the same over
one received frame within each layer. It is shown in [83] that the time average
approximation results in only a minor performance degradation compared to
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the exact solution. With the time average approximation, ∆ is replaced by a
diagonal matrix
∆

t

ßh
iT
1
t T
NT T
≈ diag ∆1 1T
, ...,
NF . . . ∆1 1NF . . . ∆1 1NF
iT
h 1
t T
NT T
∆ u 1T
, ...,
NF . . . ∆u 1NF . . . ∆u 1NF
iT ™
h 1
t
NT T
T
T
,
∆NU 1NF . . . ∆NU 1NF . . . ∆NU 1NF

where scalar ∆u in (43) is given by using (34) and (35) as
©
¶
t
∆u = avg ḃu,t − b̈u,t ,

(43)

(44)

where the operator avg { ·} calculates the arithmetic mean from its argument
P
vector as avg { ·} = N1F
(·). With this approximation, significant computational
complexity reduction can be expected.

Due to the time invariance of the residual interference energy over the frame

and the necessity of using the sampling matrix S(n) can be now eliminated.
Thus, the symbol timing index n can also be neglected from all the rest of the
equations in this section. Substituting (43) into (29), the groupwise MMSE filter
output of (38) can be re-written as
H

−1

−1
j
j j
zju = Ξju Πju (F−1
NG Γu Σr̂ r̂ + Υu b̃u ),

(45)

where Γju ∈ CNR NF ×NG NF is obtained by replacing FNU NT in (8) with FNG and
applying (8) to Hju . With the diagonal structure of ∆, the matrices Υju and Πju

in (39) and (40), respectively, can be

ϕ1,1
u INF

..
j
Υu = 
.

G ,1
ϕN
IN F
u

re-written as
...
..
.

G
ϕ1,N
IN F
u
..
.

...

G ,NG
ϕN
INF
u

and

j −1

Πju = Υju (Υju + Λ̆u )−1 − ING NF ,




,


(46)

(47)

where ING NF ∈ RNG NF ×NG NF is an identity matrix. The scalar ϕg,f
u , f =

1, . . . , NG , in (46) is given by
ϕg,f
u

12

ß
™
1
g H −1 f
=
tr Γu,j Σr̂ Γu,j ,
NF

(48)

12

Note that only diagonal entries of each sub-matrice in (39) have to be considered, because
of the sampling matrix S(n).
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where the matrix Γgu,j ∈ CNR NF ×NF presents the frequency domain channel
matrix of the gth transmit antenna in the j th group.
The matrix Ξju calculated by using (41), with the sub-matrices Θj,g,g
yielding
u
the matrix Θju given by (42), can now be re-written as
j −1

Θju = Ḃu

j −1

− Υju + Υju (Υju + Λ̆u )−1 Υju ,

(49)

j

where Ḃu ∈ CNG NF ×NG NF are computed by using (30) as
j

Ḃu

=

j

¶
©
avg ḃj,1
1T
u
NF . . .
©
©
óT o
¶
¶
T
j,NG
T
1
1
.
avg ḃj,g
.
.
.
avg
ḃ
u
NF
u
NF

diag

¶î

(50)

The matrix Λ̆u ∈ CNG NF ×NG NF in (47) and (49) can be computed by using (28)
as

j

Λ̆u

¶î
¶
©
j,1
avg b̈j,1
1T
u − ḃu
NF . . .
¶
©
¶
©
óT o
j,g
j,NG
G
avg b̈j,g
1T
− ḃj,N
1T
.
u − ḃu
NF . . . avg b̈u
u
NF

= diag

(51)

Note that the square matrix Θj,g,g
∈ CNF ×NF is defined by the explanatory
u
sentence before (25).

3.2.3

Equivalent AWGN channel model

It is well known that the distribution of residual interference-plus-noise at the
output of the MMSE filter (71) can be approximated as Gaussian-distributed
[217]. Therefore, it is reasonable for the SfISfO channel decoder to assume that
the soft output of the MMSE filter represents the output of an equivalent AWGN
channel having bju as an input to the channel [81]. Therefore, the output of the
MMSE filter (45) can be re-written as follows:
zju = Ψju bju + wuj ,

(52)

where the gains of the equivalent Gaussian channel Ψju ∈ CNG NF ×NG NF are
expressed as

−1

Ψju = Ξuj Πju Υju .
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(53)

The vector wuj ∈ CNG NF represents a circularly symmetric complex Gaussian
distributed noise vector at the output of the groupwise MMSE filter, i.e., wuj ∼
u,j
NG NF ×NG NF
N C (0NG NF , Σu,j
is expressed as
w ). The covariance matrix Σw ∈ C
H

−1

−1

j
j
j
j
j
j
Σu,j
w = Ξu Πu (Υ̇u + Ϋu )Πu Ξu .

The matrix Υ̇ju ∈ CNG NF ×NG NF is defined as

G
ϕ̇1,1
. . . ϕ̇1,N
IN F
u INF
u

.
.
.
j
..
..
..
Υ̇u = 

G ,1
ϕ̇N
IN F
u

where ϕ̇g,f
u is

ϕ̇g,f
u =

G ,NG
ϕ̇N
INF
u


,


ß
™
H
1
H −1 f
tr Γgu,j Σ−1
Γ∆Γ
Σ
Γ
u,j ,
r̂
r̂
NF

and Ϋju ∈ CNG NF ×NG NF defined as

ϕ̈1,1
u INF

..
j

Ϋu = 
.
NG ,1
ϕ̈u INF

where ϕ̈g,f
u given by

ϕ̈g,f
u =

3.2.4

...



...
..
.

ϕ̈u1,NG INF
..
.

...

G ,NG
ϕ̈N
INF
u




,


ß
™
H
σ2
−1 f
tr Γgu,j Σ−1
Σ
Γ
u,j .
r̂
r̂
NF

(54)

(55)

(56)

(57)

(58)

MAP detector

The joint detection of transmitted layers of each user is performed by using
the MAP detector. The MAP detector given in [121] aims at decoupling the
transmitted layers within the same group to be jointly detected. The MAP
detector [15, 79] is denoted in Figure 5 as de-mapper, because it also performs
symbol-to-soft bit conversion. Let us introduce the distance metric needed in the
MAP algorithm, which in [121]:
−−→ −−→
−−−→ −−→
−−→
n,s,w
j
j
Du,j
=([zju ]n − [Ψju ]n M {ċw })H [Σu,j ]−1
n ([zu ]n − [Ψu ]n M {ċw })

(59)

with the candidate index w = 1 · · · 2NG NQ and bit position index s = 1 · · · NG NQ .
→
−
Let [·] be the operator that extracts the elements from its argument vector
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and/or matrix, all of which correspond to the nth symbol time instant. The
vector ċw ∈ IBNG NQ is the wth candidate bit vector. By using (59), the extrinsic
th
LLR λ́u,j
bit constituting the nth symbol of the uth user, derived from
n,s of the s
the extrinsic probability, is given by

λ́u,j
n,s

= ln

P

n,s,w
(−ζu,j
+

e

∀cw,s =1

P

P

lnPr(cu,j
n,s0 ))

s06=s

n,s,w
(−ζu,j
+

e

∀cw,s =0

P

lnPr(cu,j
n,s0 ))

,

(60)

s06=s

where lnPr(cu,j
n,s0 ) is the natural logarithm of a priori probability of the coded
bit. Now, depending on the value of the bit being zero or one, the a priori
u,j
probabilities of the coded bits lnPr(cu,j
n,s0 = 0) and lnPr(cn,s0 = 1), respectively,

are calculated in the similar way to that shown in [79], respectively, as
u,j

u,j
λn,s0
lnPr(cu,j
)
n,s0 = 1) = λn,s0 − ln(1 + e

(61)

and
u,j

λn,s0
lnPr(cu,j
).
n,s0 = 0) = −ln(1 + e

(62)

Values cw,s = 1 and cw,s = 0 correspond to the candidate vectors having one
or zero, respectively, at the sth position. It should also be noted that in the
computation of the numerator and denominator for (60), the Jacobian logarithm
can be used as in [79].

3.3

Complexity analysis

In this section the computational complexities of the frequency domain and the
time domain JA detectors are evaluated based on the mathematical expressions
given in this thesis and in [121]. In both the FD and TD cases the complexity
evaluation includes MMSE and MAP algorithms. In the calculation it is also
assumed that the manipulations for mean and variance calculations of the
equivalent AWGN channel is counted as a part of MMSE filtering. Moreover, the
manipulations for the mean and variance calculations of the soft feedback are
also taken into account. It is assumed that the TD channel state information is
transformed into the frequency domain using FFT. Moreover, it is assumed that
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Table 1. The numbers of complex operations for iterative frequency and time domain receivers per iteration ([47], published by permission of IEEE).
Algorithm
Per frame
FD-MMSE
MAP for FD
Per symbol
FD-MMSE

Addition
3
NG
NU NJ (4+5/6)

FFT
TD-MMSE

3
NG
NU NJ (4+5/6)

NU NJ NG

+5/6NU NJ NG

·(NG +2)

2
3
+NG /6)
−NG
NU NJ (5/6NG

3
−5/6NG )
NU NJ (5/6NG

2
NU NJ NG

5/6NR3

NR2

2
+2NG NQ NU NJ (NG
−NG )

5/6NR3

2
+2NG NQ NU NJ NG

2
+6NR2 (NU NJ NG
+NU NJ NG +NU NT −1)

+NR2 (NU NT +3NU NJ NG +1)

2
3
−NU NJ NG
+NU NJ NG

+NU NT +NU NJ NG −5/6)

−4NU NJ NG +NU NT (NM −1)

+6NU (NT NM (2NQ +2)+NT NM )

2

NG NQ

2
−NG )
NU NJ (NG

+NR (3NU NJ NG +(NU NT )2

2
2NG NQ 2NU NJ NG

2NR log2 NF +2NU NT log2 NF

NR log2 NF +NU NT log2 NF

+NU NJ NG log2 NF

+1/2NU NJ NG log2 NF
3

NU NJ (5/6(NL NR )
2

NU NJ (5/6(NL NR )3

+(NL NR ) (NU NT (2NL −1)+NG )

+(NL NR )2 (NU NT (2NL −1)+3NG )

NU NJ

2
+NL NR (2NG
−2+1/6

+NL NR (NU NT (2NL −1)

·(NL NR )2

+(NU NT (2NL −1)−1)

+(NU NT (2NL −1))2

·NU NT (2NL −1)+2NU NT NL −NU NT )

2
+NG −5/6))
+2NG

+NU NT ((2NL −1)+(2NL −1)NM ))

MAP for TD

Division

2
NU NJ +NG (4NU NJ +1/6)
+5NG

+NR ((NU NT )2 +NU NT +NU NJ NG +1/6)

MAP for FD

Multiplication

2
3
+NG /6)
−NG
NU NJ (5/6NG

2
+2NG NQ NU NJ (3NG
−2NG )

3
+NU NT (2NL −1)(1+NQ )+NG

3
−5/6NG )
NU NJ (5/6NG

2
+2NG NQ NU NJ 2NG

2
NU NJ NG

matrix inversions are computed by utilizing a LU decomposition similar to [218].
However, it should also be noticed that the complexity assessment excludes the
mathematical manipulations for the tanh(·) and ln(·) functions in both the FD
and TD cases.
The numbers of the complex operations per iteration are presented for the TD
and FD receivers in Table 1. The results demonstrate that a significant complexity
reduction can be achieved with FD processing compared to TD processing.
The complexity reduction is due mainly to the efficient implementation of
MMSE filtering in the frequency domain. However, it should be noted that
the MAP algorithm starts to dominate the complexity when the product of
NG NQ becomes large. As a result, the relative complexity difference between
FD and TD algorithms tends to be smaller but there is still a large difference
in complexity between FD and TD processing. The total number of complex
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Table 2. Simulation parameters ([47], published by permission of IEEE).
Parameter

Value

NF

512

NP

32

NT

2, 3, 4

NR

1, 2, 3, 4

NU

1, 2, 3, 4

NL

32

NG

1, 2, 3, 4

NQ

2 (QPSK)

Turbo encoder

2 recursive systematic convolutional codes

Turbo encoder interleaver

random interleaver

Turbo encoder polynomials for CC

(1,15,13) in octal [219] with constraint length of three

Turbo encoder puncturing & rate

parity bits are punctured to result Rc = 1/2

Symbol-level interleaver

random, 480 symbols

Bit-level interleaver

random, 960 bits

Turbo decoder

Log-MAP algorithm with 8 iterations

Equalizer iterations, NE

6 for both AA (NG = 1) and JA (NG > 1)

arithmetic operations is summarized with different FFT sizes in Figure 6a
and Figure 6b for NQ = 2, NU = 4, NT = NG = 2 and NR = 4. As can be
seen, a significant complexity reduction can be achieved with frequency domain
processing when compared to time domain processing.

3.4

Simulation results

In this section, the results of a series of Monte-Carlo simulations conducted to
evaluate the performances of the proposed FD JA multiuser MIMO detector are
presented. A synchronous coherent uplink communication system with perfect
CSI at the receiver is considered. The performance measure is frame-error rate
(FER). It should be noted that the transmission power per user is normalized
with the number of users in the system according to (11). For the reliability of
the results, encoded frames were transmitted until 100 frame errors were counted
up for each
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(a) NF = 512 ([47], published by permission of IEEE).
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Fig 6. Computational complexity comparison for TD-JA and FD-JA detectors
(Dashed lines TD, solid lines FD) when NU = 1, 2, 3, 4, NR = 4, NT = 2, NG = 2, NQ =
2.
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The tapped delay line channel model of (7) was assumed, where each of the
taps was assumed to have equal average power. Quasistatic fading was assumed,
where the channel stays constant over a frame but changes independently frame
by frame. Two different spatial correlation setups were investigated at the
transmitter side: One is the uncorrelated case where the transmit antenna
correlation coefficient α between the consecutive elements is zero; The other
is the highly correlated case where the correlation coefficient α = 0.9. The
correlation cofficient α correspond the off-diagonal components of the spatial
correlation matrix similarly as in [113]. The transmitter side correlation matrix
for the transmitted frame is given by ΣNT = Σ̄NT ⊗ INF ∈ RNT NF ×NT NF where
Σ̄NT defines the correlation structure for one symbol

Σ̄NT






=



1
α
..
.

α
..
.
..
.

... α
.
..
. ..
..
. α

α

...

α

1






 , ∈ RNT ×NT .



(63)

It is worth noting that the above correlation matrix has the worst-case transmitter
side correlation structure. The reason for this is that the correlation is the
same among all the antenna elements [113]. In practice, it can be assumed
that the correlation between neighboring antenna elements is higher compared
with distant antenna elements [113]. By using the above correlation matrix, the
channel matrix given in (6) with transmitter side correlation can be expressed as
H/2

Hu = H̄u ΣNT , where H̄u ∈ CNR NF ×NT NF is the channel matrix with spatially
1/2

uncorrelated elements. The matrix ΣNT ∈ RNT NF ×NT NF can be obtained by
computing the Cholesky decomposition for the transmitter side correlation matrix
1/2

H/2

as ΣNT = ΣNT ΣNT . The spatial correlation model follows the well-known
Kronecker model given in [220]. All other relevant simulation parameters are
summarized in Table 2. As can be seen from Figure 5, symbol-level as well as
−1
bit-level de-interleaving, in the figure referred to as πI−1 and πO
, respectively,

are performed in succession after the spatial MAP, which correspond to the
interleavers πI and πO at the transmitter, respectively.
It is well-known that a SC-MMSE receiver reduces to a channel matched
filter if perfect a priori information is available of the all user’s transmitted bits
at the receiver [87] and all the interference is canceled. Therefore, upper bound
80

performance (=smallest FER) of the receiver, referred to as the matched filter
bound (MFB), can be obtained by assuming perfect decoder feedback.13

3.4.1

Single user results

Figure 7 shows the FER performance of the system with a balanced antenna
configuration NT = NR = 2 with the different numbers NE of the equalizer
iterations. The results show that an AA turbo receiver has faster convergence
when NE ≤ 3. However, a JA turbo receiver achieves more iteration gain with
NE > 3 than an AA turbo receiver. Similar phenomena are also observed in the
case of higher numbers of transmit and receive antennas.
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−1

10

NE=4,NG=1
NE=5,NG=1
NE=6,NG=1
NE=1,NG=2
NE=2,NG=2
NE=3,NG=2
NE=4,NG=2
NE=5,NG=2

−2

10

2

NE=6,NG=2
2.5

3

3.5
Eb/No [dB]

4

4.5

5

Fig 7. FER performance of JA and AA receivers for NU = 1, NT = NR = 2, α = 0.0
(JA dashed lines, AA solid lines) ([47], published by permission of IEEE).

13 Some

alternative techniques that are not based on the turbo concept, e.g., Genetic-Algorithmassisted [221], may achieve comparable performance. However, system assumptions used in
those papers are not consistent enough to make fair comparison. Therefore, making comparison
between the techniques based on different technological bases is out of the scope of this thesis.
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Figure 8 presents the FER performance of an AA turbo receiver (NG = 1) and
a JA turbo receiver (NG > 1) with the antenna correlation factor as a parameter.
It is found that both the AA turbo receiver and JA turbo receiver suffer around
1.5 dB loss from MFB when the antennas are uncorrelated. The results show
that when the decoder’s feedback is reliable enough, the performance difference
between the two detectors is very minor. In fact, when soft-feedback is perfect,
soft-cancellation works perfectly and both detectors have equivalent performance.
However, in the presence of spatial correlation an AA turbo receiver cannot
separate the transmitted layers by using an MMSE filter as effectively as a JA
turbo receiver can by using MAP. Since a JA detector converge asymptotically to
MFB, the presented results also support the main outcome of [222] that spatial
correlation causes only

Eb
N0

loss (parallel shift) but no diversity order degradation

when a maximum likelihood based receiver is utilized in MIMO transmission. It
is expected that the gain achieved by using a JA turbo receiver becomes larger
when the spatial correlation as well as the number of the transmitter antennas
increase.
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Fig 8. FER performance of JA and AA receivers for NU = 1 (JA dashed lines, AA
solid lines) ([47], published by permission of IEEE).
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Figure 9 shows the FER performance in an overloaded antenna configuration.
The results show clearly that a JA turbo receiver outperforms an AA turbo
receiver significantly when NT > NR . The performance of an AA turbo receiver
degrades due to the lack of DoF for MMSE filtering to suppress interference
caused by overloaded transmit antennas. The impact of additional preserved
DoF is significant, as shown in the figure with NT = 4, NR = 2, and NG = 1, 2, 4,
when the number of jointly detected antennas increases. As a result, it is
expected that the performance gain by using JA becomes larger when the number
of jointly detected antennas becomes larger. The additional DoF for the MMSE
filtering are particularly beneficial when soft-feedback is not reliable enough to
perform effective soft-cancellation. Correspondingly, when looking at the figure
it is found that the performance of a JA turbo receiver is degraded, however, the
diversity order (= corresponding to the decay of the curves) remains the same
in all the overloaded cases tested as in the balanced cases. JA’s capability of
maintaining the equivalent diversity order is due to the fact that MMSE can
suppress residual ISI after soft-cancellation effectively, while still preserving
enough DoF to combine the desired signals’ multipath components.
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Fig 9. FER performance of JA and AA receivers for NU = 1, α = 0.0 (JA dashed
black lines, AA solid black lines) ([47], published by permission of IEEE).

83

3.4.2

Multiuser results

Figure 10 depicts the FER performance of a system with the configuration
NU = 4, NT = 2, NR = 4 with the different number of equalizer iterations NE . A
similar tendency in performance curves to Figure 7’s single user case is observed,
namely that an AA turbo receiver has faster convergence when NE ≤ 3. But,
larger iteration gain is achieved with a JA turbo receiver for NE > 3 than an AA
turbo receiver. The JA turbo receiver outperforms the AA turbo receiver by
about 1.5 dB when NE = 6.
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Fig 10. FER performance of JA and AA receivers for NU = 4, NT = 2, NR = 4, α =
0.0 and α = 0.0 (JA dashed black lines, AA solid black lines) ([47], published by
permission of IEEE).

Figure 11 depicts the FER performance with an AA turbo receiver and a JA
turbo receiver for NU = 2 with the antenna correlation factor α and the number
of receive antennas NR as parameters. The performance difference between AA
and JA detectors is neglible when R = 4 and α = 0.0. This is because of the
same reason as that discussed in the single user’s case. Similarly to the single
user case, it should be noticed that spatial correlation has no impact on the
diversity order but it causes only a parallel shift in terms of Eb /No .
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Fig 11. FER performance of JA and AA receivers for NU = 2, NT = 2 and NR = 2, 3, 4
(JA dashed black lines, AA solid black lines) ([47], published by permission of
IEEE).

