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Asgharimoghaddam, Hossein, Resource management in large-scale wireless
networks via random matrix methods. 
University of Oulu Graduate School; University of Oulu, Faculty of Information Technology
and Electrical Engineering; Centre for Wireless Communications
Acta Univ. Oul. C 781, 2021
University of Oulu, P.O. Box 8000, FI-90014 University of Oulu, Finland

Abstract

Random matrix (RM) methods are exploited to develop radio resource management techniques for
future wireless networks wherein the dimensions of the system, including bandwidth, the number
of nodes and antennas, are expected to be large. RM methods provide deterministic
approximations of network performance, which become arbitrarily tight as the dimensions
increase in size. The focus areas of this thesis include non-orthogonal multiple access (NOMA);
coordinated multi-point (CoMP); and two-stage beamforming (TSB), which combines large-
dimensional statistical pre/postprocessing with lower dimensional digital processing.

A multi-carrier NOMA system based on low density spreading (LDS) in the frequency
dimension is considered. The allocation of resources, solely based on statistical channel-state-
information (CSI), is studied to maximize the ergodic sum-rate subject to constraints on the
sparsity of the LDS-codes. While the optimum is attainable only via exhaustive search, a low
complexity method with minimal coordination overhead is proposed that yield close-to-optimum
resource allocation solutions.

Minimum power beamforming with user-specific rate constraints is considered in a downlink
CoMP network. Deterministic expressions in terms of statistical CSI are derived for user-specific
inter-cell interference (ICI) strength. Relying on the deterministic ICI terms as coordination
messages, low-complexity distributed coordination algorithms, suitable for dense networks with
limited backhaul, are proposed. The algorithms decouple the sub-problems at base stations (BSs)
as long as the CSI statistics remain unchanged.

The maximization of minimum signal-to-interference-plus-noise ratio (SINR) is considered in
a dense CoMP network with random topology. Deterministic approximations are derived for the
optimal SINR assignment in terms of system parameters such as cell radius, load, and power-
budgets at BSs. The results enable the assessment of network performance based on given system
parameters.

Finally, complexity reduction of the optimal linear receiver via TSB is considered in the uplink
of a cellular system. A novel TSB method is proposed that adjusts the structure and dimension of
outer-beamforming matrices based on CSI statistics and the amount of overlap among users in the
angular domain. The proposed method yields close-to-optimum SINRs while the computational
burden of obtaining the beamformers is greatly reduced.

Keywords: capacity, cellular systems, convex optimization, cooperative
communication, large system analysis, linear transceiver design, radio resource
management, random matrix theory





Asgharimoghaddam, Hossein, Satunnaismatriisimenetelmiin perustuva resurssien
hallinta langattomissa verkoissa. 
Oulun yliopiston tutkijakoulu; Oulun yliopisto, Tieto- ja sähkötekniikan tiedekunta; Centre for
Wireless Communications
Acta Univ. Oul. C 781, 2021
Oulun yliopisto, PL 8000, 90014 Oulun yliopisto

Tiivistelmä

Satunnaismatriiseja (RM) käyttäviä menetelmiä hyödynnetään kehitettäessä radioresurssien hal-
lintatekniikoita tuleville langattomille verkoille, joissa järjestelmän mittojen, kuten kaistanlevey-
den sekä verkkoelementtien ja antennien määrän, odotetaan olevan suuria. RM-menetelmät tar-
joavat deterministisiä arvioita verkon suorituskyvystä, jotka tarkentuvat järjestelmän ulottuvuuk-
sien kasvaessa suuriksi. Erityistä huomiota kiinnitetään seuraaviin: ei-ortogonaaliseen monipää-
sytekniikkaan (NOMA); koordinoituihin monipistelähetyksiin (CoMP); ja kaksivaiheiseen kei-
lanmuodostukseen (TSB), jossa yhdistyvät suuriulotteinen tilastollinen esi-/jälkikäsittely ja
alemman ulottuvuuden digitaalinen käsittely.

Aluksi tarkastellaan monen kantoaallon NOMA-järjestelmä, joka perustuu matalatiheyksi-
seen hajautukseen taajuustasossa (LDS). Resurssien allokointia, joka perustuu yksinomaan tilas-
tolliseen kanavatilatietoon (CSI), tutkitaan ergodisen kokonaistiedonsiirtonopeuden maksi-
moimiseksi ottaen huomioon LDS-koodien tiheysrajoitukset. Koska optimaalinen ratkaisu on
saavutettavissa vain täydellisen haun avulla, tässä työssä ehdotetaan matalan monimutkaisuuden
menetelmää, joka vaatii minimaalista koordinointia ja joka tuottaa lähes-optimaalisia resurssien
allokointiratkaisuja.

Seuraavaksi kehitetään lähetystehon minimoivia keilanmuodostusmenetelmiä laskevan siirto-
tien CoMP-verkossa ottaen huomioon käyttäjäkohtaiset vähimmäistiedonsiirtovaatimukset.
Työssä johdetaan tilastolliseen kanavatietoon pohjautuvia deterministisiä matemaattisia lausek-
keita käyttäjäkohtaisille solujen välistä häiriötä kuvaaville (ICI) termeille. Determinististen ICI-
termien käyttö koordinointisanomina mahdollistaa matalan monimutkaisuuden hajautetun toteu-
tuksen tiheissä verkoissa, joiden runkoliityntäyhteys on rajallinen.

Signaali-häiriö-plus-kohinasuhteen (SINR) maksimointia tarkastellaan tiheässä satunnaisto-
pologiaan perustuvassa CoMP-verkossa. Deterministisiä lausekkeita johdetaan optimaalisille
SINR-arvoille järjestelmäparametrien, kuten solusäteen, kuorman ja tehobudjettien funktiona.
Tulokset mahdollistavat verkon suorituskyvyn arvioinnin annettujen järjestelmäparametrien
perusteella.

Lopuksi tarkastellaan optimaalisen lineaarisen vastaanottimen monimutkaisuuden vähentä-
mistä hyödyntäen kaksivaiheista keilanmuodostusta nousevan siirtotien solukkoverkkojärjestel-
mässä. Työssä ehdotetaan uutta TSB-menetelmää, jolla säädellään ulompien keilanmuodostus-
matriisien rakennetta ja dimensioita perustuen tilastolliseen kanavatietoon ja käyttäjien päällek-
käisyyksiin kulmatasossa. Ehdotettu menetelmä tuottaa lähellä optimaalisia SINR-arvoja, samal-
la kun keilanmuodostuksen laskennallinen rasite vähenee huomattavasti.

Asiasanat: kapasiteetti, konveksi optimointi, lineaarinen lähetin-vastaanotinsuunnittelu,
radioresurssien hallinta, satunnaismatriisiteoria, solukkojärjestelmät, suuri
järjestelmäanalyysi, yhteistoiminnallinen tietoliikenne
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List of abbreviations

Acronyms

AOA angle of arrival
AP-MMSE amplitude projection of MMSE
AWGN additive white Gaussian noise
BDM bit division multiplexing
BP-MUD belief propagation based multi-user detection
BS base station
CDMA code division multiple access
CoMP coordinated multi point
CSI channel state information
CvxOP convex optimization problem
dB 0dB corresponds to one watt
dBm 0dBm corresponds to one milliwatt
d.o.f degrees of freedom
EMI ergodic mutual information
e.s.d empirical spectral distribution
FDD frequency division duplexing
FDMA frequency division multiple access
Hz Hertz
IBF inner beamformer
ICI inter-cell interference
IDMA interleave division multiple access
IoT internet of things
JSDM Joint spatial division and multiplexing
KKT Karush-Kuhn-Tucker
LDPC low density parity check
LDS low density spreading
LDS-NOMA low density spreading non-orthogonal multiple access
l.s.d limit spectral distribution
MAI multiple access interference
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MC-LDSMA multi-carrier low density spreading multiple access
MIMO multiple input multiple output
MISO multiple input single output
MMSE minimum mean square error
MPA message passing algorithm
MUD multi-user detection
MUSA multi-user shared access
NOMA non-orthogonal multiple access
OBF outer beamformer
OFDMA orthogonal frequency division multiple access
OMA orthogonal multiple access
PDMA pattern division multiple access
QoS quality of service
RSSI received signal strength indication
SAMA successive interference cancellation amenable multiple access
SCMA sparse code multiple access
SDP semidefinite programming
SE spectral efficiency
SIC successive interference cancellation
SINR signal to interference plus noise ratio
SNR signal to noise ratio
SOCP second-order cone programming
TDMA time division multiple access
TSB two-stage beamforming
UE user
WBE Welch Bound Equality
5G the fifth generation mobile networks

Mathematical symbols and operators

A a matrix
[A]i, j elements (i, j) of the matrix
ai, j elements (i, j) of the matrix
a a vector
ai elements i of the vector
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A a set
A\k exclude the index k from the set A
C space of complex numbers
C+ set {z ∈ C,I(z)> 0}
C− set {z ∈ C,I(z)< 0}
CN (0,ΘΘΘ) complex Gaussian distribution of mean 0 and covariance ΘΘΘ

dist(z,A) inf
y∈A
|z− y|

diag(· · ·) diagonal matrix with elements (· · ·) on the main diagonal
dom( f ) domain of function f (x)

E{·} statistical expectation
F(x) cumulative distribution function of a real random variable
FX empirical spectral distribution of the Hermitian matrix X
f̄n deterministic equivalent of fn, i.e., fn− f̄n

a.s.−−→ 0 as n→ ∞

f ′(x) first derivative of the function f

I(.) imaginary part of a complex number
IN identity matrix of size N×N

limsupn fn limit superior of { fn}1≤n, i.e., for every ξ > 0 there exists n(ξ ), such
that fn < limsupn fn +ξ ,∀n > n(ξ )

log(x) natural logarithm
max(.) maximum
min(.) minimum
mod modulo operator
mF(z) Stieltjes transform of distribution function F

mX(z) Stieltjes transform of e.s.d of matrix X
N space of natural numbers
O(Yn) Xn =O(Yn), a constant C independent of n exists such that |Xn| ≤CYn

for all n

o(Yn) Xn = o(Yn), upon existence, Xn/Yn→ 0 as n→ ∞

R(.) real part of a complex number
R space of real numbers
Supp(F) support of the distribution function F

Tr{·} trace operator
var(X) variance of real random variable X

{xn}1≤n sequence of x1,x2, ...
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0 matrix of all zero elements
1K vector of all one of size K

1A(x) indicator function of the set A
⊗ Kronecker matrix multiplication operators
� element-wise matrix multiplication operators
∼ distributed according to
, defined as
6∈ not in a set
a.s.−−→ almost sure convergence
xN � yN asymptotic equivalence, i.e xN

a.s.−−→ yN as N→ ∞

∂

∂x derivative of a function with respect to x

‖.‖0 zero-norm of a vector
‖ · ‖ Euclidean (spectral) norm for vectors (matrices)
|.| absolute value for a complex scalar, determinant for a square matrix, and

cardinality of a set
(·)1/2 positive semidefinite square root operator
(·)−1 matrix inversion operator
(·)∗ conjugate operator
(·)H Hermitian transpose operator
(·)T transpose operator
δ (x) Dirac delta function
(Ω,F ,P) probability space with σ -Algebra F and measure P

∇x f (x) ∇x f (x)=[ ∂ f (x)
∂x1

, ..., ∂ f (x)
∂xN

]

Roman alphabet notations:

a2
b,k pathloss between UE k and BS b, the BS index is dropped in the single

cell case
Ab set of all groups at BS b

Bk CN×Dk UE k’s outer-beamformer
bk index of the BS serving UE k

B set of all BSs
Bk index set of the sectors passed to the inner receiver
C CF×K the spreading matrix with spreading vectors {ck} as columns
ck CF UE k’s low density spreading code
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C1 set of feasible sparse indicator matrices
C2 set of power constrained indicator matrices
C̄∗ set of asymptotically optimal indicator matrices
D the number of beams in each sector
Dk size of the UE k’s inner receiver
Db′,b distance between BS b and b′

db,k distance between UE k and BS b

dk the number of non-zero elements in the spreading code ck

d minimum of dk,∀k ∈ K
d0 reference distance in pathloss model
F the number of sub-carriers
F index set of sub-carriers F = {1, ...,F}
G CF×K small-scale fading channel matrix
gk CF UE k’s small-scale channel vector
Gg set of UEs in group g

H CF×Kchannel matrix with channel vectors as columns
hb,k CNchannel vector between BS b and UE k

J(V,σ2) ergodic mutual information
J∗d maximum of J(V,σ2), i.e., J∗d , J(V∗d ,σ

2)

J̄(V,σ2) deterministic equivalent of ergodic mutual information
K CK×K coupling matrix
K̄ CK×K a matrix with [K̄]i, j being deterministic equivalents of [K]i, j

K the number of UEs in the network
Kb the number of UEs served by BS b

K set of all UEs in the network K = {1, ...,K}
L the number of cells
L(., ., .) Lagrangian function of EMI maximization problem
mb,k Stieltjes transform defined as mb,k(z), tr(ΘΘΘb,k(∑ j∈U λ jhbk, jh

H
bk, j
−zNIN)

−1
)

N the number of antennas at BS
n CN (0,σ2I) additive noise vector
nk CN (0,σ2) additive noise at UE k

nR a normalization factor given as nR = γmax− γmin

PTX total transmitting power budget at BSs
P̄b approximation of total transmitting power at BS b

pk UE k’s transmitting power
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R radius of the cells
r f (V,z) f ∈ F deterministic functions given in terms of pathlosses
r̃k(V,z) k ∈ K deterministic functions given in terms of pathlosses
r∗ the optimal value of r f = r∗,∀ f ∈ F satisfying KKT conditions
r̃∗k the optimal value of r̃k = r̃∗k ,∀k ∈ K satisfying KKT conditions
rb radial coordinates of UE’s positions in polar coordination system
rb,k the number of non-zero eigenvalues of ΘΘΘb,k

Si sector i

S the number of sectors
sk UE k’s unit variance data symbol
tk CDk UE k’s inner-receiver
U the set of all UEs
Ub the set of UEs served by BS b

V RF×K indicator matrix with [V]i, j , [C]2i, j
V∗d RF×K the optimal indicator matrix maximizing J(V,ρ)

V̄∗ RF×K an indicator matrix belonging to the set C̄∗

v̄k CN asymptotically optimal receive beamforming vectors for UE k,
v̄k = (∑ j∈U\k λ̄ jhbk, jh

H
bk, j

+µbk NIN)
−1hbk,k

wk CN the beamforming vector of UE k at the intended BS

w̄k CN asymptotically optimal beamforming vectors for UE k, w̄k =
√

δ̄k/Nv̄k

yk CN UE k’s receive vector at BS
yk received signal at UE k

zb,k CN a vector with i.i.d, zero-mean, and unit-variance complex entries

Greek alphabet notations:

βk a weighting parameter for UE k, βk =
ρa2

k
1+ρa2

kr∗

Γk SINR at UE k

ΓUL
k SINR of UE k in dual uplink problem

γ∗ the optimal SINR value in max-min SINR problem
γk UE k’s target SINR
γmax maximum of the SINR range
γmin minimum of the SINR range
R range of SINR in max-min SINR problem,R, [γmax,γmin]

∆d gap to the optimum ∆d = J(V∗d ,σ
2)− J(V̄∗,σ2)
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δδδ RK vector of scaling factors δδδ = [δ1, . . . ,δK ]
T

δk scaling factors relating the uplink and downlink beamformers
εb,k ICI strength from BS b caused to UE k

ε̄b,k deterministic equivalent of ICI term εb,k

εF(z) a fast diminishing term as F increases in size, εF(z) =O( 1
d2 )

