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Abstract
This thesis reports simulations of direct observables in electron and nuclear spin relaxation
experiments in an example paramagnetic system, as well as polarization transfer occurring
in a spin-exchange optical pumping (SEOP) experiment. Studies of paramagnetic relaxation
are important, e.g., in the development of agents used for enhanced contrast in magnetic
resonance imaging. SEOP is used to produce hyperpolarized noble gases, which are then
used to, e.g., enhance sensitivity in structural studies of matter with nuclear magnetic
resonance. Presently the theory, available software and hardware for such computational
modeling have reached a state in which quantitative reproduction of the experimentally
observed magnetization decay is possible from first principles.
The present multiscale computations are carried out from first principles combining
molecular dynamics simulations of atomistic motion and quantum-chemical electronic
structure calculations of the spin interaction parameters that enter the effective spin Hamiltonian. A time series of the spin Hamiltonian is then explicitly used to propagate spin
dynamics in the system, and dynamical time constants of the magnetization are obtained
through ensemble averaging. The complete decay of electron spin magnetization could be
followed directly within the duration of the simulation, whereas the nuclear spin relaxation
rates were extracted using Kubo’s theory regarding generalized cumulant expansion and
stochastic processes.
The extracted electron and nuclear spin relaxation rates for the chosen prototypic system,
the aqueous solution of Ni2+ , are in quantitative and semi-quantitative agreement, respectively, with the available experimental results. The simulations of polarization transfer
corroborate the empirical observations on the importance of van der Waals complexes and
binary collisions in the spin-exchange process. Long van der Waals complexes represent
the overwhelmingly most significant kind of individual events, but the short binary collisions can also give a relatively important contribution due to their vast abundance. This
thesis represents a first study in which first principles-calculated trajectories of individual
events could be followed.
The simulations reported in this thesis were run without any empirical parametrization and thus represent a significant step in first-principles computational modeling of
magnetization dynamics.
Keywords: paramagnetic nuclear magnetic resonance, magnetization dynamics, nuclear
spin relaxation, electron spin relaxation, generalized cumulant expansion, stochastic process, hyperpolarization, polarization transfer, spin-exchange optical pumping, multiscale
modeling
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1 Introduction
Nuclear magnetic resonance (NMR) is a supremely important spectroscopic technique [1,
2] having a wide range of applications in the study of structural and dynamical properties
of matter. It is based on manipulation of the intrinsic magnetic moments in the matter,
which are referred to as spins. The success of this technique is based on that it not only
gives atomic-level information but it is also non-invasive. The spin manipulation does not
significantly alter the molecular properties of the matter; when the spins in a substance
are deviated out of equilibrium, the molecular dynamics remains in its equilibrium state.
The equilibrium of the spin system is restored through processes correlated with molecular
dynamics, hence the latter leaves its trace to the observed magnetization decay. NMR
spectra are obtained indirectly from the observed magnetization decay, and consist of
transitions with frequencies (energies) and intensities characteristic of the system. Magnetic
resonance imaging (MRI) [3], which is based on NMR, is a structural imaging method for
materials research, which also has a very important applications in medicine. Paramagnetic
NMR (pNMR) [4–6] is a branch of NMR that involves the spins of unpaired electrons.
pNMR differs significantly from conventional (diamagnetic) NMR because, as compared
to nuclei, electron has three to four orders-of-magnitude higher spin magnetic moment [7].
Presently, highly sophisticated computational methods exist to numerically verify and
predict the spin Hamiltonian parameters [8], which determine the NMR spectra. This thesis
takes a step further and microscopically simulates experimental processes, i.e., the time
dependence of the electron and nuclear spin magnetization, instead of merely studying the
NMR parameters.
Characteristic to NMR spectroscopy is a homogeneous external magnetic field aligned in
a fixed direction (traditionally labeled as z-axis in the laboratory coordinate system), which
thermally polarizes the spins in the substance. This thesis presents, in Papers I-II, the firstprinciples simulation of basic relaxation experiment for the paramagnetic system. For each
distinguishable spin species in the substance, the magnetization recovery can be observed
with two distinct time constants; the relaxation rate of the magnetization parallel to the
external field, R1 , and the relaxation rate of the component perpendicular to the external
field, R2 . An aqueous solution of Ni2+ ion is chosen as an example system, as it is relatively
well-studied experimentally [9–14], as well as in theory [15–18]. The present simulation
methodology is inspired by the works of Odelius, Ribbing, and Kowalewski [17, 18] in
that we, too, combine molecular dynamics (MD) simulations and quantum-chemical (QC)
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calculation to obtain a time series of spin interaction parameters. The time series is, in
turn, used to solve the Liouville-von Neumann equation for the time-dependence of the
spin density matrix. In the simulation, the entire decay of electron spin deviation from
its equilibrium can be followed within the duration of the simulation, which determines
statistical quality achievable for the time series of the spin interaction parameters. The
nuclear spin relaxation occurs in a vastly different (longer) time scale and is extrapolated by
taking advantage of Kubo’s theory of generalized cumulant expansion [19] and stochastic
processes [20]. The obtained electron, as well as 1 H and 17 O nuclear spin relaxation rates
in Ni2+ (aq) are, respectively, in a very good quantitative and semi-quantitative agreement
with the available experimental data [9–14]. The relaxation rates were calculated for the
first time entirely from first principles to such paramagnetic system, directly without any
experimental parameters.
Hyperpolarization is used to enhance the NMR signal [21–24]. Conventionally, NMR
sensitivity is determined by the achievable thermal polarization which is typically only
a few spins per million. Hyperpolarization techniques have been shown to allow up to
over four orders-of-magnitude enhanced signal [25, 26]. In Paper III of this thesis, we
simulate polarization transfer occurring in the spin-exchange optical pumping experiment
(SEOP) [21] is simulated, using a methodology similar to the case of paramagnetic relaxation. In SEOP, optically polarized Rb atom loses its atomic spin polarization to the nuclear
spins of Xe gas. The latter can then be used in NMR experiments rendering the NMR
signal significantly stronger as the difference in the populations of the nuclear spin states
becomes high. As a noble gas, xenon is chemically inactive; only in rare cases does it form
chemical bonds with the molecules of the studied substance. Also, the xenon atoms has
large polarizable electron cloud and, thus, is sensitive to the surrounding spin interaction
sources. Hence, it can be used as an inert agent to study material structure [27–30]. Here,
the significance of the different events of interacting Xe-Rb dimers are examined in a
Rb-129 Xe gas mixture of relevance to SEOP experiments. The obtained results verify the
experimental and analytical conclusions [31, 32] of the role of the long-lived van der Waals
complexes that provide an important opportunity for the polarization transfer. The binary
collisions also contribute significantly due to their high abundance.
The simulations presented in this thesis are among the first reported in literature that
are successful in estimation of direct NMR observables without any empirical parameters.
In both earlier and also in the present first-principles approach, the QC calculation of the
spin interaction parameters represents a great computational bottleneck in the simulation
of paramagnetic relaxation, e.g., in the present Ni2+ the calculation took about eight years
of CPU time. The interaction mechanisms especially heavy to calculate are the ones that
require ab initio methods, such as the zero-field-splitting [16], which occurs in systems
with more than one unpaired electron. Prospective way to address the heavy computational
cost can in the near future be provided by the statistical (machine-learning) interpolation
of the QC property hypersurfaces [33].
The following chapter in this thesis, Magnetization, introduces the concept of spin
and, for the chosen example systems, describes spin Hamiltonian and dynamics in an
ensemble deviated from equilibrium. The third chapter, Dynamical properties, introduces
paramagnetic relaxation time constants and polarization transfer, and reviews existing
theories to estimate the former. The fourth chapter, Summary, recapitulates the results and
practicalities of Papers I-III included in this thesis. The fifth and final chapter, Conclusions,
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is reserved for conclusions and outlook.

2 Magnetization
Paramagnetism stems from the permanent magnetic moments of unpaired electrons in the
substance; the magnetization in a paramagnetic system adds to the applied field by aligning
the permanent magnetic moments [34, 35]. The applied field also induces magnetization
to the substance, which almost always opposes the field. In diamagnetic systems there are
no unpaired electrons [34, 35]. The contribution from the permanent magnetic moments
of the nuclei to the magnetization is always by several orders of magnitude smaller than
the contribution from the permanent magnetic moments of electrons and from the induced
electronic magnetization. The permanent magnetic moments of the electrons and nuclei
are proportional to the intrinsic spin angular momentum (conventionally referred to as
spin) of the particle in question [34, 36].

2.1 Spin concept
The concept of spin is demonstrated in the Stern-Gerlach experiment [36], where a beam
of silver atoms is seen to split into two halves when exposed to a magnetic field gradient in
a fixed direction. The external magnetic flux density vector B (by convention referred to
as "external magnetic field" in the rest of the text) couples to the magnetic moment µ of
the unpaired electron of the silver atom, with the interaction energy
− µ · B = −µz Bz ,

(2.1)

assuming that the external magnetic field is oriented in the z-direction of the laboratory
coordinate system. As the electron is attached to the nucleus, the atom experiences a force
proportional to the magnetic field gradient,
Fz = µz

∂Bz
.
∂z

(2.2)

From the outcome of the experiment, it is deduced that half of the silver atoms experience
a force with a sign opposite to that of the other half [36]. When one of the two resultant
beams is again exposed to a gradient in the same direction, it does not split again [36]. This
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finding has led to the hypothesis that the electrons have intrinsic (spin) angular momentum
(proportional to µ), as one would expect the orbital angular momentum to cause the beam
to split into an odd number of resultant beams [35, 36]. The electron spin is quantized to
have two possible states, both equally probable and which cause different signs of µz .
As the electron spin has two possible states, it is associated with a state vector
|Sz i = cz+ |Sz , +i − cz− |Sz , −i ,

(2.3)

where S stands for the spin, z for the quantization direction (direction of the gradient), and
± for the sign of µz . In accordance with the postulates of quantum mechanics [36], the
squared absolute values of cz+ and cz− are interpreted as the probabilities that the spin
occupies the corresponding states when measured. Thus, according to the Stern-Gerlach
2
2
experiment |cz+ | = |cz− | = 12 (by convention, one chooses cz+ = cz− = √12 ) [36].
The spin is similarly quantized regardless of the direction of the gradient. Thus,
|Sx i = cx+ |Sx , +i − cx− |Sx , −i ,

