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Abstract
This thesis focuses on two important challenges in wireless downlink transmission: multi-user
(MU) precoder design and scheduling of users over time, frequency, and spatial resources at any
given instant. Data streams intended for different users are transmitted by a multiple-input
multiple-output (MIMO) multi-antenna orthogonal frequency division multiplexing (OFDM)
system. The transmit precoders are designed jointly across space-frequency resources to minimize
the number of backlogged packets waiting at the coordinating base stations (BSs), thereby
implicitly performing user scheduling.
Then the problem of multicast beamformer design is considered wherein a subset of users
belonging to a multicasting group are served by a common group-specific data. The design
objective is to either minimize the transmit power for a guaranteed quality-of-service, or to
maximize the minimum achievable rate among users for a given transmit power. Unlike existing
techniques, the proposed design utilizes both the spatial and frequency resources jointly while
designing multi-group beamformers.
As an extension to coordinated precoding, the problem of beamformer design for cloud radio
access network is considered wherein beamformers are designed centrally, quantized and sent
along with data to the respective BSs via backhaul. Since the users can be served by multiple BSs,
beamformer design becomes a nonconvex combinatorial problem. Unlike existing solutions,
beamformer overhead is also included in the backhaul utilization along with the associated data.
As the number of antennas increases, backhaul utilization is dominated by the beamformers. Thus,
to reduce the overhead, two techniques are proposed: varying the quantization precision, and
reducing the number of active antennas used for transmission.
Finally, to reduce the complexity involved in the design of joint space- frequency approach, a
two-step procedure is proposed, where a MU-MIMO scheduling algorithm is employed to find a
subset of users for each scheduling block. The precoders are then designed only for the chosen
users, thus reducing the complexity without compromising much on the throughput. In contrast to
the null-space-based existing techniques, a low-complexity scheduling algorithm is proposed
based on vector projections. The real-time performance of all the schedulers are evaluated by
implementing them on both Xilinx ZYNQ-ZC702 system-on-chip (SoC) and TI TCI6636K2H
multi-core SoC.

Keywords: C-RAN, CoMP, convergence analysis, convex optimization, linear
transceiver design, multi-user MIMO, multicast beamforming, OFDM, radio resource
management, SCA, scheduling, TI Keystone II, Xilinx ZYNQ SoC
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Tiivistelmä
Tässä väitöskirjassa keskitytään kahteen tärkeään langattoman tiedonsiirron haasteeseen alalinkkilähetyksissä: usean käyttäjän (MU) esikooderisuunnitteluun ja käyttäjien skedulointiin aika-,
taajuus- ja tilaresurssien yli. Eri käyttäjille tarkoitettuja datavirtoja lähetetään käyttämällä monitulo-monilähtötekniikkaa (MIMO) yhdistettynä monikantoaaltomodulointiin (OFDM). Lähettimien esikooderit suunnitellaan yhteisesti tila- ja taajuusresurssien yli, jotta keskenään yhteistoiminnallisten tukiasemien jonossa olevien pakettien määrää voitaisiin minimoida samalla kun
tehdään epäsuorasti käyttäjien skedulointia.
Tämän jälkeen työssä paneudutaan monilähetysten (multicast) keilanmuodostussuunnitteluun, jossa monilähetysryhmään kuuluvien käyttäjien alijoukolle lähetetään yhteistä ryhmäspesifistä dataa. Suunnittelun päämääränä on joko minimoida kokonaislähetysteho tietyllä palvelunlaatuvaatimuksella tai maksimoida pienin saavutettavissa oleva siirtonopeus käyttäjien joukossa
tietyllä lähetysteholla. Toisin kuin olemassa olevat menetelmät, ehdotetussa mallissa käytetään
yhteisesti sekä aika- että taajuusresursseja usean ryhmän keilanmuodostusta suunniteltaessa.
Laajennuksena yhteistoiminnalliselle esikoodaukselle, väitöskirjassa käsitellään myös keilanmuodostusta pilvipohjaisessa radioliityntäverkkoarkkitehtuurissa. Keilanmuodostajat suunnitellaan keskitetysti, kvantisoidaan ja lähetetään datan mukana tukiasemille käyttäen runkoverkkoyhteyttä. Koska käyttäjiä voidaan palvella usealta tukiasemalta, keilanmuodostussuunnittelu
muuttuu ei-konveksiksi kombinatoriseksi ongelmaksi. Toisin kuin olemassa olevissa ratkaisuissa, ehdotettu malli sisällyttää käyttäjien datan lisäksi keilanmuodostajien resursoinnin tarpeen
runkoverkkoon. Tukiaseman antennien määrän lisääntyessä keilanmuodostajien osuus runkoverkon käyttöasteesta kasvaa suureksi. Jotta keilanmuodostajien aiheuttamaa ylimääräistä tiedonsiirtotarvetta voitaisiin minimoida, esitellään kaksi tekniikkaa: kvantisointitarkkuuden muunteleminen sekä lähetykseen käytettävien aktiivisten antennien määrän vähentäminen.
Lopuksi, jotta yhdistetyn tila-taajuussuunnittelun aiheuttamaa kompleksisuutta saataisiin
vähennettyä, ehdotetaan kaksivaiheista menetelmää. MU-MIMO skedulointialgoritmin avulla
etsitään ensin alijoukko käyttäjiä jokaiselle skedulointilohkolle. Esikooderit suunnitellaan vain
valituille käyttäjille, mikä vähentää kompleksisuutta, heikentämättä suorituskykyä kuitenkaan
olennaisesti. Poiketen nolla-avaruuteen perustuvista tekniikoista, esitetään yksinkertainen vektoriprojektioihin perustuva skeduleri. Kaikkien skedulerien reaaliaikasuorituskykyä on arvioitu
toteuttamalla ne ohjelmoitavilla Xilinx ZYNQ-ZC702 system-on-chip (SoC) ja TI TCI6636K2H
moniydinalustoilla.

Asiasanat: CoMP, C-RAN, konveksi optimointi, konvergenssianalyysi, lineaarinen
lähetinvastaanottimen suunnittelu, monikäyttäjä- ja moniantennijärjestelmä,
monilähetyskeilanmuodostus, OFDM, radioresurssien hallinta, SCA, skedulointi, TI
Keystone II, Xilinx ZYNQ SoC
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doctoral degree. I would like to offer my special thanks to Antti Känsakoski and
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Within the period of my doctoral study I had the pleasure of being surrounded
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Dr. Lu, Dr. Petri, Dr. Pradeep, Prasanth, Dr. Ratheesh, Dr. Namal, Dr. Tilak,
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Symbols and abbreviations
Notations
(·)∗

complex conjugate

|·|

absolute value

E{·}
log(·)

expectation operator
natural logarithm, i.e., in base e

loga (·)

logarithm in base a

∆(·)

Lyapunov drift function

L(·)

Lyapunov function

C

m×n

Rn

the set of m × n matrices
n-dimensional real vectors

Rn+

n-dimensional positive real vectors
n×1

{0, 1}

n-dimensional binary vector

∼

distributed according to

∇

gradient operator
k

∇g(x )

gradient of function g(x) with respect to x evaluated at xk

,

defined as



for any Hermitian matrix, X  0 implies that X is positive
semidefinite and all the Eigen values of X are ≥ 0

arg max

index corresponding to the maximum of all possible entries
of a vector

|A|

cardinality of the set A

O

big O notation

{P × Q}

Cartesian product that yields all possible combinations
between each entries of the sets P and Q

xT

transpose of the vector x

H

x

complex conjugate transpose (Hermitian) of the vector x
+

(x)

positive part of x, i.e., max(0, x)

xi

ith entry of vector x

<{x}

real part of the complex entry x

={x}
max(x)

imaginary part of the complex entry x
maximum value of the vector x
13

min(x)

minimum value of the vector x

kxkq
IN

`q norm of vector x ∈ Cn , which is defined as
identity matrix of size N × N

rank(M)

rank of the matrix M

X

−1

Pn

i=1

xqi

 q1

inverse of the matrix X

1

X2

Hermitian square root of the Hermitian matrix X

tr{X}

trace of matrix X

Distributions
CN (m, K)

circularly symmetric complex Gaussian vector distribution
with mean m and covariance matrix K

[a, b]

uniform distribution with minimum and maximum values

Pois(Λ)

are bounded between a and b, respectively
Poisson distribution with mean Λ

Mathcal style notations
A

set of users that are assigned for current transmission

B

set of all coordinating BSs

B̄b

set of all coordinating BSs for BS b

Ūb

set of all users in the neighboring BSs of BS b
(i)

(i)

F(x, y; x , y )

first order Taylor approximation for a hyperbolic function
of form xy around fixed operating point x(i) and y (i)

G

set of all multicasting groups

Gg
Hb (x)

set of all users associated to multicast group g
binary entropy measure for vector x

Hb (x; x(i) )

first order Taylor approximation of the binary entropy
measure for vector x around fixed operating point x(i)

L(x, y; x(i) , y (i) )

first order Taylor approximation corresponding to convexover-linear function with variables x, y around fixed operating point x(i) and y (i)

N

set of all sub-channels available for transmission

Q[i]

stacked vector of queued packets corresponding to all users
at time instant i
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U

set of all users in the system

Ub

set of all users associated to BS b

X
Xk

feasible subset of original nonconvex problem
approximate convex feasible subset for the kth SCA iteration

(i)

(i)

Xk , Yk

approximate convex feasible subset for the kth SCA iteration and ith AO step

Greek style notations
αk

user-specific weight used to emphasize the priority in the
weighted objective

αl,k,n

dual variable for MSE constraint corresponding to the lth

δb

spatial stream of user k for sub-channel n
dual variable for total transmit power constraint corresponding to BS b

δb,k,n

linear interpolation weight

χ

residual number of backlogged packets or bits left in the
system, i.e., all coordinating BSs

l,k,n

MSE corresponding to the lth spatial stream of user k for
sub-channel n

(i)
l,k,n

fixed value for MSE variable corresponding to the lth
spatial stream of user k for sub-channel n in the SCA
iteration i

η

training overhead with respect to data transmission

γk,n

SINR seen by user k on the nth sub-channel due to joint
transmission

γl,k,n

SINR seen by user k on sub-channel n for the lth spatial
stream

γ̃k,n

optimization variable for SINR seen by user k on subchannel n due to coordinated transmission with quantized
beamformers

γ̂k,n

worst case SINR seen by user k on sub-channel n due to
coordinated transmission with quantized beamformers

λk

instantaneous number of packets or bits arriving for user k
15

µ

fraction given by one over the number of data symbols
that are transmitted in a coherence block that uses a single
beamformer

µ0

fraction given by one over the number of data symbols
that are transmitted in a coherence block that uses a single
beamformer along with a codebook indicator

νb,k,n

power allocated by BS b to user k on sub-channel n

ωb,k,n

power allocated by BS b to user k on sub-channel n for
each antenna element

ψ

regularization constant used to obtain a trade-off between
two contradicting objectives

φb

dual variable corresponding to the entropy constraint on
all antenna status variables

σl,k,n

dual variable for achievable rate constraint corresponding
to the lth spatial stream of user k for sub-channel n

τb

dual variable corresponding to the entropy constraint on
all link status variables

υb,k,n

maximum range of quantization distortion for beamforming
vector used by BS b on the nth sub-channel for user k

ξl,k,n,b

total interference caused by BS b to the lth spatial stream
of user k for sub-channel n

ξ̄ b

stacked vector of interference seen from neighboring BSs
to all users in BS b

ξ̂ b

stacked vector of interference caused by BS b to all users
belonging to neighboring BSs

ξb

vector formed by stacking the interference caused by BS b
to all neighboring BSs users and the interference caused to
BS b users due to neighboring BSs transmission

ξ b (bk )

vector formed by extracting the interference terms corresponding to BS bk in BS b

Λk

average number of packet arrivals in bits for user k

Roman style notations
b
16

BS index

bk

index of BS serving user k

bk,n

total interference seen by user k on the nth sub-channel
interference seen by user k on sub-channel n for the lth

bl,k,n

spatial stream
cb,k,n

binary status variable, which takes the value of one if BS b
serves user k on the nth sub-channel

dk

data symbol corresponding to user k in a single-cell system

dl,k,n

data symbol intended to be transmitted to the lth spatial
stream of user k for sub-channel n

ek

additive white Gaussian noise added at receiver terminal k
in a single BS scenario

ek,n

additive white Gaussian noise added at receiver terminal k
on sub-channel n

fd

Doppler frequency

f (a)

penalty function to ensure binary outcome for relaxed
linear vector a

fˆ(a; a(i) )

first order Taylor approximation of penalty function around
fixed operating point a(i)

g

multicast group index

g(ul,k,n )

convex-over-linear function involving the variables grouped
in the tuple ul,k,n

i, j

iteration index

k

user index

n

sub-channel index

rg

minimum guaranteed rate achievable by multicast group g

r̄g

minimum guaranteed rate required by multicast group g

tk

total number of transmitted bits for user k
total transmission rate achieved by user k on the nth

tk,n

sub-channel
tl,k,n

total number of transmitted bits for user k in the lth
spatial stream over sub-channel n

(i)

tl,k,n

fixed value for transmission rate variable corresponding to
the lth spatial stream of user k for sub-channel n in the
SCA iteration i

vk

queue deviation associated with user k
17

ṽk

weighted queue deviation associated with user k

x[i]

value of x at time index i

yk
yk,n

received symbol of user k in a single BS scenario
received symbol of user k on nth sub-channel

a

binary vector corresponding to the active status of each
antenna element

ab,k,n

binary vector to determine the active status each antenna
element corresponding to link between BS b to user k on
sub-channel n

el,k,n

additive white Gaussian noise corresponding to the lth
spatial stream of user k for sub-channel n

gb,k,n

unit vector in the direction of beamformer used by BS b
on the nth sub-channel for user k

hk,n

channel seen by user k on sub-channel n

hb,k,n

channel between user k and BS b over sub-channel n

h̄k,n

stacked channel vector seen by user k from all BSs on
sub-channel n

{m}

collection of all multicast beamforming vectors

mg,n

transmit beamforming vector corresponding to all users in
multicast group g over sub-channel n

ml,k,n

transmit beamforming vector corresponding to the lth
spatial stream of user k for sub-channel n

mb,k,n

transmit beamformer used by BS b for user k over the nth

(i)

fixed transmit beamformer corresponding to the lth data

sub-channel
ml,k,n

stream of user k for the nth sub-channel in the SCA
m̄k,n

iteration i
stacked transmit beamformers from all coordinating BSs
to user k for sub-channel n

m̂b,k,n

quantized transmit beamformer used by BS b for user k

qb,k,n

quantization error associated with beamformer vector used

over the nth sub-channel
by BS b for user k on the nth sub-channel
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ul,k,n

tuple formed by grouping transmit and receive beamformer
together with interference value corresponding to the lth
spatial stream of user k for sub-channel n

wl,k,n

receive beamforming vector corresponding to the lth spatial
stream of user k for sub-channel n

(i)

wl,k,n

fixed receive beamformer corresponding to the lth data
stream of user k for the nth sub-channel in the SCA
iteration i

xb,k

transmitted symbol from BS b to user k

x̃l,k,n

vectors/variables that are fixed in AO procedure while
solving for other vectors/variables

(i)

x

fixed operating point for the respective argument in the
SCA iteration i

(i)
x∗

solution obtained for the respective argument in the SCA
iteration i
solution obtained for the respective argument upon the

x∗

convergence of the SCA procedure
k

sequence of iterates generated by an iterative algorithm

kj

{x }

subsequence of sequence {xk }

x̄

stationary point of a sequence of iterates

{x }

(i)

xk

solution obtained in the ith AO step and in the kth SCA
iteration

(i)
x∗|w

solution obtained upon the convergence of the SCA iteration in the ith AO step for a fixed w

(i)

zk

vector formed by stacking all the optimization variables in
the ith AO step and kth SCA iteration

Amax

maximum number of AO iterations

Bb
Imax

finite backhaul link capacity corresponding to BS b
maximum number of SCA iterations

Jmax

maximum number of primal or ADMM iterations performed
within each SCA step

K

number of users

K̄

virtual number of single-antenna users

L

number of spatial streams

N

number of sub-channels
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NC
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NG

number of multicast groups
number of quantization bits required to represent each

NQ

complex entry in mb,k,n
NR

number of receive antennas

NRF

total number of available RF chains

NS

number of symbols in each frame

NT

number of transmit antennas

N0

noise variance

N̄0

equivalent noise variance obtained by scaling with receive
beamformer

Pmax

total transmit power budget available for transmission

Qk

number of backlogged packets destined for user k

Qmax

maximum dynamic range achieved by the absolute value
of any beamformer entry for a given power budget

T

duration for which the CSI is valid, i.e., coherence time of
channel in terms of number of frames

Ts

channel sampling period or symbol duration

Hk
e
H

channel seen by user k in a single-cell model
channel matrix formed by stacking channel vectors corresponding to users in A

Hk,n

symmetric channel matrix formed from the channel vector
corresponding to user k over sub-channel n as hk,n hH
k,n

Hb,k,n

channel seen between BS b and user k on sub-channel n

H̄bk ,k,n

equivalent whitened channel to be fed back by the receivers

Mk

to the respective BSs
transmit precoder matrix corresponding to user k in a
single-cell model

Mg,n

symmetric beamformer matrix for multicast group g over
sub-channel n

N(A)

null space corresponding to the stacked channel vectors of
all user belonging to the active transmission set A

Fl,k,n

whitening filter for the lth spatial stream of user k in the
nth sub-channel
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Wk

stream of user k over sub-channel n
receiver matrix corresponding to user k in a single-cell
system
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1

Introduction

Wireless connectivity results in significant bottlenecks in the overall data traffic
for interconnected networks. The main capacity challenges in wireless networks
are due to the scarcity of the available resources, either in terms of power or
spectrum, and the complexity of the transceiver algorithms, which impacts
issues like mobile battery consumption. In order to overcome the receiver
complexity and cost, orthogonal frequency division multiplexing (OFDM) has
been introduced for wideband transmissions [1]. To improve the data rate,
multiple antennas are installed at base stations (BSs) and/or at user terminals
to provide additional freedom in the form of spatial dimension. The inclusion
of multiple-input multiple-output (MIMO) techniques in wireless networks
provides higher data rates or lower outages for the same transmission power and
bandwidth [2]. In a network with multiple BSs serving multiple users, a key
factor for designing transmission is to minimize the average waiting time that
each packet spends at the BSs before reaching the end user [3, 4]. This thesis
focuses on the problem of transmit precoder design and resource allocation over
the space-frequency resources provided by the MIMO-OFDM framework in the
downlink interference broadcast channel (IBC) to reduce the number of queued
packets in the BSs. Thus, the problem of interest inherently includes resource
allocation of users associated with different BSs.
This section is organized by discussing some of the existing work that is
relevant to the topics covered in this thesis. First, we introduce coordinated
transmission techniques for the MIMO IBC model, wherein transmit precoders
are designed either in a centralized manner by centralized controller (CC) or in
a distributed approach at each BS with minimal information exchange. This
is followed by the introduction of physical layer multicasting, where transmit
beamformers are designed to provide a certain guaranteed quality-of-service (QoS)
to a set of users in each multicasting group that are requesting common content.
Then, joint processing (JP) coordinated multi-point (CoMP) transmission is
discussed by considering finite backhaul capacity, which is then followed by a
discussion of multi-user (MU) MIMO scheduling algorithms with the objective of
minimizing the number of backlogged packets.
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Fig. 1. Pictorial representation of wireless transmission types.

1.1

Evolving wireless systems and standards

In the upcoming wireless standards, physical layer multicasting is also gaining
significant attention due to services like streaming audio and video, which
simultaneously deliver the same content to multiple users. The current wireless
standards such as the 3rd Generation Partnership Project (3GPP) Long Term
Evolution (LTE) provide dedicated subframes to deliver multicast contents in
addition to regular unicast transmissions due to the immense data requirements
from on-demand multicast services [5–7]. In order to provide both unicast and
multicast services over cellular networks, the LTE standard specifies evolved
multimedia broadcast multicast service (EMBMS) transmission format. The
challenge is to identify the proper share of wireless resources for providing a mix
of unicast and multicast services. Depending on the type of service required for
each multimedia application and the number of users requesting it, the network
will determine the appropriate QoS.
To provid better radio efficiency, there are two modes of operation for EMBMS:
single-cell and multi-cell transmission are envisaged in the LTE standard. In the
single BS mode, the resource allocation for multicast transmission is decided by
a single BS without any coordination with the neighboring BSs, but with the
feedback from multicast users to perform adaptive modulation and precoding.
However, in a multi-cell case, multiple BSs transmit the same physical signal
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at the same time in a coordinated manner to minimize inter-cell interference
while improving signal quality. Thus, simultaneously transmitting multicast or
broadcast data from multiple time synchronized BSs is known as multimedia
broadcast single frequency network (MBSFN) mode of operation [6].
At present, only a single EMBMS content is assigned from either one or
multiple BSs in the MBSFN configuration [6]. However, due to the popularity of
on-demand content delivery services and the proliferation of small-cell BSs (such
as micro, femto, and pico BSs), various extensions like multiplexing multiple
EMBMS content over resource blocks, serving more than one multicast group
from a single BS, and efficient transmission techniques to minimize inter-group
interference are all considered. The choice of suitable transmission is driven by
the goal of utilizing the available wireless resources among the coordinating BSs
in an efficient manner [6, 7]. A pictorial representation of various transmissions
addressed in this thesis is presented in Fig. 1.
Due to dense deployment of multiple BSs or heterogeneous networks like
micro-, pico-, and femto-BSs to provide better coverage, inter-cell interference
has increased significantly. Thus, the transmission, which was once limited
due to the coverage issue, i.e., signal-to-noise ratio (SNR), is now limited by
neighboring BSs transmissions due to the signal-to-interference-plus-noise ratio
(SINR). Thus, to overcome the issue, JP CoMP transmission is proposed in
the recent 3GPP LTE release wherein multiple BSs coherently transmit data
to users to improve the SINR. In order to provide coherent transmission from
multiple BSs, transmit beamformers are designed jointly by a CC and are then
fed back to the respective BSs along with the data associated with each user.
1.2

Literature review

1.2.1

Coordinated transmission for MIMO-OFDM systems

Resource allocation problems, such as admission control, can be formulated by
assigning a binary variable for each user to indicate the presence or absence
of a particular resource [8]. Alternatively, linear transmit precoders, which
are complex vectors, can be implicitly modeled as decision variables, thereby
avoiding the use of binary decision variables. After the design stage, non-zero
precoders are used to determine the transmission rates of users on a space

31

frequency resource, and the zero transmit precoder indicates the absence of the
user on a given resource. In this way, soft decisions are used in the optimization
problem and hard decisions are made after the algorithm convergence. The queue
minimizing network optimization objective is used to design the beamformers
across the coordinating BSs, since the transmissions are guided by the available
backlogged packets [3, 4, 9–11].
Queue minimizing precoder designs are closely related to the weighted sum
rate maximization (WSRM) problem with additional rate constraints to limit the
throughput beyond the number of backlogged packets associated with the users.
The topics of MIMO IBC precoder design has been studied extensively with
different performance criteria in the literature. Due to the nonconvex nature of
the MIMO IBC precoder design problems, successive convex approximation
(SCA) approach has become a powerful tool for solving these problems. For
example, in [12], the nonconvex part of the objective is linearized around a fixed
operating point to solve the WSRM problem in an iterative manner. A similar
approach using arithmetic-geometric inequality was proposed in [13].
The relation between the achievable sum rate and the mean squared error
(MSE) of the received symbol using fixed minimum mean squared error (MMSE)
receivers can also be used to solve the WSRM problem [14]. In [15, 16], the
WSRM problem was reformulated by utilizing the relation between the SINR
and the associated MSE of the received symbol while employing MMSE receivers.
By doing so, the original problem was expressed in terms of the MSE weight,
precoders together with the MMSE receivers. Then, the problem was solved
using alternating optimization (AO) method, i.e., finding a subset of variables
while the other variables are fixed. The MSE reformulation for the WSRM
problem was also studied in [17] by using SCA to solve the problem in an
iterative manner. Moreover, distributed precoder designs with QoS requirements
as additional rate constraints are studied for the MSE reformulated WSRM
problem in [18].
The problem of precoder design for the MIMO IBC system can be solved
either by using a centralized controller or by using decentralized algorithms,
where each BS handles the corresponding subproblem independently with limited
information exchange with other BSs via back-haul. Distributed approaches
are usually based on primal, or dual decomposition, or alternating directions
method of multipliers (ADMM) as discussed in [19, 20]. In primal decomposition,
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the coupling interference variables are fixed for the subproblem at each BS to
find the optimal precoders. The fixed interference is then updated using the
subgradients, as discussed in [21]. The dual and the ADMM approaches control
the distributed subproblems by fixing the ‘interference price’ for each BS, as
detailed in [22].
In distributed schemes, the respective precoders of each BS are designed locally
with limited signaling among the coordinating BSs. Even though distributed
schemes require minimal signaling exchange via backhaul, as the system size
grows, the signaling requirements scale up rapidly [22, 23]. However, for time
division duplexing (TDD) type systems, channel reciprocity can be utilized to
notify all nodes in the system about the effective channel state information
(CSI), including receive beamformers and coupling variables, via over-the-air
(OTA) precoded pilot transmissions. One such approach was presented in [23],
where several decentralized CSI acquisition schemes were proposed to facilitate
distributed precoder designs. To further enhance the the CSI acquisition,
bi-directional training (BiT) method was proposed in [24] for TDD systems.
The BiT scheme involves OTA based pilot transmissions, where a bi-directional
training phase is used at the beginning of every TDD frame to speed up the
convergence of iterative algorithms. Finally, a decentralized design for a dynamic
TDD has been considered in [25] by combining [23] and [24] with the WSRM
objective of both uplink and downlink.
By adjusting the weights in the WSRM objective, we can find an arbitrary
rate-tuple in the rate region that maximizes suitable objective measures. For
example, if the weight of each user is set to be inversely proportional to its
average data rate, the corresponding problem guarantees fairness on average
among the users. To reduce the number of backlogged packets, we can assign
weights based on the current queue size of the users. Specifically, the queue
P
states can be incorporated in the WSRM objective k wk Rk by replacing the
weight wk with the respective users queue state Qk , ∀k. This is the outcome of
minimizing the Lyapunov drift between the current and the future queue states
[3], where Rk denotes the achievable data rate of user k. In the backpressure
algorithm, the differential queues between the source and the receiver nodes are
used to scale the transmission rate [3].
Earlier studies on the queue minimization problem are summarized in
the survey papers [4, 10]. In particular, the problem of power allocation to
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minimize the number of backlogged packets was considered in [9] using geometric
programming. Since the problem addressed in [9] assumed single antenna
transmitters and receivers, the queue-minimizing problem reduces to the optimal
power allocation problem. In the context of wireless networks, the backpressure
algorithm mentioned above was extended in [11] by formulating the corresponding
user queues as the weights in the WSRM problem. Recently, the precoder design
for the video transmission over MIMO system was considered in [26]. In this
design, the MU-MIMO precoders are designed by the MSE reformulation as in
[15] with the higher layer performance objectives such as playback interruptions
and buffer overflow probabilities.
1.2.2

Physical layer multicasting

Physical layer multicasting for both single and multiple groups has been studied
extensively from a signal processing perspective [27–37]. The main challenges
that have been addressed in the context of multicasting problems are the grouping
of users and the design of transmit beamformers for each multicast group. In
both problems, knowledge of CSI is assumed at the BSs. While determining the
multicast groups, transmit beamformers are also designed to utilize the available
spatial and frequency dimensions at each transmission instant. The beamformers
are designed with the objective of either minimizing the total transmit power
or maximizing the minimum achievable rate among the multiplexed multicast
groups, where the minimum rate is defined by the weakest link, i.e., the user
with the minimum rate. However, the design of transmit beamformers in turn
depends on the selection of users for various multicast groups, which has drawn
significant attention in the literature.
In each time slot, the BS involved in multicast transmission transmits to the
user group at a rate determined by the weakest link. Even though associating
users requesting the same content in the same multicast group is beneficial in
terms of resource utilization, it may also deteriorate the overall performance
if users have heterogeneous channel conditions, since the transmission rate is
guided by the weakest link. Thus, user association and resource scheduling for
multicast transmission is not a trivial extension of unicast schedulers.
Multicast scheduling based on a proportional fair metric has been considered
extensively to provide fairness among multiple multicast groups [38–40]. In [38],
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two variants of proportional fairness were proposed based on the achievable
rate, namely, inter-group proportional fairness, based on the sum of all user
rates, and multicast proportional fairness, aims at maximizing the sum log
of user rates. Similarly, [39] designed a scheduler to provide proportional fair
utility for both unicast and multicast users over multiple BSs. In [41], the
resource scheduling was modeled as a sub-carrier and power allocation problem.
Moreover, the objective was to maximize the sum throughput of all multicast
transmissions over sub-carriers provided by OFDM. Since the performance of
multicast transmission depends on the weakest link, [30] employed multiple
description coding over OFDM to offer heterogeneous rates for users in each
group. A survey of multicast group formation and scheduling was considered in
[40] for OFDM systems.
1.2.3

Multicast beamforming

Upon determining users for various multicast groups, a scheduler must utilize
both spatial and frequency resources provided by the MIMO-OFDM framework
efficiently to satisfy certain design criteria. Designing transmit beamformers
for a single multicast group with perfect CSI at the BS was introduced in [27].
Since the problem is nonconvex and NP-hard, the beamformers were designed
using semidefinite relaxation (SDR), and the resulting problem is solved by
semidefinite programming (SDP) in [27]; this reduces computational complexity
significantly. Briefly, instead of finding a beamformer vector, say, m, the SDR
technique defines a Hermitian matrix M = mmH and poses the original problem
as an SDP with M as a variable. If the solution has a rank greater than one, then
the randomization procedure proposed in [42, 43] is used to extract a rank-one
solution. An extension to multiple multicast groups was studied in [29]. A
low-complexity iterative algorithm for long-term transmit beamforming for single
group multicasting was proposed in [44] based on SDP relaxation. Alternatively,
[45] employed the SCA technique to solve the multicast problem for a single
group. Unlike the SDP-based designs, the SCA technique solves for beamformers
directly, thereby avoiding the need for any randomization procedure. However,
for multi-group multicasting, the problem becomes difficult as it transforms
into a nonconvex quadratically constrained quadratic programming (QCQP),
wherein finding an initial feasible point itself is difficult. To overcome this, [46]
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proposed a feasible point pursuit (FPP) SCA algorithm by adding slack variables
to nonconvex constraints and a penalty to ensure that they were all forced to
zero, thereby ensuring the feasibility of all operating points (and solutions)
throughout the SCA procedure.
A closely related problem of maximizing the minimum SINR of all users
was also studied extensively in [28, 29, 31, 32, 34, 35, 47]. In [28, 29, 32, 34],
max-min fairness based beamformers were designed using the SDR approach.
An iterative beamformer design for a single multicast group was proposed in [35]
based on weighted SINR gradients. Alternatively, [31, 48] proposed beamformer
designs based on the SCA technique for multi-group multicasting. An extension
to multiple cells was considered in [47] based on fractional programming. Usually,
beamformer design for multi-group multicasting with certain QoS requirement
is often not possible when the channel vectors of users in different groups are
collinear. This was addressed in [49] as a joint beamformer and admission control
design with the objective of maximizing the number of users admitted.
In addition, various other extensions have been considered in the literature.
A distributed, multi-cell beamformer design for multicasting was proposed in
[50] for both min-power and max-min fairness objectives. An extension to
single antenna, multi-group multicasting for relay networks was analyzed in
[51] with a min-power objective. In [52], a robust beamformer design with
imperfect CSI was addressed with a min-power objective for cloud radio access
network (C-RAN). In [53] and [54], weighted fair multicast beamforming was
proposed with per antenna power constraints using both the SDR and the SCA
techniques, respectively. Multi-group multicasting with antenna selection was
introduced in [32] based on bisection search. However, a beamformer design with
antenna selection based on biconvex formulation proposed in [33] was shown
to outperform [32] in terms of total transmit power. The capacity limits of
various multicasting schemes were discussed in [55] by scaling the number of
users and transmit antennas for a fairness objective. An extension to antenna
subset selection was analyzed in [56] based on average capacity scaling.
An extension of the MIMO multicasting was considered in [36], wherein
a non-iterative algorithm for designing multicast precoders was proposed to
maximize the minimum user rate for a single multicast group. The multiplexing
of users over each sub-channel is based on their channel similarities, and the
precoders were evaluated by a weighted sum of the right singular vectors of
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the multiplexed users. In [37], two stage resource allocation was proposed for
multi-group multicasting by performing sub-carrier assignment followed by a
power allocation step over all sub-carriers to maximize the overall multicasting
throughput.
1.2.4

Joint processing CoMP for cloud radio access network (C-RAN)
architecture

Due to the advent of social networking, online video gaming, and big data
processing, the wireless channel in the last-mile link is the limiting factor for
seamless delivery of content. In order to increase throughput, modern cellular
systems are moving towards densely populated heterogeneous networks consisting
of multiple BSs, each serving only a smaller region [6, 57]. As a consequence of
this dense installation of BSs, interference becomes the dominant factor [58].
Thus, due to the presence of strong interfering BSs along with the serving BS to
each user, a JP CoMP model was proposed in C-RAN architecture. It is worth
noting that in the C-RAN context, each BS is referred to as remote radio head
(RRH) and the backhaul link is termed fronthaul depending on the functional
split. That is, when the in-phase and quadrature components are exchanged
between the virtual processors, then the link between them is termed fronthaul,
whereas when the data and possibly the associated beamformers are exchanged,
then it is termed backhaul [59, 60]. Throughout this thesis, we refer to the link
between CC and BS as backhaul.
Unlike the unicast and multicast transmissions discussed earlier, in a C-RAN
setup, multiple BSs coherently transmit the same data to users over an OFDM
framework for cooperative multi-cell JP CoMP transmission. Serving users
from multiple BSs increases their throughput significantly [58]. However, due
to finite backhaul capacity, it is often not possible to include all BSs in the
network for CoMP transmission as it requires the users’ data to be conveyed
through the backhaul. Therefore, due to the limitations imposed by the finite
backhaul capacity, the number of cooperating BSs is restricted to a subset of
BSs only. In such cases, the beamformer design becomes more challenging as it
involves both user association and beamformer design for the chosen subset of
users. An information-theoretic bound for the C-RAN problem with compressed
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backhaul/fronthaul signaling to multiple BSs for joint transmission has been
studied extensively in the existing literature [59–64].
Typically, downlink transmissions is focused to provide a certain QoS for
users, which is either directly or indirectly related to the minimization of queued
packets with certain priorities imposed by the physical layer. Therefore, we
focus on the queue minimization objective for the design of beamformers at
the CC. Earlier studies of queue minimization were summarized in the survey
paper [10]. Since the beamformers are designed by the CC, both users’ data and
beamformers are to be signaled via backhaul to the respective BSs by the CC.
Depending on the type of processing carried out by the RRH, the CC can either
transmit only the antenna specific IQ data samples or the explicit data and the
associated beamformers to the respective RRHs when they are considered as
BSs.
Unlike compressed signaling of the antenna specific signal proposed in [59–64],
an alternative option is to notify each BS with the data it is to send and
the beamformers it is to use explicitly via a finite capacity backhaul. Thus,
beamformer quantization is required to be considered while evaluating backhaul
utilization. In frequency division duplexing (FDD) type of transmissions,
beamformer quantization has been investigated extensively due to the lack of
channel reciprocity. The problem of multi-antenna beamformer quantization
with finite feedback rate was studied in [65–74]. Thus, we extend the beamformer
quantization techniques proposed in the context of FDD based transmissions in
[65–69] to JP CoMP transmission wherein CC designs, quantizes the beamformers
and notifies to the respective BSs about them.
Due to channel coherence in both time and frequency dimensions, multiple
data symbols in a frame are precoded with the same beamformer. Therefore, it is
efficient to send beamformers and data symbols from finite alphabets separately
to the respective BSs. However, if the BSs act as a remote radio head, then
signaling the beamformers and data symbols separately is not an efficient choice.
In such cases, compressing the antenna specific data stream proves to be an
efficient choice as discussed in [60, 63]. Furthermore, transmit beamformer
design and fronthaul compression for an uplink system has also been studied in
[75–77].
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1.2.5

Scheduler design and implementation

Due to the nonconvex nature of the beamformer design and scheduling problem,
the solution involves an iterative approach. Therefore, the complexity involved
in the design of transmit beamformers for efficient utilization of both spatial
and frequency resources scales up rapidly as the number of users, antennas or
frequency resources grows.
There are numerous papers discussing the scheduling of users for MU-MIMO
transmission with zero-forcing beamforming (ZFBF) design. Beamformer design
based on ZFBF provides efficient de-coupling of the transmitted streams at the
receiver by nulling the interference caused by other streams over the desired
channel [78, 79]. The beamformers are designed for the set of users whose data
streams are to be multiplexed at the given scheduling instant. The MU-MIMO
user set is identified from the available pool of users based on the QoS constraints
and the linear independency of the channel vectors. The selection of users based
on linearly independent channel vectors has been well studied in the literature.
Selection based on the Gram-Schmidt (GS) algorithm as semi-orthogonal user
selection (SUS) algorithm was discussed in [80] and an extension to multi-antenna
receivers was considered in [81].
Algorithms using block diagonalization (BD) of the stacked channel vectors
by successively projecting onto the null space are discussed in [82] and [83].
Selection of users based on stochastic algorithms was considered in [84] using
proportional fair (PF) or sum rate maximization objectives. User selection
based on maximizing the volume subtended by the user channel vectors was
discussed in [85] and [86]. Volume based selection performs identically to the
SUS scheme, as both are based on the GS orthogonalization procedure. The
sum rate maximizing user selection provides stable queues, when the path loss
between the base station and users is normalized [87].
The joint beamformer design and scheduling were carried out for MU-MIMO
transmission using the interference leakage formulation [88] and [89]. The
selection was carried out in a greedy manner using the signal-to-leakage-noiseratio (SLNR) metric and the beamformers were designed based on the maximum
eigen-vector of the matrices involved in the SLNR calculation. The iterative
beamformer design considered in [90] was based on the BD of the channel
vectors of stacked user channels and the beamformers were designed after each
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selection. The beamformer design using weighted minimum mean squared
error (WMMSE) equivalent for WSRM was considered using the alternating
optimization method for obtaining the beamformer in an iterative manner.
In the overloaded design, wherein the number of users is greater than the
available spatial degrees of freedom (DoF), the WMMSE scheme performs joint
scheduling and the beamformer design by providing zero powered beamformers
for nonscheduled users [16].
1.3