ζF(z) a fast diminishing term as F increases in size, ζF(z) =O( 1
d2 )

ηb BS b priority parameter in the i.i.d channel model ηb = m̄b,i/a2
b,i, i ∈ U

ηb,g BS priority parameter for group g defined as ηb,g = m̄b,i/a2
b,i, i ∈ Gg

ΘΘΘb,k CN×N UE-specific channel correlation at BS b, BS index is dropped in
the single cell case

ΘΘΘb,g group-specific correlation matrix of group g at BS b

θb angular coordinates of UE positions in polar coordination system
λλλ
∗ RK vector of optimal Lagrangian multipliers λλλ

∗ = [λ ∗1 , . . . ,λ
∗
K ]

T

λk Lagrange dual variable associated with UE k’s SINR constraints
λ ∗k UE k’s optimal Lagrangian multiplier
µb weighting factor for transmitting power at BS b

ν pathloss exponent
ρ transmit SNR
ρ f Sub-carrier load parameter in partitioning algorithm ρ f = ∑ j∈K β jv f , j

ρ∗max the maximum of ρ f ,∀ f ∈ F in an optimal partitioning solution
σ2 additive noise variance
ωk,i amplitude projection of MMSE vector of UE k into a sector Si
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1 Introduction

Wireless channels operate through electromagnetic radiation from the transmitter to the
receiver. Any form of wireless communication is constrained via the physical laws
regulating the medium. This, in particular, yields scarce radio resources whose optimal
utilization has been at the core of the cellular networks design. To get engineering
insight into the problems involving design of wireless networks, it is a common practice
to utilize probabilistic models [1]. This yields a tool to compare various system
approaches and recognize the proper ones. In doing so, a wireless communication
network can be viewed as a collection of nodes that communicate with each other. A
message passed through the network experiences many random phenomena including
time-varying fading channels, noisy communications, mobility, etc. At any given instant,
one can treat a wireless channel as a snapshot of the randomly varying propagation
medium. In mathematical terms, the interaction among nodes can be captured using
some random variables. In wireless communication networks, the resource allocation
problems, involving such random variables, tend to be multi-dimensional in many
respects, temporal with codes, spatial with antennas, location-wise with multiple users,
etc. As envisioned in the fifth generation (5G) wireless networks and beyond, these
dimensions are expected to be even larger in the future [2]. Therefore, the derivation
of optimal solutions to the these problems is becoming very challenging. In these
circumstances, the application of advanced mathematical tools that can deal with large
dimensional random matrices becomes very relevant. Random matrix theory (RMT), as
such a tool, has been shown to be very efficient in predicting the behavior of wireless
systems with only a few meaningful parameters [3, 4, 5, 6, 7, 8]. RMT provides limiting
results about properties of random matrices in the regime where dimensions of the
random matrices approach infinity. The limiting results provide often astonishingly
precise approximations for the finite-size scenarios. Relying on such results, RMT
has paved the way for solving a wide range of problems in wireless communications
and statistical signal processing [3, 5, 4]. This thesis aims to use the theory of large
random matrices to develop efficient and practically feasible radio resource management
techniques for large-dimensional wireless networks. Exploiting the limiting behaviors of
random matrices, it is shown that the resource allocation in large-dimensional wireless

21



networks becomes manageable and/or the information exchange among cooperative
nodes can be reduced.

1.1 Scope and objectives of the thesis

The scope of this thesis in a broad sense is to develop insightful solutions for the
resource management problems that arise in the physical and medium access layers
of cellular networks with large dimensions. The problems are particularly within the
contexts of multiple access and interference management. The former deals with how
radio resources are assigned to users (UEs) in the serving cell. The latter addresses
the interference caused by simultaneous signal transmissions in different cells. The
special focus is on three appealing scenarios: non-orthogonal multiple access (NOMA);
coordinated multi-point (CoMP); and two-stage beamforming (TSB). The considered
scenarios are among the promising approaches that can fulfill some of the ambitious
requirements in the 5G and beyond wireless networks.

The objective in the 5G and beyond network is to move on from merely connecting
people to fully realizing the internet of things (IoT) and the fourth industrial revolution [2].
This has resulted in a shift towards techniques that both increase the spectral efficiency
and support massive connectivity. NOMA as such a technique utilizes the spectrum
efficiently, and allows serving more UEs in parallel via non-orthogonal resource
allocation [9, 10, 11]. Generally, in the scenarios with large disparity between the
received powers of UEs, the orthogonal signaling is sub-optimal except for the operating
points that are highly unfair towards the weak UEs [12, 13, 1]. In NOMA techniques,
a resource slot is shared among multiple UEs. The UE’s signals recovery is carried
out either by an SIC receiver exploiting the difference in UE’s SINRs (power domain
NOMA) [12, 13, 1, 14, 15] or by adding redundancy using spreading sequences to
distinguish UE’s signals (code domain NOMA) [16, 17, 9]. Low density spreading
NOMA as a variant of code domain NOMA raised attention in the recent literature due
to its desirable bit-error-rate performance and practically feasible implementation [16, 9].
Link level aspects of LDS-NOMA, e.g. bit-error-rate performance [16, 18, 19, 17]
and envelop fluctuation [20], have been well-studied in the literature. However, the
theoretical results concerning the boundaries of the achievable rates in LDS-NOMA is
rather limited [21]. In Chapter 4, a multi-carrier LDS-NOMA scheme with spreading
in the frequency domain [18, 22] is considered. The objective is to characterize the
boundaries of the ergodic sum of the rates at which UEs can jointly transmit reliably,
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and identify the LDS-code allocation policies that closely attain the boundaries. Such
analysis provides insight into system design [22, 9], and hence, is instrumental for the
optimal utilization of scarce radio resources.

The efficient utilization of spatial dimensions is another promising approach to meet
the significant spectral efficiency and massive connectivity requirements for 5G and
beyond networks. This can be achieved via cell-size shrinking [23] and using a large
number of antennas at the BSs [24, 25, 26, 27] to serve a large number of UEs on the
same frequency-time resources. Increasing both the number of UEs and antennas, and
cell densification emphasize the importance of proper beamformer design that takes into
account the inter-cell coordination and consequent challenges in such large networks.
The inter-cell interference (ICI) can be exploited and controlled by cooperation and
coordination among the serving nodes. Such techniques are commonly referred to
as coordinated multi-point (CoMP), which can be used to improve both the coverage
and throughput [28, 29, 30, 31]. Two problems are considered within the context of
CoMP transmission. The first problem, introduced in Chapter 5, recognizes that the
ICI coordination in a dense network with large numbers of BS antennas and UEs is
challenging. Hence, the objective is to develop a semi-static coordination scheme
that allows the cooperating BSs (BSs) to locally obtain near-optimal beamformers
with minimal information exchange. The second problem, introduced in Chapter 6,
considers a dense CoMP network with random topology wherein multi-antenna BSs
serve randomly distributed UEs. The objective is to take advantage of dense deployment
of the network, and derive deterministic approximations for the performance metrics
in terms of system parameters such as cell radius and load. The results enable the
assessment of CoMP network performance based on given system parameters, and can
be a useful tool for an operator to perform initial network dimensioning.

Finally, complexity reduction of the optimal linear receiver via two-stage beamform-
ing is considered in the uplink of a cellular system wherein a number of single-antenna
UEs communicate with a multi-antenna BS. As a consequence of high spatial resource
utilization, the dimensions of the channel matrices, depending on the number of BS
antennas and UEs, are expected to be large. However, such large dimensional channel
matrices pose challenges for optimized beamforming techniques due to computational
complexity and hardware costs. A promising solution to these problems lies in two-stage
beamforming (TSB), which concatenates an outer-beamformer (analog/digital) with an
inner precoder/receiver [32, 33]. This problem is considered in Chapter 7. The objective
is to utilize the results of random matrix theory and design the outer-beamformers based
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on CSI statistics such that the computational burden of obtaining the beamformers is
greatly reduced while attaining close-to-optimum performance.

In developing solutions for the aforementioned problems, we use the theory of
large random matrices to derive deterministic equivalents for metrics of interest in the
large system limit. Since the dimensions of the problems in modern wireless systems
can be relatively large, the asymptotic results provide accurate approximations for the
considered metrics.

1.2 Outline of the thesis

The thesis is written as a monograph, but all the contributions in Chapters 4-7 are based
on journal and conference publications, which have been published. In the following,
we present the outline of the thesis, and briefly review the considered problems and
main contributions of this thesis.

Chapter 2 contains the literature review of previous and parallel works related to the
contributions of the thesis. In particular, a survey on non-orthogonal multiple access is
given, followed by a review of the relevant problems within the context of coordinated
multi-point operation and two-stage beamforming.

Chapter 3 presents the mathematical preliminaries. Section 3.1 briefly reviews the
applications of random matrix theory in wireless communication and presents some
necessary background on random matrix theory. Some standard lemmas and identities
used frequently in the thesis are defined, the well-known Stieltjes transform [34, 5] is
introduced, and the concept of deterministic equivalent is presented. Section 3.2 covers
the basic definitions, concepts, and results from convex optimization theory that are used
throughout the thesis. The formulation of the optimization problem in standard form is
presented, and the notions of optimal and locally optimal points are explained. Then,
the definition of convex sets, convex functions, and convex optimization problems are
given, and the second-order cone programming is introduced as an example of convex
optimization. The duality and Lagrangian associated with an optimization problem are
introduced, the optimality conditions are reviewed, and Karush-Kuhn-Tucker (KKT)
optimality conditions are presented.

Chapter 4 considers low density spreading non-orthogonal multiple-access (LDS-
NOMA) where K single-antenna UEs communicate with a BS over F fading sub-
carriers. Each UE k spreads its data symbols over dk < F sub-carriers. For given design
parameters dk, we characterize the boundaries of the ergodic sum of the rates at which
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UEs can jointly transmit reliably, and identify the structure of the LDS matrices that
closely achieve the boundaries. The structure of an LDS matrix specifies how the
non-zero elements in the spreading codes are allocated to the sub-carriers. This in
particular determines the UE-pairing and power loading on sub-carriers. To minimize
the coordination overhead, the BS assigns the spreading codes based only on the UE’s
pathloss values. Conducting analyses in the regime where F , K, and dk,∀k converge to
+∞ at the same rate, we present EMI as a deterministic equivalent plus a residual term.
The deterministic equivalent is given as a function of pathlosses and spreading codes,
and the small residual term scales as O( 1

min(d2
k )
). First, we formulate an optimization

problem to identify the structures of the LDS matrices that maximize the deterministic
equivalent of EMI. Solving the KKT conditions, a simple resource allocation rule is
obtained that facilitates the allocation of the non-zero elements of the spreading codes
via an efficient partitioning algorithm. The analysis in the finite regime shows that the
acquired sparse solutions additionally harness the small incremental gain inherent in
the residual term, and thus, attain near-optimal values of the EMI in the finite regime.
While regular1 structure for the LDS matrices is found to be asymptotically optimal in
symmetric models, irregular structures arise in generic asymmetric cases. The spectral
efficiency enhancement relative to regular and random spreading is validated numerically.
The results are published in [35] and [36].

Chapter 5 focuses on developing a decentralized framework for coordinated min-
imum power beamforming wherein L BSs, each equipped with N antennas, serve
K single-antenna UEs with specific rate constraints. This is realized by considering
UE-specific ICI strength as the principal coupling parameter among BSs. First, explicit
deterministic expressions for transmitting powers are derived for spatially correlated
channels in the asymptotic regime in which N and K grow large with a non-trivial
ratio of K/N. These asymptotic expressions are then used to compute approximations
of the optimal ICI values that depend only on the channel statistics. By relying on
the approximate ICI values as coordination parameters, a distributed non-iterative
coordination algorithm, suitable for large networks with limited backhaul, is proposed.
A heuristic algorithm is also proposed relaxing coordination requirements even further,
as it only requires pathloss values for non-local channels. The proposed algorithms
satisfy the target rates for all UEs even when N and K are relatively small. Finally, the
potential benefits of grouping UEs with similar statistics are investigated to further

1See Section 2.1 for definitions of regular and irregular structures for spreading matrices.
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reduce the overhead and computational effort of the proposed solutions. Simulation
results show that the proposed methods yield near-optimal performance. The results are
published in [37, 38, 39, 40].

Chapter 6 considers a dense CoMP network with random topology wherein multi-
antenna BSs serve randomly distributed UEs. In this setting, the problem of maximization
of minimum SINR (max-min SINR) subject to constraints on BSs’ transmitting powers
is studied. The aim is to take advantage of dense deployment of the network, and derive
deterministic approximations for the optimal SINR assignments that are independent of
fading and UE’s locations. In particular, instead of assuming a deterministic placement
of UEs, the metrics are averaged over random UE locations. The approximations for the
optimal max-min SINR assignments are given in terms of system parameters such as
cell radius, the number of UEs in the network, and the number of antennas at the BSs.
The results enable the assessment of CoMP network performance based on given system
parameters and assists the initial network dimensioning. Numerical results show that the
approximate SINR values closely follow the optimal ones over a wide range of network
dimensions. The results are published in [41].

Chapter 7 considers the complexity reduction of the optimal linear receiver in an
uplink scenario where both the number of single-antenna UEs K and the number of
BS antennas N are large. Two-stage beamforming (TSB) greatly alleviates the high
implementation complexity of the large scale multiantenna receiver by concatenating
a statistical outer beamformer (OBF) with an instantaneous inner beamformer (IBF)
design. Based on asymptotic large system analysis, a novel TSB method is proposed
that adjusts the dimensions of UE-specific OBF matrices based on the projection of the
optimal minimum mean square error (MMSE) vectors into the beam domain. The beam
domain is first divided into S narrow sectors such that each sector contains D DFT beams.
Then, deterministic equivalents are computed for the amplitude-projection of the optimal
MMSE vectors into each sector in the asymptotic regime where N, K, and D grow
large with a non-trivial ratio N/K =C and N/D = S. Given the approximations for the
sector-specific values, the structure and the dimensions of each UE-specific OBF matrix
are optimized based on the statistical channel properties and the amount of overlap
among UEs in the angular domain. The numerical analysis shows that the attained SINR
values closely follow the optimal MMSE receiver while the computational burden is
greatly reduced. The results are published in [42].

26



Finally, Chapter 8 concludes the thesis. The main results and conclusions are
summarized. Moreover, some remaining open questions and directions for future
research are pointed out.

1.3 Author’s contributions to the publications

The thesis is written as a monograph based on two published [37, 35] journal papers,
and six published [42, 41, 38, 39, 40, 36] conference papers. The author of this thesis
had the main responsibility for developing the original ideas together with his advisor,
formulating the mathematical problems, deriving the analytical equations and algorithms,
writing the MATLAB-based simulation codes, generating the numerical results, and
writing the papers. The role of all co-authors was to provide valuable guidance, ideas,
comments, criticisms, and support in developing the ideas/algorithms and writing the
papers. Prof. Luca Sanguinetti provided technical expertise, especially regarding the
large system analysis in [37] and contributed to the manuscript preparation. Dr. Jarkko
Kaleva provided assistance on deriving KKT conditions for the LDS-codes allocation
optimization problem in [35].

The author of this thesis was also the co-author of the journal paper [43].
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2 Literature review

This chapter reviews the existing literature and parallel works related to the scope of the
thesis. The review begins with a survey on non-orthogonal multiple access in Section 2.1.
The review of the relevant problems within the context of coordinated multi-point
operation is presented in Section 2.2. Finally, Section 2.3 reviews the literature related
to two-stage beamforming.