Figure 12 shows the FER performance for NU = 2, 3, 4 with α = 0 and α = 0.9.
As can be seen, the larger the difference between NU NT and NR values (
NU NT ≥ NR ), the larger the gaps between the JA turbo receiver and AA turbo

receiver performance curves. This is again because of the same reason as that
discussed in the single user’s case.
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3.5

Summary and discussion

A new iterative frequency domain joint over-antenna multiuser MIMO signal
detection technique was proposed for multiuser MIMO uplink transmission in
frequency-selective channels. The proposed frequency domain multiuser MIMO
detection technique requires signicantly lower computational complexity than its
time-domain counterpart. The results show that significant performance gains
can be achieved with JA compared to AA when NU NT > NR and in the presence
of spatial correlation. It has also been shown that the computational complexity
with the FD algorithm is always lower than TD, and the significance of complexity
reduction depends on the system setup as well as channel conditions. Conversely,
the significance of performance gain due to the FD algorithm over TD also
depends on the system setup and channel conditions. Those observations lead to
a conclusion that with a marginal loss in performance, the complexity with an
FD receiver can be made much lower than another FD receiver having exactly
the same parameter setting as its time-domain counterpart in certain scenarios.
This may invoke reasonable performance-complexity trade-off when practical
applications of the FD algorithm are considered.
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4

Convergence analysis of a FD-SC-MMSE
turbo equalizer with linearly precoded single
user MIMO transmission

The purpose of this chapter is into gain insight on how linear precoding methods
have an impact on the convergence property of a FD-SC-MMSE turbo equalizer
in single user MIMO. The convergence properties of the turbo equalizer have
a central role in determining the performance of the iterative receiver. Thus,
the influence of two well-known linear precoding methods, namely, minimum
sum MSE (MinSumMSE)[194, 195] and maximum information rate (MaxRate)
[30] on the convergence of a turbo equalizer is considered. Throughout the
chapter, perfect CSI is assumed to be available at the transmitter and receiver as
well as perfect time synchronization between the transmitter and receiver. The
well-known joint optimization framework of a linear transmitter and receiver [195]
is applied to the turbo processing context. The derivation of FD-SC-MMSE based
turbo equalization as well as linear precoding methods is provided. However,
as mentioned earlier, the special emphasis of this chapter is on a convergence
analysis of the turbo equalizer and not on the joint transmitter-receiver design
aspects. The convergence analysis of the turbo equalizer is performed by using
conventional EXIT chart analysis tools [168] as well two dimenstional (2-D)
projection EXIT charts [175].
The rest of this chapter is organized as follows. The system model of singular
value decomposition (SVD) based linear precoding schemes is shown in Section
4.1. In Section 4.2, the joint MMSE based TX and RX design problem is
introduced. Sections 4.3 and 4.4 provide a brief overview of traditional 2-D
EXIT as well 2-D projection EXIT charts. Finally, the numerical results of the
convergence analysis are shown in Section 4.5.

4.1

System model

In this section a single user multiantenna wireless communication system with NT
transmit and NR receive antennas is considered. The CSI is assumed to be perfect
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both at the transmitter and receiver. A fixed number ND = min(NT , NR ) of data
streams are multiplexed over NT transmit antennas as illustrated in Figure 13.
For the clarity of notation, the user index u is omitted for the rest of this chapter.
d

d

For the dth data stream, d = 1, ..., ND , the information bit vector xd ∈ BRc NQ NF

is encoded by a FEC code, referred to as C d , with its code rate Rcd 6 1. The
d
parameter NQ
denotes the number of bits per modulation symbol and NF is the
d

number of frequency bins in DFT. Let cd = [cd1 , ..., cdj , .., cdN d NF ]T ∈ BNQ NF be
Q

d
the encoded bit vector with j = 1, ..., NQ
NF . The coded bits are bit interleaved
d

d

by using a random permutation matrix π d ∈ BNQ NF ×NQ NF resulting in the bit
d

sequence c0d =π d cd ∈ BNQ NF . Then, the interleaved version of the coded bit
d

sequence c0d is mapped with a mapping function Md (·) onto a 2NQ -ary complex
symbol bdl ∈ C, where l = 1, ..., NFd .14 The average power of the modulation
symbols is assumed to be normalized to one. Let bd = [bd1 , ..., bdl , ..., bdNF ]T ∈ CNF

present the modulated complex data vector for the dth stream. After modulation,
each data stream is transformed into the frequency domain by the unitary
DFT matrix F ∈ CNF ×NF , with the elements fm,l =

√ 1 exp
NF

i2πml
NF

, where

m, l = 0, ..., NF − 1. Each data stream is multiplied by its associated power
1

allocation matrix Pd2 , where Pd = diag([Pd,1 , ..., Pd,l , .., Pd,NF ]T ) ∈ RNF ×NF

with Pd,l being the power allocated to the lth frequency bin. In this section,
the standard eigenmode based transmission [10] is used. The pre-processing
and post-processing matrices V ∈ CNT NF ×ND NF and U ∈ CNR NF ×ND NF at the

transmitter and the receiver, respectively, can be obtained as a result of the
SVD of the frequency domain channel as described in Appendix 2. Finally, each
stream is transformed into the time domain by the IDFT matrix F−1 and a
cyclic prefix is appended to the signal before transmitting the streams over the
channel.
At the receiver side, after the cyclic prefix removal the received spacetime signal is transformed into the frequency domain at each receive antenna
by the DFT matrix F. To extract the independent data streams received,
the space-frequency signal is multiplied with Ud ∈ CNR NF ×NF where Ud =

[U]:,(d−1)NF +1:dNF and U is defined in Appendix 2. As a result of the postprocessing described in Appendix 3, the space-frequency MIMO channel can be
converted into a set of equivalent parallel channels. Finally, the received signal
14 Gray

mapping is assumed throughout this thesis, but extension to more generic mapping
rules is rather straightforward.
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Fig 13. The block diagram of the single user MIMO model with CSI at the transmitter ([53], published by permission of IEEE).

for the dth stream, r̃d ∈ CNF can be represented with its corresponding parallel
channel form, as

1

r̃d = Sd Pd2 Fbd + UH
d FNR v,

d = 1, ..., ND

(64)

where v ∈ CNR NF is white additive independent identically distributed (i.i.d)
Gaussian noise vector with variance σ 2 described in Section 3.1, and the DFT
matrix FNR ∈ CNR NF ×NR NF and the singular value matrix Sd ∈ RNF ×NF for
the dth stream are obtained by collecting the corresponding elements from the
matrix S described in Appendix 2. The expression in (64) indicates that the
streams are perfectly decoupled from each other in the spatial domain with the
SVD based transmission when perfect channel state information is available
at the transmitter and the receiver. However, due to multipath propagation
and multiplication with the DFT matrix F at the transmitter inter-symbol,
interference (ISI) remains still in the received signal given by (64).

4.2

Joint MMSE based TX and RX design

After multiplication by the post-processing matrix Ud , the received signal r̃d
given in (64) is processed with the iterative SfISfO FD-SC-MMSE based turbo
receiver [150] shown in Figure 14. The extrinsic information in the form of
LLRs is exchanged iteratively between the SfISfO FD-SC-MMSE equalizer
block and the channel decoder block indicated by C −1 . The extrinsic LLR

vector at the output of the SfISfO FD-SC-MMSE equalizer block is defined as
d

L̂d ∈ RNQ NF whereas the LLR vector at the output of the channel decoder is
d

given by L̊d ∈ RNQ NF .

A convex optimization framework described in [195] to jointly design MMSE

based linear precoding and equalization at the transmitter and receiver is utilized.
It is shown in [195] that the complicated joint design problem can be greatly
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Fig 14. Block diagram of FD-SC-MMSE based turbo receiver.

simplified by using a transmit-receive structure that diagonalizes the channel.
The same channel-diagonalizing transmit-receive structure is also utilized in
this section by using a beamforming matrix V (=pre-processing matrix) at the
transmitter and a post-processing U matrix at the receiver before equalization.
As mentioned before, the matrices V and U are described in more detail in
Appendix 2. As shown in [194, 195], the joint optimization problem is not jointly
convex with respect to the precoding and equalization matrices. However, for a
fixed equalization filter, the problem turns out to be convex with respect to the
transmit precoding matrix and vice-versa. Sections 4.2.1 and 4.2.2 will discuss
this issue in more detail.

4.2.1

FD-SC-MMSE turbo equalizer

Figure 15 depicts the block diagram of a FD-SC-MMSE based turbo equalizer.
The soft cancellation block aims to cancel out all the interference components
from the received signal. The residual interference at the output of the soft
cancellation is further suppressed by a linear MMSE filter to provide soft symbol
estimates of the transmitted symbols. After the linear MMSE filtering, the soft
demapper converts soft symbols level information into soft bit level information,
i.e., LLR values.
To determine the optimum receive filtering matrix Ω̌d ∈ CNR NF , the parame-

ters at the transmitter side are assumed to be all fixed. This is a reasonable

assumption in joint optimization of linear transmitter and receiver, and commonly
used in [194, 195]. Let MMSE filtering matrix Ω̌d have a special structure, in
which the filter coefficients are located only on the diagonals of NR sub-matrices
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Fig 15. FD-SC-MMSE turbo equalizer ([53], published by permission of IEEE).

with the dimensionality NF × NF and rest of the elements equal to zero.15 The

well-known MMSE based receiver filter optimization problem can be expressed as

d
−1 H
minimizeΩ̌d tr{Ebd ,n (bd − F−1 Ω̌H
Ω̌d r̆d )H },
(65)
d r̆d )(b − F
|
{z
}
=Ed

th

where Ed is the MSE of the d

to b , n and the vector r̆d ∈ C
d

stream and the expectation E{·} is with respect

NF

combines the soft-cancellation outputs and the

desired linearly precoded transmitted stream on
1

r̆d = r̂d + Sd Pd2 FŠ(n)b̃d .

(66)

The matrix Š(n) ∈ RNF ×NF shown above is a time-varying sampling matrix
having one on the diagonal at the nth symbol instant, with the rest of the elements

equal to zero. Using (64), the output vector of soft-cancellation r̂d ∈ CNF can be

written as

1

r̂d = r̃d − Sd Pd2 Fb̃d ,
(67)
óT
î
where the vector b̃d = b̃d1 , ..., b̃dn , ..., b̃dNF ∈ CNF contains the soft estimates
of the transmitted symbols b̃dn , n = 1, ..., NF , for which the details of the
computation are presented in Section 4.2.1. The complete derivation process of
the MMSE filter is described in Appendix 4.
Soft cancellation
To help the reader to follow the description of the receiver, the output of
soft-cancellation in (67) is here restated as
1

r̂d = r̃d − Sd Pd2 Fb̃d .

(68)

15 This

structure is referred to as a diagonal-block matrix, which is different from a "blockdiagonal" matrix.
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The nth -element of the vector b̃d is the first moment of transmitted symbols bdn
and can be computed as
X

b̃dn = E bdn =
bi Pr(bdn = bi ),
(69)
bi ∈B

where B is the modulation symbol alphabet and the symbol a priori probability
P r(bdn = bi ) in (69) can be calculated as [83]
Å ãNQd N d
Q

1
d
d
Pr(bn = bi ) =
Π 1 − ci,q tanh λn,q /2 ,
2
q=1

(70)

with ci,q = 2ci,q − 1 and where λdn,q is the a priori LLR of the bit ci,q , provided
by the decoder.

Linear frequency domain MMSE filtering
To reduce the prohibitively high computational complexity of the iterative
equalization due to the matrix inversion described in Appendix 4, the techniques
presented in [47, 83, 130, 150] are used to derive a sufficiently accurate approximated solution. Hence, as shown in Appendix 4, the output of the linear MMSE
filter with the approximations can be expressed as
b̂d =

1
ζd β̈d + 1

1

−1
r̂d + ζd b̃d ),
(F−1 Pd2 Sd Σr̂,d

(71)

h 2
i
¶ ©
2
2 T
where β̈ d = avg b̈d , b̈d = |b̃d1 | , ..., |b̃df | , ..., |b̃dNF |
∈ CNF , and Σr̂,d ∈
CNF ×NF is the covariance matrix of the output of soft cancellation
Σr̂,d = S2d Pd ∆d + σ 2 INF ,

(72)

where
∆d = diag(∆d 1NF ) ∈ RNF ×NF ,
(73)
¶
©
and the scalar ∆d = avg 1NF − b̈d is the average residual interference of the

soft symbol estimates. Note that this approximation is reasonably accurate
d

d

for normalized 2NQ -ary PSK as well as for rectangular 2NQ -ary quadrature
amplitude modulation (QAM) with an appropriate normalization.16 As shown
16 For

d
NQ

2

d
d
-ary both the transmitted symbol
…vector b and soft-symbol vector b̃ have to be

multiplied by the normalization factor κ =

3

Nd

2(2 Q −1)
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[223].

in Appendix 4, the scalar ζd represents the effective SNR of the prior symbol
estimate given by
ζd =

NF
2
¶
©
Sd,b
Pd,b
1
1 X
,
tr S2d Pd Σ−1
=
r̂,d
2
NF
NF
Sd,b Pd,b ∆d + σ 2

(74)

b=1

where Sd,b and Pd,b are the bth diagonal elements of the matrices Sd and Pd ,
respectively.
Soft demapper
It is commonly accepted that the distribution of residual interference-plus-noise
at the output of the MMSE filter (71) can be approximated as being Gaussian
[217]. Therefore, we can assume that the symbol estimate b̂d provided by the
MMSE filter is the output of an equivalent AWGN channel having bd as its
input [183], i.e,
b̂d = φd bd + wd ,

(75)

where wd ∈ CNF is a circularly symmetric complex Gaussian distributed noise

vector of the equivalent AWGN channel, i.e., wd ∼ N C (0NF , υd INF ). The channel
gain φd and the variance υd of the equivalent additive white gaussian noise

(AWGN) channel, respectively, can be computed as [150] φd =
υd = φd − φ2d .

ζd
ζd β̈d +1

and
d

To obtain the LLRs at the output of soft demapper let b̂Re-Im
∈ RNF NQ be
d
the vector in which the real and the imaginary parts of the MMSE filter output
in (71) are stacked into one vector. As shown in [83] for the Gray mapped QPSK
d

the LLRs at the output of soft demapper L̂d ∈ RNQ NF can be computed by
using the scalar φd as

L̂d =

√

8 Re-Im
b̂
.
1 − φd d

(76)

Let us rewrite the output of soft demapper in (76) by using (75), and the
d

vector bRe-Im
∈ RNF NQ in which the real and the imaginary parts of the MMSE
d
filter output are stacked into one vector, [183]
√

8
L̂d =
φd bRe-Im
+ wdRe-Im ,
(77)
d
1 − φd
93

d

where wdRe-Im ∈ RNQ NF is the equivalent Gaussian noise vector at the output

of MMSE filter in which the real and the imaginary parts of the wd are
stacked into one vector wdRe-Im ∼ N R (0N d NF , υ2d IN d NF ). The probability density
Q

Q

function (PDF) of L̂d, can be approximated by a Gaussian distribution satisfying

the consistency requirement [168], i.e., L̂d ∼ N R (φ̂d 1N d NF , σ̂d2 IN d NF ), where
Q

Q

σ̂d2 = 2φ̂d . Thus, the LLRs at the output of the soft-demapper (77) can be
rewritten as
0d

L̂d = φ̂d c̄ +

√

8
wRe-Im ,
1 − φd d

(78)

d

where c̄0d ∈ RNQ NF is antipodally modulated interleaved coded bit vector
c̄0d = 2c0d − 1N d NF . By utilizing β̈d = 1 − ∆d the mean of the LLRs φ̂d is
Q

obtained as [183]

φ̂d , E{[L̂d ]i |[c̄0d ]i = 1} = 2SNRdMMSE =

2ζd
d
, i = 1, ..., NQ
NF ,
1 − ζd ∆d

(79)

where SNRdMMSE is the signal to noise ratio at the output of the equivalent
AWGN channel (75) and the variance of LLRs, σ̂d2 = 2φ̂d is given by
σ̂d2 = 4SNRdMMSE =

4ζd
.
1 − ζ d ∆d

(80)

Note that in (78) the LLR distributions are approximated by their corresponding
Gaussian pdf with the same means and variances for the two different bit
positions constituting one QPSK symbol. It has been shown in [183] that this
approximation is accurate for QPSK with Gray mapping. However, in general,
the global LLR distribution taking into account the all different bit positions
becomes a mixture of Gaussian densities [183].

4.2.2

Power allocation methods

In this section, all the transmission power allocation schemes assume that
transmission power is optimized only for the first iteration of the turbo receiver,
the so called linear stage of the turbo receiver. Clearly, this assumption does not
utilize effectively all the potential of the turbo receiver as will be seen later in
Chapter 6. However, it enables to investigate the effect of transmission power
allocation to the convergence property of the FD-SC-MMSE based turbo receiver.
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Minimum sum mean square error
By assuming no a apriori information from the channel decoder (b̃d = 0NF , ∆d =
INF ) and substituting the expression of Ω̌d given by (161) into (160), MSE can
be rewritten as
−1
Ed (Pd ) = NF − tr{Sd Pd SH
d Σřd }.

(81)

2
By substituting Sd Pd SH
d with Σřd − σ INF , the expression (81) simplifies to

Ed (Pd )

= σ 2 tr{Σř−1
}
d
= σ2

NF
X

1

S 2 Pd,b
b=1 d,b

+ σ2

.

(82)

Finally, the MinSumMSE based transmission power optimization problem can
be expressed as [194, 195]
minimize
Pd,b >0

subject to

σ2

ND X
NF
X
d=1 b=1

ND X
NF
X

1
2 P
2
Sd,b
d,b + σ

(83)

Pd,b 6 pmax ,

d=1 b=1

where pmax is the transmission power constraint over all the data streams. By
observing the above optimization problem, it can be noticed that the objective
function is convex in Pd,b and the constraint is linear.Thus, the optimization
problem is convex and a globally optimum solution can be found. In [194, 195],
the optimal transmission power for each frequency bin is computed according to
the MinSumMSE waterfilling policy
−1
−2 +
Pd,b = (µMSE Sd,b
− σ 2 Sd,b
) ,

(84)

where µMSE represents the water level chosen to satisfy the constraint in (83)
with equality and operator (·)+ = max(·, 0). The water-level can be solved
by performing a one-dimensional search, e.g., bi-sectioning [224, Ch. 4]. The
physical interpretation of this expression at a high SNR range (σ 2 ⇒ 0) is that

the power is allocated only to the weakest eigenmodes. In a low SNR range,
power is allocated only to the strongest eigenmodes.
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Maximum information rate
Similarly to the previous Section 4.2.2, a-priori information provided by each
user’s channel decoder is not utilized in a maximum information rate method.
In [194], the minimization of the determinant of the MSE matrix and the
maximization of the mutual information are shown to be equivalent, given
the channel diagonalizing transmitter-receiver structure. In [225, Appendix
A], further insightful information about the well-known relation between MSE
matrix and mutual information rate is provided. Consequently, the classical
capacity-achieving water-filling solution and its derivation can be found [10, Ch.
8]
−2 +
Pd,b = (µMaxRate − σ 2 Sd,b
) ,

(85)

where µMaxRate is the water level chosen to satisfy the constraint in (83) with
equality. Similarly to the MinSumMSE algorithm, the water level can be found
by performing a one-dimensional search, e.g., bi-sectioning [224, Ch. 4]. The
above expression assumes that the data streams are encoded with a Gaussian
code book before the transmission powers are allocated [10]. It can be seen in
a (85) that in low SNR range, power is allocated on to those frequency bins
that have strong eigenmodes. At a high SNR range the transmission power is
distributed evenly over all the eigenmodes.

4.3

Conventional EXIT chart analysis

In the EXIT chart analysis, due to its large interleaver/de-interleaver assumption,
each component decoders of an iterative decoding scheme are considered as
independent information processing units providing statistically independent
LLRs at the output [167, 168]. Furthermore, the EXIT chart analysis assumes
that LLRs at the input of each independent processing unit are Gaussian
distributed. In the iterative decoding process, the component decoders exchange
the extrinsic information with each other in the form of mutual information.
Hence, it is sufficient to have knowledge only about the extrinsic information
characteristics, the so called EXIT functions, of the decoders to analyze the
overall behavior of the iterative decoding scheme [167, 168].
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As mentioned before, the EXIT functions represent the transfer characteristics
of the mutual information between the transmitted bits and their corresponding
LLRs [173]. Let IˆdE represent the average mutual information between the
transmitted interleaved coded bits c0d and the LLRs at the output of the
equalizer L̂d , expressed as [173]
NC
1 X
IˆdE =
I([c0d ]w ; [L̂d ]w ).
NC w=1

(86)

where NC is the number of the coded bits. Let ˚
IdE denote the average mutual
information between the transmitted interleaved coded bits c0d and the equalizer’s
a priori LLRs, provided by the decoder in the form of the extrinsic LLR. The
average mutual information ˚
IdE , can be written as
NC
1 X
E
˚
Id =
I([c0d ]w ; [L̊d ]w ),
NC w=1

(87)

d

where L̊d ∈ RNQ NF contains the LLRs of the interleaved coded bits at the output
of the decoder.