Aim and outline of the thesis

The aim of this thesis is to provide solutions for radio resource allocation for
MIMO-OFDM systems. In particular, we emphasize precoder design and user
scheduling over space-frequency resources. In first three sections, our primary
focus is on developing transmit beamformers for multi-antenna, multi-carrier
systems with multiple BSs that coordinate among themselves to improve user
throughput. Due to the system complexity involved in the design of beamformers
over space-frequency resources, we have resorted to a two-step procedure in the
final section wherein the precoders are designed only for a subset of users, which
is chosen for each sub-channel by the MU-MIMO schedulers.
In Section 2, we study the problem of transmit precoder and receive beamformer design for a downlink multi-cell IBC scenario wherein multiple data
streams associated with different users are transmitted over the space-frequency
resources provided by a MIMO-OFDM framework. At first, we consider the
problem of designing transmit precoders to minimize the number of backlogged
packets waiting at the coordinating BSs. Conventionally, the queue minimization
problem is solved for each frequency resource by using the WSRM objective with
the number of backlogged packets as the corresponding weights. In contrast,
we propose joint space-frequency resource allocation (JSFRA) formulation, in
which the precoders are designed jointly across the space-frequency resources
by minimizing the total number of backlogged packets in each transmission
instant, thereby implicitly performing user scheduling. Due to the nonconvex
nature of the proposed formulation, we use a combination of SCA and AO to
handle nonconvex constraints in the JSFRA formulation. In the first method, we
approximate the SINR by convex relaxations, while in the second approach, the
equivalence between the SINR and the MSE is exploited. We then discuss the
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distributed approaches for the centralized algorithms using primal decomposition,
the alternating directions method of multipliers and a practical iterative precoder
design by solving the Karush-Kuhn-Tucker conditions for the MSE reformulation,
which requires minimal information exchange for each update. The results
contained in Section 2 have appeared in [91–93].
In Section 3, we study the problem of designing transmit beamformers for
multi-group multicasting by considering a multiple-input single-output (MISO)
OFDM framework. The design objective involves either minimizing the total
transmit power for a certain guaranteed QoS or maximizing the minimum
achievable rate among the users for a given transmit power budget. The problem
of interest can be formulated as a nonconvex QCQP for which the prevailing SDR
technique is inefficient for at least two reasons: first, the relaxed problem cannot
be reformulated as semidefinite programming due to mixed integer constraints.
Second, even if the relaxed problem is solved, the randomization procedure
should be used to generate a feasible solution for the original mixed integer
QCQP, which is difficult to derive for the considered problem. To overcome
these shortcomings, we adopt the SCA framework to find multicast beamformers
directly. The proposed method not only avoids the need of randomization search,
but also is less computationally complex than an SDR approach. In addition, we
also extend the multicasting beamformer design problem with an additional
constraint on the number of active elements, which is particularly relevant when
the number of antennas is larger than the number of radio frequency (RF) chains.
Numerical results are used to demonstrate the superior performance of our
proposed methods over the existing solutions. Section 3 is based on [94, 95].
In Section 4, we consider a multi-carrier JP CoMP cellular system wherein
the beamformers are designed by a CC. They are subsequently fed back to
the respective BSs via a finite capacity backhaul link. Therefore, we design
transmit beamformers at the CC that associate users to BSs depending on their
backhaul capacity and the users’ channel state to address this problem. Upon
identifying the active links, user multiplexing and scheduling over spatial and
frequency dimensions are performed in conjunction with the beamformer design
for all BSs subject to the objective of minimizing the number of backlogged
packets at the CC. Since the BSs are notified about the beamformers along
with the data, the backhaul utilization must include the overhead incurred by
the quantized beamformers, which has higher precision as it is used by all data
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symbols transmitted over a coherence block. In order to minimize the signaling
overhead due to quantized beamformers, we employ two techniques, namely,
by varying the quantization level of each beamforming vector based on the
respective link quality and by selecting only a subset of antennas for each BS
transmission. Section 4 is based on conference papers [96, 97].
In Section 5, we consider the practical implementation of a low complexity
product of independent projection displacements (PIPD) scheduling scheme
wherein the user selection is performed over the spatial dimension with reduced
complexity compared to the existing SUS based designs. In addition, we also
propose a heuristic algorithm of weighted scheduling, addressing the WSRM
objective, which can be used with any scheduling algorithm. The performance of
the weighted scheduling schemes is studied, with the objective of minimizing the
queues. Finally, the single-cell MU-MIMO schedulers are evaluated for real-time
feasibility by implementing them on state-of-the-art evaluation platforms such as
the Xilinx ZYNQ-ZC702 system-on-chip (SoC) and TI TCI6636K2H multi-core
application specific SoCs. Section 5 is based on conference papers [98–100].
Finally, Section 6 concludes the thesis.
1.4

Author’s contributions and publications

The thesis is based, in parts, on two journal papers [92, 95] and eight conference
papers [91, 93, 94, 96–98, 100, 101]. All the papers mentioned earlier have
been published. Furthermore, an article based on Sections 4 is currently under
preparation.
The author of this thesis had the main responsibility for conceiving the
original ideas, derivations, developing the simulation software, generating the
numerical results, and writing of all the papers mentioned earlier. Other authors
provided comments, criticism, ideas and support during the process. The main
contributions of this thesis are listed below.
– A novel joint space-frequency transmit precoder and receive beamformer design
is proposed by considering the instantaneous backlogged packets associated
with each user.
– A joint space-frequency multi-group multicast beamformer design is proposed
with the objective of providing a guaranteed QoS to all users in the various
multicasting groups.
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– A joint processing CoMP beamformer design is proposed for a finite backhaul
network wherein a quantized beamformer overhead is also considered together
with the data utilization.
– Finally, a low-complexity scheduler design is proposed and the feasibility
of the algorithm is also studied by analyzing the real-time performance by
implementing it in an evaluation platform.
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2

Queue aware precoder designs

In this section, the design of both transmit precoders and receive beamformers
are considered with the objective of reducing the number of backlogged packets
waiting to be transmitted by BSs to the intended users. Due to the consideration
of a MIMO-OFDM framework, precoders are designed jointly across the available
space-frequency resources to attain the design objective in an efficient manner.
Unlike the existing techniques wherein the precoders are designed only for a
spatial dimension by considering a single sub-channel scenario, the proposed
joint design utilizes the additional DoF provided by the frequency dimension to
improve the design objective either by multiplexing more users or by taking
advantage of the frequency diversity. At first, a centralized JSFRA formulation
is proposed, which is solved by using a two level iterative solution based on the
combination of SCA and AO due to the nonconvex nature of the problem. The
proposed algorithms solve a sequence of convex problems obtained by fixing a
subset of optimization variables or by approximating the nonconvex constraints
by the convex ones. The first approach is performed by directly relaxing the
SINR expression, while in the second method, the equivalence between the MSE
and the SINR is exploited. Then, the distributed implementation of the JSFRA
methods using primal decomposition and the ADMM are discussed. To this end,
a more practical iterative precoder design is also proposed, which is obtained by
directly solving the Karush-Kuhn-Tucker (KKT) system of equations for the
MSE reformulation. Furthermore, it is numerically shown to require minimal
information exchange for each update. Finally, to reduce the complexity further
in the case of time-correlated fading, the OTA signaling presented in [23] and
the BiT scheme proposed in [24] are utilized to design transmit precoders and
receive beamformers so as to minimize the queues in a distributed manner.
2.1

System model and problem formulation

2.1.1

System model

The model considers a downlink MIMO IBC scenario in an OFDM framework
with N sub-channels and NB BSs each equipped with NT transmit antennas,
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serving a total of K users, each with NR receive antennas. The set of users
associated with BS b is denoted by Ub and the set U represents all users in the
system, i.e., U = ∪b∈B Ub , where B is the set of indices of all coordinating BSs.
Data for user k is transmitted from only one BS which is denoted by bk ∈ B. Let
N = {1, 2, . . . , N } be the set of all sub-channel indices available in the system.
The linear transmit beamforming technique is adopted at the BSs. Specifically,
the data symbols dl,k,n for user k on the lth spatial stream over sub-channel
n is multiplied with beamformer ml,k,n ∈ CNT ×1 before being transmitted.
In order to detect multiple spatial streams at the user terminal, the receive
beamforming vector wl,k,n is employed for each user. The receiver structure has
linear separation of desired signals from (self and other) interference, and then
independent decoding of each spatial stream. Consequently, the received data
estimate corresponding to the lth spatial stream over sub-channel n at user k is
given by

H
dˆl,k,n = wl,k,n
Hbk ,k,n

L
X

H
mj,k,n dj,k,n + wl,k,n
el,k,n

j=1
H
+ wl,k,n

X

Hbi ,k,n

L
X

mj,i,n dj,i,n

(1)

j=1

i∈U \{k}

where Hb,k,n ∈ CNR ×NT is the channel between BS b and user k on sub-channel
n, and el,k,n ∼ CN (0, N0 ) is the additive noise vector for user k on the nth
sub-channel and lth spatial stream. In (1), L = rank(Hb,k,n ) = min(NT , NR ) is
the maximum number of spatial streams.1 Assuming independent detection of
data streams, the signal-to-interference-plus-noise ratio (SINR) can be written as

γl,k,n =

H
wl,k,n
Hbk ,k,n ml,k,n

N̄0 +

P

(j,i)6=(l,k)

2

H
|wl,k,n
Hbi ,k,n mj,i,n |2

(2)

H
where N̄0 = N0 tr(wl,k,n wl,k,n
) denotes the equivalent noise variance. In order
to avoid the overhead involved in feeding back the user channels, a TDD system

1 It

can be easily extended for user specific streams Lk instead of using common L streams for
all users. L streams are initialized but after solving the problem, only Lk,n ≤ L non-zero data
streams are transmitted.
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is considered wherein BSs can estimate the downlink channels from uplink pilots
by using channel reciprocity property.
Let Qk be the number of backlogged packets destined for user k at a given
scheduling instant. The queue dynamics of user k are modeled using the Poisson
arrival process with the average number of packet arrivals of Λk = Ei {λk }
packets or bits, where λk [i] ∼ Pois(Λk ) represents the instantaneous number of
packets arriving for user k at the ith time instant.2 The total number of queued
packets at the (i + 1)th instant for user k, denoted as Qk [i + 1], is given by

+
Qk [i + 1] = Qk [i] − tk [i] + λk [i]

(3)

where [x]+ , max {x, 0} and tk denotes the number of transmitted packets or
bits for user k. At the ith instant, the transmission rate of user k is given by
tk [i] =

N X
L
X

tl,k,n [i]

(4)

n=1 l=1

where tl,k,n denotes the number of transmitted packets or bits over the lth
spatial stream on the nth sub-channel. The maximum rate achieved over the
space-frequency resource (l, n) is given by tl,k,n ≤ log2 (1 + γl,k,n ) for the SINR
γl,k,n .3 The variables tk and Qk are represented by the same units, i.e., in bits
defined per channel use. A pictorial illustration of the system model is presented
in Fig. 2.
2.1.2

Problem formulation

In order to reduce the total number of backlogged packets, we minimize the
weighted `q -norm of the queue deviation metric as
vk = Qk − tk = Qk −

N X
L
X

log2 (1 + γl,k,n )

(5)

n=1 l=1

where γl,k,n is given by (2) and the optimization variables are transmit precoders
ml,k,n and receive beamformers wl,k,n .
2 The

unit can either be packets or bits as long as the arrival and the transmission units are the
same.
3 The upper bound can be achieved by using Gaussian signaling.
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Fig. 2. MIMO IBC System model.

Explicitly, the objective of the problem considered is given as

P

k∈U

αk |vk |q .

Thus, the formulation becomes
minimize

ml,k,n ,wl,k,n

subject to

kṽkq
N X X
L
X

(6a)
tr (ml,k,n mH
l,k,n ) ≤ Pmax ∀b

(6b)

n=1 k∈Ub l=1
1/q

where ṽk , αk vk is the element of vector ṽ. Weighing factors αk are used
to alter the user priority based on the QoS constraints such as packet delay
requirements and packet waiting time, since they are proportional to the
corresponding number of backlogged packets. The BS specific power constraint
for all sub-channels is considered in (6b).
For practical reasons, we impose a constraint on the maximum number of
transmitted bits for user k, since it is limited by the total number of backlogged
packets available at the transmitter. As a result, the number of backlogged
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packets vk for user k remaining in the system is given by
vk = Qk −

N X
L
X

log2 (1 + γl,k,n ) ≥ 0.

(7)

n=1 l=1

The above positivity constraint needs to be satisfied by vk to avoid excessive
allocation of the resources.
Before proceeding further, we show that the constraint in (7) is handled
implicitly by the definition of `q norm in the objective of (6). Suppose that
tk > Qk for a certain k at the optimum, i.e., −vk = tk − Qk > 0. Then there
exists δk > 0 such that −vk0 = t0k − Qk < −vk where t0k = tk − δk . Since
kṽkq = k|ṽ|kq = k| − ṽ|kq , this means that the newly created vector t0 achieves
a strictly smaller objective which contradicts the fact that the optimal solution
has been obtained. The choice of `q norm used in the objective function [4, 9]
alters the priorities for the queue deviation function as follows.
• The `1 norm results in greedy allocation, i.e, emptying the queue of users with
good channel states before considering users with worse channel conditions.
As a special case, it is easy to see that (6) reduces to the WSRM problem
when the queue size is large enough for all users.
• The `2 norm prioritizes users with a higher number of queued packets before
considering users with a smaller number of backlogged packets. For example,
it would be more ideal for the delay limited scenario when the packet arrival
rate of users is almost the same, since the number of queued packets waiting in
the buffer is proportional to the transmission delay, following Little’s law [3].
• The `∞ norm minimizes the maximum number of queued packets among users
with the current transmission, thereby providing queue fairness by allocating
resources proportional to the number of backlogged packets.
2.2

Proposed queue minimizing precoder designs

In general, the precoder design for the MIMO OFDM problem is difficult due to
its nonconvex nature. In addition, the objective of minimizing the number of
queued packets over space-frequency dimensions adds further complexity. Since
the scheduling of users in each sub-channel is achieved by allocating zero transmit
power over certain sub-channels, our solutions perform joint precoder design
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and user scheduling. Before discussing the proposed solutions, we consider an
existing algorithm to minimize the number of backlogged packets with additional
constraints required by the problem.
2.2.1

Queue weighted sum rate maximization scheme

Queue minimizing algorithms have been studied extensively in the networking
context to provide congestion-free routing between any two nodes in the network.
One such is the backpressure algorithm [3]. It finds an optimal control policy in
the form of rate or resource allocation by considering differential backlogged
packets between any two entities.
The queue weighted sum rate maximization (Q-WSRM) formulation extends
the backpressure algorithm to the downlink MIMO-OFDM framework, in which
the BSs act as the source nodes and the users as the receivers. The control
policy in the form of transmit precoders aims at minimizing the number of
queued packets waiting in the BSs. To find an optimal strategy, we resort to
the Lyapunov theory, which is predominantly used in control theory to achieve
system stability. Since at each time slot, the system is described by the channel
conditions and the number of backlogged packets for each user, the Lyapunov
function is used to provide a scalar measure, which grows larger when the system
moves towards an undesirable state [3]. The scalar measure for queue stability is
given by
L(Q[i]) =

1 X 2
Qk [i]
2

(8)

k∈U


T
where Q[i] = Q1 [i], Q2 [i], . . . , QK [i] . It provides a scalar measure of congestion
in the system [3, Ch. 3].
To minimize the total number of backlogged packets for time instant i, the
optimal transmission rate of all users is obtained by minimizing the Lyapunov
drift expressed as
L(Q[i + 1]) − L(Q[i]) =

2
i
+
1 h X 
Qk [i] − tk [i] + λk [i] − Q2k [i] .
2
k∈U
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(9)

To eliminate the nonlinear operator [x]+ , we bound (9) as
≤

X λ2 [i] + t2 [i] X

k
k
+
Qk [i] λk [i] − tk [i]
2

k∈U

(10)

k∈U

by using the following inequality, which holds when λk ≥ 0 and Qk ≥ 0, ∀k ∈ U
as


max(Q − t, 0) + λ

2

≤ Q2 + t2 + λ2 + 2 Q(λ − t).

(11)

The total number of backlogged packets at any given instant i is reduced by
minimizing the conditional expectation of the Lyapunov drift expression (10)
given the current number of queued packets Q[i] waiting in the system. The
expectation is taken over all possible arrival and transmission rates of the users
to obtain the optimal rate allocation strategy.
Now, the conditional Lyapunov drift, denoted by ∆(Q[i]), is given by the
infimum over the transmission rate as

inf Et L(Q[i + 1]) − L(Q[i]) Q[i]
t

n X λ2 [i] + t2 [i]
o
k
k
Q[i]
2
k∈U
|
{z
}

≤ inf Et
t

≤B

+

X

Qk [i]Λk [i] − inf Et

k∈U

t

nX

o
Qk [i]tk [i] Q[i]

(12)

k∈U

where t is the vector formed by stacking the transmission rate of all users. Since
both tk and λk are bounded ∀k ∈ U, the second order moments present in the
R.H.S of (12) can be bounded by a constant B without affecting the optimal
solution [3]. Furthermore, the second term in the R.H.S of (12) is constant as it
is unaffected by the expectation operation.
The last term in the R.H.S of (12) looks similar to the WSRM formulation if
the weights in the WSRM problem are replaced by the numbers of backlogged
packets of the corresponding users. The above approach was extended to the
wireless networks in [11], in which the queues were used as weights in the WSRM
formulation to determine the transmit precoders. Since the expectation in last
term of R.H.S of (12) is minimized by maximizing the function inside expectation,
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the Q-WSRM formulation is given by
X

maximize
m
,
l,k,n

wl,k,n

subject to

Qk

N X
L
X

log2 (1 + γl,k,n )



(13a)

n=1 l=1

k∈U

N X X
L
X

tr (ml,k,n mH
l,k,n ) ≤ Pmax ∀b.

(13b)

n=1 k∈Ub l=1

To avoid excessive allocation of resources, we include an additional rate
constraint tk ≤ Qk to address [x]+ operation in (3). The rate constrained version
of the Q-WSRM, denoted by queue weighted sum rate maximization extended
(Q-WSRME) problem for a cellular system, is given by with the additional
constraints, as
N X
L
X

log2 (1 + γl,k,n ) ≤ Qk ∀k ∈ U

(14)

n=1 l=1

where the precoders are associated with γl,k,n defined in (2). By using the
number of queued packets as the weights, the resources can be allocated to the
user with more backlogged packets; this essentially results in greedy allocation.
2.2.2

JSFRA scheme via SINR relaxation

The problem defined in (13) ignores the second order term arising from the
Lyapunov drift minimization objective by limiting it to a constant value. In fact,
by using the `q norm with q = 2 in (5), we obtain the objective function, similar
to (13) as
minimize
tk

X

vk2 = minimize

k

tk

X

Q2k − 2 Qk tk + t2k

(15)

k

The equivalence is achieved by either removing t2k from (15) or when the number
of queued packets is large enough.
By ignoring t2k from (15), the Q-WSRM scheme requires an explicit rate
constraint (14) to avoid over-allocation of the resources. In the proposed queue
deviation approach, explicit rate constraints are not needed, since they are
handled by the objective function (5) itself. In contrast to the WSRM formulation,
the JSFRA and the Q-WSRME problems handle the sub-channels jointly to
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obtain an efficient allocation by identifying the optimal space-frequency resources
for the users.
We present iterative algorithms to solve (6) using alternating optimization
technique in conjunction with the SCA approach presented in [102]. The problem
is to determine the transmit precoders ml,k,n and the receive beamformers wl,k,n
to minimize the total number of backlogged packets in the system. Note that
the SINR expression in (2) cannot be used to formulate the problem directly due
to the equality constraint. However, by using additional variables, we can relax
the SINR expression in (2) by inequality constraints to solve problem (6) as
minimize

kṽkq

subject to

γl,k,n ≤

γl,k,n ,ml,k,n ,
bl,k,n ,wl,k,n

bl,k,n

(16a)
H
|wl,k,n
Hl,k,n ml,k,n |2
bl,k,n
X
H
≥ N̄0 +
|wl,k,n
Hbi ,k,n mj,i,n |2

(16b)
(16c)

(j,i)6=(l,k)
N X X
L
X

tr (ml,k,n mH
l,k,n ) ≤ Pmax ∀b

(16d)

n=1 k∈Ub l=1

where N̄0 = N0 kwl,k,n k2 is the equivalent noise variance seen at the user terminal
after multiplying by the receive beamformer wl,k,n . The SINR expression in (2) is
relaxed by the inequalities (16b) and (16c). Note that (16b) is an under-estimator
for SINR γl,k,n , and (16c) provides an upper bound for the total interference seen
by user k ∈ Ub , denoted by variable bl,k,n . Therefore, the problem formulation
in (16) is an equivalent inner approximation for (6). Note that the JSFRA
formulation in (16) can be reformulated as a WSRM problem, which is known to
be NP-hard [103], and therefore it belongs to the class of NP-hard problems.
In order to find a tractable solution for (16), we note that (16d) is the only
convex constraint with the involved variables. Thus, we need to deal with (16b)
and (16c). To this end, we resort to the iterative AO technique by fixing the
linear receivers to solve for the transmit beamformers. Thus, for a fixed receive
beamformers wl,k,n , i.e., w̃l,k,n , the problem now is to find an optimal transmit
precoders ml,k,n which is still a challenging task. Now, by fixing wl,k,n , (16c)
can be written as a second-order cone (SOC) constraint. Thus, the difficulty is
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due to the non-convexity of the constraint in (16b). Let
g(ul,k,n ) ,

H
|w̃l,k,n
Hl,k,n ml,k,n |2
bl,k,n

(17)

be the r.h.s of (16b), where ul,k,n , {ml,k,n , w̃l,k,n , bl,k,n }. Note that the
function g(ul,k,n ) is convex for a fixed w̃l,k,n , since it is in fact the ratio between
the quadratic form of ml,k,n over an affine function of bl,k,n as in [104]. The
nonconvex set defined by (16b) can be decomposed as a series of convex subsets by
linearizing the convex function g(ul,k,n ) with the first order Taylor approximation
around a fixed operating point ũl,k,n [48, 105], also referred to as SCA in [102].
By using the reduced convex subset for (16b), the problem in (16) is solved
iteratively by updating the operating point in each iteration.
For this purpose, let the real and imaginary components of the complex
H
number w̃l,k,n
Hbk ,k,n ml,k,n be represented by

 H
pl,k,n , < w̃l,k,n
Hbk ,k,n ml,k,n
 H
ql,k,n , = w̃l,k,n Hbk ,k,n ml,k,n

(18a)
(18b)

2
and hence g(ul,k,n ) = (p2l,k,n + ql,k,n
)/bl,k,n .4 Let ũl,k,n , {m̃l,k,n , w̃l,k,n , b̃l,k,n }

be a minimizer from the previous SCA iteration. Now, by using the first order
Taylor approximation around the operating point ũl,k,n , we can approximate
(16b) as
2

p̃l,k,n
q̃l,k,n
(pl,k,n − p̃l,k,n ) + 2
(ql,k,n − q̃l,k,n )
b̃l,k,n
b̃l,k,n
+

2
p̃2l,k,n + q̃l,k,n

b̃l,k,n

bl,k,n − b̃l,k,n
1−
b̃l,k,n

!
≥ γl,k,n . (19)

In summary, for fixed receivers w̃l,k,n and operating point ũl,k,n as in (19),
obtained by using (18), the relaxed convex subproblem using the inner approxi-

4 Note

that pl,k,n and ql,k,n are just symbolic notations. In CVX [106], for example, we declare
pl,k,n and ql,k,n with the ‘expression’ qualifier.
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mation for finding the transmit precoders is given by
minimize

ml,k,n ,
γl,k,n ,bl,k,n

kṽkq

(20a)

subject to bl,k,n ≥ N̄0 +

X

H
|w̃l,k,n
Hbi ,k,n mj,i,n |2

(20b)

(j,i)6=(l,k)
N X X
L
X

tr (ml,k,n mH
l,k,n ) ≤ Pmax ∀b

(20c)

n=1 k∈Ub l=1

and (19).

(20d)

Now, the optimal receivers for fixed transmit precoders m̃l,k,n are obtained
by minimizing (16) w.r.t. wl,k,n as
minimize
γ
,
l,k,n

kṽkq

(21a)

wl,k,n ,bl,k,n

subject to

bl,k,n ≥ N̄0 +

X

H
|wl,k,n
Hbi ,k,n m̃j,i,n |2

(21b)

(j,i)6=(l,k)

and (19).

(21c)

Solving (21) using system of KKT expressions, we obtain the following iterative
o
expression for an optimal receiver wl,k,n
as

Al,k,n =

X

H
Hbi ,k,n m̃j,i,n m̃H
j,i,n Hbi ,k,n + N0 INR

(22a)

(j,i)6=(l,k)
(i−1)

(i)
wl,k,n

=

H
b̃l,k,n m̃H
l,k,n Hbk ,k,n wl,k,n
(i−1)

kwl,k,n Hbk ,k,n ml,k,n k2

!
A−1
l,k,n Hbk ,k,n m̃l,k,n

(22b)

(i−1)

where wl,k,n is the receive beamformer from the previous iteration, upon which
the linear inner approximation is performed for the nonconvex constraint in
o
(16b), as used in the formulation (21). The optimal receiver wl,k,n
is obtained

by iterating (22b) until convergence, however, if (22b) is iterated for a fixed
number of iterations, we obtain a suboptimal solution. Note that the receiver
has no explicit relation with the choice of `q norm used in the objective. The
dependency is implied by the precoders ml,k,n , which depends on the exponent
q.
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It can be seen that the optimal receiver in (22b) is in fact a scaled version of the
MMSE receiver, which is given by
Rl,k,n =
wl,k,n =

L
XX

H
Hbi ,k,n m̃j,i,n m̃H
j,i,n Hbi ,k,n
j=1
i∈U
R−1
l,k,n Hbk ,k,n m̃l,k,n .

+ N0 INR

(23a)
(23b)

Note that the scaling present in the optimal receiver (22b) has no impact on
the received SINRs, and therefore the MMSE receiver in (23b) can also be
used. However, the convergence speed is different between the two receiver
implementations.
The proposed solution involves two nested iterations, i.e., one for the outer
AO loop and the second for the inner SCA loop. Each AO iteration involves
two steps: one to find the transmit precoders by solving (20) iteratively until
convergence for fixed receivers, and the other to update the receive beamformers
with the previously found fixed transmit precoders by either solving (22b)
recursively or by using (23b).
Let us consider the jth SCA iteration in the ith AO step to find transmit
precoders by solving (20). For brevity, let us consider m as the collection of all
transmit precoders as m = {ml,k,n }∀l,∀k,∀n . Similarly, we denote w and b as
(i) (i)
{wl,k,n }∀l,∀k,∀n and {bl,k,n }∀l,∀k,∀n respectively. Let {mj , bj } be a minimizer
obtained in the (j − 1)th SCA step. Since SCA is an iterative scheme, the next
(i)

(i)

(i−1)

operating point ũl,k,n for the (j + 1)th step is given as zj , {mj , w∗
Note that

(i−1)
w∗

(i)

, bj }.

is obtained by solving either (22b) or by using (23b) in the

(i − 1)th AO step.
Since the feasible set is a subset of the original nonconvex set due to inner
approximation, the solution obtained in each iteration is feasible. Thus, upon
convergence of the objective sequence or for some fixed Imax , receivers are then
(i)

updated using fixed m∗ found in the previous SCA step. Once the receivers
are updated, the transmit precoders are again evaluated using the newly found
receivers by solving (20) or (23b). The above procedure is repeated until i → ∞
or for some fixed Amax as outlined in Algorithm 1. If the above procedure is
terminated after fixed Amax number of iterations, then the quality of solution
(in terms of objective value) may not be the same as that of the case in which
the SCA procedure is performed until convergence. Early termination of an
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Algorithm 1: Algorithm of JSFRA scheme
Input: αk , Qk , Hb,k,n , ∀b ∈ B, ∀k ∈ U, ∀n ∈ N
Output: ml,k,n and wl,k,n ∀l ∈ {1, 2, . . . , L}
Initialize: i = 0, j = 0 and m̃l,k,n using single user beamformer
satisfying power constraint (20c)
update w̃l,k,n , b̃l,k,n using (23b) and (20b) with m̃l,k,n
repeat
repeat
solve for the transmit precoders ml,k,n using (20)
update the constraint set (19) with ul,k,n and ml,k,n using (18)
and increment j = j + 1
until SCA convergence or j ≥ Imax
update the receive beamformers wl,k,n using (21) or (23b) with the
updated precoders ml,k,n
i = i + 1, j = 0
until Queue convergence or i ≥ Amax

iterative algorithm is useful if the computational complexity of solving each
convex subproblem in (20) is huge.
A feasible initial point ũl,k,n is obtained by fixing m̃l,k,n with the respective
single-user precoders satisfying the total power constraint in (20c) and w̃l,k,n ’s
are updated by using the MMSE receiver in (23b). Now, for fixed transmit and
receive beamformers, b̃l,k,n ’s are evaluated using (20b).
2.2.3

JSFRA scheme via MSE reformulation

In the second method, we solve the JSFRA problem by exploiting the relation
between the MSE and the achievable SINR when the MMSE receivers are used
at the user terminals [14, 15]. The MSE l,k,n , for a data symbol dl,k,n is given
by

2
H
E (dl,k,n − dˆl,k,n )2 = 1 − wl,k,n
Hbk ,k,n ml,k,n
X
H
+
wl,k,n
Hbi ,k,n mj,i,n

2

+ N̄0 = l,k,n

(24)

(j,i)6=(l,k)

where dˆl,k,n is the estimate of the transmitted symbol. Plugging the MMSE
receivers in (23b) into the MSE expression in (24) and into the SINR expression
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in (2), we arrive at
−1

l,k,n = (1 + γl,k,n )

.

(25)

The above equivalence is valid only if the receivers are based on the MMSE
criterion. Using the equivalence in (25), the WSRM objective can be reformulated
as the WMMSE to obtain the precoders for the MU-MIMO scenario as discussed
in [15–17, 107]. Note that the receive beamformers based on the MMSE criterion
are independent of the choice of the `q norm used in the objective function to
obtain the optimal transmit precoders ml,k,n .
PN PL
Before proceeding further, let vk0 = Qk − n=1 l=1 tl,k,n denotes the queue
1/q

deviation corresponding to user k and ṽk0 , αk vk0 be the respective weighted
objective. In order to utilize (25) in the JSFRA problem, we relax the MSE
expression in (25) by replacing the equality constraint by an inequality. Thus,
by using the relaxed MSE expression in (24), we can reformulate (6) as
minimize

kṽ0 kq

subject to

tl,k,n ≤ − log2 (l,k,n )
X
H
wl,k,n
Hbi ,k,n mj,i,n

tl,k,n ,ml,k,n ,
l,k,n ,wl,k,n

(26a)
(26b)
2

+ N̄0

(j,i)6=(l,k)
H
+ 1 − wl,k,n
Hbk ,k,n ml,k,n
N
X

X

L
X

2

≤ l,k,n

tr (ml,k,n mH
l,k,n ) ≤ Pmax ∀b.

(26c)
(26d)

n=1 k∈Ub l=1

The alternative MSE formulation given by (26) is nonconvex even for a fixed
wl,k,n due to the constraint (26b). Again we resort to the SCA approach [102]
by restricting the constraint by a sequence of convex subsets using the first order
Taylor approximation around a fixed MSE point ˜l,k,n as
− log2 (˜
l,k,n ) −

(l,k,n − ˜l,k,n )
≥ tl,k,n
log(2) ˜l,k,n

(27)

Using the above approximation for the rate constraint, the problem defined
in (26) is solved for optimal transmit precoders ml,k,n , MSEs l,k,n , and the
user rates over each sub-channel tl,k,n for fixed receivers. The optimization

58

subproblem to find transmit precoders for fixed wl,k,n is given by
minimize

kṽ0 kq

(28a)

subject to

(26c), (26d), and (27).

(28b)

tl,k,n ,ml,k,n ,l,k,n

For fixed receivers, transmit precoders are obtained by solving (28) iteratively
by updating ˜l,k,n with l,k,n found in the previous step until termination as in
Section 2.2.2 and Algorithm 1.
In all our numerical simulations, the objective sequence generated by Algorithm 1 converges. However, to provide a formal convergence analysis of
both the objective sequence and the corresponding iterates or solution vectors,
we consider using a regularized objective in (155b) instead of using (16a) and
(26a). The proximal term in (155b) ensures strong convexity, thereby enforcing
the uniqueness of the minimizer in each iteration. Note that the feasible set
of problems (6) and (26) is bounded. However, for problem (16), the feasible
set need not be bounded due to newly introduced variables in (16b) and (16c)
to relax the SINR expression in (2). This follows from the fact that bl,k,n can
take any value by satisfying (16c) without violating the constraints of problem
(16) when γl,k,n = 0. Nevertheless, we can limit bl,k,n ’s by using a maximum
interference threshold depending on Pmax and the channel gains, and thus the
feasible set can be bounded without affecting the optimality of the considered
problem. With the above assumptions, convergence analysis of Algorithm 1 is
discussed in Appendix 1.
2.2.4

Reduced complexity spatial resource allocation

The JSFRA algorithm complexity scales with the number of sub-channels, since
the complexity of the interior point method used to solve the problem, increases
with the problem size. Thus, the decomposition methods in [19, 20] can be
used in designing precoders for each sub-channel with less complexity by using
additional coupling variables among the subproblems.
As an alternative sub-optimal solution, we present a queue minimizing spatial
resource allocation (SRA) that solves for precoders using the JSFRA formulation
for a specific sub-channel i with fixed transmit power Pmax,i . For each subchannel, power sharing can either be equal or based on some predetermined
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limits as in partial frequency reuse satisfying
N
X

Pmax,i = Pmax .

(29)

i=1

Even though N sub-channels are present at any given scheduling instant,
precoders are computed for each sub-channel sequentially with Pmax,i and the
residual number of backlogged packets. Let Qk,i be the number of backlogged
packets associated with user k while designing the precoders for the ith subchannel. Since the precoder design is sequential, i.e, the precoders are designed
for sub-channels [0, i − 1] before the ith sub-channel, the number of queued
packets for the first chosen sub-channel is given by Qk,1 = Qk . The queues
associated with the consecutive sub-channels are updated as
i X
L
n
o
X
Qk,i+1 = max Qk −
tl,k,j , 0 , ∀ k ∈ U

(30)

j=1 l=1

where tl,k,j is the kth user rate on sub-channel j.
For simplicity random sub-channel ordering is considered, i.e., after finding
the precoders for a current sub-channel, any previously unselected sub-channels
can be chosen as the next candidate sub-channel for which the precoders are
identified using the updated backlogged packets. Alternatively, greedy ordering
can also be used to select the sub-channels by sorting the norm of the channel
seen between the users and the respective serving BSs. However, it comes at the
cost of increased complexity. Nevertheless, the SRA scheme will be insensitive to
the sub-channel ordering as the number of users in the system increases, due to
the available multi-user diversity in the system.
2.3

Distributed solutions

In this section, distributed designs for the formulations proposed in Section 2.2.2
and 2.2.3 for problem (16) are studied. Note that the convex subproblems in
(20) or (28) requires a centralized controller to design the precoders for all users
in the system. However, the amount of CSI that needs to be exchanged between
the BSs and the controller grows significantly as the network size increases
(e.g., the number of BSs and users, and the number of associated antennas).
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The overhead involved in the CSI exchanges can be avoided, if we design the
respective precoders independently at each BS with the minimal information
exchange, which is determined by the distributed schemes discussed herein.
Let us consider the convex subproblem with fixed receivers wl,k,n as presented
in (20) based on the SINR relaxation for the nonconvex constraint (16b). The
following discussions are equally valid for the MSE based solution outlined in
(28) as well. Since the objective of (20) can be decoupled across each BS, the
centralized problem can be equivalently written as
X

minimize

γl,k,n ,ml,k,n ,bl,k,n

kṽb kq

(31a)

(20b) − (20d)

(31b)

b∈B

subject to

where ṽb denotes the stacked vector of weighted queue deviations corresponding
to all users in BS b as ∀k ∈ Ub .
To begin with, let B̄b be the set B\{b} and Ūb represent the set U\Ub .
Following an approach similar to the one presented in [21, 22], the coupling
constraint (20b) or (26c) can be expressed by stacking the interference from all
BSs in B̄bk as

N̄0 +

L
X

H
|wl,k,n
Hbk ,k,n mj,k,n |2 +

j=1
j6=l

X

ξl,k,n,b

b∈B̄bk

X

+

L
X

H
|wl,k,n
Hbk ,k,n mj,i,n |2 ≤ bl,k,n

(32)

i∈Ubk \{k} j=1

where ξl,k,n,b is the total interference caused by the transmission of BS b to user
k ∈ Ubk in spatial stream l and sub-channel n. In order to ensure (20b), we
impose
L
XX
H
ξl,k,n,b ≥
|wl,k,n
Hb,k,n mj,i,n |2 ∀b ∈ B̄bk .
(33)
i∈Ub j=1

The decentralization is achieved by decomposing the original convex problem
in (31) to a parallel subproblems coordinated by either primal or dual decomposition update. The coupling variables are updated in each iteration by exchanging
limited information among the BSs. Before proceeding further, let ξ̄ b be the
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vector formed by stacking interference terms (33) from the neighboring BSs to
the users of BS b and ξ̂ b be the stacked interference terms caused by BS b to all
users in the neighboring BSs B̄b , represented for each b ∈ B as

T
ξ̄ b = ξ1,Ub (1),1,B̄b (1) , . . . , ξL,Ub (|Ub |),N,B̄b (|B̄b |)

T
ξ̂ b = ξ1,Ūb (1),1,b , . . . , ξL,Ūb (|Ūb |),N,b .

(34a)
(34b)

Let us define the vector ξ b , formed by stacking the interference terms corresponding to the BS b as
h T
iT
T
ξ b = ξ̂ b , ξ̄ b
.

(35)

Since the decentralization solution is an iterative procedure, we represent the jth
iteration index as x(j) . Let ξ b (bk ) denote the interference terms corresponding
to BS bk in BS b as
ξ b (bk ) = [ξ1,Ub (1),1,bk , . . . , ξL,Ub (|Ub |),N,bk , ξ1,Ubk (1),1,b , . . . , ξL,Ubk (|Ubk |),N,b ]. (36)
To decentralize (31), the BS specific vector ξ b in (35), which is relevant
for the BS b, can either be fixed or treated as a variable in accordance to
the decomposition method. To decouple the precoder design across BSs, the
H
equivalent downlink channels wl,k,n
Hb,k,n , ∀k ∈ U are to be known at each BS

b through the precoded uplink pilots from all the users in the system, where
the linear precoders are evaluated at the user using MMSE formulation in (28).
Similarly, to update the MMSE receivers at each user k, the equivalent channels
Hb,k,n ml,k0 ,n , ∀k 0 ∈ Ub , ∀b ∈ B need to be known. It is obtained through the user
specific downlink pilots precoded with the newly obtained transmit beamformers
ml,k,n , ∀k ∈ B evaluated at the BS b using equivalent downlink channels [23].
2.3.1

Primal decomposition based precoder design

In primal decomposition, the BS specific transmit precoders are evaluated by
following a master-slave mode wherein each BS solves for the respective transmit
precoders by fixing the neighboring BSs interference ξ bk to a constant value,
which is determined by a higher level master problem [19]. Upon finding the
respective transmit precoders using the BS specific slave subproblems, the fixed
interference values ξ b , ∀b ∈ B are updated by the master problem for the next
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iteration by using the respective dual variables associated with the interference
constraint (32) as discussed in [21].
In this section, the primal decomposition technique is briefly discussed for
the SINR relaxation method introduced in Section 2.2.2, however, it can also be
used to decentralize the precoder design for the MSE reformulation technique in
Section 2.2.3. Due to the iterative nature of the primal decomposition method,
let j be the index to denote the primal decomposition iteration counter. Now, to
decentralize the transmit precoder design for (31), the interference caused by the
neighboring BSs is fixed to a constant value in (32) as
L
X

N̄0 +

H
|wl,k,n
Hbk ,k,n mj,k,n |2 +

j=1,j6=l

X

(j)

ξl,k,n,b

b∈B̄bk

X

L
X

k0 ∈Ubk \{k}

j=1

+

H
|wl,k,n
Hbk ,k,n mj,k0 ,n |2 ≤ bl,k,n

(37)

(j)

where ξl,k,n,b is a constant value determined by the master problem. In order to
limit the interference caused by the BS b to the neighboring BSs users as fixed
(j)
by the master problem, i.e., ξˆ , each BS b ∈ B must limit the total interference
b

to the neighboring users by including the following constraint
X


(j)
H
H
tr wl,k,n
Hb,k,n Mk0 ,n MH
k0 ,n Hb,k,n wl,k,n ≤ ξl,k,n,b , ∀k ∈ Ūb .

