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Kaleva, Jarkko, Decentralized multiantenna transceiver optimization for
heterogeneous networks. 
University of Oulu Graduate School; University of Oulu, Faculty of Information Technology
and Electrical Engineering
Acta Univ. Oul. C 666, 2018
University of Oulu, P.O. Box 8000, FI-90014 University of Oulu, Finland

Abstract

This thesis focuses on transceiver optimization for heterogeneous multi-user multiple-input
multiple-output (MIMO) wireless communications systems. The aim is to design decentralized
beamforming methods with low signaling overhead for improved spatial spectrum utilization. A
wide range of transceiver optimization techniques are covered, with particular consideration of
decentralized optimization, fast convergence, computational complexity and signaling limitations.

The proposed methods are shown to provide improved rate of convergence, when compared to
the conventional weighted minimum MSE (WMMSE) approach. This makes them suitable for
time-correlated channel conditions, in which the ability to follow the changing channel conditions
is essential. Coordinated beamforming under quality of service (QoS) constraints is considered for
interfering broadcast channel. Decomposition based decentralized processing approaches are
shown to enable the weighted sum rate maximization (WSRMax) in time-correlated channel
conditions.

Pilot-aided decentralized WSRMax beamformer estimation is studied for coordinated multi-
point (CoMP) joint processing (JP). In stream specific estimation (SSE), all effective channels are
individually estimated. The beamformers are then constructed from the locally estimated
channels. On the other hand, with direct estimation (DE) of the beamformers, only the intended
signal needs to be separately estimated and the covariance matrices are implicitly estimated from
the received pilot training matrices. This makes the pilot design more robust to pilot
contamination. These methods show that CoMP JP is feasible even in relatively fading channel
conditions and with limited backhaul capacity by employing decentralized beamformer
processing.

In the final part of the thesis, a relay-assisted cellular system with decentralized processing is
considered, in which users are served either directly by the base stations or via relays for WSRMax
or sum power minimization subject to rate constraints. Zero-forcing and coordinated beamforming
provide a trade-off between complexity, in-band signaling and spectrum utilization. Relays are
shown to be beneficial in many scenarios when the in-band signaling is accounted for.

This thesis shows that decentralized downlink MIMO transceiver design with a reasonable
computational complexity is feasible in various system architectures even when signaling
resources are limited and channel conditions are moderately fast fading.

Keywords: backhaul information exchange, beamformer estimation, convex
optimization, coordinated beamforming, decentralized processing, interference
coordination, joint processing, multi-cell multi-user MIMO system, pilot signaling,
quality-of-service, relay-aided transmission





Kaleva, Jarkko, Hajautettu moniantennilähettimien ja -vastaanottimien suunnittelu
heterogeenisissä verkoissa. 
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Acta Univ. Oul. C 666, 2018
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Tiivistelmä

Tämä väitöskirja keskittyy lähetin- ja vastaanotinoptimointiin heterogeenisissä monikäyttäjä- ja
moniantennijärjestelmissä. Tavoitteena on parantaa tilatason suorituskykyä tutkimalla hajautet-
tuja keilanmuodostusmenetelmiä, joissa ohjaussignaloinnin tarve on alhainen. Erityisesti keski-
tytään hajautetun keilanmuodostuksen optimointiin, nopeaan konvergenssiin, laskennalliseen
kompleksisuuteen sekä signaloinnin rajoitteisiin.

Esitettyjen menetelmien osoitetaan parantavan konvergenssinopeutta ja vähentävän sig-
naloinnin tarvetta, verrattaessa tunnettuun WMMSE-menetelmään. Nämä mahdollistavat lähe-
tyksen aikajatkuvissa kanavissa, joissa kanavan muutosten seuraaminen on erityisen tärkeää.
Näiden menetelmien osoitetaan mahdollistavan hajautetun ja priorisoidun tiedonsiirtonopeuden
maksimoinnin monisolujärjestelmissä sekä aikajatkuvissa kanavissa käyttäjäkohtaisilla siirtono-
peustakuilla.

Pilottiavusteisten lähetys- ja vastaanotinkeilojen estimointia tutkitaan yhteislähetysjärjestel-
missä. Yksittäisten lähetyskanavien estimoinnissa effektiiviset kanavat estimoidaan yksitellen, ja
lähetys- ja vastaanotinkovarianssimatriisit muodostetaan summaamalla paikalliset kanavaesti-
maatit. Suoraestimoinnissa ainoastaan oman käyttäjän effektiivinen kanava estimoimaan erik-
seen. Tällöin kovarianssimatriisit saadaan suoraan vastaanotetuista pilottisignaaleista. Tämä
tekee estimaateista vähemmän herkkiä häiriölle. Hajautetun yhteislähetyksen osoitetaan olevan
mahdollista, jopa verrattain nopeasti muuttuvissa kanavissa sekä rajallisella verkkoyhteydellä
lähettimien välillä.

Viimeisessä osassa tutkitaan välittäjä-avusteisia järjestelmiä, joissa käyttäjiä palvellaan joko
suoraan tukiasemasta tai välittäjä-aseman kautta. Optimointikriteereinä käytetään siirtonopeu-
den maksimointia sekä lähetystehon minimointia siirtonopeustakuilla. Nollaanpakottava sekä
koordinoitu keilanmuodostus tarjoavat valinna laskennallisen kompleksisuuden, ohjaussig-
naloinnin sekä suorituskyvyn välillä. Välittäjä-avusteisen lähetyksen osoitetaan olevan hyödylli-
siä useissa tilanteissa, kun radiorajanpinnan yli tapahtuvan signaloinnin tarve otetaan huomioon
keilanmuodostuksessa.

Tässä väitöskirjassa osoitetaan hajautetun keilanmuodostuksen olevan mahdollista verratta-
en vähäisillä laskennallisilla resursseilla heterogeenisissä moniantennijärjestelmissä. Esitetyt
menetelmät tarjoavat ratkaisuja järjestelmiin, joissa ohjaussignalointiresurssit ovat rajallisia ja
radiokanava on jatkuvasti muuttuva.

Asiasanat: hajautettu prosessointi, häiriönhallinta, keilaestimointi, konveksi optimointi,
lineaarinen esikoodaus, lähetin- ja vastaanotinkeilojen suunnittelu, monisoluinen
monikäyttäjä- ja moniantennijärjestelmä, pilottisignalointi, siirtonopeustakuu, välittäjä-
avusteinen lähetys, yhteistoiminnallinen keilanmuodostus
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Symbols and abbreviations

0 Zero matrix (all elements zeros).
āk,l Linear approximation slope coefficient for stream l of UE k.
ãl Monomial approximation exponent for stream l.
A Transceiver optimization algorithm.
AR Receiver beamformer part of transceiver processing algorithm.
AT Transmit beamformer part of transceiver processing algorithm.
b̄k,l Linear approximation constant coefficient for stream l of UE k.
bk BS index associated to UE k.
bk,l UL pilot training sequence for the l th data stream of UE k

B The number BSs in the network.
B Set of UE indices allocated to the BS.
Bk Set of BS indices allocated to the UE k.
BNT×Nmin Block diagonal structure with NT × Nmin block size.
c Gradient related constant.
ck,l
b,k,l

Fixed terms (cooperating transmit beamformers) in JP CoMP.
ck,l
k,l

Combined fixed terms (cooperating transmit beamformers) in JP
CoMP.

c̃ Monomial approximation coefficient.
Cn The set of complex column vectors of length n.
Cn×m The set of n × m complex matrices.
cb,k,l Contribution of BS b to joint transmission of the l th stream of

UE k.
Ck The set of n × m complex matrices.
Cb Set of UE indices allocated to the BS b.
dk,l Transmitted symbol for the l th stream of UE k.
d(s)
k

Transmitted symbol for UE k from the BS in time slot s.
Ûdl Transmitted symbol for the RS over the l th spatial data stream.

d̂k BS transmission interference for RS UE k.
dk Normalized data symbol vector for UE k.
Ek The MSE matrix of UE k.
fD Maximum Doppler shift.
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Fk Quadratic transmit covariance matrix representation for UE k.
Ûgl The effective channel strength of the for BS-RS stream l.
g
(s)
k

The effective channel strength of UE k in time slot s.
g(x) The MSE upper bound function.
gb,k,l Gradient matrix.
Ĝb,k,l Gradient matrix with dual power.
hb,k The channel vector matrix between BS and UE k.
hr,k The channel vector matrix between RS and UE k.
ĥb,k,l Weighted effective channel of the l th stream of UE k from BS b.
Hb,k The channel matrix between BS b and UE k.
H Stacked channel matrix for MAC.
HB,R The channel matrix between the BS and RS.
I Identity matrix.
Imax Maximum number of iterations.
jb,k,l Momentum for the corresponding beamformer update.
Jk Interference-plus-noise covariance matrix of UE k.
K The total number UEs in the network.
Kb The number of users associated to BS b.
Krician Rician factor LOS channels.
Kb Weighted transmit covariance of BS b.
K The set of all UE indices in the system.
L() Linear approximation of the given function.
n(s)
k

The receiver noise of UE k in time slot s.
nk The receiver noise vector of UE k.
Nb The estimation noise matrix at BS b.
N̂k The estimation noise matrix at UE k.
ÛnR The RS receiver noise vector.
NBS The number of BS antennas.
Nmin The maximum number of point-to-point spatial data streams.
NL The preallocated number of supported spatial data streams

between the BS and RS.
NT The number of transmit antennas.
NR The number of receive antennas.
NRS The number of BS antennas.
N (X) The nullspace of matrix X.
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mb,k Single stream transmit beamformer vector of UE k from BS b,
when Nmin = 1.

mb,k,l Single stream transmit beamformer for the l th stream of UE k

from BS b.
Mk Transmit beamformer matrix of UE k from BS b.
M Stacked transmit beamformer matrix.
m(s)

k
Transmit beamformer of UE k at the BS in time slot s.

Ûml Transmit beamformer of the l th data stream for the RS.
MB,R The precoder matrix for the BS-RS link.
o Common rate lower bound for minimum rate maximization.
o(s)
k

Exponential variable corresponding to p(s)
k
.

Ûol Exponential variable corresponding to Ûpl .
Ûpl Power loading for the l th BS-RS stream.
p(s)
k

Power loading for UE k in slot s.
P Common sum transmit power bound for all BSs.
Pb Sum transmit power bound of BS b.
PB Sum transmit power bound of the single BS in the system.
PR Sum transmit power bound of the single RS.
Pmax BS-RS link power upper bound corresponding to Rmax.
PB,R Power loading matrix for the BR-RS link.
P A generalized convex power constraint set.
q Bi-directional training overhead.
Q Received signal covariance matrix at MAC BS.
Qk Received signal covariance matrix at UE k.
Rk Fixed rate target of UE k.
R̂k Scaled rate requirement constraint of UE k.
Ravg The average rate of the users assigned to the RS.
Rmax Rate upper bound for BS-RS link.
Rsum BS-RS link sum rate.
Rideal The optimal RS-user sum rate.
Ropt the optimal RS user rate allocation in the non-ideal case.
RRS Sum rate bound for the BS-RS link.
Rb Uplink pilot training matrix at BS b.
Rn×m The set of n × m real matrices.
Xk Receiver noise covariance of UE k.
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R Set of UE indices allocated to the RS.
s Channel time slot index.
sb,k,l Global subgradient at point χ̄b,k,l .
S Number of pilot training symbols.
S+ The set of symmetric and positive definite matrices.
S Subspace projection matrix.
t Number of bi-directional signaling iterations.
Ûtl Rate bound for BS-RS stream l.
tk,l Rate bound function variable for stream l of UE k.
tS Backhaul signaling rate.
T Fixed effective composite channel covariance for MAC.
Tk Downlink pilot training matrix at UE k.
u(s)
k

Scalar receive beamformer for UE k in time slot s.
ul Single stream RS receive beamformer for the l th stream.
uk,l Single stream receive beamformer for the l th stream of UE k.
Uk Receive beamformer matrix for the l th stream of UE k.
Ub Set of user indices associated with BS b.
v̂ Dual variable for first slot power constraint.
Ûv Dual variable for BS-RS link power constraint.
v(·) SCA weighting function for UE admission.
V Stacked unit power transmit beamformer matrix.
ve The last column of V.
vk Unit power transmit beamformer vector of UE k.
v(s)
k

Unit power transmit beamformer vector of UE k in time slot s.
wk Scalar WMMSE weight for UE k.
Ûwl Scalar WMMSE weight for BS-RS stream l.
Wk WMMSE weight matrix for UE k.
W Stacked WMMSE weight matrix.
xk BS/RS allocation decision variable.
x(s)
k

The transmitted vector for UE k in time slot s.
Xk Noise covariance matrix of UE k.
X Noise covariance matrix of the BS in a MAC channel.
Ûxl The transmitted vector for the RS over the l th spatial data stream.
X Feasible set of transmit beamformers.
y
(s)
k

The received signal at single antenna UE k in time slot s.
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yk The received signal at UE k.
y The received signal at BS over a MAC channel.
y
(s)
R The received signal at the RS in time slot s.
Y Feasible set of receive beamformers.
zk,l Auxiliary decoupling variable of stream l of UE k used in the

CB ADMM design.
zk,l,b,i,z Auxiliary decoupling variable of stream l of UE k used in the JP

CoMP ADMM.
zk,l,b,i,z Averaged auxiliary decoupling variable of stream l of UE k used

in the JP CoMP ADMM.
α Control constant for rate upper bound function.
β Rate dual variable subgradient update step size.
χb,k,l Upper bound to the allowed inter-cell interference from BS b to

stream (k, l)
δ Regulation coefficient.
∆b,k,l Estimation and pilot contamination noise at BS b of the l th

stream of UE k.
εk,l The MSE of stream l of UE k.
ε̂k,l Upper bound of the MSE of stream l of UE k.
ε
(s)
k

The MSE of UE k in time slot s.
Ûεl The MSE of the l th BS-RS stream.
ηk,l Dual variable of stream l of UE k used in the coupling CB

ADMM constraints.
ηk,l,b,i,z Dual variable of stream l of UE k used in the coupling JP CoMP

ADMM constraints.
η̂k,l,b,i Sum of ηk,l,b,i,z over

∑
b∈Bi

.
ηk,l,i,z Averaged dual variable of stream l of UE k used in the coupling

JP CoMP ADMM constraints.
γ Dual variable for BS-RS rate constraint.
γ
(s)
k

The SINR of UE k in time slot s.
γk,l The SINR of the l th stream of UE k.
γl The SINR lower bound of the l th BS-RS stream.
Ûγl The SINR of the l th BS-RS stream.
λk The Lagrange dual variable related to UE k power loading

non-negativity constraint.
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Ûλl The Lagrange dual variable related to BS-RS link power loading
non-negativity constraint of stream l..

λk,l The Lagrange dual variable related to the MSE constraint of the
l th stream of UE k.

Λ Power dual variable subgradient update step size.
µk Priority weight of UE k.
ν The Lagrange dual variable related to sum power constraint of

the singular BS.
νb The Lagrange dual variable related to sum power constraint of

BS b.
ωl l th eigenvalue.
Ωl The l th eigenvalue of BS-RS channel.
Ωmax

B,R Maximum eigenvalue of BS-RS channel.
ψ Beamformer update step size.
ρ Auxiliary penalty term coefficient.
σ2 System wide receiver noise variance.
σ2
k

Receiver noise variance of UE k.
τ Scaling coefficient used to stabilize MSE weights.
θ Scaling coefficient for adaptive SCA update.
Θk,l ADMM penalty terms of l th stream of UE k.
υk The Lagrange dual variable related to sum rate constraint of UE

k.
ξ(·) High level inter-cell interference level optimization objective

function.
ζ BS-RS link rate constraint dual variable.
x(n) Fixed variable x in iteration n.
f ′x (·) Partial derivative of function f in terms of x.
−→
f (·) Linear approximation function.
x−1 Multiplicative inverse of scalar x.
X−1 Inverse of matrix X.
X† Pseudoinverse of matrix X.
Ū Complementary set of U .
(k, l) The l th stream of UE k.
(·)T Transpose.
(·)H Conjugate transpose (Hermitian).
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X̄ In iterative processing, fixed value of variable X from the
previous iteration.

X � Y X −Y is a PSD matrix.
x∗ Optimal value of x.

3G Third Generation
4G Fourth Generation
5G Fifth Generation
ADMM Alternating Direction Method of Multipliers
AF Amplify-and-Forward
BC Broadcast Channel
BER Bit Error Rate
BR Best Response
BS Base Station
CB Coordinated Beamforming
CoMP Coordinated Multi-Point
C-RAN Cloud Radio Access Network
CSI Channel State Information
CU Central Unit
D2D Device-to-Device
DCP Difference of Convex Functions Program
DE Direct Estimation
DF Decode-and-Forward
DL Downlink
DoF Degrees of Freedom
DPC Dirty Paper Coding
FDD Frequency Division Duplexing
GD Gradient Descent
GP Geometric Programming
i.i.d. Independent and Identically Distributed
IBC Interfering Broadcast Channel
IC Interference Channel
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JP Joint Processing
KKT Karush-Kuhn-Tucker
LOS Line of Sight
LS Least Squares
LTE-A Long Term Evolution Advanced
MAC Multiple Access Channel
MF Matched Filter
MIMO Multiple-Input Multiple-Output
MISO Multiple-Input Single-Output
MMSE Minimum MSE
mmWave Millimeter Wave
MSE Mean-Squared Error
MU Multi-User
NLOS Non-Line of Sight
NS-WMMSE Non-Scaled weighted minimum MSE (WMMSE)
OFDMA Orthogonal Frequency Division Multiple Access
OTA Over-the-Air
PSD Positive Semidefinite
QoS Quality of Service
RF Radio Frequency
RRH Remote Radio Head
RS Relay Station
SCA Successive Convex Approximation
SDP Semidefinite Program
SG Stochastic Gradient
SIC Successive Interference Cancellation
SINR Signal-to-Interference-plus-Noise Ratio
SISO Single-Input Single-Output
SNR Signal-to-Noise Ratio
SOC Second Order Cone
SOCP Second Order Cone Program
SPMin Sum Power Minimization
SSE Stream Specific Estimation
TDD Time Division Duplex
UE User Equipment
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UL Uplink
w.r.t. With Respect To
WF Waterfilling
WMMSE Weighted Minimum MSE
WMSEMin Weighted sum MSE Minimization
WSRMax Weighted Sum Rate Maximization
ZF Zero Forcing
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1 Introduction

The capacity requirements of modern wireless systems are becoming increasingly
demanding [1]. In an effort to increase feasible data rates, the cell sizes are decreased
and inter-cell cooperation is more important than ever before [1]. The fifth generation
(5G) systems are heterogeneous in the sense that they support varying architectures
simultaneously in the shared spatial and frequency domain [2]. In order to support the
strict latency and quality of service (QoS), this imposes obvious constraints on accurate
interference coordination and on the radio resource management overall.

Cooperative transmission schemes and spatial domain interference management
are the foundation of modern cellular and heterogeneous wireless systems [3, 4]. The
next generation wireless systems require significant improvement of the spectrum
utilization with emerging focus on more effective spatial domain utilization [4]. Multiple-
input multiple-output (MIMO) systems provide potentially significant performance
improvements, by allowing multiple simultaneous and independent data streams on a
shared resource block [5]. In this thesis, the focus is on beamforming strategies, in
which the processing, to some extent, can be decoupled among the transmitters and
is in this respect decentralized. Several beam coordination algorithms applicable in
limited fronthaul/backhaul conditions are proposed. Decentralized processing in this
context is defined as beam coordination with a limited amount of signaling between the
transceivers. The signaling between the transceivers may be achieved over-the-air (OTA)
or via wired backhaul/fronthaul depending on the considered scenario. The results
presented in this thesis demonstrate that the demands of future wireless systems are
realizable in heterogeneous networks by employing careful design of the beamforming
algorithms for efficient transceiver cooperation among the adjacent network nodes.

The most relevant related literature background and parallel works are reviewed
in Section 1.2 after a discussion of the importance of efficient spatial domain radio
resource management in heterogeneous networks in Section 1.1. The outline and aims of
the thesis are presented in Section 1.3. The authors publications and contributions are
listed in Section 1.4.
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1.1 Motivation

High data rate services, such as, audio and video streaming, have increased the demand
for reliable and high capacity internet access. In 5G wireless systems, the capacity
and latency requirements are pushed even further [1, 2, 6–12]. The next generation
systems are steered towards dense deployments with large numbers of interfering devices.
The beam coordination techniques supported by the third generation (3G) and fourth
generation (4G) standards are mainly limited to codebook based precoding [13], which
does not offer sufficient support for the beamformer training requirements of dense
deployments. In 5G systems, time division duplex (TDD) is expected to become more
prominent. TDD is compelling in terms of advanced interference coordination, as it
allows reciprocity based beamformer signaling and interference coordination [14, 15].

The 4G wireless standards already support efficient single-cell MIMO beamforming,
which allows smart beamformer design to exploit multi-user diversity in the spatial
domain [13]. Furthermore, the basic operation of multi-cellMIMO transceiver processing
has been incorporated in the Long Term Evolution Advanced (LTE-A) standards. In the
current LTE-A standards, multi-cell coordinated beamforming (CB) is still in the initial
stages [13].

A large part of the current research effort for practical advanced interference
management and beam coordination has been invested in CB for multi-cell systems.
Much of this research has focused on decentralized coordination strategies [14, 16–18].
Decentralized beam coordination strategies are highly beneficial in downlink multi-cell
systems, where the cross-channel channel state information (CSI) is difficult to gather in
all interfering transmitters without high capacity backhaul. Similarly, next generation
heterogeneous systems benefit from decentralized interference coordination due to
their fragmented network design. The available degrees of freedom (DoF) of CB
are limited due to the capabilities for inter-cell interference suppression at each base
station (BS). On the other hand, coordinated multi-point (CoMP) joint processing
(JP) allows joint transmission from cooperating BSs, which greatly increases the
available DoF and alleviates the detrimental impact of interference [3, 19–21]. However,
practical limitations in the BS fronthaul/backhaul connectivity are hindering effective
implementation of advanced CoMP JP schemes. In addition to the improved spectral
utilization CoMP JP, relay-aided transmission schemes have been introduced as a
solution to improve the system coverage, spectral utilization and to reduce the outage
probability [22, 23]. All advanced beamforming approaches share the same issues
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related to the CSI availability. More specifically, they are related to gathering the
necessary CSI to the transmitters so that accurate interference coordination can be
enabled. In 5G, the latency requirements [24] make the CSI exchange even more
problematic as the fronthaul/backhaul delays start to dominate. This thesis proposes
decentralized beamforming algorithms as a solution to alleviate the challenges related to
latency and signaling issues. Decentralized processing can be used to significantly
reduce the signaling overhead, and enables beamformer design in remote radio heads
(RRHs), rather than designing the beamformers solely in a central unit (CU). This makes
advanced interference management feasible even under strict latency requirements.

1.2 Review of earlier and parallel work

CB for multi-user (MU) MIMO has been extensively studied with respect to inter-cell
interference coordination. In CB, the interfering BSs cooperatively coordinate the
beamformers in such a way that the interference conditions are not detrimental for the
neighboring cells. In [25], it was shown that sum power minimization (SPMin), for
multi-user multiple-input single-output (MISO) systems, can be formulated in a convex
form and are, as such, efficiently solvable. For MIMO multiple access channel (MAC),
the capacity optimal transmission schemes are well known [26, 27]. However, the
capacity optimal schemes require non-linear successive interference cancellation (SIC)
receiver processing, which makes the practical implementation challenging. weighted
sum rate maximization (WSRMax) with CB have been studied, e.g. in [28–31].

WSRMax is known to be an NP-hard problem [32, 33]. Thus, even for modest
complexity systems, relaxation of the optimality conditions is required in order to provide
reasonable design approaches for practical implementations. The pareto optimal region
for MISO interfering broadcast channel (IBC) was derived in [34]. For the general case,
it is well known that the capacity achieving non-linear downlink transmission strategy is
dirty paper coding (DPC) [35–37]. Again, due its high computational complexity, DPC
is not particularly tractable for practical implementation. Thus, linear transmission
strategies are more appealing for practical purposes. This thesis focuses solely on linear
transceiver design schemes.
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1.2.1 Beamformer optimization techniques for CB

This thesis focuses mainly on transceiver optimization in IBC. In Section 2.6, a MAC
specific beamformer design is presented, which exploits the specific structure of the
MAC channels. Many of the IBC designs are built on broadcast channel (BC) methods.
Chiang et al. showed that, for single-input single-output (SISO) BC, the transmitter
power control can be formulated in a convex form for high signal-to-noise ratio (SNR)
regime using geometric programming (GP) [38]. For the low SNR cases, a successive
convex approximation (SCA) was provided based on a similar GP formulation. The
principal idea in the SCA is to iteratively approximate the non-convex beamforming
problem with low complexity subproblems. Due to the sequential approximation,
the global optimality of the achieved solution is generally not guaranteed [38–41].
It should be noted that the GP formulation generally applies only to power loading
problems. As such, it is also directly applicable to the power loading part of zero forcing
(ZF) beamforming. DPC for MISO BS was first proposed by [42]. Optimal transmit
beamformer design by using the branch-and-bound search, for MISO BC, was provided
in [43]. However, although finding the optimal solution for the MISO scenario is feasible,
the computational complexity of these methods well exceeds any practical limitations.

The WSRMax objective was reformulated as the sum of difference of logarithms
using a difference of convex functions program (DCP) in [40, 44] for MISO BC and
SISO MAC, respectively. Using SCA, the non-convex terms of the objective function,
the algorithm converges and a low complexity solution are achieved. Sum mean-squared
error (MSE) minimization has been shown to have convex structure w.r.t. the transmit
beamformers in MAC and BC, provided that the DoF in the system are not limited
by the number of antennas at the receiver [45]. Unfortunately, this approach does not
apply to the WMMSE, in general, as shown in Section 2.6. Nevertheless, the MSE
minimizing beamformer designs are still relevant, due to the well-known relationship
between the MSE and the signal-to-interference-plus-noise ratio (SINR). This relation
was exploited in [28], where MIMOWSRMax via equivalent MSE minimization was
considered. The minimumMSE (MMSE) transmit and receive beamformers were solved
iteratively, and the corresponding power loading was formulated as a GP by exploiting
the uplink-downlink duality. Unlike in [38], this approach did not rely on high SNR
approximation. In [30], the WMMSE WSRMax method was proposed for the MIMO
BC, in which explicit power loading was not required. It was shown that by applying the
MSE/SINR relation and using SCA for the equivalent objective formulation, the transmit
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and receive beamforming problems become convex and, as such, can be directly solved
without additional decomposition. Iterative MIMOWSRMax by alternating beamformer
optimization and power loading was proposed in [19, 46].

A dual approach for the SISO IBC orthogonal frequency division multiple access
(OFDMA) WSRMax was studied in [47], in which the problem was solved via the
Lagrangian dual [48]. Since the problem is non-convex, the duality gap is, with high
likelihood, non-zero and retrieving the optimal primal solution remains difficult to
achieve. However, in some special cases, the primal optimal solution is achievable as
discussed in [49], where it was shown that, as the number of subchannels approaches
infinity, the duality gap goes to zero. In this case, the primal optimal solution is achievable
and globally optimal. The convexity of the rate region for the aforementioned cases
was further analyzed in [47]. Apart from the OFDMA systems, the dual optimization
approach is, in general, insufficient. The increased complexity imposed by the spatial
diversity in cellular multi-user MIMO systems requires more efficient interference
management. This requires the use of more sophisticated optimization techniques.
In [50], an overview of CB problems was given for IBC systems.

The WMMSE method from [30] was extended for multi-cell networks in [16],
where a decentralized solution was also proposed. The WMMSE has been shown
to have a convenient structure for decentralized processing in cellular TDD MIMO
systems [14, 16], where the transmit and receive beamformer processing are inherently
separated. Practical implementation and signaling aspects of the WMMSE methods have
been further investigated in [14]. A particular focus in [14] is given to OTA signaling
schemes with reduced backhaul signaling overhead. The approach from [28] was further
extended to MIMO IBC in [18], where less complex and more efficient centralized and
decentralized algorithms were provided based on similar iteration between the GP and
the second order cone program (SOCP) subproblems. DCP formulation and SCA of the
objective in the log det form were proposed in [51], and a decentralized processing
method for this scheme was also provided. However, the decentralized implementation
does not exploit the TDD signaling as in [14] and relies on explicit feedback channel
utilization. A general best response (BR) framework, which allows straightforward
parallel processing for varying performance objectives, was proposed in [52].

Interference pricing algorithms IBC [53–57] give weight to the variation of the
interference power in terms of the impact on the utility function. This results in iterative
updating of the power control and interference pricing. If the interference price is
neglected, the interference pricing algorithm reduces to the conventional iterative
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water-filling algorithm [58]. The convergence analysis for the interference pricing
algorithms was generalized in [52].

The QoS constraints have been considered extensively in the context of SPMin.
Although SPMin and WSRMax are fundamentally different problems, the interference
management approaches in the decentralized designs are very similar. It was shown
in [17] that the dual decomposition [59] with respect to inter-cell interference can be
used efficiently to decentralize the interference management among adjacent cells. This
approach was extended with the alternating direction method of multipliers (ADMM)
based [60] decentralized beamformer design in [61], where the impact of imperfect CSI
was also studied. The inter-cell interference management using primal decomposition
with respect to the inter-cell interference level upper bounds was studied in [62]. The
inter-cell interference level management in WSRMax by primal decomposition was
proposed in [63] for MISO systems with additional SINR QoS constraints.

Pilot non-orthogonality and contamination has been widely studied, albeit not so
much in the context of CoMP JP. More generally, the impact of imperfect CSI has been a
popular topic in the literature. The impact of partial or imperfect CSI feedback to CB and
JP has been studied in various publications, e.g. [20, 64–67]. The pilot contamination in
TDD based transceiver training for coordinated beamforming has been considered, e.g.
in [15, 68, 69]. In [15, 69], direct least squares (LS) beamformer estimation from the
contaminated uplink (UL)/downlink (DL) pilots was shown to provide good performance,
as opposed to estimation of the individual channels separately.

1.2.2 Decentralized CoMP transmission methods

JP over multiple BSs has been proposed as one of the eminent CoMP transmission
strategies tomitigate the inter-cell interference in dense networks. The essential properties
of the JP techniques have already been incorporated into the LTE-A standards [13,
Chapter 15] since release 11. The most critical restriction that hinders the utilization of
JP transmission are the backhaul limitations of CoMP transmission systems. The impacts
of backhaul constraints have been addressed in various publications [17, 20, 70–72].
Most of the CoMP JP research allows full CSI exchange and centralized processing,
which greatly simplifies the beamformer design [17, 20, 70–72]. Although global CSI
exchange is a common assumption for JP designs, in many cases, it may not be feasible
in practice. The latency and mobility requirements often prevent accurate CSI exchange
even on a modest scale [21].
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The nature of CoMP JP communication depends greatly on the underlying architecture.
Various types of architectures have been proposed for CoMP JP support [73]. Most
prominent of these is cloud radio access network (C-RAN). In C-RAN, the joint
beamforming is fully centralized and the BSs act merely as virtual RRHs [73, 74]. As
such, the BSs are connected to a virtual CU in the cloud over a high capacity and low
latency backhaul. The CU can then use JP to utilize simultaneously multiple RRHs for
beamforming. In more complex systems, the RRHs are connected to the BSs via a
fronthaul link, which is then utilized to collect the CSI. When full CSI is available at
the CU, from the algorithmic point-of-view, the system model reduces to virtual MU
MIMO and all aforementioned MIMO BC approaches are applicable for designing the
beamformers. This thesis focuses on scenarios in which centralized CSI gathering is not
feasible.

In centralized JP, the backhaul and fronthaul information can be handled in one
of two ways: 1. In data sharing, the CU exchanges the specific messages with the
cooperating BSs explicitly and the joint beamformers are reported separately [75]. 2.
Using compression, the messages can be precoded beforehand at the CU and only
the compressed version of the analog beamformer is reported to the BSs [76, 77].
Sparsity imposing joint beamformer designs are among the most common approaches
for backhaul limited CoMP design [75, 78–80]. These designs try to limit the JP cluster
sizes and, thus implicitly reduce the backhaul overhead. The compression approach
has recently gained more popularity [76, 77, 81, 82]. Different aspects and benefits of
backhaul compression have been studied, for example, in [76, 77, 81, 82]. The data
sharing and compression strategies for energy efficient communication and backhaul
power consumption were compared in [77]. Throughout this thesis, C-RAN type JP
architecture with data sharing is considered, in which the RRHs are located within
the BSs. For this type of systems, the backhaul/fronthaul terminology can be used
interchangeably.

Partial CSI schemes have been extensively studied for varying problem formu-
lations [83]. Since JP inherently couples the beamformer processing between the
cooperating BSs, the decentralized CB methods cannot be used as such. Björnson et al.
proposed heuristic CoMP JP schemes depending only on the local CSI [84]. These
schemes cannot utilize all the available DoF due to the lack of the global CSI at the
transmitter. Unlike in [84], in this thesis, decentralized beamformer designs are proposed
that will asymptotically approach the performance of fully centralized processing.
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1.2.3 Relay-assisted communication

Relay-assisted communication has been introduced in the evolving cellular systems as a
solution to improve the system coverage, capacity and to reduce the outage probability
[22, 23]. Multiple types of relaying methodologies have been proposed to achieve these
goals. The most common and extensively studied of these are the amplify-and-forward
(AF) and decode-and-forward (DF) techniques. In AF relaying, the relay amplifies and
rotates the received signal before retransmitting. In DF, the relay decodes the received
signal and re-encodes it before retransmission. The AF and DF relaying schemes are
also referred to as non-regenerative and regenerative relaying, respectively. Relay station
(RS) can be further classified as transparent (Type II) and non-transparent (Type I) [85].
The former are mainly meant to be used for a BS coverage extension to increase the
effective cell radius. The latter aim at capacity enhancements within a cell and in the cell
edge areas. In the non-transparent relaying, from the user’s point of view, the relays are
seen as separate cells. Further classifications of the relaying methods can be made over
the cooperative nature of the transmission. Cooperative transmission strategies have
been extensively studied for different relaying protocols and levels of cooperation, e.g.
in [23, 86–91].

Throughput maximization with various types of system models and transmission
schemes have been studied, e.g. in [92–97]. Capacity bounds in terms of outage and
ergodic capacity for a single transmitter, relay and receiver model were devised in [92],
where cooperative relaying was considered with various channel models. Similarly,
optimal resource allocation for a single source, relay and receiver model with orthogonal
channels was studied in [93, 94]. A particular focus was given to the situation in which
the source-to-RS channel quality surpasses the direct channel. This is essentially the
best case scenario for relay systems. In this thesis, the trade-off between user equipment
(UE) location with respect to the BS and RS is studied in order to provide a reasonable
model for types of scenarios in which the relays are in fact beneficial.

The capacity region for cooperative relaying with single-source and two destinations,
one of which also acts as a DF relay, was extensively studied in [95]. Throughput
maximization for DF relay-assisted cellular OFDMA systems has been considered
in [96] and [97]. In [96], downlink outage probability minimization and throughput
maximization are considered with local subcarrier CSI knowledge at BS. The focus is on
user scheduling and relay selection, where a BS decides whether it is more beneficial to
serve users directly or via relay stations. An alternative approach to multi-cell OFDMA
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throughput maximization was provided in [97], where the problem formulation was
approximated with a convex reformulation and decoupled between the interfering cells
via dual decomposition. In this thesis, the focus is more on spectral utilization of
signal carrier systems and multi-antenna BSs and RSs. Interference cancellation for a
non-relay-assisted user based on a priori knowledge of the interfering message gathered
during the first transmission phase was proposed in [98]. This exploits the structure of
the two-phase transmission, where the users can receive messages indented for the relay.
In [99], relay transmit beamforming was considered for two-hop multi-relay systems
with multiple antennas at the relay and single-antenna source and destination.

Sum transmit power minimizing DF relay design models have been investigated
for various system setups, for example in [100–104]. Transmit power conservation
for a conventional two-hop system was studied in [100] with and without a direct link
between the source and destination. The aim was to find optimal power allocation
for the source and relay while preserving specified outage performance. Distributed
sum transmit power minimization in single-user multi-relay network with parallel
channels and a QoS constraint was considered in [101]. Uplink sum transmit power
minimization with relay selection was addressed in [102], where two-stage transmission
over parallel channels with user cooperation during the latter stage was used to improve
the system performance. Sum transmit power minimization while satisfying specific bit
error rate (BER) constraint for a multi-hop system with a single source and destination
was addressed in [103]. To take into account the BER constraint, the traditional DF
relaying was modified in such a way that perfect decoding was not required at each relay.
The impact of limited CSI feedback to the system performance was studied in [105],
where optimal beamforming and power loading for two-hop MIMO relay systems were
proposed. In [104], the knowledge of the relayed information was exploited at the BS
to pre-mitigate this interference at the receiver side. In [99], transmit beamforming
was considered with maximum rate combining at the receiver side for multi-relay
systems. For bidirectional DF systems, the relay selection problem was considered
in [106]. Similarly, beamforming for bidirectional MIMO broadcast channel was
analyzed in [107].

