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Abstract
The topic of this thesis is superconducting electric circuits. Technical advances
have made possible the experimental study of Josephson junction based circuit
elements which sustain quantum mechanical properties long enough to be
denoted as quantum devices. The quantum state can be controlled with
electronic variables and measured using standard electrical setups. The
research is motivated by the possibility to examine quantum phenomena in
circumstances that can be customized, prospects of new quantum devices,
and the development of quantum information processing.

This thesis presents theoretical studies on the nonlinear and stochastic
driving of a superconducting quantum two-level system (qubit). We first
investigate the energy level shifts a single-Cooper-pair transistor under large
amplitude driving realized via the inherently nonlinear Josephson energy by
using an external magnetic flux. The effective driving field substantially devi-
ates from a circular polarization and linear coupling. The energy level shifts
are compared to the cases of a vanishing and a weak driving field, measured
as the Stark shift and the generalized Bloch-Siegert shift, respectively. We
describe criteria for the natural basis of the analytical and the numerical
calculations. In addition to that, we develop a formalism based on the Floquet
method for the weak probe measurement of the strongly driven qubit.

In the latter part of the thesis research, we study utilization of a stochastic
driving field whose time evolution is not regular but follows probabilistic laws.
We concentrate on the motional averaging phenomenon and show that it can
be measured with an unparalleled accuracy by employing a flux-modulated
transmon qubit. As the stochastically modulated qubit is simultaneously
measured with a moderate driving field, we develop a theoretical description
accounting the possible interference effects between the modulation and the
drive. The comparison with experimental results shows good agreement.
Motional averaging phenomenon can be applied to estimate the properties
of fluctuation processes occurring in qubits, e.g., the quasiparticle tunneling
or the photon shot noise. Resting on the motional averaging, we anticipate
that the qubit dephasing times can be improved if one can accelerate the
dynamics of two-level fluctuators.

We apply a semiclassical formalism where the qubit is treated with quan-
tum mechanical concepts whereas the driving fields are classical. In the
solution procedure, the numerical results support the main analytical under-
standing. As the theoretical results are extensively compared to reflection
measurements, we construct an explicit connection between the dynamics of
the studied quantum devices and the measured reflection coefficient.

Keywords: Superconducting qubits, Stark and Bloch-Siegert shifts, Floquet
method, Motional averaging
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Chapter 1

Introduction

The goal of condensed matter physics is ambitious: Explain and understand
all the physical properties and the phenomena of the material world. The
typical procedure for building a model, which explains some of the material
properties, is such that one starts with the physical laws of the microscopic
particles, continues with insightful approximations and simplifications, and,
finally, usually averages over the large set of particles to get predictions for
macroscopically observable quantities, such as, thermodynamic or electromag-
netic variables. In spite of that one is able to build successful models, the
ultimate goal of condensed matter physics may never be achieved because
of the enormous complexity of the materials. The model as such is, never-
theless, only half of the understanding. The approximations and the basic
assumptions have to be tested against experiments, that is, against the reality.
Both outcomes of the comparison, negative or positive, will improve the
physical understanding. The negative result may narrow the validity range
of the model, or it may force one to reconsider the approximations and the
assumptions. In the most drastic case, the whole model may be refuted by the
experimental results. In contrast, the positive outcome validates the concepts
and the results of the model until a new experiment questions them again.
This interplay between theory and observations accumulates the knowledge
piece by piece and gradually the validated and improved models approach
the reality.

The topic of this thesis is superconducting electric circuits which belong
to the study of condensed matter. At low temperatures, a few Kelvin or
Celsius above the absolute zero, certain materials, such as aluminium or
lead, make a phase transformation into a superconducting phase of matter
in which they conduct electricity perfectly with vanishing electric resistance,
first found by H. Kamerlingh Onnes in 1911. Indeed, this is an instructive
example that the new observation has questioned the older understanding
of the solid state physics and conductance phenomena. The understanding,
based on free electrons in periodic ion lattice of metals, does not suffice at
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2 CHAPTER 1. INTRODUCTION

low temperatures. Instead, the understanding of superconductivity needs
that additional quantum mechanical concepts and interactions are taken
into account. It can be shown that the phase in which free electrons of the
metal form pairs (Cooper pairs) is energetically the most favorable below the
superconducting transition temperature. Additionally, the pairs condense
into a single quantum state. [1]

Nanophysics studies phenomena occurring in the length scales of 10−9 m
to 10−6 m, which naturally demands sophisticated fabrication and experi-
mentation techniques. Today, the current laboratory facilities are able to
nanoscale manufacturing. This technical advance is one of the main reasons
that has made the research of the superconducting circuits flourish. It has
allowed experimental study of well-defined and clean structures, such as, a
superconducting metal loop interrupted by two narrow insulating barriers
(the Josephson junctions). In this kind of a device, denoted also as a su-
perconducting quantum interference device (SQUID), the quantum state of
the superconductor becomes partially captured in the small part of the loop
which is bounded by the insulating barriers, denoted also as the supercon-
ducting island. It is noteworthy that by connecting the device capacitively or
inductively to external electric circuits the quantum state can be controlled
with electronic variables, such as, with voltage, current, or magnetic field,
and measured using standard electrical measurement setups. This makes
possible the study of quantum mechanical phenomena in circumstances that
can be customized, or development of new quantum devices, or construction
of quantum information processing, which is totally new type of information
processing.

The first demonstrations of quantum mechanical superconducting circuits
took place in years 1981 and 1985 by observations of a phenomenon called
macroscopic quantum tunneling [2, 3]. But it took almost 15 years until
Nakamura et al. [4] showed that a superconducting circuit sustained a quantum
mechanical superposition state approximately 1 ns. This coherence time is
an important measure not only because it tells how long a system stays
quantum mechanical but as it is the duration in which all the quantum
gates, the basic operations of quantum information processing, have to be
conducted. In another almost 15 years, the coherence time has been improved
by a factor of 10000 to 10 µs of the best current devices [5], which allows
several sequential quantum operations in systems of a few coupled quantum
devices [6–10]. These demonstrations are the first steps towards the future
quantum technologies. Thus far the advances in achieving better quantum
devices have been based, for instance, on the insightful circuit design [11–14]
and on better understanding of the physical processes affecting the coherence
time [5, 15, 16]. Naturally several other ambitions exist within the research of
superconducting circuits, such as, hybridization of superconducting devices
with nanoelectromechanical resonators [17, 18] or curiosity-driven study of
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fundamental physical phenomena, for example, the vacuum fluctuations [19,20]
or the quantum mechanical analogues to curvature effects (Berry phase) [21].

The potential of condensed matter physics is constrained by the fact
that the present-day computers are capable of solving the models, generally
speaking always, only approximately. But if it were possible to construct a
controlled and concrete quantum device (a quantum simulator) that is able
to mimic (simulate) accurately a complex many-particle system, then the
properties of the system could be investigated by studying the simulator
device instead. Recently, a quantum simulator constructed from a lattice or
an array of superconducting devices has been studied both theoretically [22]
and experimentally [23].

Related to the goal of constructing the future quantum technologies,
microwave signals (driving fields) are proposed as an option to control the
quantum states of superconducting devices [24–28]. This proposal requires
naturally a thorough understanding of the modifications in the structure of
the energy levels generated by the inclusion of the drive, which is exactly
the subject we study in the first part of the thesis research (Papers I, II,
and IV). The driving is realized in a nonlinear fashion through the energy
of the Josephson junction, in contrast to the linear coupling of the previous
studies [29–38]. For the energy of the Josephson junction, the nonlinearity is
inherent as it originates in the tunneling of the two superconductor quantum
states over the narrow insulating barrier [1]. The nonlinearity of Josephson
junctions makes also the energy levels non-evenly spaced, which allows the
circuit element to be considered as a quantum two-level system (qubit).
With small amplitude oscillations, almost everything can be approximated to
behave linearly. A good example is the surface of a large ball, for instance,
the surface of the earth, which is observed to be locally flat. But with large
amplitudes, the curvature effects are unavoidable. In Paper I, we study the
energy level shifts of a qubit driven with a large amplitude driving field
realized via the nonlinear Josephson energy. The shifts are compared to the
cases of a vanishing and a weak driving field and measured as the Stark
shift [39] and the generalized Bloch-Siegert shift [40], respectively. Closer
examination opens additional questions: how a weak probe field is applied to
measure the strongly driven qubit (Paper IV) and what is the right basis to
describe such a qubit analytically (Paper II). The Stark and Bloch-Siegert
shifts are observed also in atomic systems [39,41–44], but there the realization
of strong driving fields is much harder than with quantum circuits.

Generally, the driving field can be interpreted as an electromagnetic (light)
field and the Josephson qubit as an artificial atom. Therefore, it can be
stated that the circuit setups study the intertwining of light and matter [45],
denoted as the circuit quantum electrodynamics (QED) [46,47]. By using the
superconducting circuits, researchers have reproduced a vast number of phe-
nomena known before in atomic, trapped ion, or quantum optics physics [48],
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for example, strong [47,49] and ultrastrong coupling [50,51] between an atom
and a photon, the signatures of the quantum mechanical interaction between
a two-level system and a photon field [52], and a phenomenon where a system
is made transparent by strong driving [53, 54]. In this kind of studies, the
conventional, regular driving fields are applied to control and to measure the
system. In contrast to that, in the latter part of the thesis research (Paper
III), we study how a stochastic driving field, whose time evolution is not
regular but follows probabilistic laws, can be utilized in a qubit setup. In
addition to that, we propose that the stochastic modulations can be applied in
controlled investigations of atomic decoherence and relaxation effects caused
by different environments. As a special case of this, we investigate the mo-
tional averaging phenomenon, known initially in nuclear magnetic resonance
(NMR) physics [43]. In the atomic and NMR physics, the motional averaging
is measured by using a weak probe signal [43]. In superconducting qubits,
measurements can be done also with stronger probe signals. Thus, we extend
the theoretical formalism beyond that of the atomic and NMR physics.

This thesis presents theoretical studies on the nonlinear and stochastic
driving of a superconducting qubit with the main intention to understand
the physical processes behind the experimentally observed phenomena. To
achieve the understanding, we first construct the realistic electrical circuit
models, then define the parts represented either with quantum mechanical,
with classical, or with semiclassical concepts. We continue by making proper
approximations based on the experimental parameters and solve the dynamics
of the system. Finally, the dynamics are connected to the measured quantities.
In the solution procedure, also numerical methods have been applied. Their
role has been to support the analytical understanding, for instance, by allowing
extension of the models to non-analytical parameter ranges. In all the studies,
to become confirmed on relevance and accuracy, the theoretical models are in
strong interplay with the experimental reality.

The thesis starts in Chapter 2 with an introduction to the basic elements
of the superconducting circuits. Next, in Chapter 3, the focus shifts to the
theoretical framework of the driven and dissipative quantum systems. Based
on Papers I-IV but slightly retelling, the main results are represented in
Chapter 4. The conclusions with the future directions and applications are
discussed in Chapter 5.



Chapter 2

Superconducting circuits

We review the quantum network theory which gives the formal tools to
the studies of the superconducting electrical circuits. Superconductivity is
introduced together with a Josephson junction whose principal feature, in our
point of view, is its nonlinearity. Without it, one can construct only harmonic
circuits with equidistant energy levels which cannot be addressed individually
by excitation pulses. The qubit types studied in this thesis are considered in
greater detail, whereas the other types are introduced only briefly. Finally,
the control and measurement protocols are discussed.

2.1 Quantum network theory
In classical and quantum mechanics for particles, point masses, or fields,
the potential and kinetic energies are expressed using coordinates qi and
momenta pi. To study electric circuits with the same Hamiltonian formalism,
Yurke & Denker [55] and Devoret [56] have developed a quantum network
theory where the coordinate and the momentum are replaced with the flux
Φα and the charge Qα associated to a branch (α) of the circuit. By knowing
the current Iα(t) flowing through the branch and the voltage difference Vα(t)
across the branch, the flux and the charge can be expressed as

Φα(t) =
∫ t

−∞
Vα(τ)dτ, Qα(t) =

∫ t

−∞
Iα(τ)dτ, (2.1)

where the former is directly the application of the Maxwell-Faraday equation
and the latter the definition of the current Iα(t) = dQα/dt = Q̇α. For a
capacitor, the charge and the flux are related by the relation Φ̇α = Qα/C = Vα.
Correspondingly, for a inductor, the relation is Q̇α = Φα/L = Iα. Now the
coordinate-momentum analogy is clearer, if the flux Φα is understood as
the coordinate q, then the charge Qα is the momentum p by the relation
Qα = CΦ̇α, cf., p = mq̇. The integration of the power Pα = IαVα results in

5



6 CHAPTER 2. SUPERCONDUCTING CIRCUITS

the capacitive and the inductive energies,

Ec =
∫ t

−∞
Vα(τ)Iα(τ)dτ =

∫ Qα

0

Q̃α

C
dQ̃α = Q2

α

2C = CΦ̇2
α

2 , (2.2)

EL =
∫ t

−∞
Vα(τ)Iα(τ)dτ =

∫ Φα

0

Φ̃α

L
dΦ̃α = Φ2

α

2L. (2.3)

The capacitive and the inductive energies Ec and EL correspond to the kinetic
and the potential energy, respectively, as they are proportional to Φ̇α and Φα.

In a closed circuit, the branch variables depend on each other by the
Kirchhoff law (sum of voltages around a circuit loop equals zero) formulated
for the flux as ∑

all branches (α) around a loop (l)
Φα = Φl, (2.4)

where Φl is a constant. The branch fluxes Φα can be transformed to the node
fluxes Φi which are independent variables as required by the Hamiltonian
formalism. One first chooses a ground node and then constructs a spanning
tree starting from the ground node and reaching unambiguously every node.
Finally, one applies the Kirchhoff law to construct the node fluxes Φi from the
branch flux Φα. As there are different choices for the gauge in field theories,
similarly here it is possible to choose different spanning trees. The form of the
equations may vary with the different spanning trees, but the physical theory
and solutions stay invariant. By knowing the Lagrangian L = ∑

cEc−
∑
LEL,

the canonical momentum Qi corresponding to the independent node flux Φi

is defined as
Qi = ∂L

∂Φ̇i

. (2.5)

The Legendre transformed Hamiltonian,

H =
∑
i

QiΦ̇i − L, (2.6)

can be quantized by denoting the canonical coordinates with operators Φ̂i

and Q̂i obeying the commutation relations [Φ̂i, Q̂j] = i~δij.

2.2 Circuit elements based on Josephson junc-
tions

Conventional superconductivity is explained by the formation of the Cooper
pairs, weakly bound pairs of electrons with opposite spins. The attractive
interaction between the electrons originates in the vibrations of the underlying
ion lattice and, in certain metals, it is strong enough to overcome the Coulomb
repulsion of charged particles. In these metals, the phase constituting of the
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Φ
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junctions

(c)

(b)

superconductor L superconductor R

insulator

Cooper pair

(a)
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Figure 2.1: (a) The Josephson junction: The wave functions of the super-
conductors extend into the insulating barrier, which is effectively observed as
the tunneling of the Cooper pairs (supercurrent). (b) The single-Cooper-pair
transistor: A superconducting loop (blue) is interrupted with two Josephson
junctions (black) so that a small superconducting island (yellow) is formed. (c)
The circuit diagram of the SCPT shows the junction capacitances CJ1,J2, the
tunneling energies EJ1,J2, and the gate capacitance Cg. The crosses denote the
Josephson junctions. The branch fluxes Φα,β are controlled with the external
flux Φe.

Cooper pairs is energetically the most favorable one below the superconducting
transition temperature. The superconductivity can be qualitatively explained
by phase coherence of the single macroscopic quantum state in which Cooper-
pairs condense. Additionally, the pairing implicates formation of an energy
gap 2∆ between the highest occupied and the lowest unoccupied energy
level. Thus, at the low temperatures T � ∆/kB, the thermal excitations
and irreversible interactions of electrons with impurities or lattice vibrations,
that is, possibilities for broken Cooper-pairs, are strongly suppressed by the
presence of the energy gap. [1]

Josephson junction is a structure where two superconductor leads are
separated by a thin insulting layer, see Fig. 2.1(a). The insulator as such
cannot support superconducting phase. But, as the quantum mechanical
wave function of the superconductor extends into the insulating layer, there
is a finite probability that the Cooper pairs tunnel through the insulating
barrier. Having the superconducting wave functions ΨL,R = CeiϕL,R on the
left and right sides of the barrier, the supercurrent (the current of Cooper
pairs) becomes

I = IC sin (ϕR − ϕL) , (2.7)
where IC is the critical (maximum) current of the junction. This result is
known as the dc-Josephson effect [57]: dc-current is induced by the difference
ϕR − ϕL in the phases of the superconducting wave functions, no voltage is
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needed. The energy of the Josephson junction is

E =
∫ t

−∞
Vα(τ)Iα(τ)dτ =

∫ Φα

0
IC sin 2πΦ̃α

Φ0
dΦ̃α = −EJ cos 2πΦα

Φ0
, (2.8)

where Eq. (2.3) is applied with the phase difference expressed with the branch
flux over the junction, ϕL − ϕR = 2πΦα/Φ0 + 2πk (k ∈ Z). The Josephson
energy is EJ = ~IC/2e, Φ0 = h/2e denotes the flux quantum, and the
constants are ignored. Evidently, the energy of the Josephson junction is
nonlinear with respect to Φ. In addition to the tunneling energy EJ, the
junctions are also capacitors with the capacitance CJ and the associated
capacitive energy Ec = CJΦ̇2

α/2.