(38)

k0 ∈Ub
(j)

For a fixed interference values for ξb , ∀b, each BS b solves the following
convex subproblem in each iteration j ∀k ∈ Ub as
minimize

γl,k,n ,ml,k,n ,bl,k,n

subject to

kṽb kq

(39a)

N X X
L
X

tr (ml,k,n mH
l,k,n ) ≤ Pmax

(39b)

n=1 k∈Ub l=1

(19), (37) and (38).

(39c)

(j)

Upon fixing the inter-cell interference ξb , ∀b ∈ B, each subproblem (39) can be
solved independently at the respective BSs to obtain an optimal solution. Once
the subproblems are solved, the master problem that coordinates the BS specific
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subproblems is solved to update the fixed interference thresholds based on the
solutions obtained from each BS specific subproblems. The master problem is
given by the partial Lagrangian of all BS specific subproblems (39) as

minimize
ξl,k,n,b

kṽb kq +

L
XXX

L

X
(j)
H
ξl,k,n,b N̄0 +
|w̃l,k,n
Hbk ,k,n m̃j,k,n |2

b∈B k∈Ub l=1

+

X

X

ξl,k,n,b0 +

j=1,j6=l
L
X

H
|w̃l,k,n
Hbk ,k,n m̃j,k0 ,n |2 − β̃l,k,n



k0 ∈Ubk \{k} j=1

b0 ∈B̄bk

+

L
X X X



(j)
H
χl,k,n,b kw̃l,k,n
Hb,k,n m̃l0 ,k0 ,n k2 − ξl,k,n,b

(40)

b∈B k0 ∈Ub l0 =1

where w̃l,k,n , m̃l,k,n , and β̃l,k,n refer, respectively, to the receive beamformer,
transmit precoder and interference value obtained by solving the BS specific
(39). The dual variables correspond to the constraints (37) and (38) are given by
(j)
(j)
ξl,k,n,b and χl,k,n,b , respectively, in the jth iteration. Now, (40) can be solved for
the next value of ξl,k,n,b by using the subgradient update as
(j+1)

ξl,k,n,b =

h


 i+
(j)
(j)
(j)
ξl,k,n,b − σ (j) ξl,k,n,b − χl,k,n,b

(41)

where σ (j) is a diminishing step size used to guarantee the convergence of the
primal decomposition method and the [x]+ , max(x, 0) is used to ensure positive
value for the interference threshold. The algorithmic representation of the primal
decomposition scheme is outlined in Algorithm 2. The above procedure can be
performed until convergence or for fixed number of iterations, say, Jmax , before
updating the next SCA operating point.
2.3.2

ADMM based precoder design

The ADMM approach can also be used to decouple the precoder design across
multiple BSs to solve the convex subproblem in (31). Generally, the ADMM is
preferred over the dual decomposition in [22] for its robustness and improved
convergence behavior [20]. In contrast to the primal decomposition, the ADMM
relaxes the interference constraints by including penalty pricing in the objective
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Algorithm 2: Distributed JSFRA scheme using primal decomposition
Input: ak , Qk , Hb,k,n , ∀b ∈ B, ∀k ∈ U, ∀n ∈ N
Output: ml,k,n and wl,k,n ∀l, k, n
Initialize: i = 0, j = 0 and ml,k,n satisfying (42b)
update wl,k,n with (23b) and ũl,k,n using (16c) and (18)
(0)

initialize the vectors ξ b ∀b ∈ B randomly or based on the fixed transmit
precoders and receive beamformers
foreach BS b ∈ B do
repeat
repeat
(j)
solve for ml,k,n with (39) using fixed ξ b
(j)

(j)

exchange dual variables ξl,k,n,b and χl,k,n,b among BSs in B
(j+1)

update ξ b
using (41)
update j = j + 1
until convergence or j ≥ Jmax , ∀b ∈ B
evaluate wl,k,n using (23b) at each user
update ũl,k,n using (16c) and (18) for SCA point or ˜l,k,n using
(26c) for MSE operating point
i = i + 1, j = 0
until convergence or i ≥ Imax
end

function of each subproblem [19, 20]. A similar approach for the precoder design
in the minimum power context was considered in [108].
Using the formulation presented in [20, 108], we can write the BS b specific
ADMM subproblem for the jth iteration as
minimize
γ
,m
l,k,n

l,k,n

(j) T

kṽb kq + ν b

bl,k,n ,ξb

subject to

N X X
L
X



(j)

ξb − ξb



+

ρ
(j)
ξ − ξb
2 b

2

(42a)

tr (ml,k,n mH
l,k,n ) ≤ Pmax

(42b)

X

ξl,k,n,b̄ + N̄0 ≤ bl,k,n (42c)

n=1 k∈Ub l=1

X

H
|wl,k,n
Hb,k,n ml̄,k̄,n |2 +

{l̄,k̄}6={l,k}
L
XX

b̄∈B̄b

|wl̄,Hk̄,n Hb,k̄,n ml,k,n |2 ≤ ξl̄,k̄,n,b ∀k̄ ∈ Ūb ∀n

(42d)

k∈Ub l=1

and (19)

(42e)
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(j)

where ξ b
(j)

νb

denotes the interference vector updated from the earlier iteration and

represents the dual vector corresponding to the equality constraint at the

jth iteration as
(j)

ξb = ξb .

(43)

Upon solving (42) for ξ b ∀b in the jth iteration, the next iterate is updated
by exchanging the corresponding interference terms between two BSs b and bk as
ξ bk (b)(j+1) = ξ b (bk )(j+1) =

ξ b (bk ) + ξ bk (b)
.
2

(44)

The dual vector for the next iteration is updated by using the subgradient search
to maximize the dual objective as
(j+1)

νb

(j)

(j+1)

= ν b + ρ (ξ b − ξ b

)

(45)

where step size parameter ρ is chosen in accordance with [20] to depend on the
system model. The convergence rate is susceptible to the choice of step size
parameter ρ. In numerical simulations, we consider a step size of ρ = 2. The
above iterative procedure is performed until convergence or terminated when
exceeding a predetermined number of steps, say, Jmax . Algorithm 3 outlines a
practical way of implementing the ADMM based precoder design with minimal
signaling overhead.
Assuming that the following conditions are satisfied by the distributed
schemes in each SCA step, i.e., (i) by ensuring the uniqueness of the minimizer,
and (ii) the distributed methods are carried out until convergence or for j → ∞,
then the convergence analysis follows the discussions presented in Appendices 1
and 2. Moreover, it is still valid even if the receivers are updated together with
the transmit precoders as in Algorithm 3, since the strict monotonic decrease
in the objective sequence can still be ensured. The reason is that the MMSE
receiver is optimal for the fixed transmit precoders obtained after each SCA
update. However, in practice, to reduce the amount of information exchange
between the coupling BSs, the distributed schemes are often iterated for a
limited number of iterations, say, for Jmax only. In such a case, convergence
of the distributed algorithms cannot be ensured, since it is difficult to show
mathematically that the objective value is monotonically decreasing in each
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Algorithm 3: Distributed JSFRA scheme using ADMM
Input: αk , Qk , Hb,k,n , ∀b ∈ B, ∀k ∈ U, ∀n ∈ N
Output: ml,k,n and wl,k,n ∀l, k, n
Initialize: i = 0, j = 0 and ml,k,n satisfying (42b)
update wl,k,n with (23b) and ũl,k,n using (16c) and (18)
(0)

(0)

initialize the vectors ν b = 0T , ξ b = 0T , ∀b ∈ B
foreach BS b ∈ B do
repeat
repeat
(j)
solve for ml,k,n and ξ b with (42) using ξ b
exchange ξ b among BSs in B
(j+1)

(j+1)

update ξ b
and ν b
using (44) and (45)
update j = j + 1
until convergence or j ≥ Jmax , ∀b ∈ B
evaluate wl,k,n using (23b) at each user
update ũl,k,n using (16c) and (18) for SCA point or ˜l,k,n using
(26c) for MSE operating point
i = i + 1, j = 0
until convergence or i ≥ Imax
end

SCA update step. We recall that in each primal or ADMM iteration, the global
objective cannot be guaranteed to decrease monotonically.
2.3.3

Decomposition via KKT conditions for MSE formulation

In this section, an alternative way to decentralize the precoder design across
the coordinating BSs in B is studied based on the MSE reformulation method
presented in Section 2.2.3. In contrast to Sections 2.3.1 and 2.3.2, the problem
is solved using the KKT conditions in which the transmit precoders, receive
beamformers and the subgradient updates are performed at the same time to
minimize the queue deviation with few number of iterations. The alternative way
is motivated by the fact that distributed approaches presented in the preceding
sections may not be efficient for large systems in terms of the signaling overhead
involved in exchanging the coupling variables and the receivers.
In this section, an algorithm that can be of practical importance owing to
lower signaling requirements is presented. An idealized TDD system is considered
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due to the knowledge of local CSI at the transmitter that includes a channel
between BS b and all interfering users in the system. Similar work has been
considered for the WSRM problem with minimum guaranteed rate constraints
in [18]. However, in the proposed scheme, the maximum rate constraints are
implicitly handled by the objective function without any need for explicit
constraints. Due to the non-differentiability of the objective, the KKT conditions
are not computationally useful to find the optimization variables. In order
to make the objective function differentiable, we consider the following two
conditions in which the absolute operator can be ignored without affecting the
problem:
• When the exponent q is even, or
• When the number of backlogged packets waiting to be transmitted for each user
PN PL
is large enough, i.e, Qk  n=1 l=1 tl,k,n to ignore the absolute operator in
the objective and queues in the first place as well.
Assuming that either one of the above conditions is satisfied, the problem in
(28) can be written as
minimize

tl,k,n ,ml,k,n ,
l,k,n ,wl,k,n

XX

N X
L

q
X
ak Qk −
tl,k,n

(46a)

n=1 l=1

b∈B k∈Ub

subject to
αl,k,n :

2

H
1 − wl,k,n
Hbk ,k,n ml,k,n + N̄0
X
H
wl,k,n
Hby ,k,n mx,y,n

2

≤ l,k,n

(46b)

(x,y)6=(l,k)

σl,k,n :
δb :

log(˜
l,k,n ) +
N X X
L
X

(l,k,n − ˜l,k,n )
≤ −tl,k,n log(2)
˜l,k,n

(46c)

tr (ml,k,n mH
l,k,n ) ≤ Pmax ∀b,

(46d)

n=1 k∈Ub l=1

where αl,k,n , σl,k,n and δb are the dual variables corresponding to the constraints
defined in (46b), (46c) and (46d).
The problem in (46) is solved using the KKT conditions which include stationarity, complementary slackness, and primal and dual feasibility requirements
as shown in Appendix 3. In order to ensure constraint qualifications, we note
that the all-zero beamforming vector is a feasible point inside the nonconvex set
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defined by the system of constraints. Upon qualifying the Slater’s conditions
with the above mentioned assumptions, an iterative algorithm is proposed to
compute a solution, i.e., set of transmit and receive beamformers along with the
associated variables, for the system of equations (170) presented in Appendix 3
as
(i)

ml,k,n =

L
XX

(i−1) H
(i−1) H (i−1)
αy,x,n
Hbk ,x,n wy,x,n
wy,x,n Hbk ,x,n

x∈U y=1

+ δb INT
(i)

wl,k,n =

L
XX

−1

(i−1)

(i−1)

αl,k,n HH
bk ,k,n wl,k,n

(47a)

H (i)
H
Hbx ,k,n m(i)
y,x,n my,x,n Hbx ,k,n

x∈U y=1

+ N0 INR
(i)

−1

(i)

Hbk ,k,n ml,k,n

H (i)

(i)

(47b)

2

l,k,n = 1 − wl,k,n Hbk ,k,n ml,k,n
X
H (i)
+
wl,k,n Hby ,k,n m(i)
x,y,n

2

+ N̄0

(47c)

(x,y)6=(l,k)


(i)

(i−1)

tl,k,n = − log2 (l,k,n ) −
"
(i)
σl,k,n

=

ak q
log(2)

(i)

(i−1)

l,k,n − l,k,n


(47d)

(i−1)

log(2) l,k,n

L
N X
(q−1)

X
(i)
tl,k,n
Qk −

#+
(47e)

n=1 l=1
(i)
αl,k,n

=

(i−1)
αl,k,n

+ρ

(i)



(i)

σl,k,n
(i)

l,k,n

−

(i−1)
αl,k,n


.

(47f)

Since the dual variables α(i) and σ (i) are interdependent in (47), one has to be
fixed to optimize for the other. So, α(i) is fixed to evaluate σ (i) using (47e). At
iteration i, the dual variable α(i) is a point in the line segment between α(i−1)
(i)

and σ(i) determined by using a diminishing or a fixed step size ρ(i) ∈ (0, 1). The
choice of ρ(i) , which depends on the system, affects the convergence behavior
and also controls the oscillations in the users’ rate when σ (i) is negative (before
projection) due to over-allocation. However, in all numerical simulations, the
step size ρ(i) is fixed to 0.1.
(i−1)

For a physical interpretation, when the allocated rate tk
Qk for a user k, the corresponding dual variable σ

(i)

is greater than

will be negative and due to
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(i)

(i−1)

the projection operator [x]+ in (47e), it will be zero, thereby forcing αk < αk
(i)

as in (47f). Once αk is reduced, the precoder weight in (47a) is lowered to make
(i)

(i−1)

the rate tk < tk

eventually.

The KKT expressions in (47) are solved in an iterative manner by initializing
the transmit and the receive beamformers ml,k,n , wl,k,n with the single user
beamforming and the MMSE vectors. The dual variable α’s are initialized
with ones to have equal priorities for all the users in the system. Then the
transmit and receive beamformers are evaluated using the expressions in (47).
The transmit precoder in (47a) depends on the BS specific dual variable δb ,
which can be found by bisection search satisfying the total power constraint
(i−1)

(46d). Note that the fixed SCA operating point is given by ˜l,k,n = l,k,n , which
is considered in the expression (47).
To obtain a practical distributed precoder design, we assume that each
H
BS b knows the corresponding equivalent channels wl,k,n
Hb,k,n , ∀k ∈ U, which

embeds the receivers wl,k,n , through precoded uplink pilot signaling. The
decentralization methods discussed in [23], can be extended for the current
problem as follows. Upon receiving the updated transmit precoders from all BSs
in B, each user will evaluate the MMSE receiver (47b) and notify all BSs by
using precoded uplink pilots. On receiving the pilots, each BS updates the MSE
in (24) as
(i)

(i)H

(i)

l,k,n = 1 − wl,k,n Hbk ,k,n ml,k,n .
(i)

(i)

(i)

(48)

(i)

Using l,k,n , the variables tl,k,n , σl,k,n , and αl,k,n are updated using (47d), (47e)
and (47f) respectively, and the dual variables αl,k,n obtained are exchanged
(i+1)

between the BSs to evaluate the transmit precoders ml,k,n for the next iteration.
The SCA operating point is also updated with the current MSE value.
To avoid backhaul exchanges between the BSs, as an alternative approach,
users can perform all the required processing and the BSs will update the
precoders based on the feedback from all the users. Upon receiving the transmit
precoders from the BSs, each user will update the receive beamformer wl,k,n ,
the MSE l,k,n , and the dual variables σl,k,n and αl,k,n . Then, the BSs are
notified with the updated αl,k,n and wl,k,n using two separate precoded uplink
(i)

(i)

1

pilots with w̃l,k,n = (αl,k,n )

/2

∗(i)

(i)

(i)

∗(i)

wl,k,n and w̄l,k,n = αl,k,n wl,k,n as the precoders,

where x∗ is the complex conjugate of x. Upon receiving the precoded uplink
(i)

(i)

T
pilots, each BS evaluates the equivalent channels HT
b,k,n w̃l,k,n and Hb,k,n w̄l,k,n
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Algorithm 4: KKT approach for the JSFRA scheme
Input: ak , Qk , Hb,k,n , ∀b ∈ B, ∀k ∈ U, ∀n ∈ N
Output: ml,k,n and wl,k,n ∀l, k, n
(0)
(0)
Initialize: i = 1, wl,k,n , ˜l,k,n randomly, dual variables αl,k,n = 1, and
Imax for certain value
foreach BS b ∈ B do
repeat
(i)
update ml,k,n using (47a), and perform precoded downlink pilot
transmission
(i)

find wl,k,n using (47b) at each user
(i)

(i)

(i)

(i)

evaluate l,k,n , tl,k,n , σl,k,n and αl,k,n using (47c) and (47d), (47e)
(i)

and (47f) at each user with the updated wl,k,n
(i)

(i)

using precoded uplink pilots, wl,k,n and αl,k,n is sent to all BSs in
B
i=i+1
until until convergence or i ≥ Imax
end

to update the transmit precoders using (47a). The algorithmic description of the
above scheme is presented in Algorithm 4.
We conclude this section by providing some remarks on selecting an algorithm
within centralized and distributed approaches for certain scenarios. Among the
centralized algorithms proposed in Section 2.2, both the SINR relaxation and
the MSE reformulation schemes are equally attractive when NR > 1. However,
when NR = 1 the SINR relaxation is preferable, since the receiver update is
not needed, unlike the MSE reformulation which requires the scalar MMSE
receiver update. Similarly, for the distributed approaches with NR = 1, the SINR
relaxation is preferred to the MSE reformulation schemes, since the variables
to be exchanged among BSs are only the scalar interference values. However,
when NR > 1 the KKT scheme in Section 2.3.3 is favorable, since the overhead
required to achieve a certain throughput improvement is lower than the primal
decomposition or ADMM.
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Fig. 3. TDD frame structure with bi-directional training signaling, [93] c 2016 IEEE.

2.4

Time-correlated distributed precoder design

Even though the solution presented in Section 2.3.3 is computationally less
complex than the distributed techniques presented in Sections 2.3.1 and 2.3.2,
the number of iterations that are required to obtain a satisfactory performance
is still high, thereby making this scheme difficult to implement in practice. This
is because to solve (47), we require four nested iterations, namely, (i) an outer
AO loop to update wl,k,n , (ii) the next SCA loop to evaluate operating point ˜,
(iii) a subgradient update loop for dual variable α, and (iv) finally a bisection
search for transmit precoders ml,k,n .
In this section, we propose a suboptimal precoder and receiver design so as
to transform the iterative KKT based solution presented in Section 2.3.3 to a
practically affordable technique. In order to do so, the following approaches
and methods are used to perform (47) in a decentralized manner to minimize
the signaling overhead. (i) The amount of signaling involved in the design
of precoders using nested iterations is reduced by considering block update
of all optimization variables in (47). By doing so, we reduce the number of
iterations required to design the precoders, however, the formal convergence
of the algorithm is compromised. (ii) We consider the BiT scheme to perform
distributed precoder design by exchanging transmit and receive precoders via
OTA transmission instead of using backhaul links. (iii) The signaling required
for distributed design with the BiT scheme is similar to the one proposed in [23].
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Fig. 3 shows a typical the BiT frame structure with initial precoder training
symbols like preamble followed by a data transmission phase using the precoders
obtained in the training phase.
In practice, we encounter time-correlated fading, where the channel changes
slowly over transmission instants based on the mobility of the user and the
surroundings. In such cases, it is beneficial to use the beamformers from the
previous frame as a starting point for the iterative transceiver design instead of
treating each frame separately. For example, the results in [22] for minimum
power precoder design objective demonstrated that it is enough to update the
optimization variables only once per transmitted frame to obtain near optimal
performance.
In order to implement (47) using BiT scheme, each BS transmits a precoded
(i)

pilot using ml,k,n . Upon receiving this, all users update their MMSE receivers
using (47b) and other related variables with (47c)-(47f). After updating
all of
q
(i−1) ∗
the variables in (47), users transmit uplink precoded pilots using αl,k,n wl,k,n
(i−1)

∗
and αl,k,n wl,k,n
orthogonally to evaluate (47a) at the BSs using the sOTA

transmission as outlined in Fig. 3. This method is referred to as Strategy A in
[23]. Note that the backhaul exchange of dual variables α in [23] is avoided by
having two separate uplink pilots per stream in the BiT process, allowing fast
convergence without backhaul delays. Due to time-correlated fading, the SCA
points can be initialized with the precoders obtained from the previous BiT
frame instead of initializing them randomly.
To further speed up the convergence, i.e., to obtain a significant reduction
in the objective just in few steps, we update the BS specific local variables as
outlined in [23] labeled as Strategy B. In order to perform local updates of ml,k,n
and wl,k,n , each BS would require additional information about the inter-cell
interference seen by each user, i.e.,
Zl,k,n =

P

i∈U \Ub

H
Hbi ,i,n ml,i,n mH
l,i,n Hbi ,i,n + N0 INR .

(49)

Note that the inter-cell interference term is not explicitly required at the BSs,
if it is whitened at each user. It is obtained by using whitening filter Fl,k,n
H
as Z−1
l,k,n = Fl,k,n Fl,k,n . The effective whitened channel H̄bk ,k,n = Fl,k,n Hbk ,k,n

is obtained by the respective BSs through uplink pilot transmissions from all
users using the whitening filter Fl,k,n [23, 25]. Therefore, BS b acquires the
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effective channel with whitened interference plus noise, and hence, may internally
iterate to update between transmit and receive beamformers
q as if it is a single
(i−1) ∗
cell processing. In addition to the covariance feedback, αl,k,n wl,k,n
is also
required to evaluate (47a) at BS.
The BS specific local processing involved in Strategy B using whitened
channel is given as
(j)

ml,k,n =

L
XX

(j−1) H
(j−1) H (j−1)
αy,x,n
H̄bk ,x,n wy,x,n
wy,x,n H̄bk ,x,n

x∈Ub y=1

+

L
X X

(i−1) H
(i−1) H (i−1)
αy,x,n
Hbk ,x,n wy,x,n
wy,x,n Hbk ,x,n

x∈U \Ub y=1

+ δb INT
(j)

wl,k,n =

L
XX

−1

(j−1)

(j−1)

αl,k,n H̄H
bk ,k,n wl,k,n

(50a)

H
H (j)
H̄bx ,k,n m(j)
y,x,n my,x,n H̄bx ,k,n

x∈Ub y=1

+ INR
(j)

H (j)

−1

(j)

H̄bk ,k,n ml,k,n
(j)

2

l,k,n = 1 − wl,k,n H̄bk ,k,n ml,k,n
+

P

(x,y)6=(l,k),∀y∈Ub

(50b)
(j)

+ INR kwl,k,n k2

H (j)

(j)

wl,k,n H̄by ,k,n mx,y,n

2

(50c)

and the remaining variables are the same as those in (47). The α’s relevant to the
users in Ub are deduced locally by using two uplink precoded pilots. Note that
(50b) is the MMSE receiver used for local updates that includes the effective
channel, whereas (47b) is the original MMSE receiver.
Algorithm 5 outlines the above discussed method of implementing (47), where
Imax denotes the number of BiT iterations performed in each transmitted frame.
The iteration count Jmax denotes the number of local updates made within BS
to update the local optimization variables (50). The proposed scheme requires
a controlled transmission from all users and BSs in the system to update the
respective beamformers before actual data transmission begins. During training
phase, precoders are updated in each BiT slot with the aim of minimizing
the number of backlogged packets. The proposed design requires two symbols
for uplink pilots and one symbol for the downlink pilot transmission. A more
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Algorithm 5: KKT based distributed precoder design
Input: ak , Qk , Hb,k,n , ∀b ∈ B, ∀k ∈ U, ∀n ∈ N
Output: ml,k,n and wl,k,n ∀l ∈ {1, 2, . . . , L}
Initialize: Optimization variables to some feasible values and Imax , Jmax
to some constant
for i ← 1 to Imax do
foreach BS b ∈ B do
(i)
update ml,k,n using effective channel as in (47a)
for j ← 1 to Jmax do
using (50b), (50c), (47e), (47f) and H̄b,k,n update wl,k,n ,
l,k,n , σl,k,n and αl,k,n ∀k ∈ Ub
(i)

re-update ml,k,n with (50a) ∀k ∈ Ub
end
(i)

using precoded downlink pilots, notify ml,k,n ∀k ∈ Ub to all users
in the system
(i)

(i)

update wl,k,n with (47b) and Hbx ,k,n ml,x,n , ∀x ∈ U
(i)

notify wl,k,n and Fl,k,n to all BSs [23, 25]
end
end

detailed trade-off analysis between various signaling schemes for a dynamic TDD
is shown in [25].
We assume that every BS and user terminal uses orthogonal pilots symbols in
forward and backward direction of OTA signaling. This allows interference-free
estimates of all CSIs and equivalent CSIs at both BSs and user terminals using
channel reciprocity. For simplicity, the pilots used to convey the equivalent
channel information in one BiT iteration for all data streams are assumed to
consume a shoare of the resources η, for e.g, 1% of the transmitted frame.5 Upon
considering the signaling overhead, the effective throughput obtained is given as
t̃l,k,n = (1 − Imax η) × tl,k,n

(51)

5 The

impact of limited pilot resources or pilot contamination is not considered in this thesis.
In practice, the performance depends on the amount of available pilots and the size of the
coherence block.
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2.5

Signaling overhead evaluations

In this section, the overhead involved in the signaling of optimization variables
are compared. In a centralized model, CSI corresponding to each link is to be
exchanged between BSs and the centralized controller. In order to quantify
the overhead, let us consider that each real entry of the complex channel is
represented by NQR number of bits. The amount of signaling required between
BSs and the controller is given as N × NB × NT × K × 2 real entities for every
T slots, where T denotes the number of slots for which the channel remains
constant. Additionally, the precoders designed by the CC, should be conveyed to
the respective BSs via finite backhaul link. It accounts for N × K × NT × 2
real entities. Therefore, it requires (NB + 1) × N × K × NT × NQR × 2 bits
to be exchanged via backhaul in each transmission slot. Since the precoders
are determined based on the current number of backlogged packets, precoders
are required to be updated in each transmission slot based on the current
backlogged packets, which is updated by all BSs to the controller. Even though,
the quantized CSI is not used in the evaluations, it is worth noting that the
achievable gains deteriorates significantly with quantized CSIs.
In contrast, the distributed approaches for [94] based on ADMM or primal
decomposition [20] requires only the exchange of coupling interference variables
that are scalar values, considering the NR = 1 scenario. For a fully connected
network, each consensus variable binds two BSs only, therefore, the overall
number to be exchanged is N × (NB − 1) × K × 2 real entries. Let ND be
the number of bits to represent scalar coupling variables. Therefore, in each
transmission instant, the overall signaling required to design the precoders jointly
requires N × (NB − 1) × K × 2 × Imax × ND number of bits. Note that there is no
need to exchange the backlogged packets to the coordinating BSs in distributed
scheme and let Kmax denotes the number of exchanges required to update the
precoders for some improvement in the performance, which is often treated as a
constant that depends on the system size.
The duration of CSI validity can be evaluated using BCSI +BP ×T = BD ×T ,
where BCSI denotes the number of bits required for the CSI feedback, BP
corresponds to the number of bits required for the precoder feedback from
the controller, and BD refers to the number of bits required to exchange the
coupling interference variables in the distributed scheme. In general, the choice
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Γ,


NQR
ND


×

NT (NB + T )
T (NB − 1)

(52)

Imax
NS



is the penalty in the

(53)

Simulation results
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across all users in the system with the small-scale fading drawn from the

The simulations carried out in this work consider the path loss varying uniformly

2.6

designed using BiT are valid for NS − Imax data symbols.

number of symbols present in a transmission frame. Note that the precoders

rate attributed to the precoded pilot exchanges and NS corresponds to the


where t̃l,k,n is the actual rate seen by user k, 1 −

t̃l,k,n



Imax
= 1−
× tl,k,n
NS

throughput due to the training period [109]. The overhead is considered as

we used a penalty factor in the rate expression, which corresponds to the loss in

reduce the number of backlogged packets at BSs. Since the exchanges are analog,

updated in each BiT slot to update the beamformers both at users and BSs to

before actual transmission of data. During the training period, precoders are

all users and BSs in the system to update transmit and receive beamformers

In contrast, the proposed approach requires a controlled transmission from

distributed schemes can be accelerated significantly.

can be chosen as the solution from previous transmission, convergence speed of

number of iterations in each transmission instant. Since the operating point

time-correlated, distributed schemes are not required to iterate for the same

same count in each transmission slot. It is worth noting that since the channel is

preferred. Note that we considered distributed algorithms are iterated for the

preferred and if Γ < 1, then centralized overhead is smaller, and therefore it is

distributed exchanges. If the fraction is Γ > 1, then decentralized scheme is

Note that we considered different quantization scales for centralized and

precoders by the centralized controller.

where T represents the duration over which the CSI is valid for designing the

the factor Γ defined as

of selecting the centralized scheme over the decentralized approach depends on

independent and identically distributed (IID) samples. The queues are generated
based on the Poisson process with the average values specified for each numerical
experiments. All the iterative algorithms are terminated if the absolute difference
between the objective values of two successive iterations is within  ≈ 10−4
unless explicitly stated otherwise.
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1.71
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8
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1.41
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4
2.34
1.26
2.32
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Channel Gains

0
0
4.0

SC-1
0
4.88
0
3.92 bits

SC-2
0
3.11
0

SC-3

Q-WSRME approach
(modified backpressure)

4.0
0
0

SC-1
0
5.49
0
2.51 bits

SC-2

JSFRA

0
0
4.0

SC-3
0
0
5.81

SC-1

0
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0
5.89 bits

SC-2

Q-WSRM

1
2
∞
Qk

q

15.0
11.2
11.4
15.0

1
3.95
3.9
4.4
8.0

2
5.26
10.76
10.4
14.0

3

5
7.0
10.27
10.4
14.0

user indices

8.95
10.65
10.4
14.0

4

11.9
9.68
8.4
12.0

6

12.0
8.77
8.4
12.0

7

9.7
5.9
6.4
10.0

8

Table 2. Number of backlogged bits associated with each user for a system {N, NB , K, NR } = {5, 2, 8, 1}, [92] c 2016 IEEE.

1
2
3

Users
Qk
k
Packets

25.15
27.77
28.68

χ

0
3.53
0

SC-3

Table 1. Sub-channel-wise listing of channel gains and rate allocations by different algorithms for a scheduling instant, [92] c 2016 IEEE.

2.6.1

Performance of centralized designs

We discuss the performance of the centralized algorithms in Section 2.2 for some
system configurations. To begin with, we consider a single cell single-input
single-output (SISO) model operating at 10 dB SNR with K = 3 users sharing
N = 3 sub-channel resources. The total number of backlogged packets waiting
at the transmitter for each user is given by Q1 = 4, Q2 = 8 and Q3 = 4 bits,
respectively.
Table 1 tabulates the channels of the users over each sub-channel followed by
the rates assigned by three different algorithms, Q-WSRME allocation, JSFRA
approach and the sub-channel Q-WSRM scheme using the MSE reformulation
for all cases [15]. The metric used for the comparison is the total number
of backlogged bits left over after each transmission, which is denoted as χ =
PK
+
k=1 [Qk −tk ] . Even though U(1) and U(3) have an equal number of backlogged
packets of Q1 = Q3 = 4 bits, user U(3) is scheduled in the first sub-channel due
to the better channel condition. In contrast, the JSFRA approach assigns the
first user on the first sub-channel, which reduces the total number of backlogged
packets. The rate allocated for U(2) on the second sub-channel is higher in
JSFRA scheme compared to the others. It is due to the efficient allocation of the
total power shared across the sub-channels.
For a MIMO setup, we consider a system with N = 4 and N = 2 sub-channels
with NB = 3 BSs, each equipped with NT = 4 transmit antennas operating at
an SNR of 10dB, serving |Ub | = 3 users each. In order to study the cell-edge
performance of the proposed algorithms, the path loss between BSs and users
is drawn randomly from [0, −3] dB. Furthermore, the BS-user associations in
the static scenario (Q-WSRM) are made by selecting the BS with the lowest
path loss component. Fig. 4(a) and Fig. 4(b) compares the performance of the
centralized schemes for NR = 1 and NR = 2 receive antenna cases respectively.
The comparison in Fig. 4 is made in terms of the total number of residual bits
remaining in the system after each SCA update. The Q-WSRM scheme is not
optimal due to the problem of over-allocation when the number of queued packets
is small. In contrast, the Q-WSRME algorithm provides better allocation with
the explicit rate constraint to avoid the over-allocation. For both scenarios in
Fig. 4, the Q-WSRME performs marginally less well than the JSFRA algorithms
due to the weights used in the algorithm, since the Q-WSRME scheme favors the
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(a). System model {N, NB , K, NT , NR } = {4, 3, 9, 4, 1}, number of backlogged
bits for each user Qk = [14, 15, 14, 8, 12, 9, 12, 11, 11] bits.
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(b). System model {N, NB , K, NT , NR } = {2, 3, 9, 4, 2}, number of backlogged
bits for each user Qk = [9, 12, 8, 12, 5, 4, 10, 8, 5] bits.
Fig. 4. Total number of backlogged packets χ present in the system after each SCA updates
using `1 (q = 1) norm for JSFRA schemes, [92] c 2016 IEEE.
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Fig. 5.
Convergence of the centralized and the distributed algorithms for
=
{3, 2, 8, 4, 1} using `1 norm for JSFRA schemes with
{N, NB , K, NT , NR }
Qk = [5, 7, 9, 11, 8, 12, 5, 4] bits, [92] c 2016 IEEE.

users with the large number of backlogged packets as compared to the users with
better channel conditions. Note that the receivers are updated along with the
SCA update instants i.e, Imax = 1 for both Fig. 4(a) and Fig. 4(b). However,
the performance loss incurred from the combined update of the SCA operating
point and the receiver is marginal.
The behavior of the JSFRA algorithm for different exponents q is outlined in
the Table 2 for users located at the cell-edge of the system employing NT = 4
transmit antennas. It is evident that the JSFRA algorithm minimizes the total
number of queued bits for the `1 norm compared to the `2 norm, which is shown
in the column displaying the total number of left over packets χ in bits. The `∞
norm provides fair allocation of the resources by making the leftover packets to
be equal to χ = 3.58 bits for all users.
2.6.2

Performance of distributed designs

The distributed algorithms are compared using the total number of backlogged
packets after each SCA update. Fig. 5 compares the performances of the
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algorithms when the path loss varies uniformly from [0, −6] dB and each BS
serves |Ub | = 4 users. As discussed in Section 2.3, the performance and the
convergence speed of the distributed algorithms are susceptible to the step size
ρ(i) . Due to the fixed interference levels in the primal approach, it may lead to
infeasible solutions if the initial or any intermediate update is not feasible.
Fig. 5 compares the performance of the JSFRA schemes discussed in Sections
2.2.2 and 2.2.3 using primal and ADMM approaches. For each SCA update, the
primal or the ADMM scheme is performed for Jmax = 20 iterations to exchange
the respective coupling variables. The number of backlogged packets only at
the SCA points are marked in the figure. The performance of the distributed
approaches is similar to that of the centralized schemes if the distributed
algorithms are allowed to converge. However, in our simulations, we observe that
Jmax = 20 is sufficient for the ADMM to converge.
Fig. 6 compares the performance of the centralized and the KKT algorithm
in Section 2.3.3 for different exponents with path loss chosen uniformly between
[0, −3] dB. The `1 norm JSFRA scheme performs better over other `q norms
due to the greedy nature of the objective. The KKT approach for the `1 norm
is not defined due to the non-differentiability of the objective as discussed in
Section 2.3.3. If used for the `1 norm, the over-allocation will not affect the dual
variables σl,k,n and αl,k,n since the queue deviation is raised to the power zero in
(47e). A heuristic method is proposed in Fig. 6 by assigning zero for σl,k,n when
Qk − tk < 0 to addresses the over-allocation. The heuristic approach oscillates
near the convergence point with the deviation determined by the factor ρ used
in (47f). The objective values are mentioned in the legend for all the schemes
and the `1 norm is used for comparison.
2.6.3

Queue evolution for centralized designs over time-correlated
fading

In this section, we numerically study the performance of the centralized algorithms
with different `q values over multiple transmission slots. The system model
examined for the illustrations is provided in Fig. 7. For all users in the system,
the average arrivals Λk ’s are fixed and varied equally for the model considered in
Fig. 7(a), and for Fig. 7(b), the average arrival is fixed to be Λk = 6 bits. Note
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Fig. 6. Impact of varying q on the total number of backlogged packets after each SCA update
for a system {N, NB , K, NT , NR } = {5, 2, 8, 4, 1} and Qk = [9, 16, 14, 16, 9, 13, 11, 12] bits,
[92] c 2016 IEEE.

that the instantaneous arrivals λk [i] are all different and it follows the Poisson
process. The path loss is modeled as a uniform random variable [0, −6] dB.
Fig. 7(a) plots the average of the total number of backlogged packets left
P
+
out in the system after each transmission instant, i.e, Ei { k [Qk (i) − tk (i)] }.
Unlike the Q-WSRM scheme, the average backlogged packets of the `2 JSFRA
scheme is comparable to the Q-WSRME approach for all average arrival rates
due to the explicit rate constraints (14). However, when Λk ≥ 7 bits in Fig.
7(a), both Q-WSRM and Q-WSRME schemes perform the same since the
problem of over-allocation is negligible. The performance of the `1 JSFRA
scheme outperforms all other schemes in terms of the average number of residual
packets due to the greedy allocation at each instant.
Fig. 7(a) also includes the uncoordinated `1 JSFRA scheme and the time
division multiplexing (TDM) mode, which ignores the inter-cell interference
terms in the SINR expressions while designing the precoders. The performance of
the TDM scheme with the total power constraint is inferior to the uncoordinated
transmission due to the diverse user path loss variations in the system model.
Fig. 7(b) compares the number of backlogged packets left in the system after
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(a). Average backlogged packets in the system after 250 transmission instants.
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Fig. 7. Time analysis of the Queue dynamics for a system {N, NB , K, NT , NR } =
{4, 2, 12, 4, 1}, [92] c 2016 IEEE.
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Fig. 8. Average backlogged packets for {N, NB , K, NT , NR } = {3, 2, 12, 4, 2} evaluated over
250 slots with fd Ts ≈ 0.1 and 0.01, [93] c 2016 IEEE.

each transmission slot using different centralized algorithms. The total number
of residual packets for the Q-WSRM scheme is noticeably larger than the
other schemes in Fig. 7(b). This performance loss is due to the inability in
controlling the over-allocations at each instant. The instantaneous fairness
constraint imposed by the `∞ JSFRA scheme is effective in reducing the number
of backlogged packets for the average arrival rate considered in Fig. 7(b).
However, in Fig. 7(a), the performance of the `∞ JSFRA is inferior to the
Q-WSRM scheme, since the fairness is not effective when the system is unstable,
i.e, when Λk ≥ 7 in the current model.
2.6.4

Queue evolution for distributed designs over time-correlated
fading

We discuss the performance of the proposed algorithms using numerical simulations. For comparison, we have an uncoordinated design, in which precoders are
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designed at each BS without accounting for inter-cell interference. Additionally, we have also included the centralized design for reference, i.e., Imax = ∞
and Jmax = 1, wherein the penalty (51) incurred from BiT is ignored. For
other schemes, the number of backlogged packets in each slot is updated as
PK
χ = k=1 [Qk − t̃k ]+ , which has the loss incurred due to BiT exchanges [25]. In
all models, user path losses are drawn uniformly from [0, −3] dB and the cell
associations are made statically based on path loss. Moreover, in all figures, we
have used Strategy A in the legends. This refers to Algorithm 5 with Jmax = 1,
i.e., without internal updates and where all users participate in BiT [23]. For
simulation purposes, we considered η = 1% in each frame and the duration of
each frame is considered to be Ts = 1 msec with the fade rate driven by the
Doppler frequency fd .
Fig. 8 illustrates the performance of distributed KKT schemes for different
strategies with fd Ts ≈ 0.1, where the channel changes significantly between the
slots, and fd Ts ≈ 0.01 wherein the variations in channel are relatively slower.
Therefore, the performance gained by initializing the SCA operating point with
the precoders from the previous iteration depends on the fade rate. In both
fading scenarios, Strategy B has no impact on the final performance, due to
the convergence of precoders using the dedicated local updates. It can be seen
from Fig. 8 that the total backlogged packets of Strategy A with fd Ts ≈ 0.01
is comparable to Strategy B as the arrival rate increases. As the arrival rate
increases, the number of backlogged packets grows and the same set of users will
be active for subsequent transmissions, therefore, it follows that MSE schemes
gain from precoder initialization.
For completeness, Fig. 9 plots the delay incurred by the packets for different
exponents used in the `q norm, which is used in the objective to design the
transmit precoders. To calculate the packet delay, we assume that each user will
receive a packet in each slot, whose size is determined by λk in bits. Therefore, a
packet is successfully transmitted only when all the associated bits are catered
by the BS. Note that the packet delay is estimated only when the arrival rate is
greater than the transmission rate, only then certain users will be unserved to
reduce the total backlogged packets. Therefore, we consider the arrival rates
greater than Λk = 4 bits, i.e., the packet size of user k, in each instant, which
results from Fig. 8.
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Fig. 9. Worst packet delay for {N, NB , K, NT , NR } = {3, 2, 12, 4, 2} evaluated over 500 slots
with fd Ts ≈ 0.01, [92] c 2016 IEEE.

