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Abstract
In this thesis, the structure and the dynamics of vortices are studied from the
standpoint of the hydrodynamical theory of superfluids. In the hydrodynam-
ical theory a superfluid is described by a continuous order parameter field.
In the case of superfluid helium-4 this field is a complex-valued function of
position and time. However, in superfluid helium-3 the order parameter is a
complex-valued 3× 3 matrix.

The first part of this work consists of studies on structures that appear
in the order parameter field, when a vessel filled with superfluid helium-3
in the A phase (3He-A) is rotated in an external magnetic field. Among
the most common of these structures are the so-called continuous vortices.
They exist in several different forms. In addition to vortices, other possi-
ble structures include the vortex sheet of 3He-A that was discovered at the
Low Temperature Laboratory of Helsinki University of Technology (currently
Aalto University) in late 1993. In this thesis, these structures were studied
by finding stationary vortex configurations that minimize the free energy of
the superfluid. An algorithm for minimizing the free energy was implemented
by writing a computer program. This program was then used to study the
structure of a few vortex types, inferred to be the most probable ones. In
addition, regular lattices formed by these vortices, including the vortex sheet,
were studied. A phase diagram for vortex lattices was constructed by com-
paring the free energy of various lattice structures as a function of rotational
velocity and external magnetic field. The study of vortex structures also lead
to a discovery of a new type of vortex in 3He-A, later named the LV3 vortex.

In the second part of the work, the dynamics of vortices was studied using
a filament model of vortex motion, which also has its theoretical justification
in the hydrodynamical model of superfluids, but where the detailed structure
of the vortex core is not relevant. The specific problem under consideration
here was the motion of a quantized vortex in a rotating elongated cylinder
filled with superfluid, and how the motion of the vortex depends on temper-
ature and the rotational velocity of the vessel. The study of vortex motion
was simplified using scaling laws. A new type of scaling law was discovered,
which both simplified the specific problem under study, and made the results
more general.

In summary, the research in this thesis touched upon two somewhat com-
plementary areas, i.e. the structure of continuous vortices in 3He-A and the
dynamics of thin vortex lines, which is more applicable to superfluid 4He or
to the B phase of superfluid helium-3 (3He-B). However, these areas comple-
ment each other in advancing the general scientific understanding about the
properties of superfluids.

Keywords: Superfluid, Continuous Vortices, Vortex lattices, Vortex dynamics
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“That which hath been in existence had existed before, but not in the form thou
seest today. The world of existence came into being through the heat generated om
the interaction between the active force and that which is its recipient. These two
are the same, yet they are different. Thus doth the Great Announcement inform thee
about this glorious structure.

Bahá’u’lláh, Tablet of Wisdom, c. 
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Notations
Mathematics, Symbols and Notations

• iff, a shorthand for “if and only if”

• b or ~b, a vector (either lower case or upper case Greek or Latin letter)

• bj, the jth element of the vector b or ~b

• â, a unit vector

• b0, or [b]0, a unit vector in the direction of vector b

• |b| or b, the norm of vector b

• A, a matrix (always with an upper case Greek or Latin letter)

• Ajk, the matrix element of matrix A at the jth row and kth column

• a∗, the complex conjugate or the Hermitian conjugate of a, where a is
a number, vector or matrix

• ∂ky = ∂y
∂xk

, the partial derivative of y with respect to xk

• xjyj =
∑3

j=1 xjyj, summation over repeated indices (Einstein notation)

• x̂, ŷ, ẑ, or êx, êy, êz, the basis vectors of the Cartesian coordinate
system

• r̂, φ̂, ẑ, or êr, êφ, êz, the basis vectors of the cylindrical coordinate
system

• U(n), the group formed by (complex) unitary n× n matrices

• SO(n), the group formed by (real) orthogonal n × n matrices with
determinant +1

Note 1. Vector indices 1, 2 and 3 correspond to the x, y and z axes,
e.g., vy corresponds to v2.
Note 2. If the name of a vector contains a subscript, parentheses are used
for the sake of clarity: (jn)1 or (jn)x, etc.
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Physics, General
• t, time, r, position vector

• E, energy, F , free energy

• ρ, (total) density

• j, (total) current density

• v, velocity

• Ω or ω, angular velocity vector

• h, magnetic field

• T , temperature, Tc, critical temperature of some transition

• m3, m4, masses of a helium-3 and helium-4 atom, respectively

Physics, Superfluids and Vortices
• ρn, ρs, densities of the normal and superfluid components

• jn, js, normal and superfluid current densities

• vn, vs, normal and superfluid velocities

• Ψ, Ψj, superfluid order parameter

• Aij, superfluid order parameter of helium-3

• d̂, m̂, n̂, l̂, vectors describing the order parameter of helium-3 A

• α, α′, γ0, γ′0, mutual friction coefficients

• Reα, mutual friction related quantum Reynolds number

• κ, quantum of circulation

• a, vortex core radius

• R, θ, radius and tilting angle of a cylinder, respectively
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Chapter 1

Introduction

Helium has two stable isotopes: helium-3 and helium-4, denoted by 3He and
4He, respectively. Helium-4 is by far more prevalent of these isotopes. The
liquefaction temperature for 4He at ambient pressure is 4.2 K, and for 3He it
is 3.2 K only, the lowest of all elements. Liquid helium-3 and helium-4 are

Figure 1.1: Superfluid helium-4
liquid in a glass container (glass
Dewar) at about 2 K (-271 ◦C).
From a 1963 educational film by
Alfred Leitner about the proper-
ties of superfluid helium (Wikime-
dia Commons).

exceptional, because they do not solid-
ify at ambient pressure, even if the tem-
perature is lowered arbitrarily close to
absolute zero.

Since a 3He atom has an odd number
of spin-1/2 particles, it is a fermion. An
atom of 4He has an even number of spin-
1/2 particles, so it is a boson. Fermions
obey the so-called Pauli exclusion prin-
ciple according to which two identical
fermions cannot occupy the same quan-
tum mechanical state. Bosons, however,
tend to cluster in the same state. The
Pauli exclusion principle becomes im-
portant, when particles (in this case the
helium-3 atoms) are near each other, or
when the temperature is low.

In 1938 it was discovered that the physical properties of liquid 4He (vis-
cosity, heat capacity and heat conductance) changed dramatically at a tem-
perature of about 2.17 K. This is manifested, for example, so that a rotating
superfluid will continue to rotate forever, if the temperature is kept below the
critical temperature. Such a fluid which can move without friction is called a
superfluid (Figure 1.1). At the beginning of 1970’s it was found that 3He also
makes a transition to a superfluid state, but this transformation happened at
a temperature of about 3 mK, which is about a thousandth of the transition
temperature of 4He. Furthermore, 3He was found to have several superfluid

1



2 CHAPTER 1. INTRODUCTION

phases. The reason for such a difference in behavior between 3He and 4He is
Pauli’s exclusion principle.

In superfluid 4He a macroscopic number of atoms have made a transition
to the lowest quantum mechanical state of energy. These atoms share a com-
mon quantum mechanical wave function. Fermions cannot have a common
wave function because of the Pauli exclusion principle, but they can form
so-called Cooper pairs, for which a common wave function can be defined.
This common wave function is usually called the order parameter field.

Superfluids are closely related to superconductors. It can be thought that
electrons in a superconductor constitute a superfluid inside the object. Since
electrons are fermions, the birth mechanism of superfluidity in 3He is closer
to the birth mechanism of superconductivity than to that of superfluidity in
the 4He case. Helium-3 differs, however, from many superfluid systems in a
significant way. While superfluid helium-4, and many superconductors, exist
only in one superfluid, or superconducting, phase, helium-3 has been found
to have at least three distinct superfluid phases: A1, A and B.

When a vessel containing superfluid is rotated, so-called quantized vor-
tices appear in it (Fig. 1.2a). Only one type of vortex is known for superfluid
4He, but superfluid 3He is known to have several different types of them. In
addition, other kinds of objects, that can be classified by their topology, ex-
ist in its superfluid phases. The complexity and diversity of these structures
make superfluid 3He, and especially its A phase, exceptional.

The research described in this thesis started from studying the proper-
ties of vortices in the A phase of helium-3. That work led to a detailed
description, based on numerical calculations, of the order parameter field
of many vortex structures in the A phase of helium-3 (papers [I], [III] and
[IV]). The method was to use an algorithm for minimizing the free energy
of the various vortices and other structures in 3He-A. A lengthy computer
program was written to implement that algorithm and perform the numer-
ical calculations involved in it. During that work, a new kind of structure,
the vortex sheet of 3He-A was discovered at the Low Temperature Laboratory
(Fig. 1.2b). Fortunately, the afore-mentioned program could be utilized, with
minor modifications, to study the order parameter structure and stability of
the vortex sheet. The discovery of the vortex sheet was later published in
paper [II]. Numerical calculations produced one surprise. A new type of
vortex, related to the vortex sheet, appeared in the calculations. It was later
named as the LV3 vortex. The properties of this structure were published
in paper [IV]. The main objective in the research on the order parameter
structure of 3He-A was to calculate a phase diagram (Fig. 1.3) for various
vortex structures, including the vortex sheet, as a function of external mag-
netic field and rotational velocity, (papers [III] and [IV]). This theoretical
work was to a large degree paralleled and confirmed by experiments by the
Rota research group at the Low Temperature Laboratory. Thus, papers [II]
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and [III] were jointly written by experimentalists and theoreticians.
The second major topic in this thesis was about the dynamics of quan-

tized vortices in three dimensions, (primarily applicable to superfluid 4He and
3He-B). That work had as its goal the quantifying of the axial velocity of a
single vortex in a rotating cylinder as a function of temperature and rota-
tional velocity. This goal is to some degree connected to the propagation
velocity of a vortex front (see Fig. 4.2), where some challenges remain in the
understanding of the said propagation velocity. The vortex front may become
turbulent, and understanding quantum turbulence, i.e. turbulent flow in a
system containing a tangle of quantized vortices, is one of the goals of ongo-
ing research by many research groups around the world. The problem of the
propagation velocity of a single vortex was simplified by using reduced units
in the calculations (dimensional analysis). The initial challenge in the study
was that the parameter space was four-dimensional. A further reduction in
the number of parameters was achieved, when it became apparent that one
parameter affected only the time-scale of vortex evolution. This result was
useful, because the obtained results are more general than anticipated.

a)

Vortex lines in rotating superfluid

Vortex sheet in rotating 3He-A

b)

Figure 1.2: Superfluid is rotated in a cylindrical vessel.
a) Top: straight lines of quantized vortices stretching from the bottom of the
fluid to the surface. Bottom: vortex sheet of superfluid helium-3 A. b) Time
evolution of a vortex in a rotating cylinder.
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hard core
soft core

Continuous unlocked vortex (CUV)Vortex sheet (VS)

Singular vortex (SV)
rotation
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field (mT)
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Figure 1.3: Phase diagram of different vortex lattice structures in the A phase
of helium-3. The order parameter fields (vectors l̂ and d̂) of various vortex
structures are also sketched.

This thesis consists of three major chapters after this introduction:

• Chapter 2, Basic Concepts, deals with basic theoretical concepts used
in the research.

• Chapter 3, Vortex Lattices in the A Phase of Helium-3, is about
vortex lattices in the A phase of rotating 3He, papers [I] to [IV].

• Chapter 4, Vortex Dynamics in Superfluids, is about the three-
dimensional evolution of quantized vortex filaments, which was the
basis for [V].



Chapter 2

Basic Concepts

2.1 Order Parameter
A superfluid is described by an order parameter field, which can be defined
as a continuous and differentiable mapping ψ:

ψ : R4 7−→ Cn, n ∈ N. (2.1)

ψ(r, t) is the order parameter at the space-time point (r, t) ∈ R4. Thus,
generally speaking, the order parameter field is a function of position and
time. Usually, however, the superfluid is confined to a container. We can
denote this container by a closed subset Q ⊂ R3, which has a piecewise
differentiable surface. If, in addition, we denote the relevant time interval by
I ⊂ R, we can write:

ψ : Q× I 7−→ Cn. (2.2)

One often considers equilibrium situations, where the only time variation in
the order parameter can be separated to a common complex factor of unit
size: ψ(r, t) = exp(−iφ(t))Ψ(r), φ(t) ∈ R. In these equilibrium cases the
order parameter can be considered to be a function of position only:

Ψ : Q 7−→ Cn. (2.3)

The physical interpretation of the order parameter depends on the con-
text. In many cases, such as in superconductors and helium superfluids, it
can be thought of as a macroscopic wave function. This macroscopic wave
function is understood to be the common wave function of bosonic particles
(as in atomic BEC’s or superfluid 4He) having undergone a transition to a
Bose-Einstein condensate. In a fermionic system (such as a superconductor
or superfluid 3He) the particles first need to form so-called Cooper pairs.
These Cooper pairs can be thought of as bosons, and ψ is the common wave
function associated with the center of mass part of these Cooper pairs.

5
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2.2 Free Energy
Let K be the set of all time independent functions satisfying the definition
(2.1). Then the free energy F is a functional:

F : K 7−→ R. (2.4)

Let B : K 7→ R be a functional that defines the boundary condition:

B(Ψ) = 0. (2.5)

The order parameter field of an equilibrium state is obtained by minimizing
F (Ψ) over all fields Ψ ∈ K which satisfy the boundary condition (2.5).
Also a field Ψ, for which F (Ψ) is a local minimum may exist as a so-called
metastable state. Often the free energy can be expressed as an integral:

F (Ψ) =

∫
Q

f [Ψ(r), ∂iΨ(r), ∂i∂jΨ(r), ...] d3r, (2.6)

where f is a continuous real-valued function, called the free energy density.
The boundary condition can also be defined using a continuous real-valued
function b:

b[Ψ(r), ∂iΨ(r), ∂i∂jΨ(r), ...] = 0 ∀r ∈ ∂Q, (2.7)
in which case it can be put into the form (2.5), e.g., by defining B as follows:

B(Ψ) =

∫
∂Q

(b[Ψ(r), ∂iΨ(r), ∂i∂jΨ(r), ...])2 dA = 0. (2.8)

The physical interpretation of free energy is that it is some kind of energy
that the system is able to dissipate in a given context. The dissipation of this
free energy continues steadily until the free energy of the system has reached
a local or a global minimum value.

2.3 Lattices and Crystallography
The study of periodic structures in space is a well-known classical field in
crystallography. In our case a cross-section of a container with vortices (see
Fig. 1.2a) has distinct 2D objects, the cross sections of the vortex cores. These
are analogous to atoms or molecules in traditional 3D crystallography.

This analogy goes far enough that the standard international crystallo-
graphic notation can be used to classify symmetries in vortex lattices (as
was done in paper [IV]). Modern crystallography and the classification of
crystalline structures is heavily based on group theory. In three dimensions
there exist 230 unique space groups and 1651 unique magnetic space groups.
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In two dimensions there are 17 unique space groups and 80 unique magnetic
groups. All periodic 3D and 2D structures fall into one of these categories.
In addition to these periodic structures, there are also aperiodic crystalline
structures in two and three dimensions, such as Penrose tilings in 2D. (The
Nobel prize in chemistry in 2011 was afforded for the discovery that some
chemical compounds could form aperiodic crystalline structures.) Most crys-
tals are truly periodic, and this is undoubtedly so for cross-sections of vortex
lattices, too. An important concept in the study of periodic structures is the
so-called Bravais lattice (see Figure 2.1). More details on Bravais lattices can
be found in Appendix, Section 6.1.

Figure 2.1: a) A hexagonal lattice. This is a regular 2D lattice, which is not
a Bravais lattice. Atoms in graphene are arranged according to this lattice.
This lattice can be understood as a union of two sub-lattices, each of which
is a Bravais lattice by itself.) b) A 2D Bravais lattice including its basis
vectors.
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2.4 Hydrodynamical Theory of Superfluids
2.4.1 Two-Fluid Model
Many properties of superfluids can be understood in the context of the so-
called two-fluid model. There one thinks of the superfluid as split into two
different components, of which one behaves as a superfluid and the other
one as a normal fluid [1, 2, 3]. These two components exist in the fluid as
perfectly mixed with one another. If the total density of the fluid is ρ, the
following holds:

ρ = ρs + ρn, (2.9)

where ρs is the superfluid (mass) density and ρn is the normal fluid (mass)
density. The densities ρs and ρn depend on the temperature T . When T is
higher than the critical temperature Tc, the superfluid component is absent,
i.e. ρs = 0. When the temperature is lowered the proportion of ρs grows,
until at T = 0 all the fluid has become superfluid.

Current density in the fluid is split into two components:

j = js + jn = ρsvs + ρnvn, (2.10)

where js = ρsvs is the (mass) current density of the superfluid component and
jn is the (mass) current density of the normal fluid component. It is worth
noticing that js and jn do not necessarily point into the same direction.

The normal component behaves like an ordinary viscous fluid. The su-
perfluid component, on the other hand, is inviscid and irrotational. It is
described by an order parameter field, which is a continuous and differen-
tiable function Ψ(r, t) ∈ Cn. When the order parameter field is known, it
can be used to calculate various physical quantities.

2.4.2 Hydrodynamical Approximation
The two-fluid model is a special case of a more general model, which is
known as the hydrodynamical model of superfluidity. In this model the order
parameter can depend on r and t, but this dependence is assumed to be weak.
By weak one means that locally1 the order parameter has approximately the
same value as in homogeneous bulk superfluid, and that the free energy can
be approximated by terms up to second order in the gradients of the order
parameter.

However, the hydrodynamical approximation is usually not valid for the
vortex cores. For example, the order parameter must reach the value of
zero in the core of a quantized vortex in superfluid 4He. This is a general

1A more stringent approximation is the so-called constant density approximation, where
the amplitude of the order parameter is assumed to be constant.
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feature of vortices in systems that can be described by a complex scalar order
parameter. It applies to superconductors and to the B phase of 3He, where
the hydrodynamical approximation is insufficient in describing the vortex
cores. Such vortices, whose core cannot be treated by the hydrodynamical
approximation, are called singular. Singular vortices typically have a small
core diameter (∼ 10−10 m for superfluid 4He, ∼ 10−7 m in superfluid 3He-B,
and ∼ 0.2− 0.3× 10−6 m for dilute Bose gases.)