(2.4)

|Sy i = cy+ |Sy , +i − cy− |Sy , −i .
Sequential Stern-Gerlach experiments give a relationship between the states in the
different quantization axes
1
1
1
i
|Sx , ±i = √ |Sz , +i ± √ |Sz , −i ; |Sy , ±i = √ |Sz , +i ± √ |Sz , −i .
2
2
2
2
(2.5)
The coefficients in Eq. (2.3) and Eq. (2.5) are uniquely defined up to a complex phase, and
are conventionally chosen as expressed here. The state vectors |Sx i, |Sy i, and |Sz i live in
a two-dimensional Hilbert space (conventionally referred to as the Ket space) [36] spanned
by the |Sz , +i and |Sz , −i vectors. The inner product of vectors
 
 
a1
b1
a2 
b2 
(2.6)
|ai =   ; |bi =  
..
..
.
.
is defined with conjugate-transpose of vector |ai, ha| = (a∗1 , a∗2 . . .), as ha|bi = a∗1 b1 +
a∗2 b2 + . . ., in the Hilbert space [36]. The conjugate-transpose vectors (such as ha|) span a
so-called dual space (known as the Bra space) [36].
The spin states can, equivalently, be expressed as operators:
Ŝz

=

Ŝx

=
=

Ŝy

=
=

1
1
|Sz , +i hSz , +| − |Sz , −i hSz , −|
2
2
1
1
|Sx , +i hSx , +| − |Sx , −i hSx , −|
2
2
1
1
|Sz , +i hSz , −| + |Sz , −i hSz , +|
2
2
1
1
|Sy , +i hSy , +| − |Sy , −i hSy , −|
2
2
i
i
− |Sz , +i hSz , −| + |Sz , −i hSz , +| ,
2
2

(2.7)
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where | · i h · | is the outer product of the vector | · i and the dual-space vector h · |. The
electron spin is associated with the spin vector


Ŝ = Ŝx , Ŝy , Ŝz .
(2.8)
The spin operators Ŝx , Ŝy , and Ŝz live in a four-dimensional Hilbert space spanned by the
spin operators themselves and the identity operator 1̂ = |Sz , +i hSz , +| + |Sz , −i hSz , −|.
These operators can be presented as matrices in the |Sz , +i, |Sz , −i} basis ,
1



0
0 12
Ŝz = 2
,
Ŝ
=
,
(2.9)
x
1
0 − 12
0
2




0 − 2i
1 0
Ŝy = i
, 1̂ =
.
0 1
0
2
The inner product ( , ) in the operator space is defined as
 
 
â, b̂ = Tr âb̂† ,

(2.10)

where the † sign denotes a conjugate-transpose. In principle, the spin operators should
be multiplied with ~ in order for them to carry the unit of angular momentum. However,
for the purpose of the calculation of dynamics, it is convenient to leave the spin operator
unitless.
In case that the unpaired electron spin is in the |Sz , +i state would be 12 1̂+ Ŝz . Similarly,
the operator expression of the |Sz , −i state is 12 1̂ − Ŝz .
In general, an atom can have more than one unpaired electrons, described by an effective
spin with more than two possible states. The states are characterized by a spin quantum
number S, which gives the number of possible states as n = 2S + 1. The dimension of the
corresponding operator space is n2 . For example, the Ni2+ ion has two unpaired electrons
that are indistinguishable and, thus, form an effective spin-1 (S = 1) system with three
possible states, and operator space spanned by nine orthogonal operators. The protons and
neutrons that form a nucleus have two possible states each, and are spin- 12 particles like
the electron. Similarly to the case of the electrons, the nuclei can have unpaired nucleons
and, thus, have a effective nuclear spin with n = 2I + 1 states, where I is the nuclear spin
quantum number of the nuclei, and the associated spin vector


Iˆ = Iˆx , Iˆy , Iˆz .
(2.11)
The magnetization of a sample is
M = N hmi,

(2.12)

where hmi is the mean magnetic dipole and N the number density [35] of the permanent
magnetic moments. In this thesis I consider systems that are paramagnetic due to the
unpaired electron spin, and study the dynamical properties of magnetization caused by the
electron and nuclear spins. Thus, the mean magnetic dipole is essentially contributed to by
the magnetic moments caused by the electron and nuclear spins (additionally the mean
magnetic dipole can be contributed to by the electronic orbital motion [35]).
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2.2 Spin system and spin Hamiltonian
As explained in chapter 7 of Ref. [34], for a complete description of a macroscopic
sample of nuclear and electron spins one should build a state |Ψi that, besides all the spin
states of the sample, includes information of the positions and velocities of the nuclei
and electrons. Such a state is in practice insolvable and, in magnetic resonance, the
spin Hamiltonian approximation is typically used. The spin Hamiltonian has a minimal
number of interacting entities in addition to the spin states. In the spin Hamiltonian
approximation, the position and velocity affect the spin states, but the dynamics of the spin
is assumed not to significantly alter the position and velocity states of the system. This is
an excellent approximation in most of the diamagnetic substances as the spin state energies
are small as compared to the energies related to the relevant positions and velocities degrees
of freedom [34, 37, 38]. The electron spin occupy energy states closer to the relevant
position and velocity energies, and this makes the spin Hamiltonian structure much more
complicated in the paramagnetic case [7]. Dynamics of the reduced state |ψi, describing
only the spin state of the full system, is solved from the Schrödinger equation [7, 34, 36],
i
d|ψ(t)i
= − Ĥ(t)|ψ(t)i,
dt
~

(2.13)

where Ĥ(t) is the spin Hamiltonian. The position and velocity degrees of freedom of the
electrons and nuclei are averaged over and included implicitly to the spin Hamiltonian as
interaction parameters [7, 37]. These parameters are the essential meeting point between
the theory and experiment in the field of magnetic resonance; they are interpreted from
experimental data [7, 37, 38], and are used to convey information about the structure,
physics and chemistry of the molecular system.
The spin state |ψi consists of states of all the spins in the sample. It can be turned into a
density operator form as ρ̂ ≡ |ψihψ|, with an observable quantity O associated with the
operator Ô obtained as
h
i
O(t) = Tr Ôρ̂(t) .
(2.14)
To give an example, O could be an average electron spin in the sample, to which the
average magnetic moment is proportional. In practice, solving for ρ̂(t) is impossible due
to its very large dimension. To overcome this, the density operator (and the state vector)
are reduced to describe only the state of a local system in an ensemble. Furthermore, the
local spin systems are chosen in such way that they can be approximated not to interact.
Now, the quantity O is calculated with the operator Ô defined to act on the local density
operator, as
D
E
h
i
O(t) = Tr Ôρ̂(t) = Tr Ôhρ̂(t)i ,
(2.15)
where the brackets h · i stand for the average over the non-interacting ensemble of local
spin systems. It makes sense to average over the identical spin systems in the ensemble
and obtain the ensemble average of the density operator hρ̂(t)i, which is a sum of the
ensemble averages of the density operators of the identical systems. Then the last equality
of Eq. (2.15) can be employed. In this thesis hρ̂(t)i represents a density operator of a single
ensemble-averaged spin system. The ergodicity of the ensemble allows taking the average
over the identical spin systems, to be calculated as a time average following a trajectory of
one of the identical spin systems [37].
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2.3 Spin Hamiltonian structure
In this thesis, two paramagnetic example systems are studied, an aqueous solution of the
Ni2+ ion and Rb-129 Xe gas mixture.
• The paramagnetic nickel ion in Ni2+ (aq) enhances the relaxation of the surrounding
nuclei (water ligands) in the first solvation shell; the phenomenon is referred as
paramagnetic relaxation enhancement (PRE) [37]. PRE has significant applications
in magnetic resonance imaging (MRI) in medical and materials research [39, 40].
The spin system constructed for the present study of Ni2+ (aq) consists of the
effective electron spin of the two unpaired electrons of the Ni2+ ion (spin-1) and
one nucleus of an atom of the first solvation cell water molecule, 1 H (spin- 12 ) or 17 O
(spin- 52 ).
• In the case of the Rb-129 Xe gas mixture, the spin system consists of the spin
of the single electron of the Rb atom and the nuclear spin ( 12 ) of the 129 Xe isotope. 129/131-Xenon gas and rubidium atoms are common ingredients in the
spin-exchange optical pumping (SEOP) experiment, where the electron spin polarization of the rubidium atoms obtained by irradiation with circularly polarized
light, is transferred to the nuclear spin polarization of the xenon gas [21]. SEOP,
among several other hyperpolarization techniques [24, 26, 41], can improve the
NMR sensitivity of the substances by several orders of magnitude.
The structure of the relevant spin Hamiltonian is derived in detail in Ref. [7] and is
described below in digestive form for the convenience of the reader.
The interacting entities relevant to the studied systems are the effective electron spin
ˆ external magnetic field B and, in the case Rb-129 Xe gas mixture, the
Ŝ, nuclear spin I,
rotational angular momentum of the Rb-Xe pair, N . The terms included to the spin
Hamiltonian to describe the spin systems studied in this thesis, are included in
Ĥ(t)

=
+

µB Ŝ · g(t) · B + γ~Iˆ · [1 − σ(t)] · B
Ŝ · D(t) · Ŝ + Ŝ · A(t) · Iˆ + Ŝ · (t) · N .

(2.16)

The relevant terms contributing to the spin Hamiltonian are of second order with respect
to these interacting entities. The zero-order terms that do not contain spin operators are
proportional to the identity operator in the spin operator space and, thus, do not contribute
to the spin dynamics (SD) and can be discarded. The first-order terms can be ignored [7].
Terms of higher than second order do exist [7] in case sufficiently many unpaired electrons
interact through sufficiently strong spin-orbit coupling [42].
The terms of the spin Hamiltonian can be obtained from QC calculations together with
interpretation of experimental results, and are explained below in the order of appearance
in Eq. (2.16):
1. The electron Zeeman term [7] describes the interaction of the effective electron spin
with the external magnetic field, and the relevant interaction parameter is called
g-tensor (g). The g-tensor is a sum of two parts: g(t) = ge 1 + ∆g(t). The first
term is isotropic and ge = 2.002319... is a constant free-electron g-value [35]. The
second part, ∆g, is a time-dependent correction term due to the surroundings of the
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electron spin, and may contain a significant anisotropic part. ∆g is to first order
contributed to by the kinetic energy correction to the spin Zeeman interaction, and
to second order by the cross term of spin-orbit interaction with the orbital Zeeman
interaction with the external magnetic field [7, 35]. The vector potential appears
in the angular momentum term of the spin-orbit operator giving rise to another
first-order spin-orbit term that, together with the second-order cross term, renders the
g-tensor formally gauge invariant1 [7]. The g-tensor, as well as the other interaction
tensors in the spin Hamiltonian, are 3 × 3 matrices,


gxx gxy gxz
g = gyx gyy gyz  ,
(2.17)
gzx gzy gzz
where the component gij is the interaction parameter for Ŝi and Bj .
2. The nuclear Zeeman term [7] describes the interaction of the nuclear spin with the
external magnetic field. In addition to the constant and isotropic part γ~1, where γ
is a product of the nuclear magneton and the bare-nucleus g-factor, it has the part
γ~σ(t), where σ(t) is the nuclear shielding tensor. To the first order, the shielding
tensor is contributed to by the orbital diamagnetic cross-term between the nuclear
moment and external magnetic field contributions appearing in the square of the
vector potential [7, 35]. The second-order, orbital paramagnetic contribution to
the shielding tensor arises from the cross-term between the orbital hyperfine and
orbital Zeeman Hamiltonians. The orbital hyperfine term describes the interaction
ˆ In the relativistic
between the electron orbit and the nuclear magnetic moment (γ~I).
(heavy-atom) case, relevant for the interaction parameters in Paper III, the spin and
orbital contributions mix [42].
In addition to the described orbital contribution, σ orb (t), in paramagnetic systems
σ(t) also includes a term consisting from the g-tensor, hyperfine interaction tensor
A (also in the fourth term in the spin Hamiltonian), and the dyadic effective electron
spin hŜ Ŝi (thermally averaged over the manifold of the eigenfunctions of the
instantaneous ZFS interaction term) [43, 44],
σ(t) = σ orb (t) −