Due to the greedy allocation, the `1 norm encounters a worse packet delay
compared to `∞ norm, which has the least delay due to the fairness objective.
In addition, Fig. 9 also includes the worst user delay of the `1 and `2 norms
with Strategy B for Imax = 3 and Jmax = 20, where the BiT penalty term is
also included. Due to the greedy nature of the `1 norm with Strategy B, the
worst packet delay is greater than the `2 norm for the same number of iterations.
However, due to the queue minimizing objective, the number of backlogged
packets is the least for the `1 norm when compared with all the other norms.
2.7

Summary

This section addressed the problem of allocating downlink space-frequency
resources to the users in a multi-cell MIMO IBC system using OFDM. The
resource allocation is considered as a joint space-frequency precoder design
problem, since the allocation of a resource to a user is obtained by a non-zero
precoding vector. The proposed JSFRA scheme, which is obtained by relaxing the
nonconvex constraints by a sequence of convex subsets using the SCA technique,
minimizes the total number of backlogged packets at the BS by utilizing both
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spatial and frequency dimensions efficiently. Additionally, an alternative MSE
reformulation approach has been proposed by using the SCA to address the
nonconvex constraints for a fixed MMSE receivers. Furthermore, various methods
to decentralize the precoder designs are proposed for the JSFRA problem using
the primal and ADMM methods. Finally, a practical iterative algorithm is also
proposed to obtain the precoders in a decentralized manner by solving the KKT
expressions of the MSE reformulated problem. The proposed iterative algorithm
requires few iterations and limited signaling exchange between the coordinating
BSs to obtain efficient precoders for a given number of iterations. Numerical
results are used to compare the performance of the proposed schemes.
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3

Multi-group multicast beamformer design

In this section, the problem of physical layer resource allocation is considered
for multi-group multicasting in a MISO-OFDM in a single-cell setting. In
this context, the problem of designing transmit beamformers is addressed to
provide a certain guaranteed QoS in the form of minimum rate. Due to the
presence of multiple sub-channels, the SDR method proposed in [29, 32–34]
cannot be used directly as the SINR requirement for each sub-channel is not
fixed. The problem of interest is a nonconvex QCQP for which the prevailing
SDR technique is inefficient for at least two reasons. First, the relaxed problem
cannot be reformulated as a semidefinite programming problem. Secondly, even
if the relaxed problem is solved, the randomization procedure should be used to
generate a feasible solution to the original QCQP, which is difficult to derive for
the problem being considered. Thus, to overcome these limitations, the SCA
framework is adopted to find multicast beamformers directly [45, 46, 48, 54].
Furthermore, this technique is extended to solve multi-group multicasting with
antenna selection as studied in [32, 33], but under a MISO-OFDM model. Unlike
the approaches such as the SDR with the `1 /`∞ norm in [32] and the exact
penalty method in [33], the antenna selection problem is solved by assigning
a binary variable for each element to denote its selection status, similar to
[33]. However, the SCA based design is utilized as in [45, 46, 48] instead of the
SDR based technique proposed in [33]. Finally, the problem of maximizing the
minimum achievable rate by all users in multicast groups for a given transmit
power is studied. Unlike [28, 29, 34, 35, 53, 54], the fairness problem in a
multi-group multiple sub-channel framework is also addressed.
3.1

System model and problem formulation

3.1.1

System model

A single-cell multi-user MISO system is considered with NT transmit antennas
transmitting NG independent multicast data streams to K single-antenna
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receivers over N OFDM sub-channels (or coherence bands).6 Each user belongs
to one of the NG multicast groups, where the users in each group receive a
common data stream. Let G = {1, 2, . . . , NG } denote the set of all multicast
groups present in the system and let N = {1, 2, . . . , N } be the set of all OFDM
sub-channels. The set of all users associated with multicast group g is denoted
by Gg and we denote the respective group of user k with the positive integer
gk . The received symbol yk,n on the nth sub-channel for user k belonging to
multicast group gk is given by
yk,n = hk,n mgk ,n dgk ,n +

X

hk,n mg0 ,n dg0 ,n + ek,n

(54)

g 0 ∈G\{gk }

where hk,n ∈ C1×NT is the channel seen by user k on the nth sub-channel, and
mg,n ∈ CNT ×1 is the beamformer for multicast group g on sub-channel n. The
data symbol dg,n , transmitted to all users in Gg , is normalized as E{|dg,n |2 } = 1
and ek,n is the additive complex white Gaussian noise drawn from CN (0, N0 ).
The SINR seen by user k on the nth sub-channel, which is represented as γk,n , is
given by
γk,n =

N0 +

|hk,n mgk ,n |2
2
0
g 0 ∈G\{gk } |hk,n mg ,n |

P

(55)

where γk,n is a function of {m} , {mg,n }, ∀g ∈ G, ∀n ∈ N , which denotes the
collection of all transmit beamformers. We remark that γk,n is a function of
all transmit beamformers as shown in (55), but for simplicity, we express it as
γk,n in the following discussions. A pictorial illustration of the system model is
provided in Fig. 10.
3.1.2

Problem formulation

Three closely related problems on designing beamformers for a multicast transmission are addressed in this section. First, the problem of minimizing the
total transmit power required to guarantee a certain QoS for all users in each
multicast group is studied. Formally, the min-power beamformer design problem
6 Sub-channel

means a group of frequency resources for which the channel is assumed to be
relatively constant. Thus, beamformers are designed for a group of sub-carriers over which
multiple data symbols are transmitted.
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Fig. 10. System model with NG = 3 multicasting groups over N = 4 sub-channels.

is given by

P1 ,






minimize



{m}





subject to



N
XX

2

kmg,n k

(56a)

g∈G n=1
N
X

log(1 + γk,n ) ≥ r̄gk , ∀k

(56b)

n=1

where r̄gk is the minimum multicast service rate for all users belonging to group
gk ∈ G. In unicast transmission, both joint encoding across all sub-channels
and link adaptation by varying the coding scheme based on the user CSI are
optimal from the information theoretic perspective [2]. However, for multicast
transmission, link adaptation is not optimal, since the code rate is limited
by log(1 + mink∈Gg {γk,n }), ∀k ∈ Gg for each n ∈ N and g ∈ G . Thus, only
joint coding across all the sub-channels with code rate r̄g is optimal for each
group g ∈ G. Despite coding jointly across all the sub-channels, beamformers
are designed specifically for each sub-channel and multicast group based on
the CSI of respective users. Thus, by varying the SINR on each sub-channel
independently, the overall achievability of joint coding is ensured as ∀g ∈ G, ∀k.
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As an extension to the above problem, an additional design requirement is
considered wherein the number of available RF chains is smaller than the number
of transmit elements. Such a constraint can be achieved by forcing certain entries
of transmit beamformers to zero as the power on each antenna is dictated by the
respective beamformer entry. To do so, let us define a vector ω as
T

ω = [ω1 , . . . , ωNT ] ,

ωt =

P

g∈G

PN

n=1

|mg,n,t |2

(57)

where mg,n,t is the complex entry corresponding to antenna index t ∈ {1, 2, . . . , NT }
of the beamformer vector used to serve multicast group g on the nth sub-channel
and ωt is the total transmit power from antenna element t. With the above
notations, the second formulation (i.e., min-power problem P1 with antenna
selection) is given as





minimize



{m}



P2 , subject to











NT
X

ωt

(58a)

t=1

kωk0 ≤ NRF
N
X

(58b)

log(1 + γk,n ) ≥ r̄gk , ∀k

(58c)

n=1

where NRF < NT is the total number of available RF chains. Unlike the hybrid
beamforming technique used in millimeter wave communication [110], each RF
chain drives only a single transmit antenna element.
Finally, the above two problems is studied with the objective of providing
fairness, i.e., maximizing the minimum multicast group rate, for a given power
budget. It can be modeled as





maximize



{m}



P3 , subject to
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min

g∈G,k∈Ggk

N
nX

t=1

(59a)

n=1

kωk0 ≤ NRF
NT
X

o
log(1 + γk,n )

ωt ≤ Pmax

(59b)
(59c)

where Pmax is the available transmit power budget. The solutions for above
mentioned problems are described by considering each formulation separately in
the subsequent sections.
3.2

Min-power design (P1 )

All the problems outlined in Section 3.1.2 are nonconvex, and therefore cannot
be solved directly. In order to handle the nonconvexity, various approaches have
been proposed in the literature based on the SDR technique [27–29]. However, we
resort to the SCA method as in [46] wherein nonconvex constraints are relaxed
by a sequence of convex ones, which is then solved iteratively until convergence.
Before proceeding further with the proposed SCA based design, we discuss some
drawbacks in extending the SDR technique to multi-carrier scenarios.
3.2.1

Limitations of semidefinite relaxation

The SDR technique is a powerful signal processing tool that has been employed
widely in wireless communications. For example, it has been used to demodulate
higher order constellations and physical layer beamformers for single and multiple
groups [27, 29, 111]. Unfortunately, the SDR method is not applicable to a
multi-carrier multicasting problem. To understand this, let us introduce a
positive semidefinite matrix Mg,n = mg,n mH
g,n as an optimization variable along
with a constraint rank(Mg,n ) = 1 so as to extract mg,n from Mg,n . Now, by
using Mg,n , we can express the SINR Γk,n in (55) as
γk,n =

N0 +

tr (Hk,n Mg,n )
, ∀k ∈ Gg
0
g 0 ∈G\{g} tr (Hk,n Mg ,n )

P

(60)

where Hk,n = hH
k,n hk,n is the channel matrix related to hk,n . Using (60), an
equivalent formulation for P1 is written as
minimize
{M}

subject to

N
XX

tr (Mg,n )

(61a)

g∈G n=1

rank (Mg,n ) = 1, ∀g ∈ G, ∀n ∈ N
N
X
log (1 + γk,n ) ≥ r̄g , ∀k ∈ Gg

(61b)
(61c)

n=1
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Mg,n  0, ∀g ∈ G, ∀n ∈ N

(61d)

where {M} , {Mg,n }, ∀g ∈ G, ∀n ∈ N is the collection of all transmit beamformer matrices. The minimum guaranteed QoS requirement for all users is
ensured by the constraint (61c).
Problem (61) is still nonconvex with Mg,n even when the rank-one constraint
(61b) for all beamformers is omitted. This follows due to the nonconvex nature
of the QoS constraint (61c). However, for a single sub-channel scenario, i.e.,
when N = 1, (61) can be modeled as an SDP problem by discarding the rank-one
constraint (61b) as discussed in [29, 32]. Even though the rank relaxation of
(61) can be solved for a single sub-channel case, we may still require to extract a
rank-one solution if (61) yields a result with the rank greater than one. This
step is carried out by a randomization procedure in [43]. The best-known
randomization algorithm for this case was proposed in [29, 43] and it requires
solving a series of linear programs. Therefore, as the number of sub-channels and
multicast groups increases, the complexity of (61) scales-up quickly. Furthermore,
designing beamformers for multi-group multi-carrier multicasting as in (61) by
the SDR method is not a trivial problem, since the QoS constraint in (61c) is
defined over all sub-channels, and therefore cannot be solved for each sub-channel
independently by fixing the SINR arbitrarily by satisfying (61c) using the
technique proposed in [29, 32]. Nonetheless, an iterative solution based on the
SDR and the SCA technique is proposed in [94].
3.2.2

Solution based on successive convex approximation

Due to the issues involved with the SDR technique explained above, an alternative
approach to solving P1 is proposed by employing the SCA technique, thereby
ensuring a rank-one solution upon finding the multicast beamformers. In order
to do so, the minimum guaranteed rate constraint in (56b) with SINR term γk,n
is restricted by using the following inequalities as
N
X

log(1 + γk,n ) ≥ r̄g , ∀k ∈ Gg

(62a)

n=1

|h m |2
P k,n g,n
≥ γk,n , ∀k ∈ Gg
N0 + r∈G\{g} |hk,n mr,n |2
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(62b)

where the newly introduced optimization variable γk,n is an under-estimator for
the actual SINR, thus (62) is an inner approximation of the SINR. By adding
one to both sides of (62b), it is rewritten as
N0 +

|hk,n mr,n |2
≥
γk,n + 1

P

r∈G

X

|hk,n mr,n |2 + N0

(63)

r∈G\{g}

where user k belongs to group g ∈ G. Even after replacing the QoS constraints
in (56b) with two inequalities (62a) and (63), the problem is still nonconvex due
to the nonconvexity of the constraint in (63). Therefore, the SCA technique
in [102] is adopted wherein the nonconvex set (63) is restricted by a convex
subset around a fixed operating point, which is used in P1 instead of (63). Upon
finding a solution, a new feasible set is updated by using the current solution as
an operating point for the next iteration and solved for an optimal solution.
In order to find a convex approximation for the nonconvex constraint (63),
two new stacked channel vectors h̄k,n and h̃k,n are introduced, which are defined
as
h̄k,n , [hk,n , hk,n , . . . , hk,n ] ∈ C1×NT ·NG
{z
}
|

(64a)

h̃k,n , [hk,n , hk,n , . . . , hk,n ] ∈ C1×NT (NG −1)
{z
}
|

(64b)

NG terms

(NG −1) terms

where h̄k,n and h̃k,n are the vectors formed by repeating the channel seen by user
k on the nth sub-channel by NG and NG − 1 times, respectively. In addition,
two new stacked vectors mn and m̃g,n are also introduced such that k ∈ Gg as
T
T
T
mn , [mT
∈ CNT ·NG ×1
1,n , m2,n , . . . , mNG ,n ]

(65a)

T
T
T
T
T
NT (NG −1)×1
m̃g,n , [mT
(65b)
1,n , m2,n , . . . , mg−1,n , mg+1,n , . . . , mNG ,n ] ∈ C

where mn is formed by stacking all multicast beamformers for sub-channel n and
the vector m̃g,n is obtained by stacking transmit beamformers corresponding
to multicast groups in G\{g} for sub-channel n, i.e., by excluding mg,n from
mn . The newly defined vectors in (65) are just a rearrangement of optimization
variables {m}.
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Now, by using (65), the constraint in (63) becomes
N0 + |h̄k,n mn |2
≥ N0 + |h̃k,n m̃gk ,n |2
1 + γk,n

(66)

where the l.h.s of (66) is of quadratic-over-linear, i.e., a convex function, and
thus can be bounded from below by a linear first order Taylor approximation
(i)

(i)

L(mn , γk,n ; mn , γk,n ) as
(

(i)

(i)
L(mn , γk,n ; m(i)
n , γk,n )

−

(i)

,

N0 + |h̄k,n mn |2
(i)

+2 <

1 + γk,n

(i) H H
h̄k,n h̄k,n
(i)
1 + γk,n

mn



mn −

(i)
 N + |h̄ m |2
N0 + |h̄k,n mn |2 
0
k,n n
(i)
γ
−
γ

k,n
k,n ≤
(i) 2
1 + γk,n
1 + γk,n

m(i)
n



(67)

(i)

where mn and γk,n are fixed operating points upon which the approximation is
(i)

(i)

carried out. Moreover, mn and γk,n are the solutions obtained for mn and γk,n ,
respectively, from the (i − 1)th SCA iteration.
Finally, by replacing the l.h.s of (66) with (67), the convex subproblem for
the ith SCA iteration is given by
minimize
{m},{γ}

subject to

N
XX

kmg,n k2

(68a)

g∈G n=1
N
X

log(1 + γk,n ) ≥ r̄g , ∀k ∈ Gg

(68b)

n=1
(i)

2
L(mn , γk,n ; m(i)
n , γk,n ) ≥ N0 + |h̃k,n m̃gk ,n | ,

γk,n ≥ 0, ∀k, ∀n.

(68c)

It is worth noting that (68) can be formulated as a second-order cone programming
(SOCP) by rewriting the QoS constraint (68b) as
N
Y

(1 + γk,n ) ≥ exp(r̄gk ), ∀k ∈ Gg , ∀g ∈ G

(69)

n=1

which can be expressed by a system of SOC constraints as in [51, 112], and
thus (68) reduces to a SOCP problem. Including an additional constraint to
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)

restrict γk,n ≥ 0 is not required, since it is defined implicitly by the objective and
(i)

(i)

constraint (68b). The fixed operating points {mg,n } and {γ k,n } are updated
with the solution obtained from (68) in the (i − 1)th SCA iteration. Then, by
updating the operating point recursively, (68) is solved until convergence to
obtain transmit beamformers that achieves the required rate for all users in the
system. A discussion on the convergence analysis of (68) is given in Appendix 4
and its complexity is discussed in Appendix 5. The superior performance of the
SCA method over the SDP technique was demonstrated for a multicast problem
with N = 1 in [46].
If the SDP based formulation presented in (61) yields a rank-one vector for
N = 1, we cannot claim the equivalence between the solution obtained from
(68), since (68) is an approximation for P1 . However, if the solution obtained by
solving (61) is not rank-one, then the SCA schemes are better solution as they
find beamforming vectors directly.
3.2.3

Extension to semidefinite relaxation

In order to find a solution for (61) when N =
6 1, we propose a method employing
the SCA technique for the SDP problem. To obtain a tractable solution, we
proceed by relaxing the SINR expression in (60) for user k on the nth sub-channel
using two new optimization variables as
tr (Hk,n Mg,n )
bk,n
P
≥ N0 + g0 ∈V\{g} tr (Hk,n Mg0 ,n )

γk,n ≤

(70a)

bk,n

(70b)

where γk,n is an under-estimator for γk,n in (55). Let {γ} be the collection of all
γk,n , ∀k and ∀n ∈ N . The SINR constraint in (70a) can be equivalently written
by following [104, 113] as
tr (Hk,n Mg,n ) ≥ γk,n bk,n

1
tr (Hk,n Mg,n ) ≥
(γk,n + bk,n )2 − (γk,n − bk,n )2 .
4

(71a)
(71b)

The constraint defined by (71b) is nonconvex due to the presence of difference of
convex (DC) term in the r.h.s of (71b). Therefore, we use the SCA method to
handle the DC term in (71b) by the first order Taylor approximation around the
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(i)

(i)

SCA operating point γk,n and bk,n in the ith iteration as
(i)

(i)

D(γk,n , bk,n ; γk,n , bk,n ) ,

1h
(i)
(i)
(γk,n + bk,n )2 − 3 (γk,n − bk,n )2
4
(i)

(i)

+ 2 (γk,n − bk,n )(γk,n − bk,n )
(i)

i

(72)

(i)

where the linear inner approximation D(γk,n , bk,n ; γk,n , bk,n ) satisfies
(i)

(i)

D(γk,n , bk,n ; γk,n , bk,n ) ≥


1
(γk,n + bk,n )2 − (γk,n − bk,n )2 .
4

(73)

Now, by using the linear approximation in (72) and by dropping the rank-one
constraint (61b), the SDP-SCA subproblem for SCA step i is given as
minimize

{M},{b},{γ}

subject to

N
XX

tr (Mg,n )

(74a)

g∈V n=1
(i)

(i)

tr (Hk,n Mg,n ) ≥ D(γk,n , bk,n ; γk,n , bk,n )
N
X

log (1 + γk,n ) ≥ r̄g , ∀k ∈ Gg

(74b)
(74c)

n=1

Mg,n  0 and (70b), ∀g ∈ G, ∀n ∈ N .

(74d)

However, upon the convergence of (74) as i → ∞, if any of the resulting precoder
matrices Mg,n , ∀g, ∀n has rank(Mg,n ) > 1, then we must find feasible rank-one
precoders for P1 using the randomization procedure mentioned in [27, 43]. It is
performed by fixing the target SINR for each sub-channel with the respective
γk,n obtained upon the convergence of (61).
3.2.4

Choice of SCA initialization points
(0)

Finding an initial operating point {mg } to start the SCA procedure is not a
trivial problem. For the single multicast group case, initialization can be obtained
easily by merely scaling the beamformers until all the QoS constraints are
satisfied as shown in [45]. However, it is not applicable to P1 , since multi-group
beamformers are present in both the numerator and the denominator of (55).
Therefore, to find an initial operating point for (68), we consider a relaxed
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problem
minimize
{m},{γ},R̃

subject to

N
XX

kmg,n k2 + δ R̃

(75a)

g∈G n=1

exp (r̄gk ) −

N
Y

(1 + γk,n )
n=1
(i)
L(mn , γk,n ; m(i)
n , γk,n ) ≥

≤ R̃, ∀k

(75b)

N0 + |h̃k,n m̃gk ,n |2 , ∀k, ∀n.

(75c)

where mn and m̃g,n are defined in (65). The constant δ determines the trade-off
between the two objectives and R̃ is a slack variable, used to relax the strict rate
constraint. Problem (75) is feasible for any randomly initialized beamformers,
since (68b) is relaxed by a slack variable R̃ in (75) [46, 48]. Algorithm 6 outlines
the iterative procedure to solve (68).

Algorithm 6: Proposed iterative algorithm for solving P1
Initialization: Set i = 1, generate {m(0) } randomly and compute {γ (0) } by
evaluating (63) with equality. Set δ to be large enough to ensure feasibility
1: repeat
(i)
(i)
2:
solve (75) for optimal {m∗ } and {γ ∗ }
(i)
(i)
(i+1)
(i+1)
3:
update {m
} = {m∗ } and {γ
} = {γ ∗ }
4:
i=i+1
5: until R̃ < 0
6: Let {m∗ } and {γ ∗ } be a solution of (75) when R̃ < 0
7: Set j = 1, {m(0) } = {m∗ } and {γ (0) } = {γ ∗ }
8: repeat
(j)
(j)
9:
solve (68) for optimal {m∗ } and {γ ∗ }
(j)
(j)
10:
update {m(j+1) } = {m∗ } and {γ (j+1) } = {γ ∗ }
11:
j =j+1
12: until convergence or for fixed number of iterations, Imax

If δ is chosen to be infinite, then (75) reduces to a feasibility problem. However,
if δ is finite but sufficiently large, then (75) solves for multicast beamformers
with the objective of minimizing total transmit power and the slackness term R̃
in each iteration. Once R̃ < 0, the above procedure can be terminated and the
solution can be used as an initial feasible point to solve (68). For instance, if
the feasible set of (68) is nonempty, based on our observation from extensive
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numerical simulations, choosing δ ≈ 103 will yield a feasible point in 2 − 3
iterations itself. Finally, we note that (68) reduces to

– [45] when N = 1 and NG = 1, since γk,n becomes a constant, thereby
eliminating (68b) and (75b) from (68) and (75), respectively, or
– [46] when N = 1 and NG ≥ 1. It follows from the fact that when N = 1, γk,n
becomes a constant, thereby removing (75b) from (75). Thus, the FPP-SCA
method in [46] is similar to (75) if it is performed until convergence.

In order to perform efficient multicast transmission over multiple sub-channels, a
group specific coding scheme must be designed jointly across all the sub-channels
with code rate r̄g defined by the QoS requirement [2]. However, if the coding
scheme is designed for each sub-channel separately, then the QoS constraint in
(69) must be replaced ∀g ∈ G by
N
X
n=1

log(1 + min {γk,n }) ≥ r̄g
k∈Gg

(76)

which is equivalent to (69) when N = 1 and inferior if N > 1.
3.3

Min-power design with antenna selection (P2 )

In this section, we extend the solution of P1 to the antenna selection problem
introduced in P2 . Since the power on each antenna is determined by the
beamformers, the number of active elements is restricted to, say, NRF , by
constraint (58b) in P2 . However, due to the presence of the `0 norm in (58b), P2
cannot be solved directly. Hence, to find NRF active elements from NT transmit
antennas, we could resort to the re-weighted `1 norm minimization approach as
in [32]. However, due to the presence of multiple sub-channels, even without
constraint (58b), P2 can only be solved by employing the SCA technique to
find beamformers for all sub-channels. Therefore, if we adopt the re-weighted
`1 norm minimization as in [32], we need a bisection search to find a suitable
regularization constant in order to find NRF active elements, thereby leading
to two nested loops, i.e., an inner loop to perform the SCA based iterative
procedure and an outer loop for bisection search.
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To avoid the problem discussed above while solving P2 , let us rewrite (58b)
equivalently by using a binary variable a as [104]
ωt ≤ at νt ,

∀t ∈ {0, . . . , NT }

(77)

where at ∈ {0, 1} and νt ∈ R are newly introduced variables together with ω
as in (57). The binary variable at denotes the status of antenna elements, i.e.,
whether it is enabled or not, and νt represents the total power on each antenna t
due to multicast transmission. Upon replacing the `0 norm in (58b) with the
binary vector a together with (77), we have
minimize

{m},{a},{ν}

subject to

NT
X
t=1
N
X

νt

(78a)

log(1 + γk,n ) ≥ r̄gk , ∀k

(78b)

n=1

(77) and

NT
X

at = NRF , at ∈ {0, 1}, ∀t

(78c)

t=1

where the SINR γk,n is given by expression (55). It is worth noting that the
inequality used in (58b) and (59b) being replaced by an equality in (78c) has no
impact on the solution, since minimum transmit power is achieved only by using
all the available RF chains (or antennas elements) [2].
3.3.1

Mixed integer solution

Following the approximations proposed in Section 3.2.2, we relax γk,n in (55)
by an under-estimator γk,n as in (62). Due to the nonconvex nature of the
newly introduced constraint (62b), (78) cannot be solved directly. Therefore, we
approximate the continuous nonconvex constraint (66) by (68c) to arrive at a
mixed-integer quadratic programming (MIQP) subproblem as
minimize

{m},{a},{ν},{γ},

subject to

NT
X
t=1
NT
X

νt

(79a)

at = NRF , at ∈ {0, 1}, ∀t

(79b)

t=1
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(68b), (68c) and (77).

(79c)

The MIQP subproblem in (79) can be solved optimally by the available MIQP
solvers such as [114, 115], however, it involves huge computational complexity.
Typically, the MIQP solvers use the branch-and-bound technique to arrive at a
solution [116] by splitting the problem depending on the integer variables. Even
though (79) can be solved optimally in each iteration, due to the iterative nature
(i)

of the problem, the complex entries of the SCA operating point {mg,n } will
be forced either to zero or to a non-zero complex values by (77) depending on
the respective values of ω. The equivalent formulation of P2 in (78) consists
of both binary and continuous variables. However, in the iterative MIQP
approach, we only approximate the continuous nonconvex constraints by a
sequence of convex subsets using the principles of the SCA, while keeping the
binary variables untouched. In this manner, the domain of the continuous
variables is approximated by a feasible subset in each iteration. Due to this
approximation, it cannot be guaranteed that the feasible subset can cover the
entire continuous region of the original feasible set when the SCA procedure
converges. Thus, the iterative MIQP cannot guarantee an optimal solution in
general even upon the convergence of the SCA procedure.
3.3.2

Regularized relaxed binary formulation

As an alternative to the combinatorial problem (78), we relax the binary variable
at ∈ {0, 1} with a linear constraint as at ∈ [0, 1], ∀t in order to find a low
complexity formulation using continuous relaxation. Due to the linear relaxation,
a binary outcome for the solution of at , ∀t cannot be guaranteed. Hence, to
promote a binary solution for the relaxed linear variable a, we regularize the
objective function with a penalty term as in [117, 118], which depends only on
the relaxed variable a. Thus, an approximate solution with a regularization term
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for (78) is given by

Pb2 ,






minimize


{m},{a},



 {ν},{γ}

NT
X

νt + ψ f (a)

(80a)

at = NRF , at ∈ [0, 1], ∀t

(80b)

t=1
NT
X



subject to









t=1

(68b), (68c) and (77)

(80c)

where f (a) is a penalty function to encourage a sparse solution for a. Due to
linear relaxation in (80b), (77) can be expressed as a rotated SOC constraint.
The parameter ψ determines the trade-off between the desired objective and the
degree of sparsity in the solution of a. Since the quality of a depends on the
choice of regularization parameter ψ, a binary outcome for the solution of a
cannot be guaranteed, therefore, (80) can only be shown as an approximate
problem for (78) and not an equivalent formulation, which can be expressed
mathematically as P2 ⊂ Pb2 . Upon solving Pb2 with a sparsity promoting penalty
function, if a ∈ {0, 1}NT , then the solution obtained is also a feasible solution
of P2 . However, if a ∈
/ {0, 1}NT , then a feasible point for P2 can be found by
setting NRF maximum entries from sorted vector a to unity while forcing the
remaining to zero. Alternatively, randomized rounding can also be used by
treating the value of a as the probability of choosing the optimal value. Thus,
the solution found by solving (80) can be used to obtain a feasible point for (78)
and the original problem P2 .
Log-sum penalty approach
We begin with the well-known sparsity inducing penalty function proposed in
[119] to promote a binary solution for vector a, as given by

f (a) =

NT
X

log(at + )

(81)

t=1
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where  is a small positive constant used to limit the dynamic range of the log
function. With this penalty term, Pb2 becomes
minimize

{m},{a},{v},{γ}

subject to

NT
X

vt + ψ

t=1

NT
X

log(at + )

(82a)

t=1

(68b), (68c), (77) and (80b).

(82b)

The use of log(at + ) in (82a) is justified by the fact that log(at + ) has a slope
of 1/ at origin that becomes infinitely large as  → 0, which is greater than
the `1 norm, which has a unity slope at the origin. Therefore, similar to the `0
norm, which has an infinite slope at the origin, the log(at + ) term allows for a
large penalty for relatively small values of at , compared to the `1 norm [119]. It
is similar to the re-weighted `1 minimization in [32] but with better convergence
properties.
However, due to the presence of − log(at + ) in (82a), the objective is a
DC function. Therefore, by adopting the SCA framework, we linearize the
PNT
t=1 log(at + ) function by its first order Taylor approximation as
fˆ(a; a(i) ) = f (a(i) ) +

NT
(i)
X
at − a
t

(i)
t=1 at

≥ f (a), ∀a ∈ {0, 1}NT

(83)

+

around some fixed operating point a(i) such that f (a(i) ) = fˆ(a(i) ; a(i) ). The
expression in (83) is similar to the one used in the iterative re-weighted `1
algorithm to obtain a sparse solution as discussed in [32] for the SDR formulation
of the antenna selection problem. In summary, the convex subproblem in each
iteration of the proposed iterative algorithm to solve Pb2 using the log-sum
penalty function is given by
minimize

{m},{a},{v},{γ}

subject to

NT
X

vt + ψ fˆ(a; a(i) )

(84a)

t=1

(68b), (68c), (77) and (80b).

(84b)

Upon finding a binary solution for vector a, the approximate penalty term
fˆ(a; a(i) ) in (84a) becomes a constant, thereby leading to the original objective
as in (78a). Finally, by using the discussions presented in Appendix 4, we
can ensure that (84a) converges on (82a) upon the SCA convergence, since
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fˆ(a, a(i) ) → f (a) as i → ∞. Thus, upon solving subproblem (84) in each of the
SCA iterations with the updated feasible convex subset, we obtain a stationary
point of (82) upon the convergence of the SCA procedure.
Entropy penalty approach
In order to introduce a sparse solution, various penalty functions were proposed
in the literature. Another choice to promote a sparse solution for a is an entropy
function, defined as [104]
f (a) = −

NT
X

at log(at )

(85)

t=1

which is a measure of uncertainty in representing random variables with some
probability distribution function. The slope of a in (85) also goes to infinity when
at → 0, which is the same as that of the `0 norm. In fact, the sparsity inducing
function in (85) has a root in statistics and information theory. Specifically, the
entropy of an event with probability x, defined as −x log(x), is minimized (i.e.,
zero) when x = {0, 1}. Due to the fact that binary variable a is relaxed to take
values in [0, 1] similar to the probability mass function, Pb2 becomes
minimize

{m},{a},{ν},{γ}

subject to

NT
X

νt − ψ

t=1

NT
X

at log(at )

(86a)

t=1

(68b), (68c), (77) and (80b).

(86b)

where the constant ψ is used to induce sparsity in a.
Due to the concave nature of f (a), the objective function is a DC function.
Therefore, it is solved by employing the SCA technique for f (a) around the a(i)
as
fˆ(a; a(i) ) = f (a(i) ) −

NT h
X

(i) 

1 + log at

i

(i)
at − at

(87)

t=1

where fˆ(a; a(i) ) is the first order Taylor approximation of f (a) at fixed a(i) . Now,
by using the regularized objective, we can formulate the convex subproblem for
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SCA iteration i as
minimize

{m},{a},{ν},{γ},

subject to

NT
X

νt + ψ fˆ(a; a(i) )

(88a)

t=1

(68b), (68c), (77) and (80b).

(88b)

Upon obtaining a binary solution for vector a, the approximate penalty term
fˆ(a; a(i) ) in (87) becomes zero, thereby leading to the original objective as in
(78a). Finally, the iterative convex subproblems (88) can be shown to find a
stationary point of the nonconvex problem Pb2 using the discussions in Appendix
4. The iterative procedure for solving P2 by using either (84) or (88) is outlined
in Algorithm 7. In order to find an initial operating point, we run Algorithm
6 to find {m} and {γ} such that all the QoS constraints are satisfied. Then,
the antenna selection vector is initialized with a(0) =

NRF T
NT 1 ,
(0)

6 utilizes all the available antennas. Upon initializing {m

since Algorithm

}, {γ (0) } and a(0)

with the solution from Algorithm 6, the feasibility of the operating point can be
guaranteed to begin Algorithm 7.
Finally, the choice of regularization parameter ψ plays a vital role in determining the quality of the solution obtained for the relaxed vector a as it provides
a trade-off between the binary outcome to a solution with less transmit power.
Due to the iterative nature of the proposed algorithms, choosing a very large
value for ψ may lead to a sub-optimal solution, since the feasible subsets during
the first few SCA iterations are too restrictive as they depend on the initial
operating point. On the contrary, choosing a very small value for the parameter
ψ may lead to a non-integer solution, which is not a desirable outcome. In such
cases, we can choose the antenna elements corresponding to the indices of a
maximum of NRF entries from the sorted a vector. Once the transmit elements
are chosen, steps 6-12 of Algorithm 6 are performed by retaining only those
channel coefficients corresponding to the chosen NRF maximum entries. If the
solution obtained by solving (80) is binary for some fixed value of ψ, then it is
also a feasible point for (78).
Alternatively, we can adopt the method in [117, 120], which was also used in
the multicasting context by [33, 34], where ψ is increased in each SCA step to
emphasize the penalty term over the original objective for some ψ (0) ≥ 0. It is
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obtained by modifying the objective functions in (84a) and (88a) as

minimize

{m},{a},{v},{γ}

NT
X

vt + ψ (i) fˆ(a; a(i) )

(89)

t=1

where ψ (i+1) = σψ (i) → Ψmax as i → ∞ for some very large Ψmax together with
σ > 1. In this way, the desired objective is emphasized during the initial SCA
iterations and the sparsity promoting term will be introduced gradually as the
SCA iteration increases. Heuristically, we can choose ψ such that it satisfies
ψ≥

Pall
NT ,

where Pall is the total power required to satisfy the QoS requirements

while using all antennas. The factor NT is used to normalize the value of penalty
function fˆ(a; a(i) ) when a is not binary. Therefore, to emphasize the original
objective of power minimization during the first few SCA iterations with NRF
active antennas, ψ includes the scaling of NT so that fˆ(a; a(i) ) does not dominate
1T . The convergence analysis of Algorithm 7 is
when initialized with a(0) = NNRF
T
similar to the one presented in the Appendix for Algorithm 6. The solution
obtained by solving either (84) or (88) iteratively, converges to a stationary
point of Pb2 . Thus, if the solution obtained for a has a binary outcome, it is also
a feasible point for the original problem P2 , otherwise an approximate solution
can be found by using step 6 in Algorithm 7.
Algorithm 7: Proposed iterative algorithm for solving P2
1: Perform Algorithm 6 until convergence.
2: Assign the solution {m∗ } and {γ ∗ } to {m(0) } and {γ (0) }, respectively.
N
3: Initialize a(0) = NRF 1T .
T
4: repeat
5:
Solve (84) for the log-sum penalty or (88) for the entropy penalty
(i)
(i)
(i)
function. Denote the solution {m},{γ} and a as {m∗ }, {γ ∗ } and a∗ ,
respectively.
(i)
(i)
(i)
6:
Set {m(i+1) },{γ (i+1) } and a(i+1) to {m∗ }, {γ ∗ }, and a∗ , respectively
and update i = i + 1.
7: until convergence or for maximum number of iterations
8: Select NRF maximum entries from the sorted a and perform steps 6-12 of
Algorithm 6 by retaining NRF channel entries hk,n , ∀k, ∀n for which
at = 1, ∀t
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3.4

Fairness with antenna selection (P3 )

In this section, we study problem P3 wherein the objective is to maximize the
minimum rate seen by the users of various multicast groups for a given transmit
power budget. In addition, P3 restricts the number of active antennas used
for transmission. Again, due to the presence of the `0 norm in (59b), it is not
possible to solve P3 directly. Therefore, by following the technique as in P2 ,
we relax the continuous nonconvex constraint (66) by (68c), which leads to the
problem
maximize
rg ,{m},{a},{ν},{γ}

subject to

min {rg }

(90a)

g∈G

N
X
n=1
NT
X
t=1
NT
X

log(1 + γk,n ) ≥ rgk , ∀k

(90b)

at = NRF , at ∈ {0, 1}, ∀t

(90c)

νt ≤ Pmax

(90d)

t=1

(68c) and (77).