By contrast, the A phase of 3He has vortex structures, where the hydrody-
namical approximation is still valid even in the vortex core. Such vortices are
called continuous. The existence of continuous vortices makes the A phase of
helium-3 a very exceptional superfluid system, with a rich variety of vortices
and order parameter structures. For example, 3He-A has both continuous
and singular vortices, and vortices, which have a singular ‘hard’ core, and
a much larger continuous ‘soft’ core. (Continuous vortices typically have a
much larger core size than singular vortices.) Structures in the order param-
eter field are often referred to as textures. The calculations in papers [I] to
[IV] for vortex structures (i.e. textures) in 3He-A were all done using a model
(see Chapter 3) that assumes the hydrodynamical approximation for 3He-A.

The hydrodynamical approximation is also behind the filament models of
vortex dynamics, such as the full Biot-Savart model (see Chapter 4) used in
paper [V]. This is due to the fact that the hydrodynamical approximation in
superfluid systems described by a complex scalar order parameter considers
the phase of the order parameter to be the relevant physical quantity used
to calculate the superfluid velocity. In these theories the superfluid velocity
is the gradient of the phase of the order parameter. This leads directly to a
Biot-Savart model for the superfluid velocity induced2 by quantized vortex
lines.

2.4.3 Boundary Conditions
Boundary conditions are needed to guarantee that there is no supercurrent
through the container boundaries. Sometimes one also requires that the
values of the components of Ψ go continuously to zero on the boundaries.
In the hydrodynamical approximation this is not always required, but it is
still required that there is no superflow through the boundaries. Since the
superfluid component is frictionless, the supercurrent can be nonzero at the
boundary, but it must then be parallel to the boundary.

The normal fluid velocity needs to be stationary with respect to the
boundary. Since the normal component of 3He is very viscous, it is usu-
ally assumed that it is in a rigid body motion (e.g., in a rotating container).

2The superfluid velocity induced by a vortex line takes exactly the same form as a
magnetic field induced by a constant electric current.
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In the case of 4He the viscosity of the normal component is very small, so
this assumption is not that well justified.

2.4.4 Effect of Rotation
Since the normal component behaves like an ordinary viscous fluid, in the
equilibrium state it rotates along with the vessel as a rigid body: vn = ω×r,
where ω is the angular velocity of rotation. Rotation of the vessel containing
superfluid causes changes in the free energy.

In general, the expression for the free energy of a fluid in rotation can be
obtained from the expression for the free energy of a non-rotating fluid F0 as
follows:

F = F0 − ω · L, (2.11)
where L is the total angular momentum of the fluid. In the two-fluid model
L should therefore be written:

L =

∫
Q

r× (js + jn) d
3r =

∫
Q

r× (ρsvs + ρnvn) d
3r. (2.12)

Here Q is the volume of the fluid, as defined in Section 2.1.

2.4.5 Scalar Order Parameter
Many superfluid systems, in particular superconductors, are suitably well
described by a complex-valued scalar order parameter, Ψ ∈ C. In this section,
before moving into the more complicated order parameter of helium-3, the
theory of a superfluid with a complex scalar order parameter is presented in
a general form. Relevant features of this scalar theory are exemplified in the
context of superfluid helium-4, but as written above, the theory itself has a
more general scope.

The scalar order parameter is often written in the so-called polar form:

Ψ(r) = |Ψ(r)| exp[iS(r)], (2.13)

In the hydrodynamical approximation the amplitude |Ψ(r)| is approximated
by a constant. The phase S can be related to the superfluid velocity as
follows. Consider a particle of mass m with a one-particle wave function
Ψ(r) = |Ψ(r)| exp[iφ(r)]. The probability current for this is

j = − i~
2m

(Ψ∗∇Ψ−Ψ∇Ψ∗) = ~
m
|Ψ|2∇φ. (2.14)

Assuming that the particle is moving at velocity v, the probability current
has to be

j = |Ψ|2v. (2.15)
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Thus v = (~/m)∇S. Thinking now of the order parameter as a macro-
scopic wave function, this same relation should be valid, i.e. the velocity
corresponding to (2.13) has to be

vs =
~
m∗
∇S. (2.16)

where m∗ is the relevant3 particle mass in the theory.
The kinetic energy in the hydrodynamical model takes the form:

F =

∫
Q

1

2
ρsv

2
s d

3r =

∫
Q

1

2
ρs(~/m∗)2(∇S)2 d3r. (2.17)

In order to consider more general cases, the vortex cores in particular, we
write the free energy density in the form:

f = fT (|Ψ|2) +
1

2
gkin

∣∣∣∣(− i~
m∗
∇− vn

)
Ψ

∣∣∣∣2 , (2.18)

where the factor gkin depends on the normalization chosen for Ψ. This type
of model is known as the Ginzburg-Landau model in the context of super-
conductivity and Ginzburg-Pitaevskii in the bosonic systems. This model
has been very successful in explaining several properties of superconductors,
but less so in describing bosonic systems (4He).

The expression fT (|Ψ(r)|2) is the share of free energy density due to the
superfluid component at position r. The latter term is the kinetic energy
density. At the equilibrium we have, then: vn = ω × r. Let us notice
that the kinetic energy term contains the quantum mechanical momentum
operator −i~∇. The free energy is obtained by integrating the free energy
density over the domain Q:

F =

∫
Q

f(r) d3r. (2.19)

In many cases (such as in 4He), the function fT : [0,∞) 7→ R is not known
very well. One can however assume that it is continuous and differentiable.
It is also known to have a minimum in the range [0,∞). When T < Tc,
fT (x) reaches its minimum at some x > 0. When T ≥ Tc, fT (x) reaches its
minimum at x = 0 [1]. The behavior of the function fT is shown in Figure
2.2 for a few values of T . The free energy density fT can be written as a

3This mass m∗ is the mass of the particle, or quasiparticle that has undergone Bose-
Einstein condensation, and for which the description by a common wave-function applies.
For superfluid 4He it is the mass of the helium-4 atom, m∗ = m4, and for fermionic
superfluids it is usually the mass of the Cooper pair: m∗ = 2me for superconductors and
m∗ = 2m3 for superfluid 3He.
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Ψ

fT( Ψ 2)

T = 0

T < Tc

T = Tc

T > Tc

Figure 2.2: Free energy density in bulk fluid depicted as a function of Ψ at
different temperatures. Above Tc the free energy density has its minimum at
|Ψ| = 0. Below Tc the minimum is reached at some value |Ψ| > 0.

Taylor series:

fT (x) =
∞∑
n=0

anx
n, (2.20)

where the coefficients ai depend on the temperature T . The coefficient a1
gives an important quantity:

ξ(T )2 = gkin~2/2m∗|a1|. (2.21)

This is a coherence length associated with the superfluid. In general, it is
very small (e.g., for superfluid 4He ξ(T ) is only of the order of a few atomic
lengths). Only when the temperature is very close to Tc, the coherence length
ξ(T ) becomes significantly larger.

2.4.6 Boundary Conditions in the Scalar Theory
In general, before attempting to minimize the free energy with respect to the
Ψ field, one needs to study the boundary conditions. Since Ψ is analogous
to the quantum mechanical wave function, one can enlarge the domain of Ψ
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from Q to the whole R3:

Ψ̃(r) = Ψ(r), when r ∈ Q,
Ψ̃(r) = 0, when r ∈ R3 \U, (Q ⊂ U ⊂ R3),

(2.22)

where the set U is another domain in R3, usually just a little bit larger than
Q, or sometimes even U = Q. In order for Ψ̃ to be continuous in the whole
of R3 it needs also to be continuous at the boundary ∂Q. The details of the
boundary conditions depend on the system in question and the model chosen
to describe it. The boundary conditions presented below are believed to be
adequate in describing superfluid 4He:

Ψ(r) = Ψ̃(r) = 0 ∀r ∈ ∂Q. (2.23)

For some other systems it may be more appropriate to require that the spatial
derivatives of Ψ(r) vanish on ∂Q. In the hydrodynamical approximation it
is natural to require that |Ψ(r)| is constant on ∂Q (in addition to the bulk),
and that vs is tangential to ∂Q, (see Section 2.4.11).

2.4.7 Non-Rotating Vessel
Let us assume that the rotational velocity of the vessel ω is equal to 0. Then
one needs to minimize the expression:

F (Ψ) =

∫
Q

fT (|Ψ|2) +
1

2
gkin

∣∣∣∣(− i~
m∗
∇
)
Ψ

∣∣∣∣2 d3r. (2.24)

Let ρ0 > 0 be the value of |Ψ|2, where the minimum value of fT (|Ψ|2) is
reached. For the free energy F to be as small as possible, |Ψ|2 needs to stay
close to the value of ρ0 in a large part of the domain Q. It has been found
that in practice, |Ψ|, which is equal to 0 at the boundary ∂Q, approaches
the equilibrium value √ρ0 very rapidly, when the distance to the boundary
grows. This happens in a length span of order ξ(T ). Hence, |Ψ| is nearly
constant in a very large part of the domain Q. There it holds that ∇Ψ =
(∇|Ψ|) exp[iS(r)] + iΨ∇S ≈ iΨ∇S. In order for the kinetic energy term to
be as small as possible it has to be that ∇S ≈ 0. Hence, also Ψ is practically
a constant when ω = 0.

2.4.8 Vortices
One can see that the function S(r) does not need to be continuous for the
field Ψ itself to be continuous. Let K be a closed curve in the domain Q. Let
us further assume that K does not intersect itself (Fig. 2.3) and that Ψ 6= 0 on
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K

V

Q

P r
0

∂Q

Figure 2.3: The vortex line V
goes through the loop formed by
a closed curve K.

K. Let us define the circulation number
k of the field Ψ around the curve K:

k :=
1

2πi

∮
K

∇Ψ
Ψ
· dr. (2.25)

Then k ∈ Z. Let P be a surface, whose
boundary is K. If k 6= 0, it follows
from the continuity of the field Ψ that
the surface P has a point r0, for which
Ψ(r0) = 0. In addition, the function
S(r) has to have a discontinuity on the
curve K. Since the only requirement for
the surface P was that its boundary has
to be K, one can conclude that r0, in
fact, belongs to a curve V ∈ Q, for which
it holds: Ψ(r) = 0 ∀r ∈ V . The curve
V can be closed, or it can begin at ∂Q
and end at ∂Q. Such a curve is called a
vortex, or, more precisely, a vortex core.
The circulation number k is called the circulation quantum number, or, in
short, the quantum number of the vortex. When ω = 0, the field configura-
tions with vortices can be local minima of the free energy functional. The
absolute minimum is however the previously mentioned case, where Ψ is
nearly a constant, with no vortices.

In the vicinity of a vortex the value of |Ψ| deviates from its equilibrium
value, but even in this case, the deviation is negligible, except at distances
smaller than ξ(T ) from the vortex core.

2.4.9 Rotating Vessel
For the scalar theory Eqs. (2.11) and (2.12) lead to the following form of the
free energy (to be minimized):

F (Ψ) =

∫
Q

fT (|Ψ|2) +
1

2
gkin

∣∣∣∣(− i~
m∗
∇− ω × r

)
Ψ

∣∣∣∣2 d3r. (2.26)

Here the vector r and the field Ψ are defined in a rotating coordinate system.
The equilibrium state in a rotating coordinate system is time-independent.
In a non-rotating coordinate system, the field in the equilibrium state rotates
at the angular velocity ω.

Now it holds, as before, that |Ψ| attempts to stay as close as √ρ0 as
possible, but in most cases it is not possible any more to reach the absolute
minimum of the free energy without vortices.
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Let as assume, as an example, that Q has a cylindrical form (Figure 1.2)
and that the axis of rotation is the center axis of the cylinder. Let us use the
cylindrical coordinates (r, φ, z) and choose the z axes as the axis of rotation.
The radius of the cylinder is denoted by R and the height as H. If H →∞,
one can assume that Ψ(r, φ, z) is independent of z. Also the integration along
the z axis can be ignored and the domain of integration will be the interior
of the circle B, with radius R. When there are no vortices in the vessel, the
kinetic free energy term

∫
B

1

2
gkin

∣∣∣∣(− i~
m∗
∇− ω × r

)
Ψ

∣∣∣∣2 dxdy (2.27)

grows asymptotically as a function of the vessel radius R as R4. By suitably
adding vortices (in a pattern of a regular Bravais lattice) while R grows,
one can attain an asymptotic growth of kinetic free energy as R2. This can
be explained as follows: When the vortex density reaches the equilibrium
value (Eq. (2.40)), the vortex configuration rotates along the vessel, without
changing its form, with angular velocity ω. In this situation each vortex
adds the same4 amount of free energy to the system. Since the number of
vortices grows as R2, so does the free energy. For small values of R the R2-
dependence may be only approximative. For example, in a cylindrical vessel
the vortices are first grouped in ring-like configurations around the center,
but in the limit R =∞, the vortices form an isosceles triangular lattice [1].

2.4.10 Symmetry of the Scalar Order Parameter

The free energy is symmetric with respect to the group U(1): F (Ψ) = F (zΨ)
∀z ∈ C, for which |z| = 1. This can be easily seen, because the symmetry is
already manifest in the expression of the free energy density. Similarly, the
symmetry is manifest in all the measurable physical quantities. A complex
number of unit length is often written as z = eiθ, where θ ∈ R. The number
θ is called the phase and the number eiθ is called the phase factor.

4Since the velocity of the normal component is vn = ω × r, and if the vortex lattice
rotates like a rigid body, we have, vs = ω × r + vcell, where vcell is a component that is
almost periodic in the lattice formed by the vortices. When fkin ∼ |vs − vn|2 = |vcell|2
is integrated around each vortex (in each unit cell of the lattice), we get a value that is
practically the same for each cell, because of the periodicity of vcell. (When R is small,
there is some perturbation due to the vessel boundary, but this is of the first order in R,
and its relative contribution to the free energy dies off, when R grows).
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2.4.11 Hydrodynamical Relations
The superfluid velocity around a vortex differs from the velocity of the normal
fluid in an interesting way. It is known that for many5 superfluid systems,
|Ψ| is almost constant, except at distance less than ξ(T ) from the vortex core
or the vessel boundary. Let us write according to (2.13):

Ψ(r) = |Ψ(r)| exp[iS(r)] ≈ Ψ0 exp[iS(r)], (2.28)

where Ψ0 =
√
ρ0 and ρ0 is the value, where fT reaches its minimum.

The expression (2.16) for vs immediately leads to the conclusion that
superfluid velocity is irrotational:

∇× vs = −
~
m∗
∇×∇S = 0. (2.29)

On the other hand, for the normal velocity it holds:

∇× vn = 2ω. (2.30)

In the hydrodynamical approximation the definition of vortices changes from
the sets (curves) of zero value of the field Ψ to the sets (curves) of disconti-
nuity of the field S. Similarly the boundary condition changes from the form
(2.23) to the so-called macroscopic boundary condition:

vs(r) · k̂ = 0 ∀r ∈ ∂Q, (2.31)

where k̂ is a normal vector of the boundary ∂Q. The macroscopic boundary
condition ensures that the fluid does not flow through the boundary.

Let us now study the superfluid velocity close to a vortex. In the hy-
drodynamical approximation the order parameter field can be obtained by
minimizing the following integral with respect to the field S(r), while the
boundary condition (2.31) is applied to the domain of integration Q′:∫

Q′

1

2
ρs(

~
m∗
∇S − ω × r)2 d3r. (2.32)

The domain of integration Q′ is constructed from the domain Q by remov-
ing from it small tubes with radius ξ(T ) around the vortices. Otherwise the
integral would diverge. This looks like a circular definition, since the expres-
sion should first be minimized in order to find the locations of the vortices.
Nothing however prevents us from guessing the vortex locations right and
watching what follows from it.

5Exceptions are, e.g., systems, where there is a strong external confining potential, such
as in dilute atomic BEC’s.
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By varying the expression (2.32) with respect to S we get the equation:

∇ · ∇S = 0, (2.33)

which then is equivalent to the following conservation law:

∇ · vs = 0. (2.34)

The equations are valid in the whole of Q′.
Let us study, as an example, the case of one vortex on the axis of a

cylindrical container. Then, the solution is:

S = kφ, (2.35)

where φ is the angle in cylindrical coordinates and k is the circulation number
of the vortex. In practice, k = 1. If k were greater, k vortices with circulation
number equal to 1 would be created. This is due to the fact that superfluid
velocity close to a vortex core is proportional to k, whereas kinetic energy
is proportional to k2. Thus, energetics favors the splitting of a vortex core
with k quanta of circulation into with k vortices with, each with circulation
quantum equal to 1. The solution fulfills:

vn = ω × r and vs = kẑ× r/(r · r). (2.36)

We notice that the absolute value of the superfluid velocity is inversely pro-
portional to the distance from the vortex core. This applies approximately
also to the case where the vessel has an asymmetric form, or when there are
several vortices in the fluid.

Finally, we shall deduce the formula for the relationship between the
number density of vortices and the angular velocity ω [4]. We first define the
so-called quantum of circulation:

κ := h/m∗. (2.37)

Then, we assume that the domain Ω ⊂ R2 contains N vortices, each with p
quanta of circulation, p ∈ Z. Let us integrate the superfluid velocity along
the boundary of Ω:∮

∂Ω

vs · dr =
∮
∂Ω

~
m∗
∇S · dr =

(
~
m∗

)
2πNp = Npκ, (2.38)

Similarly, for the normal velocity vn:∮
∂Ω

vn · dr =
∫
Ω

∇× vn · da = 2ωA, (2.39)
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where A is the area of Ω. When these are required to be equal, we get:

N

A
=

(m∗
~

) |ω|
pπ

(
=

2|ω|
pκ

)
. (2.40)

This formula gives the number of vortices per area. For a small number of
vortices, the formula is not precise, but when the size of the vessel grows, so
does the accuracy of the expression. If the vortices form a Bravais lattice with
basis vectors a1 and a2, and having one vortex with p quanta of circulation
in each unit cell, we get:

|ω| =
(

~
m∗

)
pπ

|a1 × a2|
. (2.41)

2.5 Superfluid Helium-3

2.5.1 General Form of the Order Parameter

Order Parameter in 3He

The order parameter of superfluid 3He is a complex-valued 3 × 3 matrix.
This is due to the fact that the Cooper pairs in 3He form a spin triplet
(total spin S = 1), having three eigenstates of the spin projection operator
(Sz = −~/2, 0, +~/2). The Cooper pairs are also in the L = 1 state of total
angular momentum, forming a so-called p-wave. Thus they also have three
eigenstates of projected angular momentum. This creates a total of 3×3 = 9
states, whose complex coefficients (Ψ(r, t) ∈ C9) can be arranged as a 3× 3
complex matrix.