µB
g(t) · hŜ Ŝi · A(t).
γkT

(2.18)

3. The zero-field splitting (ZFS) term [7] describes the interaction of the effective
electron spin with itself. The term is relevant for the Ni2+ (aq) example system and
is zero for spin systems with only one unpaired electron (S = 12 ), such as the Rb-Xe
system. The corresponding interaction tensor D is contributed to, in first order, by
the dipolar spin-spin interaction term, and to second order by spin-orbit terms. The
spin-spin dipolar term is mostly insignificant for the transition metal systems, such
as Ni2+ (aq) [16, 45].
1 Gauge invariance is general property of the electric and magnetic observables that are generated by the vector
and scalar potential.
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4. The fourth term is the hyperfine (HF) interaction [7] between the effective electron
and nuclear spins. The first-order contributions to the hyperfine interaction tensor A
are the isotropic Fermi contact and anisotropic spin-dipolar hyperfine interactions.
In principle, a relativistic spin-orbit correction term should also be included. The
spin-orbit correction has isotropic, anisotropic and antisymmetric parts [46]. The
single hyperfine operator present in the fully relativistic theory breaks into the three
first order contributions (Fermi-contact, dipolar hyperfine and orbital hyperfine), in
the non-relativistic limit [42]. The fully relativistic theory is relevant for the Rb-Xe
pairs [47].
5. The last term is the interaction between the electron spin and the rotational angular
momentum of the complex, and it is relevant for the Rb-129 Xe gas mixture example
system (Paper III). The corresponding interaction tensor  is in this work obtained
from Curl’s [48] approximation that relates it to the g-tensor (see Chapter IV for
the explicit relationship). In the approximation,  is contributed to second order
by the spin-orbit interaction and by the interaction between the rotational angular
momentum of the Rb-Xe pair and electron orbit, which is related to the orbital
Zeeman interaction electron [48].

2.4 Spin system dynamics
In principle, the evolution of the density operator ρ̂(t) = |ψ(t)ihψ(t)| can be solved by
propagating the state vectors |ψ(t)i and then calculating the outer product. However,
it is often convenient to build an ensemble-averaged propagator for the evolution of
ensemble-averaged density operator hρ̂(t)i. Such propagator can be applied to any average
initial state, and is called a superpropagator. Below, the concept of superoperators is
introduced [34, 49, 50].
The electron and nuclear spin operators of the example spin systems used in this
thesis can be expressed in the orthonormal operator basis {B̂i }, constructed as linear
combinations of the products of the following operators [34, 49]
Jˆz , Jˆ+ , Jˆ− , and 1̂,

(2.19)

ˆ respectively. The basis elements are
where Jˆ is either the electron or nuclear spin, Ŝ or I,
the spin operator equivalents of the irreducible spherical harmonics (the eigenfunctions
of Jˆ2 [50]). For a spin- 12 nucleus and a spin-1 electron, the basis elements are listed
SI
in Table 2.1. The composite basis {Ĉqq
0 ll0 } for the spin system is then obtained as
product [49, 50]
0
q
SI
0
ˆ0
ˆq
Ĉqq
(2.20)
0 ll0 = (Ŝ ⊗ I0 ) · (Ŝ0 ⊗ I 0 ),
l
l
SI
where ⊗ is the Kronecker product [49, 50]. The operators {Ĉqq
0 ll0 } span a Hilbert
space [49, 50], where the inner product of operators Ô1 and Ô2 is denoted as


hÔ2 |Ô1 i = Ô1 , Ô2 = Tr[Ô2† Ô1 ],
(2.21)
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Table 2.1. Orthonormal shift- and z-operator basis for spin- 12 nucleus and spin-1 electron;
for the nucleus these are the irreducible spherical harmonics up to first rank and, for the
electron, up to second rank [49–51].
Iˆlq
operator
Ŝlq

Ŝ00

1
Ŝ−1

Ŝ01

Ŝ11

operator

1̂e
√
3

Ŝ−
2

Ŝz
√
2

Ŝ+
2

Iˆ00

1
Iˆ−1
Iˆ−

1̂n
√
2

2
Ŝ−2
Ŝ− Ŝ−
2

Iˆ1
√0
2Iˆz

Iˆ11
Iˆ+

2
Ŝ−1
Ŝz Ŝ− +Ŝ− Ŝz
2

Ŝ02
3Ŝz Ŝ√z −21̂e
6

Ŝ12
Ŝz Ŝ+ +Ŝ+ Ŝz
2

SI
with the Ket vector space spanned by {|Ĉqq
0 ll0 i} and the conjugate-transpose, Bra vector
SI
space spanned by {hĈqq0 ll0 |}. Furthermore, the outer products are expressed as |Ô1 ihÔ2 |,
and constitute superoperators acting on the operator ket-vectors, in analogy to the conventional operators acting on the state vectors obtained as solutions of the Schrödinger
equation.
The Liouvillian superoperator acting on operator ĉ is defined as [52]

ˆ (t)ĉ = − i [Ĥ(t), ĉ].
L̂
~

(2.22)

In practice, constructing the vector |ĉi from ĉ, by stretching its matrix representation
column-wise, the Liouvillian superoperator takes the corresponding matrix form [49, 50]


ˆ (t)] = − i [1̂] ⊗ [Ĥ(t)] − [Ĥ(t)]T ⊗ [1̂] .
[L̂
(2.23)
~
Dynamics of the density operator of an arbitrary spin system in the ensemble satisfies
the Liouville-von Neumann (LvN) equation [37, 52]
dρ̂(t)
ˆ (t)ρ̂(t),
= L̂
dt

(2.24)

which is derived from the Schrödinger equation for the state |ψ(t)i of the local spin system.
The density operator solved from Eq. (2.24) is called the pure-state density operator, and is
equivalent to the state vector of the spin system (as it can be obtained as a outer product
ρ̂(t) = |ψ(t)ihψ(t)| of the state vector). The exact formal solution of LvN is expressed as
Rt ˆ 0
L̂(t )dt0

ρ̂(t) = eo0

ρ̂(0),

(2.25)

where o in the exponential propagator stands for chronological time-ordering [50], which
ˆ (tj ) appears always to the left from L̂
ˆ (ti ) [i.e., L̂
ˆ (ti ) operates first
means that if ti < tj , L̂
R tn ˆ 0
L̂(t )dt0

on states in the right]. The superpropagator eo0
form of an expansion featuring a finite time step δ
R tn ˆ 0
L̂(t )dt0

eo0

ˆ

ˆ

ˆ

ˆ

can be expressed as a limiting
ˆ

ˆ

= lim eL̂(tn )δ . . . eL̂(tk+1 )δ eL̂(tk )δ eL̂(tk−1 )δ . . . eL̂(t2 )δ eL̂(t1 )δ ,
δ→0

(2.26)

Ŝ22
Ŝ+ Ŝ+
2
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where tk = kδ. The chronological time-ordering is explicit in this expression.
The instantaneous positions and velocities of the atoms and molecules in the sample
can be obtained from a MD simulation trajectory, which is obtained by integration of the
classical equations of motion. The positions (and velocities) as a function of time are used
in QC calculations of the spin Hamiltonian interaction parameters. While the integration
itself is a deterministic process, from the point of view of the spin system, the MD appears
as a stochastic process. Strictly speaking, the Liouville-von Neumann equation of the
present form, Eq. (2.24), is referred to as stochastic Liouville-von Neumann equation in
Langevin form.
Fig. 2.1 shows a block diagram illustrating the computational procedure used for
the magnetization dynamics. Spin dynamics, magnetization dynamics, and polarization
transfer are described the following, and constitute the main topic of the present thesis
work.
MD: R(t) V (t)
⇓
QC: A(t), D(t), g(t), . . .
⇓
SD: ρ̂(t)
⇓
M (t) : T2 , T1 , polarization transfer

Figure 2.1. Block diagram of the steps in obtaining the dynamical properties of magnetization.

2.5 Average dynamics in an ensemble of spin systems
To obtain the dynamics of the nuclear and electron spins that give the essential contribution
to the mean magnetic dipole hmi [35], we will first solve the dynamics of an arbitrary
ensemble-averaged density operator hρ̂(t)i. hρ̂(t)i can be expressed as
 Rt

ˆ (t0 )dt0
n L̂
0
hρ̂(t)i = eo
ρ̂(0)
(2.27)
and assuming that all the members of the ensemble initially occupy the same state ρ̂(0),
 Rt

ˆ (t0 )dt0
n L̂
ˆ
0
hρ̂(t)i = eo
ρ̂(0) ≡ eL (t) ρ̂(0).
(2.28)
ˆ

The superpropagator eL (t) can now be used to propagate any average initial state ρ̂(0) of
the ensemble averaged density operator.
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ˆ

The exponent of the superpropagator eL (t) on the right-hand-side of the last equality is
defined as
 Rt

hD ˆ
Ei
ˆ (t0 )dt0
n L̂
ˆ
ˆ
ˆ
0
L (t) = ln eo
= lim ln eL̂(tn )δ . . . eL̂(t2 )δ eL̂(t1 )δ .
(2.29)
δ→0

With a uniform external magnetic field aligned with the z-axis, the ensemble average of
ˆ (t) contains L̂
ˆ , which is a Liouvillian form of the average Zeeman term
the Liouvillian L̂
z
of the Hamiltonian Ĥz . For the spin systems relevant for this thesis,
Ĥz = µB ge Ŝz Bz + γ~Iˆz Bz .

(2.30)

ˆ (t) = L̂
ˆ (t) − L̂
ˆ .
We define L̂
I
z
ˆ causes the so-called Zeeman precession of the magnetizaThe average Zeeman term L̂
z
tion around its rotational axis, along the external magnetic field. The precession can be
rendered implicit by casting the density operator into the rotating frame
ˆ

ρ̂r(t) = e−L̂z t ρ̂(t).