2.1 Non-orthogonal multiple access

Consider a K-user Gaussian multiple access channel where the received signal at the BS
is given as

y =
K

∑
k=1

sk +n, (1)

where n∼ CN (0,σ2) is the additive Gaussian noise. The K-user capacity region of this
channel model is described by 2K −1 constraints, one for each possible non-empty
subset S of UEs, as follows [11, 1]

∑
k∈S

Rk ≤ log
(

1+
∑k∈S E(r)

k
σ2

)
, ∀S ⊂ {1, ...,K}, (2)

where E(r)
k is the received energy per symbol of UE k. Equivalently, solving the 2K−1

equations in (2), the received power region supporting a given set of UE rates can be
obtained as follows [11]

∑
k∈S

E(r)
k ≥ σ

2 exp
(
∑k∈S Rk

)
−σ

2, ∀S ⊂ {1, ...,K}. (3)

The capacity region and the equivalent received power region are illustrated for a
two-UE case in Fig. 1. In the figure, the corresponding regions for the orthogonal
signaling is also depicted. In the orthogonal multiple access (OMA), the orthogonal
signaling is realized, e.g. by frequency-division multiple access (FDMA), and time-
division multiple access (TDMA) techniques. In such a case, UEs are allocated with
non-overlapping resources. As a consequence of the orthogonal allocation of resources,
the signal received within a resource slot becomes interference free. Thus, the achievable
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rate region can be presented as follows [11, 1]

Rk ≤ αk log2(1+
E(r)

k
αkσ2 ), ∀k, (4)

where αk denotes the fraction of the degrees of freedom (d.o.f) allocated to UE k, and
αk,∀k are subject to

K

∑
k=1

αk ≤ 1. (5)

The received power region can be equivalently obtained by solving the equations in (4)

E(r)
k ≥ αkσ

2 exp(Rk/αk)−αkσ
2, ∀k. (6)

As shown in Fig. 1a, the orthogonal signaling is generally suboptimal, except for one
point where α1 = E(r)

1 /(E(r)
1 +E(r)

2 ) and α2 = 1−α1, i.e., when the allocated fraction
of d.o.f for each UE is proportional to its received power [1]. Considering a scenario
with large disparity between the received powers of the two UEs, the optimal orthogonal
allocation of resources becomes highly unfair towards the weak UE [12, 13, 1]. The
more fair operating point on the capacity region can be achieved by a successive
interference cancellation (SIC) receiver. The SIC receiver strips away the signal of a
decoded UE from the aggregated received signal before the next UE is decoded [1]. Let
us introduce hk as the channel gain of UE k. Then, the power region can be characterized
in terms of transmit powers as

E(r)
k = |hk|2Ek,

Optimal signaling
Orthogonal signaling

(a) Capacity region with E(r)
1 /σ 2 = 7 and E(r)

2 /σ 2 = 3

Optimal signaling
Orthogonal signaling

(b) Received power region with R1 = 3, R2 = 2bits.

Fig. 1. Capacity region (Left) and the equivalent received power region (Right) for the two-UE
scenario, ([11] c©2007, IEEE).
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Optimal signaling
Orthogonal signaling

Fig. 2. Transmit power region for two UEs with R1 = 3, R2 = 2bits, σ2 = 1, |h1|2 = 0.5, and
|h2|= 1, ([11] c©2007, IEEE).

where Ek denotes the transmit symbol energy of UE k. As shown in Fig. 2, distinct
channel gains re-scale the axis in Fig. 1b. The re-scaling of the axis implies that the
minimum transmitting power for given UE rates is achieved by a unique vertex of
the power region [11]. At this vertex, the SIC receiver performs with no performance
loss [11]. The decoding order of UEs is in decreasing order of the strength of their
channels [12, 13, 1]. This decoding technique corresponds to the NOMA schemes that
rely on power-domain multiplexing as explained in the sequel.

Aside from the channel capacity point of view discussed above, NOMA can
accommodate more UEs than OMA over a number of resource slots. Also, transmission
scheduling is more flexible in NOMA due to the non-orthogonal assignment of resources,
e.g., some NOMA schemes render a grant-free uplink transmission [44], which reduces
the latency and signaling overhead [10]. NOMA schemes can be roughly divided into
two main categories, i.e., power-domain multiplexing and code-domain multiplexing.
In the former case, the separation of superimposed UE signals is carried out by
exploiting the difference in UE signal to interference plus noise ratios (SINRs), and
SIC is often used to cancel multi-user interference [10, 45, 46, 47]. In code domain
NOMA, spreading sequences are utilized to distinguish UE signals. An important
sub-category of code domain NOMA is low density spreading NOMA (LDS-NOMA).
In LDS-NOMA, an LDS-code comprising a small number of dk non-zero elements
is employed for linearly modulating UE k’s symbol over a number of F shared radio
resources [16, 48, 18, 19]. The resulting interference pattern at the receiver generates
a low density graph, which facilitates the use of computationally affordable belief
propagation-based multi-user detection (BP-MUD) techniques [16]. The application of
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iterative BP-MUD in LDS-NOMA was first proposed for the low density spreading
CDMA system [16]. The authors in [16] show that, in the AWGN channel, BP-MUD
can achieve close to single-user performance, even when the system has 200% loading.
Along the same lines of [16], similar LDS-NOMA schemes with spreading in frequency
dimension were also proposed in [18, 19]. Aside from LDS-NOMA, there are other
variants of code domain NOMA as well, e.g., sparse code multiple access (SCMA) [17]
and multi-user shared access (MUSA) [44] where the interested reader is invited to refer
to [9, 10] for further details and a more comprehensive review on NOMA techniques.

Link-level aspects of the LDS-NOMA techniques have been studied extensively in
the literature, including low bit-error-rate designs in the aforementioned works [16,
18, 19, 17], and moderate envelope fluctuations in [20]. However, the literature on
the achievable rate region of LDS-NOMA is comparatively small [21]. Such analysis
defines the boundaries of the achievable performance in terms of sequence sparsity
and overloading factor, and thus, provides insight for system design [22, 9]. The
spectral efficiency (SE) analysis of LDS-NOMA with spreading in time domain has been
considered in [49, 50, 51, 52, 53, 21] under a symmetric AWGN channel model. These
works compare the SE limits of structured regular LDS-codes with randomly generated
irregular ones. The sparse mapping between numbers of K UEs and F resources in
LDS-NOMA is called regular when each UE occupies a number of dk = d,∀k resources
and each resource is used by a number of K

F d UEs; or irregular otherwise. The irregular
schemes with dk being randomly Poissonian distributed with fixed mean [52, 53],
and randomly uniformly distributed [51] are studied using the replica method [8] and
random matrix framework developed in [54], respectively. The regular scheme is
considered in [49, 50] where in [50] a closed-form approximation is given for the SE
limit. These analyses indicate that the regular codes, in a symmetric AWGN channel,
yield superior SE compared to irregular and dense spreading (the case with dk = F,∀k).
The aforementioned works rely on the analysis of random matrices in a large system
regime [8, 4] where F grows large with a fixed ratio of K/F . Such analysis yields rather
accurate approximations in a finite regime that become arbitrarily tight as F grows
large. However, since the mathematical literature studying the limiting behavior of
sparse random matrices is distinctly smaller than that for non-sparse ones [55], the
extension of such SE analysis to more generic settings is rather difficult. The only study
on SE analysis in the presence of fading is considered in [56] in a special setting with
dk = 1,∀k.
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In Chapter 4, we consider a multi-carrier LDS-NOMA scheme with spreading in
the frequency domain [18, 22]. The objective is to characterize the boundaries of the
ergodic sum of the rates at which UEs can jointly transmit reliably. Different from
the aforementioned works, the UEs are allowed to have distinct pathloss values. Also,
fading is imposed on sub-carriers. Moreover, instead of assuming a particular sparse
mapping, the number of non-zero elements in the codes, i.e., dk,∀k, are considered as
design parameters. Then, the structure of the LDS-codes that closely attain the SE limits
is identified. The structure of an LDS matrix specifies how the non-zero elements in
the spreading codes are allocated to the sub-carriers. This particularly determines the
UE-pairing and power loading on sub-carriers. A key feature of the considered resource
allocation approach is that the codes are assigned only based on pathloss values. While
the regular structure for the LDS matrices is found to be asymptotically optimal in
symmetric models, irregular structures arise in generic asymmetric cases.

2.2 Coordinated multi-point transmission

Inter-cell interference (ICI) is a fundamental limitation on the performance of cellular
networks [1]. The ICI can be exploited or reduced by cooperation and coordination
among the serving nodes. Such techniques are commonly referred to as coordinated
multi-point (CoMP), which can improve coverage and throughput [28, 29, 30, 31].
CoMP schemes either exploit the ICI terms by joint transmission from multiple BSs [57],
or balance those by proper coordination among BSs [58, 59]. The latter approach,
known as coordinated beamforming, is less-demanding in the context of backhaul and
synchronization requirements. Unlike the former scheme, the coordinated beamforming
methods require the UE’s data to be available only in its serving node. Still, ideally, the
decisions about beamforming vectors should be made jointly among BSs [58, 59]. Two
relevant problems, namely coordinated multi-cell minimum power beamforming and
maximization of minimum SINR (max-min SINR), are studied in this thesis. In the
former problem, the idea is to develop a semi-static coordination method that decouples
the beamforming problems at BSs based on CSI statistics. This allows the BSs to solve
their local problems independently as long as the statistical properties of the UE-specific
channel matrices are unchanged. In the latter problem, the averaging effect due to
the large number of BS antennas and UEs in the network is utilized to find a proper
abstraction of the metrics of interest in terms of basic network parameters such as cell
radius, load, etc. This assists the initial network dimensioning and provides insight into
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the structure of the optimal solution. A review of related works and motivations are
presented in the following.

Distributed coordinated multi-point transmission

High spatial utilization is a promising approach to meet the significant spectral efficiency
enhancements required for 5G and beyond cellular networks. In general, this can be
achieved by using a large number of antennas N at the BSs to serve a large number of
UEs K on the same frequency-time resources. The need for serving such a large number
of UEs in multi-cellular environments pronounces the importance of proper beamformer
design that takes into account the inter-cell coordination and subsequent challenges
in such large networks. In the context of massive multiple-input-multiple-output
(MIMO) [24, 25, 26, 27, 60] under the assumption of i.i.d. Rayleigh fading channels (i.e.,
no spatial correlation), as N→ ∞ with K fixed, non-cooperative beamforming schemes
such as maximum ratio transmission [61], single-cell [62, 63] and multi-cell [64, 65]
minimum mean squared error (MMSE) schemes can entirely eliminate the multi-cell
interference, and the performance is only limited by pilot contamination. As shown
recently in [66], even the pilot contamination is not a fundamental asymptotic limitation
when a small amount of spatial channel correlation or large-scale fading variations over
the array is considered. Despite all this, when N is not relatively large compared to K,
cooperation among cells provides significant additional benefits in mitigating inter-cell
interference. Coordinated multi-cell resource allocation is generally formulated as an
optimization problem in which the desired network utility is maximized subject to some
constraints. Here, we are interested in a coordinated multi-cell multi-user MIMO system
in which L BSs, each equipped with N antennas, jointly minimize the transmission
power required to satisfy target rates for K single-antenna UEs. We recognize that
the ICI coordination in a dense network with a large number of UEs and antennas is
challenging, due to the practical limitations of backhaul links. Hence, we are particularly
interested in developing a semi-static coordination scheme that allows the cooperating
BSs to locally obtain near-optimal beamformers with minimal information exchange.

Coordinated multi-cell minimum power beamforming has been largely investigated
in the literature [58, 59, 67, 68, 69, 70], and has recently received renewed interest in the
context of green multi-cellular networks [71]. The optimal solution to this optimization
problem can be computed by means of second-order cone programming (SOCP) [58]
or exploiting uplink-downlink duality [59]. However, this requires full channel state
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information (CSI) at all BSs, meaning that the locally measured instantaneous CSI
needs to be exchanged among BSs. To avoid the exchange of CSI among BSs, several
different decentralized solutions have been proposed in the literature [67, 68, 69, 70].
The underlying idea of all these methods is to reformulate the optimization problem
such that the BSs are only coupled by real-valued ICI terms. In this way, the centralized
problem can be decoupled by primal or dual decomposition approaches leading to a
distributed algorithm, which needs the ICI values to be continuously exchanged among
BSs (to follow the changes in the fading process). Despite the remarkable reduction in
information exchange, when the system dimensions grow large (as envisioned in 5G
and beyond networks) and consequently the amount of information to be exchanged
increases, the limited capacity and high latency of backhaul links in practical networks
may become a bottleneck.

A possible way out of these issues is to rely on the asymptotic analysis in which
the number of antennas at BS N and the number of UEs in the network K grow large
with a non-trivial ratio K/N. In these circumstances, tools from random matrix theory
allow deriving explicit expressions for (most) performance metrics such that they only
depend on the channel statistics. In the course of developing large system analysis
for the power minimization problem subject to UE rate constraints, one can begin
with the Lagrangian duality formulation developed in [59] where the optimal power
assignments are presented in terms of channel entries. In particular, the results of
large system analysis can be utilized to compute deterministic equivalents for the
optimal powers. The authors in [72, 73, 74, 75, 76] perform such analysis under i.i.d.
Rayleigh fading channels in single-cell [72, 73] and multi-cell [74, 75, 76] settings. The
impact of spatial correlation on the asymptotic power assignment is studied in [77]
for a single-cell scenario with UEs experiencing identical correlation matrices. The
deterministic equivalents are found to depend only on the long-term channel statistics
and on the UE target rates. This enables the cross-cell coordination based on slow
varying channel statistics and also provides insights into the structure of the optimal
solution as a function of underlying statistical properties. However, the major drawback
in using the asymptotic power expressions in practical networks of finite size (with a
finite number of antennas N) is that the rate constraints are not met since those can
be guaranteed only asymptotically. Utilizing the results of random matrix theory and
convex optimization, in Chapter 5, a novel approach is proposed that overcomes this
deficiency, while enabling the semi-static coordination based on slow varying channel
statistics. This is realized by reformulating the optimization problem such that the BSs
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are only coupled by ICI values. Then, by utilizing the Lagrangian duality analysis in [59]
and techniques of random matrix theory, we derive deterministic equivalents for the
optimal ICIs in terms of channel statistics. The equivalents are derived under a generic
spatially correlated channel model. The asymptotic ICI terms are then incorporated
as approximations for the coordination messages in the finite regime. This eventually
yields two QoS guaranteed coordination algorithms that decouple the problems at BSs
as long as the slow varying CSI statistics remain unchanged.

Max-min SINR with random network topology

The other problem of interest within the context of coordinated multi-cell resource
allocation is the maximization of minimum weighted SINR (max-min SINR) subject
to total transmitting power constraints at BSs. Consider a downlink scenario where
multi-antenna BSs with limited power budgets serve K single-antenna UEs in downlink.
Let each UE k have a desired target SINR value of γk. Also, let Γi be the UE i’s attained
SINR value for a given set of beamforming vectors at the BSs. Then, the max-min
SINR problem aims to maximize min{Γi

γi
, i = 1, ...,K} over all beamforming vectors

that satisfy the total power constraints at the BSs. In such a case, the γk values can
be interpreted as the UE priority parameters. The maximization of the minimum of
weighted SINRs in fact equalizes the ratios Γi

γi
,∀i, which enforces fairness in the attained

SINRs with respect to the priority parameters [78]. Also, as suggested in [79], the
optimal value of the objective function in the max-min SINR problem provides a single
performance measure that reflects the quality of the multi-user channel. Such a measure
can be used in network planning, and/or in medium access control to make proper
scheduling decisions. The optimum of the max-min SINR problem also characterizes
the SINR assignments {γk} that are feasible for a given total power constraint at BSs. A
set of desired SINR values {γk} is called feasible if the optimum of max-min SINR
problem is greater than or equal to one. In such a case, the power limited BSs are able to
serve UEs with Γk ≥ γk,∀k. As shown in [79], this problem is closely related to the
minimum power beamforming problem mentioned in the previous section. This is
explained in detail in Chapter 6 where the max-min SINR problem is introduced.