AF relaying has attracted significant research effort, due largely to the lower
implementation complexity when compared to DF schemes. For example, QoS
constrained transmit power minimization has been studied in [108–111]. Transmit
power minimization for multi-relay systems with MSE based QoS constraints has been
proposed in [110]. Sum MSE minimization for MIMO AF relaying has been studied
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in [112–114]. Throughput maximization for MU MIMO systems was considered in
[111, 115, 116].

1.3 Aims and outline of the thesis

This thesis focuses on low complexity transceiver optimization for heterogeneous
MIMO systems with the aim of deriving such methods and algorithms that would be
potentially practically realizable in the evolving 5G systems and beyond. The target is to
design decentralized beamforming methods with low computational complexity and
signaling overhead. A wide range of transceiver optimization techniques are covered,
with particular consideration for decentralized optimization and signaling overhead.
The emphasis is essentially on practical algorithms, fast convergence, computational
complexity and signaling limitations.

This thesis is written as a monograph. The majority of the contributions and results
have been published in 17 original publications [117–133]. Previously unpublished
methods are presented in Sections 2.5 and 2.6, where a novel SCA schemes for MISO
interference channel (IC) and MIMO MAC are presented, respectively. For coherent
presentation, these works have been modified accordingly.

Chapter 2 considers coordinated WSRMax for IBC and MAC. To begin with, a novel
decentralized beamforming framework is proposed for BC WSRMax with UE-specific
QoS constraints. This work is mostly based on [118, 119, 122, 124–126, 128, 131].
Iterative decentralized solutions are proposed based on three types of decomposition
methods. Primal decomposition is used to fix the allowed level of inter-cell interference
while solving the precoders. This guarantees the feasibility of the QoS constraints after
each beamformer update for slowly changing channels. The Lagrangian relaxation of
the rate constraints is proposed for relaxed initialization requirements and improved
convergence properties with inherent decoupling via the ADMM and dual decomposition
approaches. However, for these methods, the QoS constraints are guaranteed to hold only
once the algorithm has converged. A computationally efficient decentralized solution is
proposed for per-BS sum power constrained problems by an iterative algorithm following
from the Karush-Kuhn-Tucker (KKT) optimality conditions. In an attempt to improve the
rate of convergence, approximation point search heuristics are proposed for a scenario in
which the QoS constraints are neglected. A novel downlink joint transceiver design
method for IBC is proposed based on [131]. In addition, a specific joint transceiver
optimization design is proposed for MAC. For IBC, a novel decentralized SCA algorithm
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is presented, which provides an improved rate of convergence when compared to
state-of-the-art WSRMax optimization methods. In other words, it requires fewer OTA
iterations to achieve similar performance. The proposed algorithm is also shown to
require the same computational complexity and, per OTA iteration, computational
complexity as the WMMSE based designs. For MAC an iterative weighted sum MSE
minimization (WMSEMin) design is provided, where the optimal receive beamformers
can be incorporated directly into the problem formulation and, as such, are implicitly
obtained from the solution of the corresponding transmit beamformer design subproblem.
A novel transceiver design is devised using successive semidefinite programming. This
joint transceiver design improves the rate of convergence in many cases, when compared
to recently proposed iterative WSRMax designs [14, 16]. Convergence analysis is
provided for the IBC and MAC designs, where monotonic convergence of the objective
and asymptotic beamformer convergence towards a set of KKT points are shown.

Novel decentralized CoMP JP WSRMax methods are studied in Chapter 3 and are
based on [119, 127, 130, 132, 133]. The transmit beamformers are locally designed in
each BS, which reduces the overall backhaul load. The focus is on practically realizable
pilot-aided beamformer designs with low signaling overhead that are robust in the
presence of channel fading. The beamformer estimation by direct estimation (DE) and
stream specific estimation (SSE) are proposed and their performance trade-offs are
compared. In DE, the beamformers are directly estimated from the contaminated pilot
training sequences. On the other hand, in SSE, all interference sources are estimated
individually and the transmit covariance matrices are constructed from the individual
estimates. ADMM, BR and gradient descent (GD) based decentralized processing
schemes are employed to provide algorithms with different performance properties and
signaling overhead. We also consider imperfect pilot estimation and non-orthogonal
pilot resources. The performance of the proposed method is evaluated in a cellular
multi-user network with a time-correlated channel model.

In Chapter 4, SPMin and WSRMax system performance criteria are inspected
for a regenerative half-duplex DF relay-assisted cellular system with decentralized
processing. The results are based on publications [117, 121]. The UEs are served either
directly by the BSs or via relays. Coordinated and ZF precoder designs are considered
for both system performance objectives, providing a trade-off between computation
complexity, efficiency and in-band signaling overhead. SPMin subject to user specific
QoS constraints is considered, while taking into account the OTA relaying loss. Precoder
design depends on the channel properties between the BS and RS, and solutions are
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provided for both line of sight (LOS) and non-line of sight (NLOS) scenarios. The
WSRMax problems are subject to transmit power constraints at both the BS and RS. The
coordinated solution is based on WMMSE similar to [16, 30], but with additional rate
constraints, imposed by the RS or the OTA signaling link. Employing half-duplex relays
causes duplexing loss with respect to serving the UEs directly from the BS. However,
relays are shown, by numerical examples, to be beneficial in many scenarios when the
in-band signaling is accounted for.

The conclusions are drawn and further research efforts are discussed in Chapter 5.

1.4 Author’s contribution to the publications

The majority of the results for this thesis are based on three journal papers [117–119] and
14 conference papers [120–133], in all of which the author was the primary contributor.
The thesis author had the main responsibility for developing the novel methods, ideas
and analyses for these publications. He also developed and implemented the required
numerical analysis software used in all simulations. In [117], the co-authors provided
technical results for the user allocation and power minimization designs (published
in conference paper [134]). The author of this thesis was responsible for extending
the model to ZF designs and WSRMax system performance objective. In [118], the
co-authors acted mainly as technical advisors and provided guidance and comments.
In [119], Professors Michael Honig and Randall Berry provided technical expertise
regarding the gradient based beamforming and pilot based beamformer estimation. Dr.
Antti Tölli and Professor Markku Juntti provided assistance on designing practically
feasible signaling schemes and beamformer estimation frameworks. The space-time
correlated channel model, used in parts of the numerical examples, was produced based
on work carried out by Esa Kunnari [135]. The convex optimization problems were
modeled by using the disciplined convex optimization frameworks CVX [136, 137] and
PICOS [138].
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2 Decentralized WSRMax beamforming

This chapter considers decentralized WSRMax in MIMO IBC. The proposed methods
focus on coordinated beamforming without JP. Decentralized JP CoMP is considered in
Chapter 3. First, the WSRMax problem is formulated with QoS constraints. The QoS
constrained problem can be seen as a generalization of conventional WSRMax. The QoS
constraints are imposed as per-UE rate guarantees. It can be argued that there exists a set
of UE priority weights with WSRMax that will achieve any feasible rate allocation
among the UEs [5]. Due to the non-convexity of WSRMax, finding a stationary point at
which the QoS constraints hold is challenging. To this end, this chapter proposes an
extended WSRMax formulation that explicitly imposes the UE rate dependant QoS
constraints. The QoS constrained beamformer design considers explicitly stream specific
processing.

Second, WSRMax beamforming techniques are proposed for IBC and MAC with
improved convergence characteristics when compared to state-of-the-art methods. For
IBC, two rate of convergence improving approaches are considered. The stream specific
processing approach provided for the aforementioned QoS constrained problem is
extended with novel line search heuristics. In addition, a novel SCA approach is for the
general matrix form of the problem. For the MAC, a specialized algorithm is provided
that exploits the particular structure present only in the MAC problem formulation.
Detailed convergence analysis is given for the IBC design. This analysis is then used as a
basis for convergence analysis for the MAC design.

The system model is defined in Section 2.1. The QoS constrained WSRMax
problem is given in Section 2.2. In Section 2.3, the WMMSE reference design is
briefly discussed. The WMMSE approach is also used and extended in Chapters 3
and 4. The SCA framework and the decentralized algorithm designs are proposed in
Section 2.4. Non-scaled extension of the WMMSE method is given in Section 2.5 and a
semidefinite program (SDP) based SCA framework for MIMO MAC is provided in 2.6.
UE scheduling and admission are discussed in Section 2.7. The convergence analysis for
the proposed SCA framework is provided in Appendix 1.
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Fig. 1. Simplified illustration of the system model with user allocation U1 = {1, 2} and U2 = {3, 4}

([118] © 2016 IEEE).

2.1 System model

A downlink multi-cell multi-user MIMO system is considered. There are B BSs with NT

antennas serving in total K UEs, each of which is equipped with NR antennas. Each
user k = 1, . . . ,K is associated with a single BS denoted correspondingly as bk and the
set of user indices associated with BS b is denoted by Ub with Kb = |Ub |. Due to the
non-cooperative nature, the associated user sets are disjoint, i.e., Ub

⋂
Ub̄ = ∅ ∀ b =

1, . . . , B, b̄ , b. The number of data streams allocated to user k is denoted as Lk . The
notation (k, l) is used to denote the l th stream of user k = 1, . . . ,K. The considered
system scenario is illustrated in Figure. 1.

The received signal at user terminal k = 1, . . . ,K can be written in the form:

yk =
K∑
i=1

Hbi,kMidi + nk, (1)

where the normalized data symbols dk ∈ C
Nmin are given as E[‖dk ‖2] = 1. The

receiver noise is assumed to be circularly symmetric zero mean nk ∼ CN (0,Xk), where
Xk = E

[
nkn

H
k

]
. The transmit beamformer matrix for user k = 1, . . . ,K is given as

Mk ∈ C
NT×Nmin . The stream specific transmit beamformers are given by corresponding

column vectors of Mk , that is, Mk = [mk,1 · · ·mk,Nmin ]. The estimated signal at the
receiver k is then given by d̂k = UH

k
yk , where Uk ∈ C

NR×Nmin denotes the linear receive
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beamformer matrix. Similar to the transmit beamformers, the stream specific receive
beamformers are the column vectors of the corresponding Uk = [uk,1 · · · uk,Nmin ].

The error covariance of the received signal becomes

Ek = E
[
(d̂k − dk)(d̂k − dk)

H
]
= I −UH

kHbk,kMk−

MH
kH

H
bk,k

Uk +

K∑
i=1

UH
kHbi,kMiM

H
i H

H
bi,k

Uk +U
H
kXkUk .

(2)

When the stream specific beamformers are explicitly considered and noise is independent
and identically distributed (i.i.d.), i.e. E

[
nkn

H
k

]
= Iσ2

k
, the stream specific MSE εk,l for

stream l of user k can be written equivalently as

εk,l = |1 − u
H
k,lHbk,kmk,l |

2 +

K∑
i=1

Li∑
j=1,

(i, j),(k,l)

|uHk,lHbi,kmj,i |
2 + σ2

k ‖uk,l ‖
2. (3)

It should be noted that, for fixed receive beamformers, (2) and (3) are convex functions
in terms of the transmit beamformers.

The diagonal elements of Ek give the MSE of the estimated symbols [14]. The
corresponding symbol (stream) specific MSE values are denoted by εk,l , where k and l

are the UE and stream indices, respectively. Finally, the SINR for stream l of user k is
given as

γk,l =
|uH

k,l
Hbk,kmk,l |

2

K∑
i=1

Li∑
j=1,

(i, j),(k,l)

|uHk,lHbi,kmi, j |
2 + σ2

k ‖uk,l ‖
2

. (4)

The UEs are not assumed to be able to employ joint detection from multiple BSs
and are restricted to receive data only from the single associated BS. However, the
proposed model could be extended to the case, in which the decoding order is known
when designing the transmitters. In this case, the BS can straightforwardly ignore
the interference terms in (4) that are decoded by the UEs. Regardless of this, the
decentralized design would be significantly more complicated. The proposed model,
particularly in fully centralized form, can also be extended to coherent JP transmit
beamformer design. The JP mode is considered in Chapter 3.
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2.2 Problem formulation

In this section, WSRMax problem formulations are provided with and without QoS
constraints. The conventional WSRMax problem is provided in matrix form, where
the linear transmit and receive beamformer matrices can be directly solved. For the
QoS constrained case, the problem is provided in stream processing form. That is, the
stream specific vector beamformers are explicitly considered. This simplifies, the QoS
constraint processing as rate expressions are essentially scalar functions.

2.2.1 WSRMax in IBC

The WSRMax is considered in IBC, where the BSs are subject to sum transmit power
constraints 1 ∑

k∈Ub

Tr[MH
kMk] ≤ P, b = 1, . . . , B. (5)

The WSRMax problem is given as

max .
Mk

K∑
k=1

µk log det
(
I +MH

kH
H
bk,k

J−1k Hbk,kMk

)
s. t.

K∑
k=1

Tr
(
MkM

H
k

)
≤ Pb ,

(6)

where the priority weights for each user are denoted by µk, k = 1, . . . ,K . The received
interference-plus-noise covariance matrix Jk at UE k is

Jk =
K∑

i=1,i,k

Hbi,kMiM
H
i H

H
bi,k
+Xk . (7)

Similarly, the received signal covariance matrix for UE k is given by

Qk = Hbk,kMkM
H
kH

H
bk,k
+ Jk . (8)

The formulation in (6) assumes the rate optimal linear MMSE receive beamformers. The
MMSE receiver for UE k is

Uk = Q−1k Hbk,kMk . (9)

1Note that the proposed method is not only limited to sum transmit power constraint. More generic antenna
specific constraints can be considered by modifying the power constraint to be any convex set. However, for
the sake of simplicity and comparability, the sum transmit power is used.
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Using (8), the objective of (6) can be rewritten as a difference of log det functions
K∑
k=1

µk log det
(
JkJ

−1
k +Hbk,kMkM

H
kH

H
bk,k

J−1k

)
=

K∑
k=1

µk (log det (Qk) − log det (Jk)) ,
(10)

where Qk and Jk are both quadratic functions of Mi, i = 1, . . . ,K. This form is
convenient for convex approximation as the objective is a composite of convex and
concave functions.

When the optimal receivers (9) are applied to (2), there exists the following
well-known inverse relation for the MSE matrices

E−1k = I +Hbk,kMkJ
−1
k MH

kH
H
bk,k

. (11)

Note that the diagonal elements in (11) represent the stream specific SINR values.
Using relation (11), the WSRMax problem (6) can be written as the corresponding

MSE minimization problem2

min .
Uk,Mk

K∑
k=1

µk log det (Ek)

s. t.
∑
k∈Ub

Tr
(
MkM

H
k

)
≤ Pb, b = 1, . . . , B,

(12)

whereEk is theMSE formulation from (2)with, both the receive and transmit beamformers
included. The optimal receive beamformers for (12) can be straightforwardly derived
from the KKT conditions and are the same MMSE receivers as given in (9). Since (9)
is the optimal solution for (12), (11) holds in any optima. Thus, it can be shown that
problems (6) and (12) are equivalent in terms of the optimal solution [30].

In the following, an SCA algorithm is developed to iteratively approximate the
WSRMax objective. First, the outline of the WMMSE method [30] is briefly described
as it is used as a point of comparison for the proposed SCA designs. The WMMSE
method is also extensively applied in Chapters 3 and 4.

2.2.2 QoS constrained IBC WSRMax

Here, the WSRMax problem with QoS constraints is considered, where the transmit
beamformersmk,l ∀ (k, l) can be subject to arbitrary convex and compact transmit power

2log det(E−1
k
) = − log det(Ek ).
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constraint P . The problem can be given in general form as

max .
mk, l,uk, l

B∑
b=1

∑
k∈Ub

µk

(
Lk∑
l=1

log2

(
1 + γk,l

))
(13a)

s. t.

Lk∑
l=1

log2

(
1 + γk,l

)
≥ Rk, k = 1, . . . ,K , (13b)

{mk,l}k,l ∈ P , (13c)

where the optimization variables are the precoder and receiver vectorsmk,l ∈ C
NT and

uk,l ∈ C
NR for all k = 1, . . . ,K and l = 1, . . . , Lk . The guaranteed rate for user k is

denoted by Rk . Without loss of generality, only a subset of users are subject to the rate
constraints. For the unconstrained users, the rate constraints are set to Rk = 0. Priority
weight of user k is denoted by the multiplier µk > 0 for all k = 1, . . . ,K. The convex
constraint P includes most of the conventional power constraints, such as, per antenna or
sum transmit power constraints. The user and spatial stream scheduling is assumed
to be fixed. Problem (13) is known to be NP-hard [32]. Thus, computationally lower
complexity relaxation approaches, while preserving efficient solutions, are important in
terms of practical implementability.

WSRMax in (13) can be inherently infeasible due to the QoS and power constraints.
The QoS constraints alone can cause feasibility issues with systems that are interference
limited. Furthermore, the restricted power budget can make the problem infeasible, if the
QoS constraints are set high. In general, it is assumed here that the feasibility constraints
are feasible for a sufficiently large set of beamformers, such that the proposed algorithms
converge to a feasible solution with high probability with random (not necessarily
feasible) beamformer initialization. It should be noted that the dual decomposition
based designs in Sections 2.4.1 and 2.4.4 are also applicable for infeasible problem
formulations. This is demonstrated by numerical simulations. The proposed algorithms
start to oscillate between partially feasible sets of constraints, never converging to any
specific solution.

Similarly to the matrix formulation in Section 2.2.1, each UE k employs the rate
optimal linear MMSE receivers of (13) for each stream l as

uk,l =

(
K∑
j=1

Lk∑
l=1

Hb j,kmj,lm
H
j,lH

H
b j,k
+ Iσ2

k

)−1
Hbk,lmk,l . (14)
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When the MMSE receive beamformers (14) are applied, the following useful inverse
relation between the MSE and the corresponding SINR can be used [16]

ε−1k,l = 1 + γk,l . (15)

By applying (15), (13) can be formulated as the following weighted sum log-MSE
minimization problem

min .
uk, l,mk, l

B∑
b=1

∑
k∈Ub

µk

(
Lk∑
l=1

log2

(
εk,l

))
s. t.

Lk∑
l=1

log2

(
ε−1k,l

)
≥ Rk, k = 1, . . . ,K,

{mk,l}k,l ∈ P .

(16)

Problem (16) is still a non-convex problem even for fixed receive beamformers uk,l ∀ (k, l).
The optimal receive beamformers for (16) are the MMSE receivers (14) and thus (15) is
satisfied at any optimum. Now, the equality of (13) and (16) can be directly observed by
applying (15) to (16).

Equality of the global optimal points can be derived from the proof of equivalence for
WSRMaxwithout the QoS constraints provided in [16]. The optimal receive beamformers
for (16) are still equal to the MMSE beamformers (14). In the subsequent sections,
unless otherwise specified, the receive beamformers are assumed to be from (14), in
order to justify (15). However, for lower complexity or for fixed inter-cell interference,
different types of linear receive beamformers maybe considered, e.g. ZF beamformers.

Suitable QoS levels are a problem specification issue and are defined rather by the
application specific requirements than by the algorithm formulation. A straightforward
initialization of a feasible QoS range can be made efficiently by weighted common
rate maximization [139]. However, this requires centralized processing. One way of
managing the QoS requirements in a decentralized manner is to apply common rate
maximization locally at each BS subject to fixed inter-cell interference. Additionally,
the user admission can be incorporated into the QoS level determination process, for
example by choosing to serve only the users with the strongest direct channel gains. In
this manner, the rate constraints are not dictated by the users with the weakest channel
conditions.
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2.3 Weighted minimum MSE (WMMSE)

The WMMSE method is used as a reference to validate the performance of the proposed
algorithms. This algorithm has been shown be particularly suitable for decentralized
processing [14]. In this section, a brief derivation is given for the WMMSE method.
Essentially, the WMMSE method combines alternating transceiver optimization with
successive linear approximation of the non-convex objective in (12).

The log det objective function is linearly approximated by the conventional first-order
Taylor series expansion. In iteration i and the corresponding point of approximation
{Ēk}

K
k=1

, the approximated objective of (12) is given as3

K∑
k=1

(
µk log det

(
Ēk

)
+ µk Tr

(
Ē−1k (Ek − Ēk)

) )
. (17)

Using (17), the corresponding subproblem can be formulated as

min .
Uk,Mk

K∑
k=1

Tr (WkEk)

s. t.
∑
k∈Ub

Tr
(
MkM

H
k

)
≤ Pb, b = 1, . . . , B,

(18)

where the linearization coefficients are given as

Wk = µkĒ
−1
k , k = 1, . . . ,K . (19)

The constant terms are neglected in (18) as they have no impact on the solution [48].
Problem (18) is biconvex with respect to the transmit and receive beamformers.

Solutions via block coordinate descent have been extensively studied, e.g. in [14, 16, 30].
Alternating transceiver updates guarantee monotonic convergence. To this end, the KKT
conditions of (18) are derived. From the first-order optimality conditions, the optimal
transmit beamformers can be obtained as [16]

Mk = K†
b
HH

kUkWk, k = 1, . . . ,K , (20)

where the weighted transmit covariance is given as

Kb =

K∑
i=1

HH
b,iUiWiU

H
i Hb,i + νbI (21)

3∇Ek log det (Ek ) = Tr
(
E−1
k

)
.
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and νb denotes the Lagrange multiplier for the sum power constraint. At each BS b, the
best value for νb is determined by bisection search against the feasible power constraints.
First, the power constraint feasibility is checked for νb = 0. If they are feasible (power
constraints may not be active), then that is the optimal value. Otherwise, bisection search
is applied to find the optimal value for νb. As can be seen from (20), the, per-iteration,
computational complexity of the WMMSE method is reasonably low. However, the
rate of convergence tends to be slow, particularly at high SNR [140]. The bisection is
known to provide an exponential rate of convergence [48]. Thus, practical accuracy
requirements satisfying solutions with error less than 10−6 can be achieved with less
than 20 iterations. In this thesis, the bisection search is heavily applied to solve single
dimensional search problems for other algorithms as well.

2.4 QoS constrained WSRMax beamforming

Problem (16) is non-convex and, as such, intractable in terms of computational complexity
for any practical measure. Here, a relaxed low complexity iterative approximation
method for solving (16) up to a locally optimal point is proposed. In this procedure, the
beamformer design is separated into receiver and transmitter design problems. The
separation between the uplink and downlink beamformer designs in the temporal domain
is inherent in cellular frequency division duplexing (FDD) and TDD systems, where the
complexity of the information exchange is primarily defined by the delay between the BS
and UE signaling [5].

The beamformer design is essentially an iterative process between the receive and
transmit beamformer updates. In the initialization phase, arbitrary feasible precoders
mk,l ∀ (k, l) are generated so that the transmit power constraint P and rate constraints
are satisfied. Once a feasible set of precoders has been defined, the receive and
transmit beamformer generation is alternated. For fixed precoders mk,l ∀ (k, l), the
receive beamformers for all users and streams are solved from (14). In the second step,
the receivers are fixed and precoders are solved according to the effective downlink
channel knowledge. The outline of the high-level structure of the algorithm is given in
Algorithm 1.

Unlike in the WMMSE method, in which the sum log-MSE objective is directly
approximated, the beamformer design (16) is reformulated equivalently as a DCP. This
provides a more general SCA alternative to the WMMSE approach. It is later shown that
the WMMSE problem is a special case of the proposed method. The proposed SCA
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framework has beneficial properties in terms of the rate of convergence. Furthermore, In
Section 2.4.2, the predictability of the MSE progression is exploited to design enhanced
heuristic prediction of the next point of approximation.

Algorithm 1 Centralized WSRMax with QoS constraints.
1: Initialize precoders mk,l ∀ (k, l).
2: Set the maximum number of iterations Imax.
3: Set i = 1.
4: repeat
5: Generate receivers uk,l ∀ (k, l) from (14).
6: Solve precodersmk,l ∀ (k, l) from (27) using Algorithm 2.
7: i = i + 1.
8: until Desired level of convergence has been reached or i > Imax.

To begin with, the following auxiliary constraints are introduced for each MSE term (3)

εk,l ≤
[
g(tk,l)

]−1
⇔ εk,l −

[
g(tk,l)

]−1
≤ 0, (22)

where g(tk,l) satisfies the following assumptions.

Assumption 1. Let the MSE bound functions g(·) be

1. monotonic and continuously differentiable,
2. Lipschitz continuous,
3. log-concave on t ∈ {x |g(x) ∈ [1,∞)},
4. equipped with convex multiplicative inverse, i.e., [g(t)]−1 is convex on t ∈ {x |g(x) ∈

[1,∞)}.

Lipschitz continuity ensures that the first-order approximation coefficients will
remain finite. The domain of function g(·) (t ∈ {x |g(x) ∈ [1,∞)}) is defined by the
range of possible MSE values, i.e. εk,l ∈ (0, 1] ∀ (k, l). Some important classes of
functions satisfying the preceding conditions are:

– Non-negative concave functions and non-negative powers of non-negative concave
functions, e.g., g(x) = f (x)α, where f (x) is a non-negative concave function and
α > 0.

– Exponential functions αx and exponential concave composite functions α f (x), where
α > 0 and f (x) is a monotonic concave function.
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Further information and examples on log-concavity and composition rules can be found
in [48]. Exponential functions are further studied in Section 2.4, where they are shown
contain pertain important properties for decentralized beamformer designs.

By applying (22) to (16) and relaxing the objective accordingly, we have

max .
uk, l,mk, l,tk, l

B∑
b=1

∑
k∈Ub

µk

(
Lk∑
l=1

log2

(
g(tk,l)

))
s. t. εk,l ≤

[
g(tk,l)

]−1 ∀ (k, l),
Lk∑
l=1

log2

(
g(tk,l)

)
≥ Rk, k = 1, . . . ,K,

{mk,l}k,l ∈ P ,

(23)

where the optimization variables are uk,l,mk,l and tk,l for all k = 1, . . . ,K and
l = 1, . . . , Lk . Now, for fixed receive beamformers uk,l ∀ (k, l), the objective function is
concave and constraints (22) ∀ (k, l) are met by equality at the optimal solution. Thus,
the relaxation is tight. The DCP reformulation (22) is analytically and computationally
convenient, since all terms are either convex or concave. It should be noted that
constraints (22) are tight at any optimum and bounded only by the corresponding εk,l .

Since (23) is still a non-convex problem and, in general, computationally intractable,
the computational complexity of (23) is reduced by iteratively approximating the
non-convex parts of the DCP constraints (22). To this end, let the first-order Taylor
series approximation of any differentiable function be f : R→ R at point x̄ as

f̄ (x, x̄) , f (x̄) + (x − x̄) f ′x (x̄), (24)

where f ′x (x̄) =
∂
∂x f (x̄) denotes the first-order partial derivative with respect to (w.r.t.) x.

Function
[
g(tk,l)

]−1 ∀ (k, l) can be linearly approximated using (24) at any given point
t̄k,l ∀ (k, l), as

−→g (tk,l, t̄k,l) = −āk,ltk,l + b̄k,l , (25)

where

āk,l =
g′tk, l (t̄k,l)

[g(t̄k,l)]2
, b̄k,l =

g(t̄k,l) + t̄k,lg′tk, l (t̄k,l)

[g(t̄k,l)]2
. (26)

Here, t̄k,l ∀ (k, l) denote the points of approximation for the spatial data streams from the
previous iteration. Coefficients āk,l and b̄k,l ∀ (k, l) represent the appropriate values of
the linear approximation function. Now, the non-convex DCP constraints (22) for all
(k, l) can be relaxed to be convex. Finally, (23) is presented for fixed t̄k,l ∀ (k, l) from the

47



previous iteration as

max .
uk, l,mk, l,

tk, l

B∑
b=1

∑
k∈Ub

µk

(
Lk∑
l=1

log2

(
g(tk,l)

))
s. t. εk,l ≤ −āk,ltk,l + b̄k,l ∀ (k, l),

Lk∑
l=1

log2

(
g(tk,l)

)
≥ Rk, k = 1, . . . ,K,

{mk,l}k,l ∈ P ,

(27)

where the problem is convex for either the receive or transmit beamformers while keeping
the others fixed. It should be noted that, because of the iterative linear approximation,
the global optimality of the achieved solution can no longer be guaranteed. The point
of approximation t̄k,l ∀ (k, l) in (26) for the next iteration is chosen according to the
current MSE values εk,l ∀ (k, l) (determined by the current solution of (27)), so that the
MSE constraints hold with equality, i.e., [εk,l]−1 = g(t̄k,l) ∀ (k, l). The complete SCA
algorithm is given in Algorithm 2.

Algorithm 2 Successive convex approximation algorithm.
1: Initialize precoders mk,l ∈ P and tk,l for all (k, l).
2: repeat
3: Generate the receive beamformers uk,l ∀ (k, l) from (14).
4: Set i = 1.
5: repeat
6: Compute the SCA coefficients from (26).
7: Solve the precoders mk,l ∀ (k, l) from (27).
8: Update t̄k,l ∀ (k, l) from (27) for all (k, l).
9: i = i + 1.
10: until Convergence has been reached or i > Imax.
11: until Convergence has been reached.

Multiple consecutive SCA steps (denoted by Imax in Algorithm 2) can be made for each
fixed receive beamformer update. In fully centralized design, there is little significance
in the order of the beamformer updates. However, for decentralized designs, the
beamformer update sequence is determined by the signaling approach [14].

Problem (27) is not, in general, decoupled between the base stations. However, for
some classes of g(·), the problem can be shown to decouple and decentralized solutions
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can be derived. This is further examined in Section 2.4. It should be noted that, by
choosing g(·) to be, for example, log-linear, the objective of (27) becomes linear and the
approximated constraints (27) are second order cones (SOCs). By choosing the power
constraints P to form an SOC, e.g., sum transmit power, (27) can be presented as an
SOCP.

The approximation error is dependent of the choice of function g(·). Function g(·)

can be varied between the iterations and, ideally, should be chosen in such a way that the
neighborhood for the current point of iteration is close to linear, that is, the curvature
of the function in the neighborhood of t̄k,l ∀ (k, l) is minimal. Impact of the choice
of g(·) can be seen in Figure 2 (for more details on the simulation environment see
Section 2.4.1), where the average rate of convergence over multiple channel realizations
has been illustrated. However, as the ideal choice depends on the region between the
consequent solutions, the optimal choice for g(·) is difficult to determine in advance. As
such, the optimal choice for g(·) is a discrete problem, in which the optimal performance
requires the testing of different choices for g(·) for each point of approximation.

Fig. 2. Example of the impact of different choices of g(tk, l ) on the rate of convergence at SNR = 15dB,
B = 2, Kb = 3, NT = 4 and NR = 2 ([118] © 2016 IEEE).
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Optimal g(·) affects, in the average sense, only the rate of convergence. As the problem
can be shown to approach some local optimum, the improved quality of the achieved
local point cannot be guaranteed by a suitable choice of g(·).

Decentralized precoder design

The general problem formulation (23) is coupled between the base stations due to the
interference terms and the rate constraints in the precoder optimization phase. The
QoS constraints provide additional restrictions in terms of the inter-cell interference
management. Thus, decentralized solutions require more advanced decomposition
methods when compared to WSRMax without QoS constraints.

In the following, three approaches to decouple the precoder designs are presented.
A dual decomposition method based on Lagrangian relaxation of the rate constraints
is proposed in Section 2.4.1. Section 2.4.1 also discusses WSRMax without QoS
constraints, which is a special case of the dual decomposition method. The primal
decomposition method with guaranteed feasibility of the QoS constraints (for fixed
channels) is presented in Section 2.4.3. Finally, ADMM based processing is discussed in
Section 2.4.4, which further improves the convergence stability with respect to the dual
decomposition method.

For notation convenience, in the following sections, only per BS sum transmit power
constraints are considered

∑
k∈Ub

Lk∑
l=1

‖mk,l ‖
2 ≤ Pb, b = 1, . . . , B. (28)

However, the general procedure does translate to any convex power constraint, which is
separable among the BSs.

2.4.1 Dual decomposition based precoder design

In this section, decentralization by partial Lagrangian relaxation of the rate constraints∑Lk

l=1
log2

(
g(tk,l)

)
≥ Rk, k = 1, . . . ,K is presented. The relaxed formulation of (23) is
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given as

max .
uk, l,mk, l,

tk, l

B∑
b=1

∑
k∈Ub

µk

(
Lk∑
l=1

log2

(
g(tk,l)

))
−

B∑
b=1

∑
k∈Ub

υk

(
Rk −

Lk∑
l=1

log2

(
g(tk,l)

))
s. t. εk,l ≤

[
g(tk,l)

]−1 ∀ (k, l),∑
k∈Ub

Lk∑
l=1

‖mk,l ‖
2 ≤ Pb, b = 1, . . . , B.

(29)
Note that this reformulation is still coupled between the BSs by the MSE constraints
εk,l ≤

[
g(tk,l)

]−1 ∀ (k, l). The primal-dual method [141] is used to solve (29) , where
the primal problem (29) is solved for fixed dual variables υk, k = 1, . . . ,K. The dual
variables are then updated according to the violation of the corresponding rate constraints.

The primal problem (29) is solved iteratively. Fixing the receive beamformers to
be the MMSE beamformers (14) and applying the convex approximation of the MSE
bounds of (29) results in

max .
mk, l,
tk, l

B∑
b=1

∑
k∈Ub

µk

(
Lk∑
l=1

log2

(
g(tk,l)

))
−

B∑
b=1

∑
k∈Ub

υk

(
Rk −

Lk∑
l=1

log2

(
g(tk,l)

))
s. t. εk,l ≤ −āk,ltk,l + b̄k,l ∀ (k, l),∑

k∈Ub

Lk∑
l=1

‖mk,l ‖
2 ≤ Pb, b = 1, . . . , B.

(30)
The dual variables λk,l ∀ (k, l) corresponding to the coupled MSE constraints can be

solved from the KKT conditions of (30) as

λk,l =
(µk + υk)g

′(tk,l)
āk,lg(tk,l)

∀ (k, l). (31)

It can immediately be seen that for any g(tk,l) such that

g′(tk,l)
g(tk,l)

= c (32)

for some constant c > 0, each λk,l ∀ (k, l) becomes independent of the corresponding
tk,l and reduces to

λk,l =
c(µk + υk)

āk,l
∀ (k, l). (33)

According to (32), g(·) is required to satisfy superposition property (linearity) under
logarithmic transformation. One such choice of g(·) is exponential functions of form
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g(tk,l) = αtk, l , where α > 0. The choice of the actual value for α depends on the desired
convergence properties. The rate of convergence for different choices is examined in
Section 2.4.2. The MSE constraints (22) are globally tight and, thus, when (32) holds,
the linearization constants āk,l (from (26)) reduce to āk,l = c[g(t̄k,l)]−1 = cε̄k,l , while
each b̄k,l is still generated according to (26). Based on the feasible MSE, the update for
tk,l is given as

tk,l = g−1
(
ε−1k,l

)
. (34)

For exponential functions g(tk,l) = αtk, l , (34) reduces to tk,l = − logα(ε̄k,l). Finally,
each λk,l ∀ (k, l) depends only on the MSE of the corresponding stream in the previous
iteration and the corresponding υk .

For given dual variables λk,l and νbk
, the transmit beamformer updates can be given

in a closed form as

mk,l =
(
Kbk
+ Iνbk

)†
HH

bk,l
uk,lλk,l ∀ (k, l), (35)

where

Kbk
=

K∑
i=1

Li∑
j=1

λi, jH
H
bk,i

ui, ju
H
i, jHbk,i . (36)

It can be seen from (35) that λk,l ∀ (k, l) act as weights for the corresponding streams. For
multi-cell systems, the optimal sum transmit power constraint (28) does not necessarily
hold tight in each iteration. The optimal value for νb is found by bisection search similar
to the WMMSE method in (20). The matrix inversion in (35) can be avoided by using
the eigenvalue decomposition of Kbk

+ Iνbk
as shown in [16] or by considering the

linear system (
Kbk
+ Iνbk

)
mk,l = HH

bk,l
uk,lλk,l ∀ (k, l). (37)

The bisection search and the aforementioned techniques for solving the matrix inversion
make the computational complexity of the algorithm very low. The overall complexity
of the algorithm is primarily characterized by the delay from the iterative search for the
most suitable weight factors.

In the dual update, the rate demand weight factors υk ∀ k = 1, . . . ,K follow from the
violation of the rate constraints

υk =

(
ῡk + β

(
Rk −

Lk∑
l=1

log2(g(t̄k,l))

))+
, (38)

where β is the subgradient update step size. This also corresponds to a subgradient
update of the dual variables in terms of (30) with the approximated MSE constraints (for

52



more details see [59, 141]). The general outline of the proposed algorithm is given in
Algorithm 3. Note that, in Algorithm 3, for each receive beamformer update, there
can be multiple transmit beamformer and SCA updates. Furthermore, by introducing
multiple dual updates per fixed receivers, the convergence stability of the algorithm can
be improved. In other words, there is less variation in the user rates while the algorithm
progresses. However, reducing the frequency of the receive beamformer updates impairs
the overall rate of convergence.