(2.31)

The rotating-frame density operator ρ̂r(t) follows the modified LvN equation,

where

dρ̂r(t)
ˆ r (t)ρ̂r(t),
= L̂
I
dt

(2.32)

ˆ .
ˆ (t)eL̂ˆ z t − L̂
ˆ (t)eL̂ˆ z t = e−L̂ˆ z t L̂
ˆ r (t) = e−L̂ˆ z t L̂
L̂
z
I
I

(2.33)

Similarly to the density operator in the laboratory frame [see Eq. (2.28)], the rotatingframe density operator can be propagated as
ˆr

hρ̂r (t)i = eLI (t) ρ̂(0),
where LˆIr is obtained analogously to Lˆ,
hD ˆ r
Ei
ˆr
LˆIr (t) = lim ln eL̂I (tn )δ . . . eL̂I (t1 )δ .
δ→0

(2.34)

(2.35)

There is a simple relation between the rotating-frame and laboratory-frame superpropagaˆr
ˆ
ˆ
tors, eLI (t) and eL (t) , respectively. Because e−L̂z t acts similarly on each member of the
ˆ
ˆ
ensemble average, hρ̂r (t)i = he−L̂z t ρ̂(t)i = e−L̂z t hρ̂(t)i, we have the equality
ˆr

ˆ

ˆ

eLI (t) = e−L̂z t eL (t) .

(2.36)

3 Dynamical properties
R tn ˆ 0
L̂(t )dt0

In principle, the superpropagator eo0
propagates the dynamics of the spin system
in an ensemble that is in thermal equilibrium [7]. In the equilibrium, the ensemble average
of the density operator, ρ̂eq , obeys the Boltzmann distribution [37]
ρ̂eq =

e−β Ĥ0

(3.1)

Tr[e−β Ĥ0 ]

where β = kB1T ; kB is the Boltzmann constant and T is the temperature. The pure state
density operator ρ̂(t) [Eq. (2.25)] fluctuates around its equilibrium state 1̂/h1̂|1̂i, in which
all the spin states are equally probably populated. The spin system, thus, deviates from the
equilibrium by
1̂
ρ̂∆ (t) = ρ̂(t) −
.
(3.2)
h1̂|1̂i
ρ̂(t) is a unique solution to the LvN equation only up to a constant additive term and a
particular, alternative solution is
R tn ˆ 0
L̂(t )dt0

ρ̂(t) = ρ̂eq + eo0

ρ̂∆ (0),

(3.3)

which fluctuates around the physically correct thermal equilibrium state; the ensemble
average of ρ̂(t) is now hρ̂(t)i = ρ̂eq .
In magnetic resonance, the preparation of the initial non-equilibrium magnetization
does typically touch only the spin degrees of freedom [7, 37]; assuming that all the spin
systems in the ensemble deviate by ρ̂∆ (0) the initial non-equilibrium state is
hρ̂(0)i = ρ̂eq + ρ̂∆ (0).

(3.4)

Then, the ensemble-averaged density operator follows the equation
ˆ

hρ̂(t)i = ρ̂eq + eL (t) ρ̂∆ (0).

(3.5)

ˆ

eL (t) damps ρ̂∆ (0) towards zero, and contains all the information for the dynamical
properties of the magnetization. The rotating-frame equivalent of Eq. (3.5) is
ˆ

ˆr

hρ̂r (t)i = e−L̂z t ρ̂eq + eLI (t) ρ̂∆ (0).

(3.6)
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3.1 Polarization transfer
The spin dynamics of a observable Ô is obtained as a trace [7, 37, 49, 50]
 Rt 0 0

ˆ (t )dt
L̂
Tr Ô eo0
ρ̂∆ (0)
O(t) = r   h
i,
2
2
Tr Ô Tr ρ̂∆ (0)

(3.7)

where the denominator is a normalization factor. In Paper III, interaction events occurring
in a MD simulation of electron spin-polarized Rb in a gaseous 129 Xe are studied. Assuming
that the initial deviation ρ̂∆ (0) in this case equals to the spin state Ŝz of the unpaired
electron of the Rb atom, the spin transfer to the observable Xe nuclear spin state Iˆα
(α = x, y, z) is


Rt ˆ 0
L̂(t )dt0
Ŝz
Tr Iˆα eo0
SŜ ,Iˆ (t) = Iα (t)|ρ̂∆ (0)=Ŝz = r   
(3.8)
,
z α
2
2
Tr Iˆα Tr Ŝz
where  refers to a specific interaction event. The polarization transfer that occurs in an
ensemble of such interaction events is then obtained as
X
r
Pz,α
(t) ≡
SŜ ,Iˆ (t).
(3.9)
z

α



3.2 Relaxation
In this section we discuss the magnetic resonance relaxation in general and through the
specific examples related to the Papers I and II. The Taylor series expansion of LˆIr (t)
[Eq. (2.35)] takes the form [19, 20]
LˆIr (t) =

∞
X

ˆ r (t),
K̂
i

(3.10)

i=1

which is the so-called generalized cumulant expansion (GCE) [19, 20, 53], and where the
cumulant terms are
Z t
Z ti
Z t2
D
E
ˆ r (t) =
ˆ r (t )L̂
ˆ r (t ) . . . L̂
ˆ r (t ) . (3.11)
K̂
dt
dt
.
.
.
dt
L̂
i−1
1
i
i−1
1
i
i
I
I
I
0

0

0

c

The cumulant average over the ensemble, h ic in Eq. (3.11), is defined via the generating
function
D
E
Eo
k n D r
ˆ
ˆr
ˆr
ˆ r (t ) . . . L̂
ˆ r (t ) = ∂
L̂
ln eL̂I (tk )δ . . . eL̂I (t2 )δ eL̂I (t1 )δ
I k
I 1
k
∂δ
c

.(3.12)
δ=0
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ˆr

In the above definition we assume the higher-order terms O(δ 2 ) in eL̂I (ti )δ not to contribute,
as the limit δ to 0 renders them insignificant.
The cumulant terms in the series expansion reach an asymptotic limit [20] and, assuming
r
ˆ
K̂j (t) is the highest significant term in the expansion,
LˆIr (t)

= Aˆt + B̂ˆ,

(3.13)

t>(j−1)τc

where τc is the correlation time. The explicitly time-independent superoperators Aˆ and B̂ˆ
are
ˆ
ˆ
˙
Aˆ = e−L̂z (t−τj ) LˆIr (τj )eL̂z (t−τj )
(3.14)

h
ˆ
ˆ
˙
B̂ˆ = LˆIr (τj ) − e−L̂z (t−τj ) LˆIr (τj )eL̂z (t−τj ) τj ,
where τj = (j −1)τc and the overhead dot denotes a partial time derivative,

∂
∂t .

In case that
the correlation of the relevant interactions decays much faster than the magnetization, the B̂ˆ
term is expected to be insignificant. The asymptotic limit is applied in Paper II, describing
the paramagnetic relaxation enhancement of the ligand nuclei in the Ni2+ (aq) example
system. In magnetic resonance relaxation experiment the magnetization is displaced out of
the equilibrium, e.g., with a magnetic field pulse applied along the transverse axis with
respect to the external magnetic field. Two distinct equilibrium recovery processes take
place, the relaxation of the magnetization component longitudinal with the external field,
and the relaxation of the transverse components [37]. The longitudinal relaxation is also
referred with a prefix "spin-lattice" and is associated with T1 relaxation time constant (R1
relaxation rate). Likewise, the transverse relaxation is referred to with a prefix "spin-spin"
and is associated with T2 relaxation time constant (R2 relaxation rate).
ˆ rI (ti )δ as a sum of interaction terms, for
In Eq. (3.12) it can be of interest to expand L̂
example
ˆ r (t ) = L̂
ˆ r (t ) + L̂
ˆ r (t ).
L̂
(3.15)
I i
I hf i
I rest i
and choose to consider some of the terms as implicit time dependence, similarly to L̂z , and
ˆ + L̂
ˆ ). Considering, e.g., all the
ˆ rI to a "doubly rotating" frame (determined by L̂
cast L̂
z
rest
time dependence other than arising from hyperfine interaction, implicit, we get
ˆ r00 (t) = eo−
L̂
I

R tn ˆ r
L̂I rest (t0 )dt0
0

Rt

ˆr

0

0

ˆ r (t)eo0 n L̂I rest (t )dt .
L̂
I hf

(3.16)

ˆ rI rest may now include, e. g., the ZFS term. From Eq. (3.16) it can be seen that
Note that L̂
even in the case that the ZFS interaction does not significantly correlate with the hyperfine
interaction tensor, the average electron spin dynamics caused be the ZFS interaction can
contribute significantly to the nuclear spin relaxation. We discuss this point further at the
end of next section.
In Paper I we consider the relaxation of effective spin-1 electron, which is dominated
by the ZFS interaction. Assuming that, with the uniform external magnetic field aligned
with the z-axis, the ensemble-averaged spin Hamiltonian is proportional to Ŝz , the thermal
equilibrium state of the ensemble is
ρ̂eq =

1
1̂ + meq,z Ŝz ,
3

(3.17)
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where meq,z is the equilibrium magnetization. With the electron spin states
 
 
 
1
0
0
|Sz , +i = 0 ,
|Sz , 0i = 1 ,
|Sz , −i = 0 ,
0
0
1
the Cartesian spin operators and unit operator 1̂ are [34, 36, 49]




√1
0
0
1 0 0
2

√1 
0
,
Ŝz = 0 0 0  , Ŝx =  √12
2
1
√
0 0 −1
0
0
2




i
0 − √2
0
1 0 0
 √i

i
0
− √2  , 1̂ = 0 1 0 .
Ŝy =  2
i
√
0 0 1
0
0

(3.18)

(3.19)

2

After the pulse, the out-of-equilibrium density operator is
hρ̂(t)i = ρ̂eq + mz (t)Ŝz + mx (t)Ŝx + my (t)Ŝy = ρ̂eq + ρ̂∆ (t),
(3.20)
p
2
with the magnetization magnitude mx (t)2 + my (t)2 + [mz (t) + meq
z ] . The longitudinal deviation mz (t) decays with the spin-lattice relaxation time constant, T1 , and the
transverse devation mx,y (t) decays with spin-spin relaxation time constant, T2 [37].