One of the earliest strategies for solving the max-min SINR problem is given
in [79, 80] via minimizing the maximal eigenvalue of an extended crosstalk matrix.
The solutions to the problem based on conic programming are given in [58] and [81]
for the MIMO channel and multi-cell MISO network, respectively. These solutions
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rely on the aforementioned intimate link between the max-min SINR and power
minimization problems. Distributed solutions for the max-min SINR problem in the
multi-cell MISO system are proposed in [82] through the connections with the non-linear
Perron-Frobenius theory [83]. The analysis is extended to a multi-cell MIMO network
in [78].

Similar to the RMT-based approaches in the coordinated multi-cell minimum
power beamforming problem in [72, 73, 74, 75, 76], the works in [84, 85] consider the
instantaneous information exchange in multi-cell scenarios as prohibitive when the
number of transmit antennas at BSs as well as the number of serving UEs grow large.
Utilizing results of random matrix theory, the work in [84] studies the max-min SINR
problem in the asymptotic regime, and investigates several cooperation strategies by
assuming a two-cell model with homogeneous channel setting. The authors in [85]
utilize Frobenius theory and random matrix theory to provide large system analysis for
the max-min SINR problem in a multi-cell setting and propose a distributed algorithm
with minimal coordination requirements. The large system analysis is employed in [86]
with a focus on reducing the complexity of the linear SINR balancing beamforming.

In Chapter 6 the max-min SINR problem is revisited considering a dense CoMP
network with random topology wherein multi-antenna BSs serve randomly distributed
UEs. The idea is to analyze the problem using RMT results and characterize the
assignments of target SINRs {γk} that are feasible for a given set of basic system
parameters such as BSs’ power budget, cell radius, cell load, etc. In particular, instead of
assuming a deterministic placement of UEs, the metrics are averaged over random UE
locations. One of the earliest works that applied random matrix theory to the study of
networks with random topology is given in [87]. The authors in [87] study the optimal
BS placement that maximizes the system throughput in the uplink of a one-dimensional
2-cell network with randomly distributed UEs. Stochastic geometry is another promising
approach to study the average behavior over many spatial realizations of large random
networks [88, 89]. The works in [90, 91] adopt stochastic-geometry models for a cellular
network with multi-cell cooperation, and study the outage probabilities of UEs in the
coverage area. The results of the analysis in Chapter 6 allow one to determine accurate
approximations for the feasible SINR assignments based on basic system parameters,
including cell radius, the number of UEs in the network, and the number of antennas at
the BSs. The analysis provides an abstraction of the network performance without the
need to run Monte-Carlo simulations, and assists the initial network dimensioning.
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2.3 Two-stage beamforming

High spatial resource utilization can be achieved by using a large number of antennas N

at the BSs to serve a large number of UEs K on the same frequency-time resources.
However, such large dimensions of the channel matrices pose challenges on practical
implementation of beamforming techniques due to computational complexity and
hardware costs. A promising solution to these problems lies in the concept of two-stage
beamforming (TSB). Fig. 3 shows three TSB structures at a BS, which is acting as
the transmitter in a downlink scenario. The TSB receivers also have similar structures.
In general, as it is shown in Fig. 3, TSB schemes concatenate an outer-beamformer
(analog/digital) with an inner beamformer/receiver [32, 33]. In the following, we briefly
explain these structures and review the related literature.

The structure A in Fig. 3 shows a hybrid beamforming scheme, which is a variant of
two-stage beamforming. Hybrid beamforming uses a combination of analog beamform-
ers in the RF domain, together with digital beamforming in baseband, connected to
the RF with a number of up/downconversion chains [32, 92]. As can be seen from the
figure, NS data streams are processed in the inner-beamformer T in baseband to produce
NRF outputs fed to the inputs of RF chains. The streams are upconverted to RF in the RF
chains, where then, the analog outer-beamformer B maps the streams to N antenna
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Fig. 3. Illustration of three two-stage beamforming schemes: A: full-complexity, B: reduced-
complexity, and C: virtual-sectorization structures, ([32] c©2017, IEEE).
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elements. This hybrid structure reduces the complexity of obtaining the beamforming
vectors, and is also beneficial for reducing the hardware cost [33]. This structure is
motivated as the number of RF chains is proportional to the number of data streams
while the beamforming gain and diversity order is determined by the number of antenna
elements [32]. Thus, close-to-optimum performance can be achieved with complexity
proportional to the number of data streams [32]. This is particularly beneficial for
massive multiple-input-multiple-output (MIMO) [24, 60] systems wherein an imbalance
between the number of antennas and UEs is assumed. As shown in Fig. 3, each analog
beamformer output in structure A can be a linear combination of all RF signals. Thus,
the structure A is called a fully-connected structure [32]. Further complexity reduction in
this approach can be attained by connecting each RF chain to a sub-set of antennas [92].
This yields the structure B in Fig. 3, which is called a reduced-complexity structure [32].
Such an approach, however, comes with degradation in system performance compared
to the fully connected scenario. The design of TSB in this context with fully/partially
connected RF chains is considered, e.g., in [92, 93, 94]. The authors in these works
propose to obtain TSB by minimizing the Euclidean distance of the hybrid beamformer
to the fully digital one. The other approach based on the minimization of mean square
error is considered in [95, 96]. An in-depth review of hybrid beamforming methods is
presented in [32, 33].

The concept of two-stage beamforming (with fully digital architecture) based on CSI
statistics is introduced in [97] for the downlink of a frequency division duplexing (FDD)
system. In this approach, which is coined as joint spatial division and multiplexing
(JSDM), an outer beamformer based on slow varying CSI statistics is concatenated
with inner-receivers adapted to instantaneous CSI. Taking advantage of limited angular
spreads of UE signals at the BS, the dimension of CSI needed for the inner-receiver
design can be significantly reduced. To further reduce the downlink training/uplink
feedback burden, the authors in [97] exploit the similarity among covariance matrices of
co-located UEs and group the UEs with similar covariance matrices together. Then,
statistical OBF matrix creates multiple virtual sectors, each serving a group of UEs.
This enables separated baseband processing and channel training for each group,
which reduces both signaling overhead and computational complexity. In this case,
the outer-beamforming can be implemented in the analog domain as well. This is
equivalent to structure C in Fig. 3. The performance of such a system depends on
group-formation [98, 99], and cross-sector interference management [100, 101]. The
authors in [100, 101] study JSDM-based two-stage beamforming in a downlink system
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to maximize the weighted sum-rate. It is observed that the reduced spatial dimensions
result in significant inter-sector interference leakage as the number of UEs K increases.
This issue is addressed in [101] by the coordination of interference among sectors.
Similar performance degradation appears in the equivalent uplink problem where the
work in [102] mitigates the effects of inter-group interference using a layered belief
propagation detector. In the uplink problem, which is the focus of the study in Chapter 7,
it is well-known that the optimal linear receiver is the minimum mean square error
(MMSE) vector [1]. MMSE receiver maximizes the SINRs via an optimal trade-off
between mitigating the noise and interference [1]. However, the implementation of
a large-scale MMSE receiver may not be feasible in practice due to complexity and
cost constraints. To reduce the complexity of obtaining the optimal linear receiver, in
Chapter 7, a two-stage beamforming scheme is considered that concatenates a statistical
OBF with an instantaneous inner receiver. The beam domain is first divided into a
number of narrow sectors. Then, deterministic approximations are derived, in terms
of CSI statistics, for the amplitude projection of MMSE (AP-MMSE) vectors into
each sector. Given the approximations for the sector-specific AP-MMSE values, the
structure and dimension of each UE-specific OBF matrix are optimized based on the
CSI statistics and the amount of overlap among UEs in the angular domain. The attained
SINR values closely follow the optimal MMSE receiver while the computational burden
is greatly reduced. Also, some conclusions are drawn about the dependency of the size
of inner-receivers on the system load and UE positions with respect to the antenna array.
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3 Mathematical preliminaries

3.1 Background on random matrix theory

Random matrix theory characterizes the properties of matrices whose entries follow a
joint probability distribution. One of the earliest studies of random matrices is related to
Wishart matrices, named after the author of [103]. The random matrix XXH ∈ CN×N

is called central Wishart matrix if the columns of the N×n matrix X are zero mean
independent Gaussian vectors with covariance matrix R. Wishart matrices are studied
extensively in the literature. There are exact results on small dimensional Wishart
matrices characterizing their probability distribution function and other properties such
as the joint distribution of the eigenvalues [104, 105, 106]. In seeking closed-form
expressions of the exact statistics as in the analysis of small dimensional Wishart
matrices, one encounters intractable analysis in more structured matrices. This motivates
studying large dimensional random matrices. When the dimensions of random matrices
grow large, limiting results can be derived about properties of the matrices. The limiting
results provide often stunningly precise approximations for the finite-case scenarios. One
of the earliest works considering asymptotic analysis arises from nuclear physics in [107]
wherein symmetric matrices with independent entries taken from {−1,1} are considered.
Hermitian matrices with zero-mean, normalized, and independent upper triangular entries
are named Wigner matrices after the author of [107]. It is well-known that the marginal
probability distribution of the eigenvalues of Wigner matrices converges towards the
semi-circle law [107, 4]. This has motivated a large number of the works in the literature
to study the eigenvalues of large random matrices, e.g. [108, 109, 110]. The marginal
distribution of the eigenvalues of a random matrix contains important information, and
may even determine the complete stochastic behavior of the random matrix [4, 5, 6, 7].
Regarding the eigenvectors of random matrices, it is known that the eigenvectors of
Wigner and Wishart matrices are asymptotically Haar distributed [111, 112]. The recent
progresses in characterizing the properties of eigenvectors of random matrices are
reported in [113, 114, 115, 116, 117] and the references given therein.

There are various methods for random matrix-based calculus among which is
the important Stieltjes transform, named after the author of [34]. Stieltjes intended
to address the problem of finding unknown probability distribution via the Stieltjes
inversion formula, which provides a link between the distribution function and its
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moments. The Stieltjes transform approach has been largely used in the literature
to find the limit spectral distribution (l.s.d)2 of random matrices (when it exists),
particularly, those with independent entries [4, 108, 109, 110]. Regarding random
matrix models wherein an l.s.d does not necessarily exist, the concept of so-called
deterministic equivalents becomes very useful. Deterministic equivalent methods work
through Stieltjes transform and provide deterministic approximations of functionals
of finite-size random matrices. These approximations become arbitrarily tight in the
large system regime [4, 118, 110, 119]. The analysis in the following sections emerges
mainly from the aforementioned methods, which are discussed in more detail later
in this section. There are other approaches as well to deal with problems of random
matrices, e.g., free probability and related moment-based methods [5]. Free probability
presents a mathematical description of the theory of probability on non-commutative
algebras [120]. The essential distinguishing feature of free probability is that a random
matrix is primarily seen as a linear random operator [5, 8]. This is different from the
aforementioned methods that consider a large random matrix as a whole ensemble and
prove convergence results [5, 8]. There are also other methods for random matrix-based
calculus such as the replica method and theory of orthogonal polynomials where the
interested reader is invited to refer to [4, 5, 6, 7, 8] for further information.

Random matrix theory has shown to be very useful when dealing with perfor-
mance analysis in wireless systems. This is, to some extent, due to the intimate link
between the Stieltjes transform and the information-theoretic expression of mutual
information [7, Section 2.3.3]. Random matrix methods have been applied to a wide
range of performance analysis problems, including studies in CDMA communica-
tions [121, 122, 123, 124, 125, 126], MIMO communications [127, 128, 129, 130, 131],
multiple access channels and broadcast channels [132, 133], and design and analysis of
multi-user receivers [134, 135, 136, 137, 138, 139, 140]. Random matrix theory also
has addressed many problems in statistical signal processing, e.g. the problems of
estimation and detection [141, 142, 143, 144, 145], and system modeling [146, 147].
The interested reader is invited to refer to [4, 5, 6, 7, 8, 119] for comprehensive reviews
of the results and applications of random matrix theory.

In the following, some necessary background on probability and random matrix
theory are presented. At first, the definition of random matrices and the intuition for
studying the random matrices in the asymptotic regime are given. Some standard lemmas

2See Section 3.1.3
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and identities, used frequently in the thesis, are presented afterwards. Then, Stieltjes
transform is introduced, and the concept of deterministic equivalents is presented.

3.1.1 Some notions of probability and random matrix theory

In probability theory, a random matrix is a matrix-valued random variable, that is, a
matrix with entries being random variables with a joint probability distribution. A formal
definition of a random matrix is given in the following by introducing the probability
space (Ω,F ,P). This rigorous definition is used solely in this section for introducing
some concepts in random matrix theory.

Definition 1. [148] Let (Ω,F ,P) be a probability space with Ω being the set of all

possible random outcomes, and F being a σ -algebra 3 on Ω with probability measure

P. Also, let (R,G) be a measurable space with G a σ -algebra on R. Then, the

map X : Ω→R is called a matrix-valued random variable if for any A ∈ G we have

{ω,X(ω) ∈ A} ∈ F where ω denotes a sample point in Ω.

In this thesis, the random matrices are typically associated with wireless communi-
cation channels where the observation spaceR is the set of complex numbers CN×n.
One might interpret Ω as the space of possible propagation environments. Then, X(ω)

maps a snapshot ω of the propagation medium at a given instant to a channel realization
in CN×n [4]. Hereafter, a random variable and its random realization X(ω) is equally
referred to using X, unless distinguished for clarity. Also, in the special case whereR is
the space of real numbers R, we use X(ω) ∈ R to denote the scalar random variable
with an associated cumulative distribution function given as

F(x), P({ω,X(ω)≤ x}),x ∈ R. (7)

In the analysis of random matrices, it is often convenient to consider a proba-
bility space (Ω,F ,P) where each ω ∈ Ω generates a sequence of random matrices
{XN(ω)}1≤N = X1(ω),X2(ω), ... with growing dimensions. Then, tools from random
matrix theory allow us to study the convergence behavior of these random matrices
as N→ ∞. A relevant aspect of some classes of Hermitian random matrices XN(ω)

is that their empirical spectral distribution (e.s.d) converges towards a non-random
distribution as N→∞. The Stieltjes transform is very useful in deriving such asymptotic
3A σ -algebra is a class of subsets of Ω that contains Ω and is closed under complementation and countable
unions [148].
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limits of e.s.d. The Stieltjes transform and its relation with the e.s.d of Hermitian
matrices is briefly explained in 3.1.3. In this thesis, we are particularly interested in
some functionals fN(XN(ω)) of random matrices where we study the convergence of
fN to a so-called deterministic equivalent f̄N in some sense. This is further explained
in Section 3.1.4 where a formal definition of deterministic equivalent is given. In
deriving the large system analysis, several convergence types are defined including the
convergence in probability, weak convergence, and almost sure convergence where
the reader is invited to refer to [4, 6, 7] for details. Hereafter, we frequently use the
convergence in an almost sure sense. A sequence of random variables {XN}1≤N is said
to converge almost surely to the constant x if

P
(
lim sup

N→∞

|XN− x|= 0
)
= P

({
ω, lim sup

N→∞

|XN(ω)− x|= 0
})

= 1. (8)

The underlying probability space (Ω,F ,P) here is the space where each realization
ω generates a sequence {XN(ω)}1≤N = X1(ω),X2(ω), ... of random variables. The
convergence in almost sure sense is denoted by XN

a.s.−−→ x.
In the following, some standard lemmas and theorems are given. Then, Stieltjes

transform and its relation with the empirical spectral distribution (e.s.d) of Hermitian ma-
trices are reviewed. Finally, we will introduce and motivate the concept of deterministic
equivalents.