The EXIT functions of the equalizer and the decoder are used to characterize
input-output mutual information transfer characteristics of the equalizer and the
decoder. Let us express the extrinsic mutual information at the output of the
equalizer IˆE as
d

IˆdE = f̂(IˆdA ),

(88)

where IˆdA is a priori mutual information at the input of the equalizer and f̂() is a
monotonically increasing EXIT function of the equalizer for fixed Sd , Pd and
σ 2 . Similarly, we express the extrinsic mutual information at the output of the
decoder ˚
I E as
d,k

˚
IdE = f̊(˚
IdA ),

(89)

IdA is a priori mutual information at the input of the decoder and the
where ˚
function f̊() is a monotonically increasing EXIT function of the decoder. Due to
the monotonicity of f̊(), it is invertible as ˚
I A = f̊ −1 (˚
I E ).
d

d

Let Z ∈ R be a continuous random variable and Y ∈ {∓1} a uniformly

distributed discrete random variable [175]. Let p(L|Y ) be the conditional
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probability density function of Z, with L being the LLR of Z. The numerical

calculation of the average mutual information between Z and Y , IZ = I(Z; Y ),
can rely on the measurement of the histogram corresponding to the conditional
probability density functions p(L|y) and p(L| − y) of LLR [168],
Z
Å
ã
1 X ∞
2p(L|y)
IZ =
p(L|y) log2
dL.
2 y=∓1 −∞
p(L|y) + p(L| − y)

(90)

Since the conditional probability density functions of the input and output LLRs
of the equalizer as well as of the decoder in (90) are both Gaussian distributed
which fulfills the consistency requirement, the well-known relationship between
the variance of LLRs and the mutual information is obtained by using the
so-called J-function, as [168]
1
IZ , J(σZ ) = 1 − √
2πσZ

Z

∞

−∞

σ2
Z )2
2
2σ 2
Z

(L−

e

log2 (1 + e−L )dL,

(91)

where σZ is the standard deviation of the LLRs. J(σZ ) is monotonically increasing
and hence has its inverse function, as σZ = J−1 (IZ ).

4.4

EXIT chart projection

In this section, a projected EXIT chart is briefly reviewed. As mentioned
earlier, data streams are perfectly decoupled from each other with SVD based
beamforming in single user MIMO.17 As a result, the equalizer also has mutually
independent EXIT functions, and a conventional EXIT chart analysis is sufficient.
However, for a non-diagonalizable TX-RX transmission structure, e.g., traditional
BLAST type transmission without CSI availability at the transmitter, the EXIT
functions of the equalizer for different data streams become mutually dependent.
To see this more clearly, the extrinsic mutual information at the output of the
equalizer (88) with a non-diagonalizable TX-RX transmission structure becomes
A
IˆdE = f̆(Iˆ1A , ..., IˆdA , ..., IˆN
),
D

(92)

where f˘(·) is a monotonically increasing EXIT function of the equalizer for fixed
CSI and noise variance at the receiver, respectively. As can be seen in (92), the
17 Given
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that perfect CSI is available at both transmitter and receiver sides.

EXIT function is (ND + 1)-dimensional and the conventional 2-D EXIT chart
analysis is not applicable anymore.
The conventional EXIT chart analysis [167, 168] enables us to analyze the
convergence characteristics of an iterative decoding scheme for a concatenated
coded system with a maximum of two component codes. In [174], a conventional
2-D EXIT chart analysis is extended to three-dimensional (3-D) EXIT chart
analysis of a parallel concatenated system with three component codes. However,
the visualization and interpretation of a 3-D or higher multi-dimensional chart
becomes less intuitive and intractable than in the conventional 2-D analysis. In
fact, in this case the convergence properties of iterative decoding scheme are
described by the EXIT planes of the decoders instead of the EXIT curves. In
[175, 226] Brännström et al., an EXIT chart based convergence analysis tool for
iteratively decodable concatenated coded systems with the number of component
codes larger than two was proposed. Parallel to the work [175], Tüchler [176]
developed a similar projection based method to handle multi-dimensional EXIT
charts. In [175, 176], the proposed method "projects" the multi-dimensional
EXIT charts on the single 2-D chart. More details about EXIT chart projections
can be found in [226].
Similarly to conventional EXIT charts, the leftmost point in the projected
EXIT chart corresponds to the case without any soft feedback from the considered
stream’s channel decoder. The rightmost point in the projected EXIT chart is
equivalent with the case with perfect soft feedback from the considered stream’s
channel decoder.

4.5

Numerical results

In this section the numerical results of the convergence analysis of FD-SC-MMSE
based turbo equalization with previously described power allocation methods are
shown. For comparison purposes, the results are shown also for the case when
CSI is not available at the transmitter, named as NoCSI@TX. The simulation
parameters are summarized as follows; the number of receive antennas NR = 2, 4,
transmit antennas NT = 2, 4, data streams ND = 2, 4, two different FFT sizes
NF = 256 and NF = 512, QPSK NM = 4 with Gray mapping and a rate 1/2
non-systematic RA channel codes [16] as well as systematic rate 1/3 RA channel
codes [227]. The channel decoding is performed with the well-known sum-product
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algorithm [228]. The number of the decoding iterations is set at 6. In contrast
to MinSumMSE and MaxRate power allocation schemes, mutual information is
coupled at the output of the equalizer with NoCSI@TX, as shown in (92). Thus,
for the NoCSI@TX scheme, the EXIT chart projection technique is required to
analyze the convergence behavior of the equalizer. The simulations are carried
out in two different Quasistatic Rayleigh fading channels with equal average
gains NL = 3 and NL = 5.
To see more clearly the impact of power allocation, let us consider the time
domain version of the received signal, given by
1

−1
−1 H
2
F−1
NF r̃d = FNF Sd Pd FNF bd + FNF Ud FNR v,
|
{z
}

(93)

d = 1, ..., ND .

=circulant

The expression (93) indicates that by using the SVD based beamforming in
conjunction with the power allocation, a circulant matrix is formed before the
transmitting data vector. In other words, the TX-RX transmission structure
used in this chapter may itself create ISI into the received signal. Thus, different
power allocation schemes result in a different amount of ISI between consecutive
time domain symbols in the received signal. Having in mind that different power
allocation methods result in the equalizer having different MMSE filter coefficients,
it is clear that the transmission power allocation effects the convergence behavior
of the equalizer.
First of all, a communication scenario with NT = ND = NR = 2 and NF = 256
is considered. Here, both streams are encoded with a rate 1/2 non-systematic
RA channel code which are independent among each other. As a result, the
EXIT surfaces of the decoder are identical and mirror images of each other
for both streams. Figure 16a presents for d = 1 the 3-D EXIT surfaces of the
equalizer output for the transmission with and without power allocation. As can
be seen, the EXIT surface of the equalizer with MinSumMSE is constant with
respect to IˆA due to the SVD based beamforming. However, ISI still exists at
2

the received signal and a priori information from the channel decoder helps the
equalizer mitigate the impact of ISI resulting in the increased EXIT surface of
the equalizer. In contrast to the equalizer’s EXIT surface with MinSumMSE, the
EXIT surface of the equalizer with NoCSI@TX depends on both values of IˆA and
1

Iˆ2A because streams interfere with each other in the spatial domain. Therefore, a
priori information from both decoders helps the equalizer to mitigate spatial
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domain interference and prevent ISI that results in the increased EXIT surface
of the equalizer.
Figure 16b depicts for d = 2 the EXIT surfaces of the equalizer with
MinSumMSE power allocation and without power allocation. It is interesting to
see that with MinSumMSE, the starting point of the second stream is a lower
mutual information point compared to the case shown in figure 16a. The reason
for this is that the SVD algorithm is performed in a decreasing order of the
singular values frequency bin-wise. Therefore, according to the MinSumMSE
waterfilling policy (84) at low SNR, resulting in the lower power is allocated to
the second stream associate with weaker eigenmodes compared to the first stream.
As a result, the equalizer’s EXIT surface with the MinSumMSE intersects with
the decoder’s EXIT surface at a lower mutual information level compared to
d = 1 with the MinSumMSE scheme.
Figure 17 presents the 2-D projected EXIT chart for the previously considered
scenarios when NT = ND = NR = 2 and NF = 256. As can be seen, the
convergence points of the equalizer’s EXIT curves with and without power
allocation for both streams match closely with previously shown 3-D EXIT chart
results. Thus, similar observations and conclusions can be drawn here as in the
3-D EXIT chart analysis without repeating the statements here again .
Figures 18a and 18b show the equalizer’s 3-D EXIT surfaces with the
MinSumMSE and NoCSI@TX schemes. For those examples, the value of SNR
is increased to 10 dB. In contrast to the previous case with SNR=1 dB, for
d = 2 the equalizer’s EXIT surface with the MinSumMSE power allocation is
located on a higher level compared to the equalizer’s EXIT surface with the
MinSumMSE power allocation when d = 1. This is the result of the MinSumMSE
waterfilling policy that allocates more power to weaker eigenmodes when SNR
is high. Note that the SVD algorithm orders singular values in a decreasing
order. Naturally, due to a higher SNR value compared to the previous case, the
equalizer’s EXIT surfaces with power allocation and without allocation intersect
with the decoder’s EXIT surfaces at a higher level. In fact, the equalizer’s EXIT
surfaces without power allocation for d = 1 and the equalizer’s EXIT surfaces
with and without power allocation for d = 2 achieve nearly the point (1,1,1),
which achieves an arbitrarily small BER performance.
Again, the results of the 3-D EXIT surface analysis were verified by a 2-D
projected EXIT chart analysis. Figure 19 shows the results of the projected
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Fig 16. Comparison of 3-D EXIT surfaces of the equalizer with MinSumMSE and
without power allocation, NT = ND = NR = 2, SNR=1 dB, measured mutual information values averaged over 47 channel realizations ([50], published by permission of IEEE).
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Fig 17. EXIT projection, NT = ND = NR = 2, SNR=1 dB, measured mutual information values averaged over 47 channel realizations (dash dotted lines =MinSumMSE
and solid lines =NoCSI@TX ) [50], published by permission of IEEE).

EXIT chart at SNR=10 dB. The results reflect the same observations and
conclusions as drawn for the 3-D EXIT surface analysis.
Next, the impact of MaxRate power allocation to the convergence characteristics of the equalizer is considered. Naturally, the equalizer’s convergence
results with the MinSumMSE and the NoCSI@TX are also added for comparison
purposes. The considered communication scenario has the following setup:
NR = NT = ND = 2, NF = 512 and NL = 5, a systematic RA channel code
with Rc = 1/3 and 6 decoder iterations. Figure 20a illustrates the convergence
behavior of the FD-MMSE turbo equalizer with different power allocation
strategies at low SNR range. Having in mind that in a low SNR the MaxRate
allocates most of the transmission power only to the strongest eigenmodes
according to the MaxRate water-filling policy, the highest convergence point of
the turbo equalizer is achieved with the MaxRate for d = 1. Consequently, the
lowest convergence point is also achieved with the MaxRate for d = 2. In fact,
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Fig 18. Comparison of 3-D EXIT surfaces of the equalizer with MinSumMSE and
without power allocation, NT = ND = NR = 2, NL = 3, SNR=10 dB, measured
mutual information values averaged over 47 channel realizations.
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Fig 19. Results of EXIT chart projection, NT = ND = NR = 2, NL = 3 SNR=10 dB,
measured mutual information values averaged over 47 channel realizations (dash
dotted lines =MinSumMSE and solid lines =NoCSI@TX ).

the EXIT curve of the equalizer with the MaxRate power allocation exhibits a
straight line close to zero for d = 2 due to the power allocation policy. As already
mentioned earlier, the MinSumMSE allocates the power also to the strongest
eigenmodes in a SNR range. Thus, a clearly higher convergence point of the
turbo equalizer is achieved for d = 1 compared to d = 2 with the MinSumMSE
power allocation scheme. Once again, the equalizer’s EXIT curves are close to
each other for both streams with NoCSI@TX. This is due to the fact the total
transmission power is evenly distributed over both streams and across all the
frequency bins. Moreover, the both streams are influenced on average by the
same amount of interference in time and space.
Figure 20b depicts the result of the EXIT chart projection at SNR=7 dB with
the same antenna and channel coding configuration parameters as in Figure 20a.
It is worth noticing that the convergence point of (1,1) is achieved for d = 1 with
the MaxRate scheme resulting in arbitrary small BER performance. However,
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Fig 20. Results of EXIT chart projection, NT = ND = NR = 2, NF = 512, NL = 5,
measured mutual information values averaged over 20 channel realizations (dotted lines = MaxRate, solid lines = NoCSI@TX, dashed dot = MinSumMSE).
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Results of EXIT chart projection, NT = ND = NR = 4, NF = 512,

NL = 5, SNR= −2dB, measured mutual information values averaged over 20 channel realizations (dotted lines = MaxRate, solid lines = NoCSI@TX, dashed dot =
MinSumMSE)([51], published by permission of IEEE).

for d = 2 the lowest convergence point is achieved with the MaxRate method
compared to the other schemes. Note that the considered SNR value is not high
enough for the MaxRate to allocate the total transmission power evenly over the
streams and frequency bins. Similarly, as in Figure 17, more power is allocated
to weaker eigenmodes with the MinSumMSE, resulting higher convergence point
for d = 2 compared to d = 1 due to the MinSumMSE water-filling policy in a
high SNR range.
Finally, the communication schenario with NT = NR = ND = 4, NF = 512
and NL = 5, a systematic RA channel code with Rc = 1/3 and 6 decoder
iterations is considered. Figure 21 represents the results of the EXIT chart
projection for the aforementioned scenario at SNR=-2 dB. Again, similar
observations and conclusions can be drawn here as in previous cases.
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4.6

Summary and discussion

In this chapter the impact of the MinSumMSE and the MaxRate based linear
precoding strategies on the convergence of FD SC-MMSE turbo equalization in
single user MIMO communications has been discussed. Under the assumption of
the perfect CSI and SVD based beamforming at the transmitter, data streams
are perfectly decoupled from each other in the spatial domain, with which the
joint TX-RX optimization problem reduces to a simple power allocation problem.
Hence, the convergence behavior of the turbo equalizer is also influenced only
by transmission power allocation. Based on the 3-D EXIT analysis and its
corresponding projected EXIT analysis, the exchange of extrinsic information
between the iterative equalizer and the channel decoders has been analyzed with
insightful visualization. It has been shown that transmission power allocation
significantly changes the equalizer’s EXIT curve compared to the case without
any transmitter side processing. This invokes the idea that transmission power
should take into account the convergence characteristics of the turbo equalizer.
Clearly, this opens up an interesting research topic that will be discussed more
in chapter 6, which provides the major contribution of this thesis.
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5

Convergence analysis of a FD-SC-MMSE
turbo receiver with linearly precoded
multiuser MIMO transmission

This chapter extends the work introduced in Chapter 4 to investigate the influence
of linear precoding on the convergence characteristics of the turbo equalization
in frequency selective multiuser MIMO channels. Throughout this chapter, each
transmitter is assumed to be equipped with multiple-transmit antennas, and
the base station with multiple-receive antennas and a FD-SC-MMSE based
turbo receiver. As in Chapter 4, perfect CSI is assumed to be available at
both transmitter and receiver sides, respectively. Similarly as in Chapter 4,
the MinSumMSE and the MaxRate linear precoding strategies are considered
with their extensions to the multiuser cases [197, 229], respectively. It should be
noted again that precoders associated with multiple users are only optimized for
the first iteration, i.e, the linear stage, of the turbo receiver. The convergence
behavior of the turbo receiver is investigated with the aforementioned precoding
schemes with two different CSI design assumptions, namely, centralized and
de-centralized cases. The centralized design requires global knowledge about the
CSI of all the users in the network while optimizing precoding matrices at the
base station for all the users. After the optimization, the precoder matrices
are assumed to be forwarded to the users without any delay, error, or signaling
costs leading to an infeasible approach from a practical point of view. On the
other hand, the centralized design provides an optimal upper bound for system
performance according to the considered optimization criterion. In contrast to
centralized design, in de-centralized design each user optimizes its precoding
matrix according to locally available CSI by eliminating the need for a signaling
of the precoding matrices for the users, leading to more pragmatic approach
compared to the centralized case. For simplicity, in this chapter the single user
schemes introduced in Chapter 4 are utilized for a de-centralized approach.
Naturally, this yields to the suboptimal design in terms of the utilization of
system resources as well as the performance of the system. Despite suboptimal
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resource usage with the employed de-centralized method, the method provides
some further interesting insights into the problem.
The rest of this chapter is organized as follows. In Section 5.1, linearly
precoded multiuser transmission over the wireless channel is introduced. In
Section 5.2 the joint MMSE based transceiver optimization problem is formulated,
and its solution is provided. Finally, the numerical results of the convergence
analysis are shown in Section 5.3.

5.1

System model

In this section a multi-user multiantenna wireless communication system with
NU users, each having NT transmit antennas and NR receive antennas with
perfect CSI available at both the transmitter and receiver, respectively, is
considered. A fixed number ND = min(NT , NR ) of data streams per user
are multiplexed over NT transmit antennas as illustrated in Fig. 22. The
structure of the transmitter for each user is identical described in Chapter
4. However, for the purpose of a clear understanding, the structure of the
transmitter for the uth user is introduced again. For the uth user associated
with the dth data stream, d = 1, ..., ND , the information bit vector xu,d ∈
d

d

BRc NQ NF is encoded by the FEC code, C d , with its code rate Rcd 6 1. The

d
parameter NQ
denotes the number of bits per modulation symbol and NF is

the number of frequency bins in DFT. The encoded bit vector, denoted as
d

u,d
u,d
NQ NF
T
d
cu,d = [cu,d
with j = 1, ..., NQ
NF . The coded bits
1 , ..., cj , .., cN d N ] ∈ B
Q

F

d

d

are bit interleaved by using a random permutation matrix π u,d ∈ BNQ NF ×NQ NF
d

resulting in the bit sequence c0u,d =π u,d cd ∈ BNQ NF . Then, the interleaved

version of the coded bit sequence c0u,d is mapped according to a mapping function
d

Md (·) onto a 2NQ -ary complex symbol bu,d
∈ C, where l = 1, ..., NFd .18 The
l

average power of modulation symbols is assumed to be normalized to the unity.
u,d
u,d T
NF
Let bu,d = [bu,d
represent the modulated complex data
1 , ..., bl , ..., bNF ] ∈ C

vector for the dth stream and let the vector bu ∈ CND NF be the modulated data
T

T

T

vector for all the streams given by bu = [bu,1 , ..., bu,d , ..., bu,ND ]T . After
modulation, each data stream is transformed into the frequency domain by
18 Gray

mapping is assumed throughout this thesis, but an extension to more generic mapping
rules is rather straightforward.
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the unitary DFT matrix F ∈ CNF ×NF , with the elements fm,l =

√ 1 exp
NF

i2πml
NF

,

where m, l = 0, ..., NF − 1. Then, all the streams in the frequency domain
are multiplied with the precoder matrix Tu ∈ CNT ND ×ND NF which can be
1

further factorized as Tu = Vu Pu2 . The diagonal power allocation matrix
Pu ∈ RND NF ×ND NF is defined as Pu = diag(Pu,1 , ..., Pu,d , .., Pu,ND ) where

Pu,d ∈ RNF ×NF is the power allocation matrix for the dth stream given by
Pu,d = diag([P1u,d , ..., Plu,d , .., PNu,d
]T ) ∈ RNF ×NF . The scalar Plu,d is the power
F
allocated to the uth user’s lth frequency bin. The matrix Vu ∈ CNT NF ×ND NF

is a beamforming matrix and its computation is introduced in more detail
later in this chapter. Finally, each stream is transformed into the time domain
by the IDFT matrix F−1 and a cyclic prefix is appended to the signal before
transmitting the streams over the channel. At the receiver side, after the cyclic
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Fig 22. The block diagram of the single user MIMO model with CSI at the transmitter.

prefix removal by using (8) the received space-time signal can be written as
NU
X
−1
u
v
r = F−1
Γ
T
F
b
+
F
Γy Ty FND by + |{z}
u u ND
NR
N
}
| R {z
y6=u
=ISI
{z
} =noise
|

(94)

=CCI

where FND ∈ CND NF ×ND NF is a block-diagonal DFT matrix given by FND =

IND ⊗ F. Based on (94), it can be seen that the product of the matrices in the
front data vector of the uth user forms a circulant matrix causing ISI. Note

that the precoding matrices Tu are computed that there is no inter-stream
interference between the user’s data streams. The computation of the precoding
matrices will be explained in more detail later in this chapter. However, as shown
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in (94) CCI still exists in the received signal. Therefore, a powerful receiver
is required to mitigate both ISI and CCI. However, by properly designing the
matrices Tu and Ty , the interference terms in the received signal (94), can be
influenced, leading to a design problem that has crucial importance. To process
further the received signal, the signal is transformed into the frequency domain
at each receive antenna by the DFT matrix F, leading to the frequency domain
expression in a compact form
r̃ = ΓTFNUD b + FNR v.