3.3 Bloch-Redfield-Wangsness relaxation theory
Bloch-Redfield-Wangsness (BRW) relaxation theory [37, 54, 55] (often abbreviated as
Redfield relaxation theory) is popular in the field of magnetic resonance. It is a second-order
perturbation theory and widely applied to describe NMR relaxation of most diamagnetic
systems [37, 38].
Like in the case of operator, the superoperators span a Hilbert space with Ket- and
ˆi and hˆb̂|, respectively. Similarly to operators the inner product is defined as
Bra-vectors, |â
 
ˆi = (â
ˆ, ˆb̂) = Tr ˆb̂† â
ˆ .
hˆb̂|â
(3.21)
ˆ and ˆb̂ is then
The correlation function of the superoperators â
+
*
ˆi
hˆb̂|â
ˆ
ˆ, b̂} = q
{â
,
ˆ|â
ˆihˆb̂|ˆb̂i
hâ

(3.22)

where the outer brackets denote the ensemble average.
ˆ and ˆb̂ are time-dependent the correlation time is defined as
If the superoperators â
Z ∞
ˆ(t0 ), ˆb̂(0)} dt0 ,
τc =
{â
(3.23)
0

30
the correlation function and correlation time of any time-dependent operators, vectors or
scalars can be obtained in an analogous way.
ˆ (t) is defined as the ensemble average
The strength of L̂
I
q

ˆ
ˆ
|LI | =
hL̂I (t)|L̂I (t)i .
(3.24)
In the regime where Redfield theory is expected to give a valid description of the dynamics
of the magnetization dynamics (so-called Redfield regime),
τc  t 

1
,
|LI |

(3.25)

the LˆIr (t) has accumulated effectively up to second order, has reached the asymptotic
limit, and is of the form
ˆ t,
LˆIr (t) = R̂
(3.26)
ˆ
where R̂ is the explicitly time-independent Redfield relaxation superoperator [37]. In this
ˆ (t) with respect to the initial
regime, the time correlation of the interaction Liouvillian L̂
I
ˆ
time point has vanished, and the strength of L̂I (t) is sufficiently small not the render the
ˆ has the form [19]
higher-order terms significant. In an arbitrary rotating frame, R̂
D
E Z ∞ hD
E D
ED
Ei
ˆ = L̂
ˆ r (t) +
ˆ r (0)L̂
ˆ r (t) − L̂
ˆ r (0) L̂
ˆ r (t) dt.
R̂
L̂
(3.27)
I
I
I
I
I
0

ˆ includes the first-order
The term inside the integral is the covariance matrix [56]. R̂
r
ˆ
term hL̂I (t)i, which describes the non-vanishing equilibrium dynamics of the ensembleˆ as the Liouvillian form of the ensemble-averaged
averaged spin system. Defining L̂
0
spin-Hamiltonian Ĥ0 = hĤ(t)i, and going into the rotating frame as
ˆ r (t) = e−L̂ˆ 0 t L̂
ˆ (t)eL̂ˆ 0 t − L̂
ˆ ,
L̂
0
I
ˆ into the familiar the form
reduces R̂
Z
ˆ=
R̂

∞

D
E
ˆ r (0)L̂
ˆ r (t) dt.
L̂
I
I

(3.28)

(3.29)

0

In the applications of the Redfield theory it is typical that Ĥ0 = Ĥz [37, 38].
More detailed description of Redfield relaxation is obtained by separately considering
the contributions by the correlation times and magnitudes of the relevant interactions [37].
The full relaxation process is expected to be describable with Redfield relaxation superopˆ in the case [37]
erator R̂
|LI |τc  1.
(3.30)
ˆ
ˆ
ˆ
The Redfield superoperator can be expressed in the basis {|ijihkl|}, where ij = |iihj|;
{|ii} are the eigenstates of Ĥz , so-called Zeeman states. Then, the matrix elements of the
superoperator can be expressed as [37]
Rijkl

=

1
[Jikjl (ωk − ωl ) + Jikjl (ωi − ωj )
2 X
X
+δjl
Jmjmi (ωm − ωk ) + δik
Jmkml (ωm − ωl )],
m

m

(3.31)
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where ωi is the energy of the spin state |ii in angular frequency units. Jijkl are the spectral
density functions defined as Fourier transformations [37]
Z ∞

−i(ωi −ωj )t
Jikjl (ωi − ωj ) = 2Re
dthi|ĤI (0)|kihj|ĤI (t)|lie
,
(3.32)
0

where ĤI (t) = Ĥ(t) − Ĥz . In case the correlation of hj|ĤI (t)|ii and hk|ĤI (t)|li decays
exponentially, Jijkl (ωi − ωj ) assumes the Lorentzian lineshape,
Jikjl (ωi − ωj ) = Yikjl +

Aikjl
,
Uikjl + (ωi − ωj )2

(3.33)

where Yikjl , Aikjl , and Uikjl depend on the interaction magnitude and the correlation time
characterizing the exponential decay. The Fourier transformation is additive so in case
the correlation decays multi-exponentially, the spectral density is a sum of the lineshapes
[Eq. (3.33)].
In the Redfield regime [Eq. (3.25)], the second-order cumulant (3.11) is effectively the
Redfield relaxation superoperator, as


Z t
D
E
∂ ˆr
ˆ r (t)L̂
ˆ r (t )
=
dt1 L̂
(3.34)
K̂2 (t)
I
I 1
∂t
c
0
tτc
compares with
ˆ=
R̂

Z

∞

D
E
ˆ r (0)L̂
ˆ r (t ) .
dt1 L̂
I
I 1

(3.35)

0

ˆ is expressed with L̂
ˆ r00 [Eq. (3.16)] we have, instead,
In case R̂
I
Z ∞
D
E
ˆ0 =
ˆ r00 (0)L̂
ˆ r00 (t ) ,
R̂
dt1 L̂
1
I
I

(3.36)

0

ˆ r explicitly, we have
and expressing implicit time dependence due to L̂
I rest


Z ∞
R t1 ˆ r
Rt
0
0
r
0
0
ˆ0 =
ˆ r (0)eo− 0 L̂I rest (t )dt L̂
ˆ r (t )eo0 1 L̂ˆ I rest (t )dt .
R̂
dt1 L̂
I hf
I hf 1

(3.37)

0

In analogy to superoperators that are used to propagate operators, one-sided operation that
propagates the superoperator can be introduced [50]. I call it a hyperoperator and express
it with three hats. With the hyperoperator notation we have


Z ∞
R t1 ˆ
ˆr
0
0
ˆ0 =
ˆ r (0)e−
0 L̂I rest (t )dt ˆ r
R̂
dt1 L̂
L̂
(t
)
.
(3.38)
o
hf
hf
1
I
I
0

ˆ r (e.g., ZFS interaction) not significantly correlated
In case the interaction tensors in L̂
I rest
with the hyperfine interaction, we can approximate


Z ∞
ˆ
ˆ0 ≈
ˆ r (0)e−LˆˆIr rest (t1 ) L̂
ˆ r (t ) ,
R̂
dt1 L̂
(3.39)
I hf
I hf 1
0
ˆ
ˆ
−LˆIr rest (t1 )

c

where e
is now the ensemble-averaged hyperpropagator.
BRW theory is frequently applied in the analytic form of Eq. (3.33) (see, e. g., Ref. [57]).
Also, explicit numerical solutions similar to calculated in present work have been reported [58]. Few methods for paramagnetic nuclear spin relaxation employing the BRW
theory are discussed in the following subsections.
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3.3.1 Solomon-Bloembergen-Morgan theory
Bloembergen and Morgan (BM) derived an analytic formula [37, 59] for electron spin
relaxation rates in the hydrated first-row transition metal ions, such as the Ni2+ ion in aqua.
The formula is derived as a particular case of the Redfield relaxation theory, which takes
into account the transient contribution to the ZFS interaction tensor, Dt ; modulated by the
distortions of symmetry in the first coordination sphere surrounding the ion. The electron
spin relaxation rates according to the BM theory are [37, 59]


τv
4τv
∆2t
R1e =
+
(3.40)
5
1 + τv2 ωS2
1 + 4τv2 ωS2


∆2t
5τv
2τv
R2e =
3τv +
+
,
2
2
5
1 + τv ωS
1 + 4τv2 ωS2
where ωS is the Zeeman energy of the electron spin in angular frequency units. ∆2t =
TrhDt (t) · Dt (t)i [37, 59] and τv is the correlation time of modulation of Dt . The
ZFS interaction tensor can also have static part, Ds , is averaged over by the fast local
motions and modulated by the rotational tumbling. In case of highly symmetric metal
complexes [e.g., Ni2+ (aq)] the average over fast local motions vanishes and, thus, Ds = 0.
If the static part is the only significant term contributing to the ZFS interaction, the
electron spin relaxation rates follow formula identical to Eq. (3.40), with ∆2t replaced by
∆2s = TrhDs (t) · Ds (t)i, and τv by the rotational correlation time, τR [37, 59].
The so-called modified Solomon-Bloembergen equations [37] correspond, as well, to a
second-order perturbation theory and give the NMR relaxation rates for the ligand nuclei.
In this framework, the nuclear spin-lattice relaxation rate is
R1n
+

2 2
τe2
Asc S(S + 1)
(3.41)
2
3
1 + τe2 (ωS − ωI )2


τc2
3τc1
6τc2
2 2
b S(S + 1)
2 (ω − ω )2 + 1 + τ 2 ω 2 + 1 + τ 2 (ω + ω )2 ,
15 IS
1 + τc2
S
I
S
I
c1 I
c2

=

where Asc and bIS , respectively, are the Fermi contact and spin-dipole hyperfine constants.
−1
−1
−1
−1
τei
= τM
+ Rie and τci
= τR−1 + τM
+ Rie (i ∈ 1, 2), where τM is the residence time
of the ligand in the first solvation shell of the ion, and τR is the rotational correlation time.
The spin-spin relaxation rate is obtained from a similar formula [37].
Substituting Eq. (3.40) to the modified Solomon-Bloembergen equations [Eq. (3.41)]
gives the relaxation rates according to the Solomon-Bloembergen-Morgan theory [37].
With the assumption that the electron spin dynamics is not correlated with the fluctuations
of the hyperfine interaction term, the second-order treatment of the nuclear spin relaxation
is well-justified [37].

3.3.2 Curie relaxation
The shielding tensor σ(t) is responsible for Curie-type contribution to the nuclear spin
relaxation rates [37, 60], which is characterized by the quadratic dependence on the external
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magnetic field strength. The quadratic dependence arises from the Redfield relaxation
theory due to the fact that the square of the nuclear Zeeman interaction occurs in Eq. (3.29)
in the conditions of extreme narrowing [37]. Related diamagnetic relaxation mechanism is
due to the chemical shift anisotropy (CSA) [60]. Curie relaxation occurring in the example
system of Ni2+ (aq) contributes to the spin-lattice and spin-spin relaxation rates of the
ligand nuclei as [37, 60]
R1 =

1 2
1 2
ω J(ωI ) ; R2 =
ω [4J(0) + 3J(ωI )],
2 I
12 I

(3.42)

where ωI is the nuclear Larmor frequency. The relevant spectral density function J(ω) is
of the form [37, 60]
Z ∞

−iωt
J(ω) = 2Re
σ2,0 (0)σ2,0 (t)e
dt ,
(3.43)
0
√1 [2σzz
6

where σ2,0 =
− (σxx + σyy )] is a rank-two spherical harmonic component of the
shielding tensor (the external magnetic field is assumed to be along the z-axis) [60].