3.1.2 Standard lemmas and identities

In this section, some standard lemmas and identities are presented, which are of frequent
use in the thesis.

Lemma 1. [110]: Let matrix A be an N×N Hermitian invertible matrix. Then, given

A+ cxxH be invertible with x ∈ CN and c ∈ C, the following holds

xH(A+ cxxH)−1 =
xHA−1

1+ cxHA−1x
. (9)

Lemma 2. [149] Let A be Hermitian non-negative, then

|tr(AB)| ≤ ‖B‖tr(A). (10)

Next, two well-known lemmas are presented that are useful for studying the
convergence behavior of sequences of random matrices.
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Lemma 3. [110, Lemma 2.6]: Let A and B be N×N matrices with complex entries.

Then, given B be Hermitian non-negative, and x ∈ CN , we have for z ∈ R−

∣∣tr(((B− zIN)
−1− (B+xxH− zIN)

−1)A)∣∣≤ ‖A‖
z

. (11)

The above lemma is known as the rank-1 perturbation lemma. Given A = IN , the
results of the lemma equivalently imply∣∣ 1

N
tr(BN− zIN)

−1− 1
N

tr(BN +xNxH
N− zIN)

−1∣∣ a.s.−−→ 0. (12)

This states that the addition of rank-1 matrix xNxN
H to the matrix BN does not affect the

trace term as N→ ∞. The other lemma, known as trace lemma, was proved initially
in [150] , which is presented in the following.

Lemma 4. [150, Lemma 2.6]: Let {AN}1≤N with A∈CN×N be a series of matrices with

a uniformly bounded spectral norm. Also, consider a series of random vectors {xN}1≤N

with xN ∈ CN having i.i.d entries with zero mean, variance of 1
N , and eight-order

moment of order O(1/N4). Then, given the entries of xN are independent of AN , the

following holds

xH
NANxN−

1
N

tr(AN)
a.s.−−→ 0, (13)

almost surely, as N goes to infinity.

Given sequences of random vectors {xN}1≤N and {yN}1≤N , the following extension
of the trace lemma shows the conditions for which the terms in form xNANyN vanish.

Lemma 5. Let {AN}1≤N be as in Lemma 4. Also, let {xN}1≤N and {yN}1≤N be series

of random vectors with i.i.d entries, zero mean, variance of 1
N , and fourth-order moment

of order O(1/N2). Then, given the entries of xN and yN be independent of AN , the

following holds

xH
NANyN

a.s.−−→ 0, (14)

almost surely, as N goes to infinity.

We often encounter a problem when trying to prove the convergence of a sequence
of functions { fN(z)}1≤N to the limit f (z) for all z ∈ D where D is a region in C. To do
so, it is often easier to prove the convergence for all z in a compact subspace, and then
generalize it to the whole region D. To this end, the Vitali’s convergence theorem, given
in the following, is of particular use.
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Theorem 1. [151] Consider a sequence of functions { fN(z)}1≤N , which are analytic

on a region D ⊂ C. The functions fN(z) are assumed to be uniformly bounded on N and

z ∈ D, i.e., | fN(z)| ≤C with C being a bounded constant. Assume that fN(zi) converges

for a countable set z1,z2, ... ∈ D, having a limit point in D. It follows that the functions

fN(z) converge uniformly to an analytic limit function in any region bounded by a

contour interior to D.

3.1.3 Stieltjes transform

Let F be a distribution function with density f . The support of the real-valued function F

is denoted by Supp(F), which is the closure of all the sets {x ∈R,0 < f (x)< ∞}. Then,
the Stieltjes transform related to the distribution function F is defined on z∈C\Supp(F),
the complex space complementary to the support of F , as follows,

Definition 2. [4] The Stieltjes transform of a distribution function F with Supp(F) ∈R
is defined for z ∈ C\Supp(F) as

mF(z),
∫

x∈Supp(F)

1
x− z

dF(x). (15)

Also, mF(z) has the following properties:

a) mF(z) is analytic over C+.

b) if lim
x→0−

F(x) = 0, then mF(z) is analytic over C\R+.

c) |mF(z)| ≤ 1
dist(z,R+)

, z ∈ C\R+ where dist(z,A) = inf
y∈A
|z− y|.

The Stieltjes transform mF(z) uniquely determines the distribution function F(x)

and vice-versa. To this end, we have the following theorem,

Theorem 2. [4] Let mF(z) be the Stieltjes transform of a distribution function F(x),

then, the distribution function F(x) can be recovered at its continuity points x as

F(x) =
1
π

lim
y→0+

∫ x

−∞

I(mF(t +1iy))dt. (16)

where I(.) denotes the imaginary part of a complex number, and 1i is the unit imaginary

number.

Theorem 2 provides an intimate link between distribution function F(x) and its
Stieltjes transform mF(z) so that one can reconstruct one from another. This is particu-
larly useful when one is working on empirical spectral distribution (e.s.d) of Hermitian

matrices.
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Definition 3. Consider N×N Hermitian matrices XN , the corresponding empirical

spectral distribution (e.s.d) FXN of XN is defined for x ∈ R as

FXN (x) =
1
N

N

∑
j=1

1λ j≤x(x), (17)

Where λ1, ...,λN are eigenvalues of XN . The indicator function 1λ j≤x gives 1 when λ j is

less than x and 0 otherwise.

The Stieltjes transform has an important relation with e.s.d of Hermitian matrices as
stated in the following. Consider Hermitian matrices XN ∈CN×N , and let FXN (x),x ∈R,
be the corresponding e.s.d, then mFXN (z) is given as

mFXN (z) =
∫ 1

x− z
dFXN (x)

=
1
N

N

∑
j=1

∫ 1
x− z

δ (x−λ j)

=
1
N

tr(ΛΛΛN− zIN)
−1

=
1
N

tr(XN− zIN)
−1,

(18)

where ΛΛΛN is the diagonal matrix of eigenvalues on XN . Thus, (18) together with (16)
allow one to study the e.s.d of a Hermitian random matrix XN using the trace term
mFXN (z) =

1
N tr(XN − zIN)

−1. The e.s.d FXN converges for some classes of large
Hermitian matrices XN , as N→ ∞, towards a non-random distribution F . This function
F is called the limit spectral distribution (l.s.d) of XN . In such a case, the aforementioned
results allow one to determine the l.s.d by studying the convergence limit of the
corresponding Stieltjes transform sequence, e.g. see proof of Marc̆enko-Pastur law
in [108] . However, in this thesis, we are not interested in l.s.d of random matrices.
Instead, we’d like to derive deterministic equivalents for functionals of random matrices.
The deterministic equivalents work through Stieltjes transform and its relation with e.s.d
of Hermitian random matrices. For simplicity, hereafter, the Stieltjes transform mFXN (z)

of FXN is called the Stieltjes transform of XN and denoted by mXN (z).

3.1.4 Deterministic equivalents

Let us begin with a rigorous definition of deterministic equivalent, then, some examples
are given to clarify it further.
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Definition 4. [4] Let {XN(ω)}1≤N with ω ∈ Ω be a sequence of N×N Hermitian

random matrices given by a probability space (Ω,F ,P). Then, the sequence of N×N

deterministic matrices {Xo
N}1≤N is called the deterministic equivalent of XN for the

functional { fN(XN)}1≤N provided that

lim
N→∞

(
fN(XN(ω))− fN(Xo

N)
)
→ 0

for all ω ∈ A where A ∈ F with P(A) = 1. This type of convergence is called almost

sure convergence, which indicates the convergence with probability one. Equivalently,

the series of deterministic functions { f̄N)}1≤N , where f̄N , fN(Xo
N) is called the

deterministic equivalent of fN(XN).

The definition of deterministic equivalent states that the difference between two
sequences { fN(XN(ω))}1≤N and { fN(Xo

N)}1≤N vanishes with probability one as N→∞.
The convergence speed is often fast such that fN(Xo

N) yields an accurate approximation
for fN(XN(ω)) in the finite regime. As an example, recall the results of Lemma 4
that imply the almost sure convergence as xH

NANxN − 1
N tr(AN)

a.s.−−→ 0. According to
Definition 4, the term 1

N tr(AN) is a deterministic equivalent of xH
NANxN , which is given

independent of random vectors xN .
In wireless communication, the random matrices of interest are often related to the

random channel matrix HN describing the input-output relation of a wireless channel.
In Chapters 5, 6, and 7, we study some metrics that are related to the SINR values.
Let the columns hk,∀k of HN ∈ CN×K be the channel vectors of K single-antenna UEs
communicating with a BS equipped with N antennas. Also, let the interference matrix
ΣΣΣN be defined as ΣΣΣN = (∑ j∈U ρh jhH

j +IN)
−1 where U = {1, ...,K} and ρ is the transmit

SNR. We use ΣΣΣ
\k
N to denote the interference matrix wherein the summation is over UE

indices in Uk = {1, ...,k−1,k+1, ...,K}. The SINR of the linear MMSE receiver at the
BS can be evaluated for a given UE k as Γk = ρhH

k ΣΣΣ
\k
N hk. Let the channel vectors be

given as hk = akzk where a2
k denotes the pathloss of UE k, and assume the entries of zk

be i.i.d with zero-mean and variance of 1/N. Then, using Lemmas 3 and 4, we get

Γk = ρa2
kzH

k ΣΣΣ
\k
N zk (19)

Lemma 4� ρa2
k

1
N

tr(ΣΣΣ\kN ) (20)

Lemma 3� ρa2
k

1
N

tr(ΣΣΣN), (21)

where xN � yN denotes the asymptotic equivalence, i.e xN
a.s.−−→ yN as N→ ∞. Observe

that the above asymptotic analysis presents the SINRs in terms of 1
N tr(ΣΣΣN) where, as
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mentioned in Section 3.1.3, the trace term is the Stieltjes transform of e.s.d of Hermitian

matrix HNHH
N . Thus, studying the trace term in the large system regime, we can

equivalently characterize the SINR term as in (19). The trace of the interference matrix
ΣΣΣN can be shown that is also related to the mutual information JN(ρ) =

1
N log |ρHNHH

N +

IN | as follows [152]

∂ JF(x)
∂x

=
1
N

tr
(
(xHNHH

N + IN)
−1HNHH

N
)

=
1
x
− 1

x
1
N

tr(xHNHH
N + IN)

−1, x ∈ R+.

(22)

Equivalently, we have

JN(ρ) =
∫

ρ

0

1
x
− 1

x
1
N

tr(ΣΣΣN(x))dx, (23)

where this relation is very useful in the analysis in Chapter 4 wherein we study the
ergodic mutual information of an LDS-NOMA system in the asymptotic regime.

In conclusion, in the analysis of the wireless systems, we often consider the
functional fN(XN) =

1
N tr(HNHH

N− zIN)
−1, i.e., the Stieltjes transform mXN (z) of e.s.d

of Hermitian matrix XN = HNHH
N . Then, we study the convergence behavior of mXN (z)

in the asymptotic regime. In particular, we derive a deterministic equivalent m̄N(z)

for mXN (z) in terms of the underlying statistical properties of the channel matrix and
independent of involved randomness such as fading in channel entries, user mobility,
etc. Such analysis equivalently yields deterministic expressions for SINR and mutual
information as shown in Chapters 5 and 4, respectively. In deriving the deterministic
equivalent for mXN (z), we need to replace the Stieltjes transform of the considered
random matrix model by a deterministic function m̄N(z), which is defined as the solution
of a specified system of equations. Depending on the considered random matrix model,
we need to make progressive approximations of the equations of mXN (z) to get a closed
system of equations. One such an approach is proposed by Bai and Silverstein in [110]
where the deterministic equivalent of 1

N tr(XN− zIN)
−1 is inferred by writing it under

the form 1
N tr(DN)

−1 where DN needs to be determined. This is performed by selecting
DN = (RN − zIN)

−1. Then, working on the difference 1
N tr(XN − zIN)

−1− 1
N tr(DN)

−1,
the matrix RN is determined such that the difference converges to zero asymptotically.
In deriving the results, Lemmas 3, 4, and 5 are very useful. The reader is invited to refer
to [4, Chapter 6] where the derivations are explained in detail. Another approach is
the so-called Gaussian method that is useful when XN has Gaussian i.i.d entries, for
which fast convergence rates of the functional of the mean e.s.d can be proved [152, 4].
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This method is introduced in [152] to the field of wireless communication wherein the
convergence behavior of the ergodic mutual information in correlated MIMO Rayleigh
channels and its fluctuations are studied. The idea is to use an integration by part
formula [153] to expand the mean of mXN (z). This presents the mean of mXN (z) as a
deterministic part plus a residual term. Then, Nash-Poincaré inequality [152] is used to
derive a bound on the residual term that vanishes asymptotically. This approach is used
in Chapter 4 to derive a deterministic equivalent for the ergodic mutual information
of an LDS-NOMA system wherein the detailed derivations are given. Finally, we
have the concept of free deterministic equivalent [154], which is closely related to the
deterministic equivalents introduced in this section. The analysis in free deterministic
equivalent is based on the results from free probability theory. The reader is invited
to refer to [119, Chapter 10] wherein the concept of free deterministic equivalent is
explained in detail.

3.2 Background on convex optimization theory

In this section, we cover basic definitions, concepts, and results from convex optimization
that are used throughout the thesis. A comprehensive reference for convex optimization
is given in [155]. Utilizing similar notations as in [155], hereafter, we use f : Rn→ R
to denote a real-valued function f on its domain in Rn. We use dom( f ) to denote the
domain of function f , which is the subset of points x ∈ Rn for which f (x) is defined.

An optimization problem in standard form can be expressed as [155]

minimize f (x)

s.t. gi(x)≤ 0, i = 1, ...,M

hi(x) = 0, i = 1, ...,P,

(24)

where x ∈ Rn is the optimization variable, the function f : Rn→ R is the objective or
cost function, and the functions gi : Rn→ R and hi : Rn→ R are the inequality and
the equality constraint functions, respectively. The formulation in (24) describes the
problem of minimizing the cost function over all the points that satisfy the constraints.
Let D be the domain of the optimization problem, which is the set of the points for
which the objective and all the constraint functions are defined. Then, a point x ∈ D is
called feasible if it satisfies all the inequality and the equality constraints in (24). The
set of the points satisfying the feasibility condition is called feasible set. The problem
in (24) is called feasible if the feasible set is non-empty, and otherwise infeasible [155].
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We define the optimal value p∗ of the problem in (24) as follows

p∗ = inf{ f (x)|gi(x)≤ 0, i = 1, ...,M,hi(x) = 0, i = 1, ...,P}. (25)

A vector x∗ in the feasible set is called the optimal point, or solve the problem in (24), if
f (x∗) = p∗ [155]. The set of the optimal points is called the optimal set. The optimal
value of an infeasible problem is p∗ = ∞ as per standard. Also, a problem that is
unbounded below has an empty optimal set. A problem is unbounded below if f (x)
goes to −∞ for a series of points in the feasible set.

Sometimes it is difficult to obtain the optimal solutions of an optimization problem.
In such circumstances, we might look for a so-called locally optimal point, which is a
feasible point x that minimizes the objective function among feasible points that are near
it. In other words, x is called locally optimal if it solves the following optimization
problem with z as the variable [155]

minimize f (z)

s.t. gi(z)≤ 0, i = 1, ...,M

hi(z) = 0, i = 1, ...,P

‖z−x‖ ≤ R,

where R > 0 in the last constraint limits the search space of the optimization problem to
the feasible points near x. To avoid ambiguity when considering the locally optimal
solutions, we use the term globally optimal to refer to the optimal solutions of (24).