(95)

In the above expression, the matrix Γ ∈ CNR NF ×NU NT NF is the frequency domain

channel matrix given by (8), FNR is the block diagonal DFT matrix for receiver
antennas given by (9), the vector b ∈ CNU ND NF is the multiuser data stream

vector given by (2) and the matrix T ∈ CNU NT NF ×NU ND NF is a precoding matrix
over all the users expressed as

T = bdiag{[T1 , ..., Tu , ..., TNU ]}.

(96)

In (95), the vector v ∈ CNR NF is additive white independently identically
distributed (i.i.d) Gaussian noise vector with variance σ 2 described in chapter

3.1, and the matrix FNUD ∈ CNU ND NF ×NU ND NF is a block-diagonal DFT matrix
given by

FNUD = INU ND ⊗ F.

5.2

(97)

Joint MMSE based TX and RX design

As shown in Chapter 4, the joint MMSE based linear transmitter-receiver design
problem in single user MIMO reduces to transmission power allocation over
parallel subchannels in space and frequency by using a channel-wise diagonalized
transmit-receive structure. However, in the multiuser MIMO scenario the joint
MMSE based transmitter-receiver design problem becomes more complicated
compared to the single user scenario due to the non-convex nature of the problem
[197]. In recent years, there has been considerable interest to apply the state of
art convex optimization methods for joint transmitter-receiver optimization
problems. Especially Luo et al. [197] showed that the globally optimum solution
to joint MMSE based linear transmitter-receiver optimization in an uplink
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multiuser MIMO scenario can be found by reformulating the problem by using
semidefinitive programming (SDP). In this chapter, the work of Luo et al. [197] is
closely followed to reformulate the optimization problem. Notice that the linear
precoders are optimized only for the linear stage of the turbo receiver and further
iterations inside the turbo receiver are not considered in the optimization process
of precoders. Similarly to Chapter 4, the well-known relationship between the
MinSumMSE and the MaxRate criteria is utilized. Thus, the joint optimization
problem is only formulated for the MinSumMSE criterion.
Before formulating the joint optimization problem of the transmitter and
receiver according to the MinSumMSE criterion, let b̂u,d ∈ CNF be the estimate

of the transmitted stream for the uth user associated with the dth stream after
performing IDFT and MMSE filtering, given by
b̂u,d = F−1 Ω̆H
u,d r̆u,d ,

(98)

where Ω̆u,d ∈ CNR NF ×NF is the MMSE filtering matrix of the dth stream, the

vector r̆u,d ∈ CNR NF combines the output of the soft-cancellation. The linearly
precoded transmitted stream is then expressed as

r̆u,d = b
r + Γu Tu,d FŠ(n)b̃u,d .

(99)

The matrix Tu,d = [Tu ]:,(d−1)NF +1:dNF ∈ CNT NF ×NF is a precoding matrix of

the uth user’s dth stream, Š(n) ∈ RNF ×NF is the time-varying sampling matrix
defined in Chapter 4, b̃u,d ∈ CNF is the soft estimate of the transmitted stream

of the uth user associated with the dth stream that can be computed by using
(69) given in Chapter 4. The output of the soft canceller b
r ∈ CNR NF can be
expressed by subtracting the regenerated received signal excluding the noise

vector by using the channel decoder feedback from the received signal (95) as
b
r = r̃ − ΓTFNUD b̃.

(100)

In the above (100), the vector b̃ ∈ CNU ND NF is the soft-symbol estimate of the
transmitted linearly precoded data streams, which can be obtained similarly as
in (13).
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Let the joint MMSE based transmitter-receiver design problem for multiuser
MIMO transmission in uplink be expressed as [197]

minimize
N

,N

U
D
{Tu,d ,Ω̆u,d }u=1,d=1

subject to

NU X
ND
X

Eu,d (Tu,d , Ω̆u,d )
u=1 d=1
PND
H
d=1 tr(Tu,d Tu,d ) ≤ pmax ,

(101)

where the matrices Tu,d and Ω̆u,d , respectively, are the optimization variables
and the scalar, Eu,d (Tu,d , Ω̆u,d ) is the MSE of the uth user’s dth stream expressed
as
¶
©
Eu,d (Tu,d , Ω̆u,d )= tr{Eb,v (bu,d − b̂u,d )(bu,d − b̂u,d )H }
n
H H
u,d u,dH
= NF − tr ((E{bu,d bH }−E{bu,d b̃H })F−1
b̃
}
NUD T Γ +E{b
n
©
H
H
−1 H
×Š(n)F−1 TH
Ω̆u,d (ΓTFNUD (E{bbu,d }
u,d Γu )Ω̆u,d F − tr F
o
H
H
−E{b̃bu,d }) + Γu Tu,d FŠ(n)E{b̃u,d bu,d })

(102)

+tr{Ω̆H
u,d Σr̆u,d Ω̆u,d },

H H
2
−1
where Σr̆u,d = ΓTFNUD ΛF−1
NUD T Γ + σ INR NF +Γu Tu,d FŠ(n)Σb̃u,d Š(n)F

H
NR NF ×NR NF
TH
in which Λ = INU ND NF − diag{diag{b̃b̃H }} ∈
u,d Γu ∈ C

RNU ND NF ×NU ND NF . Note that the above expression (102) is obtained under the

following assumptions: FF−1 = INF , normalized PSK or rectangular QAM
modulation is used,

19

H

E{bu,d bu,d } = INF , and E{bu,d vH } = 0NF ×NR NF ,20

By substituting (102) to (101), it is shown in [197] that the Hessian matrix
of the objective function in (101) is not positive definite. Consequently, the
objective function is nonconvex with respect to Tu,d , Ω̆u,d [197]. Therefore, it is
difficult to minimize the objective of (101) a globally due to problems that lead
to locally optimal solutions. However, by following [197], the problem in (101)
can be reformulated to a convex form leading to globally optimum solution. The
reformulation of the problem will be presented in more detail in Sections 5.2.1
and 5.2.2.
19 For

d
NQ

2

-ary
… modulation, the transmitted symbols are multiplied with the normalization

factor κ =

3

Nd

[223].

2(2 Q −1)
20 tr{ABC}
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= tr{CAB} where A, B, and C are matrices with compatible dimensions.

5.2.1

FD-SC-MMSE multiuser detector

As shown in Section 5.1, the received signal contains both ISI and CCI components,
which impose distortion on the transmitted signal, in addition to the noise, at
the receiver. Therefore, the receiver has to mitigate the impact of the interfering
components. In this chapter, a FD-SC-MMSE based turbo receiver is used to
mitigate the interfering components.
Similarly to Section 4.2.1, the optimum receive filtering matrix Ω̌u,d ∈ CNR NF

can be found by assuming the parameters at the transmitter side to be all fixed
[197]. Note that the receiver filter matrices are independent of user-by-user
and stream-by-stream. Thus, the receive filter matrices can be optimized
stream-wise for each user separately. Let MMSE filtering matrix Ω̌u,d have a
special structure, in which the filter coefficients are located only on the diagonals
of NR sub-matrices with the dimensionality NF × NF and the rest of the elements
equal to zero.21 By using (102), the MMSE based receiver filter optimization
problem for the uth user’s dth stream can be written as
minimizeΩ̌u,d Eu,d (Tu,d , Ω̆u,d ).
|{z}

(103)

fixed

The details of the derivation of the MMSE filtering Ω̆u,d can be found in
Appendix 5.
Soft cancellation
The aim of soft cancellation is to eliminate all the interfering signal components,
namely, ISI and CCI as well as the desired signal component. Mathematically,
the soft cancellation process is expressed as
b
r = r̃ − ΓTFNUD b̃,

(104)

where the soft-symbol vector b̃ ∈ CNU ND NF is computed in exactly the same way
as in (13) with the help of (14),(15),(16) where the antenna index t is replaced

with the stream index d.
21 This

structure is referred to as a diagonal-block matrix, which is different from "blockdiagonal" matrix.
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Linear frequency domain MMSE filtering
To suppress both residual ISI and CCI at the output of the soft-cancellation,
linear FD-MMSE filtering needs to be performed. Using the matrix inversion
lemma and some algebraic manipulations shown in Appendix 5, the output of
the FD-MMSE filter for the dth stream can be expressed as
1

b̂u,d =
ζu,d β̈
where β̈

u,d

u,d

+1

H −1
b
(F−1 TH
r + ζu,d b̃u,d ),
u,d Γu Σb
r

(105)

h
iT
¶
©
2
u,d 2
u,d 2
= avg b̈u,d , b̈u,d = |b̃u,d
|
,
...,
|
b̃
|
,
...,
|
b̃
|
∈ CNF , and
n
1
NF

Σbr ∈ CNR NF ×NR NF is the covariance matrix of the output of the soft-cancellation
Σbr = ΓT∆TH ΓH + σ 2 INR NF .

(106)

where ∆ ∈ RNU ND NF ×NU ND NF , described in more detail in Appendix 4, is given
by

∆

= diag
h

ßh

1

d

ND

T
T
∆1 1 T
NF . . . ∆1 1NF . . . ∆1 1NF

iT

iT
1
d T
ND T
∆u 1T
, ...,
NF . . . ∆u 1NF . . . ∆u 1NF
h 1
iT ™
d
ND T
T
T
∆NU 1NF . . . ∆NU 1NF . . . ∆NU 1NF
,

, ...,

(107)

¶
©
d
where ∆u = avg 1NF − b̈u,d is the average residual interference of the softsymbol estimates [47, 150]. As shown in Appendix 4, the scalar ζu,d represents
the effective SNR of the prior symbol estimate given by
ζu,d =

Soft demapper

¶
©
1
H −1
tr TH
Γu Tu,d .
u,d Γu Σb
r
NF

(108)

By using the similar arguments presented in Section 4.2.1, the LLRs L̂u,d ∈
d

RNQ NF at the output of the soft-demodulator for the Gray mapped QPSK are
computed as [83]
L̂u,d =
116

√

8
b̂u,d ,
1 − φu,d ReIm

(109)

d

NF NQ
where b̂u,d
is the vector in which the real and the imaginary parts
ReIm ∈ R

of the MMSE filter output given by (105) are stacked into one vector and the
ζu,d
scalar φu,d is given by φu,d =
.
u,d
ζu,d β̈

5.2.2

+1

Centralized precoder design methods

In this section the centralized based precoder design approach is considered. As
mentioned previously, centralized design requires global knowledge about the
CSI of all the users in the network while optimizing precoding matrices at the
base station for all the users. After the optimization, the precoder matrices
are assumed to be forwarded to the users without any delay, error, or signaling
costs leading to an infeasible approach from practical point of view. On the
other hand, a centralized design provides an optimal upper bound for system
performance according to the considered optimization criterion, as shown in
below.
Minimum sum mean square error
By substituting the MMSE filtering matrix shown by (166) in Appendix 5 into
(165) the objective function of the optimization problem of (101) can be rewritten
as
NU ND NF −

NU X
ND
X

u=1 u=1

H
tr{Γu Tu,d TH
u,d Γu Σr̆u,d }.

(110)

Note that a-priori information is not utilized here, which leads to Σ̄b̃u,d =

INF , ∆ = INU ND NF ,Σr̆u,d = Σbr = ΓTTH ΓH + σ 2 INR NF . By substituting
PNU PND
H
22
2
and assuming NU ND =
u=1
d=1 Γu Tu,d Tu,d Γu with Σr̆u,d − σ INR NF ,
NU NT = NR , the objective of the problem of (101) leads to
σ 2 tr{Σ−1 }.
br

23

(111)

It can also be observed that the objective of the problem described above with
(111) is not jointly convex with respect to Tu . Therefore, the problem has to be
22 tr{A

+ B} = tr{A} + tr{B}
method presented in [197] assumes that the receivers are linear and the precoder matrices
are square matrices NT = ND .

23 The
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reformulated into a convex form to find the global optimum.To reformulate the
problem into a convex one, an auxiliary matrix Ou ∈ CNT NF ×NT NF is introduced
as [197]
Ou = Tu TH
u.

(112)

Now, by using (112) the objective function presented in (111), can be re-written
as
σ 2 tr{(σ 2 INR NF + ΓOΓH )−1 },
|
{z
}

(113)

=z

where z ∈ CNR NF ×NR NF is an auxiliary matrix in which O ∈ CNU NT NF ×NU NT NF
is an another auxiliary matrix over all the users NU expressed as
O = bdiag{[O1 , ..., Ou , ..., ONU ]}.

(114)

As a result of this, the objective function of (113) is convex with respect to
U and the constraints are convex as well, found by using Schur’s complement
computation. Therefore, convex optimization methods, e.g., SDP can be used to
find the global optimum. SDP can be solved efficiently using, e.g, a standard
convex optimization package [55, Ch.4],[230]. Finally, by using (113) and Schur’s
complement,

24

, the joint transmitter-receiver MMSE design problem can be

stated in form of an SDP problem, as [197]:
minimize

σ 2 tr{z}

subject to tr{Ou } ≤ pmax

(115)

zsatisfies (116)
Ou 0NT NF ×NT NF ,

∀u, u = 1, ..., NU ,

where the operator  dictates the strict matrix inequality between symmetric
matrices. The expression (115) requires the following matrix inequality to be
satisfied:


24 Schur’s

118

z
INR NF


INR NF
 0NR NF ×NR NF .
N
PU
σ 2 INR NF +
Γu Ou ΓH
u

complement shown in [230]:

u=1

ï

A
BT

B
C

ò

0, A − BC−1 BT 0

(116)

Finally, the set of optimal precoders Ou for all users can be solved by using
(115). Therefore, in the MMSE sense the optimal linear precoders Tu of all the
users are obtained by applying the SVD separately to each Ou , resulting in
1

(117)

Tu = Vu Pu2 .
Maximum information rate

In this subsection a precoder design based on the maximization of the information
rate is considered. It is worth noting that the a priori information provided by
each user’s channel decoder is not utilized. Furthermore, the data streams are
assumed to be encoded by a Gaussian code book [10]. Similarly to Section 4.2.2,
the link between minimum sum MSE and the maximization of the information
rate is utilized. By using (113),

25

the rate maximization problem can be

expressed as
maximize

log2 det(σ 2 z)

subject to tr{Ou } ≤ pmax

Ou 0NT NF ×NT NF ,

(118)
∀u, u = 1, ..., NU .

It is worth noting that the expression in (118) is a convex optimization problem
that computes optimal transmit covariance matrices Ou . It can be solved
efficiently by using standard optimization tools, e.g, interior point methods
[224, Ch. 11]. Similarly to the MinSumMSE precoding, the optimal precoding
matrices Tu , u = 1, ..., NU can be computed by performing the SVD separately
for each Ou .
An alternative well-known method to solve the optimal transmit covariance
matrices Ou for each user is to use the iterative water filling algorithm [229].
Since the iterative water filling algorithm is very well-known, details are not
given in this thesis and can be found in [229].

5.3

Numerical results

In this section, the numerical results of the convergence analysis for the FD-SCMMSE turbo receiver with the MinSumMSE and the MaxRate linear precoding
25 ktr{A}

= tr{kA}
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schemes are presented. Furthermore, the results of the convergence analysis with
NoCSI@TX are also shown. Simulation parameters are summarized as follows;
The number of users NU = 2, 3, receiver antennas at base station NR = 2, 4,
transmit antennas per user NT = 2, 4, streams per user ND = 2, 4, the FFT size
NF = 512, QPSK with Gray mapping, and a rate 1/3 systematic RA channel
code [227] for all the streams in the system. The decoding is performed with the
sum-product algorithm [228].The number of decoding iterations is set at 6. A
quasistatic Rayleigh fading channel with NL = 5 is assumed where each path has
equal average gain with 20 channel realizations. Note that for the MaxRate
precoding the optimal transmit covariance matrices are solved with iterative
water filling algorithm [229]. For NU = 2 and NU = 3, the iterative water filling
algorithm performs 8 and 12 iterations, respectively. It is worth noting that the
EXIT function of multiuser receiver depends on the mutual information of other
users data streams. Therefore, the convergence analysis is performed with the
2-D EXIT chart projection technique discussed in Section 4.4. In all the figures,
A
E
Iˆu,d
defines a priori mutual information for the equalizer of the uth user and Iˆu,d
is average extrinsic mutual information between the transmitted interleaved
coded bits c0u,d and the LLRs at the output of the equalizer L̂u,d . Furthermore,
A
˚
Iu,d
determines a priori mutual information for the decoder of the uth user and
E
˚
Iu,d
is extrinsic information at the output of the decoder.
Figure 23a presents the EXIT curves of the equalizer and the decoder for
NU = 2 NT = 2, NR = 4 and SNR= −2dB in the centralized design scenario. As

can be seen, both the starting and ending points of the EXIT curves have a
significantly larger difference in the multiuser case compared to the single user
case presented in Section 4.5, both with and without precoding. As expected,
this implies that the iterative equalizer has a more significant role in determining
the performance of multiuser MIMO than in single user systems. Similarly as in
the single user case, at the low SNR values the iterative water filling algorithm
allocates most of the power available only to the strongest eigenmodes of the
channel in both single user and multiuser cases. Thus, two EXIT curves of the
E
E
equalizer, Iˆ1,1
and Iˆ2,1
intersect with the decoder’s EXIT curve relatively close
to the top right corner of the EXIT chart. Due to the fact that most of the
transmission power is allocated to the strongest eigenmodes, the equalizer’s
E
E
EXIT curves Iˆ1,2
and Iˆ2,2
for both precoding schemes are forced to intersect
with the decoder’s EXIT curve at the low left corner of the EXIT chart.
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Fig 23. EXIT projection, NU = 2, NT = 2, NR = 4, ND = 2, SNR= −2dB, measured
mutual information values averaged over 20 channel realizations, (dotted lines =
max. rate, solid lines = no precoding, dashed dot = MinSumMSE) ([51], published
by permission of IEEE).
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Comparing the decentralized design figure 23b with the centralized design
figure 23a, it is found that the convergence property of the multiuser detector
degrades more significantly with MinSumMSE than MaxRate in decentralized
design for NU = 2, NT = 2, R = 4 and SNR= −2dB. In fact, the convergence

characteristics of the multiuser detector with the MinSumMSE precoding becomes
nearly the same as without precoding. For the MaxRate scheme, the convergence
characteristics of the turbo receiver are nearly the same in both cases. The
reason for this is that in the low SNR range the MaxRate allocates most of the
transmission power only to the strongest eigenmodes.
Figures 24a and 24b show for centralized and decentralized design, respectively,
the EXIT curves of the equalizers and the decoder with and without precoding
for NU = 3, NT = 2, NR = 2 and SNR= 1dB. It is worth noting that the
MinSumMSE does not work properly in overdetermined scenarios (NU NT > NR ).
The reason for this is that the MinSumMSE based design assumes that the
receiver is linear at the base station. Thus, the impact of MinSumMSE on the
convergence property of the turbo receiver is not investigated in scenarios. Now,
it can be observed that the starting and ending points of the EXIT curve of the
equalizer without precoding stay nearly the same. Moreover, the EXIT curve of
the equalizer without precoding intersects with the decoder’s EXIT curve at
the point close to the left corner of the EXIT chart. However, with a MaxRate
precoding it is clearly seen that each user can have only one stream, which can
converge into a relatively high mutual information value. Correspondingly, the
equalizer EXIT curves for the rest of the streams intersect with the decoder’s
EXIT curve at a point close to the left bottom corner of the EXIT chart. Hence,
high mutual information values cannot be reached. The reason for this is, again,
the same as explained previously; the effect of low SNR values on the behavior of
the iterative water filling algorithm dominates the tendency. Moreover, making
comparison between Figures 24a and 24b, it can be observed that the EXIT
characteristics of the iterative equalizer with MaxRate are quite similar between
the centralized and decentralized cases.