3.3.3 Swedish slow-motion theory
The electron magnetization dynamics can occur in such a fast time scale that it may not
be described by perturbation theory, and even in the case that perturbation theories can in
principle be used, the interaction strength can be so high that higher than second-order
terms would be required. The so-called Fokker-Planck equation [15, 20, 37, 50, 61–63], in
the form
dhρ̂(r, t)i
ˆ (r)hρ̂(r, t)i + D̃hρ̂(r, t)i
= L̂
(3.44)
dt
is frequently applied to solve for SD in paramagnetic systems. In Eq. (3.44), D̃ is diffusion
superoperator describing the dynamics of the spatial degrees of freedom. In this case, the
density operator and the Liouvillian are a functions of the associated spatial degrees of
freedom r. Eq. (3.44) is often referred to as the stochastic Liouville equation (SLE). In
the case of isotropic rotational diffusion, the corresponding diffusion operator D̃ is of the
form [37, 51, 61]
1
1
D̃R = − J˜2 = − (J˜x2 + J˜y2 + J˜z2 ),
(3.45)
τR
τR
where τR is the rotational correlation time and J˜ is the angular momentum operator.
In the Swedish slow-motion theory [37, 51, 64], the SLE formalism is applied for the
electron spin dynamics. The NMR relaxation rates of the ligand nuclei are, subsequently,
obtained from Redfield theory [37, 51, 64]. The electron spin dynamics is formally
propagated with the lattice Liouvillian [51]

where

ˆ = L̂
ˆ (r) + D̃,
L̂
L

(3.46)

ˆ (r) = L̂
ˆ + L̂
ˆ s (r) + L̂
ˆ t (r) ; D̃ = D̃ + D̃ .
L̂
S
R
v
ZFS
ZFS

(3.47)
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ˆ is the electron Zeeman term and L̂
ˆ s (r) and L̂
ˆ t (r) correspond, respectively, to the
L̂
S
ZFS
ZFS
ˆ s (r) is modulated by the isotropic
static and transient parts of the ZFS interaction term. L̂
ZFS
rotational diffusion operator D̃R , and as the principal axis system of the transient part,
ˆ t (r), is not fixed to the molecule it is, in addition to rotational diffusion, modulated by
L̂
ZFS
the isotropic pseudorotational diffusion, given by operator D̃v [64].
The spin Hamiltonian for the spin-dipole interaction of the nuclear and electron spins is
of the form [51]
X
DD
1
ĤIS
(t) =
(−1)j Iˆj1 T̂−j
(t),
(3.48)
j

Iˆj1

where are the nuclear spin equivalents of the first-rank irreducible spherical harmonics
(see Table 2.1), and T̂j1 is a lattice operator including the electron spin [51]. The nuclear
spin-lattice relaxation rate is then obtained as [51]
Z ∞

ˆ t 1 L −iω t
1 −iL̂
L
I
R1n = 2Re
dt TrL [T̂1 e
T̂1 ρeq ]e
,
(3.49)
0

where the lower index 1 corresponds to the relevant component of the rank-one nuclearspin spherical harmonic (Iˆ11 = Iˆ+ ), ωI is the nuclear spin Larmor frequency, and ρL
eq is
ˆ
the equilibrium density operator of the lattice. The fact that the lattice Liouvillian L̂ is
L

time-independent means that the problem of extracting the nuclear spin relaxation rate
ˆ in a suitable basis [51] and,
R1n is reduced to the problem of calculating the inverse of L̂
L
in order to reach convergence, the matrix dimension is known to reach over 100000 [51].
Similarly to the case of the SBM theory, the second-order treatment is expected to be
well-justified, assuming that the electron spin dynamics does not significantly correlate
with the fluctuation of the hyperfine term [51]. The electron spin dynamics is treated
with SLE assuming that the problem is describable with the distinct, isotropic diffusion
processes.

4 Summary of the main results
4.1 Paper I: Spin dynamics simulation of electron spin relaxation in
Ni2+ (aq)
The measured electron and nuclear spin relaxation times convey information about the
structure and dynamics of the studied molecular system [7, 34, 37, 38]. Ability to model
the relevant MD as well as, by QC, to calculate the relevant spin-Hamiltonian parameters
implies that one could, at least in principle, quantitatively describe the relaxation processes,
which are of fundamental interest in the field of magnetic resonance. In Paper I, we present
a first-principles simulation of electron spin relaxation in the well-studied example system
of aqueous Ni2+ ion [15, 16, 18, 60], illustrated in Fig. 4.1. Quantitative predictions of
the electron spin relaxation times were presented in Paper I for the first time entirely from
first principles. Empirically obtained parameters were only used to verify the simulation
results; no experimental parameters entered the model of the molecular motion or the spin
Hamiltonian. The extracted relaxation rates are in excellent agreement with the available
experimental data [9–11].
Fig 2.1 showed a block diagram of the used multi-scale simulation procedure. For the
MD simulation, the polarizable AMOEBA force field [65] within Tinker 5.0 molecular
modeling package [65, 66] was used, with parametrization for the Ni2+ ion obtained
based on ab initio QC coupled-cluster singles, doubles, and pertubative triples [CCSD(T)]
calculations [67]. The simulation of 464 water molecules and one Ni2+ ion was run in
periodic boundary conditions and in conditions of 1 atm pressure and 300 K temperature.
The production run was simulated in the microcanonical (NVE) ensemble, with integration
time step of 0.5 fs. The structural parameters of the resulting MD trajectory are in close
agreement with the experimental data [60].
In Paper I we simulated the electron spin relaxation with the spin system consisting of
the effective electron spin S = 1. The relevant terms of the spin Hamiltonian are
Ĥ(t) = µB Ŝ · g(t) · B + Ŝ · D(t) · Ŝ.

(4.1)

The hyperfine coupling with the water nuclei was ignored, as the magnitude of the ZFS
interaction is much greater (the approximation was tested in Paper II). Time series of
spin Hamiltonians {Ĥi } was produced from the MD trajectory with QC calculation of
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Figure 4.1. Spin density distribution of the Ni2+ ion in aqueous solution, which is
investigated in Papers I and II. A snapshot extracted from the MD simulation trajectory,
used for the calculation of the interaction parameters, is illustrated.

the first solvation shell, containing the Ni2+ ion and six water molecules. The g-tensor
was calculated using the ORCA program [68–71] at the unrestricted Kohn-Sham densityfunctional theory level. The ZFS interaction tensor D was calculated at the n-electron
valance-state perturbation theory (NEVPT2) level [72–74] applied on top of complete
active space self-consistent field (CASSCF) calculations implemented in ORCA.
As the MD simulation trajectory is for one ion only, magnetization dynamics was
calculated by following the ergodicity hypothesis [37]; the ensemble average was replaced
by time average. The superpropagator of the ensemble-averaged density operator of the
effective electron spin was, in practice, calculated as
( N −1
)
X ˆ
r
ˆ
1
ˆ
ˆ
ˆ
eLI (nδ) ≈ e−L̂z nδ
eL̂i+n δ . . . eL̂i+1 δ eL̂i δ ,
(4.2)
N i=0
ˆ = L̂
ˆ (kδ) , δ = 48 fs was the sampling time step of the MD trajectory, which
where L̂
k
determined the spin dynamics time step. Statistics was improved by a factor of three by
taking advantage of the isotropic rotational distribution of the Ni(H2 O)2+
6 complex. The
superpropagator was averaged over the external magnetic field aligned, in turn, with all the
three axes of the laboratory frame. In doing so, the roles of the Cartesian spin operators
were permuted accordingly.
ˆr
The elements Ljk (n) of the superpropagator eLI (nδ) in the operator basis {Ŝi }, defined
in Table 4.1, are correlation functions
ˆr

r
Ljk (n) = Cjk
(t) = hŜj |Ŝkr (nδ)i = hŜj |eLI (nδ) |Ŝk i.

(4.3)

The simulated longitudinal and transverse magnetization decays Mzr (t)/Mzr (0) and Mxr (t)/Mxr (0)

37
Table 4.1. Orthonormal shift- and z-operator basis for the spin-1 electron of Table 2.1,
now in the Ŝi index notation.

Ŝi

Ŝ1

Ŝ2

Ŝ3

Ŝ4

Ŝ5

Ŝ6

Ŝ7

Ŝ8

Ŝ9

Ŝlq

Ŝ00
1̂e
√
3

1
Ŝ−1
Ŝ−
2

Ŝ01
Ŝz
√
2

Ŝ11
Ŝ+
2

2
Ŝ−2
Ŝ− Ŝ−
2

2
Ŝ−1
Ŝz Ŝ− +Ŝ− Ŝz
2

Ŝ02
3Ŝz Ŝ√z −21̂e
6

Ŝ12
Ŝz Ŝ+ +Ŝ+ Ŝz
2

Ŝ22

operator

are the autocorrelation functions of normalized Ŝz and Ŝx , respectively, and were extracted
r
from the simulation, together with the cross-term Czx
(t), as (t = nδ)
r
Czz
(t) =

Mzr (nδ)
hŜz |Ŝzr (nδ)i
=
= L33 (n)
Mzr (0)
hŜz |Ŝz i

r
Cxx
(t) =

Mxr (nδ)
hŜx |Ŝxr (nδ)i
L22 (n) + L44 (n)
=
.
=
Mxr (0)
2
hŜx |Ŝx i

r
Czx
(t) = q

hŜz |Ŝxr (nδ)i
hŜz |Ŝz ihŜx |Ŝx i

=

(4.4)

L32 (n) + L34 (n)
.
2

Fig. 4.2 shows an example of the simulated, normalized spin-spin Mxr (t)/Mxr (0) and
spin-lattice Mzr (t)/Mzr (0) magnetization decays. Both decay in single-exponential fashr
ion. Also, the cross-correlation function Czx
(t) between the normalized Ŝz and Ŝx spin
operators is shown in the figure, which fluctuates around zero. This is explained by the
numerical noise that is due to the finite sampling frequency in the production of the time
series of the spin Hamiltonians.
A single-exponential decay was fitted to the Cartesian components of the magnetization,
Mzr (t)
= e−R1 t
Mzr (0)

;

Mxr (t)
= e−R2 t .
Mxr (0)

(4.5)

As shown in the supplementary material for the Paper I, the simulated magnetization
decay fits well to Eq. (4.5) above 3.5 T external magnetic field strength. Below 1 T, the
ˆ r (t) and happens in a
magnetization decay is almost instant; it is due to the strength of L̂
I
faster time scale than the autocorrelation time of Lˆr (t). The extracted relaxation rates R1
and R2 follow the functional form of spectral density arising from the Redfield relaxation
theory [37] [see Eq. (3.43)]. and are presented as T1 = R11 (spin-lattice) and T2 = R12
(spin-spin) relaxation times in Fig. 4.3. The results are also compared to the available
experimental data [9–11], shown in Fig. 4.3. Good agreement with the experiment found,
and the magnitude of the experimental relaxation rates is reproduced by our simulation.
At high external magnetic field values, the T1 relaxation times are seen to scatter, which
is explained by the finite sampling frequency of the time series of the spin Hamiltonians.
Again it should be stressed that the simulation was performed for the first time without any
experimental parameters.