Algorithm 3 Dual decomposition based decentralized WSRMax with QoS constraints.
1: BS: Initialize mk,l ∈ P , tk,l and υk = 0 for all k = 1, . . . ,K .
2: repeat
3: UE: Generate receive beamformers uk,l ∀ (k, l) from (14).
4: UE: Compute tk,l ∀ (k, l) from (34).
5: UE: Compute the SCA coefficients from (26).
6: Set i = 1.
7: repeat
8: UE: Measure MSE εk,l ∀ (k, l) as shown in (3).
9: UE: Update variables υk ∀ k = 1, . . . ,K from (38).
10: UE: Assign weights λk,l ∀ (k, l) from (33).
11: BS: Exchange weights λk,l ∀ (k, l) with the adjacent BSs.
12: BS: Solve precoders mk,l ∀ (k, l) from (35).
13: i = i + 1.
14: until Convergence has been reached or i > Imax.
15: until Convergence has been reached.

The weights λk,l ∀ (k, l) depend only on the instantaneous MSE. The rate demand factors
υk, k = 1, . . . ,K, in turn, depend only on the current rate. The weight factors can be
solved locally at each UE assuming the knowledge of the received signal covariance. In
TDD systems, the weights and receive beamformers can be incorporated into the uplink
pilot signaling [14], and, in this way, can be exchanged between the adjacent BSs with
readily available signaling procedures. Alternatively, the weight factors can be shared
among the BSs via the backhaul connectivity [14]. This reduces the OTA signaling
overhead between cells and allows independent beamformer iterations within each
cell. The received signal covariance can be estimated in each UE from the BS specific
demodulation pilots. For a detailed discussion of various signaling approaches see [14].
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The QoS constraints are not required to be feasible in each step of the algorithm. Thus,
feasible initialization is not necessary. This is a major advantage, as finding a feasible
initialization point can be difficult, particularly in a decentralized implementation. The
initialization issues are further discussed with the primal decomposition method in
Section 2.4.3, where feasible initialization is necessary. If the power budget is large in
comparison to the QoS requirements, the algorithm will, in general, find a feasible
solution. However, when the power budget is (severely) tight and the feasible regions
around the locally optimal points are restricted, it is possible that the algorithm will fail
to find a feasible solution. For a more detailed discussion on ill-conditioned problem
formulation see [141, 142]. Note that even in this case the algorithm can find a region
where the QoS constraint violation is reasonably small. For non-feasible rate constraint,
the rate demand variables υk will increase until the rate constraints are satisfied. This
can cause oscillation among a group of non-feasible rate constraints, if the problem is
inherently infeasible. This behavior is studied in Section 2.4.1, where some numerical
examples are given.

With a limited number of dual update iterations, it is possible that the rate demand
variables become slower when the corresponding rate approaches 0 (MSE approaches 1),
i.e. the corresponding stream is dropped. In this case, some of the transmit beamformers
are allocated zero power and the corresponding MMSE receive beamformers will be
zeroed. The zeroed stream cannot readily be reintroduced to the algorithm. This occurs
when the rate demand variable υk updates are given a too small step size. The streams
are dropped, because the corresponding stream priority λk,l increases too slowly with
respect to the increasing MSE. This issue can be managed by heuristically scaling the
rate demand weights to prevent the corresponding MSE values from reaching 1. An
example of such a scaling factor, for any g(·) such that (32) holds, can be given as

λk,l =
c

āk,l

(
µk +

υk
1 − τε̄k,l

)
∀ (k, l), (39)

for some appropriately small τ ∈ [1, 0]. The multiplier (1−τε̄k,l)−1 will grow as ε̄k,l → 1.
This gives the corresponding stream additional priority, when MSE approaches 1, i.e.
the rate goes to 0. In this way early dropping of streams with high MSE is prevented and
more time is given for the rate demand υk to increase. For fixed τ > 0, the convergence
can no longer be guaranteed. However, the multiplier τ can be diminished once the rates
stabilize, which allows the dual variables to converge asymptotically. Moreover, this
type of heuristic process is more relevant in time-correlated channel conditions, in which
the asymptotic convergence cannot be guaranteed in any case.
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Unlike the primal decomposition method (see Section 2.4.3), the proposed method
does not require feasible initialization. This considerably simplifies the decentralized
processing, as finding a feasible initialization point in a decentralized manner is, in
general, difficult. The algorithm can also be applied to cases, in which the problem is not
necessarily strictly feasible even in the centralized case. However, the algorithm will fail
to converge as it is not possible to reach any feasible solution.

To further enforce the feasibility of the QoS constraints, a quadratic penalty term can
be added to (29). The quadratic penalty function provides enhanced analytic convergence
properties [141]. The use of auxiliary penalty functions has been studied extensively
in various contexts and provide well known convergence behavior [48, 141, 142]. In
Section 2.4.4, an ADMM based decomposition algorithm is proposed, in which quadratic
consensus enforcing a penalty along with alternating optimization is used to provide
more stable convergence behavior. Assuming g(tk,l) = αtk, l for some α > 0, the penalty
terms are formulated as

K∑
k=1

1

2ρ

(
−max(0, υk + ρ(Rk −

Lk∑
l=1

log2

(
g(tk,l)

)
)2 + υ2

k

)
, (40)

where ρ is the quadratic penalty weight, such that ρ→∞ as iteration index i →∞. As
the QoS constraints are inequality constraints, the corresponding dual variables need to
be set zero when the constraints are not active. For this reason, the max(0, ·) operator is
applied to the penalty term. Term (40) corresponds to augmented Lagrangian relaxation
of the rate inequality constraints [141, Chapter 4.2]. Note that

1

2ρ

(
−(υk + ρ

Lk∑
l=1

log2

(
g(tk,l)

)
)2 + υ2

k

)
=

−υk

(
Rk −

Lk∑
l=1

log2

(
g(tk,l)

))
−
ρ

2

(
Rk −

Lk∑
l=1

log2

(
g(tk,l)

))2

.
(41)

Here, the dual variable update for QoS constraint of user k = 1, . . . ,K is formulated as

υk =

(
ῡk + ρ

(
Rk −

Lk∑
l=1

log2

(
g(tk,l)

)))+
. (42)

Now, the weights can be given as

λk,l =
log(α)

log(2)

µk + υk + ρ(Rk −
∑Lk

l=1
tk,l)

āk,l
. (43)
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It follows from

log(α)

log(2)

Lk∑
l=1

tk,l =
Lk∑
l=1

log2(g(tk,l)) =
Lk∑
l=1

log2(ε
−1
k,l ) (44)

that the λk,l updates can still be managed according to the perceived MSE at the user
end. That is,

λk,l =
log(α)

log(2)

µk + υk + ρ(Rk +
∑Lk

l=1
log2(ε̄k,l))

āk,l
, (45)

which can be seen to extend (33) with enforced rate constraint feasibility.

Weighted sum rate maximization without QoS constraints

Problem (27) without the QoS constraints is coupled between the base stations solely by
the inter-cell interference terms contained in the MSE. This beamformer design can been
seen as a special case of the dual decomposition method, in which the rate constraints
are neglected.

An iterative solution for (29), without QoS constraints (υk = 0, k = 1, . . . ,K), can be
obtained directly via the KKT conditions [48]. To simplify the derivation, log-linear
functions g(x) = αx are considered, where α > 1. Following from the KKT conditions,
the Lagrange multipliers of the MSE constraints λk,l can be obtained in a closed-form
directly from the gradient conditions as

λk,l =
µkα

t̄k, l

log(α)
> 0. (46)

The transmit beamformers, for fixed multipliers (46), can be given in a closed form as
shown in (35).

As the rate constraints in (29) are neglected, the dual variable update step (38) is not
required, which improves the rate of convergence. The beamformer updates guarantee
monotonic improvement of the objective of (27), which leads to monotonic convergence
in terms of the objective function.

Similarly to the dual decomposition, the proposed design requires distribution of the
weights (46) among the adjacent BSs. The outline of the decentralized solution follows
Algorithm 3, except for the υk update. The same forms of decentralized signaling
approaches apply as discussed in [14].

Transmit beamformersmk,l ∀ (k, l) depend only on local channel state information
knowledge at each BS. Furthermore, when the dual variables λi, j and receive beamformers
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ui, j are known at each BS, the transmitters can be solved locally at each cell. Signaling of
the dual variables and receive beamformers can be incorporated into the pilot signaling
as shown in [14]. In this case, the uplink sounding pilot for stream l of user k is λk,luk,l .
From the pilot signal, BS b can evaluate the effective channel λk,luHk,lHb,k .

Algorithm 4 Distributed WSRMax without QoS constraints.
1: UE: Initialize tk,l in such a way that g(tk,l) = 1 ∀ (k, l).
2: BS: Initialize precoders mk,l ∀ (k, l) according to (28).
3: repeat
4: UE: Generate receive beamformers uk,l ∀ (k, l) from (14).
5: Set i = 1.
6: repeat
7: BS: Convey transmit beamformer information to UEs via downlink pilot

signaling
8: UE: Compute the SCA coefficients from (26).
9: UE: Assign weights λk,l ∀ (k, l) from (46).
10: UE: Signal the dual variables and receive beamformers with the effective

CSI [14].
11: BS/UE: Exchange weights λk,l ∀ (k, l) with the BSs.
12: BS: Solve precodersmk,l ∀ (k, l), locally, from (35).
13: UE: Update tk,l ∀ (k, l) from (48).
14: i = i + 1.
15: until Convergence has been reached or i > Imax.
16: until Convergence has been reached.

Numerical results

Simulations are performed in a two cell (B = 2) environment with a varying number of
UEs. The numbers of transmit and receive antennas are fixed to NT = 4 and NR = 2,
respectively. Power constraint P is chosen as the sum transmit power constraint (28).
The cell-edge SNR for user k is defined as Pbk

/σ2
k
. All users are assumed to be located

at the cell edge of the corresponding cell. Priority weights are set to µk = 1 ∀ k. The
inter-cell interference is attenuated by 3dB. This attenuation can be interpreted as the
separation between the two cells. Initialization of the transmit beamformers is overloaded
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in the sense that each BS is initialized with the maximum number of available data
streams, which might exceed the number of available DoF. Each iteration consists of a
single transmit beamformer update (SCA step). Thus, in between each beamformer
iteration, there is an OTA signaling period. The maximum number of precoder update
iterations is Imax = 1, i.e for each receive beamformer update there is only one SCA and
transmit beamformer update. If not otherwise indicated, the decomposition methods
are simulated with g(x) = 2x . This reduces the SCA weights to match the WMMSE
method. Between each SCA step and receive beamformer update, there is a single
subgradient update step. The decomposition methods are simulated with 1 bit/sec/Hz
QoS constraints.

The convergence of the dual decomposition method for a fixed channel realization is
shown in Figure 3. It can be seen, that the dual decomposition method will not satisfy
the rate constraints during the first few iterations. However, as the algorithm converges,
the dual decomposition constraint violation diminishes.

Fig. 3. Convergence of the dual decompositionmethod at SNR = 10dBwith 3dB cell separation, NT = 4,
NR = 2, Kb = 3 and β = 9 ([118] © 2016 IEEE).

Behaviour of the dual decomposition algorithm, when applied to an infeasible problem,
is shown in Figure 4. The algorithm fails to converge because a feasible point cannot be

58



reached. The oscillation of the rates is explained by the imbalance of the weight factors
υk ∀ k = 1, . . . ,K . The priorities of the BS 2 users alternate as the weighted factors are
updated in different rates. Notice from (38) that the magnitude of the change of the
weight factors is not solely determined by the subgradient step size, but also depends on
the difference between the achievable rate and the rate constraint.
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Fig. 4. Behaviour of infeasible problem formulation for SNR = 20dB with 3dB cell separation, NT = 2,
NR = 1, Kb = 2 and β = 4 ([118] © 2016 IEEE).

The behavior with time-correlated channel realizations is shown in Figure 5. Time-
correlated channel instances are generated with Jakes’ Doppler spectrum model [143].
The channel coherence time is determined according to the normalized UE velocity
tS fD = 0.01, where tS denotes the backhaul signaling rate and fD the maximum Doppler
shift. To simulate the impact of the inter-frame channel changes, the channels are
allowed to change after each receive and transmit beamformer update. The achieved rate
is measured after each receive beamformer update.

2.4.2 Approximation point prediction heuristics for SCA

As noted in Section 2.4.1, when g(·) is chosen to be an exponential function αtk, l , each
āk,l depends on the MSE of the previous iteration. Now, an important insight into the
intuition behind the formulation of (27) can be found by deriving the tk,l update directly
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from the complementary slackness conditions of (27)

λk,l
(
εk,l + āk,ltk,l − b̄k,l

)
= 0 ∀ (k, l). (47)

Following from the positivity of each λk,l , an exact update for tk,l can be found from
the corresponding complementary slackness constraint (47), by substituting (26), to be

tk,l = t̄k,l +
1

log(α)
(1 − ¯εk,lα

t̄k, l ) ∀ (k, l). (48)

For other classes of g(·), a decentralized solution is less straightforward, since the
dual variables λk,l ∀ (k, l) and transmit beamformers cannot be obtained in closed
form. Contrary to (34), update (48) is along the first-order approximation and without
projection back to the corresponding point of the approximated function.

The relation of the next point of approximation and the current and previous iteration
MSE enables a degree of predictability in the approximation point progression. While
the exact update formulation (48) assures monotonic improvement in the objective
function, more aggressive, but inexact, methods can be used to increase the rate of
convergence.

Fig. 5. Convergence of the dual decomposition method in time-correlated channel at SNR = 15dB with
3dB cell separation, NT = 4, NR = 2, Kb = 3, β = 9.5 and tS fD = 0.01 ([118] © 2016 IEEE).
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The multiplier 1
log(α) in (48) can be considered as a step size. By neglecting or modifying

it, the convergence properties of the algorithm can be changed. A straightforward
adaptive step size routine can be formulated as

tk,l = t̄k,l +
1

log(α − α−θ
iδ
)
(1 − ε̄k,lα

t̄k, l ) ∀ (k, l), (49)

where δ ∈ R is chosen to be an appropriately small constant and θ > 1. The
approximation point step size is more aggressive for the first iterations and converges
to (48). Determining a suitable step size is a heuristic process. It is highly dependent on
the convergence requirements, i.e whether priority is given to the rate of convergence or
the asymptotically achieved rate. It can be seen that 1

log(α− α−θ
iζ
)
→ 1

log(α) as i →∞ and,
as such, asymptotically, (49) will converge to (48). Furthermore, such j can always be
found for which the deviation from the exact update (48) will be less than any δ > 0

as i > j. The impact of the step size on the convergence of the algorithm has been
demonstrated with numerical examples in Section 2.4.2.

Numerical results

Simulations are performed in the environment as the dual decomposition method from
Section 2.4.1. Performance of the proposed WSRMax algorithm with improved MSE
approximation point prediction is compared to the WMMSE method. In order to
provide an evaluation of the performance of the decentralized method, the approximated
MSE boundary function is chosen to be g(x) = 30x and an adaptive approximation
update step (49) is used with parameters ζ = 0.05 and θ = e. This provides aggressive
prediction over the first iterations of the algorithm, while still guaranteeing the asymptotic
convergence.

Figure 6 shows the convergence behavior of the algorithms in a two cell system
with SNR = 20dB. It can be seen that, by having a suitably large step size, the rate of
convergence can be considerably improved. On the other hand, small step size selection
can cause a significant decrease in the convergence rate.

Figure 7 provides a comparison between the achievable rate on a limited number
of beamformer iterations on different SNR levels. This reflects the sum rates that are
achievable in practical and moderately fast changing channel environments, in which
full convergence is not feasible. For the first iterations, the proposed scheme provides
significantly improved performance, particularly at high SNR, when compared WMMSE.
As the number of iterations is increased, the difference in performance diminishes. This
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is due to all methods converging to a KKT point, which results, on average, in similar
asymptotic performance.
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Fig. 6. Convergence at SNR = 20dB with 3dB cell separation, NT = 4, NR = 2 and Kb = 4 ([118] © 2016
IEEE).

2.4.3 Primal decomposition based precoder design

In some applications, the guaranteed QoS constraints are important. To this end, a
primal decomposition algorithm is used that guarantees QoS constraints after each
beamformer update for fixed channels. The method is based on the primal decomposition
with respect to the inter-cell interference. The interference levels are fixed and known at
each BS for each transmit beamformer update and, thus, are guaranteed to hold.

To begin with, assume that g(tk,l) = αtk, l ∀ (k, l), where α > 1. Auxiliary variables
χb,k,l are introduced to form an upper bound to the allowed inter-cell interference
from BS b to stream (k, l), where k < Ub. The iteration indices are only used when
not obvious, to simplify the notation. Now, an equivalent reformulation of (27), with
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separated inter-cell interference terms for each BS b, can be given as

max .
uk, l,mk, l,
tk, l,χb,k, l

∑
k∈Ub

µk

Lk∑
l=1

tk,l

s. t. ε̂k,l ≤ −ak,ltk,l + bk,l, k ∈ Ub, l = 1, . . . , Lk,
Lk∑
l=1

tk,l ≥ R̂k, k = 1, . . . ,K,∑
k∈Ub

Lk∑
l=1

|uHi, jHb,imk,l |
2 ≤ χb,i, j ∀ i ∈ Ūb, j = 1, . . . , Li,∑

k∈Ub

Lk∑
l=1

‖mk,l ‖
2 ≤ Pb ,

(50)

where

ε̂k,l = |1 − u
H
k,lHbk,kmk,l |

2 + χ̂k,l +

B∑
j=1, j,bk

χj,k,l (51)

and

χ̂k,l =
∑

i∈Ubk

Li∑
j=1, j,l

|uHk,lHbk,kmi, j |
2 + ‖uk,l ‖

2σ2
k . (52)
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Fig. 7. Impact of the limited number of iterations on the achievable sum rate with 3dB cell separation,
NT = 4, NR = 2 and Kb = 4 ([118] © 2016 IEEE).
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The rate requirement constraints are denoted by R̂k =
log(2)
log(α)Rk, k = 1, . . . ,K . By fixing

the coupling inter-cell interference terms χj,k,l ∀ k ∈ Ub, l = 1, . . . , Lk, j , b, the
problem decouples among the interfering BSs. Given the inter-cell interference terms
χb,k,l ∀ (b, k, l) and fixed receive beamformers uk,l ∀ (k, l), (50) is convex and can be
solved locally at each BS b.

To control the allowed inter-cell interference levels, a higher level optimization
problem is introduced for (50) as

max .
χb,k, l

B∑
b=1

ξ
(
{χb,k,l}k∈Ub,l=1,...,Lk

)
s. t. χb,k,l ≥ 0 ∀ (b, k, l),

(53)

where the optimization variables are the inter-cell interference terms χb,k,l . The optimal
solution for (50)with respect to a given set of variables {χb,k,l}k∈Ub,l=1,...,Lk

, b = 1, . . . , B

is denoted by ξ(·). Finally, the subgradient update step of the inter-cell interference
terms for (53) is given as

χb,k,l =
(
χ̄b,k,l + βsb,k,l

)+ ∀ (b, k, l), (54)

β is a positive step size of the subgradient and sb,k,l is the global subgradient of (53) at
point χ̄b,k,l with fixed receive beamformers.

The Lagrangian for (50) is

L(mk,l, uk,l, tk,l, λb,k,l, υk, νb) = −
∑
k∈Ub

Lk∑
l=1

tk,l(µk + υk − ak,lλb,k,l)+∑
k∈Ub

Lk∑
l=1

(
−2λb,k,lu

H
k,lHb,kmk,l +m

H
k,lKbmk,l

)
+

∑
k∈Ub

Lk∑
l=1

λb,k,l

(
1 − bk,l +

B∑
i=1,i,b

χi,k,l + σ
2
k ‖uk,l ‖

2

)
−

∑
i∈Ūb

Li∑
j=1

λb,i, j χb,i, j +
∑
k∈Ub

υk R̂k − νbPb ,

(55)

where

Kb =
∑
i∈Ub

∑
j=Li

λb,i, jH
H
b,iui, ju

H
i, jHb,i +

∑
i∈Ūb

Li∑
j=1

λb,i, jH
H
b,iui, ju

H
i, jHb,i + νbI. (56)

Clearly, the Lagrangian is bounded below, in terms of tk,l ∀ (k, l) only if
λbk,k,l =

υk + µk
ak,l

. (57)

64



In terms of the transmit beamformers mk,l ∀ (k, l), the Lagrangian is bounded from
below only if Kb is a positive semidefinite. From the first-order optimality conditions
∇mk, l

L(mk,l, uk,l, tk,l, υk, λb,k,l, νb) = 0,mk,l can be formulated in closed form for given
Lagrangian multipliers as

mk,l = K†
b
λb,k,lH

H
b,kuk,l . (58)

Note that, when χb,k,l = 0 for any (b, k, l) in (50), these constraints have an empty
interior. In this case, the Slater’s condition does not guarantee the strong duality. Thus,
it is possible that there exists a duality gap between the primal and dual solutions [48].
However, the zero duality cap may still exist. For χb,k,l > 0, the global subgradient for
stream l of user k ∈ Ūb is found to be sb,k,l = λbk,k,l − λb,k,l ∀ (b, k, l) (for more details
see [144]). Thus, computing the subgradient requires that the local interference dual
variables λb,k,l are exchanged between the adjacent cells. The decentralized precoder
design algorithm is summarized in Algorithm 5. Note that the majority of solvers are
able to recover the dual variables and, thus, it is not necessary to solve the dual problem
separately.

Algorithm 5 Primal decomposition based decentralized WSRMax with QoS constraints.
1: BS: Initialize mk,l ∈ P , χb,k,l and tk,l for all (b, k, l).
2: repeat
3: UE: Generate receive beamformers uk,l ∀ (k, l) from (14).
4: BS: Compute the SCA coefficients from (26).
5: Set i = 1.
6: repeat
7: BS: Solve the precoders and dual variables from (50).
8: BS: Exchange the dual variables λb,k,l ∀ (b, k, l) among the BSs.
9: BS: Update χb,k,l ∀ (k, l) by using (54).
10: i = i + 1.
11: until Convergence has been reached or i > Imax.
12: until Convergence has been reached.

When χb,k,l = 0 for some (b, k, l), it can be seen that the corresponding interference
constraint is strictly zero and has an empty interior. Thus, the conventional subgradient
approach cannot be applied as such. In this case, the optimality of the produced transmit
beamformersmk,l needs to be checked. If they match the KKT conditions (35), then
the interference levels are optimal (λj,k,l = λbk,k,l ∀ j , bk). On the other hand, if
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the beamformers do not satisfy the optimality conditions, suitable adjustments of the
interference levels are needed. To this end, the step size β can be decreased such that the
interference levels χb,k,l do not go strictly to zero. Note that this does not interfere
with the choice of convergent step size, as the step size will be less than the convergent
(diminished) step size levels. This procedure can still be accomplished in a decentralized
manner, by agreeing on the process of decreasing the step size, e.g. by halving until a
non-zero point is found.

Receiver feasibility

While the MMSE receivers (14) are always optimal and feasible in terms of the rate
constraints, there is a possibility that, after the receiver updates, the inter-cell interference
constraints in (50) can be infeasible for fixed χb,k,l . Strict feasibility can be enforced
by solving the receive beamformers with the inter-cell interference constraints, i.e.
solving (50) for uk,l ∀ (k, l), which results in the optimization problem

min .
uk, l

|1 − uHk,lHbk,kmk,l |
2 +

∑
i∈Ubk

Li∑
j=1, j,l

|uHk,lHbk,kmi, j |
2 + ‖uk,l ‖

2σ2
k

s. t.
∑
i∈Ub

Li∑
j=1

|uHk,lHb,kmi, j |
2 ≤ χb,k,l∑

i∈Ub

Li∑
j=1

|uHk,lHb,kmi, j |
2 ≤ χb,k,l ∀ b = 1, . . . , B, b , bk .

(59)

This can still be solved locally at each UE, assuming that the users can estimate the
inter-cell interference levels coming from the individual BSs at the output of the previous
iteration receive beamformers. It should be noted that, given sufficient DoF, the MMSE
receive beamformer infeasibility is unlikely. After convergence, the MMSE receive
beamformers are still always optimal.

Initialization and feasibility

Finding the initial interference threshold levels is not a trivial task, especially when the
system has a large number of users and BSs. For our purposes, any feasible initialization
for the interference levels will do. This problem is essentially close to finding the feasible
QoS levels. Zero-forcing solution is the most straightforward solution for providing
guaranteed rate bounds. However, it is highly suboptimal in a multi-cell environment and
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requires a large number of available degrees-of-freedom, i.e., (NT ≥ K). Initializing the
inter-cell interference levels at very low values will provide an indicator of the feasible
QoS levels, and, gives some theoretical guarantees of the achievable rate levels. Low
inter-cell interference levels will be close to the zero-forcing performance without taking
as much penalty from the distant interference sources. However, it should be noted that,
depending on the SNR region, the initial solution may be rather far from any optima.

Numerical results

Simulations are performed in the environment as in the dual decomposition method
from Section 2.4.1. The convergence of the primal decomposition methods for a fixed
channel realization is shown in Figure 8. The primal decomposition can be seen to
strictly satisfy the constraints in every iteration.

Fig. 8. Convergence of the primal decomposition method at SNR = 10dB with 3dB cell separation,
NT = 4, NR = 2, Kb = 3 and β = 0.00025 ([118] © 2016 IEEE).

The behavior of the primal decomposition method with time-correlated channel
realizations is shown in Figure 9. Time-correlated channel instances are generated
with Jakes’ Doppler spectrum model [143]. The channel coherence time is determined
according to the normalized UE velocity tS fD = 0.01, where tS denotes the backhaul
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signaling rate and fD denotes the maximum Doppler shift. To simulate the impact of
the inter-frame channel changes, the channels are allowed to change after each receive
and transmit beamformer update. The achieved rate is measured after each receive
beamformer update. With the primal decomposition method, the rate constraints are
protected even with changing channel conditions, as can be seen in Figure 9. However, it
should be noted that, for fast changing channel conditions, even the primal decomposition
cannot strictly guarantee the rate requirements. This is due to the delayed channel
knowledge at the receiver and transmitter side.

Fig. 9. Convergence of the primal decomposition method in a time-correlated channel at SNR = 15dB
with 3dB cell separation, NT = 4, NR = 2, Kb = 3, β = 0.00025 and tS fD = 0.01 ([118] © 2016 IEEE).

2.4.4 ADMM based decentralized precoder design

The fundamental idea in ADMM is to divide the complicating parts of the optimization
problem into separate subproblems. Each subproblem has its corresponding set of
optimization variables. These subproblems are then forced to be equivalent to the
original problem by forcing consensus between the sets of variables in each subproblem.
More details can be found e.g. from [60, 145].
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Similar to the dual decomposition in Section 2.4.1, the coupling rate constraints are
reformulated as

max .
uk, l,mk, l,
tk, l,zk, l

K∑
k=1

µk

(
Lk∑
l=1

log2

(
g(tk,l)

))
s. t. εk,l ≤

[
g(tk,l)

]−1 ∀ (k, l),
tk,l − zk,l = 0 ∀ (k, l),
Lk∑
l=1

log2

(
g(zk,l)

)
≥ Rk, k = 1, . . . ,K,∑

k∈Ub

Lk∑
l=1

‖mk,l ‖
2 ≤ Pb, b = 1, . . . , B.

(60)

where zk,l ∀ (k, l) are introduced as auxiliary variables. In (60), the consistency
constraints tk,l − zk,l = 0 ∀ (k, l) couple the problem between the two sets of variables
{uk,l,mk,l, tk,l}k,l and {zk,l}k,l . The constraints can be relaxed by augmented Lagrangian,
which results in objective

max .
uk, l,mk, l,
tk, l,zk, l

K∑
k=1

µk

(
Lk∑
l=1

log2

(
g(tk,l)

))
−

K∑
k=1

Lk∑
l=1

(
ηk,l

(
tk,l − zk,l

)
+
ρ

2
‖tk,l − zk,l ‖2

)
.

(61)
By scaling the dual variables in (61) as ηk, l

ρ ∀ (k, l), the problem can be given in a more
compact form as

max .
uk, l,mk, l,
tk, l,zk, l

K∑
k=1

µk

(
Lk∑
l=1

log2

(
g(tk,l)

))
−
ρ

2

K∑
k=1

Lk∑
l=1

‖tk,l − zk,l + ηk,l ‖2

s. t. εk,l ≤
[
g(tk,l)

]−1 ∀ (k, l),
Lk∑
l=1

log2

(
g(zk,l)

)
≥ Rk, k = 1, . . . ,K,∑

k∈Ub

Lk∑
l=1

‖mk,l ‖
2 ≤ Pb, b = 1, . . . , B.

(62)

It should be noted that the objective of (62) is still concave.
At this point, ADMM is applied to alternate the updates between the sets of variables

{uk,l,mk,l, tk,l}k,l , {zk,l}k,l and {ηk,l}k,l , while keeping the others fixed. For fixed
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z̄k,l, η̄k,l ∀ (k, l) (62) reduces to

max .
uk, l,mk, l,

tk, l

K∑
k=1

µk

(
Lk∑
l=1

log2

(
g(tk,l)

))
−
ρ

2

K∑
k=1

Lk∑
l=1

‖tk,l − z̄k,l + η̄k,l ‖2

s. t. εk,l ≤
[
g(tk,l)

]−1 ∀ (k, l),∑
k∈Ub

Lk∑
l=1

‖mk,l ‖
2 ≤ Pb, b = 1, . . . , B.

(63)

This problem provides the solutions for the actual receive and transmit beamformers. As
the problem is not jointly convex in terms of the transmit and receive beamformers,
alternating transceiver updates are employed, in which the transmit beamformers
are solved for fixed receivers and vice versa. The optimal receivers are the MMSE
beamformers given in (14). Even for fixed receivers, (63) is not a convex problem,
because of the MSE constraints. SCA is used for an iterative design with tractable
complexity (convex) subproblems for (63). This approach successively approximates the
MSE constraints with the corresponding first-order approximations. Furthermore, as
shown in 2.4, the problem formulation effectively decouples for g(tk,l) = αtk, l for α > 0.
To this end, g(tk,l) = 2tk, l is used. The resulting convex subproblem is given as

max .
mk, l,tk, l

K∑
k=1

µk

(
Lk∑
l=1

tk,l

)
−
ρ

2

K∑
k=1

Lk∑
l=1

‖tk,l − z̄k,l + η̄k,l ‖2

s. t. εk,l ≤ −āk,ltk,l + b̄k,l ∀ (k, l),∑
k∈Ub

Lk∑
l=1

‖mk,l ‖
2 ≤ Pb, b = 1, . . . , B,

(64)

where −āk,l = log(2)2−t̄k, l and b̄k,l = 2−t̄k, l + log(2)t̄k,l2−t̄k, l ∀ (k, l) are the first-order
approximation coefficients. The optimal transmit beamformers can be solved via the
KKT conditions of (64) as

mk,l = K†
b
HH

bk,l
uk,lλk,l ∀ (k, l), (65)

where K†
b
denotes pseudoinverse of Kb and

Kb =

K∑
i=1

Li∑
j=1

λi, jH
H
bk,i

ui, ju
H
i, jHbk,i + Iνbk

. (66)

Here, νbk
is the dual variable corresponding to the total power constraint and λk,l ∀ (k, l)

correspond to the MSE constraints. This formulation closely resembles the weighted
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MMSE formulation in [16], where λk,l ∀ (k, l) are the stream specific priority weights.
The optimal MSE weights can also be solved from the KKT conditions as

λk,l =
µk + ρ(z̄k,l − η̄k,l − tk,l)

ak,l
. (67)

By fixing the receive beamformers and MSE bound linearization coefficients in
Algorithm 6, essentially a convex problem is being solved. Thus, monotonic improvement
can be achieved for the objective, if the algorithm is allowed to fully converge before
updating the receivers and MSE bound approximations.

Alternatively, the algorithm order could be altered such that SCA is first performed
for the centralized problem. Then, ADMM decomposition is used as an inner loop along
with the transmit beamformer design. Finally, the receive beamformers are updates after
the ADMM loop. While this might be analytically more tractable, i.e. the ADMM loop
could be iterated until convergence, having multiple transmit beamformer iterations with
OTA signaling is potentially slow. Thus, in the proposed approach only a single ADMM
iteration is made per receive beamformer update.

Since, {tk,l}k,l and {mk,l}k,l cannot be solved simultaneously in a decentralized
manner, the updates are alternated. It is obvious from (67) that, at any optima,
λk,l > 0 ∀ (k, l) and, thus, the MSE constraints hold tight. Solution for tk,l ∀ (k, l) can
then be solved as

tk,l = − log2(ε̄k,l). (68)

The next step is to solve the problem in the direction of {zk,l}k,l . For fixed
beamformers and t̄k,l ∀ (k, l), the problem becomes

min .
zk, l

ρ

2

K∑
k=1

Lk∑
l=1

‖ t̄k,l − zk,l + η̄k,l ‖2

s. t.

Lk∑
l=1

zk,l ≥ Rk, k = 1, . . . ,K

(69)

with the corresponding Lagrangian

L
(
zk,l

)
=

ρ

2

K∑
k=1

Lk∑
l=1

‖ t̄k,l − zk,l + η̄k,l ‖2 +
K∑
k=1

υk

(
Rk −

Lk∑
l=1

zk,l

)
. (70)

From the optimality condition ∂
∂zk, l

L
(
zk,l

)
= 0 of (70), the primal variables are solved

as
zk,l = t̄k,l + η̄k,l +

υk
ρ

∀ (k, l). (71)
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Applying (71) to (70), the dual function of (69) decouples among the users and is given
for user k = 1, . . . ,K as

g(υk) = υk

(
Rk −

Lk∑
l=1

(
t̄k,l + η̄k,l +

υk
ρ

))
+
ρ

2

Lk∑
l=1

‖ t̄k,l − t̄k,l − η̄k,l −
υk
ρ
+ η̄k,l ‖

2

= ξk

(
Rk −

Lk∑
l=1

(
t̄k,l + η̄k,l +

υk
ρ

))
+

Lkυ
2
k

2ρ
.

(72)
Now, the complementary slackness condition for (72) yields a closed form solution

υk = max

(
0,

ρ

Lk

(
Rk −

Lk∑
l=1

t̄k,l −
Lk∑
l=1

η̄k,l

))
. (73)

Finally, the dual variables for the consensus constraints (from (60)) are

ηk,l = η̄k,l + tk,l − zk,l ∀ (k, l). (74)

Note that (74) does not require an explicit declaration of step size as it is implied by the
scaling of the dual variables in (62).

Algorithm 6 ADMM based decentralized WSRMax with QoS constraints.
1: BS: Initialize feasible mk,l ∀ (k, l) w.r.t. the power constraints.
2: UE: Initialize zk,l = 0 ∀ (k, l), ηk,l = 0 ∀ (k, l) and i = 1.
3: repeat
4: UE: Generate the MMSE receivers uk,l ∀ (k, l) from (14).
5: UE: Compute the MSE ε̄k,l ∀ (k, l) from (3).
6: UE: Solve the t̄k,l ∀ (k, l) from (68).
7: UE: Compute ak,l ∀ (k, l) according to t̄k,l .
8: UE: Set the weights λ̄k,l ∀ (k, l) from (67).
9: BS: Solve the precodersmk,l ∀ (k, l) from (65).
10: UE: Solve z̄k,l ∀ (k, l) from (71).
11: UE: Update η̄k,l ∀ (k, l) from (74).
12: Set i = i + 1.
13: until Desired level of convergence has been reached.

The transmit beamformers (65) can be solved at each BS independently as long as the
weight factors λk,l ∀ (k, l) and effective downlink channels uHk,lHb,k ∀ (k, l) are known at
the corresponding BS b = 1, . . . , B. With TDD, the effective channels can be estimated
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directly from the uplink pilots. However, the global distribution of the per-stream weights
requires additional feedback from the UEs. The weight factors, along with tk,l, zk,l and
ηk,l updates, can be solved at the UEs based on the measured MSE εk,l in each iteration.
The weights can be also solved at the BSs as long as the stream specific rate/MSE is
made available. This effectively provides a decentralized routine for solving each of the
subproblems. For example, the users can report the stream specific rates back to the
serving BSs and the BSs compute the derived variables and exchange the information
over the backhaul. Signaling schemes for the exchange of the weight factors and effective
channels have been thoroughly studied, e.g. in [14], where various signaling options are
given for TDD systems. The complete algorithm is outlined in Algorithm 6.

The computational complexity of Algorithm 6 is dominated by the matrix inversion
in (65) and the MSE computation (3). The rest of the variables are solved by linear
expressions, and, as such, have negligible contribution to the overall complexity. It
should be noted that (65) and (3) are also required by the conventional WMMSE
method [14, 16] and the dual decomposition method proposed in Section 2.4.1. In this
sense, the negligible overhead from the linear operations of the proposed algorithm result
in comparable computational complexity with respect to other WMMSE based methods.