5.4

Summary and discussion

In this chapter, the impact of the MinSumMSE and MaxRate based linear
precoding methods on the convergence of the FD SC-MMSE turbo receiver in
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Fig 24. EXIT projection, NU = 3, NT = 2, NR = 2, ND = 2, SNR= 1dB, measured
mutual information values averaged over 20 channel realizations (dotted lines =
max. rate, solid lines = no precoding) ([51], published by permission of IEEE).
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multiuser communications, has been discussed in centralized and de-centralized
design scenarios. It has been shown that in the multiuser MIMO communications
turbo equalization plays a more crucial role in determining the performance
than in single user systems with and without precoding in both centralized
and de-centralized design scenarios. In de-centralized design, the convergence
behavior of the multiuser receiver with the MinSumMSE precoding becomes
nearly the same as without precoding. Interestingly, the partial CSI at the
transmitter due to de-centralized design does not have any significant influence on
convergence properties with MaxRate precoding as with MinSumMSE precoding.
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6

EXIT chart based transmission power
optimization for a FD-SC-MMSE based turbo
equalizer in single-user MIMO

Inspired by the convergence analysis results shown in Chapters 4 and 5, this
chapter focuses on the question how to optimize the transmission power allocation
so that the convergence properties of the iterative receiver can be taken into
account. Especially the transmission power minimization problem on SVD
based precoding with the joint use of FD-SC-MMSE turbo equalization in single
user MIMO channels is considered. The EXIT chart based transmission power
allocation framework, referred to CCPA, is proposed. Similarly, as in Chapters
4 and 5, perfect CSI is assumed to be available both at the transmitter and
receiver sides. To guarantee the convergence, transmission power allocation is
optimized so that the EXIT function of the equalizer is above the EXIT function
of the decoder up to a target mutual information point that determines the
the desired BEP. It is shown that the resulting problem can be formulated
as a convex optimization problem. To gain further insight into the structure
of CCPA, a special case having only two mutual information constraints is
considered. In a such special case, the Lagrange dual function is derived, and to
solve the associated dual problem, a projected subgradient method is presented.
Additionally, an analytical expression for recovering the optimal primal variables
(i.e., the transmission power allocation) from the optimal dual variables is
derived. Furthermore, the problem of primal infeasibility is addressed by
proposing a simple feasibility recovery algorithm. Then, the generalization of the
aforementioned optimization method is made for an arbitrary number of mutual
information constraints, with of deriving three heuristic power optimization
methods.
The rest of the chapter is organized as follows: Section 6.1.1 reviews briefly
the semi-analytical method to compute the EXIT function of the equalizer. In
Sections 6.1.2 and 6.1.3, the problem is formulated by using the EXIT chart and
an approximately-optimal power allocation method is proposed, respectively.
In Section 6.1.4, a special case having two mutual information constraints is
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considered. In Section 6.1.5, a heuristic power allocation method based on the
Lagrange duality is discussed. Section 6.1.6 focuses on greedy based power
allocation methods. Finally, the numerical results are presented in Section 6.2.

6.1

Convergence constrained power allocation methods

In this section, transmission power optimization for iterative receiver based
on EXIT chart analysis is considered. The target of the optimization is to
minimize the sum transmission power over the streams while guaranteeing
the opening of the convergence tunnel between the equalizer and the decoder
EXIT functions up to a target mutual information point. To guarantee the
opening of the convergence tunnel, the mutual information at the output of
the equalizer with a given a priori mutual information has to be always larger
than the mutual information at the input of the channel decoder up to a
target convergence point ˚
I E,target . Note that this target point corresponds to
d

IdE , IˆdE /˚
IdE,target , f̊ −1 (˚
IdE,target ) in the EXIT chart and it is chosen
(IˆdA /˚
IdA ) = (˚
based on the required QoS.

6.1.1

Semi-analytical EXIT chart analysis

As mentioned earlier in Section 4.3, EXIT functions represent the transfer
characteristics of the mutual information between the transmitted bits and their
corresponding LLRs [173]. By assuming LLRs to be Gaussian distributed and
satisfying the consistency requirement [168], there exists relationship between
the mutual information and the variance of LLRs given by the J-function (91),
shown in Section 4.3. Since the closed form expressions of the J-function and
its inverse are not known [175], the mutual information given by (91) and its
inverse can be approximated as [175]
IZ = J(σZ ) ≈ (1 − 2−H1 σZ

2H2

)H3

(119)

and
2
σZ
= J−1 (IZ ) ≈ (−

1
1
1
log2 (1 − IZH3 ) H2 ,
H1

(120)

2
where for complex modulation σZ
= 4SNRZ , and SNRZ is the signal-to-noise

ratio of LLRs of Z and the parameter values for Gray-mapped QPSK are
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Fig 25. An example of formulation of the problem ([53], published by permission
of IEEE).

H1 = 0.3073, H2 = 0.8935 and H3 = 1.1064 [150]. The expressions in (119) and
(120) form the key tools for the upcoming sections to model the relationship
between the mutual information and the variance of LLRs.

6.1.2

The formulation of the optimization problem based
on the EXIT chart

The problem formulation is started by remarking that interleaving has no impact
on the mutual information. In other words, the mutual information at the
output of the decoder is equal to the mutual information at the input of the
equalizer, i.e., ˚
I E = IˆA . Thus, the condition the opening the convergence
d

d

tunnel between the equalizer’s and decoder’s EXIT functions can be expressed
as f̂(˚
IdE ) > f̊ −1 (˚
IdE ) + d for ˚
IdE ∈ [0, ˚
IdE,target ], where d is a small positive

value which controls the minimum gap between the EXIT functions. This
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ensures that the EXIT functions do not intersect each other until the target
point (IˆA,target , IˆE,target ) = (˚
I E,target , f̊ −1 (˚
I E,target ). Let EXIT functions be
d

d

d

d

E
sampled at a set of discrete points ˚
IdE,target ], k = 1, ..., NK so that
Id,k
∈ [0, ˚
E
˚
Id,N
= ˚
IdE,target . To make the power optimization problem tractable, the
K
continuous convergence condition is replaced with f̂(˚
I E ) > f̊ −1 (˚
I E ) + d,k ,
d,k

d,k

k = 1, ..., NK , where d,k = d , ∀k < NK and d,NK = 0. The number of the

samples and their positions depend on the shape of the decoder EXIT function,
and hence have to be chosen appropriately case by case. Finally, the discretized
convergence condition is rewritten by using the fact that interleaving has no
E
E
E
impact on the mutual information and (88) as Iˆd,k
> f̊ −1 (˚
Id,k
) + d,k , where Iˆd,k
corresponds to the discretized extrinsic mutual information. Figure 25 shows an
example of the problem formulated with the discretized EXIT functions of the
equalizer and the decoder, respectively. In Figure 25, the parameter values are
set at NK = 11, ND = 1, Iˆ1A,target = 1, and Iˆ1E,target = 0.75.
As described in Section 2, the system model can be represented as a set of
parallel channels in the spatial domain which are perfectly decoupled from each
other, as shown in (64). Hence, the problem is reduced to ND independent streamwise transmission power minimizations. For the dth stream, the transmission
power minimization problem is expressed as:
minimize
Pd,b >0

tr{Pd }

E
E
subject to Iˆd,k
> f̊ −1 (˚
Id,k
) + d,k

, k = 1, ..., NK ,

(121)

where the optimization variables are in the diagonal transmission power matrix
E
Pd ∈ RNF ×NF while ˚
Id,k
and d,k are the fixed parameters. Note that the implicit

constraint Pd,b > 0 is added to guarantee feasible transmission power values.
By using the monotonicity of the inverse J-function (120), the convergence
constraints of problem (121) can be rewritten as
E
E
J−1 (Iˆd,k
) > J−1 (f̊ −1 (˚
Id,k
) + d,k ),

k = 1, ..., NK ,

(122)

which leads to
2
2
σ̂d,k
> σ̊d,k
,

k = 1, ..., NK .

(123)

2
E
2
E
where let σ̂d,k
, J−1 (Iˆd,k
) and σ̊d,k
, J−1 (f̊ −1 (˚
Id,k
)+d,k ). With (80), expression

in (123) can be rewritten as
4ζd,k
2
> σ̊d,k
,
1 − ζd,k ∆d,k
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k = 1, ..., NK ,

(124)

where ∆d,k represents the average residual interference of the soft-symbol
estimates for the k th constraint. By using (74), the scalar ζd,k can be expressed
as
ζd,k =

NF
2
Sd,b
Pd,b
1 X
,
2
2
NF
σ + Sd,b Pd,b ∆d,k

k = 1, ..., NK .

(125)

b=1

By substituting (125) into (124) and re-arranging the terms, we obtain
NF
2
2
Sd,b
Pd,b
σ̊d,k
1 X
,
>
2
2
NF
σ 2 + Sd,b Pd,b ∆d,k
4 + σ̊d,k ∆d,k
b=1
{z
}
|

k = 1, ..., NK ,

(126)

=ξd,k

where ξd,k is a constant.

6.1.3

Approximately-optimal allocation method

The optimization problem of (121) for the dth stream can be written as
minimize
Pd,b >0

NF
X
b=1

subject to

1
NF

Pd,b
N
PF

b=1

2
Sd,b
Pd,b
2
2
σ +Sd,b Pd,b ∆d,k

(127)
> ξd,k , k = 1, ..., NK ,

where the optimization variables are Pd,b , b = 1, ..., NF , and the scalars ξd,k , Sd,b ,
∆d,k and σ 2 are fixed. First of all, it is shown that the power allocation over the
frequency bins is a convex optimization problem. Since the objective function
of (127) is a linear function of the transmit power, it is convex. The left hand
side terms of the constraint of (127) are concave functions because they are a
sum of concave functions [224]. This can be easily proven by showing that the
second order derivate of each term in the summation, with respect to Pd,b , is
non-positive, i.e.,
S 2 Pd,b

∂ 2 σ2 +S 2d,bPd,b ∆d,k
d,b

2
∂Pd,b

=−

4
2Sd,b
σ 2 ∆d,k
6 0.
2 P
3
(σ 2 + Sd,b
d,b ∆d,k )

(128)

4
The inequality in (128) follows from the fact that Sd,b
σ 2 ∆d,k > 0 and
2
(σ 2 + Sd,b
Pd,b ∆d,k ) > 0.

Therefore, the power allocation (127) over the

frequency bins is a convex optimization problem. Thus, it can be solved
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efficiently by using standard optimization tools, e.g interior-point methods
[224, Ch. 11]. It should be noted that a look-up table can be used to convert the point-wise mutual information to ∆d,k . The lookup table can be
precomputed by a Monte-Carlo method by generating long enough random
binary sequences associated with each convergence constraint point. Note
that ∆d,k is modulation- and mapping-specific. Algorithm 1 summarizes the
algorithm description for the approximately-optimal power allocation scheme.
Algorithm 1 Approximately-optimal power allocation.
Initialize ∆d,k , ξd,k ∀d = 1, ..., ND , ∀k = 1, ..., NK
for d = 1 to ND do
Solve Eq. (127)
Pd = diag([Pd,1 , ..., Pd,l , .., Pd,NF ]T )
end for

6.1.4

Special case: NK = 2

To gain further insight into the structure of the optimal power allocation, a special
case, NK = 2, is focused on. Note that for this case, 0 < ∆d,1 6 1 and ∆d,2 = 0.
With this setting, the second mutual information constraint corresponds to the
case where the equalizer has perfect a priori mutual information. The perfect
bit-level mutual information yields perfect re-mapped symbol sequence with
∆d,2 = 0. For the first mutual information constraint, ∆d,1 can take any value
less than unity, i.e., 0 < ∆d,1 6 1. As a result, the optimization problem (127)
simplifies to:
N
PF
minimize
Pd,b
Pd,b >0

b=1

subject to

1
NF

N
PF

2
Sd,b
Pd,b
2
2
σ +Sd,b Pd,b ∆d,1

b=1
NF 2
1 P Sd,b Pd,b
NF
σ2
b=1
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> ξd,2 .

> ξd,1

(129)

The Lagrangian associated with problem (129) is given by

L(µd,1 , µd,2 , Pd,b ) =
N
PF

b=1

Pd,b + µd,1 (ξd,1 −
1
NF

1
NF

N
PF

2
Sd,b
Pd,b
)
2 P
σ 2 +Sd,b
d,b ∆d,1

b=1
2
N
PF Sd,b
Pd,b
)
σ2
b=1

+ µd,2 (ξd,2 −
ä
N
PF Ä
µ
2
1 − σ2d,2
=
NF Sd,b Pd,b −
b=1

(130)

µd,1
NF

+µd,1 ξd,1 + µd,2 ξd,2 ,

N
PF

b=1

2
Sd,b
Pd,b
2 P
σ 2 +Sd,b
d,b ∆d,1

where µd,1 and µd,2 are the dual variables associated with the constraints
of problem (129). The Lagrange dual function is given by g(µd,1 , µd,2 ) =
inf (L(µd,1 , µd,2 )) [224, Ch. 5]. It can be expressed as follows

Pd,b >0


2
−∞, if ∃b such that µd,2 > NSF2σ


d,b


ÇÇ
å
å
 X
NF
2
2
µd,2 Sd,b
µd,1 Sd,b
Pd,b
g(µd,1 , µd,2 ) =
1− 2
inf
Pd,b −
2 ∆

Pd,b >0
σ NF
NF (σ 2 + Sd,b

d,1 Pd,b )

b=1

2

NF σ
+µd,1 ξd,1 + µd,2 ξd,2 , if µd,2 6 Sd .
(131)

The following lemma helps us simplify the expression of the dual function (131).

Lemma 1. Let Θ(Pd,b ) = (1 −

2
µd,2 Sd,b
σ 2 NF )Pd,b

−

2
Pd,b
µd,1 Sd,b
.
2 ∆
NF (σ 2 +Sd,b
d,1 Pd,b )


2

0, if µd,1 + µd,2 < NSF2σ , ∀b


d,b

ã
…
 Å
2
−σ 4 µ
,
inf Θ(Pd,b )= Θ − S 2 σ∆d,1 + S 2 ∆2 (−NF σd,1
2
2 +µ
d,2 Sd,b )
d,b
d,b d,1

Pd,b >0


2

 if µd,1 + µd,2 > NF2σ , ∀b
S

(132)

d,b

Proof: See Appendix 6.
To express the Lagrange dual function, let Sd,max =
µd,1 , µd,2 let us define the set B(µd,1 , µd,2 ) = {b|µd,2 6

max Sd,b and for ∀
b=1,...,NF
2
2
NF σ
, µd,1 +µd,2 > NSF2σ }.
S2
d,max

d,b
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Based on Lemma 1, (131) can be rewritten as follows

g(µd,1 , µd,2 ) =
(133)

2
N
σ
F

,
−∞, if ∃b such that µd,2 > Sd,max


!
s

å
Ç

2

X
µd,2 Sd,b
σ2
−σ 4 µd,1



− 2
+
1− 2

2 ∆2 (−N σ 2 + µ
2

σ NF
Sd,b ∆d,1
Sd,b

F
d,2 Sd,b )
d,1

b∈B(µ
,µ
)
d,1
d,2

ã
Å
…
2
−σ 4 µ
2
µd,1 Sd,b
− S 2 σ∆d,1 + S 2 ∆2 (−NF σd,1
2
2 +µ

d,2 Sd,b )

d,b
d,b
d,1


ãã
Å
Å
…
−



−σ 4 µd,1
σ2
2 + S2 ∆

+
N
σ
−

2
2
2
2
F
d,b d,1

Sd,b ∆d,1
Sd,b ∆d,1 (−NF σ 2 +µd,2 Sd,b )



 +µ ξ + µ ξ , otherwise.
d,1 d,1
d,2 d,2
A typical example of the dual function is illustrated in Figure 26. Clearly, the
two sections of the dual function as well as the concave shape of the function can
be observed.
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Fig 26. An example of a dual function g(µd,1 , µd,2 ) ([53], published by permission
of IEEE).
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The Lagrange dual problem can then be expressed as
!
s
Ç
å
2
X
µd,2 Sd,b
σ2
−σ 4 µd,1
maximize
1− 2
− 2
+
2 ∆2 (−N σ 2 + µ
2
σ NF
Sd,b ∆d,1
Sd,b
F
d,2 Sd,b )
d,1
b∈B(µd,1 ,µd,2 )
Å
ã
…
2
−σ 4 µ
2
µd,1 Sd,b
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d,1 − S 2 ∆d,1 +
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d,b

d,1

d,b

+µd,1 ξd,1 + µd,2 ξd,2
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NF σ 2
2
Sd,max

µd,2 > 0
µd,1 > 0.
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By solving the dual problem (134), the optimal dual variables
and
can
be found. Then, the optimal primal variable can be recovered as follows:
s

2
−σ 4 µ∗d,1

 − σ
∗
∗
+
∗
2
2
2
2 ) , if b ∈ B(µd,1 , µd,2 )
Pd,b =
Sd,b ∆d,1
Sd,b ∆d,1 (−NF σ 2 + µ∗d,2 Sd,b


0, otherwise.
(135)
µ∗d,1

µ∗d,2

The optimality of the recovered primal variables follows from the fact the primal
∗
Pd,b
and the dual variables µ∗d,1 and µ∗d,2 satisfy the following necessary and
sufficient KKT optimality conditions [224, Ch.5]:
1
NF

N
PF

2
Sd,b
Pd,b
2
2
σ +Sd,b Pd,b ∆d,1

b=1
NF 2
1 P Sd,b Pd,b
NF
σ2
b=1

> ξd,1

> ξd,2

µd,1 > 0, µd,2 > 0
N
PF
µd,1 (ξd,1 − N1F

2
Sd,b
Pd,b
)
2 P
σ 2 +Sd,b
d,b ∆d,1
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=0

b=1
2
N
PF Sd,b
Pd,b
µd,2 (ξd,2 −
)=0
σ2
b=1
2
µd,2 Sd,b
µd,1 S 2 σ 2
∂L(µd,1 ,µd,2 ,Pd,b )
= 1 − NF (σ2 +S 2 d,b
2
2
∂Pd,b
N
σ
P
∆
)
F
d,b
d,1
d,b
1
NF

= 0, ∀b.