(90e)

where the total transmit power is restricted to Pmax by (90d). Even though
rgk is treated as a variable in (90b), it can still be formulated as a system of
SOC constraints by following [112]. Due to the binary constraint on a, the
subproblem (90) for the ith SCA iteration is a MIQP, which can be solved by
the existing solvers such as MOSEK and Gurobi [114, 115].
Due to the huge complexity associated with the MIQP subproblem, we
consider a low-complexity approximate version of P3 by replacing the binary
constraint on vector a by a linear one as discussed in Section 3.3.2. Again, to
encourage sparsity in the solution of a, we regularize the objective as

Pb3 ,
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maximize


rg ,{m},{a},



{ν},{γ}




subject to








min {rg } − ψ f (a)
g∈G

NT
X

at = NRF , a ∈ [0, 1]NT

(91a)

(91b)

t=1

(68c), (77), (90b) and (90d)

(91c)

where f (a) is a penalty function that is defined as either (81) or (85) and the
vector w is given in (57). The newly introduced variable rg is the minimum
guaranteed rate of multicast group g ∈ G. The problem now is to allocate the
total power Ptot among the sub-channels to maximize the minimum achievable
rate of users in the multicast groups.
To solve (91), we again use the SCA technique as discussed in the previous
subsection. In particular, the approximate convex subproblem in the ith SCA
step is given by
maximize
rg ,{m},{a},{ν},{γ}

subject to

minimum {rg } − ψ fˆ(a; a(i) )

(92a)

(68c), (77), (90b), (90d) and (91b)

(92b)

g∈G

where fˆ(a; a(i) ) is the first order Taylor approximation of f (a) around a fixed
operating point a(i) , given in (83) or (87) depending upon the choice of f (a),
which is either (81) or (85). Upon determining the functions f (a) and fˆ(a; a(i) ),
the resulting subproblem (92) is solved by following the discussions presented in
Section 3.3. Unlike Pb1 and Pb2 , an initial operating point can be chosen randomly
as there is no guaranteed QoS requirement in the constraint set of (92). Thus,
finding an initial feasible point is a simple procedure for (92).
Due to the iterative nature of problem (91), finding minimum rate rg through
bisection search is not an efficient method as it introduces nested iterations,
i.e., outer bisection search and the inner feasibility check SCA loop for a fixed
minimum guaranteed rate rg , ∀g ∈ G. Therefore, to avoid nested iterations,
the minimum rate rg is considered to be an optimization variable and it is
solved along with the other variables iteratively. The algorithmic description for
designing beamformers with the objective of providing fairness among multicast
group rates is outlined in Algorithm 8 and the convergence behavior of (91) is
discussed in Appendix 4.
3.5

Numerical simulations

In this section, we compare the performance of the proposed algorithms to those
of the known solutions in [29, 32, 33, 46]. We divide this section into three
parts: The first subsection discusses the design of multicast beamformers for
multiple groups with a single sub-channel, i.e., with N = 1. Then, we discuss the
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Algorithm 8: Proposed iterative algorithm for solving P3
1:

Initialize {m(0) } and {γ (0) } randomly to perform Algorithm 6 until
convergence by replacing (68a) and (68b) with (90a) and (90b), respectively.

2:

Assign the solution {m∗ } and {γ ∗ }, which are obtained by solving
Algorithm 6, to {m(0) } and {γ (0) }, respectively.
1T to solve (92).
Set a(0) = NNRF
T
repeat
Solve (92) with fˆ(a; a(i) ) as (83) for log-sum penalty or (87) for entropy
penalty function. Let the solution {m},{γ} and a obtained from the ith
(i)
(i)
(i)
SCA step be denoted as {m∗ }, {γ ∗ } and a∗ , respectively.
(i)
(i)
(i)
Set {m(i+1) },{γ (i+1) } and a(i+1) to {m∗ }, {γ ∗ }, and a∗ , respectively
and update i = i + 1.
until convergence or for maximum number of iterations
Select NRF maximum entries from the sorted a and perform steps 6-12 of
Algorithm 6 by retaining NRF channel entries hk,n , ∀k, ∀n for which
at = 1, ∀t

3:
4:
5:

6:
7:
8:

performance of the proposed methods for a multi-group multiple sub-channels
setting. Finally, we discuss the performance of max-min beamformer design for
multi-group multicasting with multiple sub-channels. For simplicity, the path
loss seen by all users is fixed to 0 dB in all simulations and the channels are
drawn from a zero-mean complex Gaussian distribution unless stated otherwise.
The noise variance is normalized to N0 = 1 and the transmit power is measured
in dBm units. All the convex problems are modeled with [121] and solved by
using MOSEK solver [114]. For the SDP problems, if the solution obtained has
rank greater than one, then the randomization technique with 500 samples as
in [29] is used to generate rank-one beamforming vectors from the high rank
solution and the one that requires the least transmission power is selected.
Apart from the proposed methods in Sections 3.3 and 3.4, we have included
two more schemes for better comparison. The first one is a highly complex

T
exhaustive search wherein all possible combinations of NNRF
are searched to
find a best pattern that either minimizes the transmit power or maximizes
the minimum achievable rate. Secondly, we have included a low complexity
antenna selection by choosing NRF entries of a that have high per-antenna
power compared to the remaining NT − NRF entries, labeled as sorted antenna
powers in the figures. It is equivalent of setting ψ = 0 in Pb2 and Pb3 . Unlike
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Pb2 with ψ > 0, selecting NRF maximum entries with ψ = 0 may not yield a
solvable problem for Pb2 in all cases as there is no guarantee of satisfying the
QoS requirements imposed by Pb2 with the chosen subset. However, Pb3 is always
solvable by setting ψ = 0 as there is no guaranteed QoS for the users. To solve
Pb2 and Pb3 , the parameter ψ is fixed as ψ = 2 irrespective of the system model
and , used to restrict the dynamic range of log(x) when x → 0 is set to 10−5 for
numerical stability.
3.5.1

Multi-group single sub-channel scenario

We consider the design of multicast beamformers with multiple groups for a
single sub-channel, due to which the minimum rate constraint is reduced to
an SINR requirement. In order to compare the transmit power required by
the various schemes for a fixed QoS demand, we consider an uniform linear
array (ULA) with NT = 12 antennas serving NG = 3 groups, consisting of
|Gg | = 40 users each. The three multicast groups are centered around 0◦ , 45◦
and −45◦ , respectively. The users within each group are separated by 1◦ . The
SINR requirement is set to 3 dB for all users. The channel is generated as
[1 ejθk . . . ej(NT −1)θk ], where θk is the angular frequency related to the location
of user k with respect to the array boresight. The gain is normalized to unity.
Fig. 11 shows the radiation pattern of the proposed and existing SDP schemes
in [32] and [33] with NRF = 6 antennas for a ULA model. The radial axis in Fig.
11 corresponds to the uniform received power in the logarithmic scale. Due to
multi-group interference, the actual transmit power is larger than the desired
QoS of 3 dB. Fig. 11 shows that all schemes ensure the SINR of 3 dB for all
users. The total power required to achieve the minimum SINR requirement of
3 dB is less for SCA based solutions while comparing with the SDP approach
proposed in [32]. Fig. 11 includes only the entropy minimization scheme as a
reference model for the SCA based design with NRF = 6. As mentioned in Fig.
11, the total transmit power required by the proposed SCA based scheme is
0.5 dB less than the SDR based approach in [33] and ≈ 1.5 dB less than the one
in [32] while using NRF = 6 antennas for transmission. Moreover, the proposed
SCA based method outperforms the SDR approach in [27, 32] by 2 dB when
NRF = NT . On the contrary, the SDR technique in [33] performs the same as
that of the SCA method in [46] while enabling all antennas.
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Fig. 11. Radiation plot for a ULA with {NT , N, K, NG } = {12, 1, 120, 3}, NRF = 6 and multicast groups centered at 0◦ , 45◦ , and −45◦ , [95] c 2017 IEEE.

In Fig. 12, we consider a fading scenario, where the channels are generated
randomly from hk,n ∼ CN (0, INT ). The figure compares the average transmit
power required to provide the QoS of three bits to all users by the proposed
scheme and an existing SDR based schemes in [32, 33] for solving P2 . We
consider a model with NG = 2 multicast groups consisting of ten users each.
The SDP method proposed in [32] yields a solution with a rank greater than
one, whereas the biconvex SDP formulation in [34] mostly generates a rank-one
solution. For comparison, we have also plotted the antenna selection based on
the sorted power, which is nothing but solving (80) without f (a) and selecting
the elements corresponding to the indices of maximum NRF entries from a. It is
evident from Fig. 12 that solving (80) without the penalty function requires
more transmit power than for the regularized problems. Fig. 12 also depicts that
as we increase NRF to NT , the transmit powers required by the SDP methods
in [32, 33] are comparable to that of the SCA based techniques. Additionally,
the SDP scheme in [33] performs similarly to the penalty based SCA methods.
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Fig. 12. Average transmit power requirement for model {NT , N, K, NG } = {20, 1, 20, 2} vs.
the number of active elements NRF with r̄g = 3 bits, [95] c 2017 IEEE.

The superior performance of the SCA technique is due to the inherent rank-one
restriction on the solution unlike the SDP method, wherein the problem is solved
by relaxing the rank-one constraint, which requires a randomization search to
extract a rank-one vector if the solution has a higher rank.
Fig. 13 compares both the computational time and the total transmit power
required by [32], [33] and the proposed entropy based solution for solving Pb2 .
The system model is as mentioned in Fig. 13 along with the QoS requirement
of r̄g = 3 bits. In both figures of Fig. 13, the l.h.s denotes the computational
complexity, whereas the r.h.s exhibits the transmit power requirement. The
randomization search is performed over 100 samples if the solution has rank
greater than one. In the case of [33], ten iterations are used to determine a subset
of antennas, which is followed by the AO procedure for finding the beamformers.
Both [33] and the SCA scheme are iterated until two subsequent objective
values differ by 10−3 . Upon increasing NT , the computational times of the SDR
based techniques scales-up quickly in the order of O(NT6 ), however, the best
available bound is in the order of O(NT6.5 ). On the contrary, the proposed SCA
algorithm increases modestly by O(NT3 ) as shown in Fig. 13(a). In addition to
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Fig. 13. Average computational time and the respective transmit powers for system
{NG , N, NRF } = {1, 1, 8} with r̄g = 3 bits using IID channel. Ellipses denote the same
configuration, [95] c 2017 IEEE.
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Fig. 14. Average transmit power requirement for model {NT , N, K, NG } = {8, 2, 10, 2} vs.
the number of active elements and r̄g = 5 bits, [95] c 2017 IEEE.

the arithmetic complexity, the SCA also includes a multiplicative factor Imax
due to the SCA update procedure. Unlike varying NT , the complexity of all
the algorithms scales-up similarly while increasing |Gg | as shown in Fig. 13(b),
since the complexity scales by O(K 3 ) for all schemes as shown in Appendix
5. Regarding the algorithm performance, as NT increases, the transmit power
required by all the schemes decreases monotonically due to the additional
spatial DoF provided by the increasing NT as shown in Fig. 13(a), whereas, the
transmit power scales-up quickly when |Gg | increases as shown in Fig. 13(b).
Furthermore, the performance difference between the SDP and the SCA schemes
grows significantly with the number of users in each group, which is due to high
rank solutions produced by the SDP based schemes in [32, 94]. Even though
beamformers are designed based on biconvex SDP formulation in [33], it performs
similarly to the proposed SCA based technique, since the solutions produced by
the method in [33] are predominantly rank-one.
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3.5.2

Multi-group with multiple sub-channels

We consider a scenario with NT = 8 transmit antennas and N = 2 sub-channels,
serving NG = 2 multicast groups with |Gg | = 5 users each. As there are two
multicast groups that are to be served over two sub-channels, it requires at least
NRF = 1 active antennas for an interference-free transmission by an orthogonal
scheduling of multicast groups over the sub-channels. The QoS requirement of
all users is fixed to 5 bits and the path loss seen by all users is set to 0 dB. Fig.
14 compares the transmit power required by various schemes for a given QoS
requirement. The total transmit power required by the techniques in Section 3.3
are comparable to that of the exhaustive search, whereas the selection based
on the sorted antenna powers is inferior compared to the proposed schemes
with ψ > 0. Fig. 14 also includes two possible user allocations wherein the
multicast groups are allocated orthogonally onto independent sub-channels as
shown by legends the A and B. For the subset selections with NRF = {1, 2}, the
multicast groups are assigned orthogonally over non-overlapping sub-channels
for an interference-free transmission. As shown in Fig. 14, when NRF ≥ NG , the
orthogonal allocation schemes are not optimal when compared to the proposed
techniques, due to under utilization of the available frequency resources.
In the case of multiple sub-channels, we extended the SDP-SCA method in
[94] to perform antenna selection by including a penalty term in the objective as
in (80a). Fig. 15 compares both the total transmit power and the computational
complexity among the entropy based SCA technique and an extension of [94]
by varying each one of the system parameters while keeping the remaining
parameters fixed. The comparisons are made between the two schemes by
varying the number of transmit antennas in Fig. 15(a), sub-channels in Fig.
15(b), multicast groups in Fig. 15(c), and the number of users in each multicast
group in Fig. 15(d). Increasing either the number of transmit antennas NT or
sub-channels N , the transmit power required to provide a certain QoS decreases
as shown in Figs. 15(a) and 15(b), respectively. This behavior is due to the
additional spatial and frequency DoF provided by the increase in NT and N ,
respectively. Thus, by increasing NT for a fixed number of active elements
NRF = 8, the transmit powers of both the schemes are minimized with a fixed
gap as shown in Fig. 15(a). However, as |Gg | increases, the probability of
producing high rank solutions with the SDP-SCA method increases, since the
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Fig. 15. Average computational time for system with NRF = 8 active elements for r̄g =
3 bits using an IID channel model for evaluation. The ellipse markings in all figures are
used to denote similar type of system configuration, which are used for cross-reference,
[95] c 2017 IEEE.
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rank of SDP solution is bounded by the number of constraints, which is |Gg |,
thereby yielding inferior rank-one vectors compared to that of the SCA method
for a given complexity as in Fig. 15(d). As NG increases, the transmit power
required by the SDP method is higher compared to the SCA technique in Fig.
15(c). This is due to the increase in the randomness involved in finding NG
rank-one beamformers as the multicast group increases.
As shown in Appendix 5, as NT increases, the complexity of the SDP approach
scales up quadratically with respect to the SCA technique, since the complexities
are in the order of O(NT6 ) and O(NT3 ), respectively. This behavior can be seen
in Fig. 15(a). However, if either the number of sub-channels or multicast groups
increases, the complexity scales up similarly for both the SCA and SDP schemes
as shown in Figs. 15(b) and 15(c). On the contrary, if the number of users in
each group increases as in Fig. 15(d), then the complexity of both the SDP and
the SCA schemes scales up modestly and the gap between them diminishes as
K increases. It can be explained as follows. The complexity of both schemes
grow as O(N 3 K 3 ) with an additional fixed overhead, which depends on NT ,
NG and N . Therefore, if K  NT , the SDP complexity is dominated by the
3
3
term O(NT6 NG
N 3 ), which is greater than the SCA complexity of O(NT3 NG
N 3 ).

However, if K  NT , both the SCA and the SDP complexities are comparable
3
3
as the fixed overhead due to O(NT3 NG
N 3 ) and O(NT6 NG
N 3 ) is much lower than

O(N 3 K 3 ) while keeping NT , NG and N fixed. When Gg = 30, the randomization
search is unable to extract a rank-one beamformer for the SDP-SCA method in
[94], hence, the corresponding data point is not shown in Fig. 15(d).
3.5.3

Multicast beamformer design with fairness objective

We study the beamformer design aiming at maximizing the minimum achievable
rate of all users in a multi-group multiple sub-channel case. Algorithm 8 is
performed for a model consisting of NT = 8 transmit antennas with N = 2
sub-channels, serving NG = 2 multicast groups with five users each. Due to
the available DoF provided by N = 2 sub-channels, the minimum number of
antennas required to achieve a nonzero rate for all users can be as low as one
element. The total transmit power Pmax is fixed at 40 dBm in order to compare
with Fig. 14, which has the same system settings.
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Fig. 16 plots the minimum rate achieved by various beamformer designs presented
in Section 3.4 for the users belonging to two multicast groups by varying NRF .
The average minimum rate achieved by the Algorithm 8 using both penalty
functions are fairly comparable, whereas the selection scheme with ψ = 0 is
inferior compared to that of the penalty based approaches. As we can see from
Fig. 16, the achievable rate between the proposed methods with ψ > 0 and that
of the exhaustive search is quite small, meaning that Algorithm 8 is efficient
at solving P3 . For the same reason as in Fig. 14, we also see in Fig. 16 that
all the proposed beamformer designs are able to offer nonzero rate even for
NRF = 1, using orthogonal sub-channel allocation for multiplexing multicast
groups. However, for multiple antenna transmission, allocating users over all the
sub-channels proves to be more efficient than orthogonal allocations in terms of
the minimum rate. This ensures that the proposed multicast design for multiple
sub-channels exploits both the spatial and frequency resources efficiently in order
to maximize the minimum guaranteed rate of all users.
It is worth noting the similarity between Figs. 14 and 16, having the same
system model, in terms of the performance metrics when NRF = NT . In Fig.
14, a minimum transmit power of 40 dBm is required to provide a QoS of five
bits to all users with NRF = NT = 8. On the other hand, Fig. 16 shows that
the minimum achievable rate is around five bits for a power budget of Pmax =
40 dBm, thereby establishing an equivalence between problems P2 and P3 having
different objectives.
Finally, we conclude with Fig. 17, which compares both objectives, namely,
power minimization and max-min fairness, by varying the number of sub-channels
while fixing the remaining parameters. The l.h.s y-coordinate denotes the total
transmit power and the r.h.s y-coordinate marks the minimum achievable rate
for all users. The system model consists of a BS with NT = 12 transmit antennas
and NG = 3 multicast groups, comprising |Gg | = 5 users each. Comparison is
made by varying the number of sub-channels used for two different values of RF
chains, namely, NRF = 8 and NRF = 5. In the case of the power minimization
objective, the minimum guaranteed rate for all users is kept as r̄g = 5 bits, and
for the max-min fairness objective, the total transmit power is restricted to
40 dBm.
Two important observations can be made from Fig. 17 as the number
of sub-channels N increases. The total transmit power required for a power
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Fig. 16. Average minimum achievable user rate for model {NT , N, K, NG } = {8, 2, 10, 2} vs.
the number of active elements and Pmax = 40 dBm, [95] c 2017 IEEE.

minimization objective decreases and the minimum achievable rate by all users
for the max-min fairness objective increases. This behavior of the proposed SCA
based solutions is attributed to an efficient utilization of the frequency resources
provided by the increasing number of sub-channels used for transmission. In
the case of NRF = 8, the solution obtained by solving the problem of max-min
fairness Pb3 can be used as an initial feasible point to solve the min-power design
problem Pb2 without solving (75) for the system setups with N ≥ 4, which is
marked as (A) in Fig. 17. This is because of the fact that the total transmit
power required to achieve r̄g = 5 bits is ≈ 40 dBm for Pb2 and the minimum
achievable rate for Pb3 is 5 bits when the transmit power is restricted to 40 dBm.
A similar discussion holds for the system setup with NRF = 5 and N ≥ 6. This
transition point is denoted in Fig. 17 with the help of marker (B).
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Fig. 17. Average transmit power and minimum achievable user rate for system with
{NT , |Gg |, NG } = {12, 5, 3} vs. the number sub-channels N and NRF = 5, 8. Additionally,
Ptot = 40 dBm and r̄g = 5 bits, [95] c 2017 IEEE.

3.6

Summary

In this section, we considered the design of multicast beamformers for multiple
groups with the min-power objective under certain quality-of-service requirements
for multiple-input single-output orthogonal frequency division multiplexing
framework. Due to the nonconvexity of the problem formulation, we employed
the SCA and solved the resulting convex subproblems iteratively. We have
further extended our formulation to limit the number of antennas used for a
multicast transmission. Thus, to select a subset of transmit antennas; we have
introduced a binary variable to handle the active status of each antenna. Since
the resulting problem is combinatorial, we have relaxed the binary variable
to be continuous and solved the problem efficiently by employing the SCA
technique. Moreover, we have added an additional penalty term in the objective
to encourage sparsity in the relaxed binary variable upon convergence. Finally,
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we have also addressed the problem of providing fairness among multicast groups
by maximizing the minimum achievable rate of users for a given transmit power.
The numerical simulations were used to demonstrate the performances of the
proposed methods to that of the existing techniques. Furthermore, we have also
compared the results of existing solutions based on semidefinite relaxation with
the proposed schemes, which was based on the SCA technique. The proposed
solutions outperformed the existing methods in all our numerical experiments.

125

126

4

Quantized beamformer design for C-RAN
CoMP

In this section, the problem of beamformer design for joint processing CoMP
transmission with finite backhaul capacity is addressed. The underlying framework considers a C-RAN architecture wherein the beamformers are designed
centrally, quantized and sent via the wired backhaul to the respective BSs. Unlike
[59, 60, 62–64] wherein antenna specific data streams were jointly compressed and
forwarded to the respective BSs, both the data and the associated beamformer
are signaled separately to the respective BS via finite capacity backhaul. Thus,
the model presents a practical solution that considers the effect of quantization
and the choice of quantizer used to represent the transmit beamformers with a
finite resolution. For ease of discussion, the entries in each beamforming vector
are assumed to be quantized independently and uniformly by a scalar quantizer.
Hence, the problem of beamformer design becomes a nonconvex combinatorial
problem with the user selection, which is also modeled as part of our problem.
In order to avoid a combinatorial search, the binary association variables are
relaxed by a linear one and the nonconvex sets by a sequence of convex subsets
using the SCA method. Therefore, the beamformers are designed iteratively by
solving a convex subproblem in each SCA iteration.
Additionally, to enforce sparsity in the relaxed binary variable, the objective
function is regularized with the associated entropy measure to enforce a binary
solution. Since the beamformers are also notified via backhaul to the respective
BSs, the quantized beamformer overhead is also included along with data bits
while considering the backhaul utilization. Thus, as an extension to [61], the
signaling of both users’ data and the beamformers from the CC to all the BSs are
considered, since both are available only at the CC. As the number of antennas
increases, the overhead incurred by the quantized beamformers will be significant
enough to limit either the number of served users or the rate. In order to address
this, two techniques are proposed to limit the backhaul utilization while using
quantized beamformers:
• Varying the number of quantization bits used to represent each beamforming
vector, and
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• Reducing the number of transmit antennas used for transmission while using
fixed precision for all beamformer entries.
4.1

System model and problem formulation

The system model consists of NB BSs, each equipped with NT transmit antennas,
serving K single antenna users over N OFDM sub-channels or coherence bands.7
The set of all BS in the system is denoted by B = {1, 2, . . . , NB } and the set of
all users is represented by U = {1, 2, . . . , K}. The received symbol yk,n of user k
on the nth sub-channel is given by
XX

yk,n =

hb,k,n mb,k,n dk,n + ek,n

(93)

b∈B k∈U

where hb,k,n ∈ C1×NT denotes the channel between user k and BS b on the nth
OFDM sub-channel. The transmit data symbol dk,n corresponding to each user
k has E{|dk,n |2 } = 1 and ek,n is a sample of circularly symmetric additive white
complex Gaussian noise drawn from CN (0, N0 ). The transmit beamformers
mb,k,n ∈ CNT ×1 , used to transmit data to user k, are designed by the CC and
provided to the respective BSs in B for coordinated transmission. The received
SINR of user k is given as
P
γk,n = P

k0 ∈U \k

b∈B

P

hb,k,n mb,k,n

b∈B

2

hb,k,n mb,k0 ,n

2

(94)
+ N0

by assuming that the users are served by all BSs coherently. A pictorial
representation of the system model is provided in Fig. 18.
Let Qk be the number of backlogged packets destined for user k at a given
scheduling instant. The queue dynamics of user k are modeled using the Poisson
arrival process with an average number of packet arrivals of Λk = Ei {λk } packets
or bits, where λk [i] ∼ Pois(Λk ) represents the instantaneous number of packets
arriving for user k at the ith time instant. The total number of queued packets

7 The

term sub-channel refers to a group of frequency resources for which the channel is
assumed to be constant. Hence, the beamformers are designed for a group of sub-carriers over
which multiple data symbols are transmitted.
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Fig. 18. Illustration of C-RAN system model.

at the (i + 1)th instant for user k, denoted as Qk [i + 1], is given by

+
Qk [i + 1] = Qk [i] − tk [i] + λk [i]

(95)

where [x]+ , max{x, 0} and tk denotes the number of transmitted packets or
bits for user k over N OFDM sub-channels. The maximum transmission rate
PN
achieved in the ith slot is given by tk [i] ≤ n=1 log2 (1 + γk,n [i]) for a SINR γk,n .
Note that tk and Qk are represented by the same units, i.e., in bits defined per
channel use. The time index i is omitted for clarity.
In order to minimize the number of backlogged packets associated with the
users in the CoMP transmission, the objective function is given by
minimize
tk,n

X
k∈U

αk Qk −

N
X

tk,n

q

(96)

n=1

where tk,n is the rate seen by user k on the nth sub-channel and αk is a constant
which can be used to emphasize the user priority. The exponent q ∈ Z++
determines how the backlogged packets of the users should be treated [94]. The
objective (96) not only minimizes the number of backlogged packets, but it also
reduces the average packet delay by setting αk as Λ−1
k along with q = 1. This
follows from the fact that expected waiting time or delay is proportional to the
average number of backlogged packets if the expected arrival rate of users are
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similar. Thus, by fixing αk as Λ−1
k , the arrival rates are normalized, and (96)
minimizes the packet delay.
We assume that the CSI is available at the CC for designing transmit
beamformers as it involves traffic from BSs to CC via a wired backhaul with
finite capacity. It is worth mentioning that even if the CSI available at the CC
has a finite resolution, it can be improved by differential feedback due to the
time-correlated nature of the channels. However, due to the instantaneous arrival
process and rapidly changing interference structure, transmit beamformers
used by BSs need not be the same even if the associated channels are constant.
Therefore, the backhaul link between the CC and BS is used to signal both
data and the beamformers. Due to the finite backhaul capacity, transmit
beamformers are quantized before signaling them to the corresponding BSs,
under the assumption that each complex entry of the beamformer vector is
quantized with NQ bits. Since multiple data symbols in a frame are precoded
with a same beamformer, it is efficient to send beamformers and data symbols
from finite alphabets separately to the respective BSs. However, if the BSs
act as a remote radio head, then signaling the beamformers and data symbols
separately is not an efficient choice as discussed in [63]. Hence, the former
scenario is considered wherein the data symbols and the corresponding quantized
beamformers are signaled separately via finite backhaul to the respective BSs.
Even with the assumption that BS b is serving user k, it cannot be ensured
that user k is served by BS b on all sub-channels. Hence, to evaluate the
total utilization of the backhaul to serve user k from BS b, a binary variable
cb,k,n ∈ {0, 1} is introduced, which has one when user k is served by BS b on
the nth sub-channel and zero otherwise. Thus, the total signaling via the finite
backhaul link between BS b and the CC is given as
N X
X

cb,k,n tk,n + NQ NT

n=1 k∈U

N X
X

cb,k,n ≤ Bb

(97)

n=1 k∈U

where NQ NT is the total number of bits required to signal the beamformer and
Bb is the respective backhaul link capacity.
Now, the optimization variable tk,n in (96) is determined by the SINR γk,n ,
which in turn depends on the transmit beamformers by (94). To ensure that
cb,k,n determines whether BS b is serving user k over a sub-channel n or not, the
130

binary variable cb,k,n should be associated with the beamformer as
kmb,k,n k2 ≤ cb,k,n νb,k,n

(98)

where νb,k,n is an additional optimization variable that corresponds to the power
allocated by BS b to user k on sub-channel n. Therefore, if either cb,k,n or νb,k,n
is zero, the respective beamformer mb,k,n will be a zero vector, thereby ensuring
the absence of transmission from BS b to user k on the nth sub-channel. Let
N = {0, 1, . . . , N } be the set of all sub-channel indices and {m} , {mb,k,n },
∀b ∈ B, ∀k ∈ U, ∀n ∈ N be the collection of all transmit beamformers. Similarly,
{t} and {ν} denotes the collection of all users rates from each sub-channel and
the transmit power from all BSs to each user. Now, the problem of designing
transmit beamformers is given as
minimize

{t},{m},
{γ},{ν},{c}

subject to

X

αk Qk −

k∈U

N
X

tk,n

q

(99a)

n=1

log(1 + γk,n ) ≥ tk,n
N
XX
νb,k,n ≤ Pmax , ∀b

(99b)
(99c)

k∈U n=1

(97), (98), and cb,k,n ∈ {0, 1}, ∀b, ∀k, ∀n

(99d)

where γk,n is defined in (94). The constraint (99c) is included to limit the total
transmit power from each BS within Pmax . The constraint (99b) introduces
tk,n as an under-estimator for the rate seen by user k on sub-channel n, since
tk,n = log(1 + γk,n ) cannot be handled directly in (99) as a convex constraint.
In this work, knowledge of beamformer quantization is not considered while
describing the rate expression in (99b), since it is assumed that the distortion due
to finite representation of beamformers is minimal as the quantization operation
is aimed at minimizing the distortion for a given number of bits.
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4.2

Beamformer design with fixed quantization level

To solve (99), we relax the SINR expression in (94) using inner restriction as
P
P

k0 ∈U \k

P

b∈B

b∈B

hb,k,n mb,k,n
bk,n

hb,k,n mb,k0 ,n

2

2

≥ γk,n

(100a)

+ N0 ≤ bk,n

(100b)

since the expression (94) cannot be handled directly. We assume that the
beamformer precision is high enough to guarantee sufficient accuracy. The SINR
expression in (94) is restricted by (100), where (100a) is an under-estimator for
γk,n and bk,n in (100b) is an over-estimator for the total interference seen by
user k on sub-channel n. Even after restricting (94) with (100), the problem
is not convex due to (100a) and (97). Hence, we adopt SCA wherein each
nonconvex set is replaced with a convex subset, which can be solved iteratively
until convergence [48, 94].
Let us begin by considering an equivalent representation for the SINR
expression in (100a) for user k on sub-channel n as
γk,n ≤

|h̄k,n m̄k,n |2
bk,n

(101)

where the stacked channel vector h̄k,n ∈ C1×|B|NT and transmit beamformer
m̄k,n ∈ C|B|NT ×1 are defined as


h̄k,n , hB(1),k,n , hB(2),k,n , . . . , hB(|B|),k,n
h
iT
T
T
m̄k,n , mT
.
B(1),k,n , mB(2),k,n , . . . , mB(|B|),k,n

(102a)
(102b)

The fractional term in (101) is of quadratic-over-linear form, and can be bounded
by the linear first order Taylor series as

(i)

(i)

L(m̄k,n , bk,n ; m̄k,n , bk,n ) , 2

(i)

m̄k,n h̄H
k,n h̄k,n
(i)

(i)

m̄k,n − m̄k,n



bk,n
(i) 2 
(i) 
|h̄k,n m̄k,n |
bk,n − bk,n
|h̄k,n m̄k,n |2
+
1
−
≤
(i)
(i)
bk,n
bk,n
bk,n
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(103)

where L(m̄k,n , bk,n ) is a linear under-estimator for the r.h.s term in (101) and
(i)

(i)

{m̄k,n , b̄k,n } are the operating points that are updated in each step by the
solution obtained from the previous SCA step [102]. Due to the quasi-concavity
of cb,k,n tk,n , the backhaul constraint (97) becomes a nonconvex one. Therefore,
to find a convex approximation for (97), we express cb,k,n tk,n with an equivalent
DC function as [113]
cb,k,n tk,n =

i
1h
(cb,k,n + tk,n )2 − (cb,k,n − tk,n )2 .
4

(104)

In spite of using (104), (97) is still nonconvex due to the concave nature of the
second term in (104). Hence, we linearize it as
N
1 XXh
(i)
(i) 
(cb,k,n + tk,n )2
F cb,k,n , tk,n ; cb,k,n , tk,n ,
4 n=1
k∈U

i
2


(i)
(i)
(i)
(i)
+ cb,k,n − tk,n − 2 cb,k,n − tk,n (cb,k,n − tk,n )
(i)

(105)

(i)

where the operating points cb,k,n and tk,n are the solutions for cb,k,n and tk,n ,
respectively, from the (i − 1)th SCA iteration.
Now, by replacing (100a) with (103) and (97) with (105), we obtain an MIQP
subproblem for each SCA iteration i as
minimize

X

αk Qk −

N
X

tk,n

q

{t},{m},{b},
{γ},{ν},{c}

k∈U

subject to

(i)
(i) 
L m̄k,n , bk,n ; m̄k,n , bk,n ≥ γk,n

(106a)

n=1

(i)
(i) 
F cb,k,n , tk,n ; cb,k,n , tk,n + µNQ NT

(106b)
N
X

X

cb,k,n ≤ Bb

(106c)

n=1 k∈U

(99b) − (99d) and (100b)

(106d)

where γk,n is positive even after relaxation, since a negative value for γk,n reduces
tk,n in (99b) for a non-zero beamformer entry mb,k,n , thereby consuming power
without minimizing the objective. Typically, the users’ data symbols that are
mapped to a coherence block for transmission, are precoded by a common
beamformer. Therefore, the traffic caused by the quantized beamformers is only
a fraction of the respective data symbols, which is captured by the constant µ in
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(106c). Moreover, µ depends on the size of coherence block, i.e., the more the
channel stays relatively the same in either time or frequency, smaller the value
of µ, since the beamformers can be used over multiple data symbols that are
transmitted over the coherence block.
Due to the complexity involved with (106), we propose a relaxation for the
binary decision variable as cb,k,n ∈ [0, 1]. However, by doing so, the resulting
solution for cb,k,n may not be binary. Therefore, to encourage a binary solution for
the linear variable cb,k,n , we include an additional constraint in the formulation
to enforce sparsity in the solution. One such function is the entropy measure,
defined as
Hb (cb ) , −

K X
N
X

cb,k,n log (cb,k,n )

(107)

k=1 n=1

where cb is a vector formed by stacking all cb,k,n , ∀k and ∀n corresponding to
BS b. In order to ensure binary outcome for cb , Hb (cb ) in (107) must be equal
to or less than zero. By doing so, the constraint with Hb (cb ) ≤ 0 will become
nonconvex due to the concavity of the entropy function. Thus, we relax the
constraint using the partial Lagrangian approach with dual variables τb , ∀b ∈ B
as
minimize

X

αk Qk −

N
X

tk,n

q

+

X

τb Hb (cb )

(108a)

{t},{m},{b},
{γ},{ν},{c}

k∈U

subject to

0 ≤ cb,k,n ≤ 1, ∀b, ∀k, ∀n

(108b)

(99b) − (99c), (100b), (106b), and (106c)

(108c)

n=1

b∈B

which is similar to reweighted `1 minimization method in [119].
The problem in (108) is nonconvex due to the concave nature of the entropy
function. Therefore, to formulate a tractable problem, we employ the SCA
technique to find a linear over-estimator for the entropy function as
(i)

Hb (cb ) ≤ Hb (cb ; cb ) , −

K X
N
X



(i)
(i)
cb,k,n log cb,k,n −

k=1 n=1
K X
N 
X
k=1 n=1
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(i)
(i)
1 + log cb,k,n
cb,k,n − cb,k,n
(109)

which is a first order Taylor approximation of the entropy function. Now, for
fixed τb , ∀b, the relaxed convex subproblem for the SCA iteration i is given as
minimize

X

αk Qk −

N
X

tk,n

q

+

X

(i)

(i)

τb Hb (cb ; cb )

(110a)

{t},{m},{b},
{γ},{ν},{c}

k∈U

subject to

0 ≤ cb,k,n ≤ 1, ∀b, ∀k, ∀n

(110b)

(99b) − (99c), (100b), (106b), and (106c)

(110c)

n=1

b∈B

(i)

where τb , ∀b are the fixed dual variables, given by the subgradient update as
(i+1)

τb
(i+1)

where cb
(i)

ρ

h
i+
(i)
(i+1) (i)
= τb + ρ(i) Hb (cb
; cb )

(111)

is the solution for cb in the ith iteration, ρ is a fixed step size with

> 0 to ensure sparse solution upon convergence and [x]+ , max (x, 0). As
(i)

cb,k,n → {0, 1}, Hb (cb ) → 0, and thus Hb (cb ; cb ) has no effect on (110a).
4.3

Beamformer overhead reduction

Due to the fixed quantization levels for all complex entries in beamformers mb,k,n ,
the backhaul overhead increases linearly by µNQ as the number of antennas
in each BS scales-up. Therefore, to reduce the beamformer overhead in the
backhaul, either one of the following approaches can be adopted.

• Instead of using fixed high precision quantization levels, the beamformers
corresponding to each cooperating BSs can be quantized with different
resolutions based on their respective contribution to the users’ rates. However,
the problem formulation will be difficult as it involves both beamformers and
their respective quantization levels as optimization variables.
• Alternatively, by keeping the quantization levels fixed and sufficiently high
enough for all beamformers to ignore distortion, the number of active transmit
elements can be reduced by setting zero power to insignificant antennas in the
beamformers, thereby utilizing the backhaul effectively to improve the data
rate.
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First, the method of varying quantized beamformers precision based on their
respective SINR impact is studied, followed by a technique wherein only a subset
of antennas will be used by the BSs to serve users in a CoMP transmission.
4.3.1

Beamformer design with variable quantization

In this section, we study the impact of quantized beamformers in terms of the
number of residual packets for a CoMP transmission. In order to do so, we
introduce an additional error vector q ∈ CNT ×1 in the transmit beamformer
corresponding to the finite resolution error as m̂b,k,n , given by m̂b,k,n = mb,k,n +
qb,k,n . Unlike the traditional approach wherein a single codebook is used, we
assume that each entity has multiple codebooks corresponding to variable
quantization levels. Therefore, signaling an entry in the codebook includes both
the index in the quantization table and the entry corresponding to the table
itself.8
The quantization error qb,k,n is defined with maximum distortion of each
2
beamformer entry as υb,k,n , i.e., |qb,k,n,l |2 = υb,k,n
, where υb,k,n ∈ R+ and

l ∈ {1, . . . , NT } is the maximum magnitude distortion that can occur in each
beamformer entry. Furthermore, it depends on the number of quantization bits
NQ , i.e., υb,k,n ≤ 2−(NQ +1) Qmax , assuming a uniform quantizer for magnitude
and the dynamic range of each beamformer entry is given by Qmax [122]. For
simplicity, we assume uniform quantization of both magnitude and phase of each
beamformer entry mb,k,n,l , ∀l ∈ {1, 2, . . . , NT }. Now, the SINR seen by user k
with the quantized beamformer is given by
P
γ̃k,n = P

k0 ∈U \k

b∈B

P

hb,k,n mb,k,n

2

0
0
b∈B hb,k,n (mb,k ,n + qb,k ,n )

2

.