Due to the inherent non-convexity of the original problem, deriving a rigorous
proof of convergence is challenging. The convergence of the algorithm is studied by
numerical examples in Section 2.4.4. Analytical study of the convergence properties has
been omitted. Convergence of the SCA approach has been discussed in Section 1, and
general applications and convergence results of the ADMM for non-convex problem are
discussed in [60, 145]. Particularly, in [145], a proof of convergence has been provided
for non-convex ADMM design with consensus constraints, similar to the one proposed
here.

Alternative interference decomposition

The inter-cell interference terms can also be decoupled between the BSs by dual
decomposition [17] or ADMM [61]. In both cases, the coupling inter-cell interference
levels are managed by imposing consensus constraints for both the inter-cell causing
and perceiving cells. These constraints are then relaxed and driven to hold by steering
the corresponding dual variables to equality. The feasibility of the QoS constraints
can be maintained by balancing the interference causing and perceiving cell inter-cell
interference levels [17]. On the other hand, the decomposition of the rate constraints
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provides a more refined approach, due to a smaller number of coupling variables and the
ability to incorporate the rate demand variables into the stream specific weights.

Numerical results

Simulations are performed in the environment as in the dual decomposition method
from Section 2.4.1.

Figures 10 and 11 demonstrate the ADMM convergence behavior for a single
channel realization in interference limited and near feasible initialization scenarios,
respectively. There are Kb = 2 users per cell. The BSs are equipped with NT = 2

transmit antennas. This makes the environment essentially interference limited and, as
such, it becomes particularly difficult to satisfy the given QoS constraints. In Figure 10,
the QoS constraint is set to Rk = 3bits/Hz/sec, k = 1, . . . ,K. It is easy to see that the
convergence of the proposed ADMM method has considerably less fluctuation in the
achieved rates. In Figure 11, the cell separation is reduced 0dB and rate constraints
are set to Rk = 2.5bits/Hz/sec, k = 1, . . . ,K. This demonstrated a scenario in which
the beamformer initialization is only barely feasible and, as such, satisfying the QoS
constraints is more difficult. It can be seen that the ADMM method still achieves stable
solution and feasible solution, while the dual decomposition method fails to achieve a
feasible solution.

The average rate constraint violation for the ADMM method and dual decomposition
with time-correlated fading is evaluated in Figure 12. The UE velocities are normalized
such that the channel coherence time is tS fD = 0.01, where tS and fD are the backhaul
signaling rate and the maximum Doppler shift, respectively. With tS = 2ms and 2 GHz
carrier frequency, this corresponds to a user velocity of 2.7 km/h. the channels are
assumed to remain constant during the transmission of each frame. The performance is
shown between beamformer iterations 40 and 100. It is evident that the violation of the
rate constraint is significantly and consistently greater with the dual decomposition
method. This coincides with the convergence properties shown in Figure 10.

An example of a single channel initialization instance for the ADMM and dual
decomposition is given, for the time-correlated channel, in Fig 13. Although, the ADMM
method does offer more stable rate progression, it is still possible that the rate constraints
are significantly violated for a few iterations, when the channel changes dramatically.

Due to the differing initialization requirements and the possibility of converging
to a different point, the numerical examples of the primal and dual decomposition
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methods are difficult to compare. The purpose of the numerical results is to highlight the
convergence properties of each method. The provided examples indicate improved
convergence properties for ADMM with respect to the dual decomposition method.
However, the QoS levels cannot be guaranteed, particularly during the first few iterations.
The ADMM method has the most favorable convergence properties at the cost of
increased implementation complexity.
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Fig. 10. Convergence of the ADMM and dual decomposition methods with B = 2, Kb = 2, NT = 2,
NR = 2, Rk = 3bits/Hz/sec, β = 2, ρ = 1.5, cell separation is 3dB and SNR = 15dB ([128] © 2015 IEEE).
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2.5 Non-scaled WMMSE for IBC

In this section, WSRMax is considered without QoS constraints. The proposed approach
provides an algorithm similar to the WMMSE design with comparable computational
complexity and signaling structure for decentralized processing. Due to the similar
structure, the algorithm is named Non-scaled WMMSE (NS-WMMSE), as it lacks the
transmit covariance matrix scaling that is present in the conventional WMMSE method.
NS-WMMSE is shown, by numerical evaluation, to significantly improve convergence
properties with respect to the WMMSE.

Similar to (17), the log det functions in the objective are linearly approximated in
terms of Qk and Jk for all k = 1, . . . ,K .

max .
Mk

K∑
k=1

µk
(
Tr

(
Q̄−1k Qk

)
− Tr

(
J̄−1k Jk

) )
s. t.

K∑
k∈Ub

Tr
(
MkM

H
k

)
≤ Pb, b = 1, . . . , B,

(75)

By regrouping the objective terms and reformulating the objective as a minimization
problem, (75) can be restated as

min .
Mk

K∑
k=1

µk Tr
( (
J̄−1k − Q̄

−1
k

)
Jk

)
+

∑
k∈Ub

µk

(
Tr

(
Q̄−1k Hbk,kMkM

H
kH

H
bk,k

))
s. t.

∑
k∈Ub

Tr
(
MkM

H
k

)
≤ Pb, b = 1, . . . , B.

(76)

This problem is still non-convex due to the latter part of the objective. The notation is
further simplified by applying the matrix inversion lemma to J−1

k
−Q−1

k
as

J−1k −Q
−1
k =

(
Qk −H

H
bk,k

MH
kMkHbk,k

)−1
−Q−1k =

Q−1k HkMbk,k

(
I +MH

kH
H
bk,k

J−1k Hbk,kMk

)−1
MH

kH
H
bk,k

Q−1k

= UkWkU
H
k ,

(77)

where Uk turns out to be the MMSE receiver expression (9) and Wk is the MSE weight
matrix expression (18). Furthermore, it can be directly observed from (77) that J−1

k
−Q−1

k

is positive semidefinite (PSD).
Even though (76) is a non-convex function of {Mk}

K
k=1

, it provides important insight
into theWSRMax problem solution structure. By plugging (77) into (76) and rearranging
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the terms, the first-order optimality conditions of (76) can be written as

FkMk = ∅, (78)

where

Fk =

K∑
i=1,i,k

HH
b,iŪiW̄iŪ

H
i Hb,i −H

H
b,kQ̄

−1
k Hb,k + Iνb . (79)

Equation (78) characterizes the following important properties for the WSRMax
beamformer solution

1. Either allMk, k ∈ Ub for some BS b are zero or the BS uses all transmit power, i.e.,
νb > 0.

Consider the case with νb = 0 (power constraint is inactive) and N (Fk) , ∅ for
any k ∈ Ub . Then, the remaining power can be allocated towards N (Fk) and, thus, it
is sensible to allocate all power when N (Fk) , ∅.

2. If
∑K

i=1,i,k H
H
b,i
ŪiW̄iŪ

H
i Hb,i � HH

b,k
Q̄−1

k
Hb,k, then Mk = 0.

By the first property, νb > 0. Thus, equality would result in full rank (79). This
relation essentially means that if any active beamformer for UE k causes more
interference than performance gain, the corresponding UE should be left inactive.

3. It follows from 1. and 2. that a non-trivial solution (Mk = 0) exists if and only if

N
(

K∑
i=1,i,k

HH
b,iUiWiU

H
i Hb,i −H

H
b,kQ̄

−1
k Hb,k + Iνb

)
, ∅. (80)

Note that HH
b,i
UiWiU

H
i Hb,i and HH

b,k
Q̄−1

k
Hb,k are both PSD, i.e., their eigenvalues are

all non-negative. Thus, (80) holds only if
K∑

i=1,i,k

HH
b,iUiWiU

H
i Hb,i −H

H
b,kQ̄

−1
k Hb,k (81)

has at least one non-positive eigenvalue and νb is chosen to match this value. In that
case, νb nulls the corresponding eigenmode andMk can be constructed such that its
column vectors align with the nullspace. In case there are multiple streams active
(rank(Mk) > 1), the number of equal eigenvalues matches rank(Mk). It should be
noted that, when solving (78) directly, it is necessary to derive suitable nullspaces for
all (79), and then to choose the beamformer direction towards the null spaces. After that,
power loading needs to be made based on the chosen beamformers. In that regard, (78)
does not provide a clear criterion. In the sequel, two solutions are proposed. First, a
specific solution for MISO IC is given based on (78). Second, a general IBC solution is
provided by using a second linear approximation step.
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MISO IC solution

The first proposed transmit beamformer design is based on solving (78) directly with
the MISO IC system model, that is, NR = 1 and Kb = 1. Now, since there is only one
UE per BS, (78) needs to hold only for that one user. Furthermore, as there is only a
single receive antenna, only one stream is allocated per UE. To this end, the smallest
eigenvalue of (79) is chosen because this direction can be perceived to cause the least
interference towards other cell UEs. The selected transmit beamformer is always loaded
with all the available transmit power. The algorithm for this IC scenario is given in
Algorithm 7. Studying more general IBC MIMO beamformer designs based on the
conditions for (78) is left for future work.

Algorithm 7 Decentralized WSRMax for MISO IC.

1: Initialize arbitrary {Mk}
K
k=1 such that the power constraint holds.

2: Set i = 1

3: repeat
4: Update the MMSE receivers Uk from (9) and MSE weights Wk from (19).
5: Choose the least interfering beamformer direction from (78).
6: Set i = i + 1.
7: until Desired level of convergence has been reached.

NS-WMMSE

The second design is based on the 2nd level of convex approximation. To this end, it can
be noted that the only remaining non-convex (concave) term in the objective of (76) is
−Tr

(
Q̄−1

k
Hbk,kMkM

H
k
HH

bk,k

)
. Second linear approximation is performed to transform

these terms into a linear form as

L
(
Q̄−1k Hbk,kMkM

H
kH

H
bk,k

)
= Tr

(
Q̄−1k Hbk,kM̄kM̄

H
kH

H
bk,k

)
+

Tr
(
Q̄−1k Hbk,k

(
Mk − M̄k

)
M̄H

kH
H
bk,k

)
+ Tr

(
Q̄−1k Hbk,kM̄k

(
Mk − M̄k

)H
HH

bk,k

)
=

Tr
(
Q̄−1k Hbk,kMkM̄

H
kH

H
bk,k

)
+ Tr

(
Q̄−1k Hbk,kM̄kM

H
kH

H
bk,k

)
−

Tr
(
Q̄−1k Hbk,kM̄kM̄

H
kH

H
bk,k

)
= Tr

(
ŪH

kHbk,kMk

)
+ Tr

(
MH

kH
H
bk,k

Ūk

)
−

Tr
(
Q̄−1k Hbk,kM̄kM̄

H
kH

H
bk,k

)
,

(82)
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where L() denotes a linear approximation function. Finally, using (82), we can formulate
the convex subproblems as

min .
Mk

K∑
k=1

(
Tr

(
W̄kJk

)
− Tr

(
ŪH

kHbk,kMk

)
− Tr

(
MH

kH
H
bk,k

Ūk

))
s. t.

∑
k∈Ub

Tr
(
MkM

H
k

)
≤ Pb, b = 1, . . . , B.

(83)

Note that the constant terms have been neglected from the objective, as they have no
impact on the optimal solution.

Now, by taking the first-order optimality conditions of (83), the transmit beamformer
can be solved in a closed form as

Mk = K−1b HH
k Ūk, k = 1, . . . ,K , (84)

where the transmit covariance is given as

Kb =

K∑
i,k

HH
b,iŪiW̄iŪ

H
i Hb,i + νbI (85)

and νb denotes the Lagrange multiplier for the sum power constraint. Similarly to the
WMMSE method (20), the optimal value for νb is found by bisection search.

This solution is very similar to (20), but with some key differences. Note that (85)
does not contain the covariance of the weighted intended signal HH

b,k
UkWkU

H
k
Hb,k for

the corresponding UE k. Furthermore, the matched filter (MF) part of the solution
does not contain the corresponding weight HH

k
Uk . This is why the method is called

non-scaled WMMSE. These differences provide the improved convergence properties.
The intuition is that the algorithm does not rely as heavily on linearization coefficients
fixed in the previous iteration as the WMMSE solution. The algorithm is summarized by
Algorithm 8.

Algorithm 8 Decentralized WSRMax for IBC.

1: Initialize arbitrary {Mk}
K
k=1 such that the power constraint holds.

2: repeat
3: UE: Update the MMSE receivers Uk from (9) and MSE weights Wk from (19).
4: BS: Solve the transmit beamformers Mk from (84).
5: until Desired level of convergence has been reached.
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Fig. 14. Average rate of convergence with SNR = 30dB, B = 3, NT = {1, 2, 4}, NR = 1 and Kb = 1.

Numerical results

The numerical performance evaluation is carried out with Rayleigh fading channels.
The SNR at each user terminal k = 1, . . . ,K is defined as P/σ2

k
. The numerical results

are compared to the WMMSE method as proposed in [16, 30]. The log det reference
uses the approximation method from [146], where an SDP relaxation and partial linear
approximation of the log det objective is used for the beamformer matrices and only
a single level linear approximation is required. Note that this method has higher
per-iteration computational complexity, as each subproblem is an SDP.

In Figure 14, the focus is on the IC, the performance of the 1-level approximation
method and the NS-WMMSE are shown with a single (Kb = 1) UE per BS and B = 4

BSs in total. The SNR is fixed to 30dB. Only the WMMSE method is used as a reference,
since the SDP relaxation method requires full rank transmit beamformer matrices,
which is not the case in the MISO scenario. It can be seen that the MISO scenario
is, particularly, difficult for the WMMSE algorithm as it fails to convergence in 100

iterations. Increasing the number of antennas to 4 makes the NS-WMMSE perform
almost equivalently to the 1-level approximation scheme. This is due to the system no
longer being interference limited.
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Fig. 15. Average rate of convergence for the WSRMax with SNR = 30dB, B = 2, NT = 4, NR = 4 and
Kb = 8 ([131] © 2017 IEEE).

In Figure 15, the average rate of convergence is demonstrated for two-cell networks with
Kb = 8 users per cell. The antenna configuration is given as 4x4 MIMO. Thus there
are more users in each cell than there are available DoF and implicit user selection is
performed by the algorithms. Due to the implicit user selection the log det method
achieves high initial convergence rate, but slows down as the user selection settles. After
approximately 7 iteration, the proposed design outperforms the reference algorithms.

The impact of the 2x4 MIMO setup is shown in Figure 16. Due to the SDP relaxation,
the log det shows a slow rate of convergence for the first 20 iterations. The proposed
method provides a significantly improved rate of convergence. After changing back
to 4x4 MIMO the performance gap is no longer as dramatic, as is shown Figure 17.
However, the proposed design provides the fastest convergence rate.

In Figure 18, the rate of convergence is demonstrated for the large 8x8 antenna array.
In this case, the log det has been neglected due to intractable computational complexity
caused by the SDP complexity subproblems. The performance difference between the
proposed and WMMSE designs is somewhat smaller but still favorable for the proposed
method.
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Fig. 16. Average rate of convergence for the WSRMax with SNR = 30dB, B = 4, NT = 2, NR = 4 and
Kb = 4 ([131] © 2017 IEEE).
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2.6 WSRMax based on SDP approximation for MAC

A MAC is considered with K user terminals, each equipped with NT transmit antennas.
Similarly, the receiving BS is equipped with NR receive antennas. The maximum number
of spatial data streams for each user is denoted by Nmin = min (NT, NR). The channel
matrix between the BS and user k = 1, . . . ,K is denoted by Hk ∈ C

NR×NT . The received
signal at the BS is then given as

y =
K∑
k=1

HkMkdk + n, (86)

where n ∼ CN (0,X) denotes the receiver noise, Mk ∈ C
NT×Nmin is the transmit

beamformer and the transmitted data symbols are normalized such that E
[
dkd

H
k

]
=

I, k = 1, . . . ,K . The error covariance matrix, for user k = 1, . . . ,K , d̂k = UH
k
y is defined

as
Ek = E

[(
d̂k − dk

) (
d̂k − dk

)H]
= I −UH

kHkMk−

MH
kH

H
kUk +

K∑
j=1

UH
kHjMjM

H
j H

H
j Uk +U

H
kXUk ,

(87)

where Uk ∈ C
NR×Nmin is the receive beamformer for user k = 1, . . . ,K . The MSE of the

estimated symbols consist of the diagonal elements of (87).

2.6.1 Problem formulation

The WSRMax problem for the MAC subject to general convex power constraints can be
formulated as

max .
Mk

K∑
k=1

µk log det
(
I +MH

kH
H
k J
−1
k HkMk

)
s. t. {Mk}

K
k=1 ∈ P ,

(88)

where

Jk =
K∑

i=1,i,k

HiMiM
H
i H

H
i +X. (89)

The priority weights for user k = 1, . . . ,K are denoted by µk . Set P defines any
compact convex constraint in terms of the transmit beamformers {M}K

k=1
, for example

antenna-specific power constraints or system-wide sum power constraint. Problem (88)
can be reformulated as a convex problem and, as such, can be solved efficiently [27].
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However, the convex formulation requires the use of non-linear SIC receivers, which is
intended to be avoided in the proposed solution.

2.6.2 Beamformer design

To begin with, the receive beamformers are forced to be linear and (88) is reformulated
as an MSE minimization problem. Then, an SCA algorithm is provided for the MSE
minimizing transmit beamformer design.

The optimal rate maximizing linear MMSE receive beamformers are given as [5,
Chapter 10] [16]

Uk = Q−1HkMk, k = 1, . . . ,K , (90)

where

Q =
K∑
i=1

HiMiM
H
i H

H
i +X. (91)

When (90) are applied to (87), there exists the following well-known relation4 [147]

E−1k = I +MH
kH

H
k J
−1
k HkMk = (I −M

H
kH

H
kQ
−1HkMk)

−1. (92)

Applying (92) to (88), the WSRMax problem can be formulated via the corresponding
MSE minimization problem with the linear MMSE receivers from (90) as5

min .
Mk

K∑
k=1

µk log det (Ek)

s. t. {Mk}
K
k=1 ∈ P .

(93)

Transmit beamformer design

Since the objective in (93) is non-convex, the first-order approximation of the objective
function is used in terms of {Ek}

K
k=1

. The objective is separable for eachEk, k = 1, . . . ,K .
Thus, at a point of approximation Ēk , the individual approximation terms are6

µk log det
(
Ēk

)
+ µk Tr

(
Ē−1k (Ek − Ēk)

)
. (94)

4For single antenna case 1
MSE = SINR + 1

5log det(E−1
k
) = − log det(Ek ).

6∇Ek log det (Ek ) = E−1
k
.
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Using the approximated objective (94) and neglecting the constant terms that do not
contribute to the optimization problem, the approximated problem is given as

min .
Mk

K∑
k=1

Tr
(
Wk −WkM

H
kH

H
kQ
−1HkMk

)
s. t. {Mk}

K
k=1 ∈ P ,

(95)

where
Wk = µkĒ

−1
k , k = 1, . . . ,K . (96)

To simplify the notation, the iteration indices are included only when not obvious
from the context. Unlike in [16, 30, 51], here the receive beamformers Uk are not
optimization variables. In order to further simplify the formulation, the following
composite matrices are used W = blkdiag

(
{Wk}

K
k=1

)
, M = blkdiag

(
{Mk}

K
k=1

)
and H = [· · ·Hk · · · ] . With this notation, the quadratic terms can be combined as∑K

k=1 HkMkWkM
H
k
HH

k
= HMWMHHH.

Now, the objective of (95) can be rewritten as

K∑
k=1

Tr (WkEk) =

Tr

[
W −WMHHH

(
HMMHHH +X

)−1
HM

]
=

Tr

[
W

(
I −MHHH

(
HMMHHH +X

)−1
HM

)]
=

Tr

[
W

(
MHHHX−1HM + I

)−1]
,

(97)

where the last equality follows from the matrix inversion lemma. Considering (97), the
weighted sum-MSE minimization problem (95) can be given in the form

min .
M

Tr

[
W

(
MHHHX−1HM + I

)−1]
s. t. M ∈ BNT×Nmin, M ∈ P ,

(98)

where the linear constraint set BNT×Nmin denotes block diagonal structure with NT × Nmin

block sizes. Note that, if W = I, the objective of (98) can be written equivalently as

min .
M

Tr
[ (
X−1HMMHHH + I

)−1] , (99)

which can be relaxed into a convex problem by conventional semidefinite relaxation
M̃ =MMH and the optimal solution can be obtained when NR ≤ KNT [45].
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Applying the Schur complement [48, Appendix A], (98) is given as

min .
M,X,S

Tr (WX)

s. t.

[
X I

I F + I

]
� 0,

MHTM � F,

M ∈ BNT×Nmin,M ∈ P, S � 0,X � 0,

(100)

where T = HHX−1H. Problem (100) is still non-convex due to the quadratic constraint
MHTM � F. Assuming that T � 0, a linear approximation for MHTM at point M̄ (see
Proposition 5 for more details) is given as

f
(
M, M̄

)
= M̄HTM̄ + M̄HT

(
M − M̄

)
+

(
M − M̄

)H
TM̄. (101)

Note that at the point of approximation M̄, the original function and the approximation
have the same value.

Finally, using the linear approximation in (101), convex SDP subproblems can be
given as

min .
M,X,F

Tr (WX)

s. t.

[
X I

I F + I

]
� 0,

f
(
M, M̄

)
� F,

M ∈ BNT×Nmin,M ∈ P,F � 0,X � 0.

(102)

The approximation steps (94) and (101) produce a feasible solution to the original
problem and can be performed simultaneously in a single iteration loop. Consequently,
solving (102) iteratively, with the intermediate approximation updates, monotonic
convergence is achieved for the objective of the original rate maximization problem (88).
See Appendix 2 for more details on the feasibility and convergence. The complete
algorithm is summarized in Algorithm 9.

Algorithm 9 Weighted sum rate maximization.

1: W = I and arbitrary M̄ ∈ P .
2: repeat
3: Solve M from (102) and W from (96).
4: until Desired level of convergence has been reached.
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2.6.3 Numerical results

The performance of the proposed method is evaluated against the WMMSE approach
proposed in [14, 16, 30, 148]. One iteration of the algorithm consists of one objective
linearization. For the WMMSE, multiple transceiver updates are allowed. For the
proposed design, one iteration consists of an iteration of Algorithm 9. Each user is given
antenna specific power constraints Diag

(
MH

k
Mk

)
� Diag

(
{Pl}

NT
l=1

)
, k = 1, . . . ,K,

where all Pl are equal. The SNR is defined as
∑NT

l=1
Pl/(NTσ

2). In Figure 19, the rate of
convergence is illustrated. It is evident that the proposed method provides an improved
rate of convergence when compared to the WMMSE method, at the cost of somewhat
higher computational complexity. The proposed design has SDP subproblems, while
WMMSE with per antenna power constraints involves SOCP subproblems [14, Appendix
B]. However, the larger number of iterations required for the WMMSE significantly
increases the overall complexity. Note that for the sum power constraint, the WMMSE
method has a structural benefit that results in a low complexity solution [30].
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Fig. 19. Average rate of convergence for NT = 3, NR = 9, K = 3.

Average convergence for overloaded stream initialization is shown in Fig 20. In this
case, there are NTK = 16 initialized beamformers, whereas there are only 8 DoFs. The
WMMSE has only one transceiver iteration per update. The algorithm will converge to a
solution with 8 active streams, which effectively means that beam selection is being
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performed. The rate of convergence for the initial iterations can be seen to be slower
than with the WMMSE method. This is due to the overloaded stream initialization. The
excess streams are dropped by the algorithms. This is more efficient with the WMMSE
algorithm. However, once the excess streams are zeroed, the overall rate of convergence
is also improved with the overloaded stream initialization.
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Fig. 20. Average rate of convergence for the WSRMax with overloaded stream initialization.

2.7 Scheduling and UE admission

The active spatial data stream scheduling is based on overloaded beamformer initialization,
in which the transmit beamformers are initialized for all available streams. Thus, the
beamformer initialization may exceed the locally available DoF. In a stationary solution,
these excess streams are not active and, as such, the proposed algorithms converge to a
solution where the excess streams are dropped. The powers of the excess beamformers
are gradually reduced as the algorithm progresses, which results in an effective set of
active streams. In this section, to enforce the stream selection, heuristic weighting of the
streams is proposed, which makes the strong streams more easily distinguishable from
the weaker ones.
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As the number of available data streams increases, the stream specific weights λk,l ∀ (k, l)
become clustered, the achieved solution will employ a high number of active streams
and the rate of convergence will be saturated. The weight clustering is demonstrated in
Figure 21, in which the convergence behavior of the weight factor histograms is shown
for the WMMSE method. These issues are further discussed in Section 2.7.1, in which
numerical examples are given to illustrate the convergence behaviour.

To overcome the convergence issues, a non-negative and monotonic weighting
function v is considered, which is used to make the distribution of the weight factors
more sparse. That is, the relative difference between the weights is increased, so that it is
easier for the algorithm to select the strong stream. The idea is to make the weaker
streams more distinguishable from the stronger ones. To this end, function v is chosen
with increasing curvature, that is with increasing second-order derivatives. Particular
sets of functions, which are shown to perform well, are shown in Section 2.7.1. These
include exponential functions of form v(t) = t−α for some α ≥ 1.

Increasing the difference between the weight factors should be confined to the
early phase of the algorithm. At the later phase, aggressive weighting can result in
excessive stream suppression. To this end, iteration-aware weighting functions, such as
v(t) = t−(1+

α
i ) provide more control over the weight factor enforcements at different

phases (iterations) of the algorithm. It should be noted that by setting v(t) = t−1, the
algorithm reduces to the original method.

The general outline of the beamformer design algorithm is given in Algorithm 10.
In Algorithm 10, the only difference from conventional WMMSE (see Section 2.3)
is the adaptive weighting step, where the weights λk,l are computed as λk,l = v(εk,l)

instead of just taking the inverse of the corresponding MSE (λk,l = 1
εk, l

). Thus, the same
decentralized processing and signaling schemes are also possible.

Some insight into the convergence properties can be seen in Figure. 21, in which the
progression of the distribution of the normalized weight factors

λk,l

max({λk,l}k=1,...,K,l=1,...,Lk
)
∀ (k, l) (103)

is given for the WMMSE method and weighting function v(t) = t−1.5. By applying the
weighting function, the weight factors are more sparsely distributed. This makes the
gains between different spatial data streams more distinguishable, which immediately
leads to stronger separation between the strong and weak streams.
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Algorithm 10 WMMSE with adaptive weighting.
1: Initialize precoders mk,l ∀ (k, l). Set i = 1.
2: repeat
3: Generate receivers uk,l ∀ (k, l) from (14).
4: repeat
5: Compute MSE εk,l for all (k, l).
6: Generate adjusted weights λk,l = v(εk,l) for all (k, l).
7: Solve the precoders mk,l ∀ (k, l).
8: i = i + 1.
9: until Desired level of convergence has been reached.
10: until Desired level of convergence has been reached.

2.7.1 Numerical results

Performance of the proposed algorithm is compared to the WMMSE. Simulations are
performed in three-cell environments with Kb = 15 users per BS. Each BS is equipped
with NT = 4 uncorrelated transmit antennas, while the number of UE antennas NR = 2

in order to allow some additional DoF for each user. The power constraints are chosen as
the sum transmit power constraints

∑
k∈Ub

∑Lk

l=1
‖mk,l ‖

2 ≤ Pb for each BS b, where
Pb is the per cell sum transmit power budget. Priority weights are set to µk = 1 ∀ k.
Channel realizations are uncorrelated and Rayleigh fading. Separation of the cells is
modeled as the level of attenuation of the interference towards the non-associated users.

The proposed method is compared with two types of non-linear weighting functions,
namely x−1.5 and x−(1+2/i), where i is the iteration index. The hard cutoff method
improves the rate of convergence of WMMSE by dropping the weakest streams after a
certain number of iterations. The number of active streams would be determined by the
available DoF in a single cell. Here, the third iteration is used for the hard cutoff with
four DoF per cell.

The average achievable sum rate on iterations 5 and 10 is illustrated in Figure 22.
On the low SNR regime, the performance differences are minor as the performance
is dominated by the noise. This makes the scheduling problem easier, as the spatial
compatibility of the streams has only a minor impact on the performance. However,
as the SNR is increased, the performance gap between the WMMSE method and the
heuristic weighting becomes significant. It can also be observed that the hard cutoff
method does not perform well on high SNR.
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Fig. 21. Average distribution of normalized weights λk, l in iterations 1, 2, 3, 4, 5, 10 for WMMSE (left)
and exponential scaling (right) with SNR = 15dB, 1dB cell separation, NT = 4, NR = 2 and Kb = 10

([123] © 2013 IEEE).

The rate of convergence in terms of the achieved sum rate is shown in Figure 23. The
stronger weighting function can be seen to improve the rate of convergence. This in turn
can be seen to follow from the same reasoning as with the hard cutoff method behavior.
As the number of active streams decreases, the problem becomes less complex and
converges faster. However, it should be noted that the exponential weighting function
x−1.5 does not perform well on the later iterations. This is due to the fact that the
exponential function tends to strongly suppress the streams even after the available DoF
has been satisfied.

Figure 24 illustrates the behavior of the weighting functions in terms of the number
of active spatial data streams. It is evident that a stronger weighting factor leads to
faster suppression of the weak data streams. As expected, this results in a faster rate
of convergence. This can be seen from the hard cutoff method, in which the rate of
convergence improves significantly after the cutoff iteration. In an environment where
the inter-cell interference dominates the system performance, the spatial compatibility of

94



the streams is increasingly important. As the excess streams are aggressively suppressed,
the point of focus is steered towards solutions with fewer dominating streams.
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Fig. 22. Achievable sum rate at iterations 5 and 10 with 1dB cell separation, NT = 4, NR = 2 and
Kb = 15 ([123] © 2013 IEEE).
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2.8 Summary and discussion

Novel decentralized downlink WSRMax algorithms with and without UE specific rate
constraints for multi-cell multi-user MIMO systems were proposed in Section 2.4. The
focus was on tractable solutions in moderately fast changing channel conditions, which
require fast convergence over a small number of OTA iterations. The original non-convex
and NP-hard problem was solved up to a locally stationary point by iterating between
the receive and transmit beamformer updates. Furthermore, the non-convex transmit
beamformer update was solved by SCA. Two decentralized methods were proposed. The
primal decomposition based algorithm provided stronger protection of the QoS rates. By
contrast, the dual decomposition method provided relaxed initialization and signaling
requirements. The ADMM further improved the convergence properties of the dual
decomposition design. However, the implementation complexity of the ADMM method
was somewhat increased. Convergence analysis was provided for the centralized and
monotonic designs based on the analysis provided in Appendix 1. The convergence of
the objective of the decentralized schemes was shown for a sufficiently large number of
inner iterations in each scheme. Due to the SCA process, the proposed methods could
only be guaranteed to achieve a KKT optimal point.

Section 2.4 providedmultiple decentralized algorithms for QoS constrainedWSRMax.
The primal decomposition method from Section 2.4.3 was the only one that could
guarantee QoS feasibility in each iteration. However, the computation complexity of the
primal decomposition was higher than the dual decomposition based method. The
ADMMmethod in Section 2.4.4 provided an improved rate of convergence over the
conventional dual decomposition with only minor increase in computation complexity.
The ADMM design is suitable for systems with sufficient signaling iterations, so that the
QoS constraints can be guaranteed to hold. Finally, the dual decomposition scheme in
Section 2.4.1 is intended for limited resource systems that cannot handle the complexity
of the ADMM method. The signaling requirements for the decentralized algorithms are
summarized in Table 1.

Table 1. Summary of the signaling requirements for the decentralized QoS constrained algorithms.

Scheme Signaling direction What is signaled
Dual decomposition UEs-to-BS or BS-to-BS Per-stream weights λk, l ∀ (k, l)
Primal decomposition BS-to-BS Per-stream weights λb,k, l ∀ (b, k, l)
ADMM UEs-to-BS or BS-to-BS Per-stream weights λk, l ∀ (k, l)
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In Section 2.5, iteratively decentralized MIMO beamformer design for IBC was proposed.
This approach was shown to provide a non-scaled version of the conventional WMMSE
design. The computational complexity and signaling overhead were shown to be
comparable to those of the decentralized WMMSE method. This non-scaled version of
the WMMSE was shown to provide an improved rate of convergence with respect to the
WMMSE method. It was also shown to outperform the centralized high complexity
SDP relaxation method. In general, this method can be seen as an improvement over
the WMMSE method and could also be potentially applied to the QoS constrained
formulation in Section 2.2.2.

A novel linear beamformer design that exploits a particular structure of MIMO MAC
was also provided. The non-convex WSRMax problem was approached via an equivalent
MSE minimization problem with the optimal receive beamformer incorporated. This
formulation was shown to greatly improve the convergence properties as the receive
beamformers are not required to be explicitly solved. However, the per-iteration
computational complexity, for sum transmit power constraint, is increased with respect
to the bisection based WMMSE approaches.

The fast converging beamformer design algorithms have many potential applications,
the most relevant being the time-correlated systems, in which the channel tracking is
vital to the overall performance. The proposed multi-cell schemes provided TDD based
signaling, which is particularly convenient for fast CSI acquisition [14]. In Chapter 3,
the pilot based beamformer training and signaling are examined more carefully. There
the underlying beamforming method is based on the WMMSE. The proposed fast
converging method could potentially improve the results, as it requires fewer iterations
to achieve significant improvement in rate. Furthermore, since, from the signaling
perspective, the proposed IBC designs can directly replace the WMMSE method in any
scenario, the potential application areas are vast. The system model in Section 2.1 did
not take into account possible noise and imperfections caused by the pilot estimation.
Furthermore, it was assumed that the CSI and effective channel estimation could be
performed perfectly. These issues are studied in Chapter 3 with CoMP JP beamformer
design. Nevertheless, the same pilot estimation methods could be straightforwardly
added to this chapter as well.

Analysis of the quadratic solution (78) revealed important properties of the asymptotic
WSRMax solution. These properties could be exploited, similarly to theweight adjustment
scheme in 2.7, in order to design heuristic algorithms with improved convergence
properties. Solving the quadratic problem directly, i.e. deriving an algorithm that
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solves (78) directly, could provide a greatly improved solution to the WSRMax problem.
This topic will be considered in more detail in future work.

In Chapter 2 multiple algorithms were provided. All of these algorithms were
focused on improving the rate of convergence. However, there is no clear framework that
would combine all these schemes. Furthermore, there exist various other schemes in the
literature that are focused on improving the rate of convergence from similar point of
view [31]. Finding a combined framework is left for future work.

Instead of strictly upper bounding the rate function, the centralized algorithm could
be extended to implement the majorize-minimize method [149, 150]. In this approach,
the objective is replaced altogether by an appropriate surrogate function with suitable
properties. The surrogate objective explicitly bounds the original objective with less
strict requirements than the conventional SCA approach [149, 150]. This can potentially
reduce the computational complexity and reveal beneficial properties for decentralized
processing.

In Chapter 4, the wireless backhaul rate bound for DF relays is managed by employing
a BR algorithm similar to the one used in Chapter 3. The BR method could also be
applied to this chapter. Instead of employing decomposition methods, all BSs simply
assume that the inter-cell interference remains fixed while the beamformers are updated
in parallel. This approach has the benefit of potentially resulting in less complex
algorithm design. However, it is sensitive to step size selection and cannot guarantee that
the constraints will necessarily hold during the update process [52].
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3 Decentralized JP with pilot-aided beamformer
estimation

The CoMP JP serves as an extension of the IBC schemes proposed in Chapter 2.
Similarly to the aforementioned IBC schemes, the proposed CoMP JP methods consider
the WSRMax problem with particular emphasis on decentralized processing. The BSs
are connected via a limited capacity backhaul. The backhaul supports the centralized
data sharing and control signaling between the BSs, but the delay constraints of the
changing channel conditions prevent centralized CSI sharing and beamformer training
within the channel coherence window. Thus, in order to utilize JP, the BSs need to
perform partially independent beamformer design within the JP clusters. However, we
assume that the transmitted data can be shared among the serving BSs.

This chapter also introduces pilot estimation into the beamformer design and provides
two pilot estimation techniques that can be directly incorporated into the beamformer
design problems. The CoMP JP system model is defined in Section 3.1. The WSRMax
problem and centralized solution are given in Sections 3.2 and 3.3, respectively. The
variety of decentralized beamformer designs based on two different pilot estimation
methods are studied in Sections 3.4 and 3.5. The SSE based beamformer designs and
numerical performance evaluation are studied in Section 3.4 and DE based methods and
the corresponding numerical examples are presented in Section 3.5. Further discussion
on the user admission and advanced signaling schemes are carried out in Section 3.6.