Depending on the forms of the objective and the constraint functions, the optimization
problems are divided into some classes where, herein, we are particularly interested in
convex optimization problems. The convex optimization problems have been studied for
a century and the problems in this class can be solved very reliably and efficiently, using
interior-point methods or other special methods for convex optimization [155].

3.2.1 Convex optimization problems

Let us start with definitions of convex sets and convex functions as in the following.

Definition 5. [155] A set C is called convex if the line segment connecting any two

points in C is within C. Taking any two points x1,x2 ∈ C, the convexity condition implies
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that for any θ ∈ [0,1] we have

θx1 +(1−θ)x2 ∈ C. (26)

In Fig. 4, a hexagon including its boundary is depicted as an example of a convex set.
One can check that any line segment between any two points in the hexagon lies within
the hexagon. The figure also gives an example for the non-convex set where it can be
seen that the line segment between two points in the set is not contained in the set.

Some operations on convex sets preserve the convexity, including intersection and
mapping by affine functions (defined in the sequel). The reader is invited to refer to [155,
Chapter 2] for other properties and examples of convex sets.

Definition 6. [155] A set C ⊆ Rn is called affine if the line through any two distinct

points in C is contained in C. Taking any two points x1,x2 ∈ C, this condition implies

that for any θ ∈ R we have

θx1 +(1−θ)x2 ∈ C. (27)

The affine sets are also convex since the line segment between any two points in the
set is contained in the set.

Definition 7. [155] A function f : Rn→ R is convex if its domain is a convex set and

the following holds for all x1,x2 ∈ dom( f ) and θ ∈ [0,1]

f (θx1 +(1−θ)x2)≤ θ f (x1)+(1−θ) f (x2). (28)

The inequality in (28) implies that the line segment between (x1, f (x1)) and (x2,

f (x2)) lies above the graph of f [155]. The function f (x) is called strictly convex if a
strict inequality holds in (28) for distinct points x1 and x2, and θ ∈ (0,1). A function f

is concave (strictly concave) if − f is convex (strictly convex). A function is called affine

𝐱1

𝐱2

Fig. 4. An illustration of (right) a non-convex set and (left) a convex set including the bound-
aries.
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if it is both convex and concave, i.e. the condition in (28) holds with equality [155].
An affine function f : Rn→ Rm is given as a sum of a linear function and a constant.
Examples of convex function includes, exponential ex,∀x ∈ R, powers of absolute value
|x|p, p≥ 1,∀x ∈R and − log(x),∀x ∈R+. The reader is invited to refer to [155, Chapter
3] for more examples, and other equivalent convexity conditions derived based on (28).

Now we are ready to give the convex optimization problem (CvxOP) formulation in
standard form as follows [155]

minimize f (x)

s.t. gi(x)≤ 0, i = 1, ...,M

aT
i x = bi, i = 1, ...,P,

(29)

where different from the generic formulation in (24), the objective function and the
constraint functions are required to be convex. Also, the equality constraint functions
hi(x) = aT

i x−bi are affine. Observe that the domain D of the CvxOP in (29) is convex.
The feasible set of CvxOP is given as the intersection of D with convex sublevel sets
{x|gi(x)≤ 0} and hyperplanes {x|aT

i x = bi}. Thus, the feasible set of CvxOP is also
convex [155]. Therefore, a CvxOP looks for the minimum of the convex objective
function over a convex set. The CvxOPs have some desirable properties that facilitate
the derivation of the optimal solutions in many instances. One such property is that the
locally optimal points of the CvxOP is also (globally) optimal [155]. The other properties
of CvxOP are given in Section 3.2.2 where the concept of duality for optimization
problems is introduced. Finally, note that a concave maximization problem can be
formulated similar to (29) wherein the objective is to maximize the concave cost function
f over the convex feasible set. Such a concave maximization problem can be solved
similar to the convex counterpart by minimizing the equivalent convex objective function
− f .

Second-order cone programming: an example of CvxOP

Let us start with the definition of cone,

Definition 8. [155] A set C of points is called a cone if it contains any point given as

θx for every x ∈ C and θ ≥ 0. The set C is a convex cone if it satisfies

θ1x1 +θ2x2 ∈ C (30)

for any x1,x2 ∈ C and θ1,θ2 ≥ 0.

53



Second-order cone is an example of a convex cone, which is defined as [155]

C = {(x, t) ∈ Rn+1|‖x‖ ≤ t}. (31)

Second-order cone can be associated with inequality constraints in many beamforming
design applications. In Chapter 5, we consider a minimum power beamforming problem
where as shown in [58] can be formulated as a second-order cone programming (SOCP)
problem. A SOCP problem is formulated as follows,

minimize fTx

s.t. ‖Aix+bi‖ ≤ cT
i x+di, i = 1, ...,M

Fx = g,

(32)

where the optimization variable is x ∈ Rn, Ai ∈ Rni×n, and F ∈ Rp×n. Looking at the
definition of second-order cone in (31), we observe that the inequality constraints in (32)
require each affine function (Aix+bi,cT

i x+di) to lie in the second-order cone in Rni+1.
The constraint of this type is called second-order cone constraint [155]. The affine
equality constraint and the affine objective function together with the second-order cone
constraints to yield a convex optimization problem in (32).

3.2.2 Duality

Recall the generic optimization problem in standard form in (24). The problem is not
restricted to be convex. We define the Lagrangian associated with the problem in (24) as

L(x,λ ,ν) = f (x)+
M

∑
i=1

λigi(x)+
P

∑
i=1

νihi(x), (33)

where the idea is to consider the objective function together with a weighted sum of the
constraint functions. We refer to λi and νi as the Lagrange multipliers associated with
constraints gi(x) ≤ 0 and hi(x) = 0, respectively. The vectors λ = [λ1, ...,λM] ∈ RM

and ν = [ν1, ...,νP] ∈ RP are Lagrange multiplier vectors. We define the Lagrange dual

function g : RM×RP→ R as

g(λ ,ν) = inf
x∈D

L(x,λ ,ν) (34)

that is the minimum value of the Lagrangian over x ∈D. In the cases that the Lagrangian
is unbounded below in x, we get g(λ ,ν) =−∞. Observe that the dual function is the
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point-wise infimum of a family of affine functions of (λ ,ν). Therefore, the dual function
is concave even if the problem in (24) is not convex [155].

Let the domain of the optimization problem in (24) be non-empty, and assume that
p∗ is its associated optimal value. A useful property of dual function is that it provides a
lower bound for the optimal value. In particular, if we take λi ∈ R+ and ν ∈ R, then we
have

g(λ ,ν)≤ p∗. (35)

This can be verified easily by plugging any feasible point x̃ into the Lagrangian.
Since the dual function is the infimum of the Lagrangian over all x ∈ D, we get g(λ ,

ν)≤ L(x̃,λ ,ν) for any λi and ν . On the other hand, the feasible point x̃ satisfies the
constraints of the optimization problem in (24). Thus, it is easy to verify from (33) that
L(x̃,λ ,ν)≤ f (x̃)≤ p∗ holds for any λi ∈ R+ and ν ∈ R.

Now it is natural to formulate an optimization problem to find the best lower bound
on p∗ using Lagrange dual function. Such an optimization problem is called a Lagrange

dual problem associated with the accordingly called primal problem in (24), and is
formulated as

maximize g(λ ,ν)

s.t. λi ≥ 0, i = 1, ...,M.
(36)

Since the objective function of the above maximization problem is concave and the
constraints are convex, the resulted dual problem is always convex, irrespective of
convexity of the primal problem. A pair (λ ,ν) that gives a feasible point for the
dual problem, i.e., λi ≥ 0, ∀i and g(λ ,ν) ≥ −∞, is called dual feasible [155]. The
pair (λ ∗,ν∗) that solves the dual problem is called dual optimal or optimal Lagrange

multipliers. The optimal value of the dual problem is denote by d∗, which yields the best
lower bound on p∗ using the Lagrange dual function. The resultant important inequality

d∗ ≤ p∗

is called weak duality [155]. The definition of weak duality can be extended to the cases
where d∗ and p∗ are infinite. In particular, the primal problem unbounded below with
p∗ =−∞ gives an infeasible dual problem with d∗ =−∞. Conversely, the dual problem
unbounded above with d∗ = ∞ gives an infeasible primal problem with p∗ = ∞ [155].

The non-negative difference p∗−d∗ is called an optimal duality-gap of the primal
problem. If the duality-gap is zero, i.e., p∗ = d∗, we say that strong duality holds.
Constraint qualifications establishes the required conditions for the optimization
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problems to have strong duality. One such condition is Slater’s condition where we say
that the problem satisfies Slater’s condition if it is strictly feasible, that is [155]

∃x̃ ∈ D|gi(x̃)< 0, i = 1, ...,M,hi(x̃) = 0, i = 1, ..., p. (37)

The weak form of Slater’s condition relaxes the strict feasibility condition for the
function gi that is affine. A convex problem of form (29) that satisfies the weak form of
Slater’s condition has strong duality, i.e., p∗ = d∗. The strong duality is guaranteed
also under many other similar conditions. In general, the convex problems of form (29)
usually have strong duality. However, the convexity alone is not a enough condition for
zero duality-gap [155].

To conclude this section, we note that if the strong duality conditions hold, then, the
optimal value of the primal problem can be obtained by solving the equivalent Lagrange
dual problem. The Lagrange dual problem is always convex, irrespective of convexity of
the primal problem. Even if the duality-gap is non-zero, one can find a lower bound on
the optimal value of the primal problem by solving the dual problem. In Chapter 5, we
formulate a minimum power beamforming problem in the downlink of a multi-cell
scenario. In order to solve the problem, a Lagrange dual problem can be formulated
as given in [59]. This dual problem formulation is closely related to uplink-downlink
duality in wireless communication [59].

3.2.3 Optimality conditions

Consider the optimization problem formulation in its general form as in (24). Assume
that the primal problem has strong duality, and the primal and the dual optimal points
are x∗ and (λ ∗,ν∗), respectively. As a result we have [155]

f (x∗) = g(λ ∗,ν∗)

= inf
x∈D

L(x,λ ∗,ν∗)

≤ f (x∗)+
M

∑
i=1

λ
∗
i gi(x∗)+

P

∑
i=1

ν
∗
i hi(x)∗

≤ f (x∗).

(38)

The first equality is due to zero duality-gap. The third line follows since the value of the
Lagrangian function for any given x ∈ D is larger than its infimum over x ∈ D. The
last inequality follows since λ ∗i gi(x∗)≤ 0, i = 1, ...,M and hi(x∗) = 0, i = 1, ...,P. as a
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result, the inequalities in (38) must hold with equality. One important implication of
these results is that

λ
∗
i gi(x∗) = 0,∀i = 1, ...,M.

This condition is called complementary slackness, and it follows from ∑
M
i=1 λ ∗i gi(x∗) = 0

(due to (38)) by observing that each term in the summation is non-positive. In general,
any primal optimal x∗ and any dual optimal (λ ∗,ν∗) satisfy the complementary slackness
condition as long as the problem has zero duality-gap. Also, since the inequality in the
third line in (38) holds with equality, we conclude that any primal optimal point x∗ is
also a minimizer of L(x,λ ∗,ν∗). This implies that for the problems with differentiable
functions f ,g1, ...,gM,h1, ...,hP, the gradient of L(x,λ ∗,ν∗) is zero at x∗, i.e.,

∇ f (x∗)+
M

∑
i=1

λ
∗
i ∇gi(x∗)+

P

∑
i=1

ν
∗
i ∇hi(x∗) = 0.

Putting the aforementioned results together, we get

gi(x∗)≤ 0, i = 1, ...,M

hi(x∗) = 0, i = 1, ...,P

λ
∗
i ≥ 0, i = 1, ...,M

λ
∗
i gi(x∗) = 0, i = 1, ...,M

∇ f (x∗)+
M

∑
i=1

λ
∗
i ∇gi(x∗)+

P

∑
i=1

ν
∗
i ∇hi(x∗) = 0 .

(39)

These conditions are called the Karush-Kuhn-Tucker (KKT) optimality conditions [155].
The KKT conditions hold for any pair of primal and dual optimal points of an optimiza-
tion problem with zero duality-gap, and with differentiable objective and constraint
functions.

The KKT conditions yield stronger results for convex problems. Consider a convex
problem as in (29), which has differentiable objective and constraint functions. Then,
any pairs of primal and dual points that satisfy the KKT conditions are primal and dual
optimal with zero duality-gap [155]. If the convex problem additionally satisfies the
Slater’s condition, then the KKT conditions become necessary and sufficient conditions
for a point x to be the primal optimal [155]. This implies that x is primal optimal if and
only if a pair of (λ ,ν) exists such that the KKT conditions are satisfied at x, (λ ,ν).
In many instances the algorithms that solve the convex optimization problems can be
interpreted as a solver of KKT conditions [155]. In Chapter 4, we consider a resource
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allocation problem for an LDS-NOMA where the solution is obtained by studying the
KKT conditions.
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4 Capacity approaching low density spreading
in uplink NOMA via asymptotic analysis

This chapter considers the uplink of a multi-carrier communication scenario where
K single-antenna UEs communicate with a BS over F sub-carriers. The scenario
where each UE k spreads its data symbol over dk << F sub-carriers is dubbed as multi-
carrier low density spreading non-orthogonal multiple-access (LDS-NOMA) [18, 22].
Considering dk,∀k as design parameters, we characterize the boundaries of the ergodic
sum of the rates at which UEs can jointly transmit reliably, and find the structure
of the LDS matrices that closely achieve the boundaries. The structure of the LDS
matrix specifies how the non-zero elements in the spreading codes are allocated to
the sub-carriers. This in particular determines the UE-pairing and power loading on
sub-carriers. To minimize the coordination overhead, the BS assigns the spreading codes
based only on the pathloss values. The optimal solution to this optimization problem
can be obtained only via exhaustive search. Thus, a novel approach based on large
dimensional random matrix theory is proposed. In particular, conducting the analysis in
the limit where F , K, and dk,∀k converge to +∞ at the same rate, we present EMI as a
deterministic equivalent plus a residual term. The deterministic equivalent is given as a
function of pathloss values and LDS-codes, and the small residual term is shown to
quickly vanish inversely proportional to d2 where d = min{dk,∀k}. First, we formulate
an optimization problem to identify the structures of the LDS matrices that maximize
the deterministic equivalent of EMI. Solving the KKT conditions, a simple resource
allocation rule is obtained that facilitates the allocation of the non-zero elements of the
spreading codes via an efficient partitioning algorithm. The analysis in the finite regime
shows that the acquired sparse solutions additionally harness the small incremental gain
inherent in the residual term, and thus, attain near-optimal values of the EMI in the finite
regime. While regular structure for the LDS matrices is found to be asymptotically
optimal in symmetric models, irregular structures arise in generic asymmetric cases.
Numerical simulations validate the attainable spectral efficiency enhancement compared
to the random and the regular spreading schemes.

In Section 4.1, the network model and problem formulation are presented. The pro-
posed optimization approach based on large system analysis is presented in Section 4.2.
The maximization of the deterministic EMI is considered in Section 4.3.1, and the
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gap to the optimum is characterized in Section 4.3.2. The algorithmic solution for the
LDS-codes assignment is presented in Section 4.4. The numerical results are given in
Section 4.5. Section 4.6 summarizes the chapter.