2.2.1 Single-Cooper-pair transistor
If a superconducting loop is interrupted with two Josephson junctions, a
small superconducting island becomes restricted from the rest of the loop,
see Fig. 2.1(b)-(c). As the charge on the island can be controlled with a
gate voltage through a gate capacitance and the structure with its three-port
geometry is similar to a transistor, the device is denoted as the single-Cooper-
pair transistor (SCPT). By applying the quantum network theory with the
Josephson energy (2.8), the Hamiltonian results in

Ĥ = (Q̂+Qg)2

2CΣ
− EJ0

cos 2πΦ̂
Φ0

cos πΦe

Φ0
− d sin 2πΦ̂

Φ0
sin πΦe

Φ0

 , (2.9)

where the node flux at the island is defined as Φ = (Φα − Φβ)/2. Here,
the total Josephson energy equals EJ0 = EJ1 + EJ2, the asymmetry of the
junctions is measured with d = (EJ1 − EJ2)/EJ0, and the total capacitance
of the island is CΣ = CJ1 + CJ2 + Cg. In addition to the gate charge Qg, the
device can be controlled with the external flux Φe applied through the loop,
tuning the difference of the branch fluxes Φα + Φβ = Φe + Φ0k, (k ∈ Z). The
flux quantization to multiples of Φ0 is a consequence of the fact that a unique
single-valued superconducting wave function allows phase changes only in
multiples of 2π when going around the superconducting loop.

We get deeper physical insight to the Hamiltonian (2.9) by expressing it
in the basis of charge states {|n〉 , n ∈ Z} where n refers to the excess (or
the lack) of the Cooper pairs on the island. Then, the charge operator on
the island becomes Q̂ = −2en̂. The phase difference ϕ̂ = 2πΦ̂/Φ0 and the
number operator n̂ are conjugated operators, [n̂, ϕ̂] = i, implying that their
eigenstates are connected by the Fourier transform: |n〉 = 1

2π
∫ 2π

0 dϕ e−inϕ |ϕ〉.
Exploiting this connection, it can be seen that the sinusoidal terms really
describe the tunneling of Cooper pairs,

cos ϕ̂ |n〉 = 1
2
(
e−iϕ̂ + eiϕ̂

)
|n〉 = 1

2 (|n+ 1〉+ |n− 1〉) , (2.10)
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agreeing with the Josephson dc-effect (2.7). Finally, the Hamiltonian (2.9)
becomes

Ĥ =
∞∑

n=−∞

[
4EC(n− ng)2 |n〉 〈n| − EJ0

2

(
cos πΦe

Φ0
− id sin πΦe

Φ0

)
|n− 1〉 〈n|

− EJ0

2

(
cos πΦe

Φ0
+ id sin πΦe

Φ0

)
|n+ 1〉 〈n|

]
, (2.11)

where EC = e2/2CΣ denotes the single-electron charging energy and ng =
Qg/2e is the gate charge measured in the units of 2e (charge of Cooper pairs).
The ng-gate controls the charging energy 4EC(n−ng)2 of the charge states |n〉,
and the external flux tunes the probability for the tunneling |n〉 → |n± 1〉,
which is seen as the flux-dependent total Josephson energy

EJ(Φe) = EJ0

√
cos2(πΦe/Φ0) + d2 sin2(πΦe/Φ0). (2.12)

For the symmetric case d = 0 and at Φe = Φ0/2, the tunneling is fully
suppressed, which can be understood as the destructive interference of the
supercurrents over the two junctions [1].

The gate charge control of the four lowest energy eigenstates of Ham. (2.11)
is demonstrated in Fig. 2.2 with different values of the ratio EJ/EC. For low
EJ/EC [Fig. 2.2(a)-(b)], the energy of the eigenstates depends strongly on
ng by the shape of ng = k, k ∈ Z, centred parabola, which indicates that
the tunneling has only minor effects and the energy eigenstates are almost
the same as the charge states |n〉. But with larger EJ/EC [Fig. 2.2(d)], the
dependence on the gate charge weakens, which implies that the tunneling
effects dominate and that the energy eigenstates cannot be assumed as the
single charge states or simple superpositions of them.

With low EJ/EC the tunneling has its strongest effect at ng = 1/2 + k,
k ∈ Z, by lifting the degeneracy of the charge states, see Fig. 2.2(a)-(c).
These charge degeneracy points are denoted also as the sweet spots [15]
since there the local charge dispersion vanishes for the energy eigenstates
and the effects of uncontrolled charge fluctuations are minimized. Thus, the
single-Cooper-pair transistors with EJ/EC . 20 are operated in the sweet
spots, to achieve as long as possible coherence times, typically of the order
of a few 100 ns [15]. Since the energy level structure is not equidistant near
the charge degeneracy, the Hamiltonian (2.11) can be truncated to the two
lowest energy levels (formal justification is presented in Sec. 3.1.3), which
finally produces the flux-controlled quantum two-level system, denoted also
as the charge-flux qubit,

Ĥ = −EJ0

2

[
cos πΦe

Φ0
σ̂x − d sin πΦe

Φ0
σ̂y

]
. (2.13)
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Figure 2.2: The energy Ej of the four lowest eigenstates for the single-Cooper-
pair transistor (2.11) with j = 0 (green), 1 (red), 2 (blue), and 3 (purple) and
EJ/EC = 0.5 (a), 2 (b), 8 (c), and 24 (d). The charge degeneracy points are
denoted with the vertical dashed lines. Notice the different axis in panel (d).

The σ̂x,y,z denote the Pauli spin matrices. It is noteworthy that the eigenstates
of the system (2.13) are genuine quantum superpositions of the two charge
states differing physically by a Cooper pair. For example at Φe = Φ0 for
Ham. (2.13), the eigenstates are |±〉 = (|0〉 ∓ |1〉)/

√
2.

2.2.2 Transmon device
The charge dispersion weakens by increasing the ratio EJ/EC, visible in
Fig. (2.2), which is advantageous by making the device insensitive to the ever-
present charge noise. But simultaneously the energy level structure approaches
the equidistant arrangement Ej+1,j = Ej+1 − Ej = ~ω, which is, in contrast,
disadvantageous since then excitation pulses access either all or none of the
energy splittings and the individual control of states becomes unfeasible.
However, the consideration of the full (Mathieu [58]) solutions for the SCPT
energy levels (2.9) shows that the charge dispersion decreases exponentially in
EJ/EC but the relative anharmonicity (E12 −E01)/E01 decreases only by the
power law (EJ/EC)−1/2 [11]. In the optimal operating range 20 . EJ/EC .
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100, the increase in EJ/EC has made the device charge-noise insensitive but it
has still maintained enough anharmonicity in the energy level structure that
fast control pulses can be applied to make excitations between distinct energy
levels. In practice, to achieve the optimal EJ/EC, the single-Cooper-pair
transistor is shunted (is placed in parallel) with an additional capacitance
CB, which decreases the charging energy EC = e2/2CΣ by increasing the total
capacitance of the island CΣ = CJ1 + CJ2 + Cg + CB. This device is denoted
as the transmon [11].

The Hamiltonian of the SCPT (2.9) can be also expressed in the form of

Ĥ = 4ECn̂
2 − EJ(Φe) cos(ϕ̂− ϕ0), (2.14)

where ϕ̂ = 2πΦ̂/Φ0 denotes the phase operator and EJ(Φe) is the total flux-
dependent Josephson energy Eq. (2.12). The charge control ng is ignored due
to its ineffectiveness. The phase shift ϕ0 = arctan [d tan(πΦe/Φ0)] does not
have a dynamical physical effect since it can be eliminated by a constant shift
of the origin and the number operator n̂ is not affected since it is related
to the derivative of phase ϕ̂, as discussed in Sec. 2.1. For low EJ/EC, the
energy eigenstates of Ham. (2.14) are close to the eigenstates of the number
operator n̂. But in the limit of large EJ/EC, they can be assumed to be close
to the eigenstates of the phase operator ϕ̂, which implies that the values for
the operator ϕ̂ do not fluctuate significantly. Then, the cos(ϕ̂)-term can be
expanded resulting in

Ĥ = 4ECn̂
2 + EJ(Φe)

2 ϕ̂2 − EJ(Φe)
24 ϕ̂4. (2.15)

Without the anharmonic perturbation V̂ = −EJ(Φe)ϕ̂4/24, Ham. (2.15) would
describe a harmonic oscillator with a constant splitting ~ω =

√
8EJ(Φe)EC

(the plasma frequency) between the subsequent energy levels. But by ap-
plying the non-degenerate perturbation theory [59] to take into account the
anharmonic term V̂ , the energy level spacing of Ham. (2.15) becomes

Ej+1,j = Ej+1 − Ej =
√

8EJ(Φe)EC − EC(j + 1), (2.16)

which depends on j, making the spacing decrease by EC in every incremental
increase of j. Thus, the transmon can be characterized as a weakly anharmonic
oscillator. The two lowest energy levels can be considered as the transmon
qubit,

Ĥ = ~
2ω0σ̂z, (2.17)

where the energy splitting equals ~ω0(Φe) =
√

8EJ(Φe)EC−EC. Strictly taken,
one should include also a few higher states due to the weak anharmonicity.
The typical transmon coherence time is of the order of a few µs [60].
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The flux control is very effective as the tuning of EJ(Φe) [Eq. (2.12)]
ranges from the minimum dEJ0 at Φe = Φ0(1/2 + k) to the maximum EJ0
at Φe = Φ0k, k ∈ Z, with a typical asymmetry d = 0.10. Indeed, near the
flux degeneracy Φe = Φ0(1/2 + k), the ratio EJ(Φd)/EC ≈ dEJ0/EC decreases
to values of the SCPT and the device cannot be considered anymore as a
weakly anharmonic oscillator of Eqs. (2.15)-(2.16). Though, far from the
extrema at Φe = Φ0k/2, the energy ~ω0(Φe) depends nearly linearly on Φe,
providing a practical control channel, for example, to tune the transmon
in- or out-resonance with other coupled quantum systems, such as, with
transmission lines or with other transmons.

2.2.3 Other qubit types
The single-Cooper-pair qubit and the transmon device belong to the charge-
qubit family, whereas the other families are flux and phase qubits. The flux
qubit consists of a superconducting loop interrupted with three Josephson
junctions, where one has a smaller Josephson energy than the others. The flux
qubit has a ground state which, depending on the bias flux Φe, corresponds
to current flowing either in the clockwise or in the anti-clockwise direction
denoted as the persistent currents. By bringing these two states into an
energy degeneracy, the eigenstate of the system is a quantum superposition
of the persistent current states, similarly as with the charge states in the
charge qubit (2.13). The coupling to other devices is implemented via the
flux generated by the quantum state dependent persistent currents. [61]

The phase qubit is essentially a Josephson junction with a very large
EJ/EC [62]. The anharmonicity of the energy levels is achieved by tilting
the −EJ cos ϕ̂ potential with a constant current I slightly below the critical
current IC = EJ/Φ0. The total potential energy U(ϕ̂) = −IΦ0ϕ̂− EJ cos ϕ̂
has the form of a tilted washboard. Around a local minimum of U(ϕ̂), a few
unevenly spaced energy levels are formed and these states are operated as
the phase qubit [63]. It can be coupled capacitively to other phase qubits or
devices like transmission lines [64].

2.3 Control fields and coupling to other de-
vices

A significant aspect of the superconducting qubits is that they can be con-
trolled and measured using voltage, current, or magnetic flux pulses or
continuous fields. The energies of the superconducting qubits Ĥ = ~ω0σ̂z/2
are typically ω0/2π = 1 − 10 GHz, corresponding to the microwave range
in the electromagnetic spectrum and defining the characteristic size of the
transmission lines to a few cm.
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2.3.1 Control fields
The control and the measurement of the qubits in the charge family are
implemented naturally through the capacitive coupling to the charge on
the island, which effectively produces a time-dependent gate charge ng(t) =
n(dc)

g +CgVg(t)/2e. For the single-Cooper-pair transistor, the expansion of the
charging energy produces an additional time-dependent term in Ham. (2.9),

Ĥd = −2e Cg

CΣ
n̂Vg(t). (2.18)

When truncating to the basis of the charge qubit (2.13), the control (2.18) is
in the longitudinal (σ̂z) direction. This type of a control on the qubit energies
can be exploited, for example, in the study of the Landau-Zener transitions
and interference [30,31,35].

For the transmon qubit (2.17), the charge operator n̂ of the control
Ham. (2.18) has to be transformed to the transmon eigenbasis by using
the same perturbation expansion as with the energy splitting (2.16). The
consideration of the matrix element 〈j + k |n̂| j〉 in the transmon basis results
in that the first order correction depends on the fraction as (EJ/EC)−1/4

whereas the dependence of the zeroth order term is (EJ/EC)1/4. Thus, we can
argue that in the limit of large EJ/EC the zeroth order term [11] dominates
and yields

〈j + k |n̂| j〉 = i
√
j + 1

2

(
EJ

8EC

)1/4
δk,1 − i

√
j

2

(
EJ

8EC

)1/4
δk,−1. (2.19)

Thus, the voltage driven transmon qubit can be written as

Ĥ = ~
2ω0σ̂z +

√
2eCg

CΣ

(
EJ

8EC

)1/4
Vg(t)σ̂y. (2.20)

Remarkably, although the charge dispersion (dc-response) of the transmon
device decreases exponentially with the ratio EJ/EC, the coupling strength
to the time-dependent charge modulations (ac-response) increases with an
increasing ratio EJ/EC.

Driving and quantum gate

Let us assume that Vg(t) = V max
g cos(ωt) in Ham. (2.20) is an external voltage

field. The unitary rotation σ̂y → σ̂x results in an archetypical Hamiltonian,

Ĥ = ~
2ω0σ̂z + ~Ω cos(ωt)σ̂x, (2.21)

where Ω = (
√

2eV max
g /~)(Cg/CΣ)(EJ/8EC)1/4 comprises the amplitude of the

control field with frequency ω. Let us assume the frequency of the control
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field is in resonance with the qubit energy splitting ω = ω0. With the
initial condition |Ψ(t = 0)〉 = |g〉, the quantum mechanical solution |Ψ(t)〉 for
Ham. (2.21) implies that the probability to find the qubit in the exited state
|e〉 is

Pe(t) = |〈Ψ(t)|e〉|2 = sin2
(

Ωt
2

)
. (2.22)

Thus, the control field Vg(t) = V max
g cos(ωt) drives the population of the qubit

from the ground state |g〉 to the exited state |e〉 in a periodic manner, known
as the Rabi oscillation with the Rabi frequency Ω [44]. A continuous control
field is called driving. With the pulse duration tπ = π/Ω, the population
becomes fully transferred to the excited state, Pe(tπ) = 1. This discrete
control operation is called the π-pulse—an example of a single-qubit quantum
gate. Naturally, the dynamics is more complicated if the qubit is driven
non-resonantly ω0 6= ω, if Ham. (2.21) includes additional constant terms,
e.g., ∆0σ̂x, if the driving field is not harmonic, or if the dissipation and
decoherence processes are also included in the evolution. The dynamics of a
driven qubit is one of the main subjects of this thesis.

2.3.2 Coupling to a superconducting transmission line
The gate voltage Vg(t) of Eqs. (2.18)-(2.21) models an external control field but
it can also represent the voltage of another quantum device, like, a transmission
line, allowing the scalability, that is, the wiring up of several superconducting
qubits [65]. Let us consider a superconducting transmission line (a coplanar
waveguide, an LC-oscillator) coupled capacitively to a transmon (or a single-
Cooper-pair-transistor). The waveguide supports several electromagnetic
modes but if the transmon is placed in the location where a mode has a
voltage antinode then the transmon couples strongest to this mode and the
other modes can be neglected. By using the annihilation â and the creation
â† operators for the mode excitations and the corresponding operators σ̂−
and σ̂+ for the qubit, the Hamiltonian [11,46] becomes as

Ĥ = ~
2ω0σ̂z + ~g(â+ â†)(σ̂+ + σ̂−) + ~ωrâ

†â. (2.23)

The last term is the energy of the oscillator mode with the frequency ωr =
1/
√
LrCr where Lr and Cr are the inductance and the capacitance of the trans-

mission line. The second term represents the interaction of the transmon and
the mode with the coupling strength g = (e/

√
~)(EJ/8EC) 1

4 (Cg/CΣ)(1/C3
rLr)

1
4 ,

in practice g/2π = 100 − 200 MHz [36, 60, 66]. The energy non-conserving
terms âσ̂− and â†σ̂+ of Ham. (2.23) are important only in the ultrastrong
limit g/ωr & 0.1 [40, 50,51]. With a typical ωr/2π = 5− 10 GHz, these terms
can be safely neglected yielding

Ĥ = ~
2ω0σ̂z + ~g(âσ̂+ + â†σ̂−) + ~ωrâ

†â, (2.24)
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which is identical to the Hamiltonian describing the interaction of matter and
light, known as the Jaynes-Cummings model, the standard model of quantum
optics [67].