Projected subgradient for solving the dual problem
The objective function of (134) is not differentiable everywhere, and thereby a
subgradient based algorithm [231][232] is used to find the optimal dual variables.
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The projected subgradient method updates the dual variables at the i-th iteration
as [231][232]
(i)

(i−1)

µd = ~(µd
(i)

(i)

(i−1)

(i−1)

+ φ(i) g(µd,1 , µd,2 ))

(137)

(i)

where the vector µd = [µd,1 , µd,2 ]T contains the dual variables, and ~(·) denotes
the projection of its argument on the feasible set {µd,1 , µd,2 |0 6 µd,1 , 0 6 µd,2 <
NF σ 2
}.
2
Sd,max

(i−1)

(i−1)

The vector g(µd,1 , µd,2 ) ∈ R2×1 is a subgradient of the objective of

the dual problem (134).26 Its expression is provided in Appendix 7. The scalar
φ(i) is the step size for the i-th iteration. More detailed discussions about the
step size selection and the impact of different step size rules can be found in [231].
By selecting the step size appropriately, the sugbradient algorithm will eventually
converge to the optimal dual variables [231]. Note that the subgradient method
is not an ascent method. Therefore, it is reasonable to keep track of the best
point iteration-by-iteration [231]. Since the maximum of the dual function can
be found near the boundary value µd,2 , it is reasonable to initialize the values
(1)

(1)

of the subgradient algorithm with µd,1 = 0 and µd,2 =

NF σ 2
2
Sd,max

− ε, where ε is a

small positive constant. Algorithm 2 presented below summarizes the proposed
method to solve the dual problem by the projected subgradient method.
Algorithm 2 Projected subgradient method for solving the dual problem.
(0)

(0)

Initialize µd,1 , µd,2 , gbest = −∞
for i = 1 to NISub do
(i)

(i−1)

µd = ~(µd
(i)

(i)

(i−1)

(i−1)

+ φ(i) g(µd,1 , µd,2 ))

if g(µd,1 , µd,2 ) > gbest then
(i)

(i)

gbest =g(µd,1 , µd,2 )
(i)

(i)

µd,1,best = µd,1 , and µd,2,best = µd,2
end if
end for

26 Strictly speaking, the vector g should be named as supergradient because the dual problem
(134) is a maximization problem.
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In Algorithm 2, NISub represents the number of the projected subgradient
(i)

(i)

(i)

(i)

iterations. Note that for evaluating g(µd,1 , µd,2 ) and its subgradient g(µd,1 , µd,2 )
(see (133), (174), (175)), the parameters ∆d,1 , ξd,1 and ξd,2 must also be
initialized according to their corresponding mutual information constraints when
(i)

(i)

the algorithm is initiated. At each step of Algorithm 2, functions g(µd,1 , µd,2 ) and
(i)

(i)

g(µd,1 , µd,2 ) need to be evaluated by using the expressions given by (133),(174),
and (175), respectively. Thus, the computational complexity of Algorithm
2 can be approximated as CAlg2 = NISub (Cg(µ(i) ,µ(i) ) + Cg(µ(i) ,µ(i) ) ) where
d,1

d,2

d,1

d,2

Cg(µ(i) ,µ(i) ) and Cg(µ(i) ,µ(i) ) determine the complexity costs for the calculation of
d,1

d,2

d,1

(i)

d,2

(i)

(i)

(i)

the functions g(µd,1 , µd,2 ) and g(µd,1 , µd,2 ), respectively. It is worth noting that
(i)

(i)

(i)

(i)

the both functions g(µd,1 , µd,2 ) and g(µd,1 , µd,2 ) contain only scalar operations.
Figure 27 illustrates an example of the convergence properties of the projected
subgradient algorithm with two different step size rules: square summable but
non-summable step size rules, i.e., φ(i) = 1i , φ(i) =

and φ(i) =

nonsummable dimishing step size rule, i.e.,

and

1
(i+2)
1
φ(i) = i1/2

1
(i+4) , and
1
φ(i) = 2i1/2
. As

shown in Figure 27, the projected subgradient algorithm converges fast, (i.e.,
within less than 20 iterations) to a value close enough to the optimal for the all
considered step size cases.
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Fig 27. An example of the values of gbest −
different φ

(i)

, ε = 1 · 10

−6

g(µ∗d,1 , µ∗d,2 )

vs. iteration index i with

([53], published by permission of IEEE).
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Primal feasibility recovery
Figure 27 suggests that Algorithm 2 with a proper initialization setup converges
very fast to a vicinity of (µ∗d,1 , µ∗d,2 ). Even though in theory Algorithm 2 can
find the optimal dual variables µ∗d,1 and µ∗d,2 with arbitrarily high accuracy [231],
it might require a prohibitively large number of iterations for practical purposes.
On the other hand, if (135) is used to recover the primal variables from the
approximate values of µ∗d,1 and µ∗d,2 , the primal feasibility is not guaranteed.
Note that this problem is not specific to our method and it must always be
addressed when one recovers the primal variables from the approximated values
of the optimal dual variables. In the following, a very simple greedy method
for recovering the primal feasibility is described. In the proposed method, for
each constraint at every iteration the power allocated to a certain bin bmax is
increased by a small value δ. The small power increment is allocated to the bin
that produces the maximum increase in the left hand terms of the constraints of
(129).The maximum increase is found from its gradient hk,d ∈ RNF , k = 1, 2.
The bth element of the gradient is computed as

[hk,d ]b =

∂ N1F

N
PF

b=1

2
Sd,b
Pd,b
2 P
σ 2 +Sd,b
d,b ∆d,k

∂Pd,b

=

2
Sd,b
σ2
,∀b = 1, ..., NF .(138)
2 P
2
NF (σ 2 + Sd,b
d,b ∆d,k )

(0)

Let us denote by Pd,b , ∀b, d the primal variables obtained by using (135) with
approximate values of µ∗d,1 and µ∗d,2 . The primal variables are updated according
a greedy method as
Pd,bmax = Pd,bmax + δ

(139)

where bmax = arg maxb∈{1,...,NF } [hk,d ]b . Algorithm 3 summarizes the proposed
feasibility recovery method.
The following statements should more clearly describe the issues regarding the
initialization of Algorithm 3: The maximum transmission power per frequency
bin is limited to a threshold value Pmax . The reason for this is that the expression
for the power allocation in (135) is sensitive to the uncertainty in µd,2 value in the
vicinity of

NF σ 2
.
2
Sd,b

Hence, excessive transmission power allocation per frequency

bin may happen. Thus, it is reasonable to limit the maximum power per bin up to
a certain threshold. Note that the parameter Pmax has to be empirically selected
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through simulations. As mentioned earlier with Algorithm 1, the parameters
∆d,1 , ξd,1 and ξd,2 can be initialized at the initial phase of the algorithm.The
complexity of Algorithm 3 is estimated by CAlg3 = NKGreedy NIfeasibility C[hk,d ]b
where NIfeasibility is the number of iterations required to stop the while loop of
the algorithm. The parameter C[hk,d ]b defines computational complexity for
calculating [hk,d ]b which includes only scalar operations. Here it is assumed
that the results of [hk,d ]b can be partially utilized in computing θk . It is worth
noting that NIfeasibility depends on the channel realizations as well as δ. Thus, it
cannot be accurately evaluated. Nevertheless, a typical value of NIfeasibility is in
the range of 1050 when δ = 10−4 .
Algorithm 3 Greedy feasibility recovery method.
Initialize Pd,b = min(Pd,b , Pmax ), b = 1, ..., NF and NKGreedy = 2
Compute ∆d,k , ξd,k , k = 1, ..., NKGreedy
for k = 1 to NKGreedy do
2
N
PF
Sd,b
Pd,b
θk = −ξd,k + N1F
σ 2 +∆d,k S 2 Pd,b
b=1

d,b

while θk < 0 do

bmax = arg maxb∈{1,...,NF } [hk,d ]b

Pd,bmax = Pd,bmax + δ
2
N
PF
Sd,b
Pd,b
θk = −ξd,k + N1F
σ 2 +∆d,k S 2 Pd,b
b=1

d,b

end while
end for

6.1.5

Heuristic power allocation method based on
Lagrange duality

In the following, an extension of the previously described Lagrange duality based
optimization framework is presented that will work with an arbitrary number of
constraints. The proposed method is illustrated in Figure 28. The main idea is
to organize the NK mutual information constraints into NK − 1 constraint pairs,
each having two mutual information constraint points. The first constraint in

pair k is given by the k-th constraint in the EXIT chart, where k = 1, ..., NK − 1.

The second constraint in each pair is always the rightmost constraint in the
EXIT chart, i.e, it corresponds to the case where the equalizer has perfect a
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Fig 28. An example of the proposed heuristic method, NK = 11 ([53], published by
permission of IEEE).

priori knowledge. For each constraint pair, the dual problem is solved by using
Algorithm 2, the primal variables are recovered with (135), and Algorithm 3
is used to recover the primal feasibility. Note that in Algorithm 3 we set the
parameter NKGreedy = NK in order to ensure the primal feasibility over all NK
constraints of the original power optimization problem (127). Finally, the primal
feasible solution that has the minimum total transmission power is selected. The
proposed method is summarized in Algorithm 4.
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Algorithm 4 Heuristic power allocation method.
Initialize ∆d,k , ∀d = 1, ..., ND , ∀k = 1, ..., NK−1 , ξd,k , ∀d = 1, ..., ND , ∀k =
1, ..., NK
for d = 1 to ND do
for j = 1 to NK − 1 do

Set ∆d,1 = ∆d,j , ξd,1 = ξd,j , ξd,2 = ξd,NK . Perform Algorithm 2 and return
µd,1,best and µd,2,best

s
2

σ
−σ 4 µd,1,best



 − S 2 ∆d,j + S 2 ∆2 (−NF σ 2 + µd,2,best S 2 ) ,
d,b
d,b d,j
d,b
Compute Pd,b =

if
b
∈
B(µ
,
µ
),

d,1,best
d,2,best


 0, otherwise
Set NKGreedy = NK . Perform Algorithm 3 and return pd,j =
[Pd,1 , ..., Pd,b , ..., Pd,NF ]T

end for
return pd,j ∗ , where j ∗ = arg minj∈1,..,NF 1T pd,j
Pd = diag(pd,j ∗ )
end for

As in the case of the approximately-optimal method, the use of precalculated
lookup tables is a practical way of converting the mutual information to
the parameter ∆d,k , ∀k, as well as computing the parameters ξd,j , ξd,NK in
the initialization phase of the algorithm. The complexity of Algorithm 4 is

estimated by CAlg4 = ND (NK − 1)(CAlg2 + CAlg3 ) where by substituting CAlg2
and CAlg3 with the previously computed values yields to CAlg4 = ND (NK −

1)(NISub (Cg(µ(i) ,µ(i) ) + Cg(µ(i) ,µ(i) ) ) + NKGreedy NIfeasibility C[hk,d ]b ).
d,1

6.1.6

d,2

d,1

d,2

Heuristic power allocation based on the greedy
feasibility recovery methods

In this section, greedy based algorithms to solve efficiently the transmission
power allocation problem (127) are discussed. In general, the greedy algorithms
yield locally optimal choices, with the hope that the choices will lead to the
globally optimum solution [233]. By following this greedy principle, the following
ideas are obtained to solve our problem (127). The main idea of the greedy
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based transmission power allocation is that the transmission powers are updated
in a greedy manner by allocating at each iteration small value δ to a certain
bin bmax which will lead to the maximum increase in the left hand terms of
the constraints of (127). The maximum increase is found from its gradient
hk,d ∈ RNF , k = 1, ..., NK . The bth element of the gradient can be computed by

(139). Thus, the power values can be updated according to the greedy method as
Pd,bmax = Pd,bmax + δ

(140)

where [kmax , bmax ] = arg maxk,b∈{1,...,NK }×{1,...,NF } [hk,d ]b . This algorithm is

referred to later in this section as a plain Greedy algorithm. Algorithm 5
summarizes the plain Greedy algorithm to solve the transmission power allocation
problem.
The following comments hold regarding the Algorithm (5): As in the case
of the optimal method, the pre-calculated lookup table to convert the mutual
information to the parameter ∆d,k ∀k is used. Additionally, the parameter ξd,k , ∀k

must also be initialized according to the corresponding mutual information
constraint in the EXIT chart. In Algorithm (5), the set U (i) includes all the
indices for unsatisfied constraints, where i is an iteration index. The plain Greedy
method selects always the same bin index bmax . This bin index corresponds to the
maximum value of the gradient associated with the rightmost mutual information
constraint in the EXIT chart. This can be easily noticed by considering (138), and
taking into account the fact that the rightmost mutual information constraint has
the smallest associated value for the parameter ∆d,k . Note that the rightmost and
the leftmost mutual constraints in the EXIT chart correspond to ∆d,NK = 0 and
∆d,1 = 1, respectively. The parameter ∆d,k can have values within 0 6 ∆d,k 6 1.
As a result of this frequency bin selection, the algorithm performs catastrophic
power allocation in which only a single fixed frequency bin is updated until all the
constraints are satisfied. Clearly, this leads to inefficient use of the transmission
power.
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Algorithm 5 Plain greedy method.
for d = 1 to ND do
Initialize i = 0, Pd,b = 0, b = 1, ..., NF ,
Initialize U (0) = {k|θk < 0}, k = 1, ..., NK

Compute ∆d,k , ξd,k , k = 1, ..., NK
while U (i) 6= ∅ do

[bmax , kmax ] = arg maxk,b∈{k=1,...,NK }×{1,...,NF } [hk,d ]b
(i)

(i−1)

Pd,bmax = Pd,bmax + δ

for k = 1 to NK do
N
PF
θd,k = −ξd,k + N1F

b=1

2
Sd,b
Pd,b
2 P
σ 2 +∆d,k Sd,b
d,b

end for

Find all θd,k < 0, and update the set the U (i) = {k|θk < 0}
i=i+1

end while
Pd = diag([Pd,1 , ..., Pd,l , .., Pd,NF ]T )
end for

Modified greedy method
In order to improve the transmission power efficiency with the plain Greedy
method, a modified Greedy method is proposed. Algorithm 6 summarizes the
proposed modified greedy method to solve the transmission power allocation
problem.
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Algorithm 6 Modified greedy method.
for d = 1 to ND do
Initialize i = 0, Pd,b = 0, b = 1, ..., NF ,
Initialize U (0) = {k|θk < 0}, k = 1, ..., NK
Compute ∆d,k , ξd,k , k = 1, ..., NK

while U (i) 6= ∅ do
for k ∈ U (i) do
θd,k = −ξd,k +

1
NF

end for

N
PF

b=1

2
Sd,b
Pd,b
2 P
σ 2 +∆d,k Sd,b
d,b

Find all θd,k < 0, and update the set the U (i) = {k|θk < 0}
if U (i) 6= ∅ then

[bmax , kmax ] = arg maxk,b∈{U (i) }×{1,...,NF } [hk,d ]b
(i)

(i−1)

Pd,bmax = Pd,bmax + δ

for k = 1 to NK do
N
PF
θd,k = −ξd,k + N1F

b=1

2
Sd,b
Pd,b
2 P
σ 2 +∆d,k Sd,b
d,b

end for

Find all θd,k < 0, and update the set the U (i) = {k|θk < 0}

end if

i=i+1
end while
Pd = diag([Pd,1 , ..., Pd,l , .., Pd,NF ]T )
end for

The parameters ∆d,k , ξd,k are initialized similarly as in the case of the plain
Greedy method according to the corresponding mutual information constraints
in the EXIT chart. The plain Greedy method is modified so that the feasibility
is checked only for the constraints whose indices are associated with the set U (i) .
For each iteration, the set U (i) is updated according to the feasibility check.
Correspondingly, the transmission power allocation update is performed in a
Greedy manner by finding the bin index bmax among all the frequency bins and
the constraints which belong to the set U (i) and achieve the maximum increase
in the gradient. Since all the changes in the power allocation may affect also to
the feasibility of constraints, it is important that the feasibility of the all the
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constraints has to be checked even when the set U (i) is empty. The iterations to
update the power allocation are continued until all the constraints are satisfied.
Ordered greedy method
Finally, an ordered Greedy method to simplify the modified greedy method
described in the previous sub section is proposed. In fact, this is nearly the same
as Algorithm 3. However, for convenience, Algorithm 3 is again re-presented and
named as the ordered Greedy algorithm in the rest of this chapter. The ordered
Greedy algorithm is summarized in Algorithm 7.
Algorithm 7 Ordered greedy method.
for d = 1 to ND do
Initialize Pd,b = 0, b = 1, ..., NF
Compute ∆d,k , ξd,k , k = 1, ..., NK
for k = 1 to NKK do
2
N
PF
Sd,b
Pd,b
θk = −ξd,k + N1F
2
σ +∆d,k S 2 Pd,b
b=1

d,b

while θk < 0 do

bmax = arg maxb∈{1,...,NF } [hk,d ]b

Pd,bmax = Pd,bmax + δ
end while
end for

Pd = diag([Pd,1 , ..., Pd,l , .., Pd,NF ]T )
end for
Similarly to the case of the algorithms presented in the previous sub sections,
all the necessary initializations are performed for the parameters ∆d,k , ξd,k . The
main idea of the ordered Greedy method is to start the power allocation always
from the leftmost mutual information constraint in the EXIT chart and move onto
the next constraint until the constraint is satisfied. It means that we open the
convergence tunnel in the EXIT chart one by one from the leftmost constraint to
the rightmost constraint. The leftmost mutual information constraint corresponds
to a situation when there is no a priori information available (∆d,1 = 1) for the
equalizer from the decoder. Correspondingly, the rightmost mutual information
constraint implies situation when there is perfect a priori information available
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(∆d,1 = 0) for the equalizer from the decoder. By computing the gradient (138)
and the bin selection criterion bmax = arg maxb∈{1,...,NF } [hk,d ]b at those two
different points, two completely different power allocations can be obtained. At
the leftmost point of the EXIT chart, we have several different frequency bin
indices for which the transmission power is iteratively allocated. In contrast, at
the rightmost point of the EXIT chart, there is just one frequency bin for which
the transmission power is iteratively allocated. Therefore, by starting at the
leftmost point of the EXIT chart, it can be guaranteed that transmission power
is spread more evenly over different frequency bins and the catastrophic power
allocation can be avoided.
The

complexity

ND NK NIfeasibility C[hk,d ]b .

of

Algorithm

7

is

estimated

as

CAlg7

=

The parameters NIfeasibility C[hk,d ]b have been al-

ready described in the context of Algorithm 3.

6.2

Numerical results

This section shows the simulation results that have been carried out to evaluate
the performance of the proposed methods. The results are obtained with
the following parameters: the number of the receive and transmit antennas
NR = NT = 2 with ND = 2 streams, the projected subgradient method with
NISub = 1000, the Greedy method with Pmax = 1.5, QPSK with Gray mapping,
and a systematic RA code [227] with two different code rates, 1/3 and 1/4.
The average signal-to-noise ratio per receiver antenna is defined as SNR =

P̃u
σ2 ,

where P̃u is the average transmission power per symbol. Two different channel
conditions were considered, namely, a static 5-path channel with path gains
shown in Table 3 for NR = NT = 2, and a quasi-static Rayleigh fading channel
with a 5-path average equal gain channel with 200 channel realizations. To
compare the proposed method with the existing methods, the MinSumMSE [197]
and the MaxRate [30]27 based linear precoding schemes were also evaluated.
Furthermore, the proposed method is compared with the minimum transmission
power (PowMin) scheme given by (121), (127) with NK = 1, d,1 = 0 together with
the SVD-based beamforming detailed in Appendix 2. By setting the optimization
constraint at the left-most point in the EXIT chart, the transmission power
27 Water
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filling is performed over frequency bins and space.

is optimized only for the linear MMSE equalizer.28 Later on in this section,
transmission power minimization with NK = 1, d,1 = 0 is called the PowMin
scheme. The theoretical BEP comparison obtained from the EXIT chart analysis
was made between the proposed method and the PowMin scheme combined
with linear and turbo equalization methods in quasi-static Rayleigh fading
channels. The comparison between the proposed method and the MinSumMSE
and the MaxRate schemes was carried out only in the static channel because
the MinSumMSE and MaxRate methods cannot guarantee the target mutual
information point for all channel realizations. Consequently, outage may occur
and the comparison is not feasible in fading channels. In the static channel, an
exhaustive search was used for the MinSumMSE and the MaxRate to find a
feasible SNR to achieve the target mutual information point.The trajectory
simulations for EXIT charts were also carried out with a random interleaver
with the size of 74240 bits. The EXIT curves of the RA decoder were obtained
through computer simulations with 4 internal decoder iterations for both code
rates. In the figures, the following naming is used: Dual+Greedy indicates the
projected subgradient method for the dual problem and the Greedy feasibility
recovery method, the modified Greedy is Algorithm 6, and the ordered Greedy is
Algorithm 7.
Table 3. Channel coefficients NR = NT = 2 ([53], published by permission of IEEE).

r, t

hr,t
1

hr,t
2

hr,t
3

hr,t
4

hr,t
5

1,1 -0.3703 + 0.4332i 0.0717 + 0.1318i 0.0209 + 0.3810i 0.1892 + 0.3947i -0.2489 - 0.5035i
2,1 0.3411 + 0.6427i 0.2240 - 0.0683i 0.2821 + 0.4708i 0.0356 - 0.1397i -0.1118 + 0.2850i
1,2 -0.1226 + 0.0880i -0.2748 + 0.0223i 0.3755 + 0.7081i -0.1501 + 0.4636i -0.1366 + 0.0513i
2,2 0.0591 - 0.1236i -0.3271 - 0.2591i -0.6570 - 0.2283i -0.2400 - 0.3869i -0.2677 - 0.2107i

28 Without

a priori information from the channel decoder, the iterative equalizer output given
in (71) corresponds to the output of the linear MMSE equalizer.
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Table 4. Comparison of BEP from the EXIT analysis and Monte Carlo simulations
([53], published by permission of IEEE).
it.