Ŝ+ Ŝ+
2
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Figure 4.2. Simulated magnetization decay Mzr (t)/Mzr (0) (blue), Mxr (t)/Mxr (0) (red) of
r
the effective electron spin, and Czx
(t) (brown) cross-correlation function, at 4.5 T external
magnetic field and 300 K, in Ni2+ (aq). The magnetizations are fitted to single-exponential
decay, plotted with dashed lines.

Figure 4.3. The extracted T1 = R11 (blue open circles) and T2 = R12 (red open circles)
electron spin relaxation times as a function of the strength of the magnetic field, the solid
lines are fits. The stars represent the available experimental results: T1 = T2 = 2.9 ps
(blue) at B = 0 T (Ref. [9]), T1 = 5.7 ps (blue) at 1.39 T at the temperature of 223 K
(Ref. [11]), T1 = 3.4 ps (blue) (if T1  T2 ), and T1 = 1.9 ps (red) (if T1 = T2 ) at 2.11 T
and 243 K (Ref. [10]). The filled circles correspond to results from simulation obtained
without the fluctuating part of the g tensor.
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This paper demonstrated the fact that the theoretical understanding and the computational capacity have reached such level that the realistic parameter-free first-principles
calculation of the interaction parameters and the electron spin relaxation rates, is possible.
The simulation verified the accuracy of the calculated interaction parameters that contribute
to electron spin relaxation in the system. This encourages us to continue and apply the
developed methodology for the nuclear spin relaxation in the same example system, in
Paper II.
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4.2 Paper II: Liquid-state paramagnetic relaxation from first
principles
We continued with the aqueous solution of Ni2+ ion and simulate the relaxation of the
water nuclei in the first coordination sphere (i.e., the ligand nuclei). The same series
of MD snapshots was used as in Paper I. The PRE of the ligand nuclei, caused by the
paramagnetic centers, has important applications in medicine and the study of the molecular
structure [39, 40]. Ability to quantitatively model the processes significant for pNMR
relaxation is necessary to advance the development of relaxation theories and computational
methods to estimate PRE. However, direct first-principles simulation of the nuclear spin
relaxation from the MD trajectory, including all the motional modes of the characteristic
hexagonal Ni(H2 O)2+
6 moiety, is practically impossible, unlike in the case of the electron
spin relaxation (see Paper I). This is because the electron and nuclear spin relaxation occur
in vastly different time scales; the electron spin relaxation times are in the same scale as is
the correlation time of the relevant interaction tensors (ps), whereas the water proton and
oxygen relax in ms and µs time scales, respectively.
Not including the spin-spin interactions between the different ligand nuclei or the
quadrupole interaction of the water oxygen-17, the spin Hamiltonian for PRE in Ni2+ (aq)
becomes
Ĥ(t)

= µB Ŝ · g(t) · B + γ~Iˆ · [1 − σ(t)] · B
ˆ
+ Ŝ · D(t) · Ŝ + Ŝ · A(t) · I,

(4.6)

where Iˆ is the nuclear spin of the water proton (1 H) or oxygen (17 O). Assuming that the
ZFS interaction drives the nuclear spin relaxation process through the hyperfine coupling
term [37, 51, 64, 75], the spin Hamiltonian is appropriate for the problem. The spin
dynamics was propagated with the formula (4.2), replacing the pure electron spin Liouvillians with the Liouvillian equivalents of Eq. (4.6). To enhance the statistical quality, the
simulation trajectories of the chemically equivalent nuclei were averaged over. Additional
averaging over the three external magnetic field directions was performed as in Paper I.
However, the relatively heavy QC calculations on MD snapshots impose limitations to the
available statistics and the relaxation was, therefore, assumed to be a single-exponential
process. Thus, following the notation used in Paper II,
r
σx,y
(t)
σzr (t)
−a1 t+b1
=
e
;
= e−a2 t+b2 ,
r
r
σz (0)
σx,y (0)

(4.7)

where σ stands for the magnetization of the electron, proton or oxygen-17 isotope. The
simulated proton spin-spin and spin-lattice magnetization decays are shown in Fig. 4.4.
After the initial behavior the decay takes a linear asymptotic form
r
σx,y
(t)
σzr (t)
= 1 + b1 − a1 t ; r
= 1 + b2 − a2 t.
r
σz (0)
σx,y (0)

(4.8)

The b1,2 terms are significant in the timescale of the simulation, and the linear decay of
Eq. (4.8) is fitted to the asymptotic part of the simulated proton magnetization. Fig. 4.5
shows the extracted a1 and a2 relaxation rates (a1 and a2 follow the notation used in
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r
Figure 4.4. Simulated proton magnetization decay (denoted by Hz,x
) in Ni2+ (aq) at 0, 3
and 10 T magnetic field strengths, at 300 K.

Paper II), plotted with the available experimental data [12, 13], as a function of the external
magnetic field.

Figure 4.5. Spin-lattice (a1 , blue open circles) and spin-spin (a2 , red open squares)
relaxation rates of the ligand protons in Ni2+ (aq) as a function of the external magnetic
field, at 300 K. The triangles are the experimental a1 results, with black (arrow up) at
344 K and brown (arrow down) at 324 K [12, 13].
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The simulations reproduce the gross magnitude of the experimental relaxation rates.
However, the simulated rates differ clearly from experiment at low magnetic-field values,
suggesting the existence of slow processes that influence relaxation rates at low field
resulting in Lorentzian-type plateau, Eq. (3.33)], which is familiar from Redfield theory [75–
78]. A likely source for the slow modulation for this system is the water exchange occurring
between the first and bulk [79]. This mechanism is not statistically represented in the time
scale of the present first-principles simulation. The oxygen relaxation rates were simulated
in an analogous way, and the extracted rates are shown in Fig. 4.6. The oxygen spin-lattice
relaxation rate a2 is in excellent agreement with the available experimental result [14].
The effect of the hyperfine coupling between the electron and water proton on electron
spin relaxation was tested in Paper II and compared to the uncoupled results from Paper I;
both are shown in Fig. 4.7. The effect of the hyperfine coupling is marginal, visible only
at high and low external field values, and is explainable by the limited numerical precision
of the two simulations.

Figure 4.6. Spin-lattice (a1 , blue open circles) and spin-spin (a2 , red open squares)
relaxation rates of the ligand oxygen in Ni2+ (aq) as a function of the external magnetic
field, at 300 K. The black triangles represent experimental a2 results from Fig. 1 of
Ref. [14].
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Figure 4.7. Simulated electron spin-lattice (R1 , blue open circles) and spin-spin (R2 , red
open squares) relaxation rates in Ni2+ (aq) based on the full theory as compared to the
(2)
(2)
second-order rates, a1 (blue closed circles) and a2 (red closed squares). Results as
functions of the external magnetic field strength, at 300 K, including hyperfine coupling to
proton. Proton-uncoupled R1 and R2 results from Paper I are included as blue triangles
pointing up (R1 ) and red triangles pointing down (R2 ).

(2)

The second-order contributions a1,2 were calculated with the numerical formula for the
second-order cumulant term according to Eq. (3.11),
ˆ r (nδ) ≈
K̂
2

2m2 −1
N −1 n
δ2 X X X
ˆ r (iδ)L̂
ˆ r [(m − m + i)δ]
L̂
1
2
I
N i=0 m =1 m =m I
2

−

δ
2N

N
−1
X

1

2

ˆ r (iδ)2 nδ,
L̂
I

(4.9)

i=0

in the assumption of single-exponential decay of the magnetization. The calculated secondorder contribution to the electron spin relaxation rates is shown in Fig. 4.7, and agrees with
the full simulation above 3 T external field strength. In the case of the spin-lattice rate,
the agreement is found already at 1 T. Fig. 4.8 shows a comparison between the secondorder contribution water proton and the rates extracted from the full simulation. The
proton second-order contribution are seen to approach the full rates with growing external
magnetic-field strength, indicating that, at high magnetic fields the nuclear shielding
contribution to the spin Hamiltonian determines the spin relaxation rates. It should be,
however, noted that the finite sampling frequency becomes insufficient at high external
field strengths rendering the simulation eventually obsolete.

44

(2)

Figure 4.8. The second-order contribution to the spin-lattice (a1 , blue solid circles) and
(2)
spin-spin (a2 , red solid squares) relaxation rates of the ligand protons in Ni2+ (aq) as a
function of the external magnetic field, at 300 K. The results from the full simulation (see
Fig. 4.5) are shown for comparison.

In the propagation of the spin dynamics, it was assumed in Paper II that the long-time
average of the spin Hamiltonian Ĥ0 is proportional to the z-component of the total spin
vector (aligned with the direction of the magnetic field). In this case Ĥ0 is referred as
Ĥz , the average Zeeman term. However, the long-time average of the Hamiltonian of
Eq. (4.6) includes non-vanishing isotropic part of the hyperfine interaction term between
the electron spin and nuclei in the first solvation shell, which can be treated as implicit
ˆ rI rest in Eq. (3.16). Additionally, the finite length
time dependence to be included as L̂
of the used MD simulation trajectory results in terms in the time average that vanish in
ideal case. These terms cause nonvanishing effects on the dynamics. The finite statistics
render different results depending on which interaction picture the spin Hamiltonian is cast,
and it cannot beyond doubt be said which of the possible ways gives most the accurate
results. The possible interaction pictures differ in which of the time dependence of the spin
interaction parameters is considered implicit. The statistical quality of these simulations
is limited by the expense of the QC calculations of the instantaneous spin interaction
parameters.
In this paper the simulation results for the paramagnetic nuclear spin relaxation were
reported for the first time entirely from first principles without any experimental parameters. The results were found to be in a semiquantitative agreement with the available
experimental data. The simulated relaxation rates poses the same order of magnitude as the
experimental ones, whereas the magnetic field-dependence profiles do not agree in detail.
However, significant similarities are observed. Agreement is found in that the proton a1
rate increase in the high magnetic field values, and a1 rate has a minimum between 1 and
10 T external magnetic field values.
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The limitations in the available statistics can be overcome with suitable preparametrization of the magnetic property hypersurfaces, as have been performed (up to first-order terms
in vibrational normal modes only) for a similar system [80]. A reasonable preparametrization typically requires limitations in the number of degrees of freedom that can be incorporated to the model. Statistical machine-learning algorithms are under development [33]
with a potential to reform the current "state-of-the-art" in QC sampling methodologies.
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4.3 Paper III: Polarization transfer in spin-exchange optical pumping
experiment

Figure 4.9. Illustration of the spin transfer from laser-polarized rubidium atom to the
xenon nucleus, occurring in a van der Waals complex formed by a Rb-Xe dimer. The
red and blue dashed lines are, respectively, the traces of the Rb and Xe atoms. The green
dotted line is the distance between the Rb-Xe pair and the blue solid line is the simulated
spin transfer.