(112)

+ N0

The quantization error corresponding to user k, i.e., qb,k,n , exists only in the
denominator of other users and it affects the performance of user k by reducing
the useful transmission power of mb,k,n . It is worth noting that the variance
of quantization error is included in the available power budget, which will be
8 Alternatively,

one can also use nested codebooks as they are structured so that certain
sub-codebooks form lower-resolution codebooks, thereby greatly reducing the signaling needed
to determine which codebook is to be used, and also eliminates the need to store or generate
multiple codebooks.
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discussed later. If there exists only one user in the system with a single BS, the
user rate increases with the increase in transmit power even with quantized
beamformers. However, in the case of multi-user transmission, the user rate will
be saturated beyond a certain transmit power due to the leakage from quantized
beamformers.
Since neither the optimal quantization level nor the transmit beamformers
are known before solving the problem, it is not possible to use (112) instead
of (94) in the problem formulation presented in (110). Therefore, we use the
expected value of the interference term with respect to qb,k,n , which depends on
the number of quantization bits used to represent the actual beamforming vector
mb,k,n . Thus, the expectation of interference term with respect to qb,k,n is given
by

X

Eq 

k0 ∈U \k



2

X

hb,k,n (mb,k0 ,n + qb,k0 ,n )

2

+ N0  =

X

X

k0 ∈U \k b∈B

b∈B

" (
X

+2

hb,k,n mb,k0 ,n

Eq <

k0 ∈U \k

)#
X

hb,k,n mb,k0 ,n

b∈B

|

X

hb,k,n qb,k0 ,n

b∈B

{z

}
h
i
X X
2
+
Eq |hb,k,n qb,k0 ,n | + N0
=0

(113)

k0 ∈U \k b∈B

where we used the fact that quantization errors qb,k,n , ∀k, ∀b, ∀n are uncorrelated
among themselves and also to mb,k,n , ∀k, ∀b, ∀n. Therefore, the above expression
can be upper bounded by using the following inequality as

X
k0 ∈U \k

Eq 



2

X

hb,k,n (mb,k0 ,n + qb,k0 ,n )

2

+ N0  ≤

X

X

hb,k,n mb,k0 ,n

k0 ∈U \k b∈B

b∈B

+ NT

X X
k0 ∈U \k

2

2
υb,k
0 ,n |hb,k,n | + N0

(114)

b∈B

where we have utilized the Cauchy-Schwarz inequality and the fact that the
quantization error qb,k,n is uniformly distributed with mean 0NT ×1 and variance
2
υb,k,n
INT ×NT [123].
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Following the same approach as in Section 4.2, we can find a convex approximation
for the quantized SINR expression as in (103) wherein mb,k,n is replaced by the
quantized version, i.e., mb,k,n + qb,k,n , in (102b). Similarly, the interference term
bk,n in (100b) can be given as
2

X

X

k0 ∈U \k

hb,k,n mb,k0 ,n

+ NT

X X
k0 ∈U \k

b∈B

2

2
υb,k
(115)
0 ,n |hb,k,n | + N0 ≤ bk,n .

b∈B

Using the above approximation for the total interference, the SINR seen by user
k on sub-channel n is given by
P
γ̂k,n =

b∈B


X X
k0 ∈U \k



hb,k,n mb,k,n

2

2

hb,k,n mb,k0 ,n

+ NT

b∈B

X

2

2
υb,k
0 ,n |hb,k,n |




.

(116)

+ N0



b∈B

Unlike problem (110), the number of quantization bits NQ is not fixed as it
is determined by υb,k,n . Now, the constraint in (97) can be written as
N X
X

cb,k,n tk,n + µNT

n=1 k∈U

N X
X
n=1 k∈U


cb,k,n log2

Qmax
2 × υb,k,n


≤ Bb

(117)

which follows from the uniform quantization assumption. The constraint defined
by (117) is nonconvex due to the presence of a hyperbolic function in the first
term and a cross entropy expression as the second term. Due to the quasi-convex
nature of the hyperbolic function and the concave behavior of the cross entropy
expression, the constraint defined by (117) becomes nonconvex. Therefore, to
find a suitable convex approximation for (117) to solve the problem efficiently,
we resort to the SCA technique as earlier by linearizing it with the first order
Taylor approximation as

F
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N X
X
Qmax
0
+
µ NT cb,k,n log2
2
n=1 k∈U



(i)
(i) 
(i) 
(i)
− µ0 NT log2 (e) cb,k,n log υb,k,n + log υb,k,n cb,k,n − cb,k,n

(i)
(i) 
cb,k,n , tk,n ; cb,k,n , tk,n

+

(i)
cb,k,n 
(i)

υb,k,n

υb,k,n −

(i)
υb,k,n

 

≤ Bb . (118)

In the above approximation, the relation in (104) and the corresponding approximation in (105) to represent the first term of (117) are utilized.
In order to improve the SINR in (116), υb,k,n should be minimized. However,
by doing so, − log(υb,k,n ) increases, thereby reducing the available backhaul
capacity for the data symbols. Therefore, υb,k,n should be minimized only for
those users who can achieve noticeable SINR improvement. However, for the
unserved users, υb,k,n can take zero without increasing the backhaul utilization,
since cb,k,n = 0. It is important that υb,k,n = 0 for all links with cb,k,n = 0 in
order to eliminate υb,k,n from (116) for all cb,k,n = 0. The convex subproblem
for the ith SCA iteration is given by
minimize

{t},{m},{b},
{υ}{γ},{ν},{c}

subject to

X

αk Qk −

k∈U
K X
N
X

N
X
n=1

tk,n

q

+

X

(i)

(i)

τb Hb (cb ; cb )

(119a)

b∈B


2
νb,k,n + υb,k,n
× NT ≤ Pmax , ∀b

(119b)

k=1 n=1

0 ≤ cb,k,n ≤ 1

(119c)

(99b), (100b), (106b), (115) and (118)

(119d)

where (119b) includes both the beamformer power and the variance of υb,k,n in the
power budget. It follows from the uncorrelated nature of the quantization error
2
to the beamformers, i.e., km̂b,k,n k2 , kmb,k,n k2 + NT × υb,k,n
. The overhead

involved in specifying the codebook index can be captured by replacing µ with
µ0 > µ in (117).
4.3.2

Beamformer design with antenna selection

As an alternative to the above method of varying beamformer precision, the
number of active transmit antennas is restricted while fixing the amount of
beamformer precision fixed. Thus, in both the schemes, SINR is used as a
performance metric while modifying transmit beamformers, i.e., either precision
or the number of active elements. Therefore, to identify a subset of active
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antennas for each transmission link, an additional binary variable for each
antenna is introduced to identify the respective status as
|mb,k,n,l |2 ≤ ab,k,n,l ωb,k,n,l

(120)

T ×1
where ab,k,n,l ∈ {0, 1} and ω b,k,n ∈ RN
denote the status and the power
+

allocated for each complex entry in mb,k,n , respectively. By using the newly
introduced variable ω b,k,n , constraint (98) can be expressed as
kmb,k,n k2 ≤ cb,k,n

X
NT


ωb,k,n,l

(121)

l=1

and the total power budget (99c) can also be rewritten as
NT
N X
XX

ωb,k,n,l ≤ Pmax , ∀b

(122)

k∈U n=1 l=1

thereby eliminating the need for νb,k,n in the problem.
We introduce antenna selection in the problem formulation, the backhaul can
be utilized efficiently by finding a trade-off between the amount of bits allocated
for users’ data and for beamformer notifications. In order to do so, the BS
specific backhaul utilization (97) should be modified to reflect the savings due to
antenna selection as ∀b ∈ B
N Xh
X
n=1 k∈U

cb,k,n tk,n + µNQ cb,k,n

NT
X

i
ab,k,n,l ≤ Bb ,

(123)

l=1

where µ is the ratio between beamformer and the number of data symbols
for which it is applied, i.e., the precoder-to-data overhead. Furthermore, we
should include an additional overhead to notify the beamformer entries that
are not present in the feedback from CC to the respective BSs for each active
transmission.
The notification overhead is given by the number of bits required to notify
ab,k,n for each active link. The overhead can be reduced if the CC signals only
the missing beamformer entries after notifying the active complex values with
NQ bits each. Since the number of disabled antennas is usually small as it
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reduces the achievable throughput, this would be an ideal choice as it requires
log2 (NT ) bits for each disabled index. Therefore, if the number of inactive
antenna entries is small compared to NT , the overhead will be given by


ζb,k,n , log2 (NT ) NT −

NT
X


ab,k,n,l .

(124)

l=1

However, if the number of disabled entries increases to, ζb,k,n  NT , then
sending the whole vector ab,k,n will be an efficient choice as it requires only NT
bits. Therefore, we have to choose between the two signaling techniques, i.e.,
– to signal only the disabled entries after the transmission of active complex
values with NQ bits each or
– to signal the whole vector ab,k,n when ζb,k,n ≥ NT .
Additionally, for the following two cases, there is no need for any signaling,
namely,
(i) when a user is not served by a BS on a sub-channel, i.e., cb,k,n = 0, and
(ii) if all the antennas are active for a transmission by BS to user on a sub-channel.
The requirements above can be implemented by the following notification
constraint as


NT


X
min NT , log2 (NT ) NT −
ab,k,n,l

(125)

l=1

If the notification type is based on overhead minimization, the signaling of either
the disabled entries or the whole binary vector can be identified implicitly by
opting for the whole ab,k,n when NT ≤ ζb,k,n , thereby avoiding an additional bit.
Hence, by including (125) in (123), we get the backhaul utilization as

Bb ≥

NT
N X
X

X
µ NQ cb,k,n
ab,k,n,l + cb,k,n tk,n
n=1 k∈U

l=1





+ µ min NT , log2 (NT ) NT −

NT
X

ab,k,n,l



(126)

l=1

Due to the presence of the binary variables in (126), it is not possible to solve
the beamformer design efficiently. Thus, we relax all the binary variables with a
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linear one as discussed in Section 4.2 along with the sparsity inducing entropy
constraint Hb (ab ) ≤ 0, where the function Hb is defined in (107).
Now, let us handle the terms in (126) separately. As earlier, the product
term cb,k,n tk,n cannot be handled directly due to the quasi-concavity of the
function. However, it can be represented by a DC form (104), and thus can be
upper bounded by using (105). This gives us a quantized beamformer overhead,
which is also a quasi-convex function due to the product of linear variables.
Now, by using (104), the first term in (126) can be replaced by a suitable convex
function similar to (105) as
(i)

Fb

(i)
(i) 
cb,k,n , ab,k,n ; cb,k,n , ab,k,n ,
NT
NT
N X 
2 
2
X
X
X
(i)
(i)
cb,k,n +
ab,k,n,l + cb,k,n −
ab,k,n,l
n=1 k∈U

−2



l=1
(i)
cb,k,n

−

NT
X

(i)
ab,k,n,l

l=1



cb,k,n −

l=1

NT
X

ab,k,n,l

l=1

≥

N X
X
n=1 k∈U

(i)

where Fb



cb,k,n

×

1
4

NT
X

ab,k,n,l

(127)

l=1

(i)
(i) 
cb,k,n , ab,k,n ; cb,k,n , ab,k,n is an approximate function for the ith SCA
(i)

(i)

iteration around cb,k,n and ab,k,n .
Finally, the notification overhead (125) is also nonconvex, and therefore it
has to be replaced by a suitable convex upper bound to make (126) it a convex
constraint in the joint queue minimization problem. Instead of finding a convex
upper bound, we replace it with a linear interpolation between two values by
introducing the new variable δb,k,n as
δb,k,n NT + (1 − δb,k,n ) ζb,k,n

(128)

and by restricting 0 ≤ δb,k,n ≤ 1. In order to show the equivalence between (128)
and (125), let us analyze the behavior of (128). Since δb,k,n is a free variable, it
can take any value between [0, 1] to reduce the overhead, which in turn minimizes
the objective. Thus, if ζb,k,n < NT , then δb,k,n = 0 to reduce the notification
overhead in the backhaul. On the contrary, if ζb,k,n >= NT , then δb,k,n = 1 for
the same reason. However, when the link is inactive, i.e., cb,k,n = 0, then (128)
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will have non-zero values for all 0 ≤ δb,k,n ≤ 1 if ab,k,n = 0T , and thus leading to
a non-zero overhead. Nevertheless, by inspecting (126), we can see that this issue
is avoided by having cb,k,n before the antenna status variable ab,k,n , since, when
cb,k,n = 0, then ab,k,n can take 1T , thereby leading to ζb,k,n = 0 and δb,k,n = 0
without contributing to the overhead. Similarly, if the link is active with all
antennas enabled, i.e., cb,k,n = 1 and ab,k,n = 1T , then δb,k,n will be zero to
avoid the antenna status notification from the backhaul. Now, by using a similar
approximation to that in (105) and (127) for the second term in (128), the total
overhead is given by
n
(i)
(i)
(i) 
µ NQ Fb cb,k,n , ab,k,n ; cb,k,n , ab,k,n + δb,k,n NT
+

N X
X

ζb,k,n − NT log2 (NT ) δb,k,n



n=1 k∈U
(i)

+ log2 (NT ) Fb

(i)

(i)

δb,k,n , ab,k,n ; δb,k,n , ab,k,n
(i)

+ Fb

o

(i)
(i) 
cb,k,n , tk,n ; cb,k,n , tk,n ≤ Bb

(129)

(i)

where δb,k,n is the fixed operating point of δb,k,n upon which the approximation
is defined.
Alternatively, the backhaul constraint in (126) can also be expressed by using
the linear interpolation variable δb,k,n as
NT
N X

X
X
cb,k,n tk,n + µ NQ
ab,k,n,l +

Bb ≥

n=1 k∈U

l=1

δb,k,n cb,k,n NT + (1 − δb,k,n ) ζb,k,n



(130)

where the difference between (126) and (130) is only from the usage of cb,k,n .
Again, constraint (130) is nonconvex due to the functions on the r.h.s of the
inequality. Thus, as earlier, we resort to the SCA technique as earlier to handle
the nonconvexity as in (105) and (127). The relaxed convex form of (130) is
given as

µ

N X
X
n=1 k∈U

NQ

NT
X

(i)

ab,k,n,l + µ Fb

(i)

(i)

cb,k,n , δb,k,n ; cb,k,n , δb,k,n



l=1
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+

(i)
Fb

(i)
(i) 
cb,k,n , tk,n ; cb,k,n , tk,n

X

N X
+µ
ζb,k,n − NT log2 (NT ) δb,k,n
n=1 k∈U

+

(i)
log2 (NT ) Fb

(i)
(i) 
δb,k,n , ab,k,n ; δb,k,n , ab,k,n


≤ Bb . (131)

Using (131) in the problem has an impact on the variables ab,k,n and δb,k,n
compared to (129). In contrast to (129), if the link is inactive by setting cb,k,n = 0,
ab,k,n = 0T and the variable δb,k,n = 1, thereby choosing cb,k,n NT = 0 as the
notification overhead. On the contrary, if all the links are active, we can set
δb,k,n = 0 to choose ζb,k,n with zero value to avoid the notification overhead for
this approach as well. As a comparison between (129) and (131), we can see
that due to the linear relaxation of cb,k,n , δb,k,n and ab,k,n , the term cb,k,n δb,k,n
in (131) places more emphasis on reducing the number of active antennas, since
PNT
to disable a link and to minimize the backhaul overhead, l=1
ab,k,n,l should be
minimized. Whereas in (129), ab,k,n → 1T when cb,k,n → 0 in order to avoid the
notification overhead. Hence, it favors larger numbers of antennas for active
transmission by finding a balance between the user rate and the beamformer
overhead.
Now, by using the above approximations and constraints, an approximate
queue minimizing beamformer design problem for the SCA iteration i is given by
X

minimize

{t},{m},{b}
{ω},{c}
{γ},{δ}{a}

αk Qk −

N
X

tk,n

n=1

k∈U

+

X
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+

X

(i)

(i)

(i)

τb Hb (cb ; cb )

b∈B

(i)
φb

(i)
(i)
Hb (ab ; ab )

(132a)

b∈B

log(1 + γk,n ) ≥ tk,n

subject to

(i)

(i)

Lk,n m̄k,n , bk,n ; m̄k,n , bk,n ≥ γk,n

(132c)

0 ≤ cb,k,n ≤ 1, 0 ≤ δb,k,n ≤ 1

(132d)

0T ≤ ab,k,n ≤ 1T

(132e)

(100b), (120), (121), (122) and (129) or (131)

(132f)

(i)

where the constants τb

(i)

(132b)


(i)

and φb are the dual variables corresponding to the

entropy constraints of cb,k,n and ab,k,n , respectively. In each SCA iteration i,
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they are updated as
(i+1)

φb

h
i+
(i) (i+1)
(i)
(i)
; ab )
= φb + α(i) Hb (ab

(133)

where ρ(i) (defined in (111)) and α(i) are the positive step sizes which can be
an increasing sequence as i → ∞, thereby ensuring sparsity upon convergence
[119]. Once the solution is sparse, the entropy function will be zero and the goal
becomes the original queue minimization objective defined in (96).
(0)

For initialization, the dual variables τb

(0)

and φb

are all set to zero so as to

focus on the queue minimizing objective without emphasizing the sparsity. As
the SCA iteration increments, binary constraint is emphasized by the subgradient
update in (111) and (133). The values of ρ and α will be saturated upon
reaching a binary solution for the respective variables. If τ > ρ, (132) places
more emphasis on active user links with highly random ab,k,n having a large
entropy. However, as i → ∞, ab,k,n,l → {0, 1}. Even though, we performed
antenna selection for each link, i.e., for each user, frequency and BS, it can be
performed at the user level as well, i.e., by disabling the same set of antennas
on all sub-channels for a service between each BS and user. In this way,the
notification overhead can be reduced further. However, by doing so, there will be
a trade-off between the achievable user rate and the reduction in the notification
overhead when a subset of antennas is disabled on all sub-channels.
4.4

Numerical results

We demonstrate the performance of the proposed CoMP beamformer designs in
terms of the average number of backlogged bits. The users are placed at the
cell-edge, i.e., the path loss seen by each user is fixed to 0 dB and the channels
are drawn from hb,k,n ∼ CN (0; 1). The noise variance is fixed as N0 = 1 in all
the simulations and the average SNR experienced by all users is fixed to 10 dB.
Before proceeding further, let us briefly introduce the nomenclature used in the
numerical results.
– Independent or single-cell precoding is used to denote a strategy wherein
beamformers are designed for the respective users without coordinating with
the neighboring BSs, therefore, the backhaul constraint is imposed only on the
data bits.
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– In the case of coordinated precoding, users are associated to each BS statically as
in the single-cell design. However, the precoders are designed by coordinating
among the neighboring BSs. In this approach as well, only the data part is
constrained by the backhaul constraint, since the precoders are designed at
each BS by a minimal information exchange among BSs directly.
– Unlike coordinated precoding, the joint processing CoMP approach proposed
in (110) designs both data and the beamformers at the CC, which are then
quantized and signaled to the respective BS via finite backhaul. In the case
of unquantized design, only data is constrained by the backhaul constraint,
thereby providing an upper bound to the finite beamformer design. In this
scheme, a user can be served by multiple BSs over each sub-channel. Both
data and quantized precoders are restricted by the finite backhaul constraint.
– Unlike the joint processing CoMP technique, greedy design restricts the number
of serving BSs to one for each user over a sub-channel. However, the same
user can be served by a different BS on the other sub-channels. Even though
this technique is not described in the previous sections, it can be ensured by
P
introducing an additional constraint to (110) as b∈B cb,k,n = 1, ∀k∀n. Thus,
it ensures that on any sub-channel, a user is served by one BS only. Both
precoder information and data are constrained by the finite backhaul.
– Since the number of bits used to represent beamformers may become a limiting
factor when the backhaul capacity is small, selecting only a subset of antennas
for transmission can be considered as an effective solution. This method
is proposed in (132) and is denoted in all the figures as antenna selection
(AS) design. The additional notations (A) and (B ) refer to (131) and (129),
respectively.
– In all techniques outlined above, the beamformer quantization is kept fixed for
all active links. However, in the case of variable quantizer (VQ) design, the
number of bits used to represent the beamformers varies in accordance with
the link quality as presented in (119).
While considering quantized beamformers via backhaul, both data and
beamforming vectors are considered while evaluating the backhaul utilization,
whereas only data is included in the usage of backhaul while addressing the
unquantized designs (denoted by UQ in the figures), since it is mainly used as a
benchmark performance. In the case of variable quantization model (119), we
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Fig. 19. Average backlogged packets for model {NB , K, N, NT } = {2, 6, 1, 12} over 250 slots
with backhaul capacity of [50, 40], [97] c 2017 IEEE.
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have used multiple codebooks with NQ = {3, . . . , 30} bits respectively, and NQ
bits are divided among phase and amplitude of each complex entry with phase
being given more priority in the odd cases. Depending on distortion δb,k,n , a
codebook is chosen as in Section 4.3.1 to quantize transmit beamformers and the
SINR seen by each user is evaluated using the quantized beamformers. In Fig.
19, the number of bits used to represent transmit beamformers is set to NQ = 16,
where eight bits are used to represent amplitude and the remaining eight bits for
phase. Furthermore, in all the simulations, the number of sub-channels is set to
N = 1 to reduce the computational time only.
Fig. 19 plots the total number of residual packets (bits) in the system for
various schemes by varying the average arrival rate of the users. It can be
seen that the centralized unquantized joint processing CoMP has the least
number of residual packets, followed by the greedy design scheme and then by
the coordinated approach while considering the unquantized techniques presented
in Section 4.2. However, in the presence of beamformer quantization, the total
number of backlogged packets increases significantly for all schemes invariably.
Fig. 19b shows that the proposed beamformer design based on the worst-case
model for joint processing CoMP has a noticeable reduction in the number of
backlogged packets compared to other schemes, when parameter µ = 0.1. This
is due to the impact of quantization error on the coherent transmission from
multiple BSs: the quantized beamformer designs suffer significant performance
degradation.
Fig. 19 demonstrates the performance of various schemes discussed in this
section for two different precoder-to-data overhead factors, namely, µ = 0.01
in Fig. 19(a) and µ = 0.1 in Fig. 19(b) while keeping the remaining system
parameters fixed. It can be seen that as the precoder overhead increases from
µ = 0.01 to µ = 0.1, the gap between the unquantized bound and the quantized
versions widen in Fig. 19. Moreover, the number of backlogged bits in the
system increases as the overhead due to quantized beamformers increased from
µ = 0.01 to µ = 0.1. In Fig. 19, both approaches proposed in Section 4.3
perform equally well in terms of minimizing the number of backlogged packets.
However, the variable quantization scheme proposed in (119) reduces the number
of backlogged packets noticeably better than that of the antennas selection
techniques proposed in (132).
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(b). Coherence block or precoder-to-data overhead µ = 0.1.
Fig. 20. Average number of active antennas used for system {NB , K, N, NT } = {2, 8, 2, 16}
over 250 slots with backhaul capacity 50 and 40 bits, respectively.
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Fig. 21. Average number serving BS per user for system {NB , K, N, NT } = {2, 8, 2, 16} over
250 slots with backhaul capacity 50 and 40 bits, respectively.
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Fig. 20 compares the average number of active antennas used by the proposed
schemes for two different overhead values, namely, µ = 0.01 and µ = 0.1, in Fig.
20(a) and Fig. 20(b), respectively. As expected, all schemes except the antenna
selection techniques proposed in (132) utilizes all the available NT number of
transmit antennas for transmission. However, the antenna selection schemes
vary the number of active antennas depending on the average arrival rate and
the value of µ. In the case of µ = 0.01, the number of active antennas does not
impact on the backhaul utilization, whereas when the value of µ = 0.1, the
reduction due to minimizing the number of active antennas is significant as it
can be used to transmit data bits. This behavior can be seen by comparing the
figures in Fig. 20 for two different µ values. The increase in the number of active
antennas in Fig. 20(a) can be attributed to the increase in the data rate from
exploiting channel diversity by increasing the number of active antennas.
As the arrival rate increases, the objective can be minimized by serving only
a subset of users with better channel quality as there will be enough backlogged
packets. Thus, by selecting an efficient subset of antennas for transmission,
beamformer overhead can also be minimized. This trend is shown in Fig. 20.
Moreover, by choosing a smaller number of antennas, the active users count is also
increased as shown in Fig. 20. For fixed quantization bits and backhaul capacity,
the antenna selection designs outperform other schemes if either the number
of transmit antennas used by the BSs increases or if the channel coherency is
limited, which leads to few data symbols for each beamformer (µ increases). The
antenna selection designs has no use if δb,k,n ≥ NQ , i.e., when the notification
overhead is greater than the quantization bits.
Fig. 21 compares the number of BSs serving each user as the arrival rate of
each user increases in the system for two different overhead factors µ. When
the backhaul utilization due to precoders is not significant, i.e., µ = 0.01, the
average number of BSs serving each user is greater than that of the case when
µ = 0.1. In the case of µ = 0.1, the utilization of backhaul by the quantized
beamformers is comparable to or even greater than that of the actual bits
transmitted to a user, therefore, it is efficient to serve a user from a single BS
unless the throughput improvement due to joint processing outperforms the
coordinated transmission. However, as the average number of arrival packets per
user increases, the system resorts to single-cell transmission as the amount of
data bits is increases with the average arrival rate of users. Therefore, to reduce
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the number of backlogged packets, greedy transmission is preferred over the joint
processing CoMP schemes.
4.5

Summary

This section addressed the problem of designing transmit beamformers for
joint processing CoMP transmission with finite backhaul constraint. Since the
beamformers are designed at the CC, beamformers should also be notified to the
respective BSs along with the associated users’ data via finite backhaul link.
Therefore, the overhead due to finite resolution beamformers was considered in
addition to the associated users data requirements while estimating the backhaul
utilization. Thus, the considered problem becomes a nonconvex combinatorial
formulation. Therefore, to find a tractable solution, the successive convex
approximation technique was adopted by relaxing the nonconvex sets by a
sequence of convex subsets and by relaxing the binary constraints with the
linear ones. Moreover, to obtain a binary solution for the relaxed variables,
the objective function was regularized with the entropy measure of the relaxed
variables. Since the beamformers are signaled via backhaul along with the data,
two methods was proposed to design transmit beamformers, namely, by altering
the quantization level based on the average error model and by reducing the
number of transmit antennas used for transmission. Numerical results were
provided to illustrate the robustness of the proposed beamformer design in the
presence of quantization errors.
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5

Reduced complexity scheduling algorithms
for MU-MIMO transmission

In the previous sections, transmit precoders are designed by considering the
CSI of all users in both spatial and frequency dimensions, i.e., the precoders
are designed by considering all users in the system, meaning that scheduling is
handled implicitly. Due to this, the complexity involved in the precoder design
scales-up quickly with an increase in the respective parameters. Therefore,
the proposed precoder designs may not be appealing for real-time usage even
though they have been shown to be efficient in the previous sections. Thus, to
develop real-time algorithms that can be implemented in commercially available
SoCs, the computational complexity associated with the design of transmit
beamformers must be reduced by trading-off the performance.
In order to reduce the computational complexity without sacrificing too
much performance, a two-step approach has been followed wherein the precoders
are designed only for a subset of users that are chosen by a scheduling algorithm
for each sub-channel [5, 6]. In this section, only the scheduling of users in the
spatial domain for MU-MIMO transmission is discussed. The user scheduling in
the frequency dimension is not considered here as it is typically based on the
weighted proportional fairness [6]. First, the user scheduling schemes for MUMIMO transmission are addressed with the objective of sum rate maximization
(SRM) and the weighted counterpart in a single BS scenario. In this context,
a low complexity product of independent projection displacements (PIPD)
scheduling algorithm is proposed, which performs the user selection for the
MU-MIMO system with significantly lower complexity than the existing designs
based on semi-orthogonal user selection (SUS). The PIPD scheme uses series of
independent vector projections to evaluate the decision metrics.
In addition, a heuristic algorithm is also proposed for weighted scheduling,
addressing the WSRM objective, which can be used with any scheduling
algorithm. The computational requirements of different state-of-the-art MUMIMO scheduling algorithms are compared. Then, the number of users that
can be supported for some real-time constraint is also analyzed for various
algorithms. In order to provide a fair comparison, the achievable sum rate of
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various scheduling algorithms is analyzed using MATLAB for different MIMO
configurations. Then, the implementation complexity of the scheduling algorithms
is evaluated with a Xilinx ZYNQ-ZC702 all programmable SoC and a TCI
TCI6636K2H SoC. The comparison is made in terms of both the achievable sum
rate and the real-time requirements.
5.1

System model

The system model consists of a single-cell downlink MU-MIMO transmission
with NT transmit antennas and K single antenna users. The transmission is
carried out by multiplexing user signals in the spatial dimensions. Since the
users are transmitted on the same time-frequency resource, the received signal
yk of user k with interference is given by
yk = hk xk +

X

hk xi + nk

(134)

i∈A\{k}

where A is the set with the indices of the multiplexed users at a given scheduling
instant. The transmitted signal for user k is denoted by xk = mk dk , where
mk ∈ CNT ×1 is the transmit beamformer and dk denotes the data meant for user
k with the unit energy as represented by E[|dk |2 ] = 1. The channel between user
k and the cell is given by hk ∈ C1×NT and nk is the complex Gaussian noise
added at the receiver, drawn from ∼ CN (0, N0 ), zero mean and variance N0 .
Let U be the set consisting of all users in the system. The objective of the
scheduler is to select users for the set {A ⊂ U } at each scheduling instant to
maximize the WSRM objective. The beamformers mi are designed to maximize
the sum rate while satisfying the total transmit power Pmax as
X


Tr mi mH
≤ Pmax .
i

(135)

i∈A

The beamformer mk , which decouples the transmitted data dk , is given by
the simple ZFBF scheme [78] or by designing with the WMMSE approach as
discussed in [16]. The ZFBF design provides interference free transmission by
inverting the augmented channel matrix formed by stacking the channel vectors
of users in the transmission set A. The stacked channel matrix of the BS is
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given by
h
e = hT
H
A(1)

T
hT
A(2) . . . hA(| A |)

i

(136)

where A(j) represent the jth user in the transmission set and the beamforming
vector mk is given by the corresponding column vector of the matrix M given by


−1 H
M = . . . mA(1) . . . mA(k) . . . = (HH
Hb .
b Hb )

(137)

The power allocation is based on water-filling (WF) algorithm principle,
which maximizes the sum rate by dividing power across the users

pk =

1
− k mk k2 N0
ρ

+
, ∀k ∈ A

(138)

where [x]+ ≡ max(0, x) and
mk = pk

mk
k mk k

(139)

represents the beamformer for user k ∈ A and ρ ≥ 0 is the dual variable for the
sum power constraint (135).
Let Qk be the number of backlogged packets to be transmitted for user k at
any given scheduling instant. The queues are updated with the fresh arrivals λk ,
which are drawn from the Poisson distribution with the average arrival rate Λk .
Let tk the number of packets transmitted from the cell for user k. The queue
update for user k at the ith instant is
h
i+
Qk [i + 1] = Qk [i] − tk [i] + λk [i],

(140)

where Qk [i] and tk [i] denote the number of queued and the transmitted packets
at the ith instant.
5.2

Sum rate maximizing scheduling

In this section, the user scheduling schemes for MU-MIMO transmission with
the objective of SRM and the weighted counterpart are addressed in a single-cell
setting. In this context, a low complexity PIPD scheduling scheme is proposed,
155

which performs the user selection for the MU-MIMO system with significantly
lower complexity than the existing SUS based designs. The PIPD scheme uses
series of independent vector projections to evaluate the decision metrics. In
addition, a heuristic algorithm is proposed for weighted scheduling, addressing
the WSRM objective, which can be used with any scheduling algorithm. The
performance of the weighted scheduling schemes is studied with the objective of
minimizing the queues as in Section 2.
5.2.1

Existing scheduling algorithms

Scheduling and precoding should be jointly optimized in order to maximize
the WSRM objective. Due to the complexity involved in the joint design, a
two-step approach is followed by performing scheduling first, which selects the
users for the transmission set A. The beamformers are then designed only for
the users in the set A. Selecting a subset of active users for A from the set U is
a combinatorial problem in general requiring an exhaustive search of O(K NT )
complexity. The scheduler should select users with channel vectors that are as
linearly independent as possible in order to maximize the sum rate performance
with the MU-MIMO transmission using the linear beamformers.
One such scheduling is the SUS scheme, which selects the user by projecting
the channel vectors on to the null space of the existing user channel vectors, as
in [80, 81]. Initially, the user with the highest channel gain from set U is selected
for transmission set A. Then, the remaining users are selected from U\A by
projecting the channel vector on to the null space of the user channel vectors in
A. The selection metric of a user is given as
H
N(A)
mk

i
T
hT
A(1) , . . . , hA(|A|)
−1 H
= INT − H HH H
H

=

=

h

2
kN(A) hT
kk ,

∀ k ∈ U\A

(141a)
(141b)
(141c)

An algorithmic representation of the MU-MIMO scheduler design is presented in
Algorithm 9.
The complexity is measured by the number of complex multiplications
involved in an algorithm. The number of complex multiplications involved in
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Algorithm 9: Iterative MU-MIMO scheduler design
Initialize : Set A = {∅}, U 0 = U
Input
: channel vectors of corresponding to all users hk , ∀k
Output : subset of users A that are scheduled for transmission
for |A| < NT do
for ∀k ∈ U 0 do
estimate mk using (141a)-(141c) ;
end
find k ∗ = argmax{mk } ;
k

set A = A ∪ {k ∗ } ;
set U 0 = U\A ;
end

selecting the initial user is α = K NT , owing to the norm evaluations. The
remaining users are selected by projecting on to the null space matrix N(A) as
in (141b). The complex multiplication required for (141b) is
β(x) = x2 NT + O(x3 ) + x NT (NT + x)

(142)

where N(A) ∈ CNT ×i and x = |U| − i denotes the number of users remaining in
the set at the ith iteration. The overall complexity in the selection procedure is
given as


O α +

NT
X
i=2

5.2.2



NT (1 + NT ) (K − i + 1) +β(i − 1)
|
{z
}

(143)

projection and norm calculations

Product of independent projection displacements scheme

In this section, we propose an algorithm requiring minimal computational
complexity compared to the scheduling scheme discussed in Section 5.2.1. The
complexity involved in selecting the first user remains the same, since the
user with the highest channel norm is considered for set A in both schemes.
The complexity of selecting the remaining users is significantly reduced by the
proposed PIPD scheduling scheme using the product of the independent vector
projection displacements metric.
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Since the norm of the null space projections are used as the metric in the SUS
procedure, the complexity required for the null space projection (143) scales
exponentially to the size of the null space matrix N(A) in (141b). The proposed
PIPD scheme provides an alternative way to evaluate a metric equivalent to the
norm of the null space projection.
Let ĥk =

hk
khk k

be the normalized channel vector of user k, ∀k ∈ A. The

absolute value of the null space projection of any channel vector hk0 on to the
vector hk is comparable to the difference between the norm of the vector hk and
its projection on to the user channel vector as
xk,k0 = k hk0 k2 − | ĥk hH
k0 |,

∀k 0 ∈ U\A, ∀ k ∈ A

(144)

where xk,k0 is the metric that quantifies the minimum distance between the
vectors hk and hk0 respectively.
Once xk,k0 is evaluated for all vectors corresponding to the user indices in A
for user k 0 , the equivalent PIPD metric for user k 0 is given by
mk 0 =

Y

xk,k0 ,

k ∗ = arg max mk0 , ∀ k 0 ∈ U \A

(145)

k0

k∈A

which is the product of vertical displacements between the channel vector of user
k 0 and the normalized vectors of the users in the set A.
The users chosen by the PIPD and by the SUS scheme are same until |A| ≤ 2.
The PIPD metric evaluation for the second user, after having the first user as k,
is given by
xk,k0 = khk0 k −

hk H
h 0 , ∀ k 0 ∈ U\A
khk k k

(146)

and for the SUS scheme is
N(A) = I −

hTk h∗k
,
khk k2

yk0 = hTk0 −

hTk h∗k T
h 0 .
khk k2 k

(147)

Using the triangular inequality kp − qk ≥ kpk − kqk, the metrics in (146) and
(147) can be related as xk,k0 ≤ yi , where yi = kN(A)hTk0 k. With h∗k denoting the
complex conjugate of the vector hk , note that
hk H
h 0 =
khk k k
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hTk h∗k T
h 0
khk k2 k

(148)

𝒛
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Fig. 22. Interpretation of PIPD metric and SUS metric evaluation, [99] c 2015 IEEE.

Since the selection is performed using relative metric, (146) and (147) identifies
the same user for the set A.
Fig. 22 illustrates the metric calculation for the SUS and the PIPD algorithm
for a NT = 3 scenario, allowing three users to be multiplexed spatially. This is a
three user scenario with two users A = {1, 2} already selected, where the third
user is about to be added in the active set A in Fig. 22. The sub space spanned
by the channel vectors of the users in A is shown by the shaded plane. The null
space N(A) of the plane with vectors h1 and h2 is the vertical axis denoted by
z in Fig. 22. The projection length of the vector h3 on N(A) is used as the
decision metric for the SUS scheme.
In contrast, the PIPD scheme uses the product of the difference metrics
as in (145), where the minimum displacement in (144) is bounded by the
vertical displacement as x1,3 ≤ a and x2,3 ≤ b, where a and b are the vertical
displacements of the vector h3 from vectors h1 and h2 respectively. From (145),
the PIPD metric will be zero when vector hk0 is collinear to any normalized
vectors ĥk ∀ k ∈ A and it will be maximum when the vector is orthogonal to all
the vectors defined by the set A thereby having x1,3 = a and x2,3 = b.
Beyond the second iteration, the performance of the PIPD metric is different
from that of the SUS metric, since the SUS procedure requires matrix inversion
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to evaluate the null space (141b). At each iteration, the SUS scheme projects the
user channel vectors on to the null space spanning the NT − |A| dimension to find
the user with maximum gain in the orthogonal subspace. In contrast, the PIPD
scheme evaluates the product of differences between the norm and the projection
length, which is clearly a suboptimal method but does not require matrix
inversion. Even though the null space of a matrix can be found using a Gaussian
elimination procedure [124], the complexity of simple vector multiplications used
in the PIPD procedure is significantly less when compared to that of the SUS
scheme.
It is highly unlikely that a user will be selected with a channel vector lying
inside the space spanned by the channel vectors of users in A, since a vector
lying outside the subspace would have a higher metric as given by (145). The
complexity can further be reduced by saving the difference and product computed
in (144) and (145) from the previous iteration, thereby requiring only a difference
and a multiplication needed for user k 0 ∈ U \A in the current iteration to
evaluate the updated metric mk0 . The number of complex operations involved in
evaluating the PIPD metric is given by
!
NT
X
O α+
(K − i + 1) (i (NT + 1) − 1)

(149)

i=2

where α = K NT denotes the complex operations involved in the norm calculation
and i represents the iteration index. The algorithmic representation of the
proposed PIPD algorithm is presented in Algorithm. 10.
5.3

Weighted scheduling scheme

In this section, we discuss an alternative metric for the user selection, which
performs scheduling for the WSRM objective. We propose a modified metric for
(141c) and (145), which selects users for the WSRM instead of the sum rate
maximization objective. We also propose a heuristic algorithm, which provides
an alternative way to select users for maximizing the WSRM objective.
In order to propose a low-complexity scheduling algorithm with the weighted
sum rate objective, we begin by considering the spatially overloaded WSRM
problem introduced in Section 2. Due to the nonconvex nature of the WSRM

160

Algorithm 10: Iterative MU-MIMO PIPD scheduler design
Initialize : Set A = {∅}, U 0 = U
Input
: channel vectors of corresponding to all users hk , ∀k
Output : subset of users A that are scheduled for transmission
for |A| < NT do
for ∀k 0 ∈ U 0 do
for k ∈ A do
estimate xk,k0 using (144) and (146) ;
end
evaluate mk0 using (145) ;
end
find k ∗ = argmax{mk } ;
k

set A = A ∪ {k ∗ } ;
set U 0 = U\A ;
end

problem, the solution produced by the proposed iterative techniques qualifies
only local optimality, i.e., the globally optimal solution cannot be guaranteed by
the proposed iterative methods in spite of its huge complexity. Moreover, in the
case of a spatially overloaded WSRM problem, the computational complexity
increases with the available users in the system. As an alternative to reduce
the computational complexity, if the scheduling algorithm can identify the user
subset A based on the weighted sum rate maximization objective, the complexity
can be significantly reduced. Here, we aim to achieve the same target with a
separate user selection and the precoding optimization procedure for the WSRM
objective. In order to achieve that, the scheduling schemes should consider the
users weights in addition to the sum rate maximization objective.
In the spatially overloaded WMMSE formulation [16], where all users are
assumed to be in the transmission set A = U, scheduling is performed implicitly
by forcing the beamformer powers to zero for all users in the system except for
≤ NT users. The general WSRM formulation for the overloaded case is written
as
X

maximize
mk ∀ k∈U

subject to

αk log(1 + γk )

(150a)

k∈U

γk =

|hk mk |2
N0 +

P

k0 ∈U \{k}

|hk mk0 |2

(150b)
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P

k∈U

kmk k2 ≤ Pmax ,

(150c)

where γk is the SINR seen by user k using mk as the transmit beamformers
and αk is the weighing factor. In order to decouple user scheduling from (150),
we adopt a heuristic approach wherein the beamformers are fixed as in (141c)
N(A) hTk . Thus, the problem in (150) reduces to a weighted scheduler design.
The scheduling decision metric is evaluated for all users in the set U\A to
identify the user, whose inclusion will maximize the weighted sum rate. The
original WSRM objective is replaced with the interference-free SNR expression
kN(A) hT k2

k
γk =
, where the null space matrix N(A) is formed as in (141b).
N0
Considering the high SNR scenario, log(1 + γk ) can be approximated as log(γk ).