3.1 System model

The system model is similar to the IBC model proposed in Chapter 2. A multi-cell
system is considered with B BSs each equipped with NT transmit antennas. There
are, in total, K UEs each equipped with NR receive antennas. Each UE k = 1, . . . ,K

is coherently served by |Bk | BSs, where set Bk defines the joint processing cluster
(coherent serving BS indices) for UE k. Similarly, the set of UE indices served by BS
b = 1, . . . , B is denoted by Cb = {k |b ∈ Bk, k = 1, . . . ,K}. The set of all UE indices is
given by K = {1, . . . ,K}. The maximum number of spatial data streams allocated to UE
k = 1, . . . ,K is denoted by Lk ≤ min (|Bk |NT, NR). The considered system model is
illustrated in Figure 25.
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clusters ([119] © 2018 IEEE).

Without loss of generality, the downlink transmission within the JP set is considered to be
symbol synchronous in the sense that each transmitted symbol from Bk, k = 1, . . . ,K is
coherently combined at all UEs. Only the local CSI knowledge is assumed, that is, each
BS b = 1, . . . , B is only aware of the channel matrix Hb,k ∈ C

NR×NT ∀ k = 1, . . . ,K,
while the data sharing is assumed within each serving set of BSs Bk . Furthermore, TDD
is assumed, which is used to exchange the effective UL/DL channel state information.

The received signal at UE k = 1, . . . ,K is given as

yk =
K∑
i=1

∑
b∈Bi

Li∑
j=1

Hb,kmb,i, jdi, j + nk , (104)

where mb,i, j ∈ C
NT is the beamformer vector for the j th spatial data stream of UE i

from BS b and nk ∼ CN (0, σ2
k
I) denotes the receiver noise. The complex data symbols

dk,l, k = 1, . . . ,K, l = 1, . . . , Lk are assumed to be i.i.d. with E{|dk,l |2} = 1.
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The estimated symbol at UE k = 1, . . . ,K over stream l, after the applying receive
beamformer uk,l ∈ CNR , is given as d̂k,l = uH

k,l
yk . The resulting SINR is

γk,l =

|
∑
b∈Bk

uHk,lHb,kmb,k,l |
2

K∑
i=1

Li∑
j=1,

(i, j),(k,l)

|
∑
b∈Bi

uHk,lHb,kmb,i, j |
2 + ‖uk,l ‖

2σ2
k

, (105)

and the corresponding MSE is

εk,l = |
∑
b∈Bk

uHk,lHb,kmb,k,l − 1|2 +
K∑
i=1

Li∑
j=1,

(i, j),(k,l)

|
∑
b∈Bi

uHk,lHb,kmb,i, j |
2 + ‖uk,l ‖

2σ2
k .

(106)
Note that (106) is a convex function in terms of the transmit and receive beamformers
but not jointly convex for both.

3.2 Problem formulation

WSRMax is considered to be subject to BS specific sum transmit power constraints. The
general problem can be given as

max .
uk, l,mb,k, l

K∑
k=1

Lk∑
l=1

µk log2

(
1 + γk,l

)
s. t.

K∑
k∈Cb

Lk∑
l=1

‖mb,k,l ‖
2 ≤ Pb, b = 1, . . . , B,

(107)

where µk, k = 1, . . . ,K are the user priority weights. Like the CB WSRMax problem,
this problem is non-convex and NP-hard [32]. The optimal, i.e., rate maximizing, receive
beamformers for (107) are the MMSE receive beamformers

uk,l = Q−1k

( ∑
b∈Bk

Hb,kmb,k,l

)
, (108)

where

Qk =

K∑
i=1

Li∑
j=1

∑
b∈Bi

Hb,kmb,i, jm
H
b,i, jH

H
b,k + Iσ

2
k . (109)
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By applying (15) to (107) the WSRMax problem can be given as 7

min .
uk, l,mb,k, l

K∑
k=1

Lk∑
l=1

µk log2

(
εk,l

)
s. t.

K∑
k∈Cb

Lk∑
l=1

‖mb,k,l ‖
2 ≤ Pb, b = 1, . . . , B.

(110)

3.3 Centralized solution

In this section, a centralized solution is derived for (110) by using the WMMSE. This
is the same approach as used for the CB scenario in Section 2.3. As in Chapter 2,
since (110) is not jointly convex for the transmit and receive beamformers, an alternating
design is proposed, in which the transmit and receive beamformers are solved in separate
instances. This separation is, particularly, convenient for TDD processing as the DL and
UL transmissions are temporally separated. Instead of applying the WMMSE exactly as
presented in Section 2.3, a stream specific form of the algorithm is used (similar to
Section 2.4).

To begin with, the first-order approximation (equivalent to (17)) in terms of εk,l is
taken for the objective of (110), at point ε̄k,l , as

log2

(
εk,l

)
≈

1

log(2)ε̄k,l

(
εk,l − ε̄k,l

)
+ log2

(
ε̄k,l

)
. (111)

Now, as in (18), the transmit beamformer design subproblem, for fixed receive
beamformers, can be given as a WMMSE problem

min .
mb,k, l

K∑
k=1

Lk∑
l=1

wk,lεk,l

s. t.
K∑

k∈Cb

Lk∑
l=1

‖mb,k,l ‖
2 ≤ Pb, b = 1, . . . , B,

(112)

where
wk,l =

µk
log(2) ¯εk,l

∀ (k, l). (113)

Since the MSE terms (106) are convex (quadratic) for fixed receive beamformers, (112)
is a convex problem and can be formulated as a SOCP for efficient computation as

7log2(1 + γk, l ) = log2(ε
−1
k, l
) = − log2(εk, l ).
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shown in [14]. From the first-order optimality conditions, the transmit beamformers can
be solved as

mk,l = K†
b

(
HH

b,kuk,lwk,l − c
H
b,k,l

)
, (114)

where

Kb =

K∑
i=1

Li∑
j=1

HH
b,iui, jwi, ju

H
i, jHb,i + νbI. (115)

and

cb,k,l =
∑

j∈Bk \{b}

HH
j,kuk,lwk,ku

H
k,lHb,imj,k,l . (116)

This is analogous to the CB solution (35) and reveals a structure that is exploited
in the decentralized beamformer designs. Note that the beamformer solution (114)
is not coupled in the transmit covariance (Kb) but in the linear part of the solution.
Alternatively, WSRMax techniques such as the ones proposed in Chapter 2 could be
applied to solve this problem.

The WMMSE problem formulation (112) assumes perfect CSI, which is in practice
highly idealistic. In highly dense systems, the orthogonal pilot resource allocation is not
generally tractable, as the CSI estimation also requires knowledge of the pilot sequence
used in the adjacent cells. Due to the high number of simultaneous transmissions, the
orthogonal pilot sequence lengths would increase to be unreasonably large. To this
end, in the proposed solution, the pilot sequence orthogonality is relaxed. However,
orthogonal pilots may be used at least partially to alleviate some of the cross-user
interference. However, the orthogonality is not assumed by default. Furthermore, no
particular pilot design is required over the users. For example, when considering the
pilot design difficulty in dense and heterogeneous networks, one possibility would be to
make the pilots orthogonal only within each JP cluster.

To begin with, DL and UL pilot models are introduced. Then, the centralized
beamformer design problem is reformulated with pilot estimation noise and interference
from non-orthogonal pilot sequences. After this the SSE and DE schemes are applied to
accommodate the decentralized beamformer processing schemes. These schemes are
proposed with varying computational complexity and convergence behavior for both
pilot estimation approaches.
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Downlink pilot model

Let bk,l ∈ CS denote the UL pilot training sequence for the l th data stream of UE
k = 1, . . . ,K, where S is the length of the pilot sequence. Then, the composite of the
precoded uplink pilot training matrices as received at BS b is

Rb =

K∑
k=1

Lk∑
l=1

HH
b,kuk,l

√
wk,lb

H
k,l +Nb , (117)

where Nb ∈ C
NT×S is the estimation noise matrix for all pilot symbols. Precoded

training pilots are employed, in which the weighted receive beamformers serve as pilot
precoders. This is later shown to be convenient in estimating the transmit covariance and
designing the beamformers [14].

Uplink pilot model

Similarly to the uplink case, let the received composite downlink pilot training matrix at
UE k = 1, . . . ,K be given as

Tk =

K∑
i=1

Li∑
l=1

( ∑
b∈Bi

Hb,kmb,i,l

)
bi,l + N̂k , (118)

where N̂k ∈ C
NR×S is the estimation noise matrix.

Note that the UL and DL pilots are assumed to be identical. This does not have to be
the case, and the UL/DL pilots can be also separately designed. In the following, SSE
and DE based pilot estimation are defined. Both methods have their benefits with respect
to implementation complexity and robustness to cross-pilot interference.
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3.3.1 Direct estimation

Assuming only the uplink training information (117) at the BSs, the WSRMax problem
can be rewritten (112) as

min .
mb,k, l

∑
(k,l)

(
1 − 2Re{

∑
b∈Bk

√
wk,lm

H
b,k,lRbbk,l}+( ∑

b∈Bk

mH
b,k,lRb

) ( ∑
b∈Bk

RH
bmb,k,l

))
s. t.

K∑
k∈Cb

Lk∑
l=1

‖mb,k,l ‖
2 ≤ Pb, b = 1, . . . , B.

(119)

When (117) is substituted into (119), the WMMSE objective becomes

min .
mb,k, l

1

S

∑
(k,l)

(
1 − 2Re{wk,lu

H
k,l

∑
b∈Bk

Hb,kmb,k,l}+

Ik,l +
∑
b∈Bk

mH
b,k,l

(
K∑
i=1

Li∑
z=1

HH
b,iui,zwi,zu

H
i,zHb,i

)
mb,k,l

)
,

(120)

where Ik,l ≥ 0 indicates the weighted pilot cross interference. It is easy to see that (120)
clearly corresponds to the WMMSE objective in (112) with imperfect pilot estimation.
In fact, it is equivalent to (112), if the pilot sequences are allowed to be orthogonal and
Nb → 0. Herein, (119) is considered as the main problem.

Problem (119) requires knowledge of the received training matrices Rb, training
sequences bk,l and the weights wk,l . All of this can be gathered with carefully designed
TDD pilots and feedback for the weights [14]. From here, it can be seen that the
composite pilot training matrices (Rb) and the intended signal part (Re{Rbbk,l}) for any
stream (k, l) can be separately estimated. Assuming that the intended signal part is
weighted by the corresponding √wk,l ,

The transmit beamformers can be written in a closed form expression by evaluating
the first-order optimality conditions as

mb,k,l =
(
RbR

H
b + Iνb

)−1
Rb

(
bk,l
√
wk,l − c

H
b,k,l

)
, (121)

where

cb,k,l =
∑

j∈Bk \{b}

RH
j mj,k,l . (122)
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From (121), it is easy to see how the beamformer generation is coupled within the
cooperating clusters. In the following section, this relation is exploited to come up with
an efficient decentralized JP beamforming routine.

The MSE minimizing receivers function as the rate optimal beamformers. The
MMSE estimators for receive beamformers can be formulated directly from (118) as

uk,l =
(
TkT

H
k + Iσ

2
k

)−1
Tkb

H
k,l . (123)

3.3.2 Stream specific estimation

An alternative approach to formulation (119), is to extract the effective intended signal
and interference channels from (117) locally in each BS b as

Rbbi, j = HH
b,iui, j

√
wi, j + ∆b,i, j ∀ (i, j), (124)

where ∆b,i, j denotes the estimation and pilot contamination noise. Here, ∆b,i, j → 0

when pilots are made sufficiently long and orthogonal. These estimates can be used to
formulate the transmit beamforming problem in form (112). This approach is called
SSE. SSE works well, when the pilot sequences of the dominant interference sources are
orthogonal and pilot noise levels are manageable. Both approaches are analyzed in the
following and compared by numerical examples.

3.4 SSE based beamformer design

In this section, a decentralized JP transceiver design is proposed for (110). Perfect
pilot estimation is assumed, i.e., the pilot estimation error or noise are not considered.
Essentially, all UEs are assigned orthogonal system-wide pilot training sequences. This
allows the BSs and UEs to estimate the stream specific pilots without having to consider
interference from overlapping pilot sequences. The issues of pilot contamination and
non-orthogonal pilots are considered in Section 3.5. The beamformer signaling relies
heavily on the channel reciprocity of TDD. For more information on precoded pilot
signaling see [14].

In [16] and [14], it was shown that CB using the WMMSE algorithm has inherently
decoupled interference processing. As such, it can easily be decentralized with
low signaling overhead. However, the JP transmit beamformer design in (112) is
coupled between the BSs due to the coherent signal reception, which prevents us from
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directly applying the same decentralized processing method. In the following, different
approaches for decentralized JP are proposed.

3.4.1 Best response design

The BR design employs the parallel optimization scheme proposed in [52] to decentralize
the beamformer design. This parallel framework is based on solving the beamformers
locally in each BS, while assuming that the coupling cooperating BSs keep their
transmitters fixed. Since each BS relies only on the knowledge of the coupled
transmissions from the previous iteration, the beamforming problem becomes decoupled.
It was shown in [52] that, if the local problems are strongly convex, the beamformer
updates can be made monotonic with respect to the original WSRMax objective function.
Note that the strong convexity of (112) follows straightforwardly from the strong
convexity of the individual MSE functions (106).

To begin with, the transmit beamformer design for BS b is considered, while
assuming that the transmission from the other BSs is fixed. Keeping this in mind, the
transmit beamformer design in (112) can be reformulated as

min .
mb,k, l

∑
k∈Cb

Lk∑
l=1

wk,l Ûεb,k,l +
∑

k∈K\Cb

Lk∑
l=1

wk,l Üεb,k,l

s. t.
∑
k∈Cb

Lk∑
l=1

‖mb,k,l ‖
2 ≤ Pb ,

(125)

where the MSE for the l th stream of user k is given as

Ûεb,k,l = |u
H
k,lHb,kmb,k,l + ck,l

b,k,l
− 1|2 +

∑
i∈Cb

Li∑
j=1,

(i, j),(k,l)

|uHk,lHb,kmb,i, j + ci, j
b,k,l
|2, (126)

and the interfering MSE is

Üεb,k,l =
∑
i∈Cb

Li∑
j=1

|uHk,lHb,kmb,i, j + ci, j
b,k,l
|2. (127)

Here, the fixed terms (cooperating transmit beamformers) are

ci, j
b,k,l
=

∑
r ∈Bk \{b}

uHk,lHr,km̄r,i, j , (128)
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where i, j denote the transmit beamformer for the j th stream of user i and k, l denote the
receiving user k over stream l.

The monotonic convergence can be guaranteed by imposing a regulation step
after (126). For a small enough step size ψ > 0, the update regulation is performed as

mb,k,l = m̄b,k,l + ψ
(
m∗b,k,l − m̄b,k,l

)
∀ (b, k, l), (129)

where m∗
b,k,l

∀ (b, k, l) is the optimal solution to (112). For further details on the
convergence properties and step size selection see [52]. For constant channels, convergent
ψ can be analytically bounded with respect to the Lipschitz constant of the objective [52].

Similar to Chapter 2, a closed form solution for the transmit beamformers can be
derived by evaluating the KKT conditions of (125). This gives us the beamformers in
the form

mb,k,l = K−1b pk,l, (130)

where the transmit covariance matrix is given as

Kb =

K∑
i=1

Li∑
j=1

HH
b,iui, jwi, ju

H
i, jHb,i + Iνb (131)

and

pk,l = HH
b,kuk,lwk,l +

∑
i∈Cb

Li∑
j=1

HH
b,iui, jwi, jc

k,l
b,i, j

. (132)

The optimal transmit beamformers can be determined from (130) by bisection search
over νb as shown for (20). The dimensions of (131) depend only on the number of
antennas in BS b (NT) and not on the dimensions of the joint beamformer (|Bk |NT, k =

1, . . . ,K). This is a considerable reduction in terms of computational complexity, when
compared to solving the joint beamformers directly from (112) (involves inversion of
matrices with dimension |Bk |NT, k = 1, . . . ,K). Considering that bisection converges
rapidly [48], (130) gives us a low complexity way to solve the beamformers without
having to resort to general convex solvers. Finally, the decentralized beamformer design
has been summarized in Algorithm 11.

Signaling Requirements

Solving the MMSE receive beamformers requires only the knowledge of the precoded
downlink channels. That is, each UE needs to know Hb,kmb,i,z ∀ (b, i, z). On the other
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hand, solving the transmit beamformers requires the knowledge of the fixed terms ci, j
b,k,l

and MSE weights wk,l ∀ (k, l) from (113) need to be exchanged for each frame among
the serving BSs. This can be done either by using a separate feedback channel from the
terminals or over the backhaul (solely between the BSs).

Algorithm 11 Decentralized BR WMMSE algorithm.
1: Initialize feasible mb,k,l ∀ (b, k, l) and n = 1.
2: repeat
3: UE: Generate the MMSE receivers uk,l ∀ (k, l) from (108).
4: UE: Compute the MSE εk,l ∀ (k, l) from (106).
5: UE: Set the weights wk,l ∀ (k, l) from (113).
6: BS: Solve the precodersmb,k,l ∀ (b, k, l) from (130).
7: BS: Update the next iteration precoders according to (129).
8: Set n = n + 1.
9: until Desired level of convergence has been reached.

Using only the backhaul, each BS b ∈ Bi can estimate the corresponding ci, j
b,k,l

based
on the effective DL channel uH

k,l
Hb,k and the previous iteration precoder m̄b,i, j . Then,

the terms ci, j
b,k,l

are distributed over the backhaul to the cooperating BSs that form
complete (161) by summing the corresponding terms. The backhaul signaling scheme is
efficient in the sense that it does not require additional signaling or estimation effort
from the user terminals.

Alternatively, the terminals can estimate the combined signals

ci, j
k,l
=

∑
r ∈Bk

uHk,lHr,k,lmr,i, j (133)

from the precoded DL pilots (Hb,kmb,i, j ∀ (b, i, j)). The combined signals (133) are
then distributed to the BSs over a feedback channel. Each BS b can then form ci, j

b,k,l

by subtracting its own part from (133), i.e., ci, j
b,k,l
= ci, j

k,l
− uH

k,l
Hb,k,lm̄b,i, j . This will

somewhat increase the computational burden of the terminals, as the users also need to
estimate the precoded pilot signals from the interfering sources. Note that this does not
require additional DL pilot resources as the pilots are assumed to be orthogonal for each
stream in any case. The signaling schemes can be summarized as follows:

1. Backhaul offloading for the fixed terms (161) can be used to reduce the signaling
requirements of the user terminals. In this case, each BS reports their corresponding
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part of ci, j
b,k,l

over the backhaul to the cooperating BSs. The effective DL channels are
still obtained from the UL pilots.

2. Feedback channel signaling, in which users estimate the received signals (133) and
broadcast them over a feedback channel to the serving BSs. Each user reports
separately the intended signal and all of the interfering streams.

3. If global CSI is exchanged, every BS can solve the complete global problem locally.

Table 2. Required amount of information exchange per active data stream in a 7-cell model withK = 49,
NT = 8, NR = 2 and Lk = 2 ∀ k = 1, . . . , K .

Signaling scheme Signaling overhead
Backhaul offloading (1). Shared symbols between cooperating BSs.

∑K
k=1 Lk = 98

Feedback channel (2). Each UE reports to all BSs.
∑K

k=1 Lk = 98

Global CSI (3) Shared symbols between cooperating BSs. KNRNT = 784

It should be noted that, with efficient clustering of the serving BSs, the signaling
overhead can be significantly decreased. BSs far from the users do not contribute
meaningful gain to the joint processing, and can, as such, be neglected from the serving
sets. An example of the signaling requirements of the fixed terms in (161) for a 7-cell
system with K = 49 users in total is given in Table 2. This is a worst case scenario,
where each user is assumed to be served with the maximum number Lk = 2 streams and
all BSs serve every user coherently.

3.4.2 ADMM based design

While providing a low complexity implementation for solving (112), the best response
approach in Section 3.5.1 is sensitive to step size selection. An alternative approach can
be achieved by using the ADMM approach, which has been shown to provide efficient
decomposition and good convergence properties for various types of problems [60].
ADMM can be seen as an extension for dual decomposition based techniques with
improved convergence properties.

The starting point for the dual based decomposition design, is to gather the coupling
variables into locally and globally updated components [151]. To this end, auxiliary
variables zk,l,b,i,z are introduced and constraints are installed to denote the received
symbol over the l th spatial stream of user k from BS b, which is intended for stream z of
user i. These variables are imposed in the form of consensus constraints

zk,l,b,i,z =
√
wk,lu

H
k,lHb,kmb,i,z ∀ (k, l, i, z), b ∈ Bi . (134)
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The dual variables (Lagrangian multipliers) related to (134) are then denoted as ηk,l,b,i,z .
The principal idea in ADMM is to alternate the updates of variables zk,l,b,i,z andmb,i,z

along with the dual variables ηk,l,b,i,z of (134) while keeping the others fixed.
Now, to separate the updates, the partial Lagrangian relaxation is used for the

constraints (134). Additionally, penalty norms are imposed for the constraint violation,
which are used to enforce the consensus in (134) and improve the rate of convergence.
These penalty terms are given as

Θk,l =

K∑
i=1

Li∑
z=1

∑
b∈Bi

ρ

2
|
√
wk,lu

H
k,lHb,kmb,i,z − zk,l,b,i,z + ηk,l,b,i,z |2, (135)

where parameter ρ is adjusted to determine the degree of enforcement for constraints (134).
Note that the dual variables ηk,l,b,i,z in (138) are scaled so that they can be incorporated
into the penalty norms. For a detailed discussion on ρ balancing and scaled dual
variables, see [60].

Similarly to the BR approach in Section (3.5.1), the transmission over the JP clusters
can be combined as

zk,l,i,z =
∑
b∈Bi

zk,l,b,i,z ∀ (k, l, i, z). (136)

This denotes the coherent transmission of transmission for the zth stream of user i

perceived over the l th stream of user k. It should also be noted that zk,l,b,i,z ∀ (k, l, b, i, z)
and zk,l,i,z ∀ (k, l, i, z) are complex variables in (138). For notational convenience,
ηk,l,b,i,z are also complex numbers.

Now, using (134) and (136) the MSE expression for stream l of user k can be
rewritten as

ε̃k,l = wk,l − 2
∑
b∈Bk

Re{wk,lu
H
k,lHb,kmb,k,l} +

K∑
i=1

Li∑
z=1

|zk,l,i,z |2. (137)

With the help of (137), the primal optimization problem, for fixed ηk,l,b,i,z becomes

min .
zk, l,b, i,z,
zk, l, i,z,
mb,k, l

K∑
k=1

Lk∑
l=1

(
ε̃k,l + Θk,l

)
s. t. (136),∑

k∈Cb

‖mb,k ‖
2 ≤ Pb, b = 1, . . . , B.

(138)

The dual update is then given as

ηk,l,b,i,z = η̄k,l,b,i,z +
√
wk,lu

H
k,lHj,kmb,i,z − zk,l,b,i,z . (139)
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A decentralized solution for (138) would still require exchanging all zk,l,b,i,z ∀ (k, l, b, i, z)
within the serving set Bi . Furthermore, each UE k would need to be able to separate
individual effective channels Hb,kmb,i,z ∀ i ∈ K, z = 1, . . . , Li , which is intractable as it
would require orthogonal pilot signaling within each cooperating set of BSs Bk, k ∈ K.

Problem (138) can be further simplified, in such a way that the problem is coupled
only via the summed signals (136) instead of the individual zk,l,b,i,z ∀ (k, l, b, i, z). The
reformulation is quite involved and has, thus, been provided in Appendix 5. Ultimately,
zk,l,i,z ∀ (k, l, i, z) are solved from (138), for fixed beamformersmb,k,l ∀ (b, k, l) and dual
variables ηk,l,i,z , as

zk,l,i,z =
ρ

1 + ρ

( ∑
b∈Bi

√
wk,lu

H
k,lHb,kmb,i,z + ηk,l,i,z

)
. (140)

The dual variable update is then given as

ηk,l,i,z = η̄k,l,i,z +
∑
g∈Bi

√
wk,lu

H
k,lHj,kmg,i,z − zk,l,i,z . (141)

Now, Problem (138) can be formulated as

min .
zk, l, i,z,
mb,k, l

K∑
k=1

Lk∑
l=1

(
ε̃k,l +

K∑
i=1

Li∑
z=1

∑
j∈Bi

Ψk,l,i,z

)
s. t.

∑
k∈Cb

Lk∑
l=1

‖mb,k,l ‖
2 ≤ Pb, b = 1, . . . , B,

(142)

where
Ψk,l,b,i,z = ρ|

√
wk,lu

H
k,lHj,kmb,i,z − qb,k,l,i,z |2 (143)

and
qb,k,l,i,z =

∑
g∈Bi\{b}

√
wk,lu

H
k,lHj,kmg,i,z − z̄k,l,i,z + η̄k,l,i,z . (144)

Similarly to the BR design (Section 3.5.1), the transmit beamformers can be solved
from (142) by closed form bisection search. From the first-order optimality condition,
for fixed zk,l,i,z , the beamformers have the form

mb,k,l = K−1b

(
HH

b,kuk,lwk,l + fb,k,l

)
, (145)

where

Kb =

K∑
i=1

Li∑
j=1

HH
b,iui, j ρwi, ju

H
i, jHb,i + Iνb . (146)
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and

fb,k,l =
K∑
i=1

Li∑
z=1

HH
b,iui,z

√
wi,zρqb,k,l,i,z . (147)

The transmit beamformers are then determined from (145) by bisection search over νb
so that that the transmit power constraints

∑
k∈Cb

∑Lk

l=1
‖mb,k,l ‖

2 ≤ Pb hold.
It can be observed that, both, the update (140) and dual update (141) can bemanaged lo-

cally at each BS b, if the averaged coherently received signals
∑

g∈Bi

√
wk,lu

H
k,l
Hj,kmg,i,z

are known within the joint processing clusters. The outline of the ADMM algorithm is
given in Algorithm 12.

Signaling Requirements

From (145) it can be seen that the beamformer structure is similar to the BR design (130).
This also leads to same signaling requirements. The proposed ADMMmethod also
requires the exchange of the received signal from the cooperating BSs for, both, the
intended signal and interference in order to be able to perform the update in (140).

Convergence

The proof of convergence for the ADMMmethod for convex problems can be found
from [60] and references therein. These results can be applied to the beamformer
convergence for fixed receive filters. However, as the WMMSE transceiver design is, in
general, non-convex (see [45] for convexity conditions), the receive beamformer update
step after each ADMM iteration requires further analysis. Approximate convergence
conditions can be derived by noting that the receive filter update strictly improves
the objective value. Now, conditions for ρ can be derived such that, after each full
iteration [60, 141], Algorithm 12 moves towards a stationary point of (107). A more
practical approach to guarantee the convergence of the objective function would be to
allow a sufficient number of inner iterations in the ADMM algorithm, such that, the
objective function improves. For recent developments on solving non-convex ADMM
see [145].
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Algorithm 12 ADMM algorithm for WSRMax.
1: UE: Initialize the MMSE receive filters uk,l ∀ (k, l).
2: BS: Initialize the variables zk,l,i,z = 0 and dual variables ηk,l,i,z = 0 for all (k, l, i, z).
3: repeat
4: BS: Update the local beamformers from (142).
5: BS: Locally update the variables zk,l,i,z and dual variables ηk,l,i,z from (140)

and (141).
6: UE: Update the receive filters uk,l ∀ (k, l) from (108).
7: UE: Compute the MSE εk,l ∀ (k, l) from (106).
8: UE: Set the weights wk,l ∀ (k, l) from (113).
9: until Desired level of convergence has been reached.

3.4.3 Gradient based design

The BR and ADMM based decentralized JP techniques have attractive convergence
properties. As a low complexity alternative to the aforementioned approaches, a
stochastic gradient (SG) method is proposed. This method is based on updating the
transmit beamformers, in each iteration, solely in the direction of the objective gradient,
which greatly simplifies the transceiver processing.

For notational convenience, the weighted effective channels from BS b over the l th

stream of UE k are denoted as

ĥHb,k,l =
√
wk,lu

H
k,lHb,k . (148)

Similar to (137), the weighted MSE terms can be written with the help of (148) as

ε̃k,l = wk,l − 2
∑
b∈Bk

Re{
√
wk,lĥ

H
b,k,lmb,k,l} +

K∑
i=1

Li∑
z=1

|
∑
b∈Bi

ĥHb,k,lmb,i,z |
2. (149)

Next, the WMMSE objective of (112) is reformulated equivalently as8

K∑
k=1

Lk∑
l=1

©«
K∑
j=1

Li∑
z=1

|
∑
b∈B j

ĥHb,k,lmb, j,z |
2 − 2

∑
b∈Bk

Re{
√
wk,ly

H
b,k,lmb,k,l}

ª®¬ . (150)

The gradient of (150) in terms of mb,k,l can be given as

gb,k,l = 2
K∑
i=1

L j∑
z=1

ĥb,i,z
∑
g∈Bk

ĥHg,i,zmg,k,l − 2hb,ku
H
k,lwk,l . (151)

8The constants terms have been neglected as they do not contribute to the optimal solution.
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Note that the gradient expression (151) does not become fully decoupled among the BSs
due to the terms

∑
g∈Bi

ĥHg,i,zmg,k,l . The GD update in the direction of the gradient is
given as

mb,k,l = m̄b,k,l − ψḡb,k,l ∀ (b, k, l), (152)

where ψ denotes the update step size. It is evident that (152) can be independently
performed at each BSs b if

ĥH
b̄,k

m̄b̄,k,l∀ b̄ < Bk (153)

are made available. In (133) and (134), the BR and ADMM signaling requirements,
per stream, were shown, to be equivalent to the aggregate number of streams in the
systems. In (153), the per stream signaling overhead becomes the length of the pilot
training vector. In practice, the pilot training vector should match closely the number of
dominant interference sources. Thus, the practical signaling overhead of all the proposed
methods is basically the same.

However, (152) alone is not sufficient for accurate beam coordination with JP as it
does not take into account the power control. That is, (152) may lead to a solution, where
the available power budget (Pb) is exceed. To address this problem, two approaches are
proposed for the power control.

Feasible projection

A straightforward approach for power control is to simply scale the beamformers to meet
the power constraints. That is, if

∑K
k∈Cb

∑Lk

l=1
‖mb,k,l ‖

2 > Pb for some b = 1, . . . , B, the
corresponding BS scales the beamformers by

√
Pb∑K

k∈Cb

∑Lk
l=1
‖mb,k, l ‖

. The problem here is

that the scaling is not global in the sense that each BS uses different scaling. This also
changes the direction of the beamformer, which may have a detrimental impact on the
performance.

Dual decomposition

More sophisticated and better performing power control can be achieved by employing
the dual decomposition technique to steer the beamformer updates in (152) towards the
feasible set. Using the dual decomposition, the augmented Lagrangian for (112) can be
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given in the form

(150) +
B∑

b=1

νb

(
K∑

k∈Cb

Lk∑
l=1

‖mb,k,l ‖
2 − Pb

)
, (154)

where νb, b = 1, . . . , B are the dual variables corresponding to the power constraints.
Taking the gradient of (154), the SG update takes the form

ĝb,k,l = gb,k,l + νbmb,k,l . (155)

It follows from the gradient update approach, that the SG step becomes

mb,k,l = m̄b,k,l − ψĝb,k,l . (156)

Now, to steer the beamformer updates towards feasible power levels, after each (156),
the dual variables are updated as

νb = max

(
0, ν̄b + Λ

(
Pb −

K∑
k∈Cb

Lk∑
l=1

‖m̄b,k,l ‖
2

))
, (157)

where Λ is a sufficiently small step size. The decentralized SG algorithm is outlined in
Algorithm 13.

Regularized updates

As the SG updates are based solely on the currently available gradient, these updates can,
in some cases, be overly aggressive. Step-size normalization is the most straightforward
way to regularize the absolute step size [152]. Normalized step size is then given as

ψ̃k,l =
ψ

‖gk,l ‖2
, (158)

where gk,l is the full gradient vector for (k, l) over all serving BSs.
Another way to regularize the GD updates is to make them more dependent on the

previous update direction. In other words, this adds momentum to the general tendency
of the update direction. The momentum is adaptively updated as

jb,k,l = gb,k,l + ωj̄b,k,l , (159)

where ω ≥ 0 denotes the momentum magnitude. In principal this is close to the
regularized BR update procedure in (129). Finally, the beamformer update becomes

mb,k,l = m̄b,k,l − ψjb,k,l . (160)
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The regularized update routines are particularly helpful in fading channels, where the
gradient of the instantaneous channel realization may not fully represent the overall
fading conditions. This is demonstrated by numerical examples in Section 3.4.5.

Signaling Requirements

When comparing to the methods in Sections 3.5.1 and 3.4.2, the signaling requirements
of the SG design are identical (see Table 2). Note that the number of exchanged symbols
per stream in SG is equivalent to the length of the pilot training vector. Assuming
that TDD is employed and the local effective channels are estimated from the uplink
pilots [14], the per-stream MSE information and (153) need to be explicitly shared
among the BSs. The MSE sharing has been extensively studied in [14] and can be done
approximately in two ways. Either the UEs send the MSE information as feedback to the
BSs or the BSs share their contribution to the individual MSE terms over the backhaul.

Convergence

While the conventional SG method is known to converge with sufficiently small step
size [152], the proposed method involve the iterative receive beamformer update and
SCA of the objective function. Incorporating these steps to the convergence analysis
is out of the scope of this manuscript. In any case, the SG and dual update steps can
be iterated sufficiently long to guarantee improved objective value, which in turn can
be used to provide simple proof of convergence for the objective. On the other hand,
our simulation results indicate that the algorithm converges even for a single iteration
between each step (as shown in Algorithm 13).

Algorithm 13 Stochastic gradient descent.
1: Initialize feasible mb,k,l ∀ (b, k, l) and n = 1.
2: repeat
3: Generate the MMSE receivers uk,l ∀ (k, l) from (108).
4: Compute the MSE εk,l ∀ (k, l) from (106).
5: Set the weights wk,l ∀ (k, l) from (113).
6: Update the precoders mb,k,l ∀ (b, k, l) from (155).
7: Set n = n + 1.
8: until Desired level of convergence has been reached.
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Data· · · Frame n−1 Frame n+1UDUD · · ·

Frame n

Beamformer Signaling

Fig. 26. TDD frame structure with two bi-directional training iterations ([119] © 2018 IEEE).

3.4.4 Practical signaling issues

In this section, practical signaling issues involved with beamformer training and backhaul
signaling are discussed . First, an OTA signaling framework is provided that can be used
to improve the number of feasible beamformer signaling iterations per frame. Second,
the backhaul feedback quantization is considered, which is an inherent part of any low
overhead signaling system.

Bi-directional Beamformer Training

The proposed BR and gradient designs have similar signaling requirements. In order to
significantly speed up the beamformer training, bi-directional signaling schemes for
TDD [69] can be used with the proposed JP beamformer designs. The bi-directional
signaling allows direct exchange of the effective UL and DL channels from the
corresponding precoded UL/DL pilot signals. The signaling sequence occupies a
fraction q of the DL frame. The remaining portion (1 − q) of the frame is reserved for
the transmitted data. The frame structure is illustrated in Figure 26, where D and U
denote DL and UL pilots, respectively. Here, the effective channels are assumed to be
perfectly estimated in each iteration.

After each signaling iteration (UL/DL sequence) the BSs and UEs have up-to-date
information on the effective DL/UL channels. Successive UL/DL signaling iterations
allow fast beamformer signaling and can potentially offer improved tracking for the
channel changes. Conventionally, the beamformer signaling is contained in the precoded
demodulation and channel sounding pilots, which allows only one UL/DL iteration per
transmitted frame [14]. This results in significantly slower beam coordination. Note that
the weight factors can be incorporated into the effective channels [14], which further
reduces the signaling overhead. In the end, the signaling overhead and the required
feedback impose a trade-off between the required (or feasible) convergence requirements.
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It was already observed in Chapter 2 that the general trend of the considered SCA
algorithm is that most gain is achieved in the first few iterations. In the following
iterations, the rate of convergence tends to saturate. As the training period is limited
by the channel coherence time, in practice, only a few training iterations are feasible.
Thus, the asymptotically accurate feedback and signaling schemes are not necessary in
practice.

Feedback Quantization

The feedback signaling information must be quantized before it is exchanged over
a feedback channel or the backhaul. This is equivalent to separately quantizing the
I/Q branches of the signaling data for the proposed methods. Thus, robustness to
the quantization errors is crucial for any design realizable in practice. In addition,
quantization reduces the backhaul utilization, and, in turn, enables a more elaborated
iteration process. In Section 3.5.3, the performance of the proposed beamformer design
algorithms is studied with direct q-bit quantization of the feedback information.
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Fig. 27. An illustrative figure of the BS and cell edge UE deployment in 7-cell wrap around model with
Kb = 3 in each cell ([119] © 2018 IEEE).
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Table 3. Simulation parameters.