This order parameter matrix shall be denoted as A here. In the vortex
structure part of this work, the time-independent case is studied, so the order
parameter is a function of position: A = A(r).

Ginzburg-Landau Free Energy

As previously for 4He, a free energy density can also be defined for 3He [5, 6].
In the Ginzburg-Landau regime, (Tc − T )/Tc � 1), it can be written as:

f = fblk + fdip + fmag + fkin, (2.42)
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where

fblk = −αTr(AA∗) + β1|Tr(AAT )|2
+β2[Tr(AAT∗)]2 + β3Tr(AATA∗AT∗)
+β4Tr(AAT∗AAT∗)
+β5Tr(AAT∗A∗AT ),

fdip = 2gdip[|Tr(A)|2 + Tr(AA∗)− 2
3
Tr(AAT∗)],

fmag = gmag[hAAT∗h] + g′mag[iεκµνhκAµiA
∗
νi],

fkin = gkin{(β − 1)[DiAµiD
∗
jA
∗
µj] + DiAµjD

∗
iA
∗
µj +DiAµjD

∗
jA
∗
µi

+iηεκij(∇× vn)κAµiA
∗
µj}.

(2.43)

In the expression above h is the magnetic field and vn the velocity of the
normal fluid component. α, β1, …, β5, gdip, gmag, g′mag and gkin are physi-
cal parameters. In the Ginzburg-Landau regime, parameter α has a linear
temperature dependence, whereas β1, ... β5 are constants [7], whose values
depend on the choice of units. β and η are numerical parameters, β ≈ 2 and
η ≈ 1. The so-called weak-coupling theory gives the values β = 2 and η = 1
at Tc. ε is the antisymmetric tensor:

ε123 = ε231 = ε312 = −ε213 = −ε132 = −ε321 = 1. (2.44)

The origins of the terms in expression (2.43) are as follows: fblk is the bulk free
energy. The term fdip comes from the dipole-dipole interaction of the Cooper
pairs, (in general, fdip ≈ 10−6fblk). fmag is a term reflecting interaction with
an external magnetic field, and fkin is a kinetic energy term.

The operator Dj in fkin defines a (gauge-symmetric) covariant derivative:

Djf := ∂jf − iχ(vn)jf, (2.45)

with χ := 2m3/~ = 2π/κ.
The form of the free energy functional (2.42 & 2.43) looks complicated

and arbitrary, but it can be justified [6, 8]. Let G be the following group:
G = U(1)× SO(3)× SO(3). Then we can define a group action:

Aµi 7−→ exp[2iφ]Γspin
µν Γorbit

ik Aνk, (2.46)

where exp[2iφ] ∈ U(1), Γspin ∈ SO(3) and Γorbit ∈ SO(3). fblk in the expres-
sion (2.43) happens to be the most general expression of at most the fourth
degree with respect to A which obeys the symmetry given by the group G.
Let us bear in mind that the square of the absolute value of the order param-
eter in 4He was proportional to the superfluid density. Similarly the terms of
the second order in A and higher terms of even order are important in 3He.

The terms fdip, fmag, and fkin have similar symmetry properties. The
free energy density f , which is the sum of these terms has, however, only the
symmetry given by the group U(1).
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The expression for the supercurrent density in 3He is also more compli-
cated than the one in 4He [9]:

(js)l =
4m3gkin

~
{(β − 1)A∗µlDjAµj + A∗µjDlAµj + A∗µjDjAµl}. (2.47)

2.5.2 Phase Diagram of Helium-3

Helium-3 has three different superfluid phases: the A phase, the A1 phase
and the B phase [6]. A phase diagram of helium-3 is presented in Fig. 2.4.
Only the order parameter structure of the A phase plays a major role in
this thesis, but the order parameters of the B and A1 phases are also briefly
introduced.
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Figure 2.4: Phase diagram of helium-3 as a function of magnetic field, pres-
sure and temperature. The dashed line shows the vortex core transition in
the B phase.
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2.5.3 A, B and A1 Phases of Helium-3
A Phase

The order parameter field in the A and B phases can be found out by mini-
mizing the free energy in bulk liquid:

F =

∫
fblk d

3r. (2.48)

The A and B phases represent local minima of the above expression. The
A1 phase is a local minimum of the free energy, when also the term fmag is
included in free energy integral:

F =

∫
(fblk + fmag) d

3r. (2.49)

In the A phase the components of the order parameter A are of the
following form:

Akl = ∆Adk(ml + inl), (2.50)

where ∆A is a real constant, and d̂, m̂ and n̂ are real unit vectors, which
satisfy m̂ ⊥ n̂. If we assume that h = 0, vn = 0 and that the volume of the
fluid is so large that boundary effects can be neglected, then d̂, m̂ and n̂ are
constant with respect to position. If the above-mentioned assumptions do
not hold, it is assumed that A is still of the form (2.48), but d̂, m̂ and n̂ are
functions of r.

Measurable Physical Quantities in the A Phase

The order parameter field of the A phase is known, if the vector fields m̂, n̂
and d̂ are known in the whole fluid.

Let us define a new unit vector:

l̂ := m̂× n̂. (2.51)

As was already mentioned before, the order parameter field of 3He follows
the U(1) symmetry. In other words, multiplying the order parameter field
A(r) by a complex number of unit length eiθ does not affect the physics of
the situation. In the A phase this is equivalent to rotating the m̂ and n̂
vectors around the vector l̂ by the angle −θ. Thus, the m̂ and n̂ vectors are
not measurable physical quantities.

Instead, the fields l̂, d̂ and js, for example, are physically measurable. l̂ is
the direction of angular momentum of the Cooper pairs and d̂ is the direction
of spin quantization. The supercurrent density js was already defined in
(2.47).
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In many situations a more convenient quantity than the supercurrent
density is the superfluid velocity vs [4]:

(vs)ν :=
~

4m3

(mµ∂νnµ − nµ∂νmµ). (2.52)

In 3He-A the supercurrent density js and the superfluid velocity vs are not
parallel, in general. This seems problematical, but is rather a reflection of
the definition of the superfluid velocity than of some new law of nature. The
superfluid velocity as defined above, is proportional to one of the components
of the supercurrent. The order parameter of the A phase is often expressed
using the l̂, d̂ and vs fields.

Another very important feature of the superfluid flow in the A phase is
the so-called Mermin-Ho relation [10] for the superfluid velocity:

∇× vs = −
~

2m3

∑
ijk

εijkli(∇lj ×∇lk). (2.53)

The vectors m̂, n̂ and l̂ form a rigid orthogonal triad of unit vectors, which
can be described using the Euler angles α, β and γ (see, e.g., [6], p. 192).
Superfluid velocity can then be written using the Euler angles as:

vs = −
~

2m3

(∇γ + cos β∇α). (2.54)

This gives the Mermin-Ho relation in terms of the Euler angles:

∇× vs =
~

2m3

(sin β∇β ×∇α). (2.55)

Thus, it is clear that ∇ × vs can be nonzero even in the hydrodynamical
approximation (2.50), when the order parameter field varies suitably. This
makes it possible for the so-called continuous vortices to exist in the A phase.
These are vortices, where the order parameter in the hydrodynamical approx-
imation (i.e. the m̂, n̂ and d̂ fields) varies smoothly even in the core of the
vortex [11, 12]. This is not possible for superfluids described by the complex
scalar potential, since the gradient of the phase function S(r) necessarily
diverges in the vortex core.

B Phase

The B phase is of the form:

Akl = ∆B exp(iφ)R(n̂, θ)kl, (2.56)

where R(n̂, θ) is a rotation matrix with the rotation axis pointing in the
direction of n̂, and θ is the angle of rotation. The term to be minimized
(2.48) may also include the term fdip, which gives θ = arccos(−1/4) [8].
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In practice, the phase factor exp(iφ) in (2.56) is quite independent of
the matrix part R(n̂, θ), and the phase degree of freedom of the B phase
of 3He can be described with a hydrodynamical theory similar to that of
superfluid 4He and other systems with a complex scalar order parameter.
Further details of the hydrodynamical theory of the B phase can be found in
Ref. [13].

A1 Phase

When the term
F =

∫
(fblk + fmag) d

3r (2.57)

is minimized, a third phase, A1, is obtained. The structures of the A and
B phases change to some extent due to the term fmag, but this can be ne-
glected at small magnetic fields. (Sometimes the structures of the A and
B phases in a magnetic field are referred to as the A2 and B2 phases, respec-
tively.) The structure of the A1 phase is as follows:

Akl = ∆A1(dk + iek)(ml + inl). (2.58)

In the expression above, ê is another unit vector: ê ⊥ d̂.
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Chapter 3

Vortex Lattices in Helium-3 A

3.1 Superfluid Helium-3 in a Rotating Vessel

3.1.1 Model
Let us study the situation, where superfluid is rotated around a vertical axis
with a constant angular velocity ω. Rotation causes vortices to emerge into
the superfluid component, (Figure 1.2a). This was exemplified in Section
2.4.9 for the case of a system described by a complex scalar order parameter
(such as superfluid 4He).

The normal component of the fluid behaves as a normal viscous fluid. In
the equilibrium state, which is reached for the normal component, when the
angular velocity has been kept constant for long enough, we have vn = ω×r.
The viscosity of the normal component of 4He is very low, so it may take some
time to reach this equilibrium state after initial acceleration in the angular
velocity. However, due to the fermionic nature of the 3He atom, the normal
component of 3He is a Fermi liquid, with high viscosity (comparable to that
of olive oil). This guarantees that the normal component in a 3He superfluid
can almost always be assumed to have reached the equilibrium state of rigid
body motion.

4He is believed to have only one type of vortex. Instead, 3He has several
types of them. A vortex in 4He is called singular, because the amplitude of
the order parameter goes to zero at the vortex core, and the phase of the order
parameter is not well-defined there. (In the hydrodynamical approximation
(2.28) the phase field S has a discontinuity at the core.)

In the A phase of 3He, there exist a variety of so-called continuous vortices,
in which continuous variation in the m̂ and n̂ fields, as functions of position
r, creates structures of circulating current in the fluid. In addition to the
continuous vortices 3He-A also has singular vortices. Near the core of a
singular vortex the order parameter A(r) differs from the form (2.50), i.e. the
hydrodynamical approximation is insufficient there. The numerical method

25
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used in this work is not, as such, applicable to singular vortices. However,
the free energy of the singular vortices can be estimated using a temperature
dependent parameter, whose exact value is difficult to assess accurately. In
paper [IV] singular vortices were tentatively addressed using two different
values for this temperature dependent parameter.

Let us insert the field of the form (2.50) into the Ginzburg-Landau expres-
sion for the free energy, (2.42) and (2.43). Then, the term with the coefficient
g′mag vanishes. Also the term fblk can be omitted, since it is a constant and
hence does not affect the form of the field resulting from the minimization.
The free energy density of the A phase can now be written as:

fdip = 2gdip∆A
2[(d̂ · m̂)2 + (d̂ · n̂)2],

fmag = 2gmag∆A
2(d̂ · h)2,

fkin = gkin∆A
2{∑

µ,ν [(∂µmν + χ(vn)µnν)
2 + (∂µnν − χ(vn)µmν)

2

+2(∂µdν)
2]

+β[(∇ · m̂+ χvn · n̂)2 + (∇ · n̂− χvn · m̂)2

+((m̂ · ∇)d̂)2 + ((n̂ · ∇)d̂)2]
+2ηχ(∇× vn) · (m̂× n̂)},

(3.1)

with
d̂ · d̂ = m̂ · m̂ = n̂ · n̂ = 1,
m̂ · n̂ = 0,
vn = ω × r,

(3.2)

and χ := (2m3)/~ = 2π/κ. This model describes 3He fluid rotated in a
cylindrical vessel in the Ginzburg-Landau regime1 (Tc − T )/Tc � 1. It is
assumed that the vessel is in an external magnetic field h with constant
strength and which is directed along the axis of rotation (h ‖ ω). The model
does not take into account variation in pressure due to gravity or rotation.
The phenomena possibly caused by fluid boundaries are also neglected. This
can be done since the diameter of a single2 vortex is much smaller than
the diameter of the vessels used in experiments. In addition, the height of
the vessel is considerably bigger than the penetration depth of phenomena
associated with the surface or the bottom of the fluid.

We can choose the z axis to be parallel to the axis of rotation. If the
height of the vessel is large enough, we can assume that A(r) is independent
of the z coordinate. Then the derivatives of d̂, m̂ and n̂ with respect to z

1It is possible to generalize the above Ginzburg-Landau theory to a hydrodynamical
theory, applicable for all temperatures 0 < T ≤ Tc, by modifying the terms in (3.1) and
adding new terms similar to the ones already in it.

2A careful distinction should me made between singular and single vortices. ‘Singular’
refers to the core structure of the vortex, and ‘single’ simply means that there are no other
vortices present in the system (as in paper [V]), or at least that the distances to the other
vortices are large enough to be irrelevant for the properties being studied (as in paper [I]).
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can be omitted from the expression of the free energy density. Similarly, the
integration along the z axis would only give a constant factor that can be
scaled away:

F =

∫
f dxdy. (3.3)

The order parameter field A(r) is minimized by solving the above free energy
density under given boundary conditions. We will use the so-called natural
units until the end of this Chapter. They fulfill: 2gdip∆A

2 = 2gmag∆A
2[h]2 =

gkin∆A
2[r]−2 = gkin∆A

2χ2[ω]2[r]2 = 1, where [h] is the unit of magnetic field,
[r] that of length and [ω] that of the angular velocity. The mathematical
formulation of the problem, using these natural units, is presented next.

The Mathematical Formulation of the Problem. Let Ω be a subset
of the xy plane, whose boundary ∂Ω is a closed simply connected curve
that does not intersect itself. Let m̂(x, y), n̂(x, y), d̂(x, y) be continuous and
differentiable vector fields in Ω, whose values at the boundary ∂Ω are given.
Let ω be a constant vector parallel with the z axis. In addition, let β and η
be positive constants and h(x, y) a vector field defined in Ω. Minimize

F =

∫
Ω

[fdip + fmag + fkin] dxdy, (3.4)

where

fdip = (d̂ · m̂)2 + (d̂ · n̂)2,
fmag = (d̂ · h)2,
fkin =

∑
µ,ν [(∂µmν + (vn)µnν)

2 + (∂µnν − (vn)µmν)
2 + 2(∂µdν)

2]

+β[(∇ · m̂+ vn · n̂)2 + (∇ · n̂− vn · m̂)2

+((m̂ · ∇)d̂)2 + ((n̂ · ∇)d̂)2]
+4ηω · (m̂× n̂),

(3.5)

and vn = ω × r,
under the conditions

m̂ · m̂ = n̂ · n̂ = d̂ · d̂ = 1,
m̂ · n̂ = 0.

(3.6)

The algorithm that was used to solve this minimization problem in papers
[I] to [IV] is presented in Appendix 6.3. The algorithm is based originally
on unpublished manuscripts by Erkki Thuneberg. The details of the algo-
rithm can be read from that Appendix. Initial configurations for the order
parameter field for various vortex structures are given in Appendix 6.4. The
following sections deal with the boundary conditions necessary to carry out
calculations on vortices and vortex lattices.
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3.1.2 Boundary Conditions in Helium-3 A
In order for the solutions to describe a real physical system, boundary condi-
tions need to be studied in advance. Because the coefficient ∆A in the order
parameter is assumed to be a constant, macroscopic boundary conditions
need to be set.

Since the l̂ vector is the direction of the angular momentum vector of the
Cooper pairs, it needs to be perpendicular to the fluid boundary ∂Q. Let k̂
be the unit normal vector of the boundary ∂Q. Then:

l̂× k̂ = 0. (3.7)

The second boundary condition is even easier to justify. Namely the super-
fluid component perpendicular to the boundary (in the rotating coordinate
system) must vanish:

js · k̂ = 0. (3.8)

Let Φ be a cross-section of Q ⊂ R3, whose boundary curve ∂Φ is situated
on the boundary surface ∂Q of the vessel containing the superfluid. We also
assume that Φ contains a smaller surface Ω as a subset:

Ω ⊂ Φ ⊂ Q,
∂Φ ⊂ ∂Q.

(3.9)

Thus Ω and Φ can be viewed as sets in the xy plane. If the rotating vessel is
cylindrical and Ω = Φ, the boundary condition in the mathematical formu-
lation of the problem on the previous page is clear; l̂ must be perpendicular
with ∂Ω, and js must be parallel to it. Otherwise, for example if Ω is a
proper subset of Φ, the boundary conditions need to be defined differently.
So-called asymptotic boundary conditions have been devised for some vortex
structures [14]. These can be used as boundary conditions, when Ω contains
a single vortex and the distance to the nearest vortices is large.

3.2 Textures in the A Phase
3.2.1 Fluid at Rest
We shall study a domain Ω ⊂ Φ, where Ω is significantly smaller than Φ.
While attempting to minimize the free energy F , (Eq. (3.4)), we can first
assume that the fields d̂, m̂ and n̂ are constant in the domain Ω. Then, all
the derivatives vanish, and fkin (Eq. (3.5)) also vanishes in the whole domain
Ω. In fact, this assumption can only hold approximatively because of the
boundary condition (3.7). However, this approximation is the better the
smaller Ω is compared to Φ.



3.2. TEXTURES IN THE A PHASE 29

Figure 3.1: The l̂ vectors are perpendicular to the boundary of Φ.

Next we shall study the term fmag. We assume, as before, that the mag-
netic field h is constant and parallel to the z axis. The fmag = 0 in the whole
domain Ω, if d̂ · ẑ = 0.