Assuming equal division of sum power Pmax between the scheduled users in A,
the transmission rate tk experienced by user k at a high SNR is given by


tk
tk


Pmax
kN(A) hTk k2
|A| N0



γavg,k
+ αk log kN(A) hTk k2 ,
= αk log
|A|
= αk log

(151a)
(151b)

where γavg,k denotes the average SNR and (151b) represents the metric used for
the user selection at each iteration. Users are selected in sequence to maximize
the modified metric (151b). It is worth noting that the scheduling scheme selects
|A| = NT number of users and a subset of A is determined by the precoder
design by forcing the precoders corresponding to the inactive users to all zero
vector. The weight of αk is used to control both scheduling and precoding
strategy, which is a function of QoS.
To begin with, N(A) = I and A = {∅} are initialized and the user selection
at each iteration is carried out by using the metric in (151b). After selecting the
first user, the stacked channel matrix H and the null space matrix N(A) are
updated using (141a) and (141b) respectively. The metric to perform WSRM
scheduling can, in general, be given as


γavg,k
αk log
+αk log (mk ) ,
NT
|
{z
}
constant
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(152)

where mk is the metric used for the scheduling decisions, which can either be an
SUS or PIPD based metric as given in (141c) and (145), respectively.
It is worth noting that replacing the log-weighted metric with mere linear
scaling incurs no significant change in performance, since the dynamic range of
the selection metric mk is limited as it depends on the channel gain. Therefore,
instead of using the metric in (151b), we can use (145) as the selection criterion
e k = αk hk . The
with channel vectors replaced by the equivalent channels as h
performance of the heuristic algorithm is similar to the proposed metric in (151b)
or in general (152).
The performances of the above mentioned algorithms are discussed in a
single-cell MU-MIMO system. Comparisons are drawn between the proposed
scheduler and the existing algorithms using N(A)hTk as the transmit beamformers
or by ZFBF design for the users in k ∈ A at each iteration. In order to analyze
the sum rate performance, the users are assumed have equal path loss so as to
compare the scheduler algorithms for the objective of sum rate maximization.
Fig. 23 compares the performance of the proposed scheme with the existing SUS
scheme with NT = 4 and K = 20 users. The sum rate of the proposed PIPD
scheme performs close to the SUS scheme with complexity comparable to the
max-norm scheduling scheme, which selects the users based on the channel norm
only.
Fig. 24 compares the complexity involved in the metric calculation of various
scheduling schemes plotted against the number of users. The complexity of the
PIPD scheme is greatly reduced by the use of independent projections to the
null space used in the SUS scheme. Even though the performance of the PIPD
scheme is slightly inferior to the SUS scheme, the relative benefit of the reduced
complexity compared to the loss in performance is high in practice. By storing
and reusing the values xk,i (146) at each iteration, significant reductions can be
achieved.
Fig. 25 plots the total backlogged packets of different selection schemes
after each scheduling instant. The scenario considered a BS with NT = 4
antennas serving K = 40 single antenna receivers, whose path losses are drawn
uniformly from [−10, 0] dB. The arrival process is assumed to follow a Poisson
distribution with a mean packet arrival rate of 0.25 bits per user. Fig. 25 shows
the performance of the non-weighted scheduling schemes and their weighted
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Fig. 23. Sum rate for K = 20 with NT = 4 system, [99] c 2015 IEEE.
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counterparts. In the overloaded WMMSE scenario, beamformers are designed
for all users by considering A = U.
In order to show the behavior of the scheduler with the WSRM objective, we
consider the objective of queue minimization, which requires queued packets to
be the corresponding user weights as discussed in [3]. Using queued packet sizes
as the user weights, the overloaded WMMSE scheme with (150) is compared
with the weighted scheduling schemes, which finds the subset A, for which the
beamformers are designed using the WMMSE scheme with αk = Qk .
In order to demonstrate the behavior of weighted scheduling wherein the
scheduler provides a set of users A for which the beamformers are designed using
Q-WSRM schemes, we have compared our proposed weighted scheduling scheme
with the Q-WSRM design in Section 2. The performance of the queue minimizing
schemes is significantly better than the non-weighted schemes with the Q-WSRM
based beamformer design as shown in Fig. 25. The queue minimizing behavior of
the low-complexity PIPD scheme performs similar to the SUS scheduler design
in both the weighted and non-weighted scenarios. Queue stability is said to be
achieved when the average incoming and outgoing packets are equal as achieved
by the WSRM schemes.
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5.4

Extension to multi-antenna receivers

Here, we will focus on the implementation aspects of the scheduling algorithms
discussed so far in this section. In order to evaluate the complexity of implementation, we consider multi-antenna terminals at both the transmitter
and the receivers. Furthermore, the computational complexity is evaluated
using state-of-the-art SoCs, namely, Xilinx ZYNQ ZC-702 and TI Keystone
II evaluation platforms. In the case of multi-antenna receivers, i.e., where
each user is equipped with NR antennas, the channel seen by user k is given
by Hk ∈ CNR ×NT . Let L = min(NR , NT ) be the rank of the channel matrix
Hk . In order to utilize the scheduling algorithms in Sections 5.2 and 5.3, the
channel is decomposed by employing the singular value decomposition (SVD) as
H
Hk = Uk Dk VkH , where Uk UH
k = INR and Vk Vk = INT are unitary matrices

and Dk is a diagonal matrix. Each user k consists of L spatial streams, which
are obtained by projecting Hk on to the column vectors of Uk as uH
l,k Hk for the
lth spatial stream.
Let k̂ be the virtual user index used to represent the lth spatial stream of
user k as k̂ = k × L + l. The corresponding equivalent single antenna channel is
denoted by hk̂ = uH
l,k Hk . The total number of virtual single antenna users in the
system is given by K̄ = L × K. Under the single antenna virtual users setting,
scheduling algorithms for MU-MIMO transmission are studied for multi-antenna
receivers. In the forthcoming discussions, virtual users are referred to simply
as users for brevity. A pictorial representation of the scheduling algorithms
discussed in Sections 5.2 and 5.3 is provided in Fig. 26 for multi-antenna receivers.

5.5

Performance of MU-MIMO scheduling

5.5.1

Scheduling resolution

In this section, an introduction to the terminologies used in the LTE standard
[6] is presented briefly. The scheduling is performed over scheduling blocks
(SBs) and the resolution of a SB significantly affects the performance of overall
average cell throughput. For instance, if the size of the SB is equal to physical
resource block (PRB), the scheduling complexity increases linearly with the
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Fig. 26.
Block diagram of the scheduler algorithms:
[100] c 2015 IEEE.

greedy, PIPD, and SUS,
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number of SBs and the average cell throughput depends entirely on the number
of users present in the system. Thus, if the number of users is large, the overall
throughput can be improved by utilizing multi-user diversity with the help of
a proper scheduling scheme. However, if there are few users, the throughput
degradation is quite significant due to the smaller coding block size and lack of
channel variations over the smaller SB to extract the channel diversity in the
form of coding gain. In the case of a larger SB size that spans multiple PRBs,
the scheduling complexity will be reduced significantly but the cell throughput
will also reduce noticeably, unless the channel fading over frequency domain is
flat or nearly flat. In this case, the users with the transmission in such scheduling
will attain higher throughput due to the longer coding length. Thus, proper
selection of SB size needs to be quantified with the help of a system level study.
5.5.2

Scheduling performance

Fig. 27 compares the sum rate performance of three different scheduling schemes
with K = 50 users together with NT = 4, NT = 8, respectively. The sum rate of
the PIPD scheme performs remarkably close to the SUS scheme. Fig. 27 also
shows a larger gap (approximately 10 bit/sec/Hz) between the Norm/Greedy
scheme which selects users based on the channel norm only and the PIPD
scheduling scheme. Note that the performance of the scheduling algorithms
improves marginally by adding additional receive antennas, due to the channel
hardening from multi-user diversity. Increasing the number of antennas in the
system, improves the achievable sum rate of the system by multiplexing a greater
number of users over the spatial dimension, which is evident from Fig. 27.
5.6

ZYNQ ZC702 SoC evaluation platform

The MU-MIMO scheduler algorithms are implemented on the ZYNQ ZC702 SoC,
which has dual core ARM processing subsystem (PS) and programming logic (PL)
that are interconnected by Advanced Microcontroller Bus Architecture (AMBA)
architecture bus [125]. In this study, the scheduler implementation is limited to
a single ARM PS only and utilize the maximum available resources of the PL in
the board. The ARM PS operates at 667 MHz and the PL operates at 100 MHz.
The interconnect between the ARM PS and the PL is via Advanced eXtensible
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Interface (AXI) AMBA interface bus. There are several high performance (HP)
buses between the PS and the PL subsystems to reduce the transfer latency.
The HP0 interface is used to interconnect the accelerators implemented on PL to
access the double data rate type three (DDR3) memory, where the intended
data are stored for common access.
5.6.1

Algorithm partitioning between ARM PS and PL subsystem

Functionally, the SVD processing is performed on the PL subsystem and
scheduling algorithms are implemented on the ARM PS for the following reasons.
Primarily, scheduling algorithms involve sequential processing. Even though
metric calculations can be performed in parallel, the maximum metric needs to
be obtained over all parallel processing chains to select a candidate user. Note
that the NEON vector floating point (VFP) co-processor supports up to eight
lanes, which can perform eight computations and searches in parallel, therefore,
it would be beneficial to consider PS implementation for less complex parallel
implementations. Moreover, scheduling is required for every sub-frame, since it
depends on the current number of backlogged packets. On the contrary, SVD
processing is required only when the channel matrices change, i.e., once in every
Tk sub-frames, where Tk denotes the periodicity of uplink sounding pilots to
measure a channel that is based on Doppler frequency. Upon considering the
above reasons, it would be beneficial to implement scheduling algorithms on the
ARM PS and SVD processing on the PL subsystem.
5.6.2

SVD implementation on programming logic

The SVD is performed by repeated QR factorization to obtain the left and
right singular vectors of the channel matrices. The complex QR decomposition
is performed using Householder transformations [126]. Since the SVD incurs
significant complexity and computational time, it is beneficial to perform this
operation on the PL. The Vivado High-Level Synthesis (HLS) tool was used to
implement the SVD accelerator using the C programming language. To minimize
the resource utilization and to optimize the speed through pipeline processing,
respective directives are used in the HLS model.
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Table 3. FPGA Resource Utilization for SVD, [99] c 2015 IEEE.
Resource
Flip Flops
LUT
Memory LUT
BRAM
DSP48
BUFG

Utilization %
39.4
72.6
6.2
60.7
86.4 (limiting resource)
3.1

The choice of a fixed point implementation is considered over a floating point
design for the following reasons. First, to implement a floating point multiply
and accumulate operation, LogiCORE IP requires three DSP48 units, whereas a
fixed point implementation needs only one DSP48 unit by considering the INT16
data format. Secondly, the precision required for the real and imaginary parts of
the channel entries can be limited to 16 bits, since the output resolution of an
analog-to-digital converter (ADC) is typically in the order of 14 bits. Therefore,
considering the above two facts, the SVD implementation is modeled using fixed
point arithmetic. The fixed point arithmetic uses an 18 bit signed representation
for real and imaginary components with a 15 bit fractional part and two bits
for the integer. To improve the dynamic range of the accelerator, intermediate
variables are stored in 25 bit extended format with nine bits for the integer part
and one bit for the sign without altering the fractional part. It would be ideal to
store intermediate values in the extended form, since one DSP48 can perform
25 × 18 multiplication without compromising on the resource utilization and the
dynamic range involved in the multiply and accumulate operations [125].
The SVD accelerator is designed to perform multiple SVD operations with
a single trigger from the ARM PS. The AXI-Lite interface is used to provide
control information, including matrix size, number of matrices, and streams
required, to the PL accelerator from the ARM PS. Once the control information
is processed, the matrices are fetched from the DDR3 memory and copied
to local block random access memory (BRAM) for SVD processing by the
PL subsystem. To decompose the channel matrices of all users, five SVD
accelerators are implemented in parallel to improve the overall throughput of the
PL implementation. The restriction on the total count of accelerators is due to
the resource limitations imposed by the ZC702 board as outlined in Table 3.
Each SVD accelerator is connected as the AXI-Master to the DDR3 memory
via a 64-bit HP0 bus interface. Once configured from the ARM PS, each SVD
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accelerator transfers all matrices from the DDR3 memory with burst mode
of transfer without processor intervention. Upon completing the SVD for all
channel matrices, equivalent virtual channel vectors corresponding to each user
are written back via the same interface to a different address in DDR3 memory
using an offset field configured by the ARM PS.
Algorithmic optimizations are carried out on the SVD implementation by
restricting the matrix multiplications only for the left singular vectors in each
QR decomposition. Once the left singular matrix is computed, equivalent virtual
NR ×NT
single antenna channels are obtained as hk̂ = uH
. Burst transfer
l,k Hk ∈ C

is used to collectively write back all users equivalent virtual channel vectors to
an output address in the DDR3 memory and an interrupt is given to the PS
to notify completion of the task. Burst mode transfer is chosen to reduce the
overhead involved in the memory transfer. Table 3 outlines the overall amount
of PL resources consumed by five parallel SVD accelerators and its interconnects
with the PS subsystem. Each SVD accelerator is implemented for an 8 × 8
matrix. However, the actual operation is performed over the limited matrix size
specified by the processor while initializing the accelerator. In this way, the
computations are optimized for variable channel matrix sizes.
5.6.3

Scheduler implementation in ARM processing unit

The scheduling algorithms and the overall control are performed on the PS.
Since only a single scheduling block is analyzied for evaluation purposes, a single
ARM digital signal processor (DSP) core is enough to perform all the scheduler
processing. To reduce the latency and complexity, fixed point implementation is
used for the scheduler algorithms on the PS. The complex baseband channel is
represented in a packed real and imaginary format with 16-bit representation
by allocating 15 bits for the fractional part and one bit to represent the sign.
Even though finding the null space of a matrix is computationally complex, the
fixed point implementation is managed in the PS instead of the PL to avoid the
overhead involved in the transfer between PS and PL subsystems. The amount
of overhead involved in the transfer would overshadow the timing advantage
obtained by the PL implementation of the null space matrix computation. The
overall operation of the PS and PL subsystems are balanced since there is no
starvation of resources by any subsystems after the initial SVD operation carried
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Table 4. Computational Complexity for one SB with K = 50 users, [99] c 2015 IEEE.
NT × NR
8×4
8×4
8×2
8×2
4×4
4×4
4×2
4×2

L
no. of streams

SVD Comp.
in ms

Greedy
in ms

SUS
in ms

PIPD
in ms

4
2
2
1
4
2
2
1

11.427
11.427
3.231
3.231
5.169
5.170
1.481
1.481

0.098
0.084
0.079
0.072
0.052
0.042
0.038
0.033

2.029
1.202
1.225
0.796
0.327
0.189
0.202
0.131

1.280
0.743
0.704
0.421
0.237
0.168
0.139
0.089

out in the PL. The complexities of various schemes are tabulated in Table 4.
Note that the overall complexity involved in the scheduler implementation can
be reduced by limiting the stream search to the dominant streams only, since the
singular values are sorted in descending order of magnitude. The degradation in
performance is marginal due to the available multi-user diversity.
Table 4 compares the complexity of various algorithms using the time as the
metric for K = 50 users. The label L in Table 4 denotes the number of streams
included in the scheduler algorithm search. It can take the maximum value of L,
which is the rank of the channel. As seen in Table 4, a significant amount of
time is spent on the SVD computations. In total, the above implementation can
perform 4, 375 SVD’s with 16 QR decompositions per second for an 8 × 4 system.
On the other hand, it can perform 33, 760 SVD operations per second for a 4 × 2
channel matrix. The complexity of the PIPD algorithm is attributed to the
norm evaluation which includes square root operation as well. The complexity of
SUS algorithm is due to the null space matrix evaluation and also due to the
matrix-by-vector multiplication. Note that the scheduling algorithms are within
the real-time constraint of 1 ms LTE sub-framse with exceptions on the 8 × 4
antenna configuration. The SVD operation can be performed over a radio frame
of 10 ms. duration, which can be justified by the nomadic user assumption with
the slowly changing channel fading.
The computational figures provided in Table 4 for SVD scale linearly with
each additional user in the system and increase with the number of users K
with each additional SB. The complexity of the scheduling algorithms scales
linearly with the additional number of SBs while with the number of users, it is
sublinear. Table 4 also provides information about the scalability of the system
with the number of SBs that can be supported by the SoC implementation
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without compromising the real-time constraints. For example, assuming the
channel is coherent for 10 ms, seven SBs can be supported with a 4 × 2 MIMO
configuration for SVD computations. The current implementation can perform
any one of the discussed scheduling scheme for ten SBs every 1 ms for a 4 × 2
system with K = 50 users by utilizing the additional PS core to operate in
parallel. Even though Fig. 24 depicts a significant difference in the number
of computations between the SUS and the PIPD algorithm, in practice, the
difference is not the same as shown in Table 4. This is due to the overhead
involved in the transfer of channel matrices between the PL and PS subsystems.
5.7

TI TCI6636K2H evaluation platform

In this section, the fixed point implementation of various scheduling algorithms
presented in Section 5.4 is analyzed and evaluated on a TI Keystone-II platform.
For the current implementation work, only a single SB scenario is considered by
utilizing all the available NC = 8 cores in the evaluation platform for processing.
5.7.1

SVD Implementation

The SVD is performed by repeated QR factorization to obtain the left and right
singular vectors of the channel matrices. The complex QR decomposition is
performed using Householder transformations [126]. For each SVD operation, 16
QR factorizations are performed to limit the off diagonal values of the Dk matrix
to ≤ 10−4 . The SVD requires significant computational complexity and time,
and therefore it is ideal to perform over multiple cores. Since the matrix size is
typically limited by the number of transmit and receive antennas, parallelizing
each SVD operation is not an efficient approach due to the overhead involved in
setting up the resources for sharing and synchronization. However, in the current
approach, each TI C66x DSP core performs b NKC c of the available matrix SVD
operations independently without exchanging information across the DSP cores.
The channel matrices are stored in multi-core shared memory controller
(MSMC) static random access memory (SRAM) in order to be accessible from
all cores in the SoC. In this work, only Core(0) is used to perform scheduling
and all other cores are utilized only for SVD processing. Due to the availability
of the shared memory MSMC SRAM region, the cores can be synchronized
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effectively by using shared memory and inter-processor communications (IPC)
interrupts available through chip-level interrupt controller (CIC) instead of
using the OpenMP framework [127–129]. Since each core is running a separate
SYS-BIOS operating system, the shared memory region is abstracted with
a different virtual address in each cores. In order to overcome the memory
aliasing, the channel buffers are fixed to a constant physical address using the
compiler directive location so as to be coherent with the memory location. The
channels are randomly generated and stored in the shared region. An interrupt
is sent to all the cores to notify the availability of the updated channel state
information and to start the processing of SVD operation in parallel. Note that
the SharedRegion and Notify modules in the IPC package can also be used to
inform other cores with the respective shared memory region [130]. Nonetheless,
the compiler directive is used in the implementation, since the channel buffer
address remains constant throughout the program execution.
At this point, each core determines the starting offset in the buffer based on
the number of cores sharing the computation and the current core number. If the
total number of channel matrices is not an exact multiple of the number of cores,
then the first mod(K, NC ) processors perform one additional SVD processing to
share the overall load. In the current scenario, Core(0) performs the scheduling
of users. Therefore, upon completion of SVD, instead of waiting for other cores
to complete the SVD job, Core(0) can proceed with the scheduling algorithm
after invalidating the relevant buffers without affecting the overall selection
procedure as shown in Fig. 29. Meanwhile, other cores will complete and write
back all the virtual channel matrices to the shared MSMC SRAM from the cache
before switching to the idle task. The availability of the channels are notified
using CIC interrupts sent to all cores as shown in Fig. 29.
5.7.2

Scheduler implementation on C66x

The scheduling algorithms and the overall control are performed by Core(0).
Since only a single SB is analyzed in the current work, only C66x Core(0) is
used to perform user scheduling. In order to reduce the computational latency,
all the scheduling algorithms and the SVD operation are implemented in fixed
point arithmetic. The complex baseband channel is represented in a packed
real and imaginary format with 16-bit representation by allocating 15 bits for
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the fractional part and one bit to represent the sign. Since the output of the
channel SVD is also used in the precoder design, Core(0) writes back the virtual
channel buffer before proceeding with the user selection procedure. The complex
operations involved in the scheduling algorithms are null space evaluation and the
matrix-by-vector multiplications. In order to evaluate the actual timing of the
scheduling algorithm, the cache of Core(0) is invalidated before the scheduling
algorithm. The complexities of various schemes are tabulated in Table 5. Note
that the overall complexity involved in the scheduler implementation can be
reduced by limiting the search to dominant streams, since the singular values are
sorted in descending order. Due to the available multi-user diversity, limiting the
stream search has a marginal impact on the sum rate performance.
Table 5 compares the complexity of various algorithms using the time as the
metric for K = 100 users. The label L in Table 5 denotes the number of streams
included in the scheduler algorithm search. It can take the maximum value of L,
which is the rank of the channel. As seen in Table 5, a significant amount of
time is spent on the SVD computations. Table 5 demonstrates that the total
time taken by performing SVD in parallel is significantly less when compared
with the single core performance. Note that multi-core performance is not equal
to the single core timing multiplied by the number of cores. This is due to cache
coherency overhead and the unequal sharing of the load of K = 100 channel
matrices.
As far as the scheduler complexity is concerned, all the scheduling algorithms
can meet the LTE-A timing requirements for the user scheduling, which happens
at the sub-frame interval of 1 ms. The complexity of the SUS and the PIPD
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Table 5. Scheduling Complexity for K = 100 users (in ms) with C66x operating at 1.2 GHz,
[100] c 2015 IEEE.
NT × NR
8×4
8×4
8×2
8×2
4×4
4×4
4×2
4×2

L
streams

SVD (1)
in ms

SVD (8)
in ms

Greedy
in ms

SUS
in ms

PIPD
in ms

4
2
2
1
4
2
2
1

22.68
22.68
6.055
6.055
15.81
15.81
4.844
4.844

2.90
2.90
0.79
0.79
2.07
2.07
0.64
0.64

0.075
0.064
0.063
0.058
0.045
0.034
0.034
0.029

0.524
0.325
0.325
0.226
0.168
0.102
0.102
0.069

0.469
0.268
0.266
0.166
0.167
0.098
0.097
0.063

algorithms is attributed to the null space matrix evaluation. Note that the square
root is not performed for the norm calculation in the SUS and in the greedy
scheduling scheme, which provides an additional margin. The complexity of the
SUS algorithm is due to both null space evaluation and the matrix-by-vector
multiplication. The SVD operation can be performed over the radio frame of
10 ms. duration, which can be justified by the nomadic user assumption with
the slowly changing channel fading. Due to the higher clock speed in the TI
Keystone II platform, the computational time required is much smaller than for
the Zynq ZC-702 SoC.
The computational figures provided in Table 5 for the SVD scale linearly
with each additional user in the system and increase with the number of users K
with each additional SB. The complexity of the scheduling algorithms scales
linearly with the additional number of SBs while with the number of users, it is
sub-linear. Table 5 also provides information about the scalability of the system
with the number of SBs that can be supported by the SoC implementation
without compromising the real-time constraints. For example, assuming the
channel is coherent for 10 ms, eight SBs can be supported with an 8 × 2 MIMO
configuration by performing all SVDs related to K = 100 users in 6.055 ms and
any scheduling algorithm at 1 ms intervals. In this approach, each SB is served
by a dedicated core without any real-time performance glitch. Note that if the
number of QR iterations in each SVD is reduced, ten SBs can be supported with
slight degradation in performance.
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5.8

Summary

In this section, a MU-MIMO scheduling algorithm was proposed with the
objective of minimizing computational complexity without compromising on the
sum rate performance. Additionally, a heuristic scheme was also proposed to
minimize the number of queued packets using the queue weighted channel vectors.
The proposed queue weighted metric can be used with the existing sum rate
maximizing designs to achieve the weighted queue minimization objective. The
total number of backlogged packets with the weighted scheduling is significantly
reduced compared to the non-weighted scheduler designs. Furthermore, the
proposed scheduling methods were extended to multi-antenna receivers by
considering each left singular vector as a virtual user. It was shown that the
complexity involved in the scheduling algorithm is mainly attributed to the SVD
operation, which was required to find the left singular vectors. Furthermore,
the complexities of three different scheduling algorithms were analyzed on
state-of-the-art SoCs, such as the Xilinx ZYNQ ZC702 and TI TCI6636K2H
evaluation platforms. First, the scheduling algorithms were implemented on the
Xilinx ZYNQ ZC702 evaluation platform by partitioning the resources between
the PL subsystem and ARM DSP processing core. It was shown that this
implementation can handle all scheduling algorithms with 50 users by considering
a 4 × 4 MIMO scenario. As a comparison, the computational complexities
incurred by the scheduling methods on the TI TCI6636K2H evaluation platform
were also analyzed by sharing the SVD operations over multiple C66x DSP cores.
It has been shown that the TI TCI6636K2H platform can handle a larger number
of users than the Xilinx ZYNQ ZC702 SoC while utilizing all the available
resources in the system. Furthermore, it is worth noting that the performance of
the ZYNQ is severely limited by the lack of DSP48 units in the system.
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6

Conclusions and future work

6.1

Summary

The scope of this thesis was to propose a few techniques for allocating wireless
resources efficiently to improve certain design objectives. In particular, the
objective of minimizing the total number of queued packets waiting at BSs
that are destined for different users has been considered in the context of a
MIMO-OFDM framework. The problem of minimizing the number of backlogged
packets at the BSs over space-frequency resources provided by a MIMO-OFDM
system has been studied. The resource allocation was considered as a joint
space-frequency precoder design problem, wherein the resources allocated to
users were determined by non-zero precoding vectors. Due to the nonconvex
nature of the problem being considered, a suboptimal JSFRA scheme based
on the SCA technique was proposed wherein each nonconvex constraint was
replaced with a sequence of convex subsets, which were then solved iteratively
until convergence. In addition, an alternative MSE reformulation based approach
has also been proposed together with the SCA technique to solve the resource
allocation problem. Since the proposed precoder designs require a centralized
controller, decentralized precoder designs were also proposed for the JSFRA
problem using the primal and ADMM methods. Finally, a practical iterative
algorithm has been proposed to obtain the precoders in a decentralized manner
by solving the system of KKT expressions for the MSE reformulated problem.
Due to the time-correlated nature of the CSI, BiT based OTA signaling has
been used to update the coupling inter-cell interference variables. Moreover, to
speed-up the convergence of transceivers, the operating point used to begin
the SCA procedure was initialized with the precoders employed in the previous
frame instead of using random vectors, thereby reducing the number of iterations
required for convergence. Thus, the proposed beamformer design exploited
time-correlated fading to speed-up the convergence, thereby reducing the training
overhead.
The design of multicast beamformers for multiple groups in a MISO-OFDM
setting was also addressed. First, the problem of minimizing the total transmit
power to provide a certain QoS to all users in each multicast group was considered.
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Due to the nonconvexity of the proposed multi-group multicasting beamformer
design problem, the SCA technique was employed and the resulting convex
subproblems were solved iteratively until convergence. Then, the proposed
formulation was extended by limiting the number of active antennas used for a
multicast transmission. Such a design constraint arises when the total number
of available RF chains is smaller than that of the antenna elements. Thus, to
select a subset of transmit antennas, a binary variable was introduced to handle
the active status of each antenna. Due to the complexity involved with the
combinatorial nature of the resulting problem, the binary variable was relaxed
with a linear constraint, and the problem was solved efficiently by employing
the SCA technique. In order to ensure binary outcome for the relaxed linear
variable, an additional penalty term was included in the objective to encourage
sparsity upon convergence. Finally, multicast beamforming with the objective
of maximizing the minimum rate achievable by the users in each multicast
group for a given transmit power budget was also considered. Similarly to
the min-power objective, the fairness problem was also studied by restricting
the number of active antennas used for transmission. Unlike the existing
physical layer beamformer designs, the proposed design utilized both space and
frequency domain resources to provide the desired QoS to all users in the system.
Furthermore, the joint multicast beamformer design over space and frequency
resources schedules users belonging to different multicasting group on the same
sub-channel if the corresponding user channels are uncorrelated.
The beamformer design for a multi-carrier C-RAN setup wherein multiple BSs
transmit data to each user coherently, was also considered. In order to facilitate
joint processing CoMP transmission, transmit beamformers corresponding to
each coordinating BS were designed by a CC, which were then quantized and sent
to the respective BS along with users’ data over a finite capacity backhaul link.
Due to the nonconvexity and the combinatorial nature of the proposed problem,
the SCA technique was adopted by relaxing the nonconvex constraints with a
sequence of convex subsets and by relaxing the binary constraints with linear
ones. In order to obtain a binary solution for the relaxed variables, the objective
function was regularized with the entropy measure of the relaxed variables. In
order to minimize the backhaul utilization by the quantized beamformers, two
techniques were proposed. First, the precision of each beamforming vector was
varied based on the link SINR. Thus, when the contribution to the rate of a
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user is not significant, the beamformer precision was reduced without affecting
that users rate. Secondly, the number of active entries was reduced in each
beamforming vector, i.e., antenna subset selection, thereby transmitting only
those active entries to the respective BSs with the fixed number of quantization
bits. Both techniques were proved to minimize the number of backlogged packets
available at the CC compared to that of the original problem. Due to the
consideration of beamformer overhead in the backhaul utilization, the number
of users that each BS serves reduces significantly with an increase in either
the number of transmit antennas or the beamformer precision. However, to
overcome this issue, two techniques were proposed to reduce the beamformer
overhead, namely, variable quantization and antenna selection schemes. Both
approaches demonstrated superior performance over the fixed counterpart in
terms of reducing the number of backlogged packets.
Due to the computational complexity involved in the precoder/beamformer
design for joint design space-frequency resource allocation, it may not be
realizable in practice due to the real-time requirements imposed by the current
wireless standards. Thus to find a realizable solution, a two-step procedure
was proposed wherein a subset of users were chosen for each sub-channel
and the beamformers/precoders were designed only for this limited subset of
users. In order to obtain the desired queue minimization objective, the design
objective for both scheduler and beamformer design must be the same. In this
context, two closely related scheduling algorithms was proposed for the cell-edge
users in a multi-cell scenario in with the sum rate maximization objective. At
first, the PIPD scheduling scheme were proposed, which aimed to reduce the
computational complexity compared to that of the existing SUS based design
without compromising much on the sum rate performance. The PIPD scheme
used a series of independent vector projections to evaluate the decision metric.
In addition, a heuristic algorithm was also presented for weighted scheduling to
support the WSRM based beamformer design. Unlike the disparities between the
scheduling and precoder designs, the proposed WSRM based scheduling together
with WSRM based precoder design minimized the number of backlogged packets
effectively.
Even though the proposed designs were about complexity reduction, the
computational requirements of different state-of-the-art MU-MIMO scheduling
algorithms were also studied Section 5 by evaluating the number of users that
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can be supported in real-time. In order to illustrate the trade-off between
the computational complexity and the achievable sum rate, the scheduling
algorithms were studied in terms of both the theoretical and computational
complexity perspectives. Furthermore, the algorithmic complexity was evaluated
by implementing single-cell MU-MIMO scheduling schemes on a Xilinx ZYNQZC702 all-programmable SoC and a TI TMS320C66x DSP SoC. The theoretical
analysis was conducted by comparing the achievable sum rate for various
scheduling schemes. One conclusion drawn from this study is that support for
a MU-MIMO scheduling algorithm is possible only if the inherent parallelism
present in the scheduling techniques can be exploited. In both implementations,
performing parallel processing either by adding more accelerators in the case of
the Xilinx ZYNQ-ZC702 or by distributing over multiple processing cores for the
TI Keystone II allow us to meet the real-time expectations.
6.2

Future work

This thesis is primarily focused on current wireless standards, which are based on
sub 5 GHz carrier frequencies. Due to prolific research in the field of mmWave
transmission for 5G, one natural extension is to apply or study the proposed
methods in this thesis for mmWave transmission, which employs both analog and
digital beamformers. Due to the hybrid architecture, the complexity involved
in the precoder design is huge as it involves sub-channel and user specific
digital precoders and wideband analog beamformers for all users at any given
instant. Thus, extending the JSFRA scheme presented in Section 2 to include an
additional wideband analog beamformer as an optimization variable will be an
interesting topic. It is worth noting that by employing the SCA technique to relax
the nonconvex constraints by sequence of convex subsets, the curvature of the
original nonconvex constraints was lost due to first order Taylor approximation
[131]. Thus, it would be worth studying both the speed of convergence and the
quality of the solution produced by incorporating some information about the
curvature of the original nonconvex constraint in the JSFRA problem.
In Section 3, multicast beamformer design was studied for multiple groups
with a single receive antenna at each user terminal. A few possible extensions
for multicast beamforming problem are as follows:
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– As a natural extension, one possibility is to study the design of multicast
beamformers for multi-antenna receivers, which can be solved by adopting the
AO technique, as proposed for the JSFRA method in Section 2.
– The problem of multicast beamformers can be extended to include multiple
BSs that transmit to all users in different multicasting groups in a coordinated
manner.
– The problem of designing multi-group multicast beamformers can also be
extended for a wireless backhaul wherein the CC transmits the same data
to a subset of BSs. Upon receiving the transmission from the CC, all the
BSs transmit coherently to a subset of users for a joint processing CoMP
transmission.
For ease of discussion, the beamformer design presented in Section 4 considered
that the beamformers used by the cooperating BSs are quantized uniformly.
Thus, one possible extension would be to analyze the proposed approach with
the Lloyd quantizer [122], which has a nonuniform quantization grid based on
the input distribution. Another possibility is to compare the proposed practical
approach with the information-theoretic bound that has been presented in
[59, 63, 132].
It would also be interesting to compare the above two schemes, since the
choice of either sending explicit data symbols and beamformers or signaling the
compressed antenna specific data streams depends on the system parameters,
such as (i) the number of transmit antennas, (ii) the number of spatial data
streams, (iii) the number of data symbols for which the beamformer is applied,
i.e., teh number of resource elements within a coherence block that includes
both time and frequency dimensions, and (iv) the number of bits required
to represent beamformers and the compressed antenna specific data streams.
Therefore, it would be worth investigating the signaling strategy based on the
above parameters in order to utilize the backhaul efficiently.
Furthermore, it would be interesting to look at a wireless backhaul wherein
the transmission between the CC and BSs can be considered as multi-group
multicasting for which the design proposed in Section 3 can provide a solution.
Additionally, a comparative study between compressed transmission over the
explicit data sharing among the CC and respective BSs can be analyzed for
various system topologies. Another possible extension would be to compare a
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variable quantization scheme with worst-case SINR modeling while designing the
transmit beamformers for a variable quantization scheme.
One straightforward extension of the scheduler algorithm implementation
study is to analyze the real-time feasibility of implementing transmit precoders
for multi-stream transmission. In the case of multi-core scheduler design, the
SVD computations were distributed equally between the DSP cores in a TI
TMS320C66x SoC. For comparison, one can also analyze the performance by
employing industrial-grade multi-core processing modules such as OpenMP and
OpenCL for dynamic utilization of multi-core environment for SVD computations.
Unlike the model considered in Chapters 5, the hybrid architecture proposed for
5G includes two-stage beamformers, namely, a narrow band digital precoder and
a wideband analog beamformer. Thus, the choice of analog beamformer alters the
effective channel seen by any user in the system. In such cases, the complexity
involved in the scheduler design scales-up significantly as the search space includes
beam selection in addition to space and frequency dimensions. Furthermore,
realizing an efficient scheduler design for 5G in the current state-of-the-art SoCs
is an interesting topic for further study.
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13. Tran LN, Hanif MF, Tölli A & Juntti M (2012) Fast converging algorithm for
weighted sum rate maximization in multicell MISO downlink. IEEE Signal
Processing Letters 19(12): 872–875.
14. Shi S, Schubert M & Boche H (2007) Downlink MMSE transceiver optimization
for multiuser MIMO systems: Duality and sum-MSE minimization. IEEE
Transactions on Signal Processing 55(11): 5436–5446.
15. Christensen SS, Agarwal R, Carvalho E & Cioffi J (2008) Weighted sum-rate
maximization using weighted mmse for MIMO-BC beamforming design. IEEE
Transactions on Wireless Communications 7(12): 4792–4799.

187

16. Shi Q, Razaviyayn M, Luo ZQ & He C (2011) An iteratively weighted MMSE
approach to distributed sum-utility maximization for a MIMO interfering broadcast
channel. IEEE Transactions on Signal Processing 59(9): 4331–4340.
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18. Kaleva J, Tölli A & Juntti M (2013) Primal decomposition based decentralized
weighted sum rate maximization with qos constraints for interfering broadcast
channel. In: IEEE 14th Workshop on Signal Processing Advances in Wireless
Communications (SPAWC), pp. 16–20. IEEE.
19. Palomar DP & Chiang M (2006) A tutorial on decomposition methods for network
utility maximization. IEEE Journal on Selected Areas in Communications 24(8):
1439–1451.
20. Boyd S, Parikh N, Chu E, Peleato B & Eckstein J (2011) Distributed optimization
and statistical learning via the alternating direction method of multipliers.
Foundations and Trends R in Machine Learning 3(1): 1–122.
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25. Jayasinghe P, Tölli A & Latva-aho M (2015) Bi-directional signaling strategies for
dynamic TDD networks. In: 16th International Workshop on Signal Processing
Advances in Wireless Communications (SPAWC), pp. 540–544. IEEE.
26. Zhang F & Lau V (2014) Cross-layer MIMO transceiver optimization for multimedia streaming in interference networks. IEEE Transactions on Signal Processing
62(5): 1235–1244.
27. Sidiropoulos ND, Davidson TN & Luo ZQT (2006) Transmit beamforming
for physical-layer multicasting. IEEE Transactions on Signal Processing 54(6):
2239–2251.
28. Karipidis E, Sidiropoulos ND & Luo ZQ (2007) Far-field multicast beamforming
for uniform linear antenna arrays. IEEE Transactions on Signal Processing 55(10):
4916–4927.
29. Karipidis E, Sidiropoulos ND & Luo ZQ (2008) Quality of service and max-min fair
transmit beamforming to multiple cochannel multicast groups. IEEE Transactions
on Signal Processing 56(3): 1268–1279.
30. Suh C & Mo J (2008) Resource allocation for multicast services in multicarrier
wireless communications. IEEE Transactions on Wireless Communications 7(1):
27–31.