The qubit-oscillator setup is conventionally operated in the dispersive
limit where the qubit and the oscillator are strongly detuned from each other,
|∆| = |ω0 − ωr| � g. In this limit, the interaction term of Ham. (2.24) can
be eliminated in the first order of g/∆ by applying a Schriffer-Wolf-type
transformation Ĥ ′ = e−ŜĤeŜ where Ŝ = g(âσ̂+− â†σ̂)/∆. In the transformed
Hamiltonian, the qubit and the oscillator frequencies are shifted

Ĥ ′ = ~
2 (ω0 + χd) σ̂z + ~ (ωr + χdσ̂z) â†â. (2.25)

The oscillator frequency depends on the qubit population with the dispersive
shift χd = g2/∆, being the backbone of the dispersive circuit QED mea-
surements [46,47]. In the perspective of the qubit, the oscillator excitations
shift the qubit energy ω̃0 = ω0 + 2χd〈â†â〉 + χd where the part dependent
on the mode excitation number 〈â†â〉 is known as the Stark effect or as the
light shift [39,41,68] and the constant shift is the Lamb shift related to the
zero-point fluctuations of the mode [69]. Strictly, for the transmon, one should
take into account the effects of the higher transmon states, which slightly
modify the dispersive shift χd [11].

2.4 Reflection measurement
We use the reflection protocol [70] to measure the quantum circuit, see
Fig. 2.3(a). The studied circuit is connected to an ideally lossless transmis-
sion line where a continuous voltage signal Vin is sent towards the circuit.
Depending on the properties of the two systems, the signal may reflect at
the boundary. The measured quantity is the reflection coefficient, the ratio
between the reflected Vout and the incoming signal Vin,

Γ = Vout

Vin
. (2.26)

By considering the basic electromagnetic relation V = ZI in the transmission
line and at the boundary, the reflection can be recast to the form of

Γ = Z − Z0

Z + Z0
, (2.27)

where Z and Z0 are the impedances of the studied circuit and the transmission
line, respectively.

The reflection measurement can be applied for measuring the qubit popu-
lation, which is based on the idea that the qubit state changes the impedance
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Figure 2.3: Reflection measurement: (a) The incoming voltage signal Vin re-
flects at the boundary of the transmission line (impedance Z0) and the studied
system (impedance Z). (b) The dispersive measurement setup where the trans-
mon population shifts the frequency of the transmission line, see Eq. (2.25).
(c) Schematics of the measurement setup of Paper I. The impedance of the
qubit Zq is modeled either as the qubit-state-dependent Josephson induc-
tance Zq = iωL (Pe) (the dispersive measurement) or as Zq = iωα−1(ω) (the
absorptive measurement), where α is the generalized susceptibility [71]. The
crossed boxes denote Josephson junctions including both the tunneling energy
EJ and the capacitance CJ.

of the quantum circuit Z in Eq. (2.27). In the setup of the dispersive circuit
QED [Fig. 2.3(b)], the superconducting transmission line and the capacitively
coupled qubit can be modeled as a harmonic oscillator (2.25) whose resonance
frequency ω̃r = ωr + χd〈σz〉 depends on the qubit population. As the changes
in the impedance of a harmonic oscillator [70] can be calculated as a function
of ω̃r then the qubit population can be mapped from the measured reflection
coefficient (2.27). This technique is applied in Paper III. Analogously, in
Paper I, a single-Cooper-pair transistor is directly in parallel with an LC-
oscillator, see Fig. 2.3(c). Assuming that the qubit is driven weakly and the
LC-oscillator does not excite the qubit due to the energy mismatch ω0 6= ωr,
the single-Cooper-pair transistor (charge qubit) can be modeled as an inductor
whose inductance depends on the qubit state [72,73], Zq = iωL (Pe), where Pe
is the occupation probability of the qubit excited state. Again, the qubit state
is mapped into the changes in the frequency of the LC-oscillator, observed in
the reflection.

The average power P dissipated by the connected circuit,

P = Pin(1− |Γ|2), (2.28)

provides another point of view to the reflection measurement; the deviations
from |Γ| = 1 indicate that the circuit absorbs energy from the transmission
line and dissipates it in the relaxation processes. Thus, the reflection mea-
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surement can be seen as analogous to the absorption spectroscopy of atoms
and molecules but implemented with artificial quantum systems [74,75]. This
interpretation is applied in Papers I and IV [Fig. 2.3(c)], when the qubit,
directly parallel with the LC-oscillator, is driven strongly so that the qubit
energy bands deform and the oscillator induced excitations become possible.
We calculate the generalized probe susceptibility α(ω) [71] of the qubit with
respect to the weak perturbation induced by the oscillator (Paper IV). The
generalized probe susceptibility can be related to the impedance of the qubit
Zq(ω) [in this particular case Zq(ω) = iωα−1(ω)], applied in the calculation
of the reflection coefficient (2.27). We denote this approach as the absorptive
measurement.
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Chapter 3

Driven and dissipative
quantum systems

As the present thesis focuses on the dynamics of a driven qubit, the theoretical
framework is time-dependent quantum mechanics. The term ’time-dependent’
emphasizes that the considered system involves explicitly time, meaning that,
for example, the potential energy or some parameter varies in time. Here,
we first describe the methods and the formalism that are applied to solve
the dynamics of the driven qubit assuming that the environment does not
influence it. In the latter part, the effects of the environment are included by
the master equation formalism.

3.1 Driven quantum system
In classical mechanics [76], to solve the dynamics one first constructs the
Hamiltonian H from the kinetic and potential energies and expresses it in
the canonical coordinates qi and momenta pi (Sec. 2.1). The time evolution
of a function A is then governed by the Hamiltonian

dA(t)
dt = [A(t), H(t)]PB + ∂A(t)

∂t
, (3.1)

where [(·), (·)]PB denotes Poisson brackets. Generally speaking the same holds
for quantum mechanics except that coordinates and momenta are quantized
and the Poisson bracket is replaced with the commutator:

dÂ(H)(t)
dt = 1

i~
[
Â(H)(t), Ĥ(H)(t)

]
+ ∂Â(H)(t)

∂t
, (3.2)

i~d |Ψ(H)(t)〉
dt = 0. (3.3)

This corresponds to the Heisenberg picture, where the time dependence of
the physically observable expectation values 〈Ψ(H)|Â(H)(t)|Ψ(H)〉 is in the
operator Â(H)(t).

19
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3.1.1 Frame transformations
By operating with a unitary frame transformation Û on the state and the
operator, |Ψ′〉 = Û † |Ψ〉 and Â′ = Û †ÂÛ , the observable does not change since
Û †Û = 1:

〈Â′〉 = 〈Ψ′|Â′|Ψ′〉 = 〈ΨÛ |U †ÂÛ |Û †Ψ〉 = 〈Ψ|Â|Ψ〉 = 〈Â〉. (3.4)

In other words, the same result is obtained independent of the frame. By
choosing the unitary operation Û(t) so that i~dÛ(t)/dt = Ĥ(H)U(t), one
makes a transformation from Eqs. (3.3)-(3.2) to the Schrödinger picture,

dÂ(S)(t)
dt = ∂Â(S)(t)

∂t
, (3.5)

i~d |Ψ(S)(t)〉
dt = Ĥ(S)(t) |Ψ(S)(t)〉 , (3.6)

where the time dependence is solely in the states, in contrast to the Heisenberg
picture. The physical problems are usually formulated first in the Schrödinger
picture (3.6), because the time dependence of the states is somewhat more
intuitive way to think. For example, the observed change in the charge of the
single-Cooper-pair transistor (2.9) can be easier to understand by the change
of the state than via the change of the charge operator itself.

After the Hamiltonian in Eq. (3.6) is formulated, the state |Ψ(S)(t)〉 is
not generally easy to solve. To help the solution procedure, we use frame
transformations Û(t) that lead to an equation

i~d |Ψ′(t)〉
dt =

(
Û †(t)Ĥ(S)(t)Û(t) + i~dÛ †(t)

dt Û(t)
)
|Ψ′(t)〉

= Ĥ ′(t) |Ψ′(t)〉 . (3.7)

The idea is to find a transformation Û(t) that leads directly or via approxima-
tions to a time-independent Ĥ ′, in which case the state |Ψ′(t)〉 can be solved
easier than in the general case (3.6). In addition to that, the transformation
Û is typically of the form of Û(t) = exp(−if(t)σ̂(S)

z ) which commutes with
the operator σ̂(S)

z , corresponding to the qubit population. This implies that
σ̂′z = Û †(t)σ̂(S)

z Û(t) = σ̂(S)
z , that is, the population dynamics are formally iden-

tical in both frames, which helps the physical interpretation of the results. In
what follows, for compactness, the superscripts are not employed in operators
and states.

3.1.2 Floquet approach
If the Hamiltonian Ĥ(t) is periodic in time, Ĥ (t+ τ) = Ĥ(t), then one can
take advantage of the symmetry in solving Eq. (3.6), an approach known as
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the Floquet formalism [77–80]. In our systems, the periodicity arises with the
driving field. The Floquet formalism can be understood as a limiting case of a
full quantum mechanical picture when the number of quanta (photon number
N) in the driving field is large [77], which is denoted as the semiclassical
limit. In this case, the photon number fluctuations of the driving field are
not physically meaningful N + 1 ≈ N . The Floquet formalism is enjoying a
revival due to the generation of novel systems allowing strong driving fields
and long enough coherence times, e.g., superconducting circuits [81–88] and
topological insulators [89].

For a periodic Ĥ(t), the solution of Eq. (3.6) is of the form of |Ψ(t)〉 =
e−iεt/~ |u(t)〉, where ε is called the quasienergy [77,78] and the state |u(t)〉 is
a τ -periodic quasienergy state. This leads to a periodic equation(

−i~ d
dt + Ĥ(t)

)
|u(t)〉 = ε |u(t)〉 . (3.8)

In order to solve Eq. (3.8), the Floquet method takes advantage of the
periodicity of Ĥ(t) and |u(t)〉. Equation (3.8) is seen here as a Hermitian
eigenvalue problem. The atomic Hilbert space HA, spanned by the atomic
basis BA = {|σ〉} of the undriven system, is expanded with τ -periodic functions
Hτ , spanned by the basis Bτ = {|k〉 , k ∈ Z; 〈t|k〉 = exp(ikωt)} where ω =
2π/τ . This composite Hilbert space HA ⊗ Hτ , referred to as the Sambe
space [90], allows for the representation of the periodic quantities in terms of
time-independent coefficients

H
(k,l)
σσ′ ≡ 〈σ, k|Ĥ(t)|σ′, l〉 = 1

τ

∫ τ

0
dt 〈σ|Ĥ(t)|σ′〉 e−i(k−l)ωt, (3.9)

c(k)
σ ≡ 〈σ, k|u(t)〉 = 1

τ

∫ τ

0
dt〈σ|u(t)〉e−ikωt. (3.10)

In the Sambe space, Eq. (3.8) reduces to

∑
σ′

∞∑
l=−∞

(
l~ωδσσ′δkl +H

(l−k)
σσ′

)
c

(l)
σ′ = εc(k)

σ , (3.11)

which is an infinite-rank (Floquet matrix) eigenvalue problem

HF |u〉 = ε |u〉 . (3.12)

The very beauty of the Floquet formalism—the reduction of a time-dependent
problem (3.6) to a time-independent eigenvalue problem (3.12)—is paid by
the infinite dimensionality in Eq. (3.12).

Quasienergy states |u(t)〉 = ∑
σk eikωtc(k)

σ |σ〉 (in the Sambe space |u〉 =∑
σn c

(k)
σ |σ, k〉) are obtained as the eigenvectors of the Hermitian eigenvalue

problem (3.8), and thus they form a complete and orthonormal basis [79].
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Physically the quasienergy states can be interpreted as the atomic states being
entangled with the driving field containing different number of quanta, though
k in |k〉 just indicates relative changes in the photon number as there is no
bottom k = 0 in the energy ladder. The quasienergy ε can be understood as the
combined energy of the atom and the driving field. The quasienergies obtained
from the eigenvalue equation (3.12) have a periodic structure. Corresponding
to a quasienergy εr, there is an infinite set of solutions εr,k = εr + k~ω where
k is an integer. The corresponding eigenstates are |ur,k(t)〉 = |ur(t)〉 eikωt

implying identical physical states |Ψ(t)〉 = e−iεr,kt/~ |ur,k(t)〉 = e−iεrt/~ |ur(t)〉.
Therefore it is sufficient to solve the states in a single quasienergy interval
of width ~ω, which is referred to as a single Brillouin zone. The number of
states within a Brillouin zone equals the number of atomic basis states |σ〉.

3.1.3 Nearly degenerate perturbation theory
In practice, as the eigenvalue equation (3.12) is of an infinite rank, it has to be
truncated appropriately and solved numerically. In some cases, the Floquet
matrix (3.12) allows analytical solutions though. We study a typical driven
qubit, whose Hamiltonian is expressed in the eigenbasis of the undriven qubit,

Ĥ(t) = ~
2ω0σ̂z + ~

∞∑
k=−∞

(σ̂+∆ke−ikωt + σ̂−∆keikωt). (3.13)

By applying Eqs. (3.9)-(3.12), the Floquet matrix HF obtains an insightful
form,

HF = ~

. . .
... . .

.

ω0
2 − ω ∆0 0 ∆1 0 ∆2 |↑,−1〉
∆0 −ω0

2 − ω ∆−1 0 ∆−2 0 |↓,−1〉
0 ∆−1

ω0
2 ∆0 0 ∆1 |↑, 0〉

∆1 0 ∆0 −ω0
2 ∆−1 0 |↓, 0〉

0 ∆−2 0 ∆−1
ω0
2 + ω ∆0 |↑, 1〉

∆2 0 ∆1 0 ∆0 −ω0
2 + ω |↓, 1〉,

. .
. ...

. . .

|↑,−1〉 |↓,−1〉 |↑, 0〉 |↓, 0〉 |↑, 1〉 |↓, 1〉
(3.14)

where the basis states |↑↓, k〉 of the Sambe space are explicitly shown. First,
we notice that the entries ±ω0/2+kω on the diagonal of HF can be interpreted
as the unperturbed energies of the states |↑↓, k〉. Then, the non-diagonal
entries can be understood as a perturbation matrix that mixes and entangles
the states |↑↓, k〉. The matrix becomes split to HF = H0 + V which can
be understood also within operators Ĥ = Ĥ0 + V̂ . When the driving is in
resonance, ω0 ≈ kω, the unperturbed energy levels are grouped in distinct
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manifolds. Within the manifolds, the energy levels are close to each other
ω0 − (−ω0 + 2ω) ≈ 0 and the other manifolds are far in energy. A manifold
corresponding to the resonance k = 1 is highlighted with blue in matrix (3.14).
The notation for the manifold states is {|iα〉} where α enumerates the manifold
and i enumerates the states within the manifold.

When the non-resonant states couple weakly to the resonant manifold,
one can apply the nearly degenerate van Vleck perturbation theory [81,
91–93] (also known as adiabatic elimination), in which the contribution of
the non-resonant states is taken into account perturbatively. Formally, the
Hamiltonian is transformed, Ĥeff = eiŜĤe−iŜ, so that the coupling between
the different manifolds vanishes: 〈iα|Ĥeff |jβ〉 = 0 for α 6= β. Additionally, the
transformation is assumed not to couple within the manifolds: 〈iα|iŜ|jα〉 = 0.
By exploiting the Baker-Hausdorff formula [59] and the expansions

Ĥeff = Ĥ
(0)
eff + Ĥ

(1)
eff + Ĥ

(2)
eff +O(V 3), Ŝ = Ŝ(1) + Ŝ(2) +O(V 3), (3.15)

in the second order of the perturbation strength parameter V , the transfor-
mation results in

Ĥeff = eiŜĤe−iŜ =Ĥ0 + V̂ + [iŜ(1), Ĥ0]

+ [iŜ(2), Ĥ0] + [iŜ(1), V̂ ] + 1
2[iŜ(1), [iŜ(1), Ĥ0]]. (3.16)

By demanding 〈iα|Ĥ(1)
eff |jβ〉 = 0 for α 6= β and 〈iα|iŜ(1)|jα〉 = 0, one gets

that

〈iα|iŜ(1)|jβ〉 =


〈iα|V̂ |jβ〉
Eiα−Ejβ

, α 6= β

0, α = β,
(3.17)

which is needed to calculate the second order Hamiltonian of a resonant
manifold

〈iα|Ĥeff |jα〉 = 〈iα|Ĥ0|jα〉+ 〈iα|V̂ |jα〉

+ 1
2
∑
kγ 6=α
〈iα|V̂ |kγ〉 〈kγ|V̂ |jα〉

(
1

Eiα − Ekγ
+ 1
Ejα − Ekγ

)
. (3.18)

As Ĥeff is designed so that there is no coupling between the manifolds, one
does not need to consider other than the resonant manifold (3.18).

The Floquet matrix HF (3.14) becomes truncated into the subspaces
{|↑, l〉 , |↓, l + k〉}. Due to the periodicity of the Floquet matrix, there are
infinitely many similar pairs, but as they are physically identical the consid-
eration of a single pair is enough:

Heff = ~
(
ω0
2 ∆k

∆k −ω0
2 + kω

)
+

∞∑
l=−∞
l 6=k

~∆2
−l

ω0 + lω

(
1 0
0 −1

)

= HRWA + H(2). (3.19)
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The first order part of the result (3.19) is known also as the rotating wave
approximation (RWA) [30,34, 44]. It can be done directly for Ham. (3.13) by
neglecting all but the resonant driving term σ̂+∆ke−ikωt + σ̂−∆keikωt. As a
first order approximation, the RWA is valid only for weak couplings ∆l/ω � 1.
In the case of stronger couplings, the second order correction in Eq.(3.19)
becomes relevant, which can be understood physically as the effect of the
non-resonant driving fields. Generally, the RWA is a widely applied method
and it may refer to any kind of an approximation where fast oscillating
terms are neglected. The RWA, meaning the reduction from HF (3.14) to
HRWA (3.19), has an important role in the following since it is the main tool
applied for the time-dependent Hamiltonians, such as, Ham (3.13).