Finally we shall write the term fdip anew, using the vector l̂:

fdip = (d̂× l̂)2. (3.10)

This term has a minimum value of zero, when l̂ is parallel to d̂.3 Thus, F
has a minimum value of 0, when, for example d̂ = x̂, m̂ = ŷ and n̂ = ẑ.
This represents a superfluid at rest. From the expression (2.47) we can see
that the supercurrent js vanishes, since all the derivatives are equal to zero.

3This is analogous to the fixing of the angle θ in the matrix part of the B phase,
Eq. (2.56).
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3.2.2 Persistent Current
As was already mentioned, in reality, due to the boundary conditions, the
situation differs somewhat from the case presented. Since it was required
that l̂ is perpendicular to the boundary of Φ, the l̂ field cannot be truly
constant. This leads to the conclusion that also the fields m̂, n̂ and d̂ cannot
be constant in the whole of Φ. What is peculiar, is that even vs cannot
be constant any more, so the lowest energy state of 3He-A always has some
supercurrent. The flow velocity, however, is the smaller the larger the area
of Φ is.

3.2.3 Vortices
Let us study the case, where there are vortices in Ω. First, we will assume
that the l̂ field is constant at the boundary ∂Ω. It is now possible to define
the circulation number of the vector m̂ along the boundary ∂Ω:

k :=
1

2π

∮
∂Ω

l̂ · (m̂× dm̂

ds
) ds =

1

2π

∮
∂Ω

n̂ · dm̂
ds

ds. (3.11)

The circulation number can be defined for the vector n̂ in the same manner,
and it is easy to see that n̂ and m̂ have the same circulation number. When
one moves around the boundary ∂Ω, the vectors m̂ and n̂ rotate around the
l̂, the number of rounds being the circulation number k.

From the requirement that l̂ is constant on ∂Ω it follows that the circula-
tion number k is an integer. If, in addition the m̂ and n̂ fields are continuous
in Ω, it can be shown, using topological arguments, that k has to be even.
This statement is equivalent to the fact that the paths of the group SO(3):

γ0 : [0, 2π) 7−→ SO(3) , γk : [0, 2π) 7−→ SO(3)

γ0(t) =

 1 0 0
0 1 0
0 0 1

 , γk(t) =

 cos(kt) sin(kt) 0
− sin(kt) cos(kt) 0

0 0 1

 (3.12)

are homotopic, when k is even, but are not homotopic, when k is odd.
If l̂ is not constant on ∂Ω, the circulation number can be defined as above,

but in general, it is not an integer. However, if l̂ is restricted to a plane on
∂Ω, (i.e. ∃b ∀r ∈ ∂Ω b · l̂(r) = 0) the circulation number is, yet again,
guaranteed to be an integer.

Thus, we assume that the values of l̂ are restricted to some plane on ∂Ω
and that the m̂, n̂ and d̂ fields are continuous in Ω. Then, if the circulation
number k 6= 0, the domain Ω must contain at least one vortex. If one can
find a curve around a single vortex on which the values of l̂ are restricted
to some plane, the circulation number along the curve is called the quantum
number of the vortex. Next, we shall introduce some common vortex types.
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3.2.4 Seppälä-Volovik Vortices, LV2 and CUV
The continuous vortices of the 3He-A are usually classified according to the
structure of the l̂ and d̂ vector fields. Seppälä-Volovik vortices [11] exist in
two types: LV2, (Locked Vortex 2), where the d̂ ≈ l̂ and CUV, (Continuous
Unlocked Vortex), where d̂ ≈ constant. In these Seppälä-Volovik vortices
the l̂ field is in the xy plane far from the center of the vortex and is nearly
constant (Figure 3.2). It has circulation number 2, so it is a so-called double
quantum vortex. In the vortex the l̂ field goes through all possible directions,
a fact that can easily be demonstrated using topological arguments [15].

A strong magnetic field directed along the z axis forces the d̂ field onto
the xy plane, since the term fmag = (d̂ · h)2 attempts to keep d̂ and h

perpendicular to each other (Eq. (3.5)). In weak magnetic fields the d̂ field is
nearly parallel to the l̂ field. This is due to the free energy term fdip = (d̂×l̂)2,
Eq. (3.10).

d ≈ constant

l field:


x

y

z

Figure 3.2: The l̂ field of a CUV vortex (strong magnetic field). The d̂ field
is nearly constant. In the gray area the directions of the d̂ and l̂ vectors differ
from each other significantly. In an LV2 vortex (weak magnetic field) the l̂
field would be of similar type, but it would hold at each point that d̂ ≈ l̂.

3.2.5 Anderson-Toulouse-Chechetkin Vortex, ATC
In addition to the Seppälä-Volovik vortex there is a more symmetric double-
quantum vortex, which is called the Anderson-Toulouse-Chechetkin vortex
(in short, ATC). There the l̂ field points downwards outside the vortex and
straight upwards in the middle of the vortex. The l̂ field configuration of an
ATC vortex (Figure 3.3) bears a resemblance to a skyrmion (see e.g., [16]).

The ATC vortex can exist in a strong magnetic field parallel to the xy
plane, in which case the d̂ vector would be parallel to the z axis everywhere.
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d ≈ vakio
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l = d:

Figure 3.3: The l̂ field of an ATC vortex. The d̂ field is nearly constant
(d̂ ≈ ẑ) and parallel to the l̂ field outside the vortex core.

In a weak magnetic field, an ATC vortex may exist, whose d̂ and l̂ fields are
identical.

Both of these double-quantum vortices are believed to form a triangular
lattice. In the case of the ATC vortex the lattice is regular (isosceles), but in
the case of the CUV and LV2 vortices, the triangular lattice can be stretched.

LV2 and ATC vortices can be deformed into each other by a continuous
transformation, but then the dominating direction of the l̂ field outside the
vortex must be changed. This can be achieved in practice by changing the
external magnetic field from being parallel to the z axis to being parallel to
the xy plane.

3.2.6 Four-Quantum Vortex with Square Lattice, LV1
In addition to the doubly quantized ATC, LV2 and CUV vortices there are
also vortices with four quanta of circulation. The most symmetric of these,
the LV1 vortex (Figure 3.4), forms a rectangular lattice [9]. It can be thought
as being formed from a pair of two LV2 vortices.

3.2.7 Soliton
The soliton of the A phase of 3He is a planar object in the order parameter
field that separates two structures of different type. On one side of the soliton
wall the l̂ vector quickly approaches the d̂ vector and on the other side it
approaches the −d̂ vector, when moving away from the soliton wall. This is
explained by the fact that the l̂ and d̂ vectors attempt to be parallel to each
other, but from the standpoint of free energy it does not matter whether
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l = d :

Figure 3.4: The l̂ vector field of an LV1 vortex. The d̂ vector is parallel to
the l̂ vector everywhere. This vortex forms a rectangular lattice and has four
quanta of circulation.

they are parallel or anti-parallel to each other (see Eq. (3.10)). A soliton is
created, when the fluid starts its transition to the A phase in different parts
of the fluid, in some of which d̂ = l̂ and in others d̂ = −̂l. When the whole
volume of the fluid makes the transition, these separate domains merge into
each other and a soliton may remain. Solitons may exist in several different
types depending how the l̂ vector rotates while going through the soliton.
The l̂ may, for example rotate through the z direction, as in Figure 3.5, or it
may rotate by staying in the xy plane all the time.

d ≈ constant

l field:
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z

Figure 3.5: The l̂ field of a soliton. The d̂ field is almost constant, (d̂ ≈ x̂).
Outside the gray area l̂ ≈ x̂ or l̂ ≈ −x̂.
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3.2.8 Vortex Sheet, VS
At the end of 1993 a new type of structure that is called the vortex sheet of
helium-3 A was discovered at the Low Temperature Laboratory [II]. The vor-
tex sheet has properties associated with both vortices and the soliton. Like
the soliton it forms a domain wall separating bulk fluid into two domains
with the l̂ vector being either parallel or anti-parallel to the d̂ vector. How-
ever, unlike the pure soliton, the vortex sheet contains continuous vortices
stretching along the domain wall (Fig. 3.6). Thus, the vorticity of the fluid
is confined to the sheet as in a vortex sheet in a classical fluid.

When a vortex sheet is created in a rotating vessel and grows in length,
it folds into a meandering structure that fills almost the whole vessel (Figure
3.7). In the asymptotic case, the vortex sheet forms a Bravais lattice too. In
this case the unit cell of the lattice is an elongated rectangle [17].

d ≈ constant

l field:
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Figure 3.6: The structure of the vortex sheet. The l̂ field changes its sign,
when crossing the sheet.

3.2.9 LV3 Vortex
The last vortex structure introduced here is the so-called LV3 vortex (Locked
Vortex 3). It is interesting, since it was discovered during computer runs on
the LV1 structure, to which it is closely related (see paper [IV]).

The LV3 structure can be created by a continuous transformation from
the LV1 vortex, which is similarly a dipole locked vortex with four quanta of
circulation per unit cell. However, the LV3 vortex is less symmetric. It forms
an elongated rectangular lattice, instead of the symmetric square lattice of
the LV1.

It is also related to the vortex sheet. Its l̂ field is similar to that of the
vortex sheet, but in the LV3 vortex the d̂ field is locked to the l̂ field. So in
that sense it could be called a dipole-locked version of the vortex sheet.
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Figure 3.7: An enfolded vortex sheet in a rotating vessel.

3.2.10 Vortex Lattices
If the cross-section area of a rotating vessel is large in comparison with the
cross-section area of a single vortex, the vortices form a regular lattice. The
limit case, as the vessel diameter grows to infinity is a Bravais lattice with
basis vectors a1 and a2.

The velocity of rotation |ω| and the number of vortices per unit area obey
the following equation:

N

A
= (

2m3

~
)
|ω|
pπ

, (3.13)

where N is the number of vortices in one unit cell of the lattice and p is
the circulation number of one vortex. A is the area of the unit cell. This
formula is the same as (2.40), when 2m3 is used as the value of m∗. Then
the circulation number around Ω is k = Np.

By choosing the vectors a1 and a2 we get an expression for |ω| matching
(2.41):

|ω| = (
~

2m3

)
kπ

|a1 × a2|
. (3.14)

Then, in natural units (with ~/(2m3) = 1), ω is equal to:

ω = ± kπ

|a1 × a2|
ẑ. (3.15)
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So, we can see that, when ω and the circulation quantum number k are fixed,
the area of a unit cell is determined. Otherwise, a1 and a2 are arbitrary.

The periodicity conditions for the order parameter field need some atten-
tion. If we make a translation from the point r to the point

r′ = r+ n1a1 + n2a2, (3.16)

the vectors m̂ and n̂ must be rotated around the vector l̂ by an an angle φ:

d̂(r′) = d̂(r),
m̂(r′) = cosφ m̂(r) + sinφ n̂(r),
n̂(r′) = − sinφ m̂(r) + cosφ n̂(r),

(3.17)

where:

φ = −r · [ω × (n1a1 + n2a2)] + C(n1, n2) mod 2π, (3.18)

and n1 and n2 are integers. The values of C(n1, n2) depend only on the values
of n1 and n2; they are constant with respect to r. Furthermore, the lattice
can be constructed so that all C(n1, n2) are zero. These relations are dealt
with in more detail in Appendix 6.2.

3.3 Results
3.3.1 Structure of Vortices and Solitons
The method presented in this work was applied both to single vortices [I] and
vortex lattices, [III] and [IV]. (The resulting vortex core structure is usually
very similar for a single vortex and for the same type of vortex in a lattice,
so the figures in this section are from the lattice calculations.)

In the case of a single vortex the angular velocity ω was assumed to be
small. Then the inter-vortex distances were large enough to allow the use
of the so-called asymptotic solution for the boundary conditions [14]. It was
possible to discard some possible vortex structures. Formerly, it was believed
that the Seppälä-Volovik vortices CUV (Figure 3.8) and LV2 exist in several
possible symmetries. The most important of those were the so-called w sym-
metry and v symmetry [12]. These structures are topologically equivalent,
and they can be transformed into each other by a continuous deformation.
When they were analyzed, it was discovered that the v symmetric structure
was energetically unstable. A small deviation from the v symmetry caused
the v vortex to transform during the iteration into a vortex of the w type. It
is plausible that the w structure represents at least a local minimum of the
free energy and the v structure represents a saddle point of the free energy,
when the temperature is near Tc.
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An interesting discovery is the notable asymmetry in the current density
field, whose extent only became apparent in these numerical calculations.
The asymmetry is especially conspicuous in the CUV vortex (Figure 3.8).
The origin of this asymmetry is in the complicated dependence of the current
density (2.47) on the m̂ and n̂ fields, and the requirement of continuity of the
order parameter field that constrains the topology of the m̂, n̂ and l̂ fields.

Figure 3.8: The l̂ and supercurrent fields of a CUV vortex with w symmetry.
The basis vectors and origin of the Bravais lattice are drawn in the l̂ field.
Colors are for lz, red: lz = −1, green: lz = 0, blue: lz = +1.
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Such an asymmetry does not exist in the LV1 vortex, which is more
symmetric. The l̂ field and the vs field (not necessarily parallel to js) are
shown in Figure 3.9.

x

y

Figure 3.9: LV1 vortex, l̂ and vs fields
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Finally, the calculated structure of the l̂ field of a LV3 vortex is shown
in Figure 3.10. As explained earlier in Section 3.2.9, this vortex structure
emerged as a result of computer calculations from an initial guess for the
LV1 vortex.

Figure 3.10: LV3 vortex, l̂ field
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l points upwards

l points downwards

a1

a2

Basis vectors

Figure 3.11: A square lattice formed by four-quantum (LV1) vortices.

3.3.2 Phase Diagram of Vortex Lattices
After the single vortex cases, the most plausible lattice structures were stud-
ied. Among these were the previously mentioned four-quantum vortex LV1,
which forms a square lattice (Figure 3.11) and the w symmetric CUV and
LV2 vortices, which form a triangular lattice (Figure 3.12). In addition, two
new structures, the LV3 vortex and the vortex sheet, were included. They
both form an elongated rectangular lattice (Figure 3.13)

A phase diagram was constructed for these lattice structures as a function
of magnetic field h and angular velocity Ω (Figure 3.14). It was assumed that
h is along the z axis, and that the temperature is near Tc. In order to draw the
phase diagram, free energies of the afore-mentioned vortex lattice structures
were studied with various values of h and Ω. Lattices of singular vortices were
also included in the analysis. As explained in Section 3.1.1 and in paper [IV],
the free energy of a singular vortex depends on an additional temperature
dependent parameter. Two values for this parameter were tentatively chosen
in this analysis. The free energies of the above-mentioned lattice structures
were compared to each other, pairwise, and the locations of the equilibrium
curves of free energy were obtained by interpolation. These curves divided
the diagram into various sections. Finally, it was determined, which lattice
structure had the lowest free energy in each section. During this study,
many different vortex structures were tested, but only the above-mentioned
ones were found to be stable and to have the lowest free energy for some
combination of h and Ω. In paper [IV] the calculated phase diagram is
compared with experimental results obtained by NMR.
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Basis vectors

a1

a2

Figure 3.12: A triangular lattice formed by CUV (or LV2) vortices.

l points downwardsl points upwards

Figure 3.13: A Bravais lattice formed by vortex sheets (or by LV3 vortices).
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Figure 3.14: Phase diagram of different lattice structures. The horizon-
tal axis is the magnetic field and the vertical axis is the angular velocity.
SI-derived units (mT and rad/s), and natural units used in the numerical
calculations (Hd ≈ 2 mT and ωd ≈ 120 rad/s), are shown. The full lines
delimit continuous vortex structures. The dashed lines show possible phase
boundaries between the lattice of singular vortices and lattices of continuous
vortices. The free energy of the singular vortex lattice was estimated using
two different values for a temperature-dependent parameter. The transition
between the LV1 and LV3 structures is a phase transition of second order.
The other transitions are of first order (see Ref. [V]).



Chapter 4

Vortex Dynamics in Superfluids

4.1 Motivation
In general, models for calculating vortex motions, where the vortices them-
selves are modeled as thin curves (instead of structures in the order parame-
ter field), are called filament models. The dynamics of quantized vortices has
been studied extensively with such models since the 1980’s, [18, 19, 20, 21].
Due to the increase in available computing resources, emphasis has shifted
from simple cases, involving only one vortex, or just a few vortices, to more
complicated situations with dozens of vortices, or even a turbulent vortex
tangle with hundreds (or even thousands) of vortices. Increased computation
power has also enabled the use of the so-called full Biot-Savart calculations
instead of the so-called local induction approximation (LIA), [22, 23].

Accurate results were, however, not available for the simple case studied
in paper [V], where one single vortex has one end starting from the bottom of
a rotating cylinder and the other one moves freely on the side of the cylinder.
Studying this case, which is also amenable to accurate experimental measure-
ments, filled a gap in our knowledge about vortex motions in superfluids. It
could also offer some clues to understanding the behavior of a moving vortex
front in a rotating cylinder, which has been a subject of both theoretical and
experimental studies (e.g., in [24], [25], and [26]).

The results obtained in the study of tangles of turbulent vortices may
even open some new ways of understanding the behavior of classical fluids
and turbulence (literally a million dollar problem). Any step forward in this
field might prove useful in the long run.

43
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4.2 Induced Velocity, Biot-Savart Equation
In general, superfluid velocity outside of the vortex cores can be obtained as a
gradient of a phase function: vs = (~/m∗)∇S. This automatically produces
an irrotational velocity field (∇× vs = 0), characteristic of an inviscid flow.

If there are vortex lines present (but still no boundaries), vs can be cal-
culated using the (full) Biot-Savart formalism [18]:

vs(r, t) = vω, (4.1)

where
vω =

κ

4π

∫
L

(s1 − r)× ds1
|s1 − r|3

. (4.2)

The integral in Eq. (4.2) is over the whole length of all the vortex lines.
The vortex lines, denoted as a whole by L, are given as 3D curves s(ξ, t),
parametrized by length ξ along the vortex line, and time t. Partial derivatives
with respect to ξ are denoted by primes. Thus s′ (or ŝ′) is the unit tangent of
the vortex line, and s′′ is a normal vector of the vortex line, whose magnitude
is the inverse of the radius of curvature of the vortex line: |s′′| = 1/Rcurv.