Monte Carlo,d = 1

EXIT Analysis,d = 1

Monte Carlo,d = 2

EXIT Analysis,d = 2

1

0.030720

0.030671

0.109586

0.108582

2

0.000098

0.000045

0.0427

0.0424

3

-

-

0.00798

0.00783

4

-

-

0.000206

0.000134

Since the proposed scheme is based on the utilization of the equalizer EXIT
function approximation given in [150], it is important to verify its accuracy. In
fact, it was shown in [150] that the J-function based approximation is useful
without precoding. Hence, we verify the accuracy by comparing the approximated
EXIT function of the equalizer with the one obtained by histogram measurements,
both with precoding. Figure 29 shows the results of the verification simulations
with SNR=2.1 dB and Rc = 1/3 for both streams. The EXIT curves were
obtained by using 600 blocks for each a priori value, and NF = 9014. In
addition, we set the convergence points at (Iˆ1A,target , Iˆ1E,target ) = (1, 0.77) and
(IˆA,target , IˆE,target ) = (1, 0.68) with 1,k = 0.18 and 2,k = 0.08, k = 1, ..., 12. It
2

2

is found that the two curves are almost identical, indicating that the J-function
approximation works properly also with precoding. Furthermore, the EXIT
trajectory is also depicted in the same figure. As can be seen, the trajectories
match closely the EXIT functions. The accuracy of the EXIT analysis results
was verified also via a series of Monte Carlo BEP simulations. The results of
the BEP simulations are shown in Table 4. The Monte Carlo BEP and the
estimated BEP from the EXIT chart are consistent with each other. Similarly to
[168], the BEP can be rather accurately estimated with the EXIT charts analysis
until BEP level above 10−3 . The reason for the deviation between the EXIT
curves and the trajectory below BEP of 10−3 is because the EXIT functions
assume the length of the codeword to be large enough, which is not always the
case in the trajectory evaluation.
Figure 30 shows the convergence behavior of the iterative receiver with
different power allocation schemes in the frequency selective static MIMO channel.
The contour lines for the a posteriori BEP are also depicted in the figure. The
146

1
d=1,CCPA hist.meas.
d=1,CCPA semi.anal.
d=1,traj.CCPA
d=2,CCPA hist.meas.
d=2,CCPA semi.anal.
d=2,traj.CCPA
d=1,Rc=1/3

0.9
0.8

Iˆ1E, Iˆ2E / ˚
I 1A, ˚
I 2A

0.7
0.6
0.5
0.4
0.3
0.2
0.1
0

0

0.1

0.2

0.3

0.4
0.5
0.6
IˆA, IˆA/ ˚
I E, ˚
IE
1

2

1

0.7

0.8

0.9

1

2

Fig 29. Verification simulations: SNR= 2.1 dB (Iˆ1A,target , Iˆ1E,target ) = (1, 0.77),
(IˆA,target , IˆE,target )=(1, 0.68) ([53], published by permission of IEEE).
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target convergence points is set at (Iˆ1A,target , Iˆ1E,target ) = (0.9987, 0.673) (BEP =
10−4 ) and (IˆA,target , IˆE,target ) = (0.99, 0.6185) (BEP = 10−3 ) with 1,k = 0.02,
2

2

k = 1, ..., 11, and 2,k = 0.02, k = 1, ..., 12. It can be seen that all the
power allocation methods can achieve the target convergence points. However,
the existing techniques, the MinSumMSE and the MaxRate consume more
transmission power compared to the proposed CCPA scheme. The MinSumMSE
and the MaxRate schemes require 2.09 dB and 4.24 dB more transmission power
compared to the CCPA, respectively.
To investigate further the comparison of different power allocation methods,
we study the case which corresponds to a high QoS requirement. Therefore, we
set the target convergence points in the EXIT chart at (IˆA,target , IˆE,target ) =
1

1

(1.0, 0.98) and (Iˆ2A,target , Iˆ2E,target )= (1.0, 0.98) with 1,k = 0.034 and 2,k = 0.03,
k = 1, ..., 12. Figure 31 represents the EXIT curves of the iterative receiver
with different power allocation schemes in the frequency selective static MIMO
channel. As can be seen, the proposed CCPA method can achieve the target
convergence points with significantly lower transmission power, i.e, 5.9 dB and
5.6 dB compared to the MinSumMSE and the MaxRate algorithms, respectively.
Furthermore, compared to the EXIT curves with the MinSumMSE and the
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Fig 30. The comparison of the precoding schemes in the static channel:
(Iˆ1A,target , Iˆ1E,target )=(0.99, 0.6185), (Iˆ2A,target , Iˆ2E,target )= (0.9987, 0.673) ([53], published
by permission of IEEE).

MaxRate, the EXIT curve with the CCPA method follows more closely the
decoder EXIT curve. This leads to more efficient use of the transmission power.
Figure 32 compares theoretical BEPs by using EXIT chart analysis between
the proposed CCPA and the PowMin approaches. Note that for both schemes,
PowMin combined with a linear equalizer, referred to PowMin & linear eq., and
PowMin combined with an iterative equalizer, called PowMin& iterative eq.,
the transmission power allocation is identical but the structure of the receiver
differs. In PowMin & linear eq., the receiver is a simple linear MMSE equalizer.
In the PowMin & iterative eq. the linear MMSE equalizer is replaced with
the iterative MMSE equalizer. The convergence points have been set at that
the BEP targets= {10−1 , 10−2 , 10−3 , 10−4 }. It can be seen that the proposed

method outperforms the other techniques with significantly less transmission
power consumption needed. For example, at the BEP level of 10−4 the proposed
CCPA requires 4.8 dB less transmission power compared to PowMin & linear eq.
and 3.3 dB less than PowMin & iterative eq.
Figure 33 (a) shows the convergence properties of the iterative receiver with
the approximately-optimal CCPA and the heuristic methods in Rayleigh fading
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Fig 31. The comparison of precoding schemes in static channel: (Iˆ1A,target , Iˆ1E,target )
= (1.0, 0.98), (IˆA,target , IˆE,target )= (1.0, 0.98) ([53], published by permission of IEEE).
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MIMO channels. The target convergence points are set at (Iˆ1A,target , Iˆ1E,target ) =
(1.0, 0.64) and (IˆA,target , IˆE,target )= (1.0, 0.48) with 1,k = 0.017 and 2,k = 0.017,
2

2

k = 1, ..., 12. It is found that the Dual+Greedy algorithm achieves nearly
identical EXIT curves to the approximately-optimal CCPA. Correspondingly,
the EXIT curves of the ordered Greedy method deviate slightly more from the
approximately-optimal CCPA compared to those of Dual+Greedy. It is worth to
noting that the Dual+Greedy and the Greedy methods require 0.32 dB and
0.44 dB more transmission power, respectively, than the approximately-optimal
CCPA.
Similarly as in the static channel, we examine a case with high QoS
requirements in Rayleigh fading channels. Thus, we set the convergence
points at (IˆA,target , IˆE,target ) =(1.0, 1.0), and (IˆA,target , IˆE,target ) =(1.0, 1.0)
1

1

2

2

with 1,k = 0.017 and 2,k = 0.017, k = 1, ..., 12. Figure 33 (b) plots the EXIT
curves of the iterative receiver with the approximately-optimal CCPA and the
heuristic methods. It can be seen that all the proposed methods can achieve
the target convergence points. Therefore, nearly error-free performance can
be achieved when a sufficient number of iterations is performed. Again, the
equalizer EXIT curve of the Dual+Greedy method is closer to the approximately149
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Fig 32. The a posteriori BEP comparison of precoding schemes in quasi static
Rayleigh fading channel averaged over 2000 channel realizations: BEP targets=
{10−1 , 10−2 , 10−3 , 10−4 } ([53], published by permission of IEEE)

optimal CCPA method than that of the ordered Greedy method. Moreover, the
transmission power loss with the Dual+Greedy and the ordered Greedy methods,
compared to the optimal method, is only 0.04 dB and 0.11 dB, respectively. The
results show that the Dual+Greedy method can approximate more accurately
the approximately-optimal CCPA than the ordered Greedy method.
Finally, the comparison of the modified greedy algorithm with other heuristic
algorithms is performed with the same simulation setup as in Figures 34 a) and
b). Figure 34 (a) depicts the comparison when target convergence points are
set at (IˆA,target , IˆE,target ) = (1.0, 0.64) and (IˆA,target , IˆE,target )= (1.0, 0.48) with
1

1

2

2

1,k = 0.017 and 2,k = 0.017, k = 1, ..., 12. It is found that all the proposed
methods achieve the target convergence points. It is worth to noting that
the modified greedy and the ordered greedy methods require 1.1 dB and 0.44
dB more transmission power, respectively, than the approximately-optimal
CCPA. Figure 34 (b) shows the comparison of different heuristic methods
when the convergence points are set at (Iˆ1A,target , Iˆ1E,target ) =(1.0, 1.0), and
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(a) (Iˆ1A,target , Iˆ1E,target ) = (1.0, 0.64) and (Iˆ2A,target , Iˆ2E,target )= (1.0, 0.48).
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(b) (Iˆ1A,target , Iˆ1E,target )=(1.0, 1.0), and (Iˆ2A,target , Iˆ2E,target ) =(1.0, 1.0).

Fig 33. The comparison of the heuristic power allocation methods in Rayleigh fading channel averaged over 200 channel realizations ([53], published by permission
of IEEE).
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(Iˆ2A,target , Iˆ2E,target ) =(1.0, 1.0) with 1,k = 0.017 and 2,k = 0.017, k = 1, ..., 12.
Since all the proposed methods can achieve the target convergence points, nearly
error-free performance can be achieved with the proposed methods when a
sufficient number of iterations at the iterative receiver is performed.

6.3

Summary and discussion

In this chapter, a novel transmission power minimization framework based on an
EXIT chart analysis has been proposed for single-carrier MIMO transmission
with iterative FD SC-MMSE equalization. The proposed optimization framework
explicitly takes into account the convergence constraints of the iterative equalizer.
The proposed convergence constrained power allocation decouples the spatial
interference between streams using SVD, and minimizes the transmission power
while achieving the mutual information target for each stream after iterations
at the receiver side. It has been shown that the optimization problem can be
formulated as a convex optimization problem. To gain insight into the structure
of approximately-optimal transmission power allocation, a special case with
two mutual information constraints is considered, for which the Lagrange dual
function is derived and the projected subgradient based method is presented
solve the associated dual problem. Furthermore, a method to recover the primal
variables from the dual variables is developed, and to guarantee their feasibility
the greedy based method was considered. Inspired by the Lagrange duality,
two mutual information constraint case to the general case with an arbitrary
number of mutual information constraints is generalized. The numerical results
demonstrated that the proposed CCPA scheme outperformed the existing power
allocation schemes. Furthermore, it has been shown that the performances of the
proposed heuristic CCPA schemes are close enough to the approximately-optimal
CCPA in terms of the equalizer convergence properties as well as the transmission
power.
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(b) (Iˆ1A,target , Iˆ1E,target )=(1.0, 1.0), and (Iˆ2A,target , Iˆ2E,target ) =(1.0, 1.0).

Fig 34. The comparison of the heuristic power allocation methods in Rayleigh fading channel averaged over 200 channel realizations ([54], published by permission
of IEEE).
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7

Conclusions and future work

The objective of this thesis has been to the develop advanced multi-antenna
receiver and transmission techniques to improve the utilization of radio resources
in broadband single carrier communications. In particular, the thesis has
focused on the development of computationally efficient frequency domain turbo
equalization techniques for single and multiuser MIMO frequency selective
channels. Another special emphasis has been given to transmission power
optimization for single user MIMO communications that takes into account the
convergence properties of the iterative equalizer.
A literature survey of previous and parallel work related to the turbo principle,
time and frequency domain turbo equalization, convergence analysis, linear
transceiver design, and power optimization for turbo receivers has been provided
in Chapter 2. A new iterative FD-JA multiuser MIMO signal detection technique
for multiuser MIMO uplink transmission in frequency selective channels was
presented in Chapter 3. It has been shown that the proposed frequency domain
multiuser MIMO detection technique requires signicantly lower computational
complexity than its time-domain counterpart. It has been shown that significant
performance gains can be achieved with a JA turbo receiver compared to an AA
turbo receiver, when NU NT > NR as well as in the presence of spatial correlation;
the computational complexity with the FD turbo receiver is always lower than
with the TD turbo receiver, and the significance of the complexity reduction
depends on the system setup as well as the channel conditions. Conversely,
the significance of performance gain due to the FD turbo receiver over the TD
turbo receiver also depends on the system setup and the channel conditions.
Those observations lead to a conclusion that with a marginal loss in performance,
the complexity with an FD receiver can be made much lower than with a
TD receiver having exactly the same parameter setting, exemplifying the FD
receiver’s time-domain counterpart in such scenarios. This may invoke reasonable
performance-complexity trade-off when practical applications of the FD turbo
receiver are considered.
Chapter 4 has considered the impact of the MinSumMSE and the MaxRate
based linear precoding strategies on the convergence of FD SC-MMSE turbo
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equalization in single user MIMO communications. Under the assumption that
perfect CSI is available and that SVD based beamforming is performed at the
transmitter, data streams are perfectly decoupled from each other in the spatial
domain, with which the joint TX-RX optimization problem reduces to a simple
power allocation problem. Hence, the convergence behavior of the turbo equalizer
is also influenced only by transmission power allocation. Based on the 3-D
EXIT analysis, and its corresponding projected EXIT analysis the exchange of
extrinsic information between an iterative equalizer and the channel decoders was
analyzed with insightful visualization. It has been shown that transmission power
allocation was significantly affected by the equalizer’s EXIT curve compared to
the case without any transmitter side processing. This has invoked an idea that
transmission power should take into account the convergence characteristics of
the turbo equalization. Clearly, this opened up an interesting research topic that
was discussed in more detail Chapter 6, which forms the major contribution of
this thesis.
Chapter 5 discussed the impact of the MinSumMSE and MaxRate based
linear precoding methods on the convergence of the FD SC-MMSE turbo receiver
in multiuser communications in centralized and de-centralized design scenarios. It
has been shown that in the multiuser MIMO communications, turbo equalization
plays a more crucial role in determining performances than in single user systems
with and without precoding, both in centralized and de-centralized design
scenarios. In de-centralized design, the convergence behavior of the multiuser
receiver with the MinSumMSE precoding is nearly the same as without precoding.
Interestingly, the partial CSI at the transmitter due to de-centralized design does
not have any significant influence on the convergence properties with MaxRate
precoding as with MinSumMSE precoding.
Chapter 6 proposed a novel transmission power minimization framework based
on an EXIT chart analysis for single-carrier MIMO transmission with iterative
FD SC-MMSE equalization. The proposed optimization framework explicitly
takes into account the convergence properties of the iterative equalizer. The
proposed CCPA decouples the spatial interference between streams using SVD,
and minimizes the transmission power while achieving the mutual information
target for each stream after iterations at the receiver side. It has been shown
that the problem can be formulated as a convex optimization problem. To
gain insight into the structure of approximately-optimal transmission power
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allocation, a special case having only two mutual information constraints was
considered, for which the Lagrange dual function was derived. It has been shown
that the projected subgradient based method can be used to solve the associated
dual problem. Furthermore, a method to recover the primal variables from the
dual variables was developed, and to guarantee their feasibility the greedy based
method was considered. Inspired by the Lagrange duality, the methodology for
solving the two mutual information constraint case has been generalized to case
having an arbitrary number of mutual information constraints. The numerical
results have demonstrated that the proposed CCPA scheme outperforms the
existing power allocation schemes. Furthermore, it has been shown that the
performances of the heuristic CCPA schemes, proposed in Chapter 6, are very
close to the approximately-optimal CCPA in terms of the equalizer convergence
properties as well as the transmission power.
To demonstrate the benefits of the proposed techniques in practical broadband
single carrier communication systems, there are several issues which are left
for future work. Firstly, the proposed methods should be evaluated with more
realistic system parameters. Especially the impact of imperfect CSI at the
transmitter and receiver would be of great practical interest, e.g., relaxing the
accuracy requirement for CSI at the transmitter to a level with which erroneous
CSI is acceptable, or replacing the exact CSI by statistical CSI knowledge.
Secondly, it would interesting to extend the proposed CCPA scheme to take
into account codeword lengths used in practical wireless systems. The reason
for this is that the EXIT chart analysis has been originally developed for only
relatively long codeword lengths [168]. Therefore, original EXIT chart analysis
has a limited capability to predict accurately bit error probability performance
of iterative decoder/receiver with codeword lengths used in practical wireless
systems. Recently, [171, 172, 181, 234] have provided some interesting further
insights into this issue. Thirdly, the influence of the proposed CCPA technique
to the PAPR characteristics of single carrier transmission should be throughly
analyzed to understand its feasibility for practical wireless systems, e.g., LTE-A.
An interesting future extension for the proposed CCPA scheme is to consider
rate adaptation in conjunction with transmission power allocation. This would
effectively change the original optimization criterion of CCPA to sum rate
maximization instead of transmission power minimization, with the assumption
of fixed coding rates. In principle, this means that the coding rate, modulation
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alphabet and transmission power should be jointly optimized for each channel
realization with a fixed total transmission power constraint so that the sum
rate is maximized. The jointly optimal code, modulation alphabet and power
allocation design for an iterative receiver is still open research problem to be
solved.
An another interesting research direction would be to extend the work
in Chapter 6 to multiuser MIMO communications in uplink to seek for the
possibility towards achieving significant system performance improvements.
In general, the coverage of uplink communication and the capacity of wireless
cellular systems are interference limited. Recently, a coordinated multi-point
(CoMP) processing technique has been proposed to overcome this limitation for
4G systems, e.g., LTE-A downlink. Due to predicted capacity and coverage
merits, CoMP has been considered as one of the most promising technologies
for (intracell and intercell) interference management and coordination for 4G
wireless communication systems. As in the LTE-A downlink communications,
in uplink communications intercell interference could be exploited with joint
multiuser detection and decoding for all users in the multi-cell network, i.e.,
cooperation and information exchange between base stations. However, the
computational complexity of the optimal multiuser receiver is prohibitive. A low
complexity solution to the problem of joint multi-cell detection and decoding
could be obtained with co-operative turbo equalization/multiuser detection
between the base stations. Therefore, an interesting future research topic would
include an extension of the techniques presented in Chapter 3 and Chapter 6 in
an uplink CoMP framework by assuming unconstrained and constrained capacity
backhaul communication between the base stations.
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Appendix 1 The Optimization of filter coefficients
Similarly as in [134], variables Ωju , Aju can be simultaneously optimized by
re-writting the problem in (21) as
ß
arg min
E
j
j
Ωu ,Au

H
Gju yuj

2
2

™
(141)

,

H

where Gju ∈ CNG NF ×(NR +NG )NF is given by
H

Gju =

î

j
F−1
N G Ωu

and yuj ∈ C(NR +NG )NF by
yuj

=

"

H

−S(n)Aju

r̂ju (n)
bju

#

H

ó

,

.

(142)

(143)

To avoid the trivial solution [Ωju , Aju ] = [0, 0], Ωju and Aju are subject to the
path constraint [121]
T

Qg Gj,u,g
= INF
s

(144)

T

is imposed, where the matrix Qg ∈ RNF ×(NR +NG )NF is given by


T
Qg = 0NF ×(NF NF +(g−1)NF ) INF 0NF ×(NG −g)NG

(145)

with INF ∈ RNF ×NF being an identity matrix, and 0NF ×(NR NF +(g−1)NF ) ∈
RNF ×(NR NF +(g−1)NF ) and 0NF ×(NF −g)NF ∈ RNF ×(NG −g)NF being zero matrices

with the sizes indicated by their dimensionality identifiers. The matrix Gj,u,g
s
contains all rows from the (g − 1)NF + 1-th to gNF -th columns in Gu .

The objective function for (141)’s optimization problem can be expressed as

a sum of the component cost functions, as
(N
)
G
X
j,u,g
j,u,g H j,u j,u,g
J (Gs ) = E
tr{Gs
Σy Gs } .

(146)

g=1

Since Σj,u
y is positive semidefinite, the objective function is convex. Thus, the
solution to this optimisation problem can be obtained by using the Lagrange
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method. The cost function equivalent to (146) is re-defined as
L(Gj,u,g
, Ljg,u ) =
s
+

NG
X
g=1

NG
X
g=1

H

j,u,g
tr{Gj,u,g
Σj,u
}
s
y Gs

T

g
Re{tr{LH
Gj,u,g
− INF )}},
g,u (Q
s

(147)

where the Lagrange multipliers are introduced in diagonal matrices Lg,u ∈
CNF ×NF . With the notation above, finding the optimal solution to (147) is

equivalent to obtaining the solutions for each of the component cost functions,
indexed by g, separately.Therefore, the optimization process is shown only for
the g th component cost function, below. By using Re{X} = 12 (X + XH ), the
derivatives of the equivalent cost function given by (147) with respect to Gj,u,g
s

H

and Lg,u are obtained as
∂L(Gj,u,g
, Lg,u )
s

j,u,g
2Σj,u
− Qg Lg,u
y Gs

=

H
∂Gj,u,g
s

(148)

and
∂L(Gj,u,g
, Lg,u )
s
∂LH
g,u

T

= Qg Gj,u,g
− INF ,
s

(149)

respectively. Now, by setting those derivatives equal to zero, Lg,u and Gj,u,g
s
that yield the optimal solution are determined as
Lg,u

=

T

−1

2(Qg Σj,u
Qg )−1
y

(150)

and
Gj,u,g
s
respectively, where Σu,j
y

−1

T

−1

−1

Σj,u
Qg (Qg Σj,u
Qg )−1 ,
y
y

=

(151)

is obtained by utilising the block matrix inversion

Lemma [216] , as
Σu,j
y

−1

=

"

Σu,j
r̂

H

−1

H

(n)

−Ḃju Ḃju Φju (n)Σu,j
r̂

−1

(n)

with Θju (n) ∈ CNG NF ×NG NF defined by (25).
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−Σu,j
r̂

−1

(n)Φju (n)

Θju (n)

#

(152)

By using (151) and (152) the filter coefficients Ωju with FG and Aju with S(n)
can be obtained as (153) and (154) respectively, where Θj,g,g
(n) ∈ CNF ×NF is a
u
sub-matrix of Θju (n).
h
−1
−1
j,1
j,1,1
j,g
j,g,g
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(n))−1 . . . Σu,j
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r̂(n) Φu (n)(Θu
r̂(n) Φu (n)(Θu
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Appendix 2 Singular value decomposition of the
frequency domain channel
Let the matrices FNR = INR ⊗ FNF ∈ CNR NF ×NR NF and FNT = INT ⊗

FNF ∈ CNT NF ×NT NF be block diagonal DFT matrices. Furthermore, let
H ∈ CNR NF ×NT NF be a space-time circulant block channel matrix, comprised
of the channel submatrices Hr,t ∈ CNF ×NF between the tth transmit and the

r,t
rth receive antenna, t =n1, ..., NT and r = 1, ..., NR . The
o submatrices H are
î r,t r,t
ó
T
circulant, as Hr,t = circ h1 , h2 . . . hr,t
. The operator circ { }
NL , 01×NF −NL

generates the matrix that has the circulant structure of its argument vector, NL

denotes the length of the channel impulse response, and hr,t
l , l = 1, ..., NL , is the
lth fading gain of the multipath channel between the tth transmit antenna and
the rth receive antenna. By using FNR , FNT and H, the block-diagonal frequency
domain space-frequency channel matrix Γ ∈ CNR NF ×NT NF can be expressed as
Γ = FNR HF−1
NT .