Parameter Value
Number of UEs (K ) / cells (B) 21 (3 per cell) / 7
BS antennas (NT) / UE antennas (NR) 4/2

SNR / Pilot power 10dB/20dB
Distance between adjacent BSs 600m
The path loss exponent 3

3.4.5 Numerical examples

The simulations are carried out using a 7-cell wrap around model, where the distance
between the BSs is 600m. The path loss exponent for the user terminals is fixed to 3.
The number of transmit and receive antennas are set to NT = 4 and NR = 2, respectively.
There are Kb = 3 user terminals that are evenly distributed on the cell edge around each
BS. In total, there are K = BKb = 21 users in the network. Full cooperation is assumed,
i.e. all users are coherently served by every BS in the system. In practice, practical
constraints such as pilot contamination will limit the number of active users per-BS. The
number of active spatial streams per user is limited to one. The simulation environment
is illustrated in Figure 27 and simulation parameters are listed in Table 3.

The SNR is defined on the cell edge from the closest BS b, i.e, SNR = gb,kPb

σ2
k

, where
gb,k denotes the corresponding path loss. The SNR is fixed to 15dB. The pilot training
sequences are random binary sequences with 10dB pilot power gain over the SNR. This
reflects a worst a scenario, where none of the pilot resources are made orthogonal. Unless
otherwise stated, the pilot training sequence length is 41. The parameters for different
methods are not optimized for specific training sequence lengths or fading conditions.
Rather, the parameters are chosen such that the best overall performance is achieved.
For specific conditions the results could be somewhat improved by fine-tuning the
parameters. The default ψ for the BR design is 0.25. The GD beamformers are generated
with normalization, 0.25 momentum, 0.005 dual step size and 0.25 beamformer step size.
Similarly, the SG beamformers are generated without normalization, 0.25 momentum,
0.005 dual step size and 0.25 beamformer step size. The SSE ADMM simulations
are made with ρ = 3 and BR simulations are performed with ψ = 0.5. As a general
performance upper bound we use SSE with fully orthogonal pilot allocation without
pilot estimation noise. This is denoted by SSE (ideal).

The time-correlated channels are generated with Jakes’ Doppler spectrum model.
The channel coherence time is defined by normalized user terminal velocity tS fD, where
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tS and fD are the backhaul signaling rate and the maximum Doppler shift, respectively.
For example, the 5G systems are expected to have a backhaul exchange rate close to
0.25ms [24]. With 5 GHz carrier frequency, normalized velocity tS fD = 0.01 equals to
20km/h. The block fading model assumes that the channels remain constant during the
transmission of each frame, and the changes occur in between the frames.

The bi-directional signaling overhead is considered using coefficient q = 0.05, so
that the achievable rate is defined as (1− q)R. The number of UL/DL signaling iterations
is set to Tbf = 3. The stream specific weights wk,l ∀ (k, l) can be exchanged only once
per frame and the backhaul information exchange (cb,k,l ∀ (b, k, l)) can be made Tbf
times per frame. That is, the bidirectional iteration, within a frame, only involves TDD
based beamformer signaling.

The proposed SSE methods from Section 3.4 are compared in Figure 28. The
asymptotic performance of all of the proposed designs are comparable and the differences
in performance are mostly related to the rate of convergence. It can be seen that the
ADMM design provides the fastest initial convergence. However, the performance
becomes comparable to the BR method after a few initial iterations. The SG approach
has a slower rate of convergence. However, the step size normalization does help. When
taking into account the lower complexity, the SG approach can be seen to be a viable
alternative to the more complex decentralized methods.
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Fig. 28. Average achievable sum rate per BS in static channel.

In Figure 29, the SSE methods are compared using time-correlated channels. The
dashed lines show the performance for UE speed of 2.7 km/h and the solid lines show
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the performance with UE speed of 6.9 km/h. The rate of convergence of the ADMM
method is faster in the beginning, which results in good performance for the first, few
iterations. However, the reduced rate of convergence for the later iterations, results
in somewhat diminished capability to follow the channel changes. The BR design
performs best in the later phase. On the other hand, the SG based beamforming provides
competitive performance, considering the greatly reduced computational complexity.
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Fig. 29. Average achievable sum rate per BS in time-correlated channels with UE speeds 2.7 km/h
(dashed) and 6.9 km/h (solid).

The numerical results indicate that the ADMM and BR approaches achieve comparable
performance while imposing similar signaling overhead. The gradient based methods
suffer from a reduced rate of convergence. However, with time-correlated channels,
the ability to track the channel is comparable in all the proposed schemes. For a more
detailed discussion on the choice of algorithm in practice see Section 3.7

3.5 DE based beamformer design

In this section, decentralized JP beamformer design is considered, when SSE is not
applicable and the effective channels (124) cannot be accurately estimated. The
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beamformer signaling relies heavily on the channel reciprocity of TDD. For more
information on precoded pilot signaling see [14].

In [16] and [14], it was shown that CB using the WMMSE algorithm has inherently
decoupled interference processing. As such, it can easily be decentralized with low
signaling overhead. However, the JP transmit beamformer design in (119) is coupled
between the BSs due to the coherent signal reception, which prevents us from directly
applying the same decentralized processing method.

In the following, two different decentralized beamforming techniques are considered
for solving (119). The MMSE receive beamformer estimation is readily decentralized
and thus the focus is on the downlink transmit beamformer estimation.

3.5.1 Best response design

The BR design employs the parallel optimization scheme proposed in [52] to decentralize
the beamformer design. This parallel framework is based on solving the beamformers
locally in each BS, while assuming that the coupling cooperating BSs keep their
transmitters fixed. Since each BS relies only on the knowledge of the coupled
transmissions from the previous iteration, the beamforming problem becomes decoupled.
It was shown in [52] that, if the local problems are strongly convex, the beamformer
updates can be made monotonic with respect to the original WSRMax objective
function. Note that the strong convexity of (112) follows straightforwardly from the
strong convexity of the individual MSE functions (106). However, due to the pilot
estimation noise and non-orthogonal pilots, the monotonic convergence cannot always
be guaranteed. In Section 3.4.5, it is shown by numerical examples that, on average, the
BR does provide monotonic performance improvement in static channels.

To being with, the transmit beamformer design for BS b is considered, while
assuming that the transmission from the other BSs is fixed. It is easy to see from (121)
that when the transmission from the cooperating BSs is fixed, i.e.

ĉj,k,l = R̄H
j m̄j,k,l ∈ C

S , (161)

the transmit beamformers can be solved relying only on known (161) and locally
estimated (117). Here (n) denotes the iteration index. Again in (121), the fixed terms are
grouped together as

cb,k,l =
∑

j∈Bk \{b}

ĉj,k,l . (162)
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Since the coupling variables are fixed in (121), the optimal transmit beamformers can be
determined from

mb,k,l =
(
RbR

H
b + Iνb

)−1
Rb

(
bk,l
√
wk,l − c

H
b,k,l

)
(163)

by bisection search over νb in such a way that the sum transmit power constraints∑
k∈Cb

∑Lk

l=1
‖mb,k,l ‖

2 ≤ Pb hold. Note that, if
∑

k∈Cb

∑Lk

l=1
‖mb,k,l ‖

2 < Pb for νb = 0,
then this is the optimal solution. Furthermore, the dimensions of (RbR

H
b
+ Iνb)

depend only on the number of antennas in BS b (NT) and not on the dimensions of the
joint beamformer (|Bk |NT, k = 1, . . . ,K). This makes the per iteration computational
complexity, at each BS, comparable to CB [14]. Finally, the basic structure of the BR
algorithm is summarized in Algorithm 14.

After each step, the fixed terms are signaled within the JP clusters and beamformers
are updated with a sufficiently small step size ψ as

mb,k,l = m̄b,k,l + ψ
(
m∗b,k,l − m̄b,k,l

)
∀ (b, k, l), (164)

where m∗
b,k,l

is the optimal solution for (163). Here, it should be kept in mind that
the convergence cannot be guaranteed because of the pilot estimation noise, which
introduces a random component into each iteration of the beamforming problem. For
further details on the convergence properties and step size selection see [52]. For
constant channels and no estimation noise, convergent ψ can be analytically bounded
with respect to the Lipschitz constant of the objective [52].

Signaling requirements

The signaling requirements are apparent from (163). Each BS b requires the knowledge
of cj,k,l from the cooperating BSs j ∈ Bk for each stream (k, l). This cumulates
into |Cb |

∑
k∈Cb

LkS complex terms. Note that vector cj,k,l has length S and, thus,
the signaling overhead is also a trade-off between the pilot resource allocation and
performance.

Remark 1. For S larger than the number of streams in the system, it is possible to
design globally orthogonal pilot sequences, i.e., utilizing the SSE approach along
with taking into account the pilot estimation noise. This allows accurate interference
control with signaling overhead equal to the number of streams. Note that global pilot
coordination may not be feasible with dense heterogeneous systems, in which case it is
always beneficial to take the pilot contamination into account.
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Algorithm 14 Decentralized BR algorithm for WSRMax.
1: Initialize feasible mb,k,l ∀ (b, k, l) and n = 1.
2: repeat
3: UE: Generate the MMSE receivers uk,l ∀ (k, l) from (123).
4: UE: Compute the MSE εk,l ∀ (k, l) from (106).
5: UE: Set the weights wk,l ∀ (k, l) from (113).
6: BS: Solve the precodersmb,k,l ∀ (b, k, l) from (163).
7: BS: Exchange the fixed terms (161) among the cooperating BSs.
8: BS: Update the next iteration precoders from (164).
9: Set n = n + 1.
10: until Desired level of convergence has been reached.

3.5.2 Gradient descent methods

The best response based decentralized JP techniques have attractive convergence
properties. However, the computational complexity, particularly, with large numbers
of transmit antennas can be too heavy for small cell systems. As a low complexity
alternative to the aforementioned approaches, gradient based methods are proposed.
These methods are based on updating the transmit beamformers, in each iteration,
solely in the direction of the objective gradient, which greatly simplifies the transceiver
processing.

The idea in GD is, simply, to update the beamformers in the direction of the last
iteration gradient. The gradient of (119) is derived in terms of mb,k,l to be

gb,k,l = −2Rb

(
bk,l
√
wk,l −R

H
bmb,k,l − c̄b,k,l

)
. (165)

The gradients (165) are coupled. However, only the local composites mH
b,k,l

Rb need to
be shared among the cooperating BSs. This gives us the following beamformer update
routine

mb,k,l = m̄b,k,l + ψbgb,k,l , (166)

where gb,k,l denotes the part of (165) corresponding to BS b. The outline of the GD
algorithm is given in Algorithm 15.

Similar to Section 3.4.3, the beamformer update (166) is not sufficient for accurate
beam coordination with JP as it does not take into account the power control. That
is, (166), where the available power budget (Pb) is exceeded. This issue can be handled
in exactly the same manner as shown in Section 3.4.3 by employing feasible project or
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dual decomposition. The update regularization based on step size normalization and
momentum can also be applied the same way as in the SSE scenario.

Algorithm 15 GD algorithm.
1: Initialize feasiblemb,k,l ∀ (b, k, l) and n = 1.
2: repeat
3: UE: Generate the MMSE receivers uk,l ∀ (k, l) from (108).
4: UE: Compute the MSE εk,l ∀ (k, l) from (106).
5: UE: Set the weights wk,l∀ (k, l) from (113).
6: BS: Update the precoders mb,k,l(i) ∀ (b, k, l) from (166).
7: BS: Update the duals from (157)
8: until Desired level of convergence has been reached.

Signaling Requirements

The signaling requirements are the same as with the BR design.

Stochastic gradient

Instead of trying to estimate the complete gradient and updating the beamformers only
once per pilot sequence, they can be updated on each received pilot symbol. Since (165)
is a linear relationship, the complete training matrices Rb do not need to be available at
the BSs before the backhaul signaling can start. That is, (165) can be split into training
symbol level updates

gb,k,l(i) = −2Rb(i)
(
bk,l(i)

√
wk,l −Rb(i)Hmb,k,l(i)

)
+2Rb(i)c̄b,k,l(i),

(167)

where Rj(i) denotes the ith column vector of Rj , bk,l(i) is the ith element of vector bk,l
and cj,k,l(i) = [Rj(i)]Hmj,k,l(i). Per each training sample (symbol), the beamformers are
updated as

mb,k,l(i + 1) = m̄b,k,l(i) − ψgb,k,l(i). (168)

This, along with the reduced computational complexity (no matrix inversion required),
can be used to reduce the signaling delays even with limited computational resources.
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Signaling requirements

The total signaling requirements are somewhat increased when compared to the GD
design. For each pilot symbol, the cb,k,l(i) terms need to be exchanged between the BSs.
To improve the signaling overhead, (167) can be exploited by averaging over a group of
symbols and signaling over the averaged information, thus not sharing all S symbols, but
an averaged subset.

3.5.3 Numerical examples

For the DE simulations, the simulation environment is the same as proposed for the SSE
in Section 3.4.5.
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Fig. 30. Behavior for varying training sequence lengths in constant channel ([119] © 2018 IEEE).

Figure 30 demonstrates the gain provided by taking the pilot contamination into account
as the length of the pilot training sequence is varied. Here, SSE denotes a stream specific
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beamformer design, where the pilot non-orthogonality and pilot estimation errors are
completely ignored. It is easy to confirm that proposed designs have a clear advantage,
when the pilot contamination levels are high. On the other hand, it should be noted
that with sufficiently long pilot sequences the pilots can be made fully orthogonal,
which reduces the performance gap with large pilot lengths. Even in that case, the pilot
estimation noise should be considered.

An overview of the impact of the pilot sequence length on the proposed decentralized
schemes is shown in Figure 31. The BR quickly approaches the orthogonal upper bound
as the pilot sequences are made longer. The GD methods do not achieve the orthogonal
SSE rate even at very large sequence lengths. This is due to constant step size, which
make the algorithm oscillate around a stationary point. On the other hand, the BR
method asymptotically approaches the ideal performance.
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Fig. 31. Comparison of the proposed decentralized methods with varying training sequence lengths in
constant channel ([119] © 2018 IEEE).

The convergence behavior in constant and time-correlated fading (tS fD = 0.01) channels
is shown in Figure 32 Reducing the training sequence length shifts the performance
curve, but does not significantly change its shape. In time-correlated fading channels,
the trend is that the performance saturates after 20 iterations. The GD and SG designs
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have similar, but somewhat slower, convergence behavior. Thus, the corresponding
convergence figures are neglected.
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Fig. 32. BR performance for varying training sequence lengths in constant and time-correlated (nor-
malized UE velocity tS fD = 0.01) channels ([119] © 2018 IEEE).

Robustness to UE mobility can be seen from Figure 33. Here, the CoMP JP performance
is compared to CB beamformer design. It can be seen that BR design is very robust to UE
mobility. However, the gradient based designs have rapidly deteriorating performance
as the UE velocities increase. It should be noted that the SG design has comparable
performance to the BR method in slow channel fading conditions. The performance
of the GD methods could be improved with velocity dependant step size selection.
Furthermore, the gain from bi-direction signaling is shown here with the SSE and
Tb f = 1. It is evident that, as the mobility grows, improved beamformer training is
highly beneficial.

Figure 34 shows the impact of feedback information quantization on the convergence
behavior with varying levels of quantization. The I/Q branches of the backhaul
data (cb,k,l ∀ (b, k, l)) are separately quantized with q-bit quantization as discussed in
Section 3.4.4. Symbol-by-symbol beamformer iteration of the SG method provides
significant gain at lower quantization levels. From here, it can be seen that q = 4 bit
quantization already achieves almost the same performance as without quantization.

131



0 0.01 0.02 0.03 0.04 0.05 0.06

Normalized velocity.

0

2

4

6

8

10

12

14

16

A
v
e
ra

g
e
 s

u
m

 r
a
te

 [
b
it
s
/H

z
/s

e
c
].

BR

CB

GD

SG

SSE (ideal)

SSE (ideal, T
bf

 = 1)
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Note that, here, the upper bound is the BR performance with 41 symbol training pilots
and no quantization.
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3.6 User admission

Overloaded initialization, in the sense that there are more active spatial data streams than
available DoF, has been proposed in various publications as an efficient user admission
design [16]. As a result of the transceiver iteration, the excess streams will be dropped,
i.e., the corresponding beamformers will get zero power [16].

For static channels, the overloaded initialization can be used as a low complexity
user allocation approach, particularly, for complex systems with a large number of users.
This is not particularly convenient for time-correlated channel models, in which the
channel conditions change over time. In such cases, it is more beneficial to dynamically
change the user allocation in order to better reflect the changing channel conditions.
However, reintroducing the dropped users is difficult as the priority weight factors of
the reintroduced users should be proportional to the active users. Furthermore, once
the spatial compatibility of the active streams is close to local optima, it is difficult
to reintroduce a stream to the system in such a way that the reintroduced streams
potentially improve the performance of the existing setup. In this case, it is likely that
the reintroduced streams will be dropped, due to the spatial incompatibility.
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Fig. 35. An example of varying number beamformer signaling iterations with respect to the user reini-
tialization index.

To overcome the degraded beamformer compatibility in time-correlated channels,
Beamformer reinitialization is made after a given number of iterations. This effectively
performs periodic user selection.

3.6.1 Varying beamformer signaling length

The fact that the performance loss is caused by insufficient beamformer convergence
can be effectively exploited. A straightforward approach is to make the beamformer
signaling part of each frame longer. This gives more time for the beamformers to
converge. However, this also increases the signaling overhead, which may become
excessive for the later iterations as the beamformers have already sufficiently converged
and user selection has occurred.

A varying length beamformer signaling is proposed among the frames, where the
beamformer signaling interval is longer after each reinitialization point and shorter
for the subsequent frames. This improves the inherent trade-off between the signaling
overhead and beamformer convergence. This scheme has been illustrated in Figure 35,
where the number of signaling iterations is fixed to t = 10 after each reinitialization
frame and to t = 3 for all the other frames. Varying the signaling lengths allows the
algorithm to achieve most of the performance during the first frame while having most
of the performance penalty in the duration of one frame. This penalty is compensated
during the subsequent frames with less beamformer signaling iterations.

3.6.2 Delayed beamformer indexing

Having a varying length of beamformer training iterations depending on the frame index
may require excessive planning in smaller (femto sized) systems as the TDD frame
structure must be globally identical in order to assure limited pilot signal contamination
by the interfering transmissions. To this end, a more flexible alternative method

134



is proposed to improve the diminished system performance after each beamformer
reinitialization.

For reasonably slow fading channels, the changes in the channels between two
consecutive frames are not assumed to be overly drastic. Thus, the performance
degradation for fixed beamformers between two frames is only minor. This assumption
may be exploited with the beamformer reinitialization by delaying the beamformer
indexing in the sense that, as the trained transmit/receive beamformers are reinitialized,
the beamformers before the reinitialization are used for the actual data transmission until
the trained beamformers have converged to sufficiently high performance.

Note that the receive beamformers can always be assumed to be up-to-date as the
active transmit beamformers can be estimated directly from the demodulation pilots
(see Figure 26). Here, m(ti) denotes the active beamformers generated in the frame ti .
By delaying the beamformers for one iteration after the reset, the degradation in the
achievable rate is significantly reduced. In the second frame after the reinitialization, the
active beamformers have already converged to overcome most of the negative impact
from the beamformer reset and can be switched as the active beamformers for the actual
data transmission.

· · · t1 t2 t3 t4 t5 t6 t7 t8

m(t1) m(t1) m(t3) m(t4) m(t5) m(t6) m(t6) m(t8)

· · ·

reset reset

Fig. 36. An illustration of delayed transmit beamformer indexing.

In the end, this technique utilizes two sets of beamformers. The first set consists of the
beamformers that are being trained and iteratively exchanged among the interfering
transmitters using the bi-directional signaling portion of the frame structure. The second
set of beamformers are the ones that used in the current frame to actually transmit the
data.

3.7 Summary and discussion

Decentralized transceiver designs for CoMP JP WSRMax in the presence of non-
orthogonal pilot resources and pilot estimation noise were considered. Emphasis was
placed on designs that enable the use of CoMP JP in realistic channel fading conditions.
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Decentralized JP was shown to be feasible even with limited pilot resources, i.e. with
limited CSI accuracy. The BR approach was used to provide a JP algorithm with
attractive convergence and performance properties. As a less complex alternative, GD
and SG based transmit beamformer design were also proposed. The implementation
complexity and performance trade-off were studied by numerical evaluation. The
numerical results indicated that BR and SG designs provide good performance and
stability even with moderately fast fading channel conditions. The GD approach provided
reduced computational complexity w.r.t. the BR method, but was not as robust to UE
mobility as the SG design.

Multiple designs were proposed and the choice of algorithm depends on the available
computation resources. The gradient based algorithms provided the least complex
implementation, while still achieving comparable performance, particularly, with
time-correlated channels. The BR and ADMM based methods were comparable both
from the computational complexity and performance point of view. The BR based
approach has less steps in the algorithm, which could entail cleaner implementation.
However, this does not affect the computational complexity.

The proposed algorithms potentially greatly reduce the signaling overhead of
the CoMP JP beamformer design. The focus of this thesis is to design algorithms
that asymptotically can achieve the theoretical (centralized) performance when given
sufficient time to converge. While this is a good approach from the performance point of
view, it does leave room for improvement in terms of signaling overhead. For example,
the SSE algorithm could be designed such that only the significant sources of interference
are reported. This would potentially reduce the signaling overhead significantly in large
networks. In addition, the gradient algorithm could be designed in such a way that only
when the local gradient is large enough is it shared within the serving set.
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4 Relay-assisted coordinated beamforming

Coordinated downlink beamforming techniques for DF relay-assisted communications
are proposed in this chapter. To maintain simplicity in the notation, Section 4.1 presents
a single-cell MISO system model. This can be trivially extended also to cover MIMO
communications. To begin with, the SPMin and WSRMax problems are given in
a general form in Section 4.2. The ZF and coordinated beamforming solutions are
investigated in Sections 4.3 and 4.4, respectively. User admission for the SPMin
problem is considered in Section 4.3.3. Finally, the numerical examples are provided in
Section 4.3.4.

4.1 System model

A single BS and RS is considered in a flat fading channel. The relay is utilizing the DF
transmission scheme. The sets B andR contain the indices of the users allocated to the
BS and RS, respectively. The total number of single-antenna users is |B ∪R| = K . Each
user is served either directly by the BS or via the relay but not both, i.e., B ∩R = ∅. The
BS and RS are equipped with NBS and NRS antennas, respectively. The channel between
the BS and user k is given by a column vector hb,k ∈ CNBS . Similarly, hr,k ∈ CNRS

denotes the channel between the RS and user k. Finally, HB,R ∈ C
NRS×NBS represents

the channel between the BS and RS. Note that time indices are neglected and precoder
design is carried out independently for each transmitted frame. Due to non-cooperative
relaying, each transmitted frame is divided into two slots denoted s = {1, 2}, for which
the system equations are given below. The considered system scenario is further
illustrated in Figure 37.

4.1.1 Slot 1: BS transmits only

In the first slot, the BS transmits the users associated with it and with the relay. The
relay only receives data and does not transmit during the first slot (see Figure 37a). The
received signal during the slot s = 1 at user k ∈ B is

y
(1)
k
= hHb,kx

(1)
k
+

∑
i∈B\k

hHb,kx
(1)
i +

NL∑
l=1

hHb,k Ûxl + n(1)
k
, (169)
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Fig. 37. Active transmission for both time slots, where users are allocated as B = {1} and R = {2, 3}
([117] © 2013 IEEE).
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where NL is the number of spatial data streams sent to the RS. The number of streams
between the BS and RS is limited by the number of users allocated to the BS and BS-RS
channel dimensions, i.e., |B | + NL ≤ NBS and NL ≤ NRS. The transmitted vector for
user k is generated at the BS as x(1)

k
= m(1)

k
d(1)
k
, where m(1)

k
∈ CNBS is the beamformer

vector and d(1)
k

is the normalized complex data symbol. Similarly, the transmitted vector
for the OTA in-band relaying stream l between the BS and RS is generated as Ûxl = Ûml

Ûdl ,
where Ûml ∈ CNBS is the precoder vector and Ûdl is the transmitted symbol associated with
the corresponding spatial data stream. The noise n(s)

k
is zero mean complex Gaussian

given by CN (0, σ2). The corresponding SINR for k ∈ B is given as

γ
(1)
k
=

|hH
b,k

m(1)
k
|2∑

i∈B\k
|hHb,km

(1)
i |

2 +

NL∑
l=1

|hHb,k Ûml |
2 + σ2

. (170)

The MSE is given by

ε
(1)
k
= |1− u(1)

k
hHb,km

(1)
k
|2 +

∑
i∈B\k

|u(1)
k
hHb,km

(1)
i |

2 +

NL∑
l=1

|u(1)
k
hHb,k Ûml |

2 + |u(1)
k
|2σ2, (171)

where u(1)
k

is the scalar receiver (equalizer) for the corresponding stream. The scalar
receivers are included in the MSE expressions as they affect the perceived MSE. In
the SINR expressions they can be neglected as they do not have any effect. This is
useful later, as we employ the WMMSE method as described in Chapter 2 to optimize
the beamformers. The total received signal at the RS during the slot s = 1 is given by
y(1)R =

∑NL

l=1
HB,R Ûxl +

∑
k∈B HB,Rx

(1)
k
+ ÛnR, where ÛnR is the zero mean complex Gaussian

noise vector given by CN (0, σ2I). An arbitrary receiver used at the RS for stream l is
represented as ul ∈ CNRS . The SINR for stream l is given as

Ûγl =
|uH

l
HB,R Ûml |

2∑
k∈B
|uHl HB,Rm

(1)
k
|2 +

NL∑
i=1,
i,l

|uHl HB,R Ûmi |
2 + ‖ul ‖

2σ2

. (172)

Similarly, the corresponding MSE can be expressed as

Ûεl = |1 − u
H
l HB,R Ûml |

2 +
∑
k∈B
|uHl HB,Rm

(1)
k
|2 +

NL∑
i=1,
i,l

|uHl HB,R Ûmi |
2 + ‖ul ‖

2σ2. (173)
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4.1.2 Slot 2: both BS and RS transmit

In the second slot, both the BS and relay transmit to their associated users, but the
RS does not receive anything, due to the half-duplex assumption (see Figure 37b).
The transmitted vector for user k ∈ B ∪R is x(2)

k
= m(2)

k
d(2)
k
, wherem(2)

k
is the second

slot precoder vector associated to user k and d(2)
k

is the normalized transmitted data
symbol. The received signal yk of a user k ∈ B during the slot s = 2 is given by
y
(2)
k
= hH

b,k
x(2)
k
+

∑
i∈B\k h

H
b,k

x(2)i +
∑

j∈R hH
r,k

x(2)j + n(2)
k

and the corresponding SINR is

γ
(2)
k
=

|hH
b,k

m(2)
k
|2∑

i∈B\k
|hHb,km

(2)
i |

2 +
∑
j∈R
|hHr,km

(2)
j |

2 + σ2
(174)

and MSE is given by

ε
(2)
k
= |1−u(2)

k
hHb,km

(2)
k
|2+

∑
i∈B\k

|u(2)
k
hHb,km

(2)
i |

2+
∑
j∈R
|u(2)

k
hHr,km

(2)
j |

2+ |u(2)
k
|2σ2. (175)

Similarly, the received signal yk of a user k ∈ R during the slot s = 2 is given by
y
(2)
k
= hH

r,k
x(2)
k
+

∑
i∈R\k h

H
r,k

x(2)i +
∑

j∈B hH
b,k

x(2)j + n(2)
k

and the corresponding SINR is

γ
(2)
k
=

|hH
r,k

m(2)
k
|2∑

i∈R\k
|hHr,km

(2)
i |

2 +
∑
j∈B
|hHb,km

(2)
j |

2 + σ2
. (176)

The MSE for the second slot RS UE is

ε
(2)
k
= |1−u(2)

k
hHr,km

(2)
k
|2+

∑
i∈R\k

|u(2)
k
hHr,km

(2)
i |

2+
∑
j∈B
|u(2)

k
hHb,km

(2)
j |

2+ |u(2)
k
|2σ2. (177)

The system model can easily be extended to multiple BSs and RSs by including the
corresponding terms in the SINR expressions as shown in Section 2.1. To simplify the
notation and the problem formulation, the focus is only on the scenario with a single BS
and RS.

4.2 Problem formulation

Two system design objectives are considered. First, the sum transmit power of both BS
and RS is minimized subject to user specific rate constraints Rk . Secondly, the sum
throughput is maximized with respect to individual transmit power constraints in both
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BS and RS. In both problems, the duplexing loss caused by the in-band OTA relaying is
taken into account. The association of users and the design of precoders at the BS and
RS are jointly considered in the problem formulation.

In the transmit power minimization case, the users linked to the BS should meet the
minimum rate constraint of Rk during both slots. To compensate for the half-duplex rate
loss, the RS users should reach two-fold higher rate of 2Rk during s = 2 in order to
maintain the average target rate. The optimization problem is thus formulated as

min .
m
(s)
k
,ul

Ûml,B,R

2∑
s=1

(
K∑
k=1

‖m(s)
k
‖2

)
+

NL∑
l=1

‖ Ûml ‖
2

s. t. γ
(s)
k
≥ 2Rk − 1 ∀ k ∈ B, s = 1, 2,

γ
(2)
k
≥ 22Rk − 1 ∀ k ∈ R,

NL∑
l=1

log2(1 + Ûγl) ≥ 2
∑
j∈R

Rj .

(178)

The WSRMax is subject to separate total power constraints PB and PR for the BS and
RS, respectively. As with the power minimization problem, the sum rate maximizing
precoder design for the BS and relay is presented as a joint optimization problem. The
rate constraint is introduced to ensure that the relay station has an amount of data in the
second slot, which corresponds to the RS-user sum rate. If the BS-RS link rate is more
than the RS-user rate, then either power is wasted or more interference is caused than is
necessary. At the optimal point, the equality is met. The problem can be given in general
form as

max .
m
(s)
k
,ul,

Ûml,B,R

2∑
s=1

∑
k∈B∪R

µk log2

(
1 + γ(s)

k

)
s. t.

∑
k∈B
‖m(1)

k
‖2 +

NL∑
l=1

‖ Ûml ‖
2 ≤ PB,∑

k∈B
‖m(2)

k
‖2 ≤ PB,

∑
k∈R
‖m(2)

k
‖2 ≤ PR,

NL∑
l=1

log2(1 + Ûγl) =
∑
k∈R

log2(1 + γ
(2)
k
).

(179)

The optimization variables in both problems (178) and (179) are the precoder vectors
m(s)

k
∈ CNBS, k ∈ B,m(s)

k
∈ CNRS, k ∈ R, Ûml ∈ C

NBS, l = 1, . . . , NL and ul ∈ CNRS, l =

1, . . . , NL, as well as the user allocation sets R and B. User priority weights in (179) are
denoted by µk . If the BS-RS channel is LOS, that is rank(HB,R) = 1, the number of
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spatial data streams is limited to NL = 1. For a NLOS channel, the parameter NL is
given as NL ≤ NB − |B |, i.e. remaining spatial DoF are given to the BS-RS link. Note
that neither of the problems is jointly convex for all variables.

The user association is a set selection problem, which is difficult to optimize jointly
with the precoder design. Note also that the terms ‖m(1)

k
‖2 ∀ k ∈ R in the objective or

constraints of (178) and (179) are zero valued at the optimal solution, since there is no
transmission from RS to users during slot 1.

Distributed designs are considered with BS and RS having full knowledge only
of the local CSI. In the following, for example, the RS has only the knowledge of
hr,k ∀ k ∈ R ∪ B and not hb,k . During the slot s = 1, the precoder design is carried out
only in the BS for k ∈ B and NL OTA in-band relaying streams. During slot s = 2, both
the BS and RS are active in transmitting to their respective users. In Sections 4.3 and 4.4
precoder design is addressed assuming the sets, B and R to be fixed, while the user
allocation problem is treated in Section 4.3.3.

4.3 Zero-forcing precoder design

To begin with, zero-forcing solutions are proposed for the precoder design problems.
In Section 4.4, more generalized coordinated precoder designs are presented. The
ZF design provides perfect orthogonality across the interfering signals when received
through the channel used in the design. Since the precoder design depends uniquely on
the local user channels at each transmit node, it can be realized in a distributed manner
with minimal CSI exchange.

Zero-forcing conditions of the precoder designs impose a strict limitation on the
number of interfering spatial data streams. Practical size of the antenna configuration
restricts the numbers of simultaneously transmitting nodes (base stations and relays) and
active users. The number of supportable spatial data streams per node quickly diminishes
as the size of the network increases. In order to increase the number of supportable data
streams, cell clustering can be applied, which requires that the out-of-cluster interference
is completely ignored. It should be noted that, if the cell clustering is not properly
managed, this easily results in an interference limited system and can lead to infeasible
problem formulation.

Orthogonal precoder design is similar for both (178) and (179). After the channel
orthogonalization, the optimization strategy is solely based on power loading. The feasi-
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bility conditions for the channel orthogonalization depend on the antenna configuration
and the number of user terminals, and can be given as K = |B ∪R| ≤ min(NBS, NRS).

Slot 1 The precoding strategy during slot s = 1 depends on the characteristics of the
BS-RS link, i.e. whether it can support multiple streams (NLOS) or a single stream
(LOS). The RS receivers are fixed as the NL left dominant singular vectors Ûul of HB,R,
l = 1, . . . , NL. The ZF precoder design aims at nulling the interference across all BS-user
data streams as well as the BS-RS link. The BS precoder design is given as

V = H†, (180)

where

HB =
[
hb,B(1), . . . , hb,B( |B |)

]
, HR =

[
( ÛuHl HB,R)

H, . . . , ( ÛuHNL
HB,R)

H]
, H = [HB,HR]

H

(181)
and |B | ≤ NB − NL denotes the cardinality of the set B. Matrices H and V denote the
stacked channels and precoders corresponding to the BS, respectively. The last NL

columns correspond to the RS precoders, which are used to convey the information
targeted to the users in the set R.

Slot 2 During slot s = 2, both the BS and RS serve their respective users. The precoder
design at both transmitters considers all users while performing ZF to null both intra-
and inter-node interference. The precoder design for both transmitters is given as

VB = H†B, VR = H†R, HB =
[
hb,1, . . . , hb,K

]
, HR =

[
hr,1, . . . , hr,K

]
. (182)

Matrices VB and VR denote the stacked precoders of the BS and RS, respectively.

4.3.1 Sum power minimization

The sum power minimizing precoder design depends on the BS-RS channel type. Due to
the rank deficient channel matrix in the LOS case (rank(HB,R) = 1), the power loading
can be expressed in closed form. For a NLOS channel, a closed form solution cannot be
derived and the solution relies on the well-known waterfilling (WF) method.
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Slot 1

LOS relay link Since the BS-RS channel HB,R has rank one, the channel can support
only a single data stream NL = 1. The orthogonal precoders V are designed as shown in
(180). The power for each user and the BS-RS link is allocated to achieve the target rates
Rk and 2

∑
k∈R Rk , respectively. Thus, the final user precoders are given as

m(1)B(i) =

√
(2RB(i) − 1)viσ

2, i = 1, . . . , |B |, Ûm1 =

√
(22

∑
k∈R Rk − 1)veσ

2, (183)

where vi and ve correspond to ith and the last column of V, respectively.

NLOS relay link The NLOS channel HB,R is assumed not to be rank deficient, thus,
allowing NL > 1. Once the precoders are designed using ZF criterion, the power
allocation across the NL data streams is performed using the WF principle.

Again, the matrix V is given as in (180), and the precoders for users in B are given
as in (183). The precoder matrix for the BS-RS link is given as

MB,R = [v |B |+1, . . . , v |B |+NL
]Pb,r , (184)

where power loading matrix is defined as

PB,R = Diag
(√
Ûp1, . . . ,

√
ÛpNL

)
. (185)

The WF power loading for the NL data streams is carried out based on the channel
strength Ûgl = | ÛulHB,Rv |B |+l |

2 for each stream l as

Ûp∗l =
(

1

ζ∗
−
σ2

Ûgl

)+
, (186)

where ζ∗ is found to satisfy the total BS-RS link target rate
∑NL

l=1
log2(1 + Ûp∗l Ûgl) =

2
∑

k∈R Rk .

Slot 2

The precoders for k th users in B andR are designed as given below

m(2)
k
=

√
(2Rk − 1)vkσ

2 ∀ k ∈ B, m(2)
k
=

√
(22Rk − 1)vkσ

2 ∀ k ∈ R, (187)

where vk represent the k th columns of VB for k ∈ B and VR for k ∈ R from (182),
respectively.
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The ZF naturally leads to a distributed implementation. This is due to the fact that the
precoder design is only based on locally measured CSI at both the BS and RS. Assuming
that user channels are estimated based on pilot signaling, CSI signaling between the BS
and RS is not required.

4.3.2 Sum rate maximization

ForWSRMaxwith ZF precoding, the channel orthogonalization is performed according to
the method introduced in (180)–(182), after which the problem becomes strictly a power
control problem. Since the precoders are fixed and interference nulled, the notation can be

simplified by denoting the orthogonal user channel gains as g(s)
k
=
|hH

b,k
v
(s)
k
|2

σ2 ∀ k ∈ B and

g
(s)
k
=
|hH

r,k
v
(s)
k
|2

σ2 ∀ k ∈ R, where v(s)
k

∀ k ∈ B ∪R and s = {1, 2} are the corresponding
user and slot specific beamformers from (180) and (182). The BS-RS channel gains are

denoted as Ûgl =
| ÛuH

l
HB,Rv

(1)

|B|+l |
2

σ2 , l = 1, . . . , NL.
The generalized formulation of the ZF rate maximization problem can be presented

as

max .
p
(s)
k
, Ûpl

2∑
s=1

∑
k∈B∪R

µk log2

(
1 + g(s)

k
p(s)
k

)
s. t.