The expression (4.2) is exactly of the same form as that of a magnetic
field induced by an electric current circulating in a thin wire. Hence, it is
customary to refer to the velocity field (4.2) as the velocity field induced
by vortices. This velocity field is automatically irrotational, by virtue of
construction, except at vortex cores, where it diverges. In addition, the
circulation

Γ =

∮
C
vs · dr, (4.3)

along a closed path C around vortex filaments, is automatically quantized:
Γ = (n+ − n−)κ, where κ = (2π~)/m∗ and n+ and n− are the numbers of
vortices that C encircles in the positive and negative directions, respectively.
(One can say that the vorticity of the flow (∇ × vs) is concentrated on the
vortex filaments like a Dirac delta function.)

The integral (4.2) is (mathematically) well defined at any point r outside
the vortex cores, but is singular on any point s on a vortex line. It must be
evaluated there using cut-off distances l+ and l− to get physically meaningful
results:

vω(s, t) =
κ

4π
ln

[
2(l+l−)

1/2

e1/2a

]
ŝ′× s′′ +

κ

4π

∫ ′

L

(s1 − s)× ds1
|s1 − s|3

. (4.4)

The first term on the right is a logarithmic term that arises due to the cut-off.
The parameter a is the radius of the vortex core (a� l+, l− � 1/|s′′|), and
the exponent of e, 1/2, is specific to a vortex with a hollow core, (Donnelly,
[27], p. 23). The prime on the last integral indicates that the points s1 on



4.3. BALANCE OF FORCES ON A VORTEX LINE 45

the integration path L, whose distance to the point s is less than l+ on the
positive side (or l− on the negative side) are exempted from the integration.
To simplify things, it is permissible to require that l+ = l− at each point.
Allowing them to differ from each other may offer some practical advantages,
but this depends on the algorithm chosen to calculate the integral on the RHS
of Eq. (4.4). More details on this cut-off procedure can be found in Ref. [18].

Example: Velocity Field Induced by a Straight Vortex. For the sim-
ple case of an infinite straight vortex line, the Biot-Savart integral gives:

vs(r) =
κ

2π

1

d
êφ, (4.5)

where d is the distance from r to the vortex core (the expression is naturally
expressed in cylindrical coordinates, the vortex axis going through the origin).

4.3 Balance of Forces on a Vortex Line
4.3.1 Magnus Force
In (4.5) the velocity vs vanishes at infinity. Due to the cylindrical symmetry
of the field vs, the velocity of the vortex, vL, must then be zero. If a straight
vortex line is inserted (at T = 0) into a background superfluid velocity field
vs = v0 = constant, Galilei invariance requires that the vortex line must
move with the velocity of the background superfluid, vL = vs.

Another perspective on the velocity of a vortex line in a background field
vs = v0 at T = 0 is based on the balance of forces. At T = 0, we have
jn = 0, so the only forces acting on the vortex core must come from the
superfluid velocity field. We can consider the vortex line to be a cylinder
immersed in an ideal fluid. The hydrodynamical force acting on a cylinder
in this situation is called the Magnus force. Its magnitude (per unit length
of vortex line) is:

FM = ρsκ ŝ
′ × (vL − vs). (4.6)

We can then use Newton’s equation to get the acceleration of the vortex
core. However, in most cases, the mass of the vortex core is negligible. In
this limit, we need a vanishing Magnus force to avoid an infinite acceleration.
This leads directly to the requirement vL = vs.

4.3.2 Mutual Friction Force
At T > 0, the density of the normal fluid component is nonzero (ρn > 0).
The normal fluid can be thought as consisting of quasiparticles, phonons and
rotons. These quasiparticles collide with the vortex cores, and give rise to
the so-called mutual friction force between the normal component and the



46 CHAPTER 4. VORTEX DYNAMICS IN SUPERFLUIDS

vortex cores. The normal component can in fact be thought of as a viscous
gas of phonons and rotons.

Let us, again, take a straight vortex line. When vL − vn = 0, the vortex
core can be said to be at rest with respect to the gas of quasiparticles. We
can then expect the force on the vortex core to be zero in this equilibrium
case. If |vL − vn| > 0, we can use a simple model for mutual friction, which
includes only terms that are linear in vn − vL, the relative velocity of the
normal fluid component with respect to the vortex line:

FD = −γ0 ŝ′ × [̂s′ × (vn − vL)] + γ′0 ŝ
′ × (vn − vL). (4.7)

The significance of the cross product ŝ′ × (vn − vL) above is that only the
component of the relative velocity that is perpendicular to the vortex is rele-
vant. The force, then, has two components, both perpendicular to the vortex
line. These components are characterized by the mutual friction parameters
γ0 and γ′0. Equation (4.7) can also be written as:

FD = −αρsκ ŝ′ × [̂s′ × (vn − vs)]− α′ρsκ ŝ′ × (vn − vs), (4.8)

where α and α′ are alternative1 parameters for describing mutual friction.
Mutual friction parameters depend heavily on temperature, but have only
a moderate dependence on pressure [28, 29]. The individual values for α
and α′ are typically not that important. A more important parameter is the
combination Reα := (1−α′)/α, which has some similarity2 with the Reynolds
number defined in normal fluids. Typically, the quantity Reα(T ) decreases
monotonically from ∞ to 0, when the temperature increases from 0 to Tc.
This is a general feature of superfluids, but the details vary. For example, in
superfluid 4He the lowest values of Reα occur in a very narrow temperature
range near Tc. For 3He-B the situation is different in the sense that these
very low values of Reα occur in a temperature range that is experimentally
feasible. (Table 6.1 gives the values of α, α′ and Reα for 3He-B used in the
calculations of paper [V].)

4.3.3 Balance of Forces at Finite Temperature
Now again, we take a straight vortex line, with negligible core mass. We
must require that the total sum of forces acting on it vanishes:

FM + FD = 0. (4.9)

This leads, after some vector algebraic manipulations, to an equation of
motion for the vortex line in laboratory coordinates:

vL = vs + αŝ′ × (vn − vs)− α′ŝ′ × [̂s′ × (vn − vs)]. (4.10)
1γ0 = ρsκα/[(1− α′)2 + α2] and γ′

0 = ρsκ[α
2 − α′(1− α′)]/[(1− α′)2 + α2].

2There are other numbers in superfluids that also have a connection to the Reynolds
number in classical fluids, see e.g., Ref. [30].
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4.4 Vortex Motion in the Filament Model
4.4.1 Equations of Motion
Equation (4.10) was derived for a straight vortex line, assuming constant vs

and vn velocity fields outside the vortex core. It can, however, be applied
to an arbitrary vortex configuration, where vs is simply given by (4.4) and
vn is the local normal fluid velocity (averaged over distances larger than the
vortex core). The component of vL along ŝ′ can be omitted from Eq. (4.10),
giving another equation of motion for a vortex configuration:

vL = α′vn + (1− α′)vs + α[̂s′ × (vn − vs)]. (4.11)

4.4.2 Motion of a Single Straight Vortex
Owing to rotational symmetry, the vs field induced by a straight vortex line
on the vortex core vanishes. So, for an isolated straight vortex line, vs = 0
on the RHS of Eq. (4.11). Therefore, the velocity of an isolated vortex line
is, simply:

vL = α′vn + αŝ′ × vn. (4.12)
It can be seen that α describes motion that is perpendicular to vn and α′

describes vortex motion parallel to vn.

4.4.3 Motion of two Parallel Vortex Lines
This case is perhaps the simplest example of a situation, where vortices move
in the velocity field created by the vortices themselves (zero external vs and
vn, are assumed here). In this situation, it makes a difference, whether the
vortices are parallel or antiparallel with respect to each other3, i.e. whether
the fluid around the vortices rotates in the same or in the opposite direction.

At T = 0 two vortex lines that are anti-parallel to each other, propa-
gate with a constant velocity in the direction of the fluid flow between these
vortices. On the other hand, two vortices that are parallel to each other,
rotate around each other. At finite temperatures, T > 0, the distance be-
tween the two vortices does not remain constant any more. Antiparallel
vortices attract each other, resulting in an increasing propagation velocity
for the vortex pair. In the ideal case these vortices would eventually simply
annihilate each other, when they collide. In reality, the vortices suffer Crow
instability (See below, Section 4.5.5), which produces tiny vortex loops that
quickly disappear due to mutual friction (See Section 4.4.4 below). Parallel
vortices repel each other at T > 0, implying a slowing down of the rotation
velocity.

3We restrict ourselves to situations, where the two vortices have the same absolute
value of circulation, which is usually valid in the case of quantized vortices in superfluids.
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4.4.4 Motion of Vortex Rings

Figure 4.1: A vortex ring mov-
ing in its own velocity field.
Source: Wikimedia Commons.

At T = 0 a circular vortex ring with radius
Rring moves in bulk superfluid with velocity
[18]:

vL =
κ

4πRring

ln(
8Rring

e1/2a
)k̂. (4.13)

The direction of motion k̂ is normal to the
circle plain. It is assumed here that the
superfluid velocity vanishes at infinity. In
other words, the background superfluid ve-
locity is equal to zero, and the superfluid ve-
locity propelling the vortex forward comes
from the self-induced velocity field of the
vortex ring itself (Figure 4.1). The parame-
ter a is the radius of the vortex core in clas-
sical hydrodynamics. In the case of quan-
tized vortices it is a length parameter of the order of the coherence length,
a ∼ ξ(T ), and can be thought of as a ‘vortex core radius’ in that sense. The
kinetic energy associated with a vortex ring is given by:

E =
1

2
ρsκ

2Rring ln(
8Rring

e2a
), (4.14)

and its linear momentum4 by:

p = ρsκπR
2
ringk̂. (4.15)

The exponents of e in (4.13) and (4.14) depend on the structure of the vortex
core. The values 1/2 and 2 used here correspond to a vortex with a hollow
core with constant volume in classical hydrodynamics (See e.g., Donnelly,
[27], p. 22).

At T = 0 the size and velocity of the vortex ring, and thus also the
kinetic energy of the superfluid, remain constant. When T > 0, mutual
friction causes the vortex rings to shrink and eventually disappear. However,
if there is a strong enough forced counterflow vcf := vn − vs going through
the vortex ring, the ring may also grow in size.5

4Even though it is practical to have equations describing the motion of vortex lines as
the function of the position of these vortex lines themselves, one should bear in mind that
the relevant physical system is the whole fluid, of which the vortex cores are usually just
a tiny fraction. The energy of the system, the momentum and the angular momentum
reside, for the most part, in the fluid outside of the vortex cores.

5This process requires energy, which must be brought into the system from the outside.
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4.4.5 Effect of Boundaries, Non-Rotating Vessel
As before, we denote by Q the superfluid inside the vessel (or the inner
geometry of the vessel) and by ∂Q the boundary of the superfluid. A unit
normal vector on ∂Q is denoted by k̂. In the presence of a boundary Eq. (4.1)
must be replaced by:

vs(r, t) = vω + vb, (4.16)

where vb, is the so-called boundary field, or image velocity field. It is needed to
prevent superfluid flow across the vessel boundary. Also, all vortices ending
at a boundary must be continued outside the boundary, either to infinity or
to form closed loops, before Eq. (4.2) is used to calculate vω.

The method of image vortices6 consists of deliberately continuing the
vortices (into infinity or into loops), so that the velocity field vω does not
cross the boundary. In that case, simply: vb = 0. (This method of image
vortices was used in the calculations of paper [V].)

In general, however, vω has a nonzero component across the boundary
∂Q. In such a case, the boundary field vb must be explicitly determined. It
can be obtained by solving the following Laplace equation:

∇2U = 0, in Q, (4.17)
k̂ · ∇U = −k̂ · vω, on ∂Q, (4.18)

where k̂ is the unit normal vector on the boundary ∂Q. When U is solved, the
vb field is obtained as: vb = ∇U . This solution also satisfies the conditions
∇ · vb = 0 and ∇× vb = 0.

4.4.6 Effect of Boundaries, Rotating Vessel
When we have a vessel that is rotating at angular velocity Ω, we can still
formally use the equations (4.4) and (4.16) with all the position vectors in
the rotating coordinate system, but in the rotating system we must have
∇ · vb = 0 and ∇× vb = −2Ω. If the Laplace equation method is used, the
equations (4.17) and (4.18) need to be changed to

∇2U = 0, in Q, (4.19)
k̂ · ∇U = k̂ · (Ω× r− vω), on ∂Q, (4.20)

and vb in the rotating coordinates can be obtained as: vb = ∇U −Ω× r.

6Image vortices are analogous to image charges or image currents in classical electrody-
namics. If the boundary ∂Q is an infinite plane, the image vortices are literally the mirror
images of the real vortex configuration, hence the name ’image vortex’.
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4.5 Additional Topics in Vortex Dynamics
4.5.1 Counterflow in Superfluids
Counterflow is defined as the velocity difference of the normal and superfluid
components:

vcf := vn − vs. (4.21)

The existence of a nonzero counterflow is a non-classical phenomenon. It is
possible only in superfluids. It can be created by generating a temperature
difference between two regions in the fluid, e.g., with an electric heater [31],
or by a mechanically forced flow of the normal or superfluid component.
Since the normal component in superfluids is viscous, a moving object inside
the fluid drags the normal component with it, but is unable to drag the
superfluid component, a counterflow is created in the fluid. Counterflow can
also be created by rotating the superfluid container. Yet another method to
create counterflow is by pushing the superfluid component through very tiny
holes (e.g., such as exist in a porous material), through which the normal
fluid cannot pass. This pushing can be done using a piston, for example.

As can be seen from the equation of motion (4.11), the normal and super-
fluid components act differently on vortices. Thus a nonzero counterflow has
an effect on superfluid vortex motion that cannot be replicated on classical
vortices (even though it is generally believed that on large scale, a superfluid
flow with vortices mimics the behavior of a classical viscous fluid [20, 32]).

4.5.2 Pinning
A general feature of vortex motion is that the vortex core lines are normal
(i.e. orthogonal) to the fluid boundary. This affects the shape of the vortex.
A vortex end is in principle free to move on the boundary, but sometimes
the vortex end sticks to some inward protruding formation on the boundary
[33, 34]. Such behavior is called pinning. As the name suggest, pinning is
strong on sharp spikes.

Pinning happens, when it is energetically more favorable for the vortex
to stay attached to the boundary formation than to move away from it.
Pinning can be overcome by a sufficiently strong flow (vn or vs) near the
pinning location. Thus, pinning can be characterized by critical velocities.

In helium-4 the core size is of the atomic length scale, and surfaces are
always rough. Therefore it is expected that for 4He there are often vortices
trapped on the small cavities on the surfaces. These so-called seed vortices
may become free, when the external flow is large enough. The situation
is different in 3He-B, which has a vortex core size about three orders of
magnitude larger. Thus, vortices in 3He-B are free to move on surfaces that
are smooth on macroscopic scales.
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4.5.3 Reconnections
Reconnections are events, where moving vortex lines cross each other. What
happens is that, when two vortex lines come close enough to each other (to
a distance of the order of the core diameter), the vortices snap7 open, and
then the vortex ends reconnect in a new manner, changing the topology of
the vortex configuration. A reconnection event creates sharp cusps on the
vortices. Usually a reconnection event causes some kinetic energy of the
superfluid flow to be lost. This lost energy may be transferred to phonons,
rotons, or bound Fermi states on the vortex core.

A large number of vortices may form a complicated tangle of vortices (see
Fig. 4.2). The evolution of such a tangle is usually irregular and complicated.
This kind of behavior is referred to as quantum turbulence [20]. Quantum
turbulence usually occurs in a strong counterflow.

Figure 4.2: Left: a vortex front moving upwards in a rotating cylinder. Right:
a decaying vortex tangle in a cubical container (Courtesy of Risto Hänninen).

7This snapping can be used as a way of saying in the context of the filament models,
which do not take into account the structure of the vortex core. In reality, a reconnection
event is a quantum mechanical phenomenon, where the vortex cores first fuse together and
then separate again (but with different topology in the newly formed configuration). The
reconnection events have been studied using, e.g., the Gross-Pitaevskii equation [35].
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4.5.4 Ostermeier-Glaberson Instability
Reconnections and interaction with neighboring vortices are typically the
most common reasons why vortex motion eventually becomes turbulent. For
a single vortex the most well-known instability is the so-called Ostermeier-
Glaberson instability [36, 37]. This instability occurs, when a non-zero coun-
terflow vn − vs is applied along the vortex tangent. This counterflow causes
a straight vortex line to become unstable towards the appearance of Kelvin
waves, which are helical distortions along the vortex. Rotation has a stabiliz-
ing effect, but the instability occurs even under rotation, when the counter-
flow is above a critical value. For a single vortex aligned along the rotation
axis this critical velocity is given by:

vc,OG =
Ω+ ηk2

k
, where η =

κ

4π
ln

1

ka
. (4.22)

where k is the wave vector of the Kelvin wave and Ω the angular velocity of
rotation. In superfluids the counterflow can be generated e.g., by applying a
temperature gradient along the axis of rotation. With large enough counter-
flow, a vortex array can be destabilized and evolve into a turbulent vortex
tangle [38]. Turbulence generated by counterflow has no classical analogy.
However, since it is quite straightforward to set up a thermal counterflow
in superfluid 4He, the critical velocity was experimentally verified already
decades ago [39, 40].

An example of the Ostermeier-Glaberson instability is given in Fig. 4.3,
where the counterflow is generated by tilting the cylindrical container with
respect to the rotation axis.
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Figure 4.3: Kelvin waves created in a rotating tilted cylinder due to
Ostermeier-Glaberson instability. Kelvin waves can be clearly seen in the
lower left quadrant of the polar plot. (Original pictures in paper [V].)
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4.5.5 Crow Instability
Another type of instability that is relevant for quantized vortices, but also
exists in classical fluid motion is the Crow instability [41]. It affects vortices
that are close to each other, or close to the wall8. This instability is due to
the fact that vortices of opposite direction attract each other with a force
inversely proportional to their distance. Thus, in an initial configuration
of two parallel vortex lines with small perturbations (in their shape), the
sections of the vortices that are initially slightly closer to each other start
moving faster towards each other, amplifying the initial deformations even
further. Eventually this process leads to a large number of reconnections and
new vortices.