(155)

In order to compute efficiently the SVD of Γ, we let the permutation matrices
be MNR ∈ BNR NF ×NR NF and MNT ∈ BNT NF ×NT NF [196]. By multiplying the
space-frequency channel matrix Γ with MNR from the left-hand side and with

MNT from the right hand-side, we obtain the block-diagonal channel matrix
Γ̂ = MNR ΓMNT . For each block with the dimension of NR × NT , the SVD can
be separately computed, resulting in block-wise SVD processing as
Γ̂ = ÛŜV̂H ,

(156)

where Û ∈ CNR NF ×ND NF and V̂ ∈ CNT NF ×ND NF are block diagonal unitary

rotation matrices containing the left and right singular vectors of matrix Γ̂.

The matrix Ŝ ∈ RNR NF ×NT NF contains the ordered singular values of matrix
Γ̂, ordered in a nondecreasing manner. Finally, we can express the matrices

S ∈ RND NF ×ND NF , U ∈ CNR NF ×ND NF and V ∈ CNT NF ×ND NF , in the original

T
matrix structure as U = [MT
NR ÛMNR ]:,1:ND NF , V = [MNT V̂MNT ]:,1:ND NF ,

S = [MT
NR ŜMNT ]1:ND NF ,1:ND NF , where

Γ = USVH .

(157)
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Appendix 3 Post-processing with a UH matrix
After the cyclic prefix removal, a space-time presentation of the signal vector
r ∈ CNR NF received by the NR receive antennas is given by
1

2
r = HF−1
NT VP FND b + v,

(158)

where b ∈ CND NF denotes the transmitted stream vector over the NT transmit
antennas b = [b1 , ..., bd , ..., bND ]T . Matrix FND = IND ⊗ FNF ∈ CND NF ×ND NF

is the block diagonal DFT matrix. The diagonal matrix is given by P =
diag(P1 , ..., Pd , ..., PND ) ∈ RND NF ×ND NF . By multiplying the received signal

(158), by left-hand side UH matrix and using (155) and SVD (157), we obtain
the vector r̃ ∈ CND NF as follows:
r̃ = SP 2 FND b + UH FNR v.
1

(159)
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Appendix 4 Derivation of a MMSE filter for single
user MIMO
Assuming normalized PSK or rectangular QAM modulation

29

H

E{bd bd } =

INF , E{vvH } = σ 2 INR NF , E{[bd ]n [bd ]H
6 l, n, l = 1, ..., NF
l } = 0, ∀n =
d

H

d

E{[b̃ ]n [b̃

H

d H

]l } = 0, E{b v } = 0NF ×NR NF ,
th

E{b } = b̃ , the MSE of the d
d

d

31 32

, , FF

−1

30

,

= INF and

stream given by (65) can be rewritten

as

−1 H
Ed = NF − tr{XH
Ω̌d Xd } + tr{Ω̌H
d Ω̌d F} − tr{F
d Σr̆d Ω̌d }.

(160)

1

In (160), matrix Xd = Sd Pd2 F(INF − Σb̃d + Š(n)Σb̃d ) ∈ CNF ×NF where
1

H

1

Σb̃d = diag{diag{b̃d b̃d }} ∈ RNF ×NF and Σr̆d = Sd Pd2 FΛF−1 Pd2 Sd + σ 2 INF +
1

1

Sd Pd2 FŠ(n)Σb̃d Š(n)F−1 Pd2 Sd ∈ CNF ×NF , Λ = INF − Σb̃d ∈ RNF ×NF is the
residual interference of the soft symbol estimates.

Since (160) is convex with respect to Ω̌H
d , the optimal MMSE filtering matrix
that minimizes the MSE can be found by setting the
optimal MMSE filtering matrix can be expressed as

∂Ed
∂ Ω̌H
d

= 0. Hence, the

Ω̌d = Σr̆−1
Xd F−1 .
d

(161)

Similarly to [47], the matrix inversion lemma [235]33 is applied to invert the
covariance matrix Σr̆d , resulting in

1
1
1
1
Ω̌d =
(Sd Pd2 FΛF−1 Pd2 Sd + σ 2 INF )−1 − (Sd Pd2 FΛF−1 Pd2 Sd + σ 2 INF )−1
×

29 For

1

1

1

1

Sd Pd2 FŠ(n)(Š(n)F−1 Pd2 Sd (Sd Pd2 FΛF−1 Pd2 Sd + σ 2 INF )−1
1

1

1

1

×

Sd Pd2 FŠ(n) + Σ−1
)−1 Š(n)F−1 Pd2 Sd (Sd Pd2 FΛF−1 Pd2 Sd + σ 2 INF )−1
b̃d

×

Sd Pd2 F(INF − Σb̃d + Š(n)Σb̃d )F−1 .

2

d
NQ

factor κ =

1



(162)

-ary
… modulation, the transmitted symbols are multiplied with the normalization
3

Nd

[223].

2(2 Q −1)
30 The

symbols are temporally uncorrelated due to interleaving at the transmitter.

31 UH U = I
NF
d
d
32 tr{ABC} = tr{CAB}
33 (A

where A, B, and C are matrices with compatible dimensions.
+ BCD)−1 = A−1 − A−1 B(DA−1 B + C−1 )−1 DA−1 .
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1

1

Now, it its found that the inversion of the matrix Σr̂d = Sd Pd2 FΛF−1 Pd2 Sd +
σ 2 INF ∈ dominates the computational complexity. This is due to the fact that
FΛF−1 is a circulant Hermitian matrix [47, 150] with which the matrix Σr̂d is

non-diagonal. Thus, the computational complexity of matrix inversion can be
reduced by computing the arithmetic mean of the powers of the a apriori soft
symbols in the dth stream instead of using all the individual a apriori soft symbol
powers in each stream [83, 130]. This leads to the approximate but still sufficiently
accurate solution [83, 130]. Therefore, the matrix FΛF−1 can be replaced with
¶
©
an approximation ∆d = diag(∆d 1NF ) ∈ RNF ×NF where ∆d = avg 1NF − b̈d is

the average residual interference of the soft-symbol estimates [47, 150]. Moreover,
¶ ©
¯
matrix Σb̃d is replaced with Σ̄b̃d = diag{β̈ d 1NF }, where β̈ d = avg b̈d . The
h 2
i
2
2 T
∈ CNF , f = 1, ..., NF , is the soft symbol
vector b̈d = |b̃d1 | , ..., |b̃df | , ..., |b̃dNF |
estimate power vector, where the soft symbol estimate b̃df is computed by using

(69). Consequently, the sampling matrix Š(n) can be replaced with the identity
matrix of dimensionality, NF × NF . Therefore, (162) can be rewritten as

1
1
1
1
Ω̌d =
(Sd Pd2 ∆d Pd2 Sd + σ 2 INF )−1 − (Sd Pd2 ∆d Pd2 Sd + σ 2 INF )−1
1

1

1

1

1

× Sd Pd2 F(F−1 Pd2 Sd (Sd Pd2 ∆d Pd2 Sd + σ 2 INF )−1 Sd Pd2 F + Σ̄−1
)−1
b̃d

1
1
1
1
(163)
× F−1 Pd2 Sd (Sd Pd2 ∆d Pd2 Sd + σ 2 INF )−1 Sd Pd2 .

Given (163) it is found that by applying the unitary decomposition of Hermitian
1

1

1

matrix [236, Ch. 2.5], the product of the matrices F−1 Pd2 Sd (Sd Pd2 ∆d Pd2 Sd +
1

σ 2 INF )−1 Sd Pd2 F can be simplified to a scalar form, called effective SNR of the
prior symbol estimate, given by
ζd

=
=

1
1
1
1
1
tr{Pd2 Sd (Sd Pd2 ∆d Pd2 Sd + σ 2 INF )−1 Sd Pd2 }
NF
NF
2
Pd,b Sd,b
1 X
2 ∆ + σ2 .
NF
Pd,b Sd,b
d

(164)

b=1

Finally, by using (66), (163) and (164), the output of the frequency domain
NF
MMSE filter b̂d = F−1 Ω̌H
can be written as
d řd ∈ C
1
¯
−1
d
b̂d = (1 − ζd (ζd + β̈d−1 )−1 )(F−1 Pd2 SH
d Σr̂d r̂d + ζd b̃ ).

¯
The scalar term (1 − ζd (ζd + β̈d−1 )−1 ) can be further simplified by multiplying
¯
¯
¯
ζd + β̈d−1 first by the scalar β̈d , and then the entire scalar part by 1 + β̈d ζd ,
184

resulting in the MMSE filter output as
b̂d =

1
1
−1
d
(F−1 Pd2 SH
d Σrd r̂d + ζd b̃ ).
¯
ζd β̈ + 1
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Appendix 5 Derivation of a MMSE filter for linearly
precoded multiuser MIMO
Assuming normalized PSK or rectangular QAM modulation

H

34

E{bu,d bu,d } =

INF , E{vvH } = σ 2 INR NF , E{[bd ]n [bd ]H
6 l, n, l = 1, ..., NF
l } = 0, ∀n =
u,d

E{[b̃

u,d

]n [b̃

H

H

d H

]l } = 0, E{b v } = 0NF ×NR NF ,

36

, FF

−1

35

,

= INF and

E{bu,d } = b̃u,d , the MSE of the dth stream given by (102) can be rewritten as

−1 H
Eu,d = NF − tr{XH
Ω̌u,d Xu,d } + tr{Ω̌H
u,d Ω̌u,d F} − tr{F
u,d Σr̆u,d Ω̌u,d }.

In

(165),

matrix

Xu,d

=

H

(165)
H

ΓTFNUD (E{bbu,d } − E{b̃bu,d }) +

Γu Tu,d FŠ(n)Σb̃u,d ) ∈ CNR NF ×NF , where Σb̃u,d = diag{diag{b̃b̃H }}, and

Σr̆u,d

=

H H
ΓTFNUD ΛF−1
+ σ 2 INR NF +Γu Tu,d FŠ(n)Σb̃u,d Š(n)F−1
NUD T Γ

H
NR NF ×NR NF
TH
in which Λ = INU ND NF − diag{diag{b̃b̃H }} ∈
u,d Γu ∈ C

RNU ND NF ×NU ND NF .

Since (165) is a convex with respect to Ω̌H
u,d , the optimal MMSE filtering
matrix that minimizes the MSE can be found by computing the
Hence, the optimal MMSE filtering matrix can be expressed as

∂Eu,d
∂ Ω̌H
u,d

Ω̌u,d = Σr̆−1
Xu,d F−1 .
u,d

= 0.

(166)

Similarly to [47], the matrix inversion lemma [235]37 is applied to invert the
covariance matrix Σr̆u,d , resulting in
−1
H H 2
−1
H H 2
−1
Ω̌u,d = (ΓTFNUD ΛF−1
NUD T Γ +σ INR NF ) −(ΓTFNUD ΛFNUD T Γ +σ INR NF )
−1
H
H H
2
−1
× Γu Tu,d FŠ(n)(Š(n)F−1 TH
u,d Γu (ΓTFNUD ΛFNUD T Γ +σ INR NF )
H
× Γu Tu,d FŠ(n) + Σ−1
)−1 Š(n)F−1 TH
u,d Γu
b̃u,d

H H 2
−1
× (ΓTFNUD ΛF−1
NUD T Γ +σ INR NF )
H

H

× (ΓTFNUD (E{bbu,d } − E{b̃bu,d }) + Γu Tu,d FŠ(n)Σb̃u,d )F−1 .
34 For

2

d
NQ

(167)

-ary
… modulation the transmitted symbols, are multiplied with the normalization

factor κ =

3

Nd

[223].

2(2 Q −1)
35 The

symbols are temporally uncorrelated due to interleaving at the transmitter.
= tr{CAB} where A, B, and C are matrices with compatible dimensions.
37 (A + BCD)−1 = A−1 − A−1 B(DA−1 B + C−1 )−1 DA−1 .
36 tr{ABC}
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H H
Now, it its found that the inversion of the matrix Σr̂ = (ΓTFNUD ΛF−1
NUD T Γ +

σ 2 INR NF ) dominates the computational complexity. This is due to the fact that
FNUD ΛF−1
NUD is a circulant Hermitian matrix [47, 150]. Thus, the computational
complexity of matrix inversion can be reduced by computing the arithmetic
mean of the powers of the a apriori soft symbols in the dth stream instead of

using all the individual a apriori soft symbol powers at each stream [83, 130].
This leads to an approximate but still sufficiently accurate solution [83, 130].
Therefore, the matrix FNUD ΛF−1
NUD can be replaced with the approximation
∆

= diag
h

ßh

1

d

ND

T
T
∆1 1 T
NF . . . ∆1 1NF . . . ∆1 1NF

iT

, ...,

iT
1
d T
ND T
∆u 1T
, ...,
NF . . . ∆u 1NF . . . ∆u 1NF
h 1
iT ™
d
ND T
T
T
∆NU 1NF . . . ∆NU 1NF . . . ∆NU 1NF

(168)

¶
©
d
where ∆u = avg 1NF − b̈u,d is the average residual interference of the

soft symbol estimates [47, 150]. It is also worth noting that the matrix
H

ΓTFNUD E{b̃bu,d } can be replaced by Γu Tu,d FŠ(n)Σb̃u,d . Moreover, ma¶ ©
¯
trix Σb̃u,d is replaced with Σ̄b̃u,d = diag{β̈ d 1NF }, where β̈ d = avg b̈d . The
h 2
i
2
2 T
∈ CNF , f = 1, ..., NF , is the soft symbol
vector b̈d = |b̃d1 | , ..., |b̃df | , ..., |b̃dNF |
estimate power vector, where the soft symbol estimate b̃df is computed by using

(69). Consequently, the sampling matrix Š(n) can be replaced with an identity
matrix of dimensionality, NF × NF . As a result of the aforementioned notes,
(167) can be rewritten as
Ω̌u,d = (ΓT∆TH ΓH+σ 2 INR NF )−1
−(ΓT∆TH ΓH+σ 2 INR NF )−1
×
×
×
×

H
H H
2
−1
Γu Tu,d F(F−1 TH
u,d Γu (ΓT∆T Γ +σ INR NF )
H
Γu Tu,d F + Σ̄−1
)−1 F−1 TH
u,d Γu
b̃u,d

(ΓT∆TH ΓH+σ 2 INR NF )−1

Γu Tu,d .

(169)

Given (169), it is found that by applying the unitary decomposition of HermiH
H H
tian matrix [236, Ch. 2.5], the product of the matrices F−1 TH
u,d Γu (ΓT∆T Γ +

σ 2 INR NF )−1 Γu Tu,d F can be simplified to a scalar form, called effective SNR of
188

the prior symbol estimate, given by
ζu,d

=

1
H
H H
2
−1
tr{TH
Γu Tu,d }.
u,d Γu (ΓT∆T Γ + σ INR NF )
NF

(170)

Finally, by using (100), (169) and (170), the output of the frequency domain
NF
MMSE filter b̂u,d = F−1 Ω̌H
can be written as
u,d řu,d ∈ C

¯−1 −1
H
u,d
b̂u,d = (1 − ζd (ζu,d + β̈u,d
) )(F−1 TH
).
u,d Γu Σr̂ r̂ + ζu,d b̃
¯−1 −1
The scalar term (1 − ζu,d (ζu,d + β̈u,d
) ) can be further simplified by multiplying
¯−1
ζu,d + β̈u,d resulting in the MMSE filter output as
b̂u,d =

1
H
u,d
(F−1 TH
).
u,d Γu Σr̂ r̂ + ζu,d b̃
¯
ζu,d β̈u,d + 1
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Appendix 6 Proof of lemma 1
Note that Θ(Pd,b ) is a convex function of Pd,b for Pd,b > 0.
1. First of all, it is proven that if µd,1 + µd,2 <

NF σ 2
,
2
Sd,b

then

∂Θ(Pd,b )
∂Pd,b

> 0 for

all Pd,b > 0, i.e., Θ(Pd,b ) is an increasing function for all Pd,b . Thus, the
minimum is obtained at Pd,b = 0. The derivative is expressed as
2
σ 2 NF − µd,2 Sd,b
∂Θ(Pd,b )
=
−
∂Pd,b
σ 2 NF

2
µd,1 Sd,b


σ 2 NF 1 +

2 ∆
µd,1 Sd,b
d,1 Pd,b
σ2

where the inequality holds because the term (1 +

2 > 0

2
µd,1 Sd,b
∆d,1 Pd,b
)
σ2

(171)

is always

larger than one.
2. Secondly, it is shown that if µd,1 + µd,2 >
that

∂f (Pd,b )
∂Pd,b |Pd,b =P̈d,b

NF σ 2
,
2
Sd,b

then there is a P̈d,b > 0 so

= 0 and P̈d,b must be the minimum because Θ(Pd,b ) is

convex. The derivative is written as
å2
Ç
2
2
µd,1 Sd,b
µd,1 Sd,b
∆d,1 P̈d,b
∂Θ(Pd,b )
−
|Pd,b =P̈d,b = 1 +
2 . (172)
∂Pd,b
σ2
σ 2 NF − µd,2 Sd,b
By equating with 0, we can solve for P̈d,b
s
−σ 4 µd,1
σ2
P̈d,b = − 2
+
2
2
2 ).
Sd,b ∆d,1
Sd,b ∆d,1 (−NF σ 2 + µd,2 Sd,b

(173)
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Appendix 7 The subgradients of the dual function
Without loss of generality, the iteration index i is omitted in the following. The
elements of the subgradient vector g(µd,1 , µd,2 ) can be expressed as
[g(µd,1 , µd,2 )]1
= ξd,1 +
2 ∆
(Sd,b
d,1

− N1F

2
√σ
2 µd,1

√

P

√

1
xd,b −yd,b µd,2

b∈B(µd,1 ,µd,2 )
√
2
Sd,b
xd,b −yd,b µd,2

σ 4 µd,1 +σ 2

P

√

−

√

P
µd,1 σ 4
2NF
b∈B(µd,1 ,µd,2 )

√
xd,b −yd,b µd,2 )2
√ 4
√
σ µd,1 −Rd,b xd,b −yd,b µd,2 )
√
√
2
2

2 ∆
xd,b −yd,b µd,2 −Rd,b Sd,b
d,1

√

2
Sd,b
(

2
4
xd,b −yd,b µd,2 −Rd,b Sd,b ∆d,1
b∈B(µd,1 ,µd,2 ) Sd,b ∆d,1 σ µd,1 +σ
2
P
Sd,b
µd,2
√
,
− 2NF √µd,1
xd,b −yd,b µd,2
b∈B(µd,1 ,µd,2 )

xd,b −yd,b µd,2

(174)

[g(µd,k , µd,2 )]2
= ξd,2 +

σ2

√

µd,1
2

P

√

b∈B(µd,1 ,µd,2 ) (

√

√

3

yd,b
3

xd,b −yd,b µd,2 ) 2
y

√d,b
2

−

2
σ 4 µd,1
2NF

b∈B(µd,1 ,µd,2 )

2
Sd,b

2 ∆
2 ∆
xd,b −yd,b µd,2 (Sd,b
σ 4 µd,1 +σ
xd,b −yd,b µd,2 −Rd,b Sd,b
d,1
d,1
√
2
P
Sd,b
yd,b
µd,2 µd,1
− 2NF
3
b∈B(µd,1 ,µd,2 ) (xd,b −yd,b µd,2 ) 2
q
P
σ 4 µd,1
2
− NF1σ2
Sd,b
(−Rd,b + xd,b −yd,b
µd,2 ),
b∈B(µd,1 ,µd,2 )

where the scalars Rd,b , xd,b , and yd,b are Rd,b =
yd,b =

2
Sd,b
σ 2 µd,2 ,

respectively.

σ2
,
2 ∆
Sd,b
d,1

P

√

xd,b −yd,b µd,2 )2

xd,b =

(175)
2
Sd,b
∆2d,1 NF σ 2 ,
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