3.2 Open quantum system
The Schrödinger equation (3.6) assumes that the considered system is closed:
energy exchange with the environment is not allowed. Generally, perfect en-
ergy isolation is not possible, firstly, because even in the empty space an atom
interacts with the electromagnetic modes, secondly, because the fabrication
processes of solid state devices produce fluctuating, that is, dynamically active,
impurities, and, finally, because the coupling to the environment becomes
introduced by the measurement process. Thus, the description of a system as
closed is always incomplete. If all the microscopic details were known, the
amount of information would be incomprehensibly gargantuan and nothing
relevant could be resolved, not even with the best supercomputers. Luckily,
in many situations the internal energy levels and states of the system can
be calculated from the closed model (3.6) and the effects of the environment
can be modeled by including them weakly in the evolutionary equations. A
famous example is the effect of absorption, spontaneous emission, and induced
emission between the states of an atom subjected to black body radiation [45].

3.2.1 Master equation
In superconducting circuits, the relevant environment affecting the system
dynamics is due to the electromagnetic modes, modeled with a large number
of harmonic oscillators that couple to the qubit mainly in the transverse (σ̂x)
direction. Additionally, as solid-state devices the superconducting elements
include dielectric losses [16], quasiparticles [94–96], noise in the control vari-
ables, e.g., in the flux [97] and charge [98]. An example is the background
charge noise directly modifying the charge qubit energy (2.11). All these
uncontrolled microscopic details lead to a reduction of quantum coherence
and to a decrease in the relaxation time. In our studies, the environmental
processes (the measured relaxation and decoherence times of the devices) are
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slow compared to the period τ = 2π/ω of the strong driving field, meaning
that the driven system without the inclusion of the environment produces
the most important physical features. Thus, the environmental effects are
introduced here by sketching the derivation of the master equation following
Refs. [67, 99].

The total Hamiltonian consists of the parts corresponding to the quantum
system Ĥ0, its environment (the reservoir) ĤR, and their mutual coupling
(interaction) ĤI: Ĥ = Ĥ0 + ĤI + ĤR. All the possible information of the total
system can be expressed compactly in the form of the density matrix

ŵ =
∑
i

wi |αi〉 〈αi| , (3.20)

where wi is the probability for the state |αi〉 of the total system. By exploiting
the unitary time-evolution of the total system states, the time-evolution of
the density matrix and its formal solution can be expressed as, respectively,

dŵ′(t)
dt = 1

i~
[
Ĥ ′I(t), ŵ′(t)

]
, (3.21)

ŵ′(t) = ŵ(0) + 1
i~

∫ t

0

[
Ĥ ′I(τ), ŵ′(τ)

]
dτ. (3.22)

The primed quantities denote the interaction picture achieved with a frame
transformation (3.7) where Û(t) = exp(−i(Ĥ0 + ĤR)t/~). As the detailed
evolution of the environment is not interesting, the reservoir states are traced
(averaged) out. The result is the density matrix ρ̂ = TrRŵ which corresponds
to the driven qubit in our studies. By inserting the formal solution (3.22)
back to Eq. (3.21) and tracing over the reservoir results in

dρ̂′(t)
dt = − 1

~2

∫ t

0
TrR

(
[Ĥ ′I(t), [Ĥ ′I(t− τ), ρ̂′(t− τ)⊗ ρ̂R]]

)
dτ, (3.23)

where it is assumed that the environment is large and weakly affected by
the interaction of the system, known as the Born approximation, formally
implying that ŵ(t) ≈ ρ̂′(t)⊗ ρ̂R. Additionally the interaction is assumed to
be non-diagonal: TrR[Ĥ ′I(t)ŵ(0)] = 0. Usually, one makes also the Markov
assumption, in which the system is assumed to vary slowly with respect to the
reservoir, meaning that the evolution of the system dρ̂′(t)/dt depends only
on its present state, not on the previous values. The Born-Markov master
equation reads

dρ̂′(t)
dt = − 1

~2

∫ ∞
0

TrR
(
[Ĥ ′I(t), [Ĥ ′I(t− τ), ρ̂′(t)⊗ ρ̂R]]

)
dτ. (3.24)

Sec. 4.3.2 introduces an example where the dynamical time scales of the
system and the reservoir are comparable and the Markov assumption is not
valid.
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We take a concrete reservoir that is a large set of harmonic oscillators
which couples transversely to a qubit through the interaction

ĤI = ~σ̂+
∑
j

gj âj + ~σ̂−
∑
j

gj â
†
j. (3.25)

The evaluation of Eq. (3.24) leads to the quantum optical master equation

dρ̂
dt = 1

i~ [Ĥ0(t), ρ̂]+γ2 (N + 1) (2σ̂−ρ̂σ̂+ − σ̂+σ̂−ρ̂− ρ̂σ̂+σ̂−)

+γ2N (2σ̂+ρ̂σ̂− − σ̂−σ̂+ρ̂− ρ̂σ̂−σ̂+) . (3.26)

The number of quanta N = [exp(~ω0/kT )− 1]−1 in the harmonic oscillator
reservoir at the qubit frequency ω0 characterizes the bath. The damping
rate γ = 2πρ(ω0)g2(ω0) describes the interaction strength via the density of
states ρ(ω) of the bath and the coupling strength g(ω). The experiments
with superconducting circuits are conducted in temperatures ∼ 30 mK, when
N ∝ 10−3 ≈ 0 for a typical qubit frequency ω0/2π ≈ 5 GHz. The longitudinal
(σ̂z) fluctuations are taken into account by an additional bath interacting via
Ĥz

I = ~σ̂zΓ̂(t) where Γ̂(t) is a Hermitian operator of the bath. These result
in the qubit master equation

dρ̂
dt = 1

i~ [Ĥ0(t), ρ̂] + Γ1

2 (2σ̂−ρ̂σ̂+ − σ̂+σ̂−ρ̂− ρ̂σ̂+σ̂−)− Γϕ
4 [σ̂z, [σ̂z, ρ̂]]. (3.27)

The relaxation rate Γ1 = γ describes the de-excitation of the qubit by energy
transfer to the harmonic oscillator bath and Γϕ = 4

∫∞
0 〈Γ̂(t)Γ̂(0)〉dt denotes

the pure dephasing rate increasing the qubit decoherence rate Γ2 = Γ1/2 + Γϕ.

3.2.2 Quantum trajectories
The master equation (3.27) has an additional interpretation in terms of
quantum trajectories [67,100] that is analogous to the interpretation of the
diffusion equation in terms of the Langevin equation. Let us assume that the
system is known at the initial time t0, e.g., ρ̂(t0) = |e〉 〈e|. Then at the moment
t0 + dt, the state can be expressed by using the master equation (3.27),

ρ̂(t0 + dt) = |e〉 〈e| − Γ1dt
2 (σ̂+σ̂− |e〉 〈e|+ |e〉 〈e| σ̂+σ̂−) + Γ1dtσ̂− |e〉 〈e| σ̂+

= (1− Γ1dt) |e〉 〈e|+ Γ1dt |g〉 〈g| . (3.28)

where Ĥ0 = ~ω0σ̂z/2 and Γϕ = 0 are assumed for simplicity. Equation (3.28)
can be seen to describe the system at t0 + dt so that the state is |g〉 with
the probability p = Γ1dt and with the probability 1 − p the system stays
in the original state |e〉. In other words, with the probability p = Γ1dt a
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Figure 3.1: (a) A sample quantum trajectory for the excited state population
Pe(t) = |〈Ψi(t)|e〉|2 corresponding to Eq. (3.27) with Ĥ0 = ~Ωσ̂x/2. The
parameters are Ω/2π = 10 MHz, Γ1/2π = 1 MHz, and Γϕ/2π = 2.5 MHz.
Without the inclusion of the environment, the population would Rabi os-
cillate at the frequency Ω. The rapid transitions of Pe(t) to 0 correspond
to spontaneous emissions, i.e., the quantum jump σ̂− (indicated with black
arrows). The other abrupt change, which inverts the direction of the evolu-
tion but does not change the value of Pe, corresponds to the quantum jump
σ̂z (indicated with red arrows). (b) Convergence of the averaged quantum
trajectory solution (dashed lines) for Pe(t) towards the solution of the master
equation (3.27) (solid line). The number of averaged trajectories is K = 100
(dashed blue) and 20000 (dashed red). The parameters are the same as in (a).

quantum jump occurs from |e〉 to |g〉. The process of counting the number
of quantum jumps n(t) can be interpreted as a stochastic Poisson process
with the rate Γ1 and with the probability distribution F (τ) = 1− exp(−Γ1τ)
for the waiting time τ of quantum jumps. If the initial state is |g〉, then
ρ̂(t0 + dt) = |g〉 〈g|. Thus, a single quantum trajectory |Ψi(t)〉 stays in |e〉
before the quantum jump to the state |g〉 occurs at t0 + τ , after which it stays
in |g〉. By averaging over several trajectories, the density matrix becomes
ρ̂K(t) = K−1∑K

i=1 |Ψi(t)〉 〈Ψi(t)|, and limK→∞ ρ̂K(t) = ρ̂(t) [100], where ρ̂(t)
is the density matrix corresponding the solution of the master equation. This
means that the density matrix ρ̂(t) can be constructed by realizing a large
number of quantum trajectories.

The quantum trajectory evolution can be extended for a general master
equation [100]. Then for Eq. (3.27), the time evolution between the quantum
jumps is governed by the non-Hermitian Hamiltonian

Ĥqt = Ĥ0(t)− i~
(

Γ1

2 σ̂+σ̂− + Γϕ
4 Î

)
(3.29)

so that the non-normalized trajectory state is |Ψ̃(t)〉 = e−i
∫ t
t0
Ĥqt(s)ds/~ |Ψ(t0)〉

defining the waiting time distribution F (τ) = 1− |〈Ψ̃(τ)|Ψ̃(τ)〉|2 for quantum
jumps. The two possible quantum jumps Âj = σ̂− and σ̂z with the rates
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Γj = Γ1 and Γϕ/2 occur randomly with the probabilities

pj = Γj| 〈Ψ̃(t+ τ)|Âj|Ψ̃(t+ τ)〉 |2∑
j Γj| 〈Ψ̃(t+ τ)|Âj|Ψ̃(t+ τ)〉 |2

. (3.30)

In Fig. 3.1, it is shown a sample quantum trajectory and an example how
averaged quantum trajectory solution approaches the master equation solution
when increasing the number of quantum trajectories.

In the viewpoint of quantum trajectories, the weak coupling to the envi-
ronment causes the evolution of the state to be interrupted by the quantum
jumps, that describe, for example, the spontaneous emission of an excited
qubit. This is indeed a realistic point of view if the measurement setup is able
to monitor the state continuously and repeatedly, demonstrated, e.g., with
trapped ions [101] and recently with a superconducting artificial atom [102].
However, conventionally the experimental setup averages over many realiza-
tions corresponding directly to the density matrix representation. The master
equation (3.24) is a set of differential equations whose number of equations
scales as N2 with the number N of basis states. The overwhelming advantage
of the quantum trajectories is that their numerical complexity scales as N
(the number of elements in a state vector). In addition to that, the quantum
trajectories are independent of each other and therefore they can be naturally
calculated using parallel processing. The true advantage in the calculation
speed is reached when N & 5 − 10. In Paper III, the method of quantum
trajectories was applied for a numerical simulation of a qubit. The principal
reason was not to gain faster calculation, but to allow easy generalization to
a harmonic oscillator or to the higher states of the transmon. Another reason
was that the frequency of the qubit fluctuates ω0(t) = ω0 + ξ(t), and also the
master equation results should have been averaged over several realizations
of the frequency fluctuation.



Chapter 4

Results

4.1 Qubit driven via the nonlinear Josephson
energy

In Papers I and II, we investigate a superconducting qubit driven with
a large amplitude periodic field via the nonlinear Josephson energy. The
effective driving field substantially deviates from circular polarization and
linear coupling, thus novel phenomena appear. First, we choose the right basis
for the analytical description and, then, the energy level shifts of the driven
qubit are defined and calculated using the Floquet formalism (Sec. 3.1.2).
The qubit is measured through the coupled LC-circuit by using the absorptive
reflection spectroscopy (Sec. 2.4).

The central physical system is a single-Cooper-pair transistor [4, 15], a
charge-flux qubit, see Fig. 4.1(a) and Sec. 2.2.1. By fitting, we obtained the
values for the total Josephson energy EJ0/h = 27.0 GHz, the asymmetry
d = 0.19, and the ratio EJ0/EC = 8, applied in the subsequent calculations.
The charging energy EC was suppressed by working at the charge degeneracy
point [15]. The Josephson energy depends sinusoidally on the phase difference
across the SCPT, which can be tuned by means of an external magnetic flux
Φe, see Fig. 4.1(a). These working principles imply that the Hamiltonian
[Eq. (2.13)] consists only of the flux-controlled Josephson energies of the two
junctions,

Ĥ(t) = −EJ0

2 (cosϕ(t)σ̂x − d sinϕ(t)σ̂y) . (4.1)

This is written by adopting the dimensionless flux units ϕ = πΦe/Φ0 in the
charge basis and the higher charge states are neglected. The time dependence
becomes introduced with the flux ϕ(t) = ϕb +ϕL cos(ωt) +ϕP cos(ωPt) which
consists of a static bias ϕb, a strong time-dependent microwave field with
amplitude ϕL and frequency ω/2π = 6.11 GHz, and a probe field with
frequency ωP/2π = 3.5 GHz and amplitude ϕP. The bias and the strong

29
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Figure 4.1: (a) Single-Cooper-pair transistor driven with flux and measured
with the microwave reflectometry via the LC-resonator. (b) Visualization of
the cyclic time-dependence of the flux ϕ(t) and the passing of the avoided
crossing. The adiabatic E±(ϕ) (solid line) and the diabatic E↑↓(ϕ) (dashed
line) energies are shown as a function of flux ϕ.

driving are realized through the inductance of the LC-oscillator which is in
practice a superconducting loop. The probe part is induced by placing the
qubit in parallel with the LC-circuit [74], then the branch fluxes over both of
them are directly connected by the Kirchhoff loop rule. In the weak probe
limit ϕP � 1 (when the number of quanta in the oscillator is low), Ham.
Ĥ (4.1) can be split as Ĥ = Ĥq + ĤP where Ĥq denotes the driven qubit and
ĤP is the perturbative part discussed in detail in Sec. 4.2.4 after introducing
the formalism of probe spectroscopy.

4.1.1 The adiabatic and diabatic bases
In most of the previous experiments [30–35,37,38] of strongly driven qubits,
the focus has been in the Landau-Zener-Stückelberg (LZS) effect [37,103–106]
involving the Hamiltonian ĤLZS = −1

2 [ε(t)σ̂z + ∆0σ̂x], where ε(t) is the time-
dependent detuning, originally supposed as a linear function of time, and
∆0 is the tunnel splitting. Even though Ĥq (4.1) is similar to ĤLZS, the
direct application of the LZS-model is problematic, since the drive ϕ(t) =
ϕb +ϕL cos(ωt) couples to both spin components so that complicated elliptical
polarization is formed and the time dependence is neither linear nor harmonic.
Thus, the LZS-effect serves as an introduction to adiabatic and diabatic bases.

Let us now consider the flux-dependent energies and states of the qubit (4.1),
shown in Fig. 4.1(b). Starting far from the avoided crossing and passing it
slowly by changing ϕ adiabatically, the system will remain in its initial state
(e.g., in the adiabatic ground state) in accordance with the adiabatic theo-
rem [107]. Then the adiabatic basis, which diagonalizes the Hamiltonian (4.1)
at the fixed ϕ and which has the energies E±(ϕ) = ±EJ0

2

√
cos2 ϕ+ d2 sin2(ϕ)

(solid lines), describes the situation well. In contrast to that, if the avoided
crossing is passed fast, a partial or a full Landau-Zener (LZ) tunneling occurs
from the initial state to the other state. In the fast passage, the bending
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of the energy levels at the avoided crossing (proportional to the asymmetry
d) is not important due to the strong tendency to tunneling between the
states. Then, the choice is to pretend as if the asymmetry d were a small
perturbation and to diagonalize the cosine term in Eq. (4.1) resulting in
the diabatic basis with energies E↑↓(ϕ) = ±EJ0

2 cosϕ (dashed lines). The
probability of the LZ-tunneling between the adiabatic eigenstates is given
by PLZ = exp (−2π∆2/4~|ν|) where ν denotes the variation rate of the en-
ergy spacing between the diabatic states at degeneracy point and ∆ is the
minimum energy gap of the adiabatic states. If PLZ � 1 , the adiabatic
basis is the natural choice for the basis in quasienergy calculations. In the
opposite case, where roughly PLZ > 0.5, the diabatic basis states are closer to
the eigenstates of the time-dependent Hamiltonian, and thus appropriate for
further calculations.