Crow instability can be observed, for example, behind a large aircraft,
where the two wingtip vortices have an opposite orientation. This instability
is illustrated in Fig. 4.4.

Figure 4.4: Crow instabilities in jet contrails. Source: Wikimedia Commons.

4.5.6 Local Induction Approximation
A very useful and widely used method for calculating the motion of vortices
is the so-called local induction approximation (LIA) [22, 23]. The calculation
of the Biot-Savart integral (4.2) is complicated and time-consuming, but the
result can be approximated to a good degree (∼ 90% according to [18]) by:

vω =
κ

4π
ln

(
c

a|s′′|

)
ŝ′ × s′′, (4.23)

where c is a constant. In classical hydrodynamics c = 8e−1/2 for a vortex
with a hollow core without surface tension.

This approximation ignores the effect of distant vortices, so in some situ-
ations (e.g., in those involving reconnections) it may give misleading results.

8which can be interpreted as being close to the image vortex.
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4.6 Vortex Motion in a Rotating Cylinder
The motion of a single vortex in a rotating (semi-infinite) cylinder was studied
in paper [V], (see Figs. 4.5 and 4.6). In addition to the cylinder radius
R, other parameters in the study were the radius of the vortex core, a,
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Figure 4.5: r, z plot of the vor-
tex shown in Fig. 1.2, but the
time span in the pictures is dif-
ferent. More details are avail-
able in Ref. [V].

the angular velocity of rotation, Ω, and the
mutual friction parameters, α and α′. The
main goal was to study the asymptotic mo-
tion of the vortex in the long-time limit
(t→∞).

The initial vortex configuration was a
quarter ring attached to the bottom and
the side wall of the cylinder. For a large
enough rotational velocity this quarter ring
expands in such a way that the bottom
part approaches the cylinder axis, while the
top part moves upwards. We assumed a
cylinder with smooth walls and allowed the
ends of the vortex to move freely. In other
words, we neglected pinning and other sur-
face forces (this is appropriate for 3He-B).
Since velocity through a solid wall is pro-
hibited, any vortex end touching the wall is
always normal to it.

Our goal was to study the velocity vL of
the end point of the vortex at the side wall
of the cylinder. The motion of the vortex
end was expressed in the natural cylindrical
coordinates, with the axial coordinate z and
the azimuthal angle φ, with the coordinate
system co-rotating with the cylinder. (From
now on, all velocities will be expressed in
this rotating coordinate system, unless ex-
plicitly stated otherwise.) The evolution of
the vortex was solved by numerically inte-
grating Eq. (4.11) forward in time in the ro-
tating frame. The velocity of the vortex end
was expressed in this same rotating coordi-
nate system as:

vL = vLzêz + vLφêφ, (4.24)

where vLz is the axial component of the ve-
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locity and vLφ the azimuthal9 component.
Before presenting the results of the numerical calculations, we consider

two limiting cases where analytic solutions are found, and a third analytical
result: a scaling law concerning the mutual friction parameters α and Reα.

4.6.1 Analytical Result 1: Limiting Value for vL

Before continuing the analysis, we define a unitless velocity of rotation which
is useful in simplifying the calculations and the representation of their results:

ω :=
2πR2Ω

κ
. (4.25)

In the limit ω � 1, the cylinder wall (∂Q) at r = R can be thought of as an
infinite plane. The vortex approaches this plane as a straight line normal to
it.10 We can now put Ω = Ωêz, r = Rêr, a point on the large cylinder wall
(or plane) and ŝ′ = êr. This gives vs = −RΩêφ in rotating coordinates, and
inserting it into (4.11) we get:

vL = RΩ [αêz + (α′ − 1)êφ] . (4.26)

This means that the vortex end point moves along a spiral trajectory and
the velocity components are:

vLz = αRΩ, (4.27)

and
vLφ = (α′ − 1)RΩ. (4.28)

These are the asymptotic (t→∞) values for the axial and azimuthal velocity
components in the large ω limit. (This limit value is reached, when either R
or Ω tends to infinity, or when both of them tend to infinity simultaneously.)
In a cylinder with finite radius R, the vortex attached to the bottom and on
on the side is curved, introducing a nonzero self-induced velocity component.
This causes the velocity of the vortex end to deviate from the limit values
obtained in Eqs. (4.27) and 4.28). Calculating this deviation was, in fact,
the main topic of paper [V].

9Typically, for small values of Ω, vLφ and Ω have the same sign, and vLz is negative
(shrinking vortex). For large values of Ω, they have opposite signs and vLz > 0 (growing
vortex). The critical angular velocity, where vLφ = vLz = 0 is addressed in Section 4.6.2.

10If R is increased and Ω is kept constant, the maximum counterflow velocity RΩ may
exceed some critical velocity vc and cause the analysis to become unphysical. We can
avoid this by setting Ω = γvc/R, where γ is some constant, 0 < γ < 1. Then the condition
ω � 1 will be satisfied, when γvcR/κ� 1. This proves that the limiting case above is not
physically unreasonable, i.e. that it can in principle be approached in experiments.
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Figure 4.6: Time evolution of a quantized vortex in a rotating cylinder.
(This is Figure 1 in paper [V].) The relevant parameters in natural units
are: Total time span 2.79/αΩ, with 61 snapshots. ω ≡ 2πR2Ω/κ = 85.5,
and Reα = 3.63, which corresponds approximately to 0.4Tc in 3He-B at
p = 29.34 bar. The initial configuration is a quarter vortex ring with radius
R/2, i.e. half the cylinder radius. Figure 4.5 describes the same physical
situation with a slightly larger time span of 4.19/αΩ.
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4.6.2 Analytical Result 2: Critical Angular Velocity
Another exact result corresponds to vanishing velocity of the vortex end
(vL = 0 in the rotating coordinate system). The critical angular velocity, Ωs,
corresponding to this, can be obtained by studying the free energy [42]:

F = Ekin − ΩL, (4.29)

where Ekin is the kinetic energy and L is the angular momentum of the fluid.
In order for a one-vortex state to be stable, F should be smaller for one axial
vortex than for the stationary superfluid. This gives the condition

κ

4π
ln
R

a
− 1

2
Ω(R2 − a2) ≤ 0. (4.30)

We neglect the small term ∝ a2. Thus for the one-vortex state to be stable,
Ω has to be larger than

Ωs =
κ

2πR2
ln
R

a
. (4.31)

In dimensionless form this can be written ωs ≡ 2πR2Ωs/κ = ln(R/a).

4.6.3 Analytical Result 3: Mutual Friction Scaling
Previously, it was known that an approximative scaling law holds in the mo-
tion of quantized vortices, making systems of different sizes (approximately)
self-similar, when units of time and length are properly scaled [43, 44].

In addition to this, it was discovered during work on paper [V] that
another scaling law holds, this one concerning itself with the mutual friction
parameters in the filament model. More explicitly, it was shown in paper
[V] that the essential parameters determining vortex motion (in a steadily
rotating closed container) are the rotational velocity ω and the quantum
Reynolds number Reα: varying the value of α only affects the speed of the
vortex evolution, when velocities are defined relative to the rotating with the
vessel.

Experimentalists and theoreticians had already characterized the param-
eter Reα as being an indicator of how easily a system of quantized vortices
becomes turbulent (see e.g., Ref. [30]). In paper [V] this former conclusion is
explicitly validated using arguments of dimensional analysis, leading to the
new scaling law. Although we studied the case of a rotating cylinder, the
new scaling law is independent of the shape of the vessel.
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Figure 4.7: Log-log plot of εz and ω. describing the axial velocity vLz of
the vortex end. The various curves correspond to εz plotted as a function
of ω ≡ 2πR2Ω/κ at Reα values 78.6, 20.6, 7.65, 3.63, 2.18, 1.46, 1.03, 0.74,
0.53, 0.36, 0.24, 0.15, and 0.083, corresponding to approximate temperatures
T/Tc = 0.25, 0.30, 0.35, ..., 0.85 in 3He-B, respectively. (See Appendix 6.5.)

4.6.4 Numerical Result 1: Velocity of the Vortex
The analytical results described in the three previous sections (4.6.1 to 4.6.3)
were all used in the work of paper [V]. Since the temperature dependence
of vortex motion in 3He-B was one motivating factor behind calculating the
asymptotic axial and azimuthal velocities vLz and vLφ, their values were cal-
culated for a wide range of values of the parameters Reα and ω. The results
on the numerically calculated axial and azimuthal velocities are depicted in
Figs. 4.7 and 4.8 as a function of these two parameters. The functions εz and
εφ plotted in these figures are calculated from vLz and vLφ as:

εz = 1− vLz/αΩR, (4.32)
εφ = 1− vLφ/[(α′ − 1)ΩR]. (4.33)

They are plotted as functions of ω for several different values of the parameter
Reα, approximately corresponding in 3He-B to the temperatures shown in the
figures. The values of εz and εφ should be equal to 1 at all temperatures at
the critical angular velocity ωc (denoted by the second vertical dashed lines).
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Figure 4.8: Log-log plot of εφ and ω, describing the azimuthal velocity vLφ
of the vortex end. The curves correspond to εφ plotted as a function of ω,
using the same Reα parameters as in Fig. 4.7.

In these log-log plot representations (Fig. 4.7 and 4.8), the linearity
of the curves, especially in some temperature and ω ranges is conspicuous.
Linear fits for log εz and logω yielded approximate formulas for the axial and
azimuthal velocities:

vLz ' αRΩ
[
1− (ω/ωz)

kz
]
, (4.34)

vLφ ' (α′ − 1)RΩ
[
1− (ω/ωφ)

kφ
]
. (4.35)

Values, obtained by fitting, for the parameters ωz, kz, and ωφ, kφ in various
ranges of ω and Reα are described in paper [V].

The above velocities obtained by the full Biot-Savart method were also
compared to results obtained using the local LIA method (described in Sec-
tion 4.5.6). The following approximative formulas were found:

vLz,BS ' (1− cz)vLz,LIA + czαRΩ, (4.36)
vLφ,BS ' (1− cφ)vLφ,LIA + cφ(α

′ − 1)RΩ, (4.37)

were cz ≈ 0.05 . . . 0.07 and cφ ≈ 0.07 are small quantities that are nearly
constant in a wide range of Reα and ω. More details about the relationsip
between the more accurate full Biot-Savart method and the LIA method can
be found in paper [V].
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Figure 4.9: Shape of the vortex as a z, r plot in the asymptotic limit t→∞.
At ω = ωs (solid curve) the vortex form is independent of temperature.
Therefore, only the solution at T = 0.25Tc is plotted. At high rotation
velocities, such as ω = 452.9ωs, the shape depends somewhat on tem-
perature, as illustrated by the solutions at T = 0.25Tc (dash-dotted) and
T = 0.85Tc (dashed). The dotted line illustrates the approximate (LIA) so-
lution, Ref. [45]. The corresponding Reα values for 3He-B are: Reα = 78.6
for 0.25Tc and Reα = 0.083 for 0.85Tc. In this figure the z coordinates have
been adjusted so that z = 0 corresponds to the end of the vortex.

4.6.5 Numerical Result 2: Shape of the Vortex
The shape of the top part of a rotating vortex is depicted in Figures 4.9 and
4.10. The asymptotic form depends somewhat on the parameters. However,
at the critical value ω = ωs, the shape of the vortex is independent of tem-
perature. This is natural since in the rotating frame the vortex is at rest,
and therefore dissipation does not play any role in the vortex motion. The
azimuthal angle of the vortices seems constant both at ω = ωs and at high
temperatures. These shapes obtained by the full Biot-Savart model are also
compared with the one obtained using the local induction approximation
model having an analytic solution for this special case [45].

4.6.6 Numerical Result 3: Effects Caused by Tilting
By tilting the cylinder with respect to the rotation axis one can break the
cylindrical symmetry of the system. Experimentally a small tilt is unavoid-
able and therefore including a tilt in the simulations makes it possible to
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Figure 4.10: Shape of the vortex as a z, φ plot in the limit t → ∞. In this
figure z = 0 and φ = 0 correspond to the end of the vortex. At ω = ωs (solid
curve) the vortex form is independent of temperature, and only the solution
at T = 0.25Tc is plotted. At high rotation velocities, such as ω = 452.9ωs,
the shape depends somewhat on temperature, as illustrated by the solutions
at T = 0.25Tc (dash-dotted) and T = 0.85Tc (dashed). The vortices remain
in the plane φ = 0, except for the combination of low temperature and high
rotation velocity. The dotted line illustrates the LIA solution of Ref. [45].
The corresponding Reα values for 3He-B are the same as in Fig. 4.10.

study the vortex motion in a realistic situation.
For a nonzero tilt of a rotating cylinder the superfluid velocity in the

cylinder is nonzero (in laboratory coordinates), even in the absence of vor-
tices. In general, the boundary field vb must be solved numerically, but in
the case of a tilted rotating cylinder, it can be shown analytically that the
background field vb has a sinusoidal component in the axial direction [46].

This sinusoidal component of vb causes the axial velocity vLz to oscillate
around its average value. These oscillations can be seen already at small
tilting angles. For large tilting angles, especially at low temperatures (or
large Reα), the vortex may, in addition, become unstable: The boundary
velocity may surpass the critical velocity for Ostermeier-Glaberson instabil-
ity and drive Kelvin waves. This may eventually create new vortices after
reconnections with the cylinder boundary (see Fig. 4.3).

At large tilt angles it is also possible that the vortex end point becomes
locked at some azimuthal angle, while a constant axial velocity remains. This
sort of behavior is illustrated in the last two pictures of Fig. 4.11, correspond-
ing to tilting angles of 50◦ and 60◦.
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Figure 4.11: Vortex evolution for different tilting angles. Twenty-one snap-
shots are shown for each tilting with angles θ = 10◦, 20◦, 30◦, 40◦, 50◦, and
60◦. With increasing tilting some qualitative differences appear. The start-
ing point of the vortex may start climbing axially on the side wall. The total
time span is 2.33/αΩ, Reα = 3.63 and ω = 85.5.



Chapter 5

Conclusions

The work in this thesis can be clearly divided into two parts: 1) calculations
on the 2D order parameter structure of rotating 3He-A, and 2) work on 3D
vortex dynamics, which is more generally applicable for various superfluids.

An important part of the work consisted in computer implementation
of the algorithm for calculating textures in 3He-A. This algorithm was first
designed and implemented for calculations on single vortices in the non-
rotating case. Later, the algorithm was generalized to include rotation of the
vessel, which was essential for doing numerical calculations on vortex lattices.
During the research on vortex lattices, the so-called vortex sheet of 3He-A was
discovered at the Low Temperature Laboratory. Another new type of vortex,
the LV3 vortex, was discovered by running the above-mentioned computer
code. Both of these new vortex structures appear in the phase diagram of
vortex lattices computed.

The results on vortex lattices of 3He-A may be applied to dilute atomic
BEC and BCS gases. They may also be applicable, to some extent, to su-
perfluid nuclear matter, or quark-gluon plasma that may have existed in the
early universe, or may exist even today in neutron stars. As to the future di-
rections in this field, generalizing the algorithm for those systems, including
a 3D implementation of it, with parallel computation to speed up the calcu-
lations, would be interesting. Such an approach could also include putting
in random order parameter fields, and checking whether some unpredicted
new structures would emerge.

The results obtained on vortex dynamics apply generally to all superfluid
vortices, whose core radius is sufficiently small. The motion of a single vortex
was found to be more stable than expected, although such factors as surface
effects and dissipative bulk effects were not included in the calculations.
The importance of scaling properties in superfluid hydrodynamics became
apparent during the course of this research. Hopefully the work on a single
vortex will help in understanding the dynamics of more complicated vortex
configurations, even turbulent vortex tangles.
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Chapter 6

Appendix

6.1 Bravais Lattices
Definition 1. Bravais Lattice. Let us choose n linearly independent vec-
tors a1 ... an ∈ Rn and an arbitrary vector r ∈ Rn. Let us form the following
set B ⊂ Rn:

B := {u |u = r+
n∑

j=1

zjaj, zj ∈ Z ∀j}. (6.1)

The set B looks the same, when viewed from any of its points. Such a set is
called a Bravais lattice.

Definition 2. Basis Vectors. The vectors a1, ..., an in Definition 1 are
called the basis vectors of the Bravais lattice.

Examples. Figure 2.1 presents a finite portion of two symmetric lattices,
one of which is a Bravais lattice, whereas the other is not. Figure 6.1 shows
two symmetric Bravais lattices.

It is easily seen that the basis vectors can be chosen in many differing ways
to construct the same Bravais lattice. One could, for example, replace the
previous set of basis vectors by the vectors: b1 ... bn: bj = aj + (10j − 1)a1.

One generally requires that the basis vectors are as short as possible.
This requirement can be satisfied, for example, recursively, so that one first
chooses n basis vectors, so that the longest one of them is as short as possible.
Then one can require that the second longest vector is as short as possible.
This procedure can be continued until the last basis vector has been chosen
to be as short possible. From now on, it is assumed, unless stated otherwise,
that the basis vectors of a Bravais lattice are the shortest possible ones, in
the sense of the procedure just described.

Let us now study the properties of Bravais lattices a little bit more. One
first needs to define translation and rotation for a subset of Rn.
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Let us choose a set D ⊂ Rn and an element t ∈ Rn. A translation is an
operation that moves the elements of the set D the distance given by the
length of the vector t and in the direction of t. The new set created by this
translation is denoted by (D + t):

u ∈ (D + t) iff ∃b ∈ D so that u = b+ t. (6.2)

Let R be a real-valued n × n matrix, which satisfies: R−1 = RT . Such a
matrix is a rotation matrix of Rn. A rotation matrix preserves the length of
vectors and the relative angles between them:

a · b = (Ra) · (Rb) ∀ a,b ∈ Rn. (6.3)

Let us have a set D and a rotation matrix R. Then a rotation is an operation,
that rotates the elements of the set D around the origin. The new set thus
created is denoted (RD):

u ∈ (RD) iff ∃b ∈ D so that u = Rb. (6.4)

With a translation or a rotation one can construct a new Bravais lattice
from a given one. If two Bravais lattices can be transformed into each other
using translations and rotations they can be thought of representing the same
lattice structure.