188

31. Schad A & Pesavento M (2012) Max-min fair transmit beamforming for multigroup multicasting. In: 2012 International ITG Workshop on Smart Antennas
(WSA), pp. 115–118. IEEE.
32. Mehanna O, Sidiropoulos N & Giannakis G (2013) Joint multicast beamforming
and antenna selection. IEEE Transactions on Signal Processing 61(10): 2660–2674.
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123. Lakshmana TR, Tölli A, Devassy R & Svensson T (2016) Precoder design with
incomplete feedback for joint transmission. IEEE Trans. Wireless Commun. 15(3):
1923–1936.
124. Horn R & Johnson C (1990) Matrix analysis. Cambridge Univ Press, Cambridge,
United Kingdom.
125. Xilinx (2015). Zynq-7000 - all programmable SoC, technical reference manual
UG585. [Online]. URI: http://www.xilinx.com/support/documentation/user_
guides/ug585-Zynq-7000-TRM.pdf.
126. Simon H (2002) Adaptive Filter Theory, volume 3. Prentice Hall.
127. Texas Instruments (2012). OpenMP programming for keystone multicore processors. [Online]. URI: http://www.ti.com/lit/ml/sprt620a/sprt620a.pdf.
128. Texas Instruments (2012). SYS/BIOS Inter-Processor Communication (IPC),
user’s guide. [Online]. URI: http://www.ti.com/lit/ug/sprugo6e/sprugo6e.
pdf.
129. Texas Instruments (2012). Keystone architecture chip interrupt controller (CIC),
user’s guide. [Online]. URI: http://www.ti.com/lit/ug/sprugw4a/sprugw4a.
pdf.

194

130. Texas Instruments (2014). MCSDK HPC 3.x getting started guide, version 3.0.
[Online]. URI: http://processors.wiki.ti.com/index.php?title=MCSDK_HPC_
3.x_Getting_Started_Guide.
131. Boggs PT & Tolle JW (1995) Sequential quadratic programming. Acta numerica
4: 1–51.
132. Park SH, Simeone O, Sahin O & Shitz SS (2014) Fronthaul compression for
cloud radio access networks: Signal processing advances inspired by network
information theory. IEEE Signal Processing Magazine 31(6): 69–79.
133. Rudin W et al. (1964) Principles of mathematical analysis, volume 3. McGraw-Hill
New York.
134. Bertsekas DP & Tsitsiklis JN (1989) Parallel and distributed computation:
numerical methods, volume 23. Prentice hall Englewood Cliffs, NJ.
135. Yang Y, Scutari G, Song P & Palomar DP (2013) Robust MIMO cognitive radio
systems under interference temperature constraints. IEEE Journal on Selected
Areas in Communications 31(11): 2465–2482.
136. Scutari G, Facchinei F & Lampariello L (2017) Parallel and distributed methods
for constrained nonconvex optimization - part I: Theory. IEEE Transactions on
Signal Processing 65(8): 1929–1944.
137. Beck A, Ben-Tal A & Tetruashvili L (2010) A sequential parametric convex
approximation method with applications to nonconvex truss topology design
problems. Journal of Global Optimization 47(1): 29–51.
138. Scutari G, Palomar DP, Facchinei F & Pang JS (2010) Convex optimization,
game theory, and variational inequality theory. IEEE Signal Processing Magazine
27(3): 35–49.
139. Bertsekas DP, Nedi A & Ozdaglar AE (2003) Convex Analysis and Optimization.
Athena Scientific, Belmont, MA.
140. Nemirovskii A (2004) Interior point polynomial time methods in convex programming. Lecture Notes .
141. Ben-Tal A & Nemirovski A (2001) Lectures on modern convex optimization:
analysis, algorithms, and engineering applications, volume 2. SIAM.

195

196

Appendix 1 Convergence proof for centralized
algorithm
The following conditions are required to show the convergence of Algorithm 1,
which is used to solve problems (16) and (26) in an iterative manner.

(a) Uniqueness of the minimizer in each step
(b) Objective function should be bounded below
(c) Feasible set should be compact
(d) Sequence of objective values should be strictly decreasing

The uniqueness condition in (a) is required to ensure strict monotonicity in the
objective sequence. Therefore, upon satisfying the conditions (a)-(d), we can
show that the objective sequence generated by Algorithm 1 converges by using
[133, Th. 3.14]. Then, by following the discussions in [48, 102, 105], we can show
that every limit point of a sequence of iterates is a stationary point of nonconvex
problems in (16) and (26).
Before discussing the analysis further, let us consider a generalized formulation
for the problems in (16) and (26) as
minimize
m,w,γ

fˆ(m, w, γ)

subject to h(γ) − g0 (m, w) ≤ 0

(153a)
(153b)

g1 (m, w) ≤ 0

(153c)

g2 (m) ≤ 0

(153d)

where g2 and fˆ are convex, h is linear, and g0 and g1 are convex w.r.t either m or
w, but not jointly convex on both variables. The constraint (153b) corresponds
to either (16b) or (26b) and constraint (153c) represents either (16c) or (26c)
correspondingly. Other convex constraints are handled by (153d) and the feasible
set of (153) is given by
F=



m, w, γ h(γ) − g0 (m, w) ≤ 0, g1 (m, w) ≤ 0, g2 (m) ≤ 0 .

(154)
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We use the following notations to discuss the convergence of Algorithm 1. Since
it involves two nested loops, i.e., one for SCA and another for AO, we denote the
AO step with a superscript (i) and the SCA iteration with a subscript k. Let m,
w, and γ be the vector stacking all transmit precoders, receive beamformers,
and other optimization variables used in (16) and (26), respectively. Now, let
us consider AO step i with fixed w. The solution obtained in the kth SCA
(i)

(i)

step is given by m = mk and γ = γ k . As k → ∞, the objective sequence
(i)

(i)

converges, and the respective solution is denoted by m∗ and γ ∗|w . Similarly,
while alternating the optimization variables for a fixed m, as k → ∞, the solution
(i)

(i)

obtained is represented as w = w∗ and γ = γ ∗|m . In the following discussion
we will show that the conditions listed in (a)-(d) are satisfied by Algorithm 1
using the above notations.
1.1.1

Uniqueness of the iterates and strong convexity
(i)

(i−1)

The uniqueness of the iterates {mk , w∗

(i)

, γ k|w } can be ensured for the MSE

reformulated problem in (28) when all the constraints are active. However, if
(i)
(i−1)
(i)
fˆ(mk , w∗
, γ k|w ) = 0 after some iteration, say k and i, then the uniqueness
is not ensured as there can be multiple solutions in the feasible set.
To ensure the uniqueness of the transmit and receive beamformers in each
iteration, the objective function of subproblems (20) and (28) is regularized by a
strongly convex function in each SCA iteration k and AO update step i as
fˆ(z) = kṽkq

(155a)

(i)
(i)
f (z) = fˆ(z) + τk kz − zk k22

(155b)

where z is a vector formed by stacking all the optimization variables, i.e.,
(i−1)

[m, w∗
(i)

(i)

, γ] or [m∗ , w, γ] depending on the variables being optimized, and

(i)

(i−1)

zk , [mk , w∗

(i)

, γ k ] is a vector formed by stacking the solution obtained

from SCA step k − 1 and AO iteration i, respectively. The positive constant
(i)

τk > 0 ensures strong convexity of f (z) in each step [134, Sec. 3.4.3]. Thus,
due to the strong convexity in f (z), the uniqueness of the minimizer is ensured
in each iteration [135, 136].
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1.1.2

Bounded objective function and compact feasible set

The feasible set of (16) and (26) is bounded and closed due to the total transmit
power constraint given by (16d) and (26d), respectively. Therefore, the feasible
region is compact.
Note that the norm function present in the objective satisfies kṽkq ≥ 0 for all
exponents q used in the `q norm, therefore, it is bounded from below. Moreover,
due to the compactness of the feasible set, it is bounded from above as well.
1.1.3

Strict monotonicity of the objective sequence

In the following discussions, we consider the modified objective f (z) in (155b)
instead of fˆ(z) to exploit the uniqueness of the minimizer at each iteration.
However, note that upon convergence f (z) is equal to fˆ(z). Therefore, the
discussions are valid for the JSFRA problems in (16) and (26) by regularizing
the objective functions (16a) and (26a) as (155b).
To begin with, let us consider the variable w beginning as fixed for the ith
(i−1)

AO with the optimal value found in previous iteration i − 1 as w∗

. In order

to solve for m in SCA iteration k, we linearize the nonconvex function g0 using
(i)

previous SCA iterate mk of m as
(i−1)

ĝo (m, w∗
(i)

Let Xk

(i)

(i)

(i−1)

; mk ) , g0 (mk , w∗

(i)

(i−1) T

) + ∇g0 (mk , w∗

(i)

) (m − mk ). (156)

be the feasible set for the ith AO iteration and the kth SCA point for a

(i−1)

(i)

(i)

(i)

fixed w∗
and mk . Similarly, Yk denotes the feasible set for a fixed m∗
(i)
and wk . Using (156), the convex subproblem for the ith AO iteration and the
kth SCA point for variables m and γ is given by
minimize
m,γ

(i−1)

f (m, w∗

, γ)

(157a)
(i−1)

subject to h(γ) − ĝ0 (m, w∗
(i−1)
g1 (m, w∗
)

≤ 0,

(i)

; mk ) ≤ 0

(157b)

g2 (m) ≤ 0

(157c)
(i)

The feasible set defined by the problem (157) is denoted by Xk ⊂ F. To prove
the convergence of the SCA updates in the ith AO iteration, let us consider
(i)

(i)

that (157) yields mk+1 and γ k+1 as the solution in the kth iteration. The point
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(i)

(i)

mk+1 and γ k+1 , which minimize the objective function satisfy
(i)

(i)

(i−1)

(i)

h(γ k+1 ) − g0 (mk+1 , w∗

(i)

(i−1)

) ≤ h(γ k+1 ) − ĝ0 (mk+1 , w∗
(i)

(i−1)

Using (158), we can show that {mk+1 , w∗
(i−1)

(i)

; mk ) ≤ 0.

(158)

(i)

, γ k+1 } is feasible, since the initial

was chosen to be feasible from the (i − 1)th AO

SCA operating point m∗

iteration. In each SCA step, the feasible set includes the solution from the
(i)

(i−1)

previous iteration as {mk+1 , w∗

(i)

(i)

, γ k+1 } ∈ Xk+1 ⊂ F, therefore, it decreases

the objective as [48, 105, 137]
(i)

(i−1)

f (m0 , w∗

(i)

(i)

(i−1)

, γ 0 ) ≥ f (mk , w∗
(i)

(i)

, γk )

(i−1)

≥ f (mk+1 , w∗
(i)

(i−1)

Thus, the sequence {f (mk , w∗

(i)

(i)

(i−1)

, γ k+1 ) ≥ f (m∗ , w∗

(i)

, γ ∗|w ). (159)

(i)

, γ k )} is nonincreasing. Using strong convex-

ity of the objective, we can show that the inequalities in (159) are strict, i.e., the
sequence of objectives returned by Algorithm 1 is strictly decreasing. To this
(i)

(i)

(i−1)

end, let us consider zk , [mk , w∗

(i)

, γ k ] as the minimizer for (157) in the

(i)

(k − 1)th SCA step and let zk+1 be the minimizer in the kth step. At the kth
(i)

SCA iteration, ∀z ∈ Xk , it follows that
(i)

(i)

∇f (zk+1 )T (z − zk+1 ) ≥ 0
f (z) −

(i)
f (zk+1 )

≥ c kz −

(160a)
(i)
zk+1 k2

(160b)
(i)

where c > 0 is the constant of strong convexity, defined as c , mink {τk }, and
(i)

(i)

(i)

zk+1 is the solution. Therefore, by using (160) and zk ∈ Xk , we can show that
(i)

(i)

(i)

(i)

f (zk ) > f (zk+1 ) holds strictly in each SCA step unless zk → z∗ as k → ∞.
Now, by utilizing the facts that (i)

(i)
{f (zk )}

is monotonic, and (ii) the uniqueness
(i)

of the minimizer (see (160)), the strict monotonicity of {f (zk )} is ensured
(i)

at each SCA step [138]. Furthermore, by using the fact that {f (zk )} is also
bounded, we can show that the objective sequence converges as k → ∞ in AO
(i)

(i)

(i−1)

step i, and let z∗ , [m∗ , w∗

(i)

, γ ∗|w ] be a stacked vector of the corresponding

minimizer of (157) as k → ∞ in AO step i.
(i)

Once m∗ is obtained for a fixed w, then (153) is solved for w with a fixed m.
(i)

However, after fixing m as m∗ in (153), the problem is still nonconvex due to
(i)

(i)

(i)

(153b). Following a similar approach as above, the minimizer {m∗ , wk+1 , γ k+1 }
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(i)

can be found in each SCA step k by solving (157) iteratively. Note that γ k+1 is
reused since the variable m is fixed in the ith AO iteration. The convergence
and the nonincreasing behavior of the objective follow similar arguments as
above.9 The solution obtained by solving (157) iteratively until convergence of
(i)

(i)

(i)

(i)

the objective value is given as {m∗ , w∗ , γ ∗|m } ∈ Y∗ ⊂ F.
Finally, to prove the global convergence of the objective sequence, we need to
show that the AO updates also produce a nonincreasing sequence of objectives,
i.e.,
(i)

(i)

(i)

(i)

(i−1)

f (m∗ , w0 , γ 0 ) ≤ f (m∗ , w∗
(i)

(i)

, γ ∗|w ).

(161)

(i)

Let m∗ and γ ∗|w be the solution obtained by solving (157) with respect to
m and γ by performing SCA update as k → ∞ in the ith AO step with
(i−1)

fixed w = w∗

(i)

(i)

. In order to find w0 , we fix m as m∗ and solve problem
(i)

(157) for w and γ. Since the constraint (157b) is linearized around z∗ , the
fixed operating point is also included in the feasible set by following (158) as
(i)

(i−1)

{m∗ , w∗

(i)

(i)

, γ ∗|w } ∈ Y0 , therefore, we have
(i)

(i)

(i)

(i)

(i−1)

f (m∗ , w0 , γ 0 ) ≤ f (m∗ , w∗
(i)

(i)

(i)

, γ ∗|w ).

(162)

(i)

Now, by using (157b), we can ensure that z∗ ∈ {X∗ ∩ Y0 } in each AO update
i while alternating the optimization variables from m, γ to w, γ. Moreover, due
to strong convexity of the objective function (155b), by following (160), we can
show that (162) holds with strict inequality in each AO update unless the overall
objective sequence converges. Now, by combining (159), (160) and (162), we can
(i)

ensure the strictly non-increasing nature of the objective sequence {f (zk )} in
each SCA and AO step.
1.1.4

Stationarity of limit points

We now discuss the convergence properties of a sequence of iterates. For
convenience, let us consider a unified superscript t to refer to the index of both
SCA and AO procedures (i.e., index t denotes SCA step k and AO step i). Then,
we denote iterate xt as a vector formed by stacking the minimizer of (157) at
9 Note

that the receive beamformers can also be designed by the MMSE receiver using
closed-form (23b) instead designing recursively by updating the SCA operating point as in
optimal receiver (22b).
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(i)

iteration t as xt = zk , and let {xt } be the sequence formed by collecting the
minimizers of (157) from each iteration.
Note that the objective sequence {f (xt )} is bounded and nonincreasing (see
Appendices 1.1.2 and 1.1.3). Therefore, by using [116, Prop. A.3], we can ensure
the convergence of {f (xt )}. Unfortunately, such a claim cannot be made on the
convergence of a sequence of iterates {xt }. However, due to compactness of
the feasible set, the sequence of iterates {xt } ⊂ F is bounded. Therefore, the
sequence {xt } has at least one limit such that there exists a subsequence of {xt }
that converges to it by following [116, Prop. A.5].
We now show that every limit point of the sequence {xt } is a stationary point,
i.e., the limit point of every convergent subsequence is a stationary point. To
do this, let us consider a subsequence {xtj |j = 0, 1, . . . } of {xt } that converges
to x̄, where x̄ = limj→∞ xtj is a limit point of {xt }. Since {xtj } ⊂ {xt } and
{f (xtj )} ⊂ {f (xt )}, we know from Appendix 1.1.3 that f (xtj+1 ) ≤ f (xtj ). Now,
by taking the limit as j → ∞ and by using the continuity of objective function
f , we obtain
lim f (xt ) = lim f (xtj ) = f ( lim xtj ) = f (x̄).

t→∞

j→∞

j→∞

(163)

Let us prove the stationarity of x̄ by contradiction. Assume that x̄ is not
a stationary point. Then there exists some other point x0 ∈ {xt }, such that
∇f (x̄)T (x0 − x̄) < 0 and f (x̄) > f (x0 ). Since x0 is a point in {xt }, there exists a
subsequence that converges to x0 , for which x0 is a limit point. However, by
using (163), we have f (x̄) = f (x0 ) for all limit points of {xt }, which contradicts
our initial assumption.
Now, by using the strict monotonicity of {f (xtj )}, it follows that as j → ∞,
xtj → x̄ and f (xtj ) − f (xtj+1 ) → 0. Furthermore, since x̄ is the solution of
(i)

(157), it satisfies (160) over the convex subset Q, which can either be Xk
(i)
Yk

or

as k → ∞, i → ∞. Using the above statements, we can show that x̄ satisfies

the optimality condition [116, Prop. 2.1.2] as
∇f (x̄)T (x − x̄) ≥ 0, ∀x ∈ Q ⊂ F

(164)

thus, x̄ is a stationary point. Moreover, by using (163), we can show that every
limit point of {xt } is a stationary point of (157).
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Before proceeding further, we also ensure the convergence of {fˆ(xt )} by showing
that the original objective function in (155a) also decreases at each iteration. To
do so, let us consider the minimizers xt and xt+1 of problem (157) in iterations
t − 1 and t, respectively. Since kx − xt k2 is the proximal term in (155b) at
iteration t, the relation between xt and xt+1 satisfies
fˆ(xt+1 ) + τ t kxt+1 − xt k2 ≤ fˆ(xt ) + τ t kxt − xt k2

(165)

(i)

where τ t denotes τk in (155b) and kxt+1 − xt k2 ≥ 0. Thus, by extending (165)
for each update and by using Appendix 1.1.2, convergence of {fˆ(xt )} can be
shown using [116, Prop. A.3].
Now to prove that x̄ is also a stationary point of the original problem (153),
we show the equivalence between the gradients of (157) and (153) at x̄. In order
to ensure that x̄ is a KKT point of (153), it must satisfy the gradient condition
of (153) as

 P2
∇fˆ(x̄) + µ0 ∇h(x̄) − ∇g0 (x̄) + i=1 µi ∇gi (x̄) = 0

(166)

for some Lagrange multipliers µi ≥ 0 and feasible as x̄ ∈ F.
(i)

(i)

Using (158), we have Xk ⊂ F and Yk ⊂ F, therefore, x̄ is a feasible point
(i)

for (153). Moreover, the interiors of Xk

(i)

and Yk are non-empty. Thus, the

Slater’s constraint qualification holds for (157). Since x̄ is the solution for (157)
as k → ∞, i → ∞, there exist Lagrange multipliers µi ≥ 0 that satisfy

 P2
∇f (x̄) + µ0 ∇h(x̄) − ∇ĝ0 (x̄; x̄) + i=1 µi ∇gi (x̄) = 0.

(167)

The relation between (166) and (167) is evident from the following facts: (i)
The quadratic term in (155b) kxtj+1 − xtj k2 → 0 as j → ∞, xtj → x̄, since we
assume that x̄ is the limit point of a convergent subsequence {xtj }. Therefore,
the gradient evaluated at x̄ satisfies ∇f (x̄) = ∇fˆ(x̄). (ii) Additionally, by using
the continuity of function go and (156), equivalence between the gradient of
(153b) and (157b) is obtained as xtj → x̄
∇h(x̄) − ∇ĝo (x̄; x̄) = ∇h(x̄) − ∇go (x̄).

(168)
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Now, by applying the relation (168) and ∇f (x̄) = ∇fˆ(x̄) in (167), we can show
that limit point x̄ satisfies (166). Finally, by following [48, Thm. 2] and [137,
Prop. 3.2], we can show that every limit point of sequence of iterates {xt }
generated by the iterative method is a stationary point of problem (153).
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Appendix 2 Convergence proof for distributed
algorithms
Convergence of the primal decomposition and the ADMM follow the same
discussions as in Appendix 1, if in each SCA step, the distributed schemes
converge to the centralized solution. To show that, let us consider subproblem
(31) in the kth SCA step, solved by distributed method using a regularized
objective as in (155b). At first, the convergence of the primal decomposition
method is discussed by using the following properties. (i) The feasible set is
non-empty and bounded. Therefore, each subproblem satisfies the Slater’s
constraint qualifications. (ii) Due to the strong convexity of the objective (155b)
in the subproblem, the minimizer is unique. Therefore, by using the above facts
and as j → ∞, the convergence of the primal decomposition method follows
[139, Prop. 8.2.6] by using a diminishing step size in each subgradient update.
Now, to show the convergence of ADMM, we use the discussion in [134, Prop.
4.2] and [20] by writing (42) as
minimize
x∈C1 ,z∈C2

G(x) + H(z)

subject to Ax = z

(169a)
(169b)

where the constraint in (169b) is identical to that of (43) used in the ADMM
subproblem (42). To show the convergence, we rely on the following conditions.
(i) G, H should be convex. (ii) C1 , C2 should be a convex set and bounded. (iii)
AH A should be invertible. It is evident from the equality constraints (169b) and
(43) that A = I, and therefore it is invertible. Note that the objective functions
G, H include the `q norm and an additional quadratic term as in (155b), thereby
exhibiting strong convexity. Moreover, the feasible set defined by the constraints
of (31) is convex and has a nonempty interior. Now, by using [134, Prop. 4.2],
we can show that the ADMM algorithm converges to the centralized solution as
j → ∞ by using diminishing step size in each ADMM update as discussed in
[20]. Therefore, if both the primal and ADMM methods are allowed to converge
to the centralized solution in each SCA step, then every limit point of the whole
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sequence of iterates generated by the distributed algorithms is a stationary point
of (153) by following the discussions in Appendix 1.
Unlike the primal or ADMM approaches, decomposition via KKT conditions,
presented in Section 2.3.3, updates all the optimization variables at once, i.e, the
SCA update of (i−1) , the AO update of wl,k,n and the dual variable update of
α using the subgradient method. Therefore, it is difficult to theoretically prove
the convergence of the algorithm to a stationary point of the nonconvex problem
in (16).
The algorithm in (47) is identical to (28), if the receivers wl,k,n and the MSE
(i−1)

operating point l,k,n are fixed to find the optimal transmit precoders ml,k,n
and the dual variable αl,k,n . Note that it requires four nested loops to obtain the
centralized solution, namely, the receive beamformer loop, the MSE operating
point loop, the dual variable update loop and the bisection method to find the
transmit precoders.
However, to avoid the nested iterations, the proposed method performs a
block update of all variables at once to obtain transmit and receive beamformers
for a limited number of iterations, thus, achieving improved speed of convergence.
Since the optimization variables are updated together, it is theoretically difficult
to prove the monotonicity of the objective in each block update. Moreover, the
objective function used to obtain the iterative algorithm is not strongly convex,
and therefore the uniqueness of the iterates is also not guaranteed in each update.
Thus, the convergence of the iterative scheme outlined in Algorithm 4 cannot be
guaranteed.
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Appendix 3 KKT conditions for the MSE approach
To design transmit precoders iteratively, we solve the KKT conditions of problem
(46) by assuming the constraints (46b) and (46c) are tight. Hence, we obtain the
following equations.
∇l,k,n :
∇tl,k,n :

σl,k,n
=0
˜l,k,n
N X
L

(q−1) σ
X
l,k,n
−q ak Qk −
=0
tl,k,n
+
log
2 (e)
n=1
−αl,k,n +

(170a)
(170b)

l=1

∇ml,k,n :

L
XX

H
αx,y,n HH
bk ,y,n wx,y,n wx,y,n Hbk ,y,n ml,k,n

y∈U x=1

+ δb ml,k,n = αl,k,n HH
bk ,k,n wl,k,n
∇wl,k,n

(170c)

X

H
:
Hby ,k,n mx,y,n mH
x,y,n Hby ,k,n wl,k,n
(x,y)6=(l,k)

+ N0 INR wl,k,n = Hbk ,k,n ml,k,n .

(170d)

In addition to the primal constraints (46b), (46c) and (46d), the complementary slackness criterion must also be satisfied to achieve an optimal solution.
Upon solving the above expressions in (170) with the complementary slackness conditions, we formulate an algorithm to determine transmit and receive
beamformers iteratively as shown in formulation (47).
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Appendix 4 Convergence analysis of the iterative
design
In order to show the convergence of the proposed iterative methods in Algorithms
6, 7 and 8, we need to ensure the following conditions.
(a) Objective sequence should be strictly decreasing and bounded from below
(b) Sequence of iterates (stacked solution vector) should be bounded or the
feasible set of each subproblem should be compact
Upon satisfying conditions (a) and (b), we can ensure the convergence of
objective sequence generated by Algorithms 6, 7 and 8 by using [133, Th. 3.14].
Additionally, by using the discussions in [102, 136], we can show that every limit
point of the bounded sequence of iterates generated by the iterative methods is a
stationary point of the nonconvex problem.
Due to the presence of discrete constraints in P2 and P3 , the existence of
stationary points cannot be guaranteed. Therefore, we can only state that the
solution obtained upon the convergence of iterative methods in Algorithms 7
and 8 is a stationary point for the respective relaxed nonconvex problems Pb2
and Pb3 but not for P2 and P3 . With these assumptions, let us consider using a
generalized formulation to represent the nonconvex problem P1 and the relaxed
binary formulations Pb2 and Pb3 as
minimize
x

f (x) = f1 (x) − f2 (x)

subject to gi (x) ≤ 0, ∀i ∈ I

(171a)
(171b)

gei (x) ≤ 0, ∀i ∈ I 0

(171c)

hj (x) = 0, ∀j ∈ J

(171d)

where x is a vector formed by stacking all the optimization variables, and I, I 0 , J
are all index sets. From the problem formulations, it is clear that f1 (x), f2 (x),
and gei (x), ∀i ∈ I 0 are all convex and differentiable functions, hj (x), ∀j ∈ J
are affine, and gi (x), ∀i ∈ I are all concave functions. Due to the concavity of
gi (x), ∀i ∈ I, the corresponding constraints defined by (171b) becomes nonconvex.
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The feasible set of problem (171), denoted by X , is defined as
X = {x gi (x) ≤ 0, ∀i ∈ I, gei (x) ≤ 0, ∀i ∈ I 0 , hj (x) = 0, ∀j ∈ J }.

(172)

In order to discuss the convergence of Algorithms 6, 7 and 8, we use the
following notations. Let xk and f (xk ) denote, respectively, the stacked vector
of the solution and the objective value in the (k − 1)th SCA iteration. Let us
denote the sequence of iterates as {xk }, which is formed by collecting the solution
vector from each SCA iteration. Similarly, {f (xk )} represents the corresponding
objective sequence.
4.1.1

Boundedness of the iterates

The feasible set of P1 ,P2 , and P3 with the SINR expression (55) is closed and
bounded. Moreover, the objective function is coercive, i.e., f (x) → ∞ as
kmk → ∞, and therefore the feasible set is also compact, following from [116,
Prop. A.8]. Due to the lack of strict convexity in each SCA subproblem, the
overall objective sequence generated by the proposed algorithms need not be
strictly decreasing, i.e., f (xk ) ≯ f (xk+1 ), ∀k > 0, which is required to terminate
the iterative procedure. In order to overcome this issue, a regularization term
can be added to the objective function f (x) without affecting the optimality as
f k (x) = f (x) + τ k kx − xk k22

(173)

where xk is the solution obtained in the (k − 1)th SCA iteration and the positive
constant τ k > 0 ensures strong convexity in f k (x) for each step [134, Sec. 3.4.3].
4.1.2

Boundedness of the objective sequence

This is obvious from the fact that the norm function is bounded from below as
kxkq ≥ 0, ∀x and q ∈ Z.
4.1.3

Strict monotonicity of the objective sequence

The problem in (171) is not convex due to the nonconvexity of both the objective
function (171a) and the constraint (171b). Therefore, we adopt the SCA technique
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by solving a series of convex subproblems instead of the original nonconvex
problem. In order to do so, we need to find suitable convex approximations for
both the objective function and the constraint.
We begin by addressing the nonconvexity of the feasible set X , which results
from the constraint (171b). In order to find a convex subset for (171b), we
bound the l.h.s. of (171b), which is a concave function, by the respective first
order Taylor approximation around an operating point, say, xk , ∀i ∈ I as
ĝi (x; xk ) , gi (xk ) + ∇gi (xk )T (x − xk ) ≥ gi (x)

(174)

where the inequality is due to the concavity of gi (x), ∀i ∈ I. As a result, (174)
is a convex subset of (171b) and the approximate convex feasible set for the kth
SCA iteration is given by
X k = {x ĝi (x; xk ) ≤ 0, ∀i ∈ I, gei (x) ≤ 0, ∀i ∈ I 0 , hj (x) ≤ 0, ∀j ∈ J } (175)
and by following (174), we have X k ⊂ X , ∀k.
Secondly, we consider approximating the objective function f (x) = f1 (x) −
f2 (x), which is a DC function. To deal with the nonconvex part, i.e., f2 (x), the
proposed algorithms approximate it by the first order Taylor approximation
around some fixed operating point xk as
fˆ2 (x; xk ) , f2 (xk ) + ∇f2 (xk )T (x − xk ) ≤ f2 (x).

(176)

The approximate function fˆ2 (x; xk ) ≤ f2 (x) is a global under-estimator for f2 (x).
Therefore, by using (176) instead of f2 (x), the approximate convex objective for
the kth SCA iteration is given by
fˆk (x; xk ) = fˆ(x; xk ) + τ k kx − xk k22 ≥ f k (x)

(177)

where fˆ(x; xk ) = f1 (x) − fˆ2 (x; xk ), and the inequality in (177) is due to f2 (x).
In summary, we can write the approximate convex subproblem for each SCA
iteration k as
minimize
x

fˆk (x; xk )

subject to x ∈ X k

(178a)
(178b)
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The problem in (171) is convex, and therefore can be solved optimally by the
appropriate convex solvers. Let xk+1 be the solution obtained by solving (178)
in the kth SCA iteration. Due to the strong convexity of the objective function
in (177), the optimal solution to (178) is unique. Due to (174), we have
gi (xk+1 ) ≤ ĝi (xk+1 ; xk ) ≤ 0, ∀i ∈ I.

(179)

Therefore, the solution xk+1 obtained by solving (178) in the kth SCA iteration
is feasible, i.e., xk+1 ∈ X with the assumption that initial operating point xk is
feasible.
Finally, to ensure strictly nonincreasing behavior in the objective sequence, it
is enough to show a strict monotonic decrease in the objective between two
consecutive SCA iterations, say, k − 1 and k, respectively. Let xk ∈ X k−1 be the
solution obtained by solving (178) in the (k − 1)th SCA step. To define X k , the
nonconvex constraints defined by (171b) are approximated by a convex first
order Taylor approximation as in (174) around the fixed operating point xk .
Due to this, the previous solution xk is also included in the feasible set of the
current SCA iteration k as xk ∈ X k .
Now, by using the fact that xk ∈ {X k−1 ∩ X k }, the newly found solution
x
in the kth SCA iteration obeys
k+1

fˆk (xk+1 ; xk ) ≤ fˆk (x; xk ), ∀x ∈ X k .

(180)

Therefore, the objective between two subsequent iterations is non-increasing,
proving the monotonicity of the objective sequence. However, to ensure a strict
monotonic decrease in the objective sequence, we expand (180) using (173) at
m = xk as
fˆ(xk+1 ; xk ) + τ k kxk+1 − xk k ≤ fˆ(xk ; xk )

(181)

where kxk − xk k = 0. Now, by the nonnegative quadratic term in the l.h.s of
(181) and by the monotonic decrease of the objective value in each step, we
can ensure that the objective sequence is strictly decreasing and the iterative
procedure can be terminated upon reaching kxk+1 − xk k → 0 as k → ∞.
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4.1.4

Stationarity of limit points

In order to discuss the convergence of the sequence of beamformer iterates
generated by the iterative algorithms, we first ensure the convergence of objective
sequence {fˆk (xk ; xk−1 )}. The function {fˆk (xk ; xk−1 )} is bounded and strictly
decreasing, according to the discussions in Appendices 4.1.2 and 4.1.3. Therefore,
by using [116, Prop. A.3], we can ensure the convergence of {fˆk (xk ; xk−1 )}.
Unfortunately, such a claim cannot be made on the convergence of sequence of
iterates {xk }. However, Appendix 4.1.1 shows that iterates generated by the
iterative procedure are bounded. By [116, Prop. A.5], the sequence {xk } has at
least one limit such that there exists a subsequence of {xk } converging to it.
We now show that every limit point of the bounded sequence {xk } is a
stationary point, i.e., the limit point of every convergent subsequence is a
stationary point. In order to prove the stationarity of limit points, let us consider
a subsequence {xkj |j = 0, 1, . . . } of {xk } that converges to x̄, which is a limit
point. Now, by taking the limit as j → ∞ along the subsequence {xkj }, we have
lim

j→∞

n
o
fˆ(xkj+1 ; xkj ) + τ kj kxkj+1 − xkj k = fˆ(x̄; x̄).

(182)

The above relation in (182) can be shown by using the convergence of {fˆk (xkj ; xkj−1 )},
and by the continuity of functions f1 (x) and f2 (x; xkj−1 ) along with the subsequence {xkj } as
lim fˆk (xkj+1 ; xkj ) = f1 ( lim xkj+1 ) − fˆ2 ( lim xkj+1 ; xkj )

j→∞

j→∞

kj

kj+1

+ lim τ kx
j→∞

j→∞

− x k = f1 (x̄) − fˆ2 (x̄; x̄) = fˆ(x̄; x̄)
kj

(183)

where limj→∞ kxkj+1 − xkj k leads to kx̄ − x̄k → 0.
Due to the fact that {fˆk (xk ; xk−1 )} is convergent, we can ensure that
{fˆkj (xkj ; xkj−1 )} is also convergent along the subsequence {xkj }, since {xkj } ⊂
{xk }. Therefore, by taking the limit as j → ∞ along the subsequence {xkj } and
by using the relation from (182) and (183), we have
lim fˆk (xk ; xk−1 ) = lim fˆkj (xkj ; xkj−1 ) = fˆ(x̄; x̄)

k→∞

j→∞

(184)

where the equality in (184) follows from the fact that x̄ is a limit point of {xk }.
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Let us prove the stationarity of x̄ by contradiction. Assume that x̄ is not
a stationary point. In such a case, there exists some other point x0 ∈ {xk },
such that ∇fˆ(x̄; x̄)T (x0 − x̄) < 0 and fˆ(x̄; x̄) > fˆ(x0 ; x̄). Since x0 is a point
in {xk }, there exists a subsequence that converges to x0 , for which x0 is a
limit point. However, by using (184), we have fˆ(x̄; x̄) = fˆ(x0 ; x̄) for all limit
points of {xk }, which is a contradiction. Additionally, due to the monotonic
decrease in the objective sequence {f kj (xkj ; xkj−1 )}, we have xkj → x̄ and
f kj (xkj ; xkj−1 ) − f kj+1 (xkj+1 ; xkj ) → 0 as j → ∞. Furthermore, note that x̄ is
the solution of (178), therefore, it satisfies (180) over X k as k → ∞. Using the
above statements, we can show that x̄ satisfies the optimality condition in [116,
Prop. 2.1.2] as
∇f (x̄; x̄)T (x − x̄) ≥ 0, ∀x ∈ X k , k → ∞.

(185)

Thus, x̄ is a stationary point, and by using (184), we can show that every limit
point of {xk } is a stationary point of (178). Using (174) and (177), we can
show that as i → ∞, ĝi (x; xk ) → gi (x̄) and fˆk (x; xk ) → f k (x̄). Therefore, by
following [136, Thm. 2] and [137, Prop. 3.2], we can show that every limit point
of the bounded sequence of iterates {xk } generated by the iterative method is a
stationary point of problem (171).
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Appendix 5 Complexity analysis
Using the discussions presented in [140, 141], the computational complexity of
the proposed algorithms and the existing techniques are discussed and compared
here. In this analysis, the guaranteed rate constraint (68b) is omitted from the
consideration. It creates a fixed overhead as it can be approximated by a system
of SOC constraints as in [112] and it is scaled by the number of users, which is
constant for both the SDP and the SCA based schemes for a multiple sub-channel
scenario. Due to the existence of multiple sub-channels, the total number of
variables used in (68) is given by N × (NT NG + K), which is attributed to
mg,n , γk,n . The number of constraints in (68) corresponds to the total count of
multicast users and the sub-channels, which adds up to N K.
The total number of iterations required by interior point methods, which
is proportional to the number of constraints, is given by O((N K)0.5 log(−1 ))
to obtain an  optimal solution. The arithmetic complexity of both assembling the Newtons system and solving them in each SCA iteration requires
O( N K(NT NG N +KN )2 +NT NG N +KN )3 ) ≈ O((NT NG N +KN )3 ) of computations as the worst case complexity. It can be easily verified that as the number
of sub-channels increases, the overall complexity scales up to a power of three
while fixing the remaining parameters. Similarly, if the beamformers for multiple
sub-channels are designed based on the SDP together with the SCA technique
proposed in [94], then the total number of interior point iterations required
to obtain an  optimal solution is given by O((NT NG N + KN )0.5 log(−1 ))
and the arithmetic complexity required for a Newton iteration is given by
O((NT2 NG N + KN )3 ). It is worth noting that both the SDP technique in [94]
and the SCA based schemes presented in Section 3.2.2 require an outer loop to
update the SCA operating point when N ≥ 1. Hence, the overall complexity
is multiplied by a constant Imax , which captures the total number of SCA
iterations necessary to obtain a solution with reasonable accuracy. On the
contrary, for a single sub-channel case, only the SCA technique proposed in
Section 3.2.2 requires an outer loop to update the operating point whereas the
SDP technique proposed in [27, 29, 32] yields a set of transmit beamformers by
solving the SDP problem. In terms of numerical complexity, the SDP procedure
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requires O((NT2 NG )3 + KNG NT2 ) and the iterative SCA approach scales up to
O(K(NT NG )2 + (NT NG )3 ), using the discussions in [32, 46, 140].
Furthermore, the complexity of antenna subset selection problems in (88)
and (92) also follows similar complexity figures as those in (68). However, due to
the introduction of new variables such as a, v, the variable size will be increased
to N × (NT NG + K) + 2 × NT , thereby leading to a marginal increase in the
Newton complexity as it is determined by the dominant terms. It is evident
from the complexity figures that the SDP requires more arithmetic computation
than the SCA based techniques for a multiple sub-channel case. The arithmetic
complexity required to find an initial feasible point for the SCA based scheme is
given by the same factor as O((NT NG N + KN )3 ), which is similar to the main
SCA algorithm itself, since it is formulated by relaxing the SINR constraint
[46]. Similarly, the randomization search required to find an efficient rank-one
3
beamformer for the SDP method requires only O(N (NG
+ NG K)), since each

sub-channel can be solved independently upon finding an optimal γk,n [29].
With a single sub-channel and antenna selection, the SDP based solution in
3
[32] requires O(NT6 NG
) arithmetic operations per Newton iteration. On the

contrary, a multi-group multicast beamformer design based on the proposed
3
SCA based method requires only O(NT3 NG
) operations, which is significantly

less than the SDP method while keeping the number of users fixed. In addition
to the arithmetic complexity and the number of Newton iterations, the SCA also
includes a multiplicative factor Imax due to the SCA update procedure. For
N = 1 scenario, the proposed SCA based formulations can be cast as a QCQP,
which has much lower computational complexity than the SDP based approach
[45, 46].
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