∑
k∈B

p(1)
k
+

NL∑
l=1

Ûpl ≤ PB,
∑
k∈B

p(2)
k
≤ PB,

∑
k∈R

p(2)
k
≤ PR,

NL∑
l=1

log2 (1 + Ûgl Ûpl) =
∑
k∈R

log2

(
1 + g(2)

k
p(2)
k

)
,

(188)

where the optimization variables are the allocated powers p(s)
k

∀ k ∈ B ∪R, s = 1, 2 and
power Ûpl allocated to the BS-RS channel l. While the objective of the problem is convex
(maximization of the sum of concave functions [48]), the problem is non-convex due
to the rate equality constraint

∑NL

l=1
log2 (1 + Ûgl Ûpl) =

∑
k∈R log2

(
1 + g(2)

k
p(2)
k

)
, which

also couples the power loading between the time slots. However, the problem can be
transformed into a convex form (shown in Appendix 6) and thus solved efficiently in a
centralized manner.

The sum rate maximization with weights µk = 1 ∀ k in (188) can also be solved
optimally in a distributed manner. In the second slot, the BS power loading is readily
decoupled, and the optimal transmit powers p(2)

k
∀ k ∈ B can be found by WF subject to

the power constraint Pb
max. In the first slot, the rate equality constraint is decoupled

between the slots. In order to provide an optimal solution, a jointly feasible rate region
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must be found for the BS-RS link and the RS users. The maximum achievable sum rate
of the users Rmax =

∑
k∈R log2(1 + g

(2)
k

p(2)
k
), disregarding the impact of the bandwidth

limited BS-RS link, can be found by standard WF power allocation in the orthogonal
RS-user channels subject to PR. The sum rate allocated to the BS-RS link in the first slot
is then bounded by Rmax. Furthermore, the RS user sum rate in the objective of (188)
can be replaced by the sum rate of the BS-RS link. Therefore, the first slot BS power
allocation can be solved from the following decoupled convex problem

max .
p
(1)

k
, Ûpl

∑
k∈B

log2(1 + g
(1)
k

p(1)
k
) +

NL∑
l=1

log2(1 + Ûgl Ûpl)

s. t.
NL∑
l=1

log2(1 + Ûgl Ûpl) ≤ Rmax,∑
k∈B

p(1)
k
+

NL∑
l=1

Ûpl ≤ PB,

(189)

which is non-convex due to the sum rate constraint.
Similarly to (186), the maximum sum rate Rmax can be equivalently transformed into

sum power constraint Pmax. Now the sum rate constraint
∑NL

l=1
log2(1 + Ûgl Ûpl) ≤ Rmax

can be presented as a sum power constraint and reformulate (189) in a convex form as

max .
p
(1)

k
, Ûpl

∑
k∈B

log2(1 + g
(1)
k

p(1)
k
) +

NL∑
l=1

log2(1 + Ûgl Ûpl)

s. t.
NL∑
l=1

Ûpl ≤ Pmax,
∑
k∈B

p(1)
k
+

NL∑
l=1

Ûpl ≤ PB,
(190)

where the optimization variables are the user transmit powers p(1)
k

and the BS-RS
stream specific transmit powers Ûpl . Note that in case the rate constraint is not active,
(190) still provides an optimal sum rate for the first slot BS users and relay users.
Although (190) can be solved using conventional convex optimization methods, it can
also be solved directly via the KKT conditions by 2-level bisection (see Appendix 7). The
distributed power loading algorithm leading to the same solution as (188) is summarized
in Algorithm 16. If

∑NL

l=1
Ûpl = Pmax, step 5 of the algorithm is not needed as the

BS-RS link rate equals the sum rate of the RS users. Now, the OTA in-band relaying
requirements are the following

1. RS→ BS: The maximum rate for the relay station Rmax, without considering the
limitations of the BS-RS link rate.
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2. RS→ BS: Rates assigned for all RS users, so that the BS can multiplex the BS-RS
data appropriately.

3. BS → RS: Optionally the BS-RS link rate is needed by the RS so that it can
recompute the power loading appropriately.

4. RS→ BS: If the RS reallocates the power loading, the obtained individual RS-user
rates need to be signaled back to the BS.

The last two steps are optional and do not affect the achieved sum rate.

Algorithm 16 Distributed ZF throughput maximizing power allocation algorithm.

1. Determine the RS user sum rate bound Rr
max =

∑
k∈R log2(1+g

(2)
k

p(2)
k
) byWF subject

to PR.
2. Find the maximum sum power constraint Pmax for the BS-RS link by WF subject to

Rmax.
3. Solve the first slot power loading (190).
4. Perform the second slot power loading for the BS by WF subject to PB.
5. If

∑NL

l=1
Ûpl < Pmax, perform the second slot power loading for the RS by WF subject

to rate constraint
∑NL

l=1
log2(1 + Ûgl Ûpl), where Ûpl are the optimal values from (190).

4.3.3 User allocation for sum power minimization

Since the precoders are optimized subject to fixed user allocation, the allocation strategy
should group the users to support the precoder design objective. For this purpose,
allocation algorithms are proposed based on different heuristics. For simplicity, let
|B ∪R| ≤ NBS and |B ∪R| ≤ NRS. Since the user allocation is carried out by the BS,
the RS needs to report some metric to the BS with minimal exchange of information.
The channel gains ‖hr,k ‖2 between the RS and all K users are assumed to be reported to
the BS. For the ZF based precoder designs, ‖hr,k ‖2 can be replaced by the ZF precoder
power requirements g(2)

k
∀ k ∈ R from (187).

In the simplest form of operation, we consider only the instantaneous CSI, labeled as
ïnstantaneous allocïn figures, along with the path loss to group the users in the sets B
and R. If ‖hb,k ‖2 ≥ ‖hr,k ‖2 then user k is allocated to the BS and otherwise to the RS.
The signaling loss incurred by transmitting the allocation information through the RS
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is not considered. As an upper bound reference, exhaustive search is used to provide
optimal performance by considering all combinations of B and R.

Since the user allocation problem is in general an integer programming problem,
and, thus, intrinsically intractable, an efficient relaxation is crucial for practical
implementations. The user allocation for the sum transmit power minimization can
be posed as a relaxed binary problem [48]. In this formulation, the BS and RS user
allocations are represented as xk = 0 for k ∈ B and xk = 1 for k ∈ R, and the allocation
is given by the vector x ∈ RK .

Let us now ignore the inter-user interference and assume that each user k is
served alone by the BS or RS. In such a case, the power required to satisfy the
rate constraint for user k ∈ B is pk = (2Rk − 1)σ2/‖hr,k ‖

2 and for user k ∈ R it is
pk = (22Rk − 1)σ2/‖hr,k ‖

2. For LOS BS-RS link (NL = 1), the user allocation problem
can be formulated as

min .
x

∑
k∈B

pk(1 − xk) +
∑
k∈R

pk xk +
(22

∑
k∈R xkRk − 1)σ2

Ωmax
B,R

s. t. 0 ≤ xk ≤ 1, k = 1, . . . ,K,

pk ≥ 0, k = 1, . . . ,K ,

(191)

where variables xk, k = 1, . . . ,K are the binary decision values for the user allocation
and Ωmax

B,R is the maximum eigenvalue of HB,R. The BS-RS transmitter is assumed to be
the dominant right singular vector of HB,R. To make the problem convex, the binary
entries are relaxed as xk ∈ [0, 1]. After solving (191), the user allocation for user k is
rounded as bxk + 1

2 c, where b·c denotes a floor function. If xk = 0, user k is allocated to
the BS and otherwise to the RS.

The NLOS case is more complex, as in this case, the rate requirement for the BS-RS
link cannot be expressed as a single SINR constraint. A simple heuristic allocation
approach is proposed, in which the objective in (191) is replaced with∑

k∈B
pk(1 − xk) +

∑
k∈R

pk xk +

(∑
k∈R

xk

)
22Ravg − 1

Ωmax
B,R

, (192)

where Ravg represents the average rate of the users assigned to the RS. In this formulation,
the BS-RS channel eigenvalues are assumed to beΩmax

B,R . This is clearly an overestimation,
and thus results in an underestimate of the BS-RS link power allocation. This method is
not directly applicable to the sum rate maximization problem as it would require joint
optimization of the user allocation and precoder powers even in the zero interference
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case. For the coordinated sum rate maximization, a centralized scheduler could be
realized with the proposed algorithm by overloading the precoder initialization in such a
way that all users were served by the BS and RS in the initial phase of the algorithm.
The iteration phase of the algorithm would choose a (sub-optimal) set of served users by
setting the transmit power of the non-active users to zero. Only instantaneous channel
allocation and exhaustive search are considered for the sum rate maximization problem.

4.3.4 Numerical results

The performance of the proposed algorithms is studied using the following assumptions.
Both the BS and RS are equipped with four antennas (NBS = NRS = 4) and serve a
total of four single-antenna users (K = 4). The BS-RS channel HB,R is modeled either
as LOS with Krician = 10 or NLOS with uncorrelated antennas. The path loss which
governs the user association is modeled with the exponent factor for different links. In
these examples, path-loss exponent 4 is used for the user channels and exponent values
2.3 and 2.8 for the LOS and NLOS BS-RS links, respectively.9 A simplified scenario is
considered, where all users move in a group towards the RS located 200m away from the
BS.

In Figure 38, ZF based transmit power minimization is compared with various user
allocation schemes. It can be seen that the impact of the duplexing loss from OTA
in-band relaying must be carefully considered when performing the user allocation.
The instantaneous channel based allocation assigns an equal number of users already
at half-way distance between the BS and RS. When the duplexing loss is taken into
account, the users are reallocated only when significantly closer to the RS. Note that the
exhaustive search can be made locally at the BS provided that the beamforming gains
αk ∀ k ∈ B ∪R are available.

Figures 39 and 40 provide the performance of SOCP based designs. In each case, the
achieved performance of the converged algorithms is compared. The relaxed binary
allocation performs close to the exhaustive search scheme in the LOS scenario. Thus,
the performance penalty from ignoring the interference in the allocation phase is rather
minimal. This is not the case in the NLOS scenario, in which the power/rate allocation
across the multiple BS-RS signaling streams is not available prior to the user allocation.
The SOCP based NLOS scheme using subspace formulation performs close to the

9In practice, the path loss exponent depends highly on the environment especially in the NLOS case.
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near-optimal but complex signomial based design. Compared to the ZF performance, it
can be seen that there is approximately 5 dB gain.
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Fig. 38. NLOS backhaul and sum transmit power minimizing ZF precoding with QoS of 2bps per user
([117] © 2013 IEEE).
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Fig. 39. LOS with SOCP precoding with QoS of 2bps ([117] © 2013 IEEE).
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4.4 Coordinated precoder design

Instead of simply forming nulls towards the interfered users, both the BS and RS can
employ less restrictive precoder design criteria by allowing some controlled interference,
and take that interference into account when designing the precoders. This obviously
requires some extra signaling across the OTA in-band relaying channel but results in
significant performance improvement in certain situations.

4.4.1 Transmit power minimization

For infinite transmit power, the transmit power minimization problem is always feasible,
if the number of users satisfies the zero-forcing condition K = |B∪R| ≤ min(NBS, NRS).
In case more users are allocated, the system can become interference-limited, and,
depending on the QoS constraints, the transmit power minimization may not be feasible.

LOS link (NL = 1)

For the special case with NL = 1 and fixed allocation sets R and B, the relay receiver u1

is, for simplicity, fixed to be the dominant left singular vector of HB,R. Alternatively, the
MMSE receiver could be used at the relay, which would require local iteration of the
receiver and transmitter optimization at the BS. Because the MMSE receiver only has an
impact on the BS-RS link (single-antenna user terminals), the performance gain would
be minor. The BS-RS link rate constraint in (178) can be reduced to an SINR constraint,
and, hence, all constraints can be expressed as generalized inequalities with respect
to the SOCP [48]. Furthermore, for fixed allocation sets the generic (178) decouples
between the time slots. Thus, the optimization problem can be divided into two separate
optimization problems:

Slot 1 carried out by the BS:

min .
m
(1)

k
, Ûm1

∑
k∈B
‖m(1)

k
‖2 + ‖ Ûm1‖

2

s. t. γ
(1)
k
≥ 2Rk − 1 ∀ k ∈ B,

Ûγ1 ≥ 22Rsum − 1,

(193)

where Rsum =
∑
j∈R

Rj .
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Slot 2 carried out by both BS and relay:

min .
m
(2)

k

K∑
k=1

‖m(2)
k
‖2

s. t. γ
(2)
k
≥ 2Rk − 1 ∀ k ∈ B,

γ
(2)
k
≥ 22Rk − 1 ∀ k ∈ R.

(194)

Both problems can be easily reformulated as SOCP problems and, thus, can be solved
optimally [25, 153]. The optimization problem in (194) requires full CSI knowledge.
This is clearly impractical for the considered OTA in-band signaling channel between the
BS and RS. However, a decentralized implementation with limited backhaul information
exchange was recently proposed for a similar problem in a coordinated multi-cell
setting in [17, Alg. 1]. The very same method can be straightforwardly modified for
solving (194) in a decentralized manner. Applying the aforementioned method requires
periodic interference term signaling between the BS and RS. The interference terms
between the BS and RS are fixed on each iteration and Problem (194) is solved in such a
way that the inter-node interference levels are not violated. After each precoder update,
the interference levels are updated and exchanged. Near optimal performance can
be guaranteed even in time-correlated fading environments, as long as the fading is
sufficiently slow [17].

NLOS link (signomial approximation)

Unlike the LOS scenario with NL = 1, the NLOS case allows signaling over multiple
data streams. This has an impact only on the first slot precoder design, and for the second
slot the precoder design is identical to the approach proposed in the previous section.
The design is more complex due to the sum rate requirement across the multiple BS-RS
OTA in-band relaying streams. Here, a sub-optimal but efficient iterative precoder
design framework is proposed, in which, at each iteration, the objective is minimized
with respect to one set of variables while considering the other variables fixed.

First stage The precoders for each in-band relaying stream and users are initialized
such that the rate for all NL signaling streams is forced to be equal, 2Rsum/NL. The relay
receive beamformers are chosen to be the NL dominant left singular vectors. Similarly to
the previous section, MMSE receive beamformers could be used at the relay with only
minor performance improvement. The optimization problem is written as
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min .
m
(1)

k
, Ûml

∑
k∈B
‖m(1)

k
‖2 +

NL∑
l=1

‖ Ûml ‖
2

s. t. γ
(1)
k
≥ 2Rk − 1 ∀ k ∈ B,

Ûγl ≥ 22Rsum/NL − 1, l = 1, . . . , NL.

(195)

Furthermore, the problem can be straightforwardly reformulated and solved as an SOCP.

Second stage For fixed and normalized precoders v(1)
k
=

m
(1)

k

‖m
(1)

k
‖2

∀ k ∈ B, Ûvl = Ûml

‖ Ûml ‖2

for l = 1, . . . , NL and fixed decoders wl for l = 1, . . . , NL, the power control and optimal
SINR assignment across NL precoders associated with the RS is carried out as

min .
pk, Ûpl,γl

∑
k∈R

pk +
NL∑
l=1

Ûpl

s. t.
pk |hHb,kv

(1)
k
|2∑

i∈B\k
pi |hHb,kv

(1)
i |

2 +
NL∑
l=1
Ûpl |hHb,k Ûvl |

2 + σ2

≥ 2Rk − 1 ∀ k ∈ B,

Ûpl |wH
l
HB,R Ûvl |

2∑
k∈B

pk |uHl HB,Rv
(1)
k
|2 +

NL∑
i=1
i,l

Ûpi |uHl HB,R Ûvi |2 + σ2

≥ γl, l = 1, . . . , NL,

NL∏
l=1
(1 + γl) ≥ 22

∑
j∈R R j ,

(196)
where the optimization variables are pk ∀ k ∈ B, Ûpl for l = 1, . . . , NL and γl for
l = 1, . . . , NL.

The above optimization problem is non-convex due to the last rate constraint.
However, by approximating the posynomial function associated with the rate constraint
f (γ1, . . . , γNL

) =
∏NL

l=1
(1 + γl) with a monomial function m(γ1, . . . , γNL

) = c
∏NL

l=1
γal
l

and introducing a trust region for the approximation, the problem can be solved as a
series of geometric programming steps. For each iteration, the parameters c̃ and ãj

of the monomial local approximation are given similarly to [154, Eq. (9)]. With the
power and associated SINR γl for each data stream l obtained from (196), the precoders
are reoptimized as in (195) with the new SINR constraints Ûγl ≥ γl, l = 1, . . . , NL. The
procedure is continued until convergence. Alternatively, the problem could be solved by
using the aforementioned WMMSE approach, the SCA methods from Chapter 2 or any
other SPMin beamforming technique.
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NLOS link (subspace projection)

Even though the above method provides a very efficient design, the complexity involved
is rather high. In this section, a sub-optimal method is provided for the first slot which
performs close to the above scheme. The precoder optimization during slot 2 is the
same as in (194). First, the precoders for the BS-RS link are designed based on singular
value decomposition of HB,R. The user precoders are then designed over the subspace
orthogonal to the span of the BS-RS precoders. This gives some priority to the BS-RS
link as it will receive the capacity optimal signal space directions. This reduces the
probability of the BS-RS link rate becoming a bottleneck. Another possibility is first to
design the user precoders and project the BS-RS precoders to be orthogonal to the user
signal space, which would in turn give higher priority to the BS-users. Prioritizing the
BS-user transmission requires two-level precoder design. First, the BS-user precoders are
solved to satisfy the QoS constraints. In the second stage, the BS-RS link is designed to
be orthogonal to the BS-user transmission and to satisfy the BS-RS link QoS constraint.

First stage BS-RS precoders are chosen to be the NL dominant right singular vectors
with the corresponding left singular vectors for the RS receiver. The WF power allocation
is carried out as in (186) subject to the desired sum rate 2

∑
k∈R Rk .

Second stage The BS-user precoders are designed within the subspace orthogonal to
the span of BS-RS precoders. The SOCP based solution [153] is performed over this
reduced subspace with the objective of minimizing the overall power as given below

min .
m
(1)

k

∑
k∈B
‖Sm(1)

k
‖2

s. t. γ
(1)
k
≥ 2Rk − 1 ∀ k ∈ B,

(197)

where γ(1)
k

is defined as

γ
(1)
k
=

|hH
b,k

Sm(1)
k
|2∑

i∈B\k
|hHb,kSz

(1)
i |

2 +

|R |∑
l=1

|hHb,k Ûml |
2 + σ2

,

S = I −MB,RM
†

B,R,

and MB,R =
[
Ûm1, Ûm2, . . . , ÛmNL

]
is the stacked BS-RS precoder matrix from the first

stage, and S = M⊥
b,r

spans the subspace orthogonal to the span of BS-RS precoders.
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Vectorsmk ∀ k ∈ B represent the precoders before the subspace projection is applied.
The final precoder for the user k ∈ B is given by Sm(1)

k
.

4.4.2 Sum rate maximizing precoder design

The general formulation of the sum rate maximizing precoder design (179) is a non-
convex problem, even for fixed user allocation, in which the BS and RS precoder designs
are coupled by inter-cell interference terms in the spatial domain and the sum rate
equality constraint in the time domain.

Decentralized solution

A way to decouple (179) is by fixing the coupling variables and dividing the problem
into multiple subproblems. First, the user priority weights are assumed to be µk =
1 ∀ k ∈ B ∪R. By fixing the RS sum rate constraint, the problems can be divided into
two separated subproblems between the time slots. A locally optimal solution for the
throughput maximization is provided via a modified the WMMSE based on [16], where
additional rate constraints are employed to manage the BS-RS OTA in-band relaying
requirements. The crucial part of solving the decoupled problem efficiently is finding an
optimal rate allocation for the RS users. Unlike in the previous precoder designs, in
this case, the solution is independent of the BS-RS channel rank, as the algorithm will
manage the stream allocation according to the channel conditions.

In order to decouple the time slots, a jointly feasible rate region for the BS-RS link
and RS-user sum rate must be determined similarly to the ZF sum rate maximization in
Section 4.3.2, but in a slightly different order. An upper bound for the rate allocation of
the BS-RS link Rmax =

∑NL

l=1
log2 (1 + Ûγl), disregarding the RS-user sum rate, can be

found by solving the following first slot precoder optimization problem

max .
m
(1)

k
,ul, Ûml

∑
k∈B

log2

(
1 + γ(1)

k

)
+

NL∑
l=1

log2 (1 + Ûγl)

s. t.
∑
k∈B
‖m(1)

k
‖2 +

NL∑
l=1

‖ Ûml ‖
2 ≤ PB,

(198)

where the optimization variables are mk ∀ k ∈ B and wl , Ûml for l = 1, . . . , NL. This is a
non-convex problem that can be solved locally at the BS. The following theorem shows
that Rmax is a suitable boundary for the RS-user sum rate region.
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Theorem 1 (Upper bound of relay user rate). The optimal sum rate
∑

k∈R log2(1 + γ
(2)
k
)

for the relay users in the second slot cannot exceed BS-RS link rate Rmax from (198).

Proof. First, the optimal solution is noted to require
∑NL

l=1
log2(1 + Ûγl) =

∑
k∈R log2(1 +

γ
(2)
k
). The proof is begun by considering an ideal case in which the BS and RS

transmissions in the second slot are decoupled and hence do not cause any mutual
interference. Furthermore, the RS power constraint is not assumed to be active, i.e.
the RS transmission power is not limited. In this case, it can be guaranteed that the
RS-user sum rate can achieve any BS-RS link rate. As discussed in Section 4.3.2, for the
optimal RS-user sum rate Rideal, Rideal = Rmax, that is, the BS-RS link rate is equal to the
RS-user sum rate. In a non-ideal case, the downlink transmission causes interference
towards the non-associated users or the rate is limited by the transmit power constraint,
both of which cause decreased achievable sum rate. Thus, Ropt ≤ Rideal = Rmax, where
Ropt is the optimal rate allocation in the non-ideal case. �

After determining the backhaul link rate boundary Rmax, the second slot user
precoding can be solved, where relay user sum rate is bounded by Rmax and BS-user
rates are unconstrained. The sum rate maximization problem can be formulated as

max .
m
(2)

k

∑
k∈B∪R

log2

(
1 + γ(2)

k

)
s. t.

∑
k∈B
‖m(2)

k
‖2 ≤ PB,

∑
k∈R
‖m(2)

k
‖2 ≤ PR,∑

k∈R
log2(1 + γ

(2)
k
) ≤ Rmax,

(199)

where the optimization variables are the transmitters m(2)
k

∀ k ∈ B ∪R. Note that it is
highly probable that, at the optimal solution, only the last constraint is active and the 2nd
constraint is inactive or vice versa. That is, either all relay transmit power is used and the
sum rate constraint is not achieved or it is not beneficial to use all available transmit
power as the achieved rate is capped by the rate constraint.

If the sum rate of theRSusers
∑

k∈R log2(1+γ
(2)
k
) is less than Rmax =

∑NL

l=1
log2(1+ Ûγl),

i.e., the relay user sum rate constrains the BS-RS link rate. The first slot precoder design
should reflect this additional constraint. Setting RRS as the sum rate for the BS-RS link,
the first slot BS precoders are regenerated. The problem formulation for the first slot is
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then the following

max .
m
(1)

k
,ul, Ûml

∑
k∈B

log2

(
1 + γ(1)

k

)
+

NL∑
l=1

log2 (1 + Ûγl)

s. t.
∑
k∈B
‖m(1)

k
‖2 +

NL∑
l=1

‖ Ûml ‖
2 ≤ PB,

NL∑
l=1

log2 (1 + Ûγl) ≤ RRS,

(200)

where the optimization variables are m(1)
k

∀ k ∈ B, Ûml, l = 1, . . . , NL and ul, l =

1, . . . , NL.
Problems (200) and (199) can be solved simultaneously in a distributed manner

using a WMMSE based BR algorithm similar to 3. Alternatively, the QoS constrained
optimization WSRMax techniques from Chapter 2 can readily be used to solve this
problem. However, since there is only one coupling rate constraint it is sensible to
derive a simpler algorithm without the extra overhead from the decomposition methods.
Basically, we follow the same steps as in Chapter 3 to formulate the corresponding
WMMSE problems. Now, the problem does not decouple due to the QoS constraints.
However, we can employ the BR procedure to update the beamformers in parallel at the
BS and RS assuming fixed interference terms from the previous iteration. According
to [52] this process will converge if a small enough step size is issued between the
updates.

As shown in (15), there exists an inverse relationship between the MSE and SINR,
when the MMSE receive beamformers are applied. The same also to applies this scenario.
The optimal scalar MMSE receivers10 for the UE k ∈ B, in time slot 1, are given as

u(1)
k
=

©«
∑
i∈B\k

hHb,km
(1)
i [m

(1)
i ]

Hhb,k +
NL∑
l=1

hHb,k Ûml Ûm
H
l hb,k + Iσ

2ª®¬
−1

hHb,km
(1)
k
. (201)

The rate optimal receivers for the RS are given by

ul =
©«
∑
k∈B

HB,Rm
(1)
k
[m(1)

k
]HHH

B,R +

NL∑
i=1,
i,l

HB,R Ûmi Ûm
H
i H

H
B,R + Iσ

2
ª®®®¬
−1

HB,R Ûml . (202)

10Since this formulation already includes a receiver optimization phase, extension to multi-antenna receivers is
trivial.
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Similarly, the second slot scalar receivers for UE k ∈ B are

u(2)
k
=

©«
∑
i∈B\k

hHb,km
(2)
i [m

(2)
i ]

Hhb,k +
∑
i∈R

hHr,km
(2)
i [m

(2)
i ]

Hhr,k + Iσ
2ª®¬
−1

hHb,km
(2)
k
.

(203)
and k ∈ R are

u(2)
k
=

©«
∑

i∈R\k
hHr,km

(2)
i [m

(2)
i ]

Hhr,k +
∑
i∈B

hHb,km
(2)
i [m

(2)
i ]

Hhb,k + Iσ
2ª®¬
−1

hHr,km
(2)
k
.

(204)
Now, assuming that the optimal receive beamformers are applied by the UEs and RS, the
first slot WMMSE transmit beamformer optimization can be formulated using (113) as

min .
m
(1)

k
, Ûml

∑
k∈B

w
(1)
k
ε
(1)
k
+

NL∑
l=1

Ûwl Ûεl

s. t.
∑
k∈B
‖m(1)

k
‖2 +

NL∑
l=1

‖ Ûml ‖
2 ≤ PB,

NL∑
l=1

− log2( Ûεl) ≤ RRS.

(205)

This problem is still non-convex due to the rate constraints. By introducing an MSE
upper bound, similar to Chapter 2, the problem can be given in convex form as

min .
m
(1)

k
, Ûml,tl

∑
k∈B

w
(1)
k
ε
(1)
k
+

NL∑
l=1

Ûwltl

s. t. Ûεl ≤ tl, l = 1, . . . , NL,∑
k∈B
‖m(1)

k
‖2 +

NL∑
l=1

‖ Ûml ‖
2 ≤ PB,

NL∑
l=1

− log2(tl) ≤ RRS.

(206)

Using the same approach, the second slot WMMSE problem can be formulated as

max .
m
(2)

k
,tk

∑
k∈B

w
(2)
k
ε
(2)
k
+

∑
k∈R

w
(2)
k

tk

s. t. ε
(2)
k
≤ tk, k ∈ R,∑

k∈B
‖m(2)

k
‖2 ≤ PB,

∑
k∈R
‖m(2)

k
‖2 ≤ PR,∑

k∈R
− log2(tk) ≤ Rmax.

(207)
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Algorithm 17 Throughput maximization algorithm with sequential precoder updating.

1. Solve (198) for an initial estimate of optimal BS-RS link rate. Upper bound for the
RS-user sum rate Rmax =

∑NL

l=1
log2(1 + Ûγl) is the BS-RS rate.

2. Update BS-user k ∈ B precoders m(2)
k
, receivers u(2)

k
and weights w(2)

k
for the second

slot from ((207)).
3. Convey weights

√
w
(2)
k

u(2)
k

∀ k ∈ B and interference terms f̂k ∀ k ∈ R to the RS.
4. According to the BS-RS link rate, update RS-user k ∈ R precodersm(2)

k
, receivers

u(2)
k

and weights w(2)
k

for the second slot from ((207)).

5. Convey weights
√
w
(2)
k

u(2)
k

∀ k ∈ R to the BS.
6. Return to step 2 until converged.
7. Update the BS-RS link rate from ((206).

In the same ways as discussed in Chapter 2, the rate constraints in both problems couple
the transmit beamformer design. An efficient solution for these two problems via the
KKT conditions is provided in Appendix 8. Now, since there is only one rate constraint,
the overhead of applying decomposition techniques to decouple the problem would be
excessive. Instead, the BR approach will be applied as shown, e.g., in Section 3.5.1.
That is, the BS and RS assume that the interfering beamformers remain fixed and update
the beamformers in parallel. It was shown in [52] that this approach will converge as
long as the beamformers are updated with sufficiently small step size (see (129). In
between the beamformer updates, the BS and RS need to exchange the interference
levels affecting the rate constraints. For example, the BS informs

f̂k =
∑
j∈B
|u(2)

k
hHb,km

(2)
j |

2 (208)

for all k ∈ R. In this way the RS can adjust the fixed interference levels in the
corresponding rate constraints. The algorithm is summarized in Algorithm 17. Each step
of the algorithm reduces the sum-MSE of the system and, since MSE is bounded from
below, the algorithm is guaranteed to converge (for more details see [52]). Note that first
slot precoder generation (198) and (200) does not require OTA signaling and can be
performed locally in the BS. On the other hand, the second slot precoder design (199)
requires iteration between the relay and BS. At each iteration, scalar weight wk terms
and inter-system interference need to be exchanged between the BS and RS. The user
specific MMSE weights uk can be incorporated into CSI sounding pilot signaling [14].
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The most significant gain is achieved in the first few steps [16], thus, limiting the number
of iterations that can be considered without a significant impact on the achievable rate.
This is more appealing for the second slot transmission in a realistic time-correlated
fading scenario. In practice, the channels change in a time-correlated manner, which
imposes robustness requirements for the transmitter optimization. Since the CSI cannot
be assumed to be exact, the relay user rate allocation must be based on the rates reported
by the users. Otherwise the allocated per-user rates at the BS cannot be considered
reliable.

The first slot optimization problem (200) can be further simplified by orthogonalizing
the BS-RS precoder signal space similar to the power minimization solution 4.4.1. Only
the first slot precoder design is affected and for the second slot the algorithm is the same
as shown in Algorithm 17. In this approach, the achievable BS-RS link rate depends
only on the channel quality, and hence, it is not as prone to inefficient initialization
BS-RS link precoders as the steps 1 and 7 of Algorithm 17.

When the subspace projection method described in 4.4.1 is applied to (200), the
interference between the BS-user and BS-RS link streams is diminished. The BS-user
sum rate and BS-RS rate maximization can be treated as separate subproblems that are
coupled by the rate constraint. The non-convex rate constraint

∑NL

l=1
log(1+ Ûgl Ûpl) ≤ Rmax

prevents direct application of the WMSEMin algorithm [16]. By introducing a change
of variables (see Appendix 6) to the BS-RS link and noting that at the optimal solution
the equality holds for the rate constraint, the original problem (200) is transformed into
the following form

max .
m
(1)

k
, Ûol

∑
k∈B

log
(
1 + γ(1)

k

)
+

NL∑
l=1

Ûol

s. t.
∑
k∈B
‖m(1)

k
‖2 +

NL∑
l=1

e Ûol − 1

Ûgl
≤ Pb

max,

NL∑
l=1

Ûol ≤ Rmax.
(209)

Now, the WMMSE algorithm can be applied to solve the problem. Noting that the
MSE for BS-RS stream l is Ûεl = (1 + Ûgl Ûpl)−1 = e− Ûol , ÛRl = log(1 + Ûgl Ûpl) = log( Ûε−1

l
). For

fixed receivers and MSE weights the WMMSE problem can be presented as

min .
m
(1)

k
, Ûol

∑
k∈B

w
(1)
k
ε
(1)
k
+

NL∑
l=1

Ûεl

s. t.
∑
k∈B
‖m(1)

k
‖2 +

NL∑
l=1

Ûpl ≤ Pb
max,

NL∑
l=1

log (1 + Ûgl Ûpl) ≤ Rmax.
(210)
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Table 4. OTA in-band signaling requirements between the BS and RS for the distributed precoder de-
signs. This does not take into account the signaling requirements of the user allocation.

Scheme Signaling requirements What is signaled
ZF SPMin None None
ZF WSRMax Low Relay rate allocations need to be exchanged once.
Coordinated SPMin Moderate/high depending

on the periodicity
Real-valued interference terms have to be ex-
changed periodically.

CoordinatedWSRMax Moderate/high depending
on the number of iterations

Between each iteration the stream weights and
inter-cell interference terms are exchanged. Relay
rate allocations also need to be exchanged before
solving slot specific problems.

Applying the change of variables (210) to the BS-RS link, the present precoder design
problem becomes

min .
m
(1)

k
, Ûol

∑
k∈B

w
(1)
k
ε
(1)
k
+

NL∑
l=1

e− Ûol

s. t.
∑
k∈B
‖m(1)

k
‖2 +

NL∑
l=1

e Ûol − 1

Ûgl
≤ Pb

max,

NL∑
l=1

Ûol ≤ Rmax.
(211)

The complete algorithm for the problem is similar to that shown in Algorithm 17, except
that the transmitters are solved from (211). Finally, the signaling requirements for all
schemes covered in Sections 4.3 and 4.4 are compared in Table 4.

Coordinated precoder designs are extensible to multi-cell MIMO environment
by using the techniques proposed in Chapter 2. Additional relay stations can be
straightforwardly incorporated into the problem formulation. Inclusion of multi-antenna
user terminals makes the distributed problem somewhat more complex, as the interference
levels towards the user terminals cannot be known a priori without knowledge of the
receive beamformers. This introduces an iterative generation of the precoders and
MMSE receivers.

4.4.3 Numerical results

The sum rate maximizing precoder designs are compared in Figures 41 and 42 using
the same simulation environment as in Section 4.3.4. The WMMSE design shows
performance gain especially at low SNR range. At mid-point, the exhaustive search
achieves nearly two-fold the rate of the instantaneous channel allocation, which suggests
room for improvement in practical user allocation. The higher path loss factor in the
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Fig. 41. Comparison of the sum rate maximizing WMMSE and ZF precoders with LOS BS-RS link ([117]
© 2013 IEEE).

NLOS case is compensated by the improved BS-RS link performance due to NL ≥ 1.
The WMMSE method and the subspace separation method are compared in Figure 43.
Interestingly, the subspace method achieves higher rates when multiple users are allocated
to the RS. This is due to occasionally insufficient initialization of the WMMSE method,
which results in poor BS-RS link performance. On the other hand, poor transmitter
initialization does not affect the BS-RS link in the subspace projection method that, on
average, achieves higher BS-RS link rates.
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4.5 Summary and discussion

The user allocation and precoder design for the coordinated relaying were considered
with two system design objectives: SPMin and WSRMax. The total transmit power
across the BS and RS was minimized subject to given user rate constraints while
considering the duplexing loss from in-band OTA relaying. The sum rate was maximized
subject to individual transmit power constraints for the BS and RS. It was found that the
benefit of relays can even be detrimental if the in-band signaling needs are not properly
accounted for. The proposed algorithms were shown to provide significant gains as
compared to the base line case in which the users were served by the BS only.

As shown in Chapters 2 and 3, the WSRMax via MSE minimization is readily
extendable to a multi-cell system with multi-antenna user terminals and multiple relays.
The multi-cell extension does not increase the signaling complexity of the algorithm as
the signaling can be efficiently incorporated to the uplink pilot signaling [14]. However,
it should be noted that the aggregate inter-cell interference signaling of the relay users
increases somewhat the amount of the wired/wireless backhaul signaling as the size
of the network increases. The algorithms from Chapter 2 readily offer tools to derive
alternative solutions for the relaying problems. Although the rate of convergence might
be improved from the GP and WMMSE techniques, the overall asymptotic performance
would be equal, as all of the mentioned methods can achieve a locally stationary solution.