Bravais lattices can have many kinds of symmetry properties. For ex-
ample, in the two-dimensional (n = 2) case: A rectangular lattice is one
whose basis vectors a1 and a2 satisfy: a1 · a2 = 0. A square lattice is a
special case of the rectangular lattice. Its basis vectors are of equal length:
|a1| = |a2|. Similarly, the basis vectors of an isosceles triangular lattice of
R2 fulfill: a1 · a2 = 1

2
|a1||a2|. If, in addition |a1| = |a2|, it is an equilateral

triangular lattice. Figure 6.1 presents an isosceles triangular lattice and a
square lattice, including their respective basis vectors.

Different Bravais lattice types can be classified by their mirror and ro-
tational symmetries. The Bravais lattice of Figure 2.1 does not possess any
axes of mirror symmetry. Furthermore, it only has rotational symmetry for
the angle 2π. A square lattice, by comparison, has four possible axes of
mirror symmetry and four angles of rotational symmetry.

A translation along a vector t is called a lattice translation, if t can be
written as: t =

∑n
j=1 zjaj, where {z1, ..., zn} ⊂ Z.

A unit cell of a Bravais lattice in Rn is a simply connected set K ⊂ Rn,
whose lattice translations form a disjoint cover of Rn Such a one is, for
example:

{r|r =
n∑

j=1

cjaj, 0 ≤ cj < 1}. (6.5)

A unit cell, however, is not unique, as can be realized by looking at Fig. 6.1.
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Figure 6.1: a) An equilateral triangular lattice, b) A square lattice. The
basis vectors and a few unit cells are also drawn in the pictures.

Let J be any set. Let f be a function: f : Rn 7→ J . The function f
is periodic with respect to a Bravais lattice generated by the basis vectors
a1, ..., an, if for all r ∈ Rn and for all sets {z1, ..., zn} ⊂ Z the following
obtains: f(r+

∑n
j=1 zjaj) = f(r).

Example. Let a1 and a2 be the basis vectors of Bravais lattice in R2. Then
the function f : R2 7→ R, f(r) = sin(r · a12π) cos(r · a22π) is periodic with
respect to the Bravais lattice.
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6.2 Periodicity Conditions in Helium-3 A
In what follows, we deduce the periodicity conditions (3.16), (3.17) and
(3.18): Let us first define the relative superfluid velocity:

vrel := vs − vn, (6.6)

where, as in Eq. (2.52), but in natural units, having ~/(2m3) = 1:

(vs)ν =
1

2
(mµ∂νnµ − nµ∂νmµ) (6.7)

and
vn = ω × r. (6.8)

Thus, vrel is equal in magnitude to the superfluid velocity in the rotating
coordinate system. More importantly, the vrel field is periodic with respect
to the Bravais lattice [4]. We now make the translation (3.16):

r′ = r+ n1a1 + n2a2, (6.9)

where n1 and n2 are arbitrary integers. The vectors d̂, l̂ and vrel are truly
periodic in the Bravais lattice, but the vectors m̂ and n̂ are not. From the
periodicity of l̂ it follows, however, that the vectors m̂ and n̂ must be rotated
around the vector l̂ by an (as yet unknown) angle φ:

d̂(r′) = d̂(r),
m̂(r′) = cosφ m̂(r) + sinφ n̂(r),
n̂(r′) = − sinφ m̂(r) + cosφ n̂(r).

(6.10)

The angle φ can be determined by using the periodicity of vrel:

vrel(r
′) = vrel(r). (6.11)

We shall use the shorthands: m̂′ = m̂(r′), etc. Inserting r′ and r from (6.9)
into the above equation, and using Eqs. (6.6) to (6.10), we get:

1
2
(m′µ∂νn

′
µ − n′µ∂νm′µ)− [ω × r′]ν = 1

2
(mµ∂νnµ − nµ∂νmµ)− [ω × r]ν

⇐⇒
1
2
(m′µ∂νn

′
µ − n′µ∂νm′µ)− [ω × (r+ n1a1 + n2a2)]ν

= 1
2
(mµ∂νnµ − nµ∂νmµ)− [ω × r]ν

⇐⇒
1
2
[(cosφmµ + sinφnµ)∂ν(− sinφmµ + cosφnµ)
−(− sinφmµ + cosφnµ)∂ν(cosφmµ + sinφnµ)]
= 1

2
[mµ∂νnµ − nµ∂νmµ] + ω × (n1a1 + n2a2).

(6.12)
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We can simplify the previous equation, using the criteria (3.6) and some
trigonometric calculus, to get:

∇φ = −[ω × (n1a1 + n2a2)]. (6.13)

The solution of the equation is, simply:

φ = −r · [ω × (n1a1 + n2a2)] + C(n1, n2) mod 2π, (6.14)

where (n1 and n2 are integers). The values of C(n1, n2) depend only on the
values of n1 and n2. Specifically, they are constant with respect to r. When
the expression (3.15) for ω is inserted into the above expression, we get:

φ =
kπ

|a1 × a2|
ẑ · [r× (n1a1 + n2a2)] + C(n1, n2) mod 2π. (6.15)

Let us next study the numbers C(n1, n2). First, it is clear that:

C(0, 0) = 0 mod 2π. (6.16)

In (6.9) one moves to the point r′ = r + n1a1 + n2a2. From this point it
is possible to move a distance given by the vector k1a1 + k2a2 to the point
r′′ = r+(n1+k1)a1+(n2+k2)a2. We can now demand that the rotation angles
of the m̂ and n̂ vectors are the same (mod 2π), when one moves directly to
the point r′′, and when one moves first to the point r′ and from there to
the point r′′. Consequently, we will assume that the following criterion is
satisfied for all n1, n2, k1, k2 ∈ Z:

φ(r, n1 + k1, n2 + k2) = φ(r, n1, n2) + φ(r+ n1a1 + n2a2, k1, k2) mod 2π.
(6.17)

By inserting the expression (6.14) for φ to the above expression we get a
recursive condition for the numbers C(n1, n2):

C(n1+k1, n2+k2) = C(n1, n2)+C(k1, k2)−kπ(n1k2−n2k1) mod 2π. (6.18)

In the case of continuous vortices k is an even integer, so the above recursive
formula gives directly:

C(n1, n2) = n1C(1, 0) + n2C(0, 1) mod 2π. (6.19)

For singular vortices one needs to use the recursive formula. To determine
the order parameter at all points of the lattice, it is enough to know the
numbers C(0, 1) and C(1, 0) and the order parameter field in some unit cell.

The numbers C(0, 1) and C(1, 0) are still undetermined. One can show
that by a suitable translation of the field, they can be set equal to zero.
Let the order parameter field A(r) of the Bravais lattice be given. A new
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solution can be constructed from this using a translation by an arbitrary
vector t. The new field is of the form1:

Ã(r) = exp[ir · (ω × t)]A(r− t). (6.20)
This new solution also satisfies (6.15), but not necessarily with the same
values of the constants C(n1, n2):

φ̃ =
kπ

|a1 × a2|
ẑ · [r× (n1a1 + n2a2)] + C̃(n1, n2) mod 2π. (6.21)

Let us study how the numbers C̃(n1, n2) and C(n1, n2) differ from each other.
We shall denote b := n1a1 + n2a2. Let us assume that the angle of vector m̂
(as measured in a plane orthogonal to l̂) is equal to φ1 at position r and φ2

at position r′ = r+ b. Then, according to (6.14) we have:
φ2 = φ1 − r · (ω × b) + C(n1, n2). (6.22)

Let us choose an arbitrary vector t, and form a new solution according to
(6.20). Let us denote the angle of m̂(r+ t) in the new solution by φ̃1. Then,
Eq. (6.20) gives:

φ̃1 = φ1 − (r+ t) · (ω × t). (6.23)
Similarly, we shall denote the angle of m̂(r + t + b) in the new solution by
φ̃2. Using Eq. (6.14) again, we get:

φ̃2 = φ̃1 − (r+ t) · (ω × b) + C̃(n1, n2). (6.24)
Equation (6.20) gives a fourth equation, in analogy to Eq. (6.23):

φ̃2 = φ2 − (r+ t+ b) · (ω × t). (6.25)
Now, the previous four equations can be used to get a formula for transfor-
mations:

C̃(n1, n2) = C(n1, n2) + 2t · [ω × (n1a1 + n2a2)]. (6.26)
Specifically, the pairs (1, 0) and (0, 1) yield two equations:

C̃(1, 0) = C(1, 0) + 2t · (ω × a1),

C̃(0, 1) = C(0, 1) + 2t · (ω × a2).
(6.27)

Using these the vector t can be solved so that C̃(1, 0) = C̃(0, 1) = 0. In other
words, according to Eq. (6.20), the order parameter field of a Bravais lattice
can always be put into a form, where the constants C(n1, n2) in Eq. (6.14),
(or, originally in Eq. (3.18), Section 3.2.10), are equal to zero.

When forming initial guesses for lattices, the above constants can be
made to vanish by a proper choice of the origin. If the Bravais lattices to be
studied are symmetric enough, the origin is the intersection of the axes of
mirror symmetry of the order parameter field.

1This can be seen by inserting the field Ã(r) into the expression for the free energy
density (2.42), and by concluding that f [Ã(r)] = f [A(r− t)].
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6.3 Numerical Solution of the Lattice Model

6.3.1 Discretization

Numerical methods are needed when solving the minimization problem. The
domain Ω is replaced by a discrete lattice (Figure 6.2). The point is to ap-
proximate the integral formulation of the free energy, Eq. (3.4), by a discrete
sum. For simplicity, we use a rectangular lattice with X times Y lattice
points. In each lattice point (I, J) there is a corresponding vector triple.
{m̂(I, J), n̂(I, J), d̂(I, J)}. I corresponds to the x coordinate and J to the
y coordinate. The lattice constants in the x and y directions are chosen to
be of equal length. Let us denote this by ∆r. It is of benefit to choose the
origin of the original xy plane as the center of the lattice. Then the pair
(I, J) corresponds to the point

(
2I −X − 1

2
∆r,

2J − Y − 1

2
∆r

)

in the xy plane. The derivatives of the free energy density can now be
replaced by approximations. For example,

∂xf(I, J) 7−→ [f(I + 1, J)− f(I − 1, J)]/(2∆r). (6.28)

The above approximation has the weakness that the difference is calculated
over an interval of length 2∆r. A more accurate approximation is achieved

m

d(I,J)  (I+1,J)

n

(I,J+1)

 ∆r

 ∆r

Figure 6.2: Part of the discretization lattice.

when the differences are cal-
culated over an interval of
length ∆r. This has been
taken into account in the dis-
cretization of the free energy
of the A phase. Then the ap-
proximations for derivatives
correspond to the derivatives
in between the lattice points.
Since the free energy func-
tional is an integral, this does
not cause any significant er-
ror. Terms containing deriva-
tives have then been averaged
to correspond to the values
at the lattice points. Let us
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adopt the following notations:

• ⇔ (I, J),
→ ⇔ (I + 1, J),
← ⇔ (I − 1, J),
↑ ⇔ (I, J + 1),
↓ ⇔ (I, J − 1).

(6.29)

With help from these, we have, e.g., m̂• = m̂(I, J) and n←x = nx(I − 1, J).
When discretized, the expression for the free energy looks as follows:

Fdiscr =
∑
I,J

fdiscr(I, J)∆r
2, (6.30)

where fdiscr(I, J) = fdip(I, J) + fmag(I, J) + fkin(I, J), and

fdip• = (d̂• · m̂•)2 + (d̂• · n̂•)2,
fmag• = (d̂• · h•)2,
fkin• = [(m̂→ − m̂•)

2 + (m̂↑ − m̂•)
2

+(m̂← − m̂•)
2 + (m̂↓ − m̂•)

2]/(2∆r2)
+n̂• · [(vn•)x(m̂→ − m̂←) + (vn•)y(m̂↑ − m̂↓)]/(∆r)
+[(n̂→ − n̂•)

2 + (n̂↑ − n̂•)
2

+(n̂← − n̂•)
2 + (n̂↓ − n̂•)

2]/(2∆r2)
−m̂• · [(vn•)x(n̂→ − n̂←) + (vn•)y(n̂↑ − n̂↓)]/(∆r)
+v2

n•
+[(d̂→ − d̂•)

2 + (d̂↑ − d̂•)
2

+(d̂← − d̂•)
2 + (d̂↓ − d̂•)

2]/(∆r2)
+β{[(m→x −m•x)2 + (m↑y −m•y)2
+(m←x −m•x)2 + (m↓y −m•y)2
+(m→x −m←x)(m↑y −m↓y)]/(2∆r2)
+vn• · n̂•[m→x −m←x +m↑y −m↓y]/(∆r)
+[(n→x − n•x)2 + (n↑y − n•y)2
+(n←x − n•x)2 + (n↓y − n•y)2
+(n→x − n←x)(n↑y − n↓y)]/(2∆r2)
−vn• · m̂•[n→x − n←x + n↑y − n↓y]/(∆r)
+(vn• · m̂•)2 + (vn• · n̂•)2
+[(m2

→x +m2
•x)(d̂→ − d̂•)

2 + (m2
←x +m2

•x)(d̂← − d̂•)
2

+(m2
↑y +m2

•y)(d̂↑ − d̂•)
2 + (m2

↓y +m2
•y)(d̂↓ − d̂•)

2]/(4∆r2)

+[m•xm•y(d̂→ − d̂←) · (d̂↑ − d̂↓)]/(2∆r
2)

+[(n2
→x + n2

•x)(d̂→ − d̂•)
2 + (n2

←x + n2
•x)(d̂← − d̂•)

2

+(n2
↑y + n2

•y)(d̂↑ − d̂•)
2 + (n2

↓y + n2
•y)(d̂↓ − d̂•)

2]/(4∆r2)

+[n•xn•y(d̂→ − d̂←) · (d̂↑ − d̂↓)]/(2∆r
2)}

+4ηω · (m̂• × n̂•).
(6.31)
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6.3.2 Minimization at One Lattice Point
We now attempt to lower the free energy density by changing the values of
d̂, m̂ and n̂ at the point (I, J).

The problem consists of nine variables, i.e. the components of d̂, m̂ and
n̂ at the point (I, J) that are constrained by the following four equations:

m̂ · m̂ = n̂ · n̂ = d̂ · d̂ = 1,
m̂ · n̂ = 0.

(6.32)

We will study the effect of small changes ∆m̂, ∆n̂ and ∆d̂ on the value of
the free energy F .

By studying the constrains in (6.32) it can be deduced that the changes
have to be of the following form:

∆d̂ = c(u× d̂) +O(c2),
∆m̂ = c(v × m̂) +O(c2),
∆n̂ = c(v × n̂) +O(c2).

(6.33)

Here c is a real-valued parameter, and u and v are vectors, that need to
satisfy u ·u+v ·v = 1. This condition, in fact, defines a six-dimensional unit
vector. The goal is, namely, to find in the six-dimensional parameter space
the direction in which the free energy becomes lower.

The problem must be transformed to some extent, still, so that the vectors
u and v could be found as easily as possible.

We shall define vectors ~∂F
∂d

, etc. as follows:

(
∂F

∂d
)x := ∆r−2

∂Fdiscr

∂d(I, J)x
, ... , (

∂F

∂m
)x := ∆r−2

∂Fdiscr

∂m(I, J)x
, ... (6.34)

where Fdiscr is as given by (6.30). When taking derivatives of a sum, such as
Fdiscr with respect to (e.g.,) d(I, J)x, we must take into account that d(I, J)x
appears, in addition to the term fdiscr(I, J) in four other adjacent terms:

fdiscr(I − 1, J), fdiscr(I + 1, J), etc. ...
Calculating the above terms is straightforward, although a bit strenuous,

so only the end results will be presented here:
~∂F
∂d

= 2(d̂• · m̂•)m̂• + 2(d̂• · n̂•)n̂• + 2(d̂• · h•)h• +∆r−2{
−4[(d̂→ − 2d̂• + d̂←) + (d̂↑ − 2d̂• + d̂↓)]

+β[(m2
→x +m2

•x)(d̂• − d̂→) + (n2
→x + n2

•x)(d̂• − d̂→)

+(m2
←x +m2

•x)(d̂• − d̂←) + (n2
←x + n2

•x)(d̂• − d̂←)

+(m2
↑y +m2

•y)(d̂• − d̂↑) + (n2
↑y + n2

•y)(d̂• − d̂↑)

+(m2
↓y +m2

•y)(d̂• − d̂↓) + (n2
↓y + n2

•y)(d̂• − d̂↓)

+1/2m→xm→y(d̂↘ − d̂↗) + 1/2n→xn→y(d̂↘ − d̂↗)

+1/2m←xm←y(d̂↖ − d̂↙) + 1/2n←xn←y(d̂↖ − d̂↙)

+1/2m↑xm↑y(d̂↖ − d̂↗) + 1/2n↑xn↑y(d̂↖ − d̂↗)

+1/2m↓xm↓y(d̂↘ − d̂↙) + 1/2n↓xn↓y(d̂↘ − d̂↙)]}.

(6.35)
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~∂F
∂m

= 2(d̂• · m̂•)d̂• +∆r−2{
−2[(m̂→ − 2m̂• + m̂←) + (m̂↑ − 2m̂• + m̂↓)]
+β{−2(m→x − 2m•x +m←x)x̂− 2(m↑y − 2m•y +m↓y)ŷ
+1/2(m↖y −m↙y −m↗y +m↘y)x̂
+1/2(m↖x −m↙x −m↗x +m↘x)ŷ

+m•x[(d̂→ − d̂•)
2 + (d̂• − d̂←)

2]x̂

+m•y[(d̂↑ − d̂•)
2 + (d̂• − d̂↓)

2]ŷ

+1/2m•y(d̂→ − d̂←) · (d̂↑ − d̂↓)x̂

+1/2m•x(d̂→ − d̂←) · (d̂↑ − d̂↓)ŷ}}
+∆r−1{−(vn•)x(n̂→ − n̂←)− (vn•)y(n̂↑ − n̂↓)
+(vn←)xn̂← − (vn→)xn̂→ + (vn↓)yn̂↓ − (vn↑)yn̂↑
+β[−[n→x − n←x + n↑y − n↓y]vn•
+[vn← · n̂← − vn→ · n̂→]x̂
+[vn↓ · n̂↓ − vn↑y · n̂↑]ŷ]}
+2(vn• · m̂•)vn•
+4η(n̂• × ω).