Choice of basis based on approximative energy levels

We study the multiphoton resonance conditions, the Rabi couplings, and the
RWA energy levels in both bases, which requires bringing Ĥq(t) of Eq. (4.1) to
a form analyzable with the RWA. By comparing analytic results with numerical
values, we show validity ranges for both bases, applicable to other similar
systems too. The main message is that the RWA results are in general basis-
dependent. First, Hamiltonian Ĥq(t) of Eq. (4.1) with ϕ(t) = ϕb + ϕL cos(ωt)
is given in the charge basis as

Ĥq(t) = −EJ0

2

{
cos(ϕL cosωt)[cosϕbσ̂x − d sinϕbσ̂y]

− 2 sin(ϕL cosωt)[sinϕbσ̂x + d cosϕbσ̂y]
}
. (4.2)

With moderate amplitudes ϕL . 1 enough for analytic understanding, the
nested sinusoidal terms can be reduced by using the truncated Jacobi-Anger
expansion [58],

Ĥq(t) = −EJ0

2

{
J0 (ϕL) [cosϕbσ̂x − d sinϕbσ̂y]

− 2J1 (ϕL) cos(ωt) [sinϕbσ̂x + d cosϕbσ̂y]
}
, (4.3)

where Ji(ϕL) denote the Bessel functions.

Diabatic basis Transformation to the diabatic basis is a permutation of σ̂i:
σ̂x → σ̂y and σ̂z → σ̂x. Then, the residual time-dependence of the longitudinal
(σ̂z) direction is transformed into the transverse (σ̂x) direction by using the
unitary transformation

Û(t) = exp
(
−iEJ0J1(ϕL) sinϕb sin(ωt)

~ω
σ̂z

)
. (4.4)
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Expressed in the longitudinally dressed diabatic (ldd) basis, the resulting
Hamiltonian (3.7) is

Ĥldd = ~
2

ωldd
0 σ̂z +

∞∑
k=−∞

(
Ωldd
k σ̂+ + Ωldd

−k σ̂−
)

eikωt

 , (4.5)

where the energy splitting and the Rabi couplings are, respectively,

~ωldd
0 = [E↑(ϕb)− E↓(ϕb)]J0(ϕL) = EJ0J0(ϕL) cosϕb, (4.6)

~Ωldd
k = d (EJ0J0(ϕL) sinϕb + k~ω cotϕb) Jk

(
2EJ0J1(ϕL) sinϕb

~ω

)
. (4.7)

Adiabatic basis Transformation of Ĥq(t) (4.3) to the adiabatic basis is
done with the unitary transformation

Û = 1√
2

ei(π4−φ2 ) −e−i(π4 +φ
2 )

ei(π4 +φ
2 ) e−i(π4−φ2 )

 , (4.8)

where tanφ = −d tan(ϕb). Using transformation analogous to Eq. (4.4), Ham.
Ĥlda acquires the same form as Ĥldd (4.5), but with the energy splitting and
the Rabi couplings

~ωlda
0 = [E+(ϕb)− E−(ϕb)]J0(ϕL) = EJ0J0(ϕL)

√
cos2 ϕb + d2 sin2 ϕb, (4.9)

~Ωlda
k = 2dk~ω

sinϕb(d2 − 1)Jk

EJ0(d2 − 1)J1(ϕL) sin(2ϕb)
~ω
√

cos2 ϕb + d2 sin2 ϕb

 . (4.10)

The basis of Ham. Ĥlda is then the longitudinally dressed adiabatic (lda)
states.

Comparison When the resonance condition ωldd
0 = kω holds approximately,

the non-resonant terms of Ĥldd (4.5) can be ignored based on the RWA
(Sec. 3.1.3) :

ĤRWA
ldd = ~

2
[
(ωldd

0 − kω)σ̂z + Ωldd
k σ̂x

]
. (4.11)

Naturally, the same RWA can be done for Ĥlda(t). Here, the tests for the
bases can be formulated. The first test is the comparison of the multiphoton
resonance conditions ωldd,lda

0 = kω with the numerical counterpart. The
second test is the magnitude of the Rabi couplings Ωldd,lda

k . With large Rabi
couplings Ωk & 0.1, one can expect that the RWA is not valid and the higher-
order corrections are needed [Eq. (3.19)]. The third test is the comparison of
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Ωk
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(a) (b)∆q

hω

0

Figure 4.2: (a) Numerical quasienergy ∆q of Ham. (4.1) shown in the ϕb−ϕL
plane. The resonance conditions ωldd,lda

0 = kω for diabatic (blue) and adiabatic
(green) basis are plotted as solid lines. The numerical resonance conditions
are the local extrema of ∆q, the right-pending dark and light tracks. The
dashed segments denote the cuts shown in Fig. 4.3. (b) The Rabi couplings
Ωldd
k (4.7) (blue) and Ωlda

k (4.10) (green) plotted by following the parametrized
line ϕb(ϕL) corresponding to the resonance conditions ωldd,lda

0 = kω where
k = 1 (solid), 2 (dashed), and k = 3 (dash-dotted).
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Figure 4.3: Energy levels ±~ωldd,lda
0 (dashed line), Eldd,lda

± (circles), and
numerical ±∆q/2 (red solid line) near resonances k = 1 and 2 at driving
amplitudes ϕL = 0.1 (a) and 1.0 (b). The blue and green colors correspond
to diabatic and adiabatic bases, respectively.
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the energies Eldd,lda
± = ±~

2 [(ωldd,lda
0 − kω)2 + (Ωldd,lda

k )2] 1
2 of Ham. (4.11) with

the numerical energies.
Based on the resonance condition test shown in Fig. 4.2(a), the adiabatic

basis is better in the limit of a small driving amplitude ϕL . 0.5 and near the
avoided crossing of ϕL = π/2. Then the oscillation either does not reach the
avoided crossing |ϕb − π/2| > ϕL or the passing is slow. At moderate driving
amplitudes ϕL & 0.5, the diabatic resonance condition more closely follows
the numerics in the whole range of the bias ϕb. In this case, the system
operates in the fast passage limit and follows the diabatic states. As shown in
Fig. 4.2(b), the Rabi couplings exceed the RWA validity boundary Ωk/ω ≈ 0.1
in both bases. However, in general the diabatic couplings (blue) are smaller
than the adiabatic (green) ones, which favors the diabatic basis, especially
when ϕL & 0.5. The eigenvalues Eldd,lda

± are shown in Fig. 4.3 in both bases
together with the energy levels of the dressed states and the numerical solution.
At low driving amplitude ϕL . 0.5, the adiabatic RWA works perfectly while
the diabatic RWA fails clearly. For high driving amplitude ϕL & 0.5, the
diabatic dressed states give nearly correct resonance conditions, though, the
RWA does not work in either basis. In conclusion, in the low driving limit
ϕL . 0.5, the system is described well by using the adiabatic basis, otherwise
by using the diabatic basis. When the RWA breaks with the large couplings,
higher-order approximations or a numerical solution [81,85] are unavoidable.

4.1.2 The energy level shifts
The quantization of an electromagnetic field leads to electromagnetic modes
that are formally identical to a harmonic oscillator, see Eq. (2.25), having
many interesting consequences, such as, that the empty space is not fully
empty since the zero-point fluctuations of the electromagnetic modes are
always present. A famous phenomenon of that is the static Casimir effect in
which two metallic plates (mirrors) are placed in an empty space and one
observes an attractive pressure between them [108]. This can be understood
by the reduced density of electromagnetic modes, implying reduced zero-point
fluctuations in the volume bounded by the plates. Similarly, the temporal
mismatch of electromagnetic modes, realized by a moving mirror, produces
observable effects; photons out of vacuum. This dynamical Casimir effect was
measured recently in superconducting circuits [19, 20].

The electromagnetic zero-point fluctuations manifest themselves also in
an atom interacting with the electromagnetic field as the Lamb shift [69] of
the energy levels [see also Eq. (2.25)] and as the spontaneous emission [69].
In Paper I, we study the Stark effect [39, 41, 68] (also known as the light
shift) which is a shift of atomic energy levels due to a coupled electromagnetic
field with a non-vanishing number of photons. It can be understood as the
counterpart or continuation of the Lamb shift into the non-empty space.
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∆
h

q

q

Figure 4.4: (a) Schematization of the Stark shift. The quasienergies (solid
lines) and the adiabatic energies (dashed lines) as a function of bias ϕb at
ϕL = 0.82. (b) The quasienergy splitting ∆q for Ham. (4.1). The green and
blue lines denote the resonances ∆q = ω − ωP and ωP, respectively. The
circles are the experimental resonances. (c) The Stark shift (green solid line
and circles) for resonance A denoted in (b). The red curve is the Stark shift
calculated with the adiabatic basis RWA and the green area denotes the
generalized BS-shift. The gray line is the same as the red curve RWA but
corrected with the counter-rotating BS-shift (4.13).

In addition to that, we quantify and measure the generalized Bloch-Siegert
shift [40,43], understood as a complete measure for the RWA breakdown. It
is an effect of a very strong and non-circularly polarized driving.

Stark shift

We define the Stark shift ∆ES = Ed − E as the energy deviation be-
tween the driven Ed and the undriven qubit splitting E, schematized in
Fig. 4.4(a). The undriven energy splitting is the adiabatic energy E(ϕb) =
EJ0

√
cos2 ϕb + d2 sin2 ϕb corresponding to the diagonalization of Ĥq (4.1) at

ϕL = 0. By solving the quasienergies ~∆q(ϕb, ϕL) of the time-dependent
Ĥq(t) (4.1) and properly adding the energy periods ~ω, the driven energy
splitting becomes Ed(ϕb, ϕL) = ~∆q(ϕb, ϕL) + k~ω.

In the experiments, the energy of the driven qubit was deduced by studying
the reflection of the probe signal ωP/2π = 3.5 GHz sent via the transmission
line, see Figs. 4.1 and 4.6. The observed line structures, where the reflection
is decreased, can be physically understood so that the driven qubit is in
resonance with the LC-resonator at those locations and energy flows from
the resonator to the dissipative qubit. This leads to compensative energy
flux from the transmission line to the resonator (ωr ≈ ωP) observed as an
increased absorption (decreased reflection), see Secs. 2.4 and 4.2.4. With the
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frequencies ωP < ω, the resonance condition between the driven qubit and the
probe field is ωP = ∆q or ωP = ω−∆q fixing two contours in the quasienergy
landscape, shown as blue and green lines in Fig. 4.4(b). At those contours,
the Stark shift is ∆ES = ~(mω ± ωP)− E, where the index m and the sign
of ωP depend on the spectral line, see Fig. 4.4(c).

The observed Stark shifts include two separable contributions. First,
the overall decreasing trend 1− [J0(ϕL)]−1, seen in Fig. 4.4.(b) as the right-
bending overall trend of energy contours, can be understood as a geometric
shift originating in the curved, nonlinear shape of the energy band E(ϕ) (4.1).
When making flux oscillations on a nonlinear energy surface, the mean of flux
ϕ̄ does not correspond to the mean of energy: Ē 6= E(ϕ̄). This is known also
as drive rectification which means that the qubit energy can be controlled with
driving amplitude ϕL in addition to bias ϕb, visible in dressed-state energies
in Eqs. (4.6) and (4.9). The geometric shift is independent of the driving
frequency and leads to a dynamical collapse of the qubit energy ~ω0 = 0 at
ϕL ≈ 2.41 where J0(ϕL) = 0, see Eqs. (4.6) and (4.9).

The second contribution originates in the coupling of the driving field. In
the two-level atom ~ω0σ̂z/2 (4.5) driven by several driving terms ~Ωke

ikωtσ̂+/2+
h.c. at different frequencies kω, the driving term with amplitude Ωk induces
transitions between the qubit states |↑〉 and |↓〉 and the transitions are most
intense near the resonance kω ≈ ω0. In this case, if other couplings are small
(Ωl � ω for l 6= k), one can make the RWA by neglecting all but the resonant
term resulting in Ham. (4.11). Diagonalizing the RWA Ham. (4.11) leads to
the level splitting ∆q = ~

√
(ω0 − kω)2 + Ω2

k which should be compared with
the splitting |ω0 − kω| without the driving terms. For off-resonant driving,
the Stark shift ∆Es ≈ Ω2

k/2|ω0 − kω| scales linearly with the driving field
quanta N as Ωk ∝

√
N in agreement with the dispersive limit Eq. (2.25).

For the three rightmost resonances of Fig. 4.4(b), the Stark shift consists
only of the rectification contribution since the couplings are weak. For the
other resonances, the couplings are so strong Ωk/ω & 0.1 that the RWA is
not sufficient, see also Fig. 4.2.

The generalized Bloch-Siegert shift

The rotating wave approximation is not flawless, evident already by the
name. The neglected driving terms ∑l 6=k(~Ωle

ilωtσ̂+/2 + h.c.) make always
a contribution to the energies. In the original work [40], Bloch and Siegert
considered the effects of the counter-rotating part ∝ Ω−1 in

Ĥ = ~
2
[
ω0σ̂z + Ω1

(
eiωtσ̂+ + e−iωtσ̂−

)
+ Ω−1

(
e−iωtσ̂+ + eiωtσ̂−

)]
, (4.12)

which reduces to a linearly polarized driving ~Ω cos(ωt)σ̂x if Ω−1 = Ω1 =
Ω. Formally, in the second order of the nearly degenerate perturbation
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theory [Eq. (3.18)], the quasienergy becomes ∆q =
√

(ω0 + δBS − ω)2 + Ω2
1,

where the counter-rotating Bloch-Siegert (BS) shift is

δBS = Ω2
−1

2[ω0 − (−ω)] ≈
Ω2
−1

4ω . (4.13)

The counter-rotating BS-shift displaces the resonance to smaller values of ω0,
ω0 + δBS = ω, but its effect is small though observable in NMR [42,43] or in
conventional optical physics [44].

Physical insight is gained by considering the Floquet matrix (3.12) of
Ham. (4.12),

H = ~
2

. . .
... . .

.

−ω0 − 2ω Ω−1 0 0 0 0 ← |↓,−1〉
Ω−1 ω0 0 0 Ω1 0 ← |↑, 0〉

0 0 −ω0 Ω−1 0 0 ← |↓, 0〉
0 0 Ω−1 ω0 + 2ω 0 0 ← |↑, 1〉
0 Ω1 0 0 −ω0 + 2ω Ω−1 ← |↓, 1〉
0 0 0 0 Ω−1 ω0 + 4ω ← |↑, 2〉
. .
. ...

. . .

↑ ↑ ↑ ↑ ↑ ↑
|↓,−1〉 |↑, 0〉 |↓, 0〉 |↑, 1〉 |↓, 1〉 |↑, 2〉,

(4.14)
where the nearly resonant states and energies that contribute to the RWA
(denoted with blue) result in ∆q =

√
(ω0 − ω)2 + Ω2

1. The procedure corre-
sponding to the perturbation theory [Eq. (3.19)] is that, one first calculates
how the coupling mediated via counter-rotating couplings Ω−1 affects to the
resonant energies, i.e., diagonalizes the matrices including the states and
energies denoted with green. This results in ω0 + Ω2

−1/[2(ω0 + ω)] producing
exactly the counter-rotating Bloch-Siegert shift δBS (4.13).

The RWA corrected only with the counter-rotating Bloch-Siegert shift
is not sufficient in our system Eqs. (4.1) and (4.5), see Fig. 4.4(c). Indeed,
the higher-order corrections up to the fourth order still substantially deviate
from the experimental data. These large deviations from the RWA were not
observed before within superconducting circuits, only in atomic systems [109].
Thus, we define the generalized Bloch-Siegert shift as the difference between
the experimentally verified full Stark shift and the RWA prediction, see
Fig. 4.4.(c). In other words, the generalized BS-shift includes the exact
contribution of all the driving terms beyond the RWA. It can be understood
as a measure for the RWA breakdown. It is important to note that whereas
the approximate results (like the RWA) are basis-dependent, all exact results
(such as the numerical quasienergies) are not, which implies that also the
generalized Bloch-Siegert shift is basis-dependent.
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4.2 Mapping the quasienergy landscape
Paper IV analyzes a quantum system driven strongly with one driving field
and simultaneously probed with another weaker driving field, similarly as in
Ham. (4.1). In atomic physics, this, so called pump-probe setup, is widely
studied and well understood [110–113]. But there are several motivations for
reconsidering it within superconducting circuits. First, the various control
possibilities of qubits via the flux, charge, and phase variables or by using
microwave pulses sent through the coupled waveguide or LC-resonator en-
able driving and probing scenarios which have been inaccessible in atomic
physics [45]. Secondly, the driving fields can be made so strong that the pump-
probe setup is reasonable to formulate using the Floquet approach [77–80], i.e.,
so that the qubit and the driving field are considered as a single, hybridized
system.

In general, the Floquet approach (Sec. 3.1.2) allows periodic time-dependent
problems to be discussed in terms of comprehensible time-independent notions
and methods [79]. Thus, similarly as the discrete energy levels can be mapped
by studying absorption from a weak harmonic perturbation, it is possible
to map the quasienergy levels of a driven quantum system. Here, we first
construct the general formalism without system specification and then, to
get physical insight, the formalism is applied to a longitudinally driven and
probed qubit.

4.2.1 Fermi’s golden rule for quasienergy state transi-
tions

In the conventional weak perturbation case, the results are derived by using
a harmonic perturbation. The Floquet formalism allows the probe to be
quasiperiodic, which means that the probe Hamiltonian ĤP consists of FP(t)
and F̂S(t) having periods τP = 2π/ωP and τ , respectively:

ĤP(t) = FP(t)F̂S(t) +
(
FP(t)F̂S(t)

)†
. (4.15)

The concept of quasiperiodicity is best illustrated when the periods are
incommensurate, meaning that the fraction of periods is not a rational
number τP/τ 6∈ Q. Then the Hamiltonian ĤP(t) is aperiodic, although it is a
product of periodic operators. In the applications, the quasiperiodicity allows
consideration of several probe types.