4.1 System model and problem statement

Consider an uplink multi-carrier (MC) CDMA system with K single-antenna UEs
transmitting to a BS over F sub-carriers F = {1, ...,F}. Each UE k spreads its data
symbol in frequency direction using a spreading code ck ∈ CF . The received signal
vector r ∈ CF at the BS is given as the aggregation of the UE signals as follows

r = ∑
k∈K

diag{ck}hksk +n

= C�Hs+n,
(40)

where the f th element of the vector r corresponds to the signal received within f th

sub-carrier, K is the set of UE indices, � denotes the element-wise matrix multiplication
operator, the matrix H = [h1, ...hK ] holds the UE channel gains on sub-carriers, s = [s1,

...,sk]
T holds the unit variance symbols of UEs, n ∼ CN (0,σ2IF) is the additive

noise vector, and the spreading matrix C = [c1, ...,cK ] holds the UE spreading vectors.
Considering a conventional CDMA system, each element of the spreading code ck

takes, usually, a non-zero value. As a result, the signal of a given UE on each chip
receives interference from all other UEs. In such a case, the spreading sequences
are optimized to certain constraints, e.g., good cross-correlation properties [16]. The
design of spreading sequences for the conventional CDMA system has been largely
studied in the literature including the works in [156] and [157]. It is shown in [156]
that Welch-Bound-Equality (WBE) signature sequences achieve the sum-capacity
of symmetric additive white Gaussian noise (AWGN) channel. The work in [157]
studies the optimal spreading codes in an asymmetric AWGN model via the concept of
Majorization and Schur-concavity [158] of the sum-capacity with respect to eigenvalues
of HHH.

Low density spreading structure

The authors in [16] propose an alternative spread spectrum system with low density
spreading (LDS) structure that, instead of optimizing the F-chips signature, intentionally
switches a large fraction of the spreading chips off. The resultant spreading code for each
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UE becomes a sparse vector consisting of F chips with dk, a small number, of non-zero
values. This arrangement reduces the number of interfering UEs on each chip, and also,
creates diversity in the interference pattern seen by each UE [16]. As a result, the search
space to recover the signal of a given UE becomes smaller, and the interference pattern
at the receiver yields a low density graph that facilitates computationally affordable
graph theory-based detection techniques [16]. The performance of such LDS-NOMA
system depends on the positions of non-zero elements in the spreading matrix C where,
based on which, the LDS matrices are categorized as regular and irregular. The sparse
mapping between numbers of K UEs and F chips in LDS-NOMA is called regular when
each UE occupies a number of dk = d,∀k chips and each chip is used by a number of
K
F d UEs; or irregular otherwise. It is shown in [16, 18, 19, 17] that a low bit-error-rate
can be achieved, even in an overloaded scenario with K > F , by properly designing
the LDS matrices. The system-level aspect of LDS-NOMA has been considered
in [49, 50, 51, 52, 53, 21] wherein the achievable rate region of regular and randomly
generated irregular LDS-codes are studied under a symmetric AWGN channel model.
These analyses indicate that the regular codes, in a symmetric AWGN channel, yield
superior spectral efficiency compared to irregular and dense spreading (the case with
dk = F,∀k).

4.1.1 Ergodic capacity of the channel

Along the same line as the works in [49, 50, 51, 52, 53, 21], we study the low density
spreading schemes that attain the boundaries of the ergodic sum of the rates at which UEs
can jointly transmit reliably in the LDS-NOMA system described with the input-output
relation in (40). Different from the aforementioned works, the UEs are allowed to
have distinct pathloss values. Also, fading is imposed on sub-carriers. The detailed
description of the channel model is given in the following.

Channel Model

The channel vector for UE k is presented as hk = akgk where a2
k includes the pathloss

due to large-scale fading, and the matrix G = [g1, ...gK ] represents the small-scale fading.
The entries of matrix G are assumed to be independent complex Gaussian random
variables where each entry has zero-mean independent real and imaginary parts with a
variance of 1

2 . This channel model is referred to as an uncorrelated Rayleigh fading

61



channel, which is used in the context of multi-carrier systems [159, Chapter 1]. For
example, consider a frequency-selective medium that provides sufficient independent
paths. Then, time-interleavers with sufficient depth can exploit the time-varying nature
of the medium by permuting the spread data to ensure that the independence among the
channel entries (whereon the data symbol of a given UE is spread) closely holds.

Optimization problem formulation

Assuming perfect knowledge of fading coefficients at the BS side, the conditional
ergodic mutual information (EMI) between the transmitters and the receiver, given a
spreading matrix C ∈ CF×K and a set of pathloss values, can be expressed as

1
F
E log

∣∣IF +
1

σ2 ∑
k∈K

a2
kdiag{ck}gkgH

k diag{ck}
∣∣, (41)

where the expectation is over the small-scale fading only. Herein, the objective is to
determine the structure of the power constrained spreading vectors with ‖ck‖0 = dk,

∀k ∈ K that maximize the EMI. The zero-norm condition for the spreading codes
restricts the number of non-zero elements in ck to be equal to dk. The structure of the
LDS matrix specifies how the non-zero elements in the spreading codes are allocated
to the sub-carriers. This particularly determines the UE-pairing and power loading
on sub-carriers. Our interest is in the scenario where the BS assigns the spreading
codes based on the pathlosses, and the assigned spreading codes are known to the UEs.
Implicit in this model is the assumption that the channel statistics vary much more
slowly than the small-scale fading coefficients, so that the statistical properties of the
channel can be assumed constant for a long period of communication [160].

Let us define an indicator matrix V∈R+F×K to describe the positions of the non-zero
elements of the LDS-codes and their associated powers,

[V] f ,k =

0 UE k not active on sub-carrier f

|c f ,k|2 UE k active on sub-carrier f .
(42)

Notice that the considered i.i.d Rayleigh fading channel model together with the invari-
ance of i.i.d complex Gaussian vectors in distribution under unitary transformation [161]
imply that the argument of the determinant in (41), i.e., diag{c1,k, ...,cF,k}gk, has the
same distribution as akdiag{|c1,k|, ..., |cF,k|}gk. Thus, the expectation in EMI is invariant
for the LDS matrices C ∈ CF×K that have the same indicator matrix V. Therefore,

62



without any ambiguity, we can use the notation J(V,σ2) to express the EMI as a function
of the indicator matrices with the exact formulation being implicit. Then, equivalently,
the ergodic capacity of the channel can be expressed as the maximum of J(V,σ2) over
the set of all the indicator matrices V ∈ C1 as

CE(σ
2) = maximize

V∈C1
J(V,σ2), (43)

where C1 = {V|v f ,k ∈ R+,∑ f |v f ,k| ≤ Pk,‖vk‖0 = dk, ∀k ∈ K}, and Pk is the total power
available at UE k. A solution V∗ of the optimization problem in (43) determines the
optimal structure of the LDS matrices. In particular, the results identify the optimal
pairing of UEs and the power loading on each sub-carrier. The corresponding set of the
desired LDS matrices C ∈ CF×K that maximize the EMI in (41) are the ones that have
the structure dictated by V∗.

To solve the optimization problem in (43), one needs to deal with binary constraints
due to the sparse structure of LDS matrices that makes the problem non-convex.
Moreover, the expectation in (43) needs to be evaluated in a concise form and in terms
of the pathloss values and the indicator vectors vk where vk is the kth column of the
indicator matrix V. To this end, we use the theory of large random matrices that yields
an accurate approximation for EMI in terms of the underlying system parameters.

4.2 An optimization approach based on asymptotic analysis

We study the problem in the large system regime where F → ∞ with KF−1 ∈ (0,∞) and
dkF−1 ∈ (0,1],∀k. The limiting results yield rather accurate approximations for the
finite-size scenarios. In deriving the large system analysis, we use subscript F to denote
the dependency of the entities on the system size.

Theorem 3. Let the entries of GF = [g1, ...,gK ] be i.i.d standard complex Gaussian

random variables, and the scalars {ak}1≤k≤K be bounded real values. Also, let the

deterministic vectors vk,∀k ∈ K be the columns of VF ∈ C1, each with dk non-zero

values. Then, as F → ∞ with KF−1 ∈ (0,∞) and dkF−1 ∈ (0,1],∀k, the EMI converges

to a deterministic equivalent such that

JF(VF ,σ
2) = J̄F(VF ,σ

2)+ εF , (44)
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where εF =O( 1
d2 ), d = min{dk}1≤k≤K , and

J̄F(VF ,σ
2) =

1
F ∑

k∈K
log(1+

a2
k

σ2 ∑
f∈F

v f ,kr f )

+
1
F ∑

f∈F
log(1+

1
σ2 ∑

k∈K
v f ,ka2

k r̃k)−
1

σ2F ∑
f∈F

∑
k∈K

v f ,ka2
kr f r̃k,

(45)

where r f (VF ,σ
2) and r̃k(VF ,σ

2) are the solutions of

r f = (1+
1

σ2 ∑
k∈K

v f ,ka2
k r̃k)

−1,∀ f ∈ F ,

r̃k = (1+
a2

k
σ2 ∑

f∈F
v f ,kr f )

−1,∀k ∈ K.
(46)

Proof. The convergence JF(VF ,σ
2)− J̄F(VF ,σ

2) → 0 can be claimed relying on
Girko’s law [5, Section 3.2.3] [4, Theorem 6.10]. An alternative proof based on the
Replica method is also given in [162]. Regarding the convergence rate, it is shown
in [128] that in a multiple access channel where the channel vectors are Gaussian with
given variance profiles, the convergence rate for the mutual information is O( 1

F2 ).
One might be able to obtain the convergence rate declared in the theorem by properly
scaling the variances in [128] while ensuring that the assumptions therein remain valid.
For the convenience of the reader and to avoid ambiguity, a straightforward proof of
the theorem is presented in Appendix 1.1. Therein, we use an integration by parts
formula [152] to derive an expression for the expectation of the mutual information as
in (44). Then, we derive an upper-bound for εF using Nash-Poincaré inequality [152]
where the convergence rate of O( 1

d2 ) is claimed accordingly.

According to Theorem 3, the EMI JF(VF ,σ
2) converges asymptotically to the

deterministic equivalent J̄F(VF ,σ
2) with a convergence rate of O( 1

d2 ). In the finite
scenarios of interest with a moderate number of sub-channels, dk values can be small
relative to F .4 In such finite cases, the analysis in Section 4.3.2 shows that the residual
term εF appears as a small incremental gain in the EMI of the sparse spreading scheme,
which is dictated mainly by the number of non-zero elements in the LDS-codes. Keeping
this in mind, we propose an optimization approach for the problem in (43) as in the
following. In Section 4.3.1, we first formulate an optimization problem to get the set

4Note that while the limiting results are obtained in the asymptotic regime, those can be applied as
approximations for the finite scenarios with dimensions as small as 8 and even 4 or 2 [4, Section 2.2.1].
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C̄∗ of all power constrained vectors vk, irrespective of the sparsity constraints, which
maximize the deterministic EMI J̄F(VF ,σ

2). The resultant KKT conditions yield a
simple resource allocation rule that facilitates the construction of the sparse solutions in
C̄∗ via an efficient partitioning algorithm. In Section 4.3.2, we show that the sparse
solutions in C̄∗ additionally harness the small incremental gain inherent in the residual
term εF in the finite regime. The analysis in Section 4.3 eventually yields an upper-bound
on the gap between the attained EMI and the optimum of the problem in (43), which is
shown to be close to zero for the sparse solutions in C̄∗.

4.3 Maximizing the ergodic mutual information

In the sequel, we omit the subscript F denoting the dependency on system size.

4.3.1 The optimal spreading in the asymptotic regime

We first neglect the sparsity constraints, and define C2 , {V|v f ,k ∈ R+,∑ f∈F v f ,k ≤ Pk,

∀k ∈K} to be the set of all the power constrained indicator matrices. Then, we formulate
the problem of maximizing the deterministic EMI J̄(V,σ2) as follows

maximize
V∈C2

J̄(V,σ2) (47a)

s.t. ∑
f∈F

v f ,k ≤ Pk,∀k ∈ K, (47b)

v f ,k ≥ 0, ∀k ∈ K, f ∈ F . (47c)

This optimization problem yields the set of all matrices {V} that maximize the deter-
ministic EMI J̄(V,σ2) subject to the power constraints and irrespective of the sparsity
constraints. In the following, we develop the Karush-Kuhn-Tucker (KKT) conditions for
the problem in (47). This yields the necessary conditions for a matrix V to be the local
optimal solution of (47). However, the KKT conditions are not necessarily the sufficient
conditions. The sufficiency and the globally optimality of the derived solutions are
discussed later. We begin by writing the Lagrangian associated with (47) as follows

L(vi, j,λi, j,δ j) =−J̄(V,σ2)−∑
i∈F

∑
j∈K

λi, jvi, j + ∑
j∈K

δ j
(

∑
i∈F

vi, j−Pj
)
, (48)
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where the Lagrangian variables δ j and λi, j are associated with constraints (47b) and (47c),
respectively. The gradient of the Lagrangian can then be evaluated as

∇f ,k L(vi, j,λi, j,δ j) =−
∂ J̄(V,σ2)

v f ,k
−λ f ,k +δk, ∀ f ∈ F ,k ∈ K. (49)

Note that J̄(V,σ2) depends on the entries of V via r f (V,σ2) and r̃k(V,σ2) as in (46)
and (45). Since those are the solutions to the saddle point equations, the partial
derivatives ∂ J̄(V,σ2)

∂ r f
and ∂ J̄(V,σ2)

∂ r̃k
are zero at any point given by (V,r f (V,σ2), r̃k(V,

σ2)).5 Therefore, the chain rules of derivatives [163] allow the partial derivative
∂ J̄(V,σ2)

v f ,k
to be evaluated by assuming r f and r̃k as constants. This, in particular, gives

∂ J̄(V,σ2)
v f ,k

= 1
σ2F a2

k r̃kr f , which yields the KKT conditions as

λ
∗
f ,k ≥ 0, λ

∗
f ,kv f ,k = 0, δ

∗
k ≥ 0, δ

∗
k
(

∑
i∈F

vi,k−Pk
)
= 0, ∀ f ∈ F ,k ∈ K,

− 1
σ2F

a2
k r̃kr f −λ

∗
f ,k +δ

∗
k = 0, ∀ f ∈ F ,k ∈ K,

(50)

where λ ∗f ,k and δ ∗k denote the optimal values of the Lagrangian variables. Since λ f ,k can
be solved from the last equation, the KKT conditions can be simplified as

δ
∗
k
(

∑
i∈F

vi,k−Pk
)
= 0, ∀k ∈ K, (51a)

(δ ∗k −
1

σ2F
a2

k r̃kr f )v f ,k = 0, ∀ f ∈ F ,k ∈ K, (51b)

δ
∗
k ≥

1
σ2F

a2
k r̃kr f , ∀ f ∈ F ,k ∈ K. (51c)

According to the KKT conditions, some properties for the optimal solutions to (47) can
be summarized as in the following proposition.

Proposition 1. Let V̄∗ denote an optimal solution of (47). Then, V̄∗ satisfies the

following properties:

– The power constraints in (47b) are satisfied with equality for all UEs, i.e., all UEs are

active, and transmit with full power.

– The parameters r f are equal to r∗, ∀ f ∈ F where r∗ is the solution of the following

fixed point iterations

r∗ =
(
1+

1
F ∑

k∈K

Pka2
k

σ2 +Pka2
kr∗
)−1

. (52)

5One can verity this by evaluating the partial derivatives using (46) and (45).
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– The parameters r̃k,∀k are equal to r̃∗k ,∀k where

r̃∗k =
σ2

σ2 +Pka2
kr∗

,∀k ∈ K. (53)

Proof. The proof is given in Appendix 1.2.