The third and last paper of the thesis paves the way for computational study of polarization transfer in a SEOP experiment, in a hyperpolarization technique used to increase the
NMR sensitivity of noble gases. The noble gas is, subsequently, used as a non-invasive
agent to probe structure of matter. Xenon gas, studied in Paper III, is exceptionally sensitive
to its molecular surroundings due to its highly polarizable electron cloud. Quantitative
first-principles simulations of hyperpolarization experiments have not been reported in the
literature, so far. In SEOP, electronically spin-polarized Rb atoms (by circularly polarized
light) lose their polarization to surrounding noble gas nuclei (such as 129/131 Xe) [21]. The
obtained hyperpolarization of the noble gas can be enhanced by several orders of magnitude as compared to the achievable thermal polarization, and is then used to enhance the
NMR signal [81, 82]. Similarly to the case of the first two papers of this thesis, multiscale
MD, QC, and SD were performed in Paper III, with the difference that preparametrized
QC property surfaces (curves) were used instead of QC calculations for each simulation
snapshot.
In Paper III, I simulated the molecular dynamics of a rubidium ion mixed with xenon129 gas and picked individual interaction events of Rb-129 Xe pairs, spin dynamics of
which was then propagated (illustration in Fig. 4.9) with the spin Hamiltonian containing
the terms
ˆ
Ĥ(t) = µB Ŝ · g(t) · B + Ŝ · (t) · N + Ŝ · A(t) · I.
(4.10)
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The  tensor parameterizes the interaction between the electron spin Ŝ of the rubidium
atom and the rotational angular momentum N of the Rb-Xe pair, and was obtained from
Curl’s approximation [48]
X
ik (t)Ikj (t) = ~2 [ge δij − gij (t)],
(4.11)
k

where g is the g-tensor, ge is the free electron g-factor, and I is the moment of inertia of
the Rb-Xe pair. Fig. 4.10 shows the distribution of the Rb-Xe interaction events obtained
from MD at 300 K temperature and 2.4 bar pressure, presented as a function of the event
lifetime. For the definition of the event, the Rb-Xe pairs were considered to interact
when the Rb-Xe distance is less than 9 Å. To study the significance of the lifetime of the
interaction events, they were divided into eight lifetime ranges, chosen conveniently so that
each range provides reasonable statistics. The eighth range consists solely from van der
Waals molecular and the first range solely from binary collisions, providing an interesting
comparison of these two limiting cases. Spin dynamics of each event was simulated and
the resulting spin trajectories in the lifetime range were summed together to approximate
their contribution to the polarization transfer.

Figure 4.10. Simulated distribution of the Rb-Xe interaction events, N , as a function of
their lifetime.

r
The polarization transfer Pz,α
[see Eq. (3.9)] contribution from each lifetime range is
shown in histogram 4.11(a), and the polarization transfer per event in the corresponding
range is shown in 4.11(b). The eighth lifetime range D8 in the Fig. 4.11 consists from
the van der Waals complexes with the longest lifetime, and gives the most significant
individual contribution to the polarization transfer. While the lifetime range D1 consists of
binary collisions with the shortest lifetime, each of which contribute only minimally to
the polarization transfer, their large number also results in a significant total contribution
to the polarization transfer. The lifetime ranges D2 . . . D7 consist of a mixture of binary
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collisions and van der Waals molecules, with the fraction of van der Waals molecules
increasing towards D7 .

r
Figure 4.11. (a) Distribution of polarization transfer, Pz,α
, in different-lifetime Rb-Xe
interaction events, at vanishing external magnetic field. Each bar D1 . . . D8 represents
a lifetime category from short, binary collisions to long-lived VDW complexes. For
categories with significant statistical uncertainty, the upper half of the error bar is shown in
red. (b) The polarization transfer of panel (a) divided by Nr , the number of events in Dr .
Nr is shown for each lifetime category, in (b).

Fig. 4.12 shows three cases of binary collisions occurring in the simulation. The
panel (a) shows a collision that barely enters the interaction range of 9 Å radius around
the rubidium atom, and the resulting contribution to polarization transfer is minimal.
Panels (b) and (c) show collisions that reach 5.5 Å depth but have different lifetimes. The
resulting polarization transfer has the same overall magnitude. The polarization transfer
is seen in a binary collision to occur as a one-step process. Fig. 4.13, on the other hand,
shows two cases of van der Waals complexes, which undergo a series of oscillations of
the Rb-Xe interatomic distance. Panel (a) shows a complex that is undisturbed by other
particles, and the contribution to polarization transfer is seen to increase in linearly between
adjacent oscillations. The transfer takes place particularly around the minimum of the
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Rb-Xe distance in each cycle. Panels (b) and (c) illustrate the same complex disturbed by
third bodies (other atoms). In panel (b), the contribution to polarization transfer is shown
and in panel (c) the decay of the rubidium spin is shown for comparison, together with the
Rb-Xe distances of the disturbing third-body Xe atoms. The same observation of linear
increase of the polarization transfer in each cycle can be made as for the complex depicted
in panel (a).
This paper demonstrated the ability to simulate polarization transfer in SEOP-type
experiments at the first principles level, with the results agreeing qualitatively with the
experimental findings for the problem. Multiscale modeling of this type can be expected to
be of wide interest to the hyperpolarization community, and this paper functions as a fresh
starting point for potentially fruitful detailed computer simulation-aided development of
hyperpolarization experiments and applications.
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Figure 4.12. Illustrated is three binary collisions occurring in the duration of the molecular
dynamics simulation trajectory. The panels show the spin transfer from Ŝz initial state
to Iˆz observed state (blue line), and the distance between the rubidium and xenon atoms
(green dashed line), as a function of time.
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Figure 4.13. Illustrated is a two van der Waals complexes occurring in the duration of the
molecular dynamics simulation trajectory. The panels (a) and (b) show the spin transfer
from Ŝz initial state to Iˆz observed state (blue line), and the distance between the rubidium
and xenon atoms (green dashed line), as a function of time. Panel (c) shows the decay of
the rubidium electron state Ŝz (blue line) of the same complex as in panel (b), together
with the distance between the rubidium and xenon atoms forming the complex (green
dashed line), and the distance between the rubidium and the disturbing xenon atoms (black
and red dashed lines).

5 Conclusions
The simulations presented in this thesis are related to two important phenomena in magnetic
resonance; the paramagnetic relaxation enhancement as well as polarization transfer in
a SEOP experiment. The former is significant in the context of contrast agents that are
used to enhance MRI via enhanced relaxation in locations with paramagnetic ions. The
latter is used to obtain hyperpolarized noble gases that provide enhanced NMR sensitivity
and which can subsequently be used for structural studies of matter. The low contrast
and sensitivity are the two major drawbacks of nuclear magnetic resonance, and are
partially addressed by the concepts of relaxation enhancement and hyperpolarization. Up
to date, entirely first-principles, experimental parameter-free simulations of magnetization
dynamics in paramagnetic systems are largely absent. However, the presently available
computational resources and theoretical developments allow such simulations to be carried
out, as witnessed by the work reported in this thesis.
In the first two Papers of this thesis, first-principles simulation of both electron and
nuclear spin relaxation was presented for the first time without any empirical parameters
and with results found to be in a semiquantitative agreement with the available experimental
data. The developed simulation methodology combines molecular dynamics simulations
and quantum chemical calculations to obtain a time series of spin interaction parameters
that are, in turn, used to propagate the spin dynamics of the system. In the example system
of aqueous solution of Ni2+ ion, the relaxation time constants are calculated assuming
ergodicity. The effective electron spin relaxes (i.e., the deviation from thermal equilibrium
produced in the experimental set-up vanishes) to a good approximation within the duration
of the simulation. The much longer nuclear spin relaxation time constants are obtained
taking advantage of Kubo’s theorems on generalized cumulant expansion and stochastic
processes. The extracted electron and nuclear relaxation time constants are, for an entirely
nonempirical method, in a satisfactory agreement with the available experimental data;
the effective electron spin relaxation rates agree quantitatively and nuclear spin relaxation
rates agree semi-quantitatively with experiment.
The third and final Paper of this thesis paves the way to multiscale modeling of polarization transfer and spin dynamics in SEOP experiments. The simulation involved the
interaction events of electron spin-polarized Rb atoms with 129 Xe atoms in the gas phase,
and used a similar, combined MD, QC and spin dynamics methodology that was developed
in the first two papers. The spin interaction parameters were this time obtained through
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preparameterization of the QC property surface of the spin Hamiltonian parameters of
the Rb-Xe dimer as a function of the Rb-Xe distance. The simulations verified the role of
van der Waals complexes as an efficient means of achieving polarization transfer. Also the
short, binary collisions were seen to contribute significantly due to their vast abundance.
For the first time, spin transfer in individual interaction events could be monitored.
In studies of the present kind, the QC calculations of a time series of spin Hamiltonian
parameters impose a clear bottleneck of the applied methodology, in which all the molecular
dynamic degrees of freedom were included. Preparameterization methods have been
suggested in the context of a related paramagnetic system [80]. Such preparameterization
allows examination of the significance of the different dynamical modes to the interaction
parameters and, subsequently, to the spin dynamics. In the case of the third Paper of
this thesis, the preparameterization was easily applied as the Rb-Xe pairs have only one
degree of freedom. It is noteworthy that statistical learning algorithms can in principle
be made to independently detect the significant degrees of freedom for each interaction
parameter [33, 83]. This may be anticipated to allow QC sampling for more complex
molecules and to greatly enhance the statistical quality of the multiscale magnetization
dynamics simulation of the present kind. This would also potentially allow the inclusion,
at the first-principles level, of contributions from the slow degrees of freedom, such as the
exchange of the ligand water molecules in the Ni2+ (aq) example system.
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