The derivation of the transition rates starts by making an Ansatz |Ψ(t)〉 =∑
q aq(t) exp(−iεqt/~) |uq(t)〉 into the time-dependent Schrödinger equation (3.6),(

−i~ d
dt + Ĥ(t) + ĤP(t)

)∑
q

aq(t)e−iεqt/~ |uq(t)〉 = 0, (4.16)
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where the total Hamiltonian Ĥ(t) + ĤP(t) includes the atomic, the driving,
and the probe parts. The quasienergy states |uq(t)〉 are solutions of the
Floquet problem (3.8)-(3.12) corresponding to the driven Ham. Ĥ(t) only.
By expressing Eq. (4.16) in the Sambe space [90], one obtains the coefficient
af (t) of the state f ,

daf (t)
dt = − i

~
∑
i

ai(t)eiωfit
〈
uf
∣∣∣APe−iωPtF̂S + A?PeiωPtF̂ †S

∣∣∣ui〉 . (4.17)

For simplicity, we have assumed FP(t) = AP exp(−iωPt). The states |ur〉
form a complete and orthonormal basis [79] as a solution of the Hermitian
eigenvalue problem (Sec. 3.1.2), which implies that τ -periodic operator can
be represented as F̂S = ∑

kl bkl |uk〉 〈ul| and that the matrix element becomes
bfi = 〈uf |F̂S|ui〉.

When the probe amplitude AP is small with respect to the characteristic
energy quantum ~ωP of the probe field (|AP|/~ωp � 1), the perturbative
expansion up to the first order in AP [59] is accurate in Eq. (4.17). Then, in
the steady state limit (t→∞), the absorptive transition rate becomes

P =
∑
if

ωfi>0

lim
t→∞

d
dt |af (t)|

2 = |AP|2

~2

∑
if

ωfi>0

pi
γfi

∣∣∣〈uf ∣∣∣F̂S

∣∣∣ui〉∣∣∣2
(ωfi − ωP)2 + 1

4γ
2
fi

. (4.18)

The transitions between the quasienergy states occur when the corresponding
quasienergy difference equals the energy quantum of the probe, εf − εi = ~ωP.
The magnitude is proportional to the matrix element |〈uf |F̂S|ui〉|2. In addition
to that, P is summed over all possible quasienergy states and the inevitable
coupling with the environment is included by the dephasing and relaxation
processes. The dephasing causes the quasienergy states to lose coherence
in a time-scale γ−1

fi producing the Lorentzian line-shapes of width γfi, and
the relaxation results in the equilibrium distribution pi of the quasienergy
states |ui(t)〉. The result (4.18) can be named as Fermi’s golden rule for
quasienergy state transitions as it is analogous to the similar result obtained
without the strong driving field.

4.2.2 Relation to generalized probe susceptibility
When the system is perturbed with ĤP(t) = APe−iωPtF̂S(t) + A?PeiωPtF̂ †S(t),
the generalized susceptibility [71] is defined via the expectation value for
F̂S(t): 〈

F̂S + F̂ †S
〉

(t) = α(ωP)APe−iωPt + α(−ωP)A?PeiωPt (4.19)

The generalized susceptibility α(ωp) = α′(ωP) + iα′′(ωP) determines the
dynamics of the system under perturbation, i.e., describes the response
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(impedance) to the probe. The absorption of the system (4.18), caused by the
perturbation, can be expressed as P(ωP) = 2|Ap|2α′′(ωP)/~, where α′′(ωP) is
the imaginary part of the susceptibility. The real part α′(ωP) (dispersion),
which makes the phase shift of the response, can be obtained from α′′(ωP) by
exploiting the Kramers-Kronig -relation:

α′(ωP) = 2
π
P
∫ ∞

0

ξα′′(ξ)
ξ2 − ω2

P
dξ, (4.20)

where P denotes the principal value integration. In summary, one can solve
both the absorption and the dispersion by utilizing the quasienergy structure
Eq. (4.18). In electric circuits, the generalized susceptibility can be connected
to the impedance Z by expressing the probe Hamiltonian ĤP with electrical
operators (V̂ , Î , Q̂, or Φ̂) and finally relating the voltage V = 〈V̂ 〉 to the
current I = 〈Î〉 by using Eq. (4.19).

4.2.3 Longitudinally driven and probed qubit
The longitudinally driven and weakly probed qubit is chosen as an example
of the probe spectroscopy because it allows comparison with the recent
measurements [33, 35, 114] and analytical simplicity brought by just two
levels, though not omitting the general features of the method. Again, the
Hamiltonian consists of three parts,

Ĥ = ε0

2 σ̂z + ∆
2 σ̂x + A

2 cos(ωt)σ̂z + AP

2 cos(ωPt)σ̂z, (4.21)

where the atomic part is characterized with the static energy splitting ε0
and the tunneling amplitude ∆, and the drive and the probe terms with
their amplitudes A and AP and frequencies ω and ωP. In similar systems
but without the probe field, one has previously considered also the Landau-
Zener-Stückelberg (LZS) approach [37, 103–106] whose point of view is in
the quasidiscretized, ’stroboscopic,’ time-evolution of the periodically driven
qubit and indeed therefore it is incompatible with the probing procedure.
Here, we concentrate on mapping the quasienergies by first introducing an
analytical approach based on the RWA [34,81,85], which serves as basis for
the interpretation of the experiments [33,35,114]. The formulations are made
in the diabatic basis, that is, the eigenbasis σ̂z in Eq. (4.21). The probe
resonance condition, the transition elements |〈uf |F̂S|ui〉|, and the dephasing
and relaxation effects are now discussed respectively.

Quasienergies

We start by making transformation for the strongly driven qubit (4.21) without
the probe part to a non-uniformly rotating frame (3.7) with a unitary time-
dependent rotation [30]: Û(t) = exp (−iA sin(ωt)σ̂z/2~ω). By expanding
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the resulting Hamiltonian in the Sambe space (Sec. 3.1.2), all τ -periodic
entities become time-independent and they can be expressed in the matrix
notation [81,85]:

H = ~
2

. . .
... . .

.

ε0 − 2ω ∆J0
(
A
~ω

)
0 ∆J1

(
A
~ω

)
0 ∆J2

(
A
~ω

)
∆J0

(
A
~ω

)
−ε0 − 2ω ∆J−1

(
A
~ω

)
0 ∆J−2

(
A
~ω

)
0

0 ∆J−1
(
A
~ω

)
ε0 ∆J0

(
A
~ω

)
0 ∆J1

(
A
~ω

)
∆J1

(
A
~ω

)
0 ∆J0

(
A
~ω

)
−ε0 ∆J−1

(
A
~ω

)
0

0 ∆J−2
(
A
~ω

)
0 ∆J−1

(
A
~ω

)
ε0 + 2ω ∆J0

(
A
~ω

)
∆J2

(
A
~ω

)
0 ∆J1

(
A
~ω

)
0 ∆J0

(
A
~ω

)
−ε0 + 2ω

. .
. ...

. . .

(4.22)
By relying on the RWA [Eq. (3.19)], one chooses a pair of the nearly resonant
states corresponding the n:th resonance and ignores all others, which results
in

HRWA =
 ε0

2
∆
2 Jk

(
A
~ω

)
∆
2 Jk

(
A
~ω

)
− ε0

2 + k~ω

 . (4.23)

The diagonalization of HRWA produces the quasienergy difference ∆RWA
q ,

ĤRWA = σ̂z
2 ∆RWA

q = σ̂z
2

√
(ε0 − k~ω)2 + ∆2J2

k

(
A

~ω

)
, (4.24)

expressed in the basis of quasienergy states |u+〉 and |u−〉. Now, the probe
resonances are expected at ∆RWA

q = ~ωP or ~(ω − ωP), for probe frequency
ωP < ω. In Paper IV, the RWA breakdown is demonstrated with the tunneling
amplitude ∆/~ω & 1 and A/~ω ∼ 1. Near these boundaries, one either
needs the higher order corrections of the perturbation theory [Eq. (3.19)],
reformulation of the RWA in the adiabatic basis analogous to Sec. 4.1.1, or a
numerical solution.

Transition rates

To derive the transition rate P (4.18), we need to calculate also the ma-
trix element 〈u+|F̂S|u−〉, which is now done by following the same proce-
dure as in calculating the quasienergies above. The transformation Û(t) =
exp (−iA sin(ωt)σ̂z/2~ω) commutes with the longitudinal probe Hamiltonian
F̂S = σ̂z. Thus, the operator F̂S does not become transformed and in the
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Sambe space it is in the form of

FS = ~
2

. . .
... . .

.

1 0 0 0 0 0
0 −1 0 0 0 0
0 0 1 0 0 0
0 0 0 −1 0 0
0 0 0 0 1 0
0 0 0 0 0 −1
. .
. ...

. . .

. (4.25)

Similarly as the strongly driven Hamiltonian (4.22) is truncated to a two-
level system (4.23), the same reduction is done for the weak probe matrix
FS (4.25), resulting in simply F̂RWA

S = σ̂z. In the subsequent diagonalization
corresponding to Eq. (4.24), the perturbation matrix obtains a non-diagonal
form

F̂RWA
S = k~ω − ε0

∆RWA
q

σ̂z +
∆Jk

(
A
~ω

)
∆RWA

q
σ̂x, (4.26)

expressed directly in the basis of quasienergy states |u+〉 and |u−〉.
The matrix element for the weak probe transition between the quasienergy

states |u+〉 and |u−〉 is directly the non-diagonal element in (4.26)

∣∣∣〈u+

∣∣∣F̂S

∣∣∣u−〉∣∣∣2 =
∆2J2

k

(
A
~ω

)
(
∆RWA

q

)2 . (4.27)

We are interested in |〈u+|F̂S|u−〉|2 when the weak probe is (nearly) resonant,
that is, ∆RWA

q ≈ ~ωP. Thus, the transition amplitude depends only on
the coupling strength ∆Jk(A/~ω) of the two uncoupled energy levels in
Eq. (4.23). It is noteworthy that the pure longitudinal probing would
not induce transitions, but in the true eigenbasis [the quasienergy basis of
Eq. (4.26)] transverse component is acquired by the dressing due to the
strong drive [∝ Jk(A/~ω)] and the rotation to the qubit eigenbasis (∝ ∆).
The analytic approach applied here diagonalizes the matrices H (4.22) and
FS (4.25). Another equivalent approach is to explicitly solve the quasienergy
states |ur〉 [85] and use them in the calculation of the matrix elements.

Relaxation and dephasing of quasienergy states

In addition to the quasienergies and the quasienergy states, one needs the
dephasing rates γij = γ and the populations pi of the quasienergy states
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for P (4.18). By closely following Refs. [85, 115], we apply the Floquet-
Born-Markov-formalism [79, 85, 100, 115, 116] to calculate them. First, one
constructs the master equation in the quasienergy basis for the strongly driven
qubit coupled to the environment through the σ̂z-operator, i.e., via the matrix
elementsXαβk = 〈uα,0 |σ̂z ⊗ I|uβ,k〉 between the quasienergy states in different
Brillouin zones, analogous to the Fourier coefficients of Eq. (3.9). The matrix
elements Xαβk are calculated here by employing numerical quasienergy states
|uβ,k〉, but it can be made also by using the perturbation theory [85]. The
environment is modeled as a continuum of harmonic oscillators characterized
with Nαβk = 1

2Gαβk {coth [~(εα − εβ + kω)~ω/2kT ]− 1}, which is essentially
the number of quanta in the environment at the energy εα− εβ + kω weighted
with the Ohmic spectral density Gαβk = G(εα − εβ + kω) = κ(εα − εβ + kω)
for the harmonic oscillator bath. Finally, to bring the master equation to a
form of time-independent coefficients, it is averaged over the strong driving
period [116, 117]. The result is analytically solvable in the steady state
limit (t→∞), from which the dephasing rate γ and the population p− are
derived [85]:

γ = π
∞∑

k=−∞
(2N−+k +G−+k)X2

−+k + 4N−−kX2
−−k, (4.28)

p− =
∑∞
k=−∞N−+kX

2
−+k∑∞

k=−∞(2N−+k +G−+k)X2
−+k

. (4.29)

The quasienergy states are generally superpositions of different qubit states.
Thus, also the relaxation and dephasing processes of the qubit basis mix when
considering the quasienergy states. In Eqs. (4.28)-(4.29) this mixing is taken
into account by summing over all possible quasienergy transitions giving the
effective dephasing, relaxation, and excitation rates between the quasienergy
states of a Brillouin zone.

Comparison with experimental results

Wilson et al. [33, 115] and Izmalkov et al. [35, 114] have made experiments
with the single-Cooper-pair transistor (SCPT) [Sec. 2.2.1] coupled to the
microwave driving field and with the flux qubit driven with the time-dependent
magnetic field [Sec. 2.2.3], respectively. In the SCPT experiment, the system
was measured by coupling it capacitively to a radio-frequency (rf) oscillator
and by monitoring the reflection of the weak rf-field, whereas in the latter
experiment the driven flux qubit was probed via an inductively coupled LCR-
circuit. Despite the physical differences, both experiments can be analyzed
through the same model Hamiltonian (4.21). In the SCPT measurement,
the RWA is sufficient to describe the resonances [33] but in the flux qubit
measurement ∆/~ω = 0.84 and one observes clear deviations from the RWA,
especially the bending of the resonances at low A.
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Figure 4.5: The absorption P (4.18) presented in the ε0 − A plane. The
parameters following the experimental values are, respectively for (a) and
(b): ω/2π = 7.0 GHz, 4.15 GHz; ∆/~ω = 0.37, 0.84; ωP/ω = 0.092, 0.005;
T = 150 mK, 70 mK. The parameter κ describing the Ohmic spectral density
is chosen so that γ/ω = 0.045 (a) and 0.17 (b) in the absence of driving and
detuning in Eq. (4.28). These plots should be compared with the experimental
plots in Refs. [33] and [35]. The additional axis scales are given using the
original units of the references.

In Paper IV, the measurements are reproduced well by using the nu-
merically calculated probe spectroscopy approach (4.18), see Fig. 4.5, and
by identifying the observed structures as the probe resonances, revealing
information on the quasienergy structure of the driven qubits. The estimated
line-width of the probe absorption resonances is so large that the distinct
quasienergy contours cannot be resolved, yet one can distinguish features
stemming from the underlying quasienergy structure. In Fig. 4.5(a), these
features are the dark blobs corresponding to the apsides of the elliptic res-
onance curves and the discontinuity of the resonances is explained by the
vanishing coupling ∆Jn(A/~ω) (4.27) at the roots of the Bessel functions.
In Fig. 4.5(b), the probe frequency is very small ωP/ω = 0.005 and thus
the resonances are strongest near the degeneracy points of the quasienergy
landscape. The vanishing coupling at the exact degeneracy, again, produces
the observed dark crosses in Fig. 4.5(b). The mapping of the quasienergy
landscape would become more accurate with small value for the ratio γ/ω.
In principle, the whole quasienergy landscape could be mapped by varying
the probe frequency ωP.

4.2.4 Qubit driven and probed via the Josephson en-
ergy

In Paper I, distinct quasienergy contours are better resolvable since the probe
resonances are not so close to each other and the ratio is slightly smaller
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Figure 4.6: Reflection coefficient. The measured (a) and the calculated (b)
magnitude |Γ| of the reflection coefficient plotted in the Φb − ΦL-plane. Dark
corresponds to a smaller value for |Γ|. The measured (c) and the calculated (d)
phase arg(Γ) of the reflection coefficient plotted in the Φb − ΦL-plane. Dark
corresponds to a negative phase shift with respect to the background value.
The parameters are ωP/2π = 3.5 GHz, ω/2π = 6.11 GHz, EJ0/h = 27.0 GHz,
d = 0.19, γ/2π = 240 MHz, R = 1 kΩ, and Cc = 1.3 pF.

γ/ω = 0.04. In addition to that, it provides an example of a quasiperiodicity
which arises since both the drive and the probe tones are coupled to a periodic
degree of freedom, to the flux variable of Eq. (4.1). In the charge basis and in
the weak probe limit ϕP � 1, the total Hamiltonian (4.1) can be separated
to two parts, Ĥ(t) = Ĥq(t) + ĤP(t), as in Sec. 4.1. The probe Hamiltonian is

ĤP(t) = EJ0ϕP cosωPt

2
[

sin (ϕL cosωt) (cosϕbσ̂x − d sinϕbσ̂y)

+ cos (ϕL cosωt) (sinϕbσ̂x + d cosϕbσ̂y)
]
, (4.30)

where one can extract the parts FP(t) and F̂S(t) of Eq. (4.15). By calculating
numerically the quasienergies εr [Fig. 4.4(b)] and the quasienergy states |ur〉,
we have formed the absorptive transition rate P (ωP) (4.18) and the generalized
probe susceptibility α(ωP) by applying the Kramers-Kronig relation (4.20).

The probe Hamiltonian (4.30) can be expressed as ĤP(t) = −Φp(t)Îq,
where Îq = −∂Ĥq/∂Φ is the operator for the current flowing through the
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charge qubit. Thus, we get that Vq(ω) = iωα−1(ω)Iq(ω) = Zq(ω)Iq(ω).
Figure. 4.6 shows the magnitude and the phase of the reflection coefficient
Γ calculated by considering the LCR-oscillator [the resistance R models
the dissipation of the LC-oscillator, see Fig. (4.1)(a)] in parallel with the
probe impedance Zq(ωP) = iωPα

−1(ωP) of the qubit. This circuit is then in
series with the coupling capacitance Cc producing the total impedance of the
system Z(ω) (2.27), see Fig. 4.1(a) and Sec. 2.4. The correspondence with
the measured reflection coefficient is very good.