Increasing the size of the sets of the served users beyond the available degrees of
freedom, would be possible in order to further increase the multi-user diversity gain.
However, as discussed in Section 4.4.1, for transmit power minimization, this would
require a separate scheduling procedure. For the coordinated sum rate maximization, a
centralized scheduler could be realized with the proposed algorithm by overloading the
precoder initialization in such a way that all users would be served by the BS and RS in
the initial phase of the algorithm. The iteration phase of the algorithm would choose a
(sub-optimal) set of served users by setting the transmit power of the non-active users to
zero.
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5 Conclusions and discussion

The emphasis of this thesis was on practically realizable interference coordination
algorithms in heterogeneous MIMO systems. Most of the designs focus on WSRMax,
which serves as an excellent generalization of a variety of utility maximization objectives.
For the relay-assisted systems, SPMin was also considered. Since the focus was on
practically feasible algorithms, the computational complexity limitations and signaling
issues were carefully studied.

5.1 Conclusions

In this thesis, downlinkMIMOWSRMaxwas consideredwithUE specificQoS constraints.
The focus was on tractable solutions in moderately fast changing channel conditions,
which require fast convergence over a small number of OTA iterations. The non-convex
WSRMax was solved by SCA specifically designed to handle the QoS constraints by
always providing a feasible lower bound of the UE sum rates. Three decentralized
methods were proposed. The primal decomposition based algorithm provided stronger
protection of the QoS rates, whereas the ADMM and dual decomposition method
provided relaxed initialization and signaling requirements. Fast converging MIMO
beamformer designs for IBC andMAC channels were also proposed. Novel SCAmethods
were studied with specific emphasis on overall and per-iteration computational complexity.
For IBC, a general algorithm was provided that transformed the NP-hard WSRMax
problem into low complexity iterative beamformer design that can be decentralized
with similar signaling overhead to the well known MMSE designs. This method was
shown to possess similar structure to the WMMSE technique but with an improved
rate of convergence. The improved rate of convergence reduces the required number
of OTA iterations to achieve most of the beamforming gain, which, in turn, reduces
the overall complexity. For MAC, a joint transceiver design algorithm was proposed
that exploited the particular structure of the MACWSRMax problem. The algorithm
relies on two-level SCA, in which the per-iteration complexity is reduced into SDP. By
circumventing alternating transmit/receive beamformer optimization, the algorithm
provides a significantly improved rate of convergence. Thorough convergence analysis
was provided for both algorithms with proof of objective convergence and proof of
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asymptotic convergence of the actual beamformers. Discussion of the convergence
properties was also provided for other considered methods.

Decentralized transceiver designs for CoMP JP WSRMax in the presence of non-
orthogonal pilot resources and pilot estimation noise were considered with specific
emphasis on designs that enable the use of CoMP JP in realistic channel fading conditions.
Decentralized JP was shown to be feasible even with limited pilot resources, i.e. with
limited CSI accuracy. Two pilot estimation approaches were considered. In the SSE, all
interference terms were individually estimated. This provided increased flexibility in
terms of required signaling within the JP clusters as the transmitters can choose to ignore
the UEs with high path loss. This directly reduces the overall signaling overhead. DE
was shown to provide significantly improved pilot noise and interference management
w.r.t. the SSE methods. Various decentralized algorithms were considered to provide
tractable designs with limited backhaul connectivity. The BR approach was used to
provide a JP algorithm with attractive convergence and performance properties. As a less
complex alternative, GD and SG based transmit beamformer designs were also proposed.
The implementation complexity and performance trade-off were studied by numerical
evaluation. The numerical results indicated that BR and SG designs provide good
performance and stability even with moderately fast fading channel conditions. The GD
approach provided reduced computational complexity w.r.t. the BR method, but was not
as robust to UE mobility as the SG design that has the same computational complexity.

The beamforming and UE admission for the coordinated relaying were considered
with SPMin and WSRMax objectives. The total transmit power across the BS and RS
was minimized subject to given user rate constraints while considering the duplexing
loss from in-band OTA signaling. The sum rate was maximized subject to individual
transmit power constraints for the BS and RS. It was found that the benefit of relays can
even be detrimental if the in-band signaling needs are not properly accounted for. The
proposed algorithms were shown to provide significant gains as compared to the baseline
case in which the users were served by the BS only.

5.2 Discussion and future research directions

The analysis of the NS-WMMSE revealed some important properties of the asymptotic
WSRMax solution. Solving the quadratic problem directly was only proposed for the
MIMO IC scenario, with significant benefits to the rate of convergence. Extending
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this algorithm to MIMO IBC a clear continuation of this research and should to be
considered as a future work to be carried out.

As shown in Figure 2, choosing the approximation function for the rate upper bound
can have a great impact on the convergence properties of the algorithm. There has
been considerable interest in majorize-minimize algorithms, in which not only is the
upper bound function chosen, but the objective is replaced altogether by an appropriate
surrogate function with suitable properties [149, 150]. This can potentially reduce the
computational complexity and reveal beneficial properties for decentralized processing.

The BR approach from Chapters 3 and 4 could be extended to the QoS constraint
optimization presented in Chapter 2. Instead of employing the decomposition methods,
all BSs simply assume that the inter-cell interference remains fixed while the beamformers
are updated in parallel. This approach has the benefit of potentially resulting in less
complex algorithm design. However, it is sensitive to step size selection and cannot
guarantee that the constraints hold during the update process [52].

The proposed schemes can be potentially extended to the dynamic TDD systems [24]
that are certainly a timely topic for the next generation dense and increasingly
heterogeneous systems. Dynamic TDD refers to independent cell specific UL/DL
mode selection, which can be made on the basis of the current traffic load, providing
significantly improved spectrum and resource utilization. The dynamic TDD extensions
have already been studied by the thesis author in [155–158]. The approach can be seen
as a special case of full duplex transmission without self interference. As such, the
proposed designs can also be extended into to full duplex transmission schemes by
considering the self interference component at the transmitters. The bi-directional
training schemes can be applied to obtain the BS-UE and BS-BS CSI. However, the
UE-UE interference channels require explicit feedback, which makes the beamformer
design difficult to realize even in the centralized scenario. Dynamic adaptation to the
traffic load is in itself a very interesting problem as it considers many practical aspects
that are ignored by simply focusing on throughput maximization. It was shown in [159]
that queue aware rate maximization turns out to be a generalization of the WSRMax
problem and that the SCA methods proposed in this thesis can be straightforwardly
modified to consider dynamic traffic aware beamforming. This extension was already
considered by the author in [157, 160].

One extreme of heterogeneous system designs is presented by device-to-device
(D2D) communication. Allowing the UEs to communicate directly with each other
imposes critically improved latency conditions and spectral utilization. On the other
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hand, the interference coordination is vastly more difficult to handle. Extensions to D2D
using similar techniques to those proposed in this thesis have already been considered by
the author in [161, 162]. D2D and dynamic TDD are very similar problems as both
introduce UE-to-UE interference, which is difficult to handle in a decentralized manner
as it requires explicit CSI feedback from the UEs.

With 5G and millimeter wave (mmWave) systems, the amount of antenna resources
is expected to increase drastically. Massive MIMO communication greatly improves
the spectral efficiency and, in theory, makes interference management easier [163]. In
fully digital massive MIMO, advanced beam coordination methods are not as vital as
is the case with conventional MIMO. One way of reducing the beamformer design
complexity is to use two stage precoding. The processing stage is designed on the basis
of the statistical properties of the UEs. This converts the angular domain channel into to
a beam-space domain. The statistical beamforming can be used to group the angularly
overlapping UEs and identify the dominant interference sources. The second stage
beamformer design now has greatly reduced dimensions and, thus, the beam-space
optimization complexity is greatly reduced. In practice, the vast implementation
complexity and power consumption of fully digital massive MIMO systems prevents
early adaptation. There are also so-called hybrid systems that contain a single path digital
frontend for analog antenna groups. Designing the separately analog and digital domain
beamformers also employs two stage beamforming with similar benefits to the fully
digital scenario. It alleviates the implementation complexity and power consumption as
the number of radio frequency (RF) chains is limited [164, 165]. On the other hand,
there are two precoding stages (analog and digital) that need to be taken into account.
The interference management techniques proposed in this thesis are extendable to model
and manage the two-stage precoder problem. In its simplest form, the extension can be
implemented by an additional block coordinate descent step for each precoding stage.

The relay model in Chapter 4 can be straightforwardly extended to a multi-cell
system with multi-antenna UEs. This extension would include an additional UE receive
beamformer update as shown in Chapter 2. Furthermore, more advanced UE allocation
methods could be applied to the RS/BS selection problem. For example, the reweighted
`1 norm relaxation technique is extensively used binary relaxation technique that could
be straightforwardly applied to the relay UE admission problem [166–168]. Furthermore,
it could easily be extended to the relay-assisted WSRMax problem.

An interesting future extension of the relay system, would be to consider full duplex
relays [169–171]. This topic has been extensively studied in recent years and there exist
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proof-of-concept implementations of the technology [172]. Full duplex systems provide
very similar problem setting from the interference management point of view with the
exception that the RS can receive and transmit at the same time. This changes the time
slot based system model, but the inherent beam coordination problem remains similar.
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Appendix 1 Convergence analysis for IBC WSRMax SCA
methods

The convergence analysis is approached by interpreting the algorithm as a point-to-set
map [175, 185]. This approach allows us to use general convergence properties as
presented by Zangwill [186] and Meyer [180]. The analysis is given in the following
order

1. Introduce the common notation for point-to-set algorithms.
2. Show that the proposed algorithms are closed and monotonic with respect to

a continuous objective function f , which leads to the convergence theorem of
Zangwill [186].

3. Prove strict monotonicity and the existence of unique fixed points, which strengthen
the convergence results [180].

This analysis is intended to give a sufficiently general framework that it can be applied to
all of the proposed SCA methods.

An alternative approach for a proof of convergence to a similar beamformer design is
taken in [159], in which the authors prove convergence to a KKT point by studying the
limits of the beamformer sequences. This analysis could also be applied to the proposed
problem.

The convergence analysis is essentially provided for the centralized algorithms and
the decomposition methods with a sufficient number of inner iterations. Herein, the
decomposition algorithms 3, 5 and 6 are assumed to perform sufficient inner iteration
(dual variable) updates to guarantee monotonic improvement with respect to the objective
function after each transmit beamformer iteration [141, 144]. The analysis is based on
the results given in Section 1.

Notation

To begin with, a point-to-set map is defined to denote any multivalued function T (x)
that associates (maps) x to at least one feasible point. Now, let AT and AR denote the
transmit and receive beamformer generation parts the algorithm. That is, AT consists of
the inner loop of the SCA algorithm performing the convex approximation and transmit
beamformer design for fixed receive beamformers. Similarly, AR denotes the receive
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beamformer mapping for fixed transmit beamformers. Thus, a single complete iteration
of the algorithm, with transmit and receive beamformer updates, is the composite
A = AT ◦AR. Each iterationA can be seen as a point-to-set map of the transmit/receive
beamformers between iterations. Furthermore, to simplify and relate the notation to
point-to-set maps, the transmit beamformers in iteration n are collected into a single
matrix asM(n) = [· · ·m(n)

k,l
· · · ]T. Similarly, the receive beamformers are collected into

matrix U(n) = [· · · u(n)
k,l
· · · ]T. Furthermore, the order ofmk,l ∀ (k, l) and uk,l ∀ (k, l) in

M(n) and U(n) is assumed to remain the same between iterations. The composite of all
beamformers is then denoted as D(n) = [M(n) U(n)], which provides us with a notation
for a sequence of beamformer iterates. Note that all other variables can be derived from
the beamformers, which allows us to focus solely on the beamformers in our analysis.

The following definitions are used to describe fixed points and monotonicity of an
algorithm or, more precisely, any point-to-set mapping.

Definition 1. A fixed point of an algorithm A is defined as {D∗} = A(D∗). That is, it
is a point which maps strictly to itself. The notation of a fixed point can be further
extended into a set of generalized fixed points defined as D∗ ∈ A(D∗), where point D∗

belongs to the image of the algorithm in D∗.

Definition 2. An algorithm A is monotonic with respect to function f if

f (D(n+1)) ≤ f (D(n)), whenever D(n+1) = A(D(n)). (212)

A monotonic algorithm is said to be strictly monotonic when

f (D(n+1)) = f (D(n)) if and only if D(n+1) = D(n),

f (D(n+1)) < f (D(n)) otherwise.
(213)

That is, the algorithm will improve the objective value in any point that is not a fixed
point.

Closed Maps

Each step of the algorithm can be formalized as

AT(U) = arg min.
M∈X

fT(U,M) (214)

and
AR(M) = arg min.

U∈Y
fR(U,M), (215)
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where fT and fR are the transmit and receive beamformer design subproblems. Sets
X and Y denote the feasible sets of transmit and receive beamformers, respectively.
Here, X and Y are used to generalize the constraint sets for the transmit and receive
beamformers.

Remark 2. The transmit beamformer update (214) can consist of multiple iterations of
the SCA and any inner loop updates (such as decomposition .dual variable updates).
The only requirement regarding the number of inner transmit beamformer updates is the
monotonicity with respect to the global objective function.

Theorem 2. [186, Convergence Theorem A] Let A define a closed point-to-set map
on a compact set X ∪ Y . Assume that A is monotonic with respect to a continuous,
non-negative objective function f andA generates a sequence of iterates D(n). Then, the
following statements hold [186, Convergence Theorem A].

– The sequence has at least one accumulation point.
– Each accumulation point D∗ satisfies f (D∗) = limn→∞ f (D(n)).
– Each accumulation point D∗ is a generalized fixed point.

Theorem 2 effectively states that, if the sequence of beamformers converges, the
limit point is a generalized fixed point. This is not sufficient in order to show that
the beamformer iterates converge. Furthermore, a generalized fixed point does not
necessarily satisfy the KKT conditions of the original problem.

1.0.1 Monotonic convergence

The proposed algorithms are shown to be closed, and monotonic with respect to the
non-negative continuous objective functions of (16) and (76). These properties lead to
the global convergence theorem (Theorem 2) of Zangwill [186], which comprises the
first part of our convergence analysis.

By the initial assumptions on the power constraint P , the feasible set of transmit
beamformers X is compact. Also, the total power constraint

∑
k∈Ub

Tr
(
MkM

H
k

)
≤

Pb, b = 1, . . . , B is compact. The receive covariance matrix is always invertible due to
non-zero noise power, which implies that (215) is a continuous map (see Appendix 3 for
further discussion). This means that the set of possible MMSE receive beamformers Y
is closed and bounded and, as such, compact. Note that the SCA does not change the
MMSE receive beamformer solution (which depends only onmk,l ∀ (k, l)). Finally, it
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was shown in [173] that infimal maps of type (214) and (215) are closed whenever X
and Y are closed.

Proposition 1. Algorithms 8 and 2 are monotonic in terms of the objectives of (75)
and (16), respectively.

Proof. It can immediately be seen that each receive beamformer update (14) in
Algorithm 2 is strictly decreasing in terms of the objective. This follows from the
fact that the MMSE receive beamformers are the unique optimizers for fixed transmit
beamformers. It was shown in [39] that either the solution for the SCA subproblem
is a solution of the original problem or the objective is monotonically improved.
Furthermore, according to the assumption of a sufficient number of primal/dual iterations,
the monotonicity also extends to the decomposition Algorithms 3, 5 and 6. Furthermore,
since the objective function is bounded by the power constraints, the objective of (16)
converges.

It remains to be shown that each iteration of (8) provides a monotonic improvement
to the objective function of (75). First, the problem is formulated in an equivalent form
as a DCP

min .
Mk,Ak,Bk

K∑
k=1

µk (log det (Ak) − log det (Bk))

s. t. Jk +Hbk,kMkM
H
kH

H
bk,k
� Ak, k = 1, . . . ,K,

Jk � Bk, k = 1, . . . ,K,∑
k∈Ub

Tr
(
MkM

H
k

)
≤ Pb, b = 1, . . . , B.

(216)

In this form, all terms in the problem are either convex or concave. Since the linear
approximations in both steps (75) and (82) are made with respect to convex/concave
functions they provide global under/overestimators that are tight in the point of
approximation [48]. Thus, each subproblem solution must improve the objective value
of the original problem and leads to monotonic improvement. It was shown in [39] that
either the solution for the SCA subproblem is a solution of the original problem or the
objective is monotonically improved. Since the objective function is bounded by the
power constraints, the objective of (75) converges. �

1.0.2 Convergence to a fixed point

The convergence results can be made considerably stronger by showing that the strict
monotonicity holds for A and that the achieved fixed points are not generalized fixed
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points. Clearly, a sufficient condition for the non-generality of the fixed points is that the
algorithm achieves a unique solution at all fixed points.

Assumption 2. At any fixed point, the optimal transmit beamformers are uniquely
defined for each of the transmit beamforming subproblems (83). It is sufficient to
provide means to obtain a unique solution for (84). Clearly this is the case when
νb > 0. However, when νb = 0, (85) maybe rank deficient. To overcome this problem,
a uniquely defined pseudoinverse such as the Moore-Penrose inverse can be applied,
which effectively ensures that each iteration has a unique beamformer solution. The
uniqueness is not assumed anywhere else but within the set of fixed points.

At any fixed point, the optimal transmit beamformers are uniquely defined for each of
the transmit beamforming subproblems (35). See Appendix 4 for a discussion of the
uniqueness conditions and ways to ensure uniqueness. The uniqueness is not assumed
anywhere else other than within the set of fixed points. This allows us also to use the
same justification for the decomposition algorithms, as the converged decomposition
subproblems will satisfy the KKT conditions of the centralized SCA subproblem.

Remark 3. By Assumption 2, Algorithms 2 and 8 are strictly monotonic. This can be
verified by notating that the proof of Proposition 1 showed that either the algorithm has
reached a solution to the original problem or the objective function is improved. Thus,
either the objective is improved or a fixed point is achieved.

Using Assumption 2 and Proposition 1, the stronger convergence properties hold for
Theorem 2, as shown by Meyer in [180].

Theorem 3. [180] Assume that A is a strictly monotonic closed algorithm on D with
respect to a continuous and non-negative function f . Suppose that A generates a
sequence of iterates {D(n)}. Then the following are true with Theorem 2

– Each accumulation point of the sequence is a fixed point of the algorithm.
– The sequence of iterations is asymptotically regular.
– Either the algorithm converges or the accumulation points form a continuum.

The regularity of the sequence of iterations D(n) ensures convergence in a norm, i.e.,
that limn→∞ ‖D

(n) −D(n−1)‖F = 0, where ‖ · ‖F denotes the Frobenius norm. However,
convergence to a single fixed point cannot be guaranteed [180], as the set of fixed points
is infinite due to the SINR equivalence under complex beamformer rotation.
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1.0.3 Optimality conditions

It was shown in [39] that SCA algorithms converge towards a set of KKT points of the
original problem. This is enough to show that Algorithm 8 converges towards a set of
KKT points.

It remains to be shown that any fixed point of Algorithm 2 is a KKT point of (13).

Proposition 2. Any fixed (limit) point {m∗
k,l
, u∗

k,l
, t∗
k,l
}
k,l

of Algorithm 2 is also a KKT
point of (13).

Proof. To begin with, it should be noted that this approach closely resembles the
convergence analysis for SCA algorithms given in [39] with the exception that in this
case there is an extra step involving the receive beamformer updates. It can directly be
shown that any fixed point of the proposed algorithm satisfies the KKT conditions. This
is done by going through all conditions and demonstrating the compliance one-by-one.
Note that, the convex approximation only applies to the MSE constraints (22), which
means that the primal and dual constraints always hold for (13). Thus, optimality needs
to be shown only for the MSE constraints that are affected by the SCA.

It follows from the definition of the first-order linear approximation (25) and
from the convergence to a fixed point that [g(t∗

k,l
)]−1 = −a∗

k,l
t∗
k,l
+ b∗

k,l
∀ (k, l) and

∂
∂tk, l
[g(t∗

k,l
)]−1 = −a∗

k,l
∀ (k, l). Thus, by definition, the first-order optimality conditions

hold. The transmit and receive beamformers in (35) and (14) are directly solved from
the first-order optimality conditions, which means that they also satisfy the optimality
conditions.

It is evident that the MSE constraints (22) hold tight at any fixed point. It can
immediately be observed that, at any fixed point, the complementary slackness conditions
of (16) hold, i.e.,

εk,l = [g(t∗k,l)]
−1 ⇒ λk,l

(
εk,l − [g(t∗k,l)]

−1
)
= 0 ∀ (k, l). (217)

The same applies for the rate constraints. As the linear approximation generates a lower
bound for convex functions, the primal feasibility holds, i.e

ε∗k,l ≤ −a∗k,lt
∗
k,l + b∗k,l ≤ [g(t

∗
k,l)]

−1 ∀ (k, l). (218)

This shows that, at any fixed point, the convex approximation satisfies the KKT conditions
of the original problem, which was also observed in [39].
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Finally, rigorous proof that any KKT point of the MSE reformulation (16) is also a
KKT point of the original problem (13) follows directly from the similar proof given
in [16]. �
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Appendix 2 Convergence analysis for the MAC WSRMax
SCA method

In this section, the convergence analysis is given for Algorithm 9, which will be denoted
as A, by applying the framework already established in Section 1. The algorithm A can
be interpreted as a point-to-point map, which maps the transceivers M̄ into new feasible
transceivers M. In order to justify the point-to-point interpretation, first the solutions for
each subproblem (102) need to be shown to be unique.

The uniqueness of the solution to each subproblem follows from showing that
the objective function of (102) is strongly convex11. Note that (102) uses the Schur
complement to equivalently reformulate the objective function from Tr

(
WX−1

)
. From

there it follows that X is unique. Furthermore, the linear approximation in (101) ensures
that there is one-to-one mapping from X toM

The following lemma will be usefully later on.

Lemma 1. There exists such γ > 0 that the Neumann series
∑∞

n=0 (tA)
n converges for

any t ∈ (0, γ] and A ∈ F+.

Proof. Let EDE−1 be the eigenvalue decomposition ofA, whereD = Diag (. . . , ωi, . . .)

and ωi denotes the ith eigenvalue of A. Now, tA can be written as E (tD)E−1 and it can
be seen that t uniformly scales the eigenvalues of A. Thus, there exists a γ > 0 such that,
max({tωi}

m
i=1) < 1 for any t ∈ (0, γ]. As all of the eigenvalues are smaller than 1, the

corresponding power series converges [181, Chapter 7]. �

Corollary 1. As, according to Lemma 1, the Neumann series converges, there exists
such γ > t > 0 that

∑∞
n=0 (tA)

n = (I − tA)−1 [181, Chapter 7].

Proposition 3. The function Tr
(
WX−1

)
is strongly convex for all W � 0 and X � 0.

Proof. X ∈ Cm×m is assumed to be symmetric and full rank. This can be justified by
the properties of the MSE matrices (87). To begin with, the behavior of Tr

(
WX−1

)
is analysed on a point A � 0hand in a feasible direction Z ∈ F+, i.e., along A − tZ.
Without loss of generality, Z , 0 is assumed. The inverse function, by Lemma 1, can be
written as

(A − tZ)−1 = A−1
(
I − tZA−1

)−1
= A−1

∞∑
n=0

(
tZA−1

)n. (219)

11This applies only to (102) as (100) does not have a unique solution due to the equivalent phase rotation ofM.
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It follows that the second order derivative along the direction Z is given as

d2

dt2
Tr

(
WA−1

∞∑
n=0

(
tZA−1

)n)�����
t=0

= 2 Tr
(
WA−1ZA−1ZA−1

)
= 2 Tr

(
W1/2A−1ZA−1ZA−1W1/2

)
.

(220)

Since A � 0, A−1 � 0, this leads to A−1ZA−1ZA−1 � 0.12 Since there exists at least
one non-zero eigenvalue,

Tr
(
W1/2A−1ZA−1ZA−1W1/2

)
> 0. (221)

This shows that Tr
(
WX−1

)
is strongly convex. �

Since the Schur complement reformulation of the objective function in (102) is
equivalent to objective Tr

(
WX−1

)
, each subproblem has a unique solution. Note that

F � 0 and X � (F + I)−1 ensure that X � 0.
The rest of the analysis is based on showing that the algorithm complies with the

sufficient convergence conditions for monotonic point-to-set algorithms (maps) as stated
in Section 1. The analysis consists of proving that the following conditions hold: 1. the
point-to-set map defined by Algorithm 9 is compact and continuous; 2. the algorithm is
strictly monotonic; 3. each fixed point is a KKT point of (88).

Proposition 4. Algorithm 9 is compact and continuous.

Proof. By definition, M ∈ P is convex and compact. This also implies that X and F are
bounded in terms of the Frobenius norm ‖‖F. Since the set of positive-semidefinite
matrices is closed, X and F can now be concluded to belong to a compact set. Finally, it
was shown in [173] that the minimization over a closed set and continuous objective is a
continuous map. �

Proposition 5. The sequences of solutions of (102) are strictly monotonic in terms of
the objective function of (95).

Proof. Since T � 0, XHTX � 0 for all X. Now, consider

MHTM � M̄HTM̄ + M̄HT(M − M̄)+

(M − M̄)HTM̄ � 0,
(222)

12For O � 0 and B �, OBO � 0 and BOB � 0.
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where the last inequality follows from the optimality ofM in (102). From (222), it can
be seen that

Tr
(
W(I +MHTM)−1

)
≤ Tr

(
W(I + F)−1

)
, (223)

where
F = M̄HTM̄ + M̄HT(M − M̄) + (M − M̄)HTM̄. (224)

Finally, since F is optimal in (102),

Tr
(
W(I + F)−1

)
≤ Tr

(
W(I + M̄TM̄)−1

)
. (225)

From here, it can be concluded that

Tr
(
W(I +MHTM)−1

)
≤ Tr

(
W(I + M̄HTM̄)−1

)
. (226)

Problem (102) always provides a feasible solution for (100). This can be easily
verified by noting that the only difference between (100) and (102) is the quadratic
constraint and the corresponding linearization. According to (222), the linearization
provides a feasible solution to the quadratic constraint. The rest of the constraints remain
the same. �

Proposition 6. Any fixed point of Algorithm 9 is a KKT point of (88).

Proof. The basic idea is to show that all of the KKT conditions of the original problem
are satisfied at a fixed point of the approximated subproblems [39]. It is important
to notice that, at a fixed point, the relaxations (101) and (94) hold tight and, thus, the
particular solution matches a solution of (93). Finally, the equivalence of the KKT
points of the weighted sum-MSE minimization problem (93) and weighted sum rate
maximization (88) follows from the proof given in [16]. �

It follows from Propositions 4 and 5 that the following properties hold for the
algorithm [180]. The beamformers are asymptotically regular, that is,

lim
i→∞
‖M̄ −M‖F = 0. (227)

By Proposition 6, the algorithm converges to a KKT point or the limit points form a
continuum of KKT points.
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Appendix 3 Proof of continuity of the MMSE receive
beamformer map

Let Qk =
K∑
j=1

Lk∑
l=1

Hb j,kmj,lm
H
j,l
HH

b j,k
+ Iσ2

k
∀ (k, l) denote the received signal covariance

matrix for UE k. Since σ2
k
> 0, k = 1, . . . ,K , Qk is invertible and det(Qk) , 0. Using

the Leibniz formula13, the determinant function det(Qk) can be defined as a polynomial
of the entries of Qk , thus, making it continuous. Using Cramer’s rule to define the
matrix inversion, it can be observed that each entry of Q−1

k
is the ratio of det(Qk) and

the determinant of the corresponding minor. As each entry of matrix Q−1
k

∀ k is a
polynomial, it can be concluded that matrix inversion within the set of invertible matrices
is a continuous map.

Since the map is within a finite dimensional vector space, the quadratic form of the
covariance matrix and linear matched filter part are continuous. It follows from the
continuity of the composite of continuous functions that the MMSE receive beamformer
map is continuous.

13det(Qk ) =
∑

a∈Sn
sgn(a)

∏n
i=1C(a(i), i)
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Appendix 4 Uniqueness of the transmit beamformer
design

The transmit beamformers in form (35) are considered, as this is the form that is
obtained in any of the fixed points in, both, the centralized and decentralized cases.
With minor modifications, the algorithm can be fairly straightforwardly modified
to generate a unique transmit beamformer in any fixed point. The problem is that
Kb in (35) may not be full rank and thus there may exist multiple optimal transmit
beamformers when νb = 0. When νb > 0 or Kbk

is full rank, then clearly Kbk
+ νbI

is invertible. Thus, the correspondingmk,l =
(
Kbk
+ Iνb

)−1
HH

bk,l
uk,lλk,l are uniquely

defined. However, if νb = 0 and Kbk
is rank deficient, Kbk

+ νbI is not invertible.
This leads to the possibility of multiple optimal choices for the transmit beamformers.
Assume that Kbk

is rank deficient and has nullspace Nbk
. Then, there exists some

m̃k,l ∈ Nbk
such that uHi, jHb,im̃k,l = 0 ∀ (i, j) , (k, l). Now, consider a composite

transmit beamformer m̃k,l = mk,l + m̃k,l . The composite beamformer does not cause
any additional interference as m̃k,l is orthogonal to the non-intended users. Assuming
i.i.d. channel matrices and receive beamformer initialization, the effective channels can
be considered pairwise linearly independent. Then, it follows that uH

k,l
Hbk,km̃k,l , 0.

The remaining power can then be loaded on m̃k,l , which strictly improves the rate
over the composite beamformer m̃k,l . This contradicts the optimality of the transmit
beamformers design after each transmit beamformer design subproblem. Although
i.i.d. channel matrices and receive beamformer initialization are in practice reasonable
assumptions, it is easy to devise an example where the effective downlink channels are
fully overlapping. In this case, there may be multiple optimal transmit beamformers.

The most obvious modification is to choose in (35) (·)† to be any uniquely defined
generalized matrix inverse, such as the Moore-Penrose pseudoinverse. Alternatively, a
proximal operator can be used to force the objective function to be strongly convex.
In each iteration, the proximal operator is given in the form of ρ

∑
(k,l) ‖m̄k,l −mk,l ‖

2,
where ρ is chosen such that the strong convexity and, thus, uniquely defined optimal
solution are guaranteed. Note that small θ does not have significant impact on the value
of the objective function.
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Appendix 5 Simplification of (138)

To simplify expression (138), we can eliminate the auxiliary variables zk,l,b,i,z by solving
the individual zk,l,b,i,z from (138) [60]. Keeping the other variables fixed, we have

zk,l,b,i,z = âk,l,b,i,z +
zk,l,i,z
|Bi |

−
η̂k,l,i,z

|Bi |
−

rk,l,i,z
|Bi |

, (228)

where η̂k,l,i,z =
∑

g∈Bi
η̂k,l,g,i,z , âk,l,b,i,z = η̂k,l,b,i,z + uH

k,l
Hb,kmb,i,z and rk,l,i,z =∑

g∈Bi

√
wk,lu

H
k,l
Hj,kmg,i,z . It is easy to see that (228) minimizes (138) and satis-

fies (136), as derived in the following∑
b∈Bi

zk,l,b,i,z =
∑
b∈Bi

âk,l,b,i,z + zk,l,i,z − η̂k,l,i,z − rk,l,i,z

= zk,l,i,z .
(229)

When we substitute each zk,l,b,i,z in (138) with (228), the consensus constraints must
hold as shown in (229). On the other hand, the penalty terms (135) reduce to

Θk,l =

K∑
i=1

Li∑
z=1

∑
b∈Bi

ρ

2
|
rk,l,i,z
|Bi |

−
zk,l,i,z
|Bi |

+
η̂k,l,i,z

|Bi |
|2

=

K∑
i=1

Li∑
z=1

∑
b∈Bi

ρ

2|Bi |
|rk,l,i,z − zk,l,i,z + η̂k,l,i,z |2.

(230)

Since, ρ is an adjustable penalty constant, we can include the JP set sizes into it14 and,
thus get

Θk,l =

K∑
i=1

Li∑
z=1

∑
b∈Bi

ρ

2
|rk,l,i,z − zk,l,i,z + η̂k,l,i,z |2. (231)

Now, using the same substitution for the dual update (139) and having the JP set sizes
included into ρ, we have

ηk,l,b,i,z = η̂k,l,b,i,z +
√
wk,lu

H
k,lHj,kmb,i,z − zk,l,b,i,z

= zk,l,i,z − η̂k,l,i,z − rk,l,i,z .
(232)

Since (232) does not depend on b, dual variables ηk,l,b,i,z ∀(k, l, i, z) are equivalent for
all b ∈ Bi . Thus, we can combine all dual variables for each (k, l, i, z) and have (141).

14Basically, we we would bound ρ depending on the set sizes. In any case, this is only for analytical purposes.
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Appendix 6 Convex formulation of the zero-forcing sum
rate maximization problem (188)

The minimum rate maximization problem (188), can be transformed into a convex
problem by a change of variables. Here, the rate equality constraint

∑NL

l=1
log(1 + Ûgl Ûpl) =∑

k∈R log(1 + g
(2)
k

p(2)
k
) is a concave constraint, which by introducing new variables

o(s)
k

∀ k ∈ B ∪R and Ûol, l = 1, . . . , NL such that

eo
(s)
k = 1 + g(s)

k
p(s)
k
, e Ûol = 1 + Ûgl Ûpl , (233)

can be transformed into linear form. Since the transformation between the variables is
one-to-one mapping, the optimality of the solution can be retained in the transformed
problem [48]. The powers p(s)

k
and Ûpl are convex functions of o(s)

k
and Ûol , which in fact

present the rate of the corresponding stream. Now, the problem can be presented in a
convex form as

max
o
(s)
k
, Ûol

.

2∑
s=1

∑
k∈B∪R

µko(s)
k

s. t.
∑
k∈B

eo
(2)

k − 1

g
(2)
k

≤ PB,
∑
k∈R

eo
(2)

k − 1

g
(2)
k

≤ PR,∑
k∈B

eo
(1)

k − 1

g
(1)
k

+

NL∑
l=1

e Ûol − 1

Ûgl
≤ PB,

NL∑
l=1

Ûol =
∑
k∈R

o(2)
k
,

(234)

where o(s)
k

for all k ∈ B ∪R and Ûol for l = 1, . . . , NL are the optimization variables.
Similar formulation can be used to solve, e.g., minimum rate maximization, where the
objective is

max min
k

log2

(
1 + g(s)

k
p(s)
k

)
∀ k ∈ B ∪R. (235)

This can be reformulated as a convex problem by taking an epigraph from of the objective
as max

o
. t and introducing constraints log2(1 + g

(s)
k

p(s)
k
) ≥ o ∀ k ∈ B ∪R, s = 1, 2 [48].
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Appendix 7 Two-level waterfilling for rate constrained
power loading

KKT conditions for Problem (190) are the following

p(1)
k
≥ 0, λkp(1)

k
= 0 ∀ k ∈ B, Ûpl ≥ 0, Ûλl Ûpl = 0, l = 1, . . . , NL,∑

k∈B
p̂(1)
k
+

NL∑
l=1

Ûpl ≤ PB, v̂

(∑
k∈B

p(1)
k
+

NL∑
l=1

Ûpl − PB

)
= 0,

NL∑
l=1

Ûpl − Pmax ≤ 0, Ûv

(
NL∑
l=1

Ûpl − Pmax

)
= 0,

g
(1)
k

1 + g(1)
k

p(1)
k

− v̂ + λk = 0 ∀ k ∈ B, Ûgl

1 + Ûgl Ûpl
− v̂ − Ûv + Ûλl = 0, l = 1, . . . , NL.

(236)
It can be seen directly from the KKT conditions that if the BS-RS link power constraint∑NL

l=1
Ûpl ≤ Pmax is active, i.e the equality holds, the power loading can be separated

between the UE channels and BS-RS link. This can be done by WF with power
constraints

∑
k∈B p(1)

k
≤ PB + Pmax and

∑NL

l=1
Ûpl ≤ Pmax for the user channels and BS-RS

link, respectively. On the other hand, if constraint
∑NL

l=1
Ûpl ≤ Pmax is not active, we have

Ûv = 0 and optimal power loading reduces to WF over user channels and BS-RS link.
This can also be used to check whether or not the BS-RS link power constraint is active
in the first place. For fixed Ûv, we can search for the optimal v̂.

203



204



Appendix 8 Iterative solution for coordinated and rate
constrained precoder design via KKT conditions

Due to the non-linear rate constraint, which couples the MSE constraints, Problem (206)
cannot be straightforwardly solved via KKT conditions. However, the problem
formulation can be simplified by considering the rate constraint in the form

NL∑
l=1

− log2(Ûtl) ≤ Rmax. (237)

Now, the first-order linearization is taken for the constraint in terms of Ûtl , similar to the
objective of (206). Noting that Ûwl = [ Ûεl]

−1, rate constraint becomes∑
k∈R
(( Ûw−1l − Ûtl)

Ûw−1
l

log(2)
+ log2( Ûw

−1
l )) ≤ Rmax. (238)

From the first-order optimality conditions, a closed form expression can be derived for
the precoders as(∑

i∈B
wkh

H
b,iu
(1)
i [u

(1)
i ]

Hhb,i +
NL∑
l=1

( Ûwl − γ)H
H
B,R Ûul Ûu

H
l HB,R + Iν

)†
( Ûwl−γ)H

H
B,R Ûul . (239)

Now, the optimal values for γ and νb can be found by performing two-level bisection.
The second slot Problem (207) can be solved with a similar algorithm.
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