(6.36)

~∂F
∂n

= 2(d̂• · n̂•)d̂• +∆r−2{
−2[(n̂→ − 2n̂• + n̂←) + (n̂↑ − 2n̂• + n̂↓)]
+β{−2(n→x − 2n•x + n←x)x̂− 2(n↑y − 2n•y + n↓y)ŷ
+1/2(n↖y − n↙y − n↗y + n↘y)x̂
+1/2(n↖x − n↙x − n↗x + n↘x)ŷ

+n•x[(d̂→ − d̂•)
2 + (d̂• − d̂←)

2]x̂

+n•y[(d̂↑ − d̂•)
2 + (d̂• − d̂↓)

2]ŷ

+1/2n•y(d̂→ − d̂←) · (d̂↑ − d̂↓)x̂

+1/2n•x(d̂→ − d̂←) · (d̂↑ − d̂↓)ŷ}}
−∆r−1{−(vn•)x(m̂→ − m̂←)− (vn•)y(m̂↑ − m̂↓)
+(vn←)xm̂← − (vn→)xm̂→ + (vn↓)ym̂↓ − (vn↑)ym̂↑
+β[−[m→x −m←x +m↑y −m↓y]vn•
+[vn← · m̂← − vn→ · m̂→]x̂
+[vn↓ · m̂↓ − vn↑ · m̂↑]ŷ]}
+2(vn• · n̂•)vn•
−4η(m̂• × ω).

(6.37)

The new abbreviations follow the same logic as the previous ones:

↗ ⇔ (I + 1, J + 1),
↖ ⇔ (I − 1, J + 1),
↙ ⇔ (I − 1, J − 1),
↘ ⇔ (I + 1, J + 1).

(6.38)
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Using Eq. (6.33) gives the change of the free energy Fdiscr (6.30):

∆Fdiscr

= ∆r2
(∑3

k=1
∂Fdiscr

∂dk(I,J)
∆dk +

∂Fdiscr

∂mk(I,J)
∆mk +

∂Fdiscr

∂nk(I,J)
∆nk

)
+O(c2)

= ~∂F
∂d
·∆d̂+ ~∂F

∂m
·∆m̂+ ~∂F

∂n
·∆n̂+O(c2)

= −c[u · ( ~∂F
∂d
× d̂) + v · ( ~∂F

∂m
× m̂+ ~∂F

∂n
× n̂)] +O(c2).

(6.39)

∆Fdiscr must attain a negative value, which can be achieved for small enough

τ

d

∆d

spin

Figure 6.3: The vector τ spin ro-
tates the vector d̂.

values of c, when one chooses:

u = a[ ~∂F
∂d
× d̂],

v = b[ ~∂F
∂m
× m̂+ ~∂F

∂n
× n̂],

(6.40)

where a and b are, so far unknown, posi-
tive constants. We shall next define the
vectors:

τ spin := ~∂F
∂d
× d̂,

τ orbit :=
~∂F
∂m
× m̂+ ~∂F

∂n
× n̂.

(6.41)

Then the condition u2 +v2 = 1 gets the
form:

a2τ 2
spin + b2τ 2

orbit = 1. (6.42)

Now, the change in Fdiscr can be written as the sum of the spin and orbital
contributions:

∆Fdiscr = −c[aτ 2
spin + bτ 2

orbit] +O(c2). (6.43)
This could be minimized with respect to a and b, neglecting the O(c2) term.
This would yield the solution:

a = b = [τ 2
spin + τ 2

orbit]
−1/2. (6.44)

The solution thus obtained would correspond to moving in a six-dimensional
parameter space to the direction opposite to the gradient of the function
to be minimized. However, the direction opposite to the gradient does not
necessarily ensure the fastest convergence time for the whole iterative process.
It is better to leave more degrees of freedom to the iteration.

Let us define the parameters c1 = ca and c2 = cb. The equation (6.42)
now takes the form:

c21τ
2
spin + c22τ

2
orbit = c2. (6.45)

We can choose the numbers c1 and c2 quite freely. The change in free energy
in this case is:

∆Fdiscr = −c1τ 2
spin − c2τ 2

orbit +O(c2), (6.46)
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which is negative, when c1 and c2 are small enough. We can now form
iteration formulas by inserting the expressions in (6.40) into Eq. (6.33), and
using the parameters c1 and c2:

dhelp = d̂+ c1τ spin × d̂,
mhelp = m̂+ c2τ orbit × m̂,
nhelp = n̂+ c2τ orbit × n̂.

(6.47)

The vectors thus obtained are not admissible by themselves, but need to have
small corrections meted out to satisfy the criteria in (6.32). First, the vectors
are scaled to be of the right length:

d̂new = [dhelp]
0,

mhelp2 = [mhelp]
0,

nhelp2 = [nhelp]
0.

(6.48)

Here [v]0 denotes a unit vector in the direction of v. According to definition,
we have [v]0 = v/|v|, but in order to save computing time, the approximation
(3/2− v · v/2)v can be used. This is accurate enough, since already v · v is
close to 1. Next, we need to correct the angle between the vectors m̂ and n̂:

m̂new = 2−1/2([mhelp2 + nhelp2]
0 + [mhelp2 − nhelp2]

0),
n̂new = 2−1/2([mhelp2 + nhelp2]

0 − [mhelp2 − nhelp2]
0).

(6.49)

The iterative process can be pictured by thinking of the vectors τ spin and
τ orbit as torques that attempt to turn the m̂, n̂ and d̂ vectors around an axis
in the direction of the torque. In Figure 6.3 we can see how τ spin rotates the
d̂ vector. In a similar way, the vector τ orbit rotates the m̂ and n̂ vectors.
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6.3.3 Implementation of the Iterative Algorithm
Here a short description is given about the computer implementation of the
algorithm.

In the beginning, the order parameter field is discretized using an X ×
Y lattice, where X and Y are large enough integers. (In practice, it is
recommended to choose the values of X and Y to be at least 30).

Next we need to insert an initial guess for the field of the right topological
type and satisfying the required boundary conditions.

Then the process of iteration for approaching the order parameter field
having the minimum of free energy is as follows:

1. Choose the values of the iteration parameters c1 and c2.

2. Perform one iteration step in every lattice point, except the boundary
points (Eqs. (6.47) to (6.49)).

3. While iterating a Bravais lattice, the vectors at the boundary must
be adjusted in order to fulfill the periodicity conditions of the Bravais
lattice.

4. If the number of performed iterations is big enough, then stop. Other-
wise, go back to step 2.

Values for the parameters c1 and c2 that ensure the convergence of the it-
eration can be found by trial and error. Furthermore, one may attempt to
optimize the speed of iteration by adjusting those values.

When studying a periodic vortex lattice, periodicity conditions of the
Bravais lattice are used instead of fixed boundary conditions. In step 3, the
correction to a boundary point is done so that one looks for a point inside
the lattice that is at a distance given by a linear combination, with integer
coefficients, of the basis vectors. Then, the d̂ vector is copied as such from
that point, but for the m̂ and n̂ vectors Eqs. (3.16), (3.17), (6.15) and (6.18)
are used.

For the sake of convenience the basis vector a1 of a Bravais lattice is
chosen to be in the direction of the x axis and of length (X − 2)∆r. The y
component of vector a2 is (Y − 2)∆r and the x component N∆r, where N
is an integer between 0 and (X − 2). Thus, the inner points of the lattice
(i.e. points not on the boundary) correspond to exactly one unit cell of the
Bravais lattice.

The angular velocity |ω| only fixes the value of |a1 × a2|, so in principle,
e.g., |a1| and |a1 · a2| remain free parameters, with respect to whom the
free energy should also be minimized. Often, however, it is possible to use
symmetry arguments to deduce in advance what kind of lattice would have
the minimum energy.
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6.4 Initial Guesses for Vortices
In this chapter, initial guesses of the right kind of topology are formed for
various vortex structures, as well as for the soliton and the vortex sheet.

6.4.1 Two-Quantum Vortices, ATC
The initial guess for an ATC vortex can be taken as a basic type, using which
it is easy to form initial guesses for other two-quantum vortices.

Let us represent the l̂ field and two auxiliary vector fields ŝ and t̂ in
cylindrical coordinates (r, φ):

l̂ = sin η φ̂+ cos η ẑ,

ŝ = cos η φ̂− sin η ẑ,

t̂ = l̂× ŝ = −r̂,
(6.50)

where η is a continuous and differentiable function of r, for which:

η(0) = 0, lim
r→∞

η(r) = π. (6.51)

One can choose e.g.:

η(r) = 2 arcsin(1− e−λr
2

), λ > 0. (6.52)

Next, one can construct the m̂ and n̂ fields:

m̂ = cosφ ŝ− sinφ t̂,
n̂ = sinφ ŝ+ cosφ t̂.

(6.53)

We notice that the auxiliary vector ŝ is always orthogonal to the l̂ vector.
The same holds for the t̂ vector. Since r̂ is not well defined at the origin, also
the vectors ŝ and t̂ are not well defined there. In fact, the ŝ and t̂ fields do
not even have well-defined limit value at the origin. While circling around
a vortex on a closed curve, far from the origin, one can conclude that the ŝ
and t̂ vectors circle around the l̂ vector once, but the m̂ and n̂ vectors must
circle around vector l̂ twice. This is guaranteed, when they are formed in
the above fashion, using the vectors ŝ and t̂. Similarly, it can be seen that
they have well-defined limit value at the origin, so the thus formed m̂ and
n̂ fields are continuous, when those limit values are chosen as their values in
the origin.

The d̂ field is easy to form. One can, for example, choose: d̂ = l̂, or
d̂ = constant.
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Figure 6.4: Initial guess for the ATC vortex, The projection of the l̂ vector
field to the xy plane. At the origin l̂ = ẑ. On the boundary l̂ ≈ −ẑ.

6.4.2 Two-Quantum Vortices, CUV and LV2
When the m̂, n̂ and d̂ fields have been formed, new kinds of vortex structures
can be created by rotating all the vectors with a rotation matrix R:

m̂′(r) = Rm̂(r),
n̂′(r) = Rn̂(r),

d̂
′
(r) = Rd̂(r),

R−1 = RT .

(6.54)

For example, an initial guess for the LV2 vortex with so-called w symmetry
can be obtained by rotating the m̂, n̂ and d̂ vectors of the ATC vortex around
the vector ŷ by the angle −π/2.
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Figure 6.5: Initial guess of the l̂ field of an LV2 (or CUV) vortex with w
symmetry. At the circular point l̂ = ẑ and at the hyperbolic one l̂ = −ẑ. On
the boundary l̂ ≈ x̂.

In the same manner, an initial guess for an LV2 vortex with v symmetry
is obtained by rotating the m̂, n̂ and d̂ vectors of an LV2 vortex with w
symmetry around the vector x̂ by the angle π/2.

If one wants to form a Bravais lattice of doubly quantized vortices, one
starts by forming the centermost unit cell of the lattice. The order parameter
field in the other unit cells of the lattice can be formed according to Eq. (3.18).
It is however, recommend, to choose the function η (6.61) so that it has the
value π at the boundary of the unit cell. This ensures the continuity of the
field across the cell boundary.
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Figure 6.6: Initial guess of the l̂ field of an LV2 (or CUV) vortex with v
symmetry. At the radial point l̂ = ẑ and at the hyperbolic one l̂ = −ẑ. On
the boundary l̂ ≈ x̂.

6.4.3 Four-Quantum Vortex, LV1
Let us construct an initial guess for a four-quantum vortex that satisfies the
continuity criteria (3.16), (3.17), (6.15) and (6.18) for a vortex lattice. Let
the width of the lattice in the x direction be s and the length of the lattice in
the y direction be d. Let us choose the coordinate system so that the origin
is at the center of the unit cell.
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Figure 6.7: Initial guess of a four-quantum vortex. Projection of the l̂ field
to the xy plane. In the circular points l̂ = ẑ, in the hyperbolic points l̂ = −ẑ.

Let us define the variables:

α = 2πx/s,
β = 2πy/d,

(6.55)

and using them:
S1 = sinα,
S2 = sin β,

S+ = sin(α+β
2
),

S− = sin(α−β
2
).

(6.56)
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Let us define the vectors l̂ and m̂help:

lx =
√
|S+S−| sign(S+S−),

ly =
√
|C+C−| sign(C+C−),

lz = −
√
1− (l2x + l2y) sign(S1S2),

(mhelp)x = −
√
|C+C−| sign(C+C−),

(mhelp)y =
√
|S+C−| sign(S+C−),

(mhelp)z = −
√
1− (mhelp)2x − (mhelp)2y sign(C1C2).

(6.57)

For these it holds: l̂ · l̂ = m̂help · m̂help = 1 and l̂ · m̂help = 0. The vector
field m̂help(r) is, however, not yet adequate to be the m̂ field, but, as was the
case previously with the ATC vortex, the m̂help(r) vectors need to be rotated
around the l̂(r) vector. The angle of rotation φ(r) is as follows:

φ1(x, y) = arctan[(y − d/4)/(x− s/4)],
φ2(x, y) = arctan[(y − d/4)/(x+ s/4)],
φ3(x, y) = arctan[(y + d/4)/(x− s/4)],
φ4(x, y) = arctan[(y + d/4)/(x+ s/4)],
φ(x, y) = φ1(x, y) + φ2(x, y) + φ3(x, y) + φ4(x, y).

(6.58)

One can notice that the angle φ changes fast in those areas, where the abso-
lute value of the z component of l̂ is close to one.

When we, lastly, define n̂help = l̂ × m̂help, we get the final m̂, n̂ and d̂
fields:

m̂ = cosφ m̂help − sinφ n̂help,

n̂ = l̂× m̂,

d̂ = l̂.

(6.59)

Let us conclude by saying that even though s and d were arbitrary, it is
believed that they are equal.



84 CHAPTER 6. APPENDIX

6.4.4 The Soliton
It is possible to deduce the following expression for the soliton [17]:

d̂ = x̂,

l̂ = cos η x̂+ sin η ẑ,
m̂ = sin η x̂− cos η ẑ,
n̂ = ŷ.

(6.60)

where the function η(x, y) satisfies:

sin η(x, y) = 1/cosh(
√
2y),

cos η(x, y) = −sign(y)
√

1− sin2η.
(6.61)

6.4.5 The Vortex Sheet
Vortices (in a vertical stack of closely packed) vortex sheets form a rectangu-
lar Bravais lattice. The unit cell, however, is very much elongated, so for the
iteration it is recommended to use half of the unit cell. This is made possible
due to the symmetry of the vortex sheet. There is an approximate estimate
in the natural units for the half, s, of the width and for the height, d, of the
unit cell [17]:

s = 2π(3
√
2ω)−1/3,

d = (3
√
2ω−2)1/3,

(6.62)

where ω is the absolute value of the angular velocity. We can form an initial
guess for the vortex sheet:

d̂ = x̂,

l̂ = cos η x̂+ sin η (sin β ŷ + cos β ẑ),
m̂help = sin η x̂− cos η (sin β ŷ + cos β ẑ),
n̂help = cos β ŷ − sin β ẑ,
m̂ = cosφ m̂help − sinφ n̂help,
n̂ = sinφ m̂help + cosφ n̂help,

(6.63)

where β = 2πx/s and φ = 2πxy/ds. η(x, y) can be chosen freely as in the
case of the soliton in (6.61).
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6.5 Mutual Friction Parameters in 3He-B
The values of the mutual friction parameters of 3He-B at various temper-
atures in the table below, were used in the numerical calculations of paper
[V]. These values are based on measurements at the experimentally favorable
pressure of 29.34 bar, and a model extrapolating the measurement values to
the highest2 and lowest temperatures in the range 0 ≤ T ≤ Tc. They are not
to be trusted blindly, but should rather be considered indicative. The most
important parameter is the quantum Reynolds number Reα, and the results
of [V] are based on the values of Reα in this table, not on the approximate
temperature values.

T/Tc α α′ Reα

0.00 0 0 ∞
0.05 2.670642E-16 -2.226019E-11 3.744418E+15
0.10 9.418141E-08 -8.214771E-06 1.061789E+07
0.15 6.653983E-05 -3.712937E-04 1.503417E+04
0.20 1.768642E-03 -9.004591E-04 5.659147E+02
0.25 1.265828E-02 5.255042E-03 7.858453E+01
0.30 4.701086E-02 3.032361E-02 2.062665E+01
0.35 1.200093E-01 8.150743E-02 7.653512E+00
0.40 2.328964E-01 1.556440E-01 3.625457E+00
0.45 3.467192E-01 2.429385E-01 2.183500E+00
0.50 4.565632E-01 3.333683E-01 1.460108E+00
0.55 5.620771E-01 4.201522E-01 1.031616E+00
0.60 6.732573E-01 4.999895E-01 7.426737E-01
0.65 8.104478E-01 5.719796E-01 5.281283E-01
0.70 1.004341E+00 6.365370E-01 3.618920E-01
0.75 1.295975E+00 6.946998E-01 2.355757E-01
0.80 1.736739E+00 7.478107E-01 1.452085E-01
0.85 2.448636E+00 7.974992E-01 8.269943E-02
0.90 3.604772E+00 8.460574E-01 4.270523E-02
0.95 6.356718E+00 8.981978E-01 1.601490E-02
1.00 ∞ 1 0

Table 6.1: Tabulated values of α, α′ and Reα for 3He-B as a function of
temperature.

2Some of the temperature values in the table are higher than the A-B phase transition
temperature at 29.34 bar. Below the A-B transition temperature there is also a transition
between B phase vortices of two different core types, which should cause a small discon-
tinuity in the mutual friction values. Since the numerical work in paper [V] applies to
quantized vortices in general, and not only to 3He-B, these restrictions are not important.
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