4.3 Frequency modulation of a transmon qubit
In Paper III, we study the frequency modulation of a two-level system.
The measurements were done in a circuit QED setup [47, 118], consisting
of a flux-tunable transmon [Sec. 2.2.2] dispersively coupled to a quarter-
wavelength coplanar waveguide resonator, see Fig. 4.7 and Sec. 2.3.2. The
energy splitting (2.17) between the two lowest transmon eigenstates depends
on the external magnetic flux ϕ = πΦe/Φ0,

~ω0(ϕ) =
√

8ECEJ
[
cos2 ϕ+ d2 sin2 ϕ

] 1
4 − EC. (4.31)

By considering small perturbations and by selecting the working point ϕdc far
from the points ϕ = π/2 and ϕ = π, the flux dependence of the energy (4.31)
can be approximated linear. By exploiting this, we have applied a bias flux
ϕ = ϕdc +ϕac(t), which consists of the constant part ϕdc and a time-dependent
part ϕac(t) with an amplitude much smaller than ϕdc, and this way we have
implemented a time-dependent energy splitting ~[ω0 + f(t)], denoted as the
frequency modulation. Here, we consider both sinusoidal and stochastic
modulation f(t).

4.3.1 Periodic modulation and the sideband control of
population

The periodic (sinusoidal) modulation of the transition frequency has attracted
a lot of theoretical and experimental interest in the context of two-level
systems [34,37,79,119–122], oscillators, or cavities [123]. Here, it serves as an
introduction to the stochastic modulation. The Hamiltonian of the transmon
qubit,

Ĥ(t) = ~ω0

2 σ̂z + ~f(t)
2 σ̂z + ~Ω cos(ωt)σ̂x, (4.32)

consists of a periodic and time-symmetric frequency modulation f(t+2π/ωL) =
f(t) = f(−t) and a transverse drive [Eq. (2.20)] with the amplitude Ω and
the frequency ω. The difference to the probe spectroscopy (4.21) is now
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Figure 4.7: The simplified circuit schematics of Paper III. Two asymmetric
Josephson junctions (EJ0 = EJ1 + EJ2, d = (EJ1 − EJ2)/EJ0) are capacitively
shunted (CB) and coupled (Cg) to a waveguide resonator. The energy split-
ting ~ω0 of the transmon qubit is controlled with fast flux pulses and the
qubit population is recorded by using the dispersive reflection measurement
(Sec. 2.4).

that both the driving fields are of the same order and neither one can be
considered as a weak probe. Generally, a bichromatically driven qubit can be
denoted as ’double dressed’ [45]; the bare qubit states with energy ±~ω0/2
become dressed with the photon states of energy ±k~ωL, k = 0, 1, 2, . . . and
the transverse field dresses further the states with the photons of energy ±~ω.
In other words, an approach to solve the problem and to find out the dressed
energies (quasienergies) is to apply the Floquet method [77,79,80].

Another approach is to directly solve the dynamics from Ham. (4.32). The
analytic solution procedure is easier with a time-independent Hamiltonian, ob-
tained here with the help of the transformation Û(t) = exp(−iσ̂z

∫ t
0 f(τ)dτ/2)

and the RWA (Sec. 3.1.3). The transformed Ham. [Eq. (3.7)] is

Ĥ ′(t) = ~ω0

2 σ̂z + ~Ω cos(ωt)
[
ei
∫ t

0 f(τ)dτ σ̂+ + h.c.
]
,

= ~ω0

2 σ̂z + ~Ω cos(ωt)
 ∞∏
n=1

∞∑
k=−∞

Jk

(
an
nωL

)
eiknωLtσ̂+ + h.c.

 , (4.33)

where the periodic symmetric modulation f(t) is expressed with its Fourier
(cosine) series, f(t) = ∑∞

n=1 an cos(nωLt), and the Jacobi-Anger relation [58]
is applied. Formally, we can transform it to a harmonic expansion format:

Ĥ ′(t) = ~ω0

2 σ̂z + ~Ω
2

[ ∞∑
m=−∞

∆m

(
ei(mωL+ω)t + ei(mωL−ω)t

)
σ̂+ + h.c.

]
. (4.34)

In the case of an asymmetrical but periodic f(t), the expansion in Eq. (4.33)
would include also terms corresponding to the sine series.

Close to a resonance ω = ω0+mωL and with weak driving fields Ω∆m < ωL,
the RWA [Eq. (3.19)] is valid in Eq. (4.34) meaning that all but the resonant
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Figure 4.8: The Rabi oscillation in a sinusoidally modulated qubit. (a) Time
domain picture with ωL/2π = 100 MHz, δ/2π = 305 MHz, and Ω/2π = 95
MHz. The circles denote experimental data and the solid line is the solution of
master equation (3.27) with the RWA Ham. (4.35) and Γ2/2π = 3Γ1/2π = 3
MHz. (b) Frequency domain with ωL/2π = 120 MHz, δ/2π = 160 MHz, and
Ω/2π = 50 MHz. The measured Rabi frequency (circles) is compared with
the theoretical Ω(m)

d (4.36) where ∆sin
m = Jm (δ/ωL) with m = 0 (black line),

±1 (green line).

driving field can be ignored. This can be understood also via the resolvable
sidebands ω0 ± mωL. The width of the sidebands becomes broadened by
the linewidth

√
Γ2

2 + (Ω∆m)2Γ2/Γ1 due to both the decoherence with rate Γ2
and the power broadening caused by the driving with amplitude Ω∆m [44].
The sidebands can be studied separately and independently on each other
when the spacing ωL between them is larger than the linewidth. Under
these requirements, the RWA for Ham. (4.34) results in the time-independent
Hamiltonian,

ĤRWA = ~
2 [(ω0 +mωL − ω)σ̂z + Ω∆mσ̂x] , (4.35)

which generates the Rabi oscillation with the generalized Rabi frequency

Ω(m)
d =

√
(ω0 − ω +mωL)2 + Ω2∆2

m. (4.36)

Fig. 4.8(a) shows the measured Rabi oscillations in the time domain with
the sinusoidal frequency modulation f(t) = δ cos(ωLt) resulting in ∆sin

m =
Jm(δ/ωL) in Eq. (4.34). Additionally, we have extracted the Rabi frequency
from the Fourier transformed experimental data [Fig. 4.8(b)] with a good
agreement with the theoretical Eq. (4.36). In between the resonances, the
RWA is not generally valid, which is seen in Fig. 4.8(b) as a mismatch
between the theoretical and the measured Rabi frequencies when ω0 − ω ≈
(m + 1/2)ωL. In summary, by applying the transverse driving field at the
frequency ω (nearly) equal the energy difference of the longitudinally dressed
states ω0±mωL, the coherent oscillations with the frequency Ω(m)

d are observed
between the eigenstates of the transmon qubit. This is a demonstration of
the sideband control for a single-qubit states using the frequency modulation
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(see also Ref. [124]): a two-qubit version is proposed in Ref. [28]. Similar
oscillations (4.36) have been observed also in a system of a qubit, a cavity,
and a micromechanical oscillator [18].

4.3.2 Stochastic modulation and simulation of motional
averaging

The observation of motional averaging and narrowing is reported in Paper
III. Here we present a thorough theoretical analysis on the subject. The
Hamiltonian,

Ĥ(t) = ~
2 [ω0 + ξ(t)]σ̂z, (4.37)

describes a qubit whose frequency is modulated stochastically in the lon-
gitudinal direction. Thus, the periodic modulation f(t) of Ham. (4.32) is
now replaced by a stochastic process ξ(t) which can be seen as an extension
of the deterministic and regular modulation of f(t) to the time evolution
which follows probabilistic laws [125]. In atomic ensembles and condensed-
matter systems, the stochastic transition frequency occurs due to variations of
the electronic state populations, chemical potential, molecular conformation,
effective magnetic fields, lattice vibrations, micro-electric fields producing
ac-Stark shifts etc. [43, 126–130]. The spectrum for an atom (or an atomic
ensemble) whose transition frequency changes randomly is known with the
name motional averaging or narrowing since the early NMR physics [43, 126]
where the uncertainty of transition frequency was typically caused by temporal
variations of the local magnetic field for rotating or moving atoms. In all these
situations, one has a large number of particles and the experimentalist can
only indirectly attempt to change the properties of the fluctuation processes,
generally by modifying temperature or pressure. In Paper III, the energy
splitting of the atom was modulated in a stochastic fashion under direct
experimental control.

Random telegraph noise

The stochastic process ξ(t) is chosen here to be the symmetric two-valued
Poisson process which is realized by feeding pseudo-random pulses to the on-
chip flux bias coil (Fig. 4.7). This simulates the temporal variations occurring
in atomic ensembles and condensed-matter systems. As ξ(t) randomly dwells
the values ±ξ, it is denoted as the random telegraph noise (RTN), see
Fig. 4.9(a). The mean jumping frequency χ (number of jumps/time) and
the probability Pn(t) = (χt)ne−χt/n! for n jumps within a time interval t
characterizes the process. The sequential values 〈ξ(tn+1)ξ(tn)〉 = −ξ2 are
maximally anti-correlated, here tn is the time for the n:th jump event.
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Figure 4.9: (a) Sample trajectories of ξ(t) at jumping frequencies χ = 10
MHz (blue), 100 MHz (red), and 400 MHz (green). (b) The corresponding
trajectories of the accumulated phase u(t) =

∫ t
0 ξ(τ)dτ with ξ/2π = 50 MHz.

A possible generalization for the symmetric random telegraph noise would
be that one allows different correlation 〈ξ(tn+1)ξ(tn)〉 between the sequential
values, which could implemented, for example, so that the values of the
process ξ(t) would be sampled from a stationary distribution P (ξ)dξ instead
of choosing ±ξ one after another. Another generalization would be that the
dwelling (waiting) time τ = tn+1 − tn would be distributed otherwise than
exponentially. Experimentally, the generalizations need only reprogramming
of the waveform generator, and it would enable, e.g., simulation of the recently
proposed motional broadening [131]. Nevertheless, we consider here the pure
random telegraph noise.

Without going deeper in the qubit dynamics, two intuitive asymptotic
limits can be found by a simple argumentation. First, at the fast jumping limit,
the energy fluctuations ∆E = ~ξ occur so frequently, with average spacing
∆t = χ−1, that the ability to resolve them is limited by the profound energy-
time uncertainty relation [59]: ∆E∆t = ~ξ/χ & ~. Then, external driving
or measuring pulse observes that the frequency of the qubit is dynamically
averaged to ω0, although the qubit is at any time in either one of the states
±ξ and spends no time in between. In contrast to that, when the mean time
∆t = χ−1 between the jumping events is long enough, so that ξ/χ� 1, then
one can consider the system as a statistical average over two system with
splittings ω0± ξ. This is denoted as the slow jumping limit. In this limit, one
can simply ignore the dynamics of the ξ(t)-process as measurement or control
pulses needed to resolve the energy difference ∆E = ~ξ are shorter than χ−1.
In the cross-over region, neither the statistical nor dynamical averaging works
and one has to take into account the frequency fluctuations explicitly.

Spectrum

Atomic or molecular systems are usually studied by perturbing the atomic
energy levels with electromagnetic radiation via the transverse dipole moment
of atoms [59]. The perturbation causes weak transitions between the energy
levels when the frequency of the radiation equals an energy splitting and the
corresponding coupling (matrix) element is non-zero. This is experimentally
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seen as a peak in the emission spectrum or as a dip in the absorption spectrum.
In order to study the transition frequency and the coherence through the
spectrum S(ω), the qubit (4.37) is excited with a weak harmonic probe (see
Sec. 2.3.1),

Ĥdrive(t) = ~Ω cos(ωt)σ̂x
RWA≈ ~Ω

2
(
σ̂−eiωt + σ̂+e−iωt

)
, (4.38)

where the RWA is justified by the weak amplitude Ω and the assumed near
resonance with the system dynamics. The rate of transitions induced by the
weak probe (Fermi’s golden rule) is equivalent to the absorption spectrum
S(ω) [71],

S(ω) = 1
2π

∫ ∞
−∞

eiωt〈σ̂−(t)σ̂+(0)〉dt. (4.39)

Using the quantum regression theorem [67,99], the correlator 〈σ̂−(t)σ̂+(0)〉
can be expressed for the qubit under the RTN and the decoherence processes,
resulting in

S(ω) = 1
2π

∫ ∞
−∞

ei(ω−ω0)t−Γ2|t|
〈

e−i
∫ t

0 ξ(τ)dτ
〉
ξ

dt, (4.40)

where the subscript ξ denotes the average over the fluctuation process ξ(t).
The accumulated phase u(t) =

∫ t
0 ξ(τ)dτ is evidently an important quantity

in Eq. (4.40). Sample paths of u(t) are shown in Fig. 4.9(b). In the slow
jumping limit (blue, χ � ξ), the slopes are well resolvable between the
jumping events. In contrast to that, in the fast jumping limit (green, χ� ξ),
the trajectory becomes diffusive and the slopes are indistinguishable. In
this limit, the spectral broadening, i.e., the uncertainty of the frequency
becomes proportional to the diffusion coefficient ξ2/χ of the process [132].
For a physical insight, one can draw an analogy between the ξ(t)-process
and a randomly sign-changing velocity of a 1D particle, which implies that
the accumulated phase u(t) is analogous to the position of the 1D particle.
Deriving further, the transition from the slow jumping to the fast jumping
limit is analogous to the transition from the ballistic to the diffusive evolution
under an increasing rate of elastic collisions, i.e., the rate of sign changes in
the 1D velocity [131].

For the RTN process ξ(t), Eq. (4.40) gives (see Refs [43, 126,133] and the
supplementary information of Paper III)

S(ω) = 1
π

2χξ2 + Γ2 [(Γ2 + 2χ)2 + (ω − ω0)2 + ξ2]
[ξ2 − (ω − ω0)2 + Γ2(Γ2 + 2χ)]2 + 4(Γ2 + χ)2(ω − ω0)2 , (4.41)

which confirms the argumentation of the asymptotic limits by reducing to
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the form

S(ω) = 1
2π

Γ2 + χ

[ω − (ω0 ± ξ)]2 + (Γ2 + χ)2 , when χ� ξ, (4.42)

S(ω) = 1
π

Γ2 + ξ2/2χ
(ω − ω0)2 + (Γ2 + ξ2/2χ)2 , when χ� ξ. (4.43)

In the slow jumping limit, the qubit absorbs at ω = ω0±ξ and the decoherence
rate is increased by χ, in agreement with the mean lifetime 1/χ of the energy
levels ω0 ± ξ (exchange broadening [126]). At the fast jumping limit, the
qubit absorbs at the average frequency ω = ω0 with the excess ξ2/2χ of the
decoherence rate.

Master equation

The measurement setup (Fig. 4.7) based on the dispersive measurement
Eq. (2.25) maps the qubit population as the shift of the resonator resonance
frequency. In the actual measurement of Paper III, the driving field (4.38)
cannot be considered as a weak probe, such as is done in Eqs. (4.38)-(4.43),
since Ω > Γ1,Γ2. On one hand, one may argue that by using a strong driving
field one observes the same spectrum Eq. (4.41) as with a weak probe but
accompanied with the power broadening. On the other hand, one can expect
interference effects between the modulation and the driving as the time scales
are of the same order: χ ≈ 50− 250 MHz and Ω/2π ≈ 10 MHz. To include
properly the random modulation and the driving, we build up a master
equation (similarly as in Sec. 3.2.1) and finally solve the population Pe of the
excited state.

We start with the total Hamiltonian of Eqs. (4.37) and (4.38) in the frame
rotating at ω,

Ĥtot = Ĥq + Ĥξ(t) = ~
2 [(ω0 − ω)σ̂z + Ωσ̂x] + ~

2ξ(t)σ̂z, (4.44)

where Ĥq denotes the driven qubit. The process ξ(t), i.e., the term Ĥξ(t),
is assumed to be caused by the coupling to the environment with certain
statistical properties. The intention is to average over ξ(t) and to form the
master equation for the density matrix ρ̂ of the qubit. In the interaction
picture (denoted with a prime), the equation of motion for ρ̂ reads

d
dt ρ̂

′(t) = 1
i~ [Ĥ ′ξ(t), ρ̂′(t)]. (4.45)

Similarly as with Eqs. (3.21)-(3.23), the second order iterative solution is

d
dt ρ̂

′(t) = − 1
~2

∫ t

0
〈[Ĥ ′ξ(t), [Ĥ ′ξ(τ), ρ̂′(τ)]]〉ξdτ, (4.46)
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where the subscript denotes averaging over the ξ(t)-process. The term
〈[Ĥ ′ξ(t), ρ(0)]〉ξ vanishes by the symmetry 〈ξ(t)〉ξ = 0. Notice, the Markov
approximation is not applied.

The iteration form Eq. (4.45) to Eq. (4.46) can be generalized so that the
density matrix ρ̂′ becomes

ρ̂′ = ρ̂′(0) +
∞∑
n=1

( 1
i~

)n ∫ t

0
dτ1 · · ·

∫ τn−1

0
dτn

〈
[Ĥ ′ξ(τ1), [. . . [Ĥ ′ξ(τn), ρ̂′(0)]]]

〉
ξ
,

(4.47)
whose truncation to the second order (4.46) is justified in Refs. [134,135] by
the statistical properties of the RTN modulation described by the factorization
rule

〈ξ(t1)ξ(t2) . . . ξ(tn)〉ξ = 〈ξ(t1)ξ(t2)〉ξ〈ξ(t3) . . . ξ(tn)〉ξ, (4.48)
where t1 < t2 < . . . < tn. The factorization rule is a corollary of the fact
that the ξ(t)-process can be expressed in the form of ξ(t) = ξ(−1)n(t,0),
where n(t, 0) is the Markovian Poisson process counting the number of jumps
within a time interval [0, t]. It is noteworthy that the statistics (4.48) differs
from the conventional Gaussian stochastic process, applied, e.g., for the
phase fluctuations of a qubit [136], for which all the moments (4.48) with
n > 2 vanishes. The autocorrelation of the RTN is R(τ) = 〈ξ(τ)ξ(0)〉ξ =
ξ2 exp(−2χ|τ |) which together with the symmetry 〈ξ(t)〉ξ = 0 defines all the
correlations in Eq. (4.48).

Transformation of Eq. (4.46) back to the Schrödinger picture and the
addition of the standard relaxation and pure dephasing terms result in

d
dt ρ̂(t) = − i

~
[Ĥq, ρ̂(t)]− 1

~2

∫ t

0
〈[Û(t− τ)Ĥξ(t)Û †(t− τ), [Ĥξ(τ), ρ̂(τ)]]〉ξdτ

+ Γ1

2 (2σ̂−ρ̂σ̂+ − σ̂+σ̂−ρ̂− ρ̂σ̂+σ̂−)− Γφ
4 [σ̂z, [σ̂z, ρ̂]], (4.49)

where Û(t−τ) = exp(iĤq(t−τ)/~). The interference between the longitudinal
fluctuation Ĥξ(t), the relaxation, and the pure dephasing is assumed negligible.
The master equation (4.49) can be expressed in a tractable form by using the
Bloch pseudo-spin notation ρ̂(t) = 1

2 Î +S(t) · σ̂ and the autocorrelation R(τ),

Ṡx(t) = [Ω× S(t)]x − Γ2Sx(t)−
∫ t

0
R(τ) cos(Ωdτ)Sx(t− τ)dτ

−
∫ t

0
R(τ) |ω0 − ω|

Ωd
sin(Ωdτ)Sy(t− τ)dτ, (4.50)

Ṡy(t) = [Ω× S(t)]y − Γ2Sy(t) +
∫ t

0
R(τ) |ω0 − ω|

Ωd
sin(Ωdτ)Sx(t− τ)dτ

−
∫ t

0
R(τ)g

2 + (ω − ω0)2 cos(Ωdτ)
Ω2

d
Sy(t− τ)dτ, (4.51)

Ṡz(t) = [Ω× S(t)]z − Γ1(Sz(t)− Sz0), (4.52)
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Figure 4.10: Motional averaging. (a) The spectrum (4.41) shown in the
ω − χ plane and scaled with S(ω = ω0 ± ξ, χ = 0) = 1/2Γ2. The steady
state population Pe: the (b)-panel is the analytical Pe (4.53)-(4.54) and the
(c)-panel is the measured data of the RTN modulated qubit (Paper III). The
parameters are Ω/2π = 8 MHz, ξ/2π = 43 MHz, and Γ2/2π = 3Γ1/2π = 3
MHz. The cuts along the dashed lines in (b)-(c) are shown in Fig. 4.11(a).

where Ω = (Ω, 0, ω0 − ω) is the precession vector and Ωd =
√

(ω0 − ω)2 + Ω2

denotes the detuned Rabi frequency. Up to this point, the master equation is
general, only the Born approximation and the iterative truncation Eq. (4.46)
have been applied.

The intertwined nature of the driving and the stochastic modulation is
clearly visible in the integral terms of Eqs. (4.50) and (4.51); the time-evolution
of the Sx,y(t) depends on the previous values Sx,y(t−τ). Explicitly, the Markov
approximation is not valid. If it were, the ξ(t)-fluctuations, characterized with
the R(τ), should be fast respect to system dynamics. In the Markovian limit,
the correlation time τξ = 1/2χ of the fluctuations should be much smaller
than the time scale of system dynamics ∼ 2π/Ω. Then, Eqs. (4.50)-(4.52)
would reduce to the standard driven Bloch equations with the decoherence
rate Γ′2 = Γ2 + ξ2/2χ, where the increment ξ2/2χ =

∫∞
−∞ 〈ξ(τ)ξ(0)〉ξ dτ/2 is

analogous to the dephasing rate Γϕ of the master equation (3.27).

The steady state population

With the RTN modulation R(τ) = ξ2 exp(−2χ|τ |), the master equation (4.50)-
(4.52) can be solved algebraically by using the Laplace transformation F̃ (s) =∫∞

0 e−stf(t)dt, albeit the general expressions are intractably long and not
shown here. Instead, the steady state population Pe = 1/2 + Sz(t→∞) can
be solved without approximations by applying the final value theorem (FVT),

Pe = lim
t→∞

Pe(t) FVT= lim
s→0

sP̃e(s) = Ω2χ [2ξ2χ+ Γ2 (Ω2
d + 4χ2)]

D
, (4.53)
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Figure 4.11: (a) The cuts of Fig. 4.10(b)-(c) at χ = 50 MHz (blue), 100
MHz (black), and 200 MHz (red). The circles denote experimental data
and the dashed line is the analytical solution (4.53)-(4.54). The numerical
solution (solid line) based on the quantum trajectories [Sec. 3.2.2] takes into
account also the imperfections of the experimental wave forms. The curves
are displaced by 0.3 and the parameters are the same as in Fig. 4.10. (b) The
measured zero-detuning ω = ω0 population Pe as a function of the universal
parameter χ/ξ2 at the amplitudes ξ/2π = 43 MHz (red circles), 71 MHz
(green triangles), and 96 MHz (blue squares). The analytical population (4.55)
is denoted with the dashed line and calculated with the parameters Ω/2π = 9
MHz and Γ2/2π = 3Γ1/2π = 3 MHz.

where the denominator is

D = 4Γ1ξ
2χ (ω0 − ω) |ω0 − ω|+ 2Γ1ξ

4χ+ ξ2
[
Ω2Γ1Γ2 + 4χ2

(
Ω2 + 2Γ2Γ1

)]
+ 2χ

(
Ω2

d + 4χ2
) {

Ω2Γ2 + Γ1
[
Γ2

2 + (ω0 − ω)2
]}
. (4.54)

In Fig. 4.10, the spectrum (4.41) of the motional averaging is shown together
with the analytic (4.53)-(4.54) and the measured steady state populations Pe.
The deviation between the spectrum (a) and the population (b) is explained
by the power broadening (∼ 10 MHz) due to the strong driving. The close
resemblance of the measured population (c) with the spectrum (a) and the
analytical population (b) is the evidence on the successful simulation of the
motional averaging phenomenon.

More detailed comparison of the populations is shown in Fig. 4.11(a). The
slight deviations of the analytical (dashed) with the numerical (solid) and
measured (circles) populations, visible at high jumping rates, are explained by
the imperfections of the experimentally realized wave forms (the raising/falling
time 2 ns and the sampling time 0.5 ns) that are taken into account in the
numerical calculations. Further validation can be acquired by studying
Pe (4.53) at the zero-detuning ω0 = ω, where it simplifies greatly

Pe =
Γ2
2Γ1

Ω2 χ
ξ2

Γ2
2 + Γ2

Γ1
Ω2 χ

ξ2 + Γ2
2
χ
ξ2

. (4.55)
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Interestingly, as shown in Fig. 4.11(b), the zero-detuning population Pe scales
with the universal parameter χ/ξ2. As the jumping frequency increases the
slope of Pe (dashed line) decreases in Fig. 4.11(b), this is attributed to the
increasing driving saturation of the qubit as the driving at ω = ω0 becomes
better in resonance with the averaged qubit and simultaneously the dephasing
rate decreases. The overall good agreement between the measured and the
analytical results of Figs. 4.10 and 4.11 shows that the master equation (4.49)
describes correctly the dynamics of the stochastically modulated and strongly
driven qubit.

Energy fluctuations induced by quasiparticle tunneling and photon
shot noise

Recently, after developing the transmon device in a 3D cavity [5], the intrinsic
limits of the relaxation and the coherence times of the transmon have been
under active research. Quasiparticle tunneling [95,96,137] over the Josephson
junctions and the photon shot noise [138] of the cavity have been identified
as possible sources of the decoherence and the relaxation. We consider these
phenomena briefly in the perspective of the motional averaging phenomenon.

Quasiparticle tunneling Although the transmon device [11] is almost
charge-insensitive, the quasiparticle tunneling has observable implications.
The tunneling changes the gate charge Qg by e per a tunneling event, which is
spectroscopically observable with proper parameters as demonstrated in the
first transmon studies [60] where two spectroscopic bands ω01 ± ξ cos(2πng)
with ξ/2π = 1− 15 MHz (and larger values for SCPTs) were measured and
attributed to the quasiparticles. The tunneling of quasiparticles across the
Josephson junction is assumed as a random process, such as, the random
telegraph noise. The exact value for the mean tunneling rate χ is not yet
known; the estimate is 0.1 MHz < χ < 10 MHz [95].

The tunneling induced energy level shift can be estimated from the charge
dispersion for the m:th energy level [11] in the limit of large ratio EJ/EC,

Em(ng) ' Em

(
ng = 1

4

)
− εm

2 cos(2πng), (4.56)

where the amplitude of the charge dispersion is

εm ' (−1)mEC
24m+5

m!

√
2
π

(
EJ

2EC

)m
2 + 3

4
e−
√

8EJ/EC . (4.57)

For the energy difference between the ground and the first excited state, the
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amplitude ξ for the tunneling induced changes is

ξ = ε0 − ε1
2 = 8

√
2√
π
EJ

( EJ

2EC

)− 1
4

+ 16
(
EJ

2EC

) 1
4

 e−
√

8EJ/EC

≈ 128EC

√√
2
π

EJ

EC
e−
√

8EJ/EC . (4.58)

As the offset charge ng changes in the increments of 1/2 (see Fig. 2.2), the
above maximum amplitude ξ is observed when ng = k/2, k ∈ Z. By taking
a typical value for EC/h = 300 MHz (e.g. Refs. [5, 60, 66] and Paper III),
Eq. (4.58) gives an estimate that with ratios EJ/EC & 40 the motional
averaging occurs with all ng, i.e., ξ/2π . 0.1 MHz < χ. In practice, e.g.,
in Refs. [5, 66], the ratio is EJ/EC & 70 and 140 which correspond to the
amplitudes ξ/2π ≈ 300 Hz and 0.03 Hz, respectively. With these parameters,
the transmon device is definitely motionally averaged with respect to the
quasiparticle tunneling. Using the charge offset tuning ξ(ng) = ξ cos(2πng), in
principle, it may be possible to observe the motional averaging as a function
of ng by designing EJ/EC so that maximum amplitude ξ is larger than the
minimum estimate for the jumping rate χ, quite similarly as in Refs. [60, 95].
In principle, then by using fitting to the analytic expressions (4.41), it may
be possible to estimate the tunneling rate χ.

Photon shot noise The photon shot noise of the 3D cavity is in the focus
of the recent experiment [138] by the Yale lab, especially its effect on the
dephasing of the transmon. The cavity is here considered formally similarly
as a transmission line or an electromagnetic mode and the dispersive limit
Hamiltonian (2.25) is

Ĥ = ~ωrâ
†â+ ~

2
(
ω0 + 2χdâ

†â
)
σ̂z. (4.59)

The term χdâ
†âσ̂z, where the dispersive shift (Stark shift) per cavity photon is

χd/2π = −3.5 MHz [138], makes the cavity photons to change the frequency
of the qubit. This random longitudinal modulation causes dephasing of the
transmon similarly as the random excursions of the accumulated phase u(t)
with the RTN modulation [Fig. 4.9(b)] or similarly as the general longitudinal
fluctuations in the derivation of master equation Eq. (3.27). The possible
sources of photons are measurement or control pulses or tones, thermal
excitation or (artificially generated) noise. Let us now consider a thermal
equilibrium, when the probability PN that the cavity has exactly N photons
obeys the rate equation,

dPN
dt = tN−1

+ PN−1 + tN+1
− PN+1 − [tN+ + tN− ]PN , (4.60)
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where the transition rates are tN− = κ(n̄+ 1)N and tN+ = κn̄(N + 1). In the
referred experiment, the cavity linewidth κ = 0.037−0.75 MHz and the photon
number of the thermal bath n̄ = 0 − 3 (temperature) were independently
tunable.

Assuming that n̄ . 1, we can consider that the only occupation states of
the cavity are those corresponding N = 0 or 1 and the transitions between
them occur with the rates t0+ = κn̄ and t1− = κ(n̄ + 1). Then, the qubit
frequency in Ham. (4.59) exhibits two-valued jumping (ω0 + ξ) ± ξ, where
ξ = χd. Although, the dwelling of the different states is asymmetric t0+ 6= t1−,
we may characterize the process with the jumping frequency χ = κn̄. One of
the main observations in Ref. [138] is that the coherence time T2 of the qubit
depends linearly on the decay time τ = 1/κ of the cavity and is inversely
proportional to n̄. These observations are indeed nicely consistent with
the slow jumping regime of the motional averaging (4.41)-(4.43) where the
decoherence rate increases linearly with the jumping rate χ, Γ′2 = Γ2 + χ =
Γ2 + κn̄, implying that T ′2 = 1/(Γ2 + κn̄) ≈ τ/n. The last approximation is
justified by the small intrinsic decoherence rate Γ2 ≈ 0.016 MHz � κn̄.



Chapter 5

Discussion and conclusions

The presented results extend the studies of driven superconducting qubits
to the direction of nonlinear and stochastic driving fields. For nonlinear
driving, we have developed and justified the generalization of the Bloch-
Siegert shift accounting for the high-order corrections beyond the rotating wave
approximation. The accuracy of the analytic description for a driven qubit
is shown to be dependent on the chosen basis. In addition to that, we have
indicated ranges of the bias value and the driving amplitude where a natural
basis for analytical calculations does not exist. Whereas the approximate
results are basis-dependent, all exact results, such as numerical energies,
are not. Nevertheless, the size of the numerical problem can have strong
dependence on the chosen basis. The method of probe spectroscopy was
connected to the reflection coefficient measured in the experiments. This sets
the absorptive reflection measurement both qualitatively and quantitatively
on firm foundations. Finally, we have shown that the hybrid states, which
are combinations of the states of the qubit and those of the modulating field,
maintain coherence. These could lead to novel quantum gates [28, 124] which
avoid the problem of spectral crowding and are fast enough to be generalized
for a large set of qubits.

In the latter part of the thesis, we have presented the simulation of the
motional averaging phenomenon in a flux-modulated transmon qubit. We
have developed a theoretical description which accounts accurately both
the stochastic modulation and the measurement drive. The study with the
stochastic driving field can be interconnected with the two-level fluctuators in
the dielectric materials of the superconducting devices [16]. These impurities
affect the coherence times negatively but, resting on the motional averaging,
the coherence times could be improved if one is able to accelerate the dynamics
of the longitudinally coupled fluctuators. Another application of the motional
averaging is to estimate the properties of fluctuation processes occurring in
qubits, such as, the quasiparticle tunneling [95] or the photon shot noise [138].
Possible continuations of the study would be a generalization of the symmet-
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ric random telegraph noise to a stochastic process where the waiting time
distribution is chosen differently than the studied exponential distribution,
or a modification of the jumping process ξ(t) so that the possible jumping
values are sampled from a distribution P (ξ, t). With this kind of a setup, one
could simulate a different averaging process resulting in, e.g., the motional
narrowing [43] or the motional broadening [131]. Another direction to extend
the study of stochastic driving is to consider fast changes in the frequency of
nanomechanical resonators [132], having direct practical applications, such
as, extremely accurate mass sensing [139].

In analyzing both experiments, we have considered only the two lowest
energy states. This assumption works surprisingly well. Especially, in the
nonlinearly driven qubit, the Φe-oscillation traverses far into the second zone
on the periodic Φe-plane. Thus, it would be natural to assume that also the
higher charge states would contribute. A recommendation for future research
would be to study if the slight differences between the numerical and the
experimental reflection coefficients can be explained by the account of the
higher charge states. Another, interesting effect to study with a nonlinearly
driven qubit would be to design an experiment where the transition from the
adiabatic to the diabatic basis with an increasing driving amplitude would
be experimentally observable. In both the analyzed experimental setups, we
have considered the LC-resonator more like as a filter or a passive element
between the transmission line and the driven qubit rather than having an
active dynamical role. By including the dynamics between the driven qubit
and the oscillator, we have noticed, as a spin-off result, that by choosing the
amplitude and the frequencies of the longitudinal and transverse driving fields
to fulfill certain conditions, the experimental setup of Paper III can be seen as
a quantum simulator for the ultrastrong coupling regime [140] which is hard
to achieve with circuit design approaches [50,51]. The deeper experimental
and theoretical study of this subject would be another recommendation for
future research.

The research of the superconducting qubits seems to be gradually shifting
to the study of more complex systems, such as, hybrid circuit QED setups
involving spin ensembles or mechanical resonators, or setups of several cavities
and qubits. In spite of that, I believe resting on the presented results and
the discussion that superconducting qubits in itself have still potential as an
excellent platform for curiosity-driven research of quantum phenomena.
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