As a result of Proposition 1, the solutions satisfying the KKT conditions must give
r f = r∗,∀ f ∈ F and r̃k = r̃∗k ,∀k ∈ K. Observe that the values of r∗ and r̃∗k are given
independently from the values of v f ,k. Let J̄(V, r̃∗k ,r

∗,σ2) denote a function obtained by
plugging the r∗ and r̃∗k values into (45), i.e.,

J̄(V, r̃∗k ,r
∗,σ2) =− 1

F ∑
k∈K

log(r̃∗k)− log(r∗)− r∗

σ2F ∑
k∈K

a2
k r̃∗k ∑

f∈F
v f ,k,

=− 1
F ∑

k∈K
log(r̃∗k)− log(r∗)− r∗

σ2F ∑
k∈K

Pka2
k r̃∗k ,

(54)

where the arguments of the logarithms are replaced with their equivalents from (46),
and in the last equality we used the first property from Proposition 1. Observe that
the values of J̄(V, r̃∗k ,r

∗,σ2) depend only on r̃∗k and r∗ values. Thus, all the solutions
of (47), satisfying the KKT conditions, attain the same value of the objective function,
i.e., its global maximum value. This proves the sufficiency of the KKT conditions for a
matrix V̄∗ to be the optimal solution of (47). As a result of the KKT conditions, the
optimal solutions of (47) can be evaluated as the positive solutions of the following
indeterminate system of equations

∑
f∈F

v f ,k = Pk, ∀k ∈ K, (55a)

∑
k∈K

βkv f ,k =
1
r∗
−1, ∀ f ∈ F , (55b)

where βk =
a2

k
σ2+Pka2

kr∗
. In these equations, r∗ is a fixed scalar, which is evaluated

from (52). The equalities in (55b) are obtained by setting r f = r∗,∀ f in (46). These
equalities follow since any matrix V that gives r f = r∗,∀ f , equivalently, satisfies the
second and third KKT conditions in (51) as well. The equalities in (55a) are given as a
result of the first KKT condition in (51).

The system of equations in (55) has a simple implication. The first line of equalities
in (55a) indicates that the UEs need to transmit with full power. The second line implies
that the entries v f ,k should be assigned such that r f values become the same across all
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sub-channels. One can verify that the dense spreading, i.e., v f ,k =
Pk
F ,∀ f ,k is a solution

of (55). This has been also observed in [164] where the authors show that in a scenario
with randomly assigned dense spreading sequences, the frequency-dependency of r f

values vanishes asymptotically. Aside from the dense spreading, sparse spreading
matrices can be also designed to satisfy (55). To this end, the non-zero elements
v f ,k should be assigned to the sub-channels such that the weighted sum ∑k∈K βkv f ,k

becomes the same, i.e., equal to 1
r∗ − 1, across all sub-channels. In the symmetric

case with ak = a, Pk = P and dk = d,∀k, the second line of equalities in (55b) becomes
a2

σ2+Pa2r∗ ∑k∈K v f ,k =
1
r∗ − 1,∀ f ∈ F . Given dK/F is an integer, one can verity that

regular spreading with v f ,k ∈ {0, P
d } is a solution to (55). However, in the generic

non-symmetric case, an irregular assignment of the non-zero values might arise to
ensure the conditions in (55) to hold. Such an assignment for the generic case is done in
Section 4.4 via a simple partitioning algorithm.

4.3.2 On the optimality of the asymptotic sparse spreading codes

Based on the analysis in Section 4.3.1, we know that the power-constrained matrices
V ∈ C2 that maximize the deterministic equivalent J̄(V,σ2) in (47) are given as the
solutions of the system of equations in (55). This set of solutions was defined as C̄∗,
and we used V̄∗ to refer to a member of the set C̄∗. The analysis in Theorem 3 shows
that the residual term ε vanishes with a rate inversely proportional to the square of the
number of non-zero elements in the LDS-codes. Thus, the solutions in C̄∗ attain the
maximum of EMI J(V,σ2) in the asymptotic regime. However, in the finite regime, the
ε term appears as a small incremental gain in the EMI formulation, which needs to be
considered. Let V∗d to the unknown optimal solution that maximizes J(V,σ2) subject to
the sparsity constraints. 6 Also, let J∗d , J(V∗d ,σ

2) be the maximum of J(V,σ2) attained
by V∗d . Now, the penalty when using any matrix V̄∗ ∈ C̄∗, given as a solution of the
system of equations in (55), instead of the optimal one V∗d , can be written as

∆d = J(V∗d ,σ
2)︸ ︷︷ ︸

J∗d

−J(V̄∗,σ2). (56)

6The subscript d in V∗d emphasizes that the columns of V∗d have a constrained number of non-zero values.
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Writing J(V∗d ,σ
2) and J(V̄∗,σ2) as the deterministic equivalents plus the residual terms,

we get

J(V∗d ,σ
2)− J̄(V∗d ,σ

2) = ε(1) (57a)

J(V̄∗,σ2)− J̄(V̄∗,σ2) = ε(2), (57b)

where the additional superscript i in ε(i) is added to distinguish the above differences.
Subtracting the sides of the above equalities, and rearranging the terms, we get

(J(V∗d ,σ
2)− J(V̄∗,σ2))︸ ︷︷ ︸

∆d

+(J̄(V̄∗,σ2)− J̄(V∗d ,σ
2)) = ∆ε ,

where ∆ε = ε(1)− ε(2). Since the subtraction (J̄(V̄∗,σ2)− J̄(V∗d ,σ
2)) in the left-hand

side is positive7, it can be claimed that the gap to the optimum ∆d is bounded as

0≤ ∆d ≤ ∆
+
ε , (58)

where ∆+
ε denotes the positive values of ∆ε . In general, ∆d may attain negative values.

However, J∗d < J(V̄∗,σ2) can happen only when V̄∗ violates the sparsity constraints,
which is not the case of interest. Therefore, ∆d is lower bounded by zero. Next, we look
into the properties of the residual terms in the finite regime to characterize the gap to the
optimum as given in (58).

Generally speaking, the residual term can be roughly associated with the concentra-
tion of UE powers in a fewer number of the elements in the spreading codes. This gives
rise to the variance of the random channel entries, which eventually appears as ε in
the EMI formulation. In order to get further insight into the structure of the ε term,
a numerical example is illustrated in Fig. 5. The results are generated based on the
simulation assumptions given in Section 4.5 with F = 50, K = 100, and dK = d,∀k. For
generating the results in Fig. 5, a randomly selected drop of UEs is taken, and the mean
and the variance of the residual term ε = J(Vd ,σ

2)− J̄(Vd ,σ
2) are evaluated over 1000

sparse binary spreading matrices that yield indicator matrices Vd in C1. The subscript
d in Vd emphasizes that the columns of Vd have a constrained number of non-zero
values. Fig. 5 shows the mean and the variance of ε values along with J(Vd ,σ

2) and
J̄(Vd ,σ

2) versus the number of non-zero elements in the codes. The variance of ε ,
depicted by the bars in the figure, is magnified 20 times for better illustration. The
first observation is that the residual term is small compared to J̄(Vd ,σ

2). The other

7Note that J̄(V̄∗,σ2) is the maximum of the objective function in (47).
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Fig. 5. Mean&Var of ε (left axis), and ergodic sum-rate (right axis) vs. d for random spreading
with F = 50, K = 100, and dK = d,∀k, ([35] c©2020, IEEE).

observation is that the mean values of the ε term are distinct for different d values.
Moreover, the small variance of the residual term indicates that the values of ε do not
vary abruptly among the power constrained spreading vectors with the same number
of non-zero elements. Thus, one might infer that the values of the residual term are
dictated mainly by the number of non-zero elements in the spreading codes, which
implies a decline in ε values as d increases. Generally speaking, in the scenarios with a
moderate number of sub-channels F as in Fig. 5, the residual term is larger for the sparse
spreading schemes with d << F . While it almost disappears in the dense spreading case
with d = F . This motivates the small incremental gain in ε for sparse spreading to be
interpreted as sparsity gain. Note that there is a small loss associated with spreading
in the considered system model.8 Thus, the sparsity gain is coined here to reflect the
increment in EMI due to sparse spreading compared to dense spreading. Recall the
symmetric scenario mentioned in Section 4.3.1 wherein both the sparse-regular and
the dense spreading matrices were among the solutions maximizing the deterministic
J̄(V,σ2) in (47). According to the above discussion, we expect that the exact EMI

8See [165] for the spreading coding trade-off.
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J(V,σ2) for the sparse-regular spreading to be better than that in the dense spreading by
an amount of ε . Note that ε for the dense spreading scheme is negligible. This has been
also observed in [49] under the symmetric AWGN channel model. It is shown in [49]
that the sparse-regular spreading yields slightly higher spectral efficiency compared to
the dense spreading in the symmetric scenario considered therein.

To conclude this section, let us recall the ∆d formulation in (58), which gives the
gap to the optimum J∗d when using a solution V̄∗ ∈ C̄∗ in the finite regime. Relying
on the above analysis, we expect the ε(i), i = 1,2 terms to be small compared to
the corresponding deterministic parts. Also, a solution V̄∗ that satisfies the sparsity
constraints is expected to harness an incremental ε(2) value close to the ε(1) value.
Therefore, the anticipated performance gap ∆d is close to zero. Next, we find the desired
sparse solutions in C̄∗ via an algorithmic solution.

4.4 An algorithm for constructing the sparse spreading matrices

The problem of finding the subset of solutions in C̄∗ with the desired sparsity includes
a zero-norm. The discrete and discontinuous nature of the zero-norm impedes the
application of standard convex analysis [166]. Fortunately, the system of equations
in (55) unveils a simple rule for the near optimal resource allocation. This allows the
desired sparse solutions to be obtained using an alternative algorithmic method. We are
interested in determining the matrices V that satisfy (55). Let the elements v f ,k for each
UE k be taken from {0, Pk

dk
} and subjected to the power constraint enforced by equalities

in (55a). Based on (55b), the problem is to allocate Pk
dk

βk values to sub-channels such
that the sums of Pk

dk
βk values on each sub-channel become the same, i.e., equal to ( 1

r∗ −1),
across all the sub-channels. This problem falls within a class of partitioning problems
that arises in number theory and computer science [167]. Although the partitioning
problem is NP-complete, there are heuristics that solve the problem in many instances,
either optimally or approximately [168]. One such approach is the greedy algorithm,
which iterates through Pk

dk
βk values in descending order, assigning each of them to

whichever sub-channel has the smallest sum [169]. These steps are summarized in
Algorithm 1.
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Algorithm 1 Partitioning solution

1: Divide the total power of each UE k into dk power fragments.
2: Set v f ,k = 0, ∀ f ,k, and J = {1, ...,K}.
3: while J is non-empty do
4: Set k = argmax

j∈J

Pj
d j

β j.

5: Set f = argmin
i∈F

ρi with ρi = ∑ j∈K β jvi, j.

6: Set v f ,k = Pk/dk

7: if ∑i∈F vi,k = Pk, i.e., UE k has assigned all of its power-fragments then
8: Remove index k from J .
9: end if

10: end while

In Algorithm 1, we try to make the sum terms ρi = ∑ j∈K β jvi, j across the sub-
channels as equal as possible. Let ρ∗max denote the maximum of ρ f ,∀ f ∈F in an optimal
partitioning solution. Algorithm 1 yields ρ f values such that max(ρ f )

ρ∗max
≤ 4

3 −
1

3F [169].
One can always improve the homogeneity of ρ f values by offloading the power from
the sub-channels with the largest ρ f values into those with the corresponding smallest
values until (55b) holds up to the desired accuracy. However, numerical analysis shows
that Algorithm 1 yields satisfactory results in most cases, and thus, further fine-tuning
steps are redundant. Algorithm 1 has a running time of O(2F(dmaxK)2) [169].

4.5 Numerical results

Simulation assumptions

The simulation results are generated in a scenario where a single-antenna BS serves
single-antenna UEs in uplink. Transmit power of each UE is 1Watt, and the noise power
is set to −100dBm. The pathloss values are taken randomly and uniformly from the
range of −140dB to −50dB to account for diverse received SNRs at the BS. The final
channel gains are given by the product of the pathlosses and the small-scale fading
entries as in (40). To keep the results comparable, the numbers of non-zero elements in
the spreading codes are assumed to be the same for all UEs, i.e., dk = d,∀k. The number
of sub-channels is F = 50 unless mentioned otherwise.

The algorithm proposed in Section 4.4 allocates the non-zero elements of the
spreading codes to the sub-carriers so that the EMI is maximized. In addition to this
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method, two alternative spreading schemes from the literature are considered. The
first one is the random spreading method that allocates the power constrained sparse
spreading codes to UEs randomly. A practically useful property of the random spreading
scheme is that no coordination overhead is imposed. The other scheme is the coordinated
regular spreading, which assigns the non-zero elements in the codes in a way that each
UE occupies a number of d resources and each resource is used by a number of K

F d UEs.
The ratio K

F is chosen such that K
F d is an integer. However, unlike Algorithm 1, the

coordinated allocation of the LDS-codes in the considered regular scheme does not take
the asymmetry in the system model into account. In the analysis in this section, the
non-zero elements of the spreading codes for the aforementioned methods are taken
from {−1,+1}, corresponding to binary spreading. In evaluating the performance of
the considered methods, we average the corresponding attainable rates over 1000 UE
drops, where, in each drop, the expectation involved in EMI J(V,σ2) is evaluated over
1000 random realizations of small-scale fading. The deterministic equivalent values
J̄(V,σ2) are evaluated from (45).

Evaluation of the performance of the proposed method

The assessment of an optimal solution to the problem in (43) requires an exhaustive
search over all the power constrained indicator matrices with the desired sparsity.
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Fig. 6. The spectral efficiency J(V,σ2) vs. the number of UEs, d = 1,F = 50, ([35] c©2020,
IEEE).
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Fig. 7. The spectral efficiency J(V,σ2) vs. the number of UEs, d = 2,F = 50, ([35] c©2020,
IEEE).

This impedes the comparison of the results to the optimum. However, still we can
evaluate and compare the performance in Algorithm 1 and in the aforementioned
uncoordinated random and the coordinated regular spreading schemes. Note that
while the uncoordinated assignment of the spreading codes is a useful property, the
random spreading causes a significant performance degradation. On the other hand, the
coordinated allocation of spreading codes in the regular scheme does not consider the
asymmetry in the system model due to the diverse pathloss values and power constraints
at the UEs. On the contrary, the spreading codes in Algorithm 1 are allocated according
to the pathloss values. This results in a minimal coordination requirement since the
statistical properties of the channel matrix can be assumed to remain constant for a
sufficiently large number of reception phases [160].

Figures 6 and 7 show the attainable rates (bits/s/Hz) for the aforementioned methods
as a function of the number of UEs. In Fig. 6, we apply Algorithm1 to the special
non-spreading case with d = 1 as well. Note that Algorithm1 allocates the sparse codes
to UEs such that the deterministic equivalent of EMI is maximized. The motivation
therein is that the residual term is small relative to the deterministic equivalent part,
and the small gain in ε is harnessed inherently due to the sparsity of the allocated
codes. While we expect ε to be relatively small for the cases with d > 1, due to the
fast convergence rate of O( 1

d2 ), the analysis in the non-spreading case with d = 1 may
be considered as a heuristic attempt. Interestingly, the difference between J(V,σ2)
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and J̄(V,σ2) is relatively small even in such a case, and the coordinated allocation of
resources gives 20% and 35% enhancement in the spectral efficiency at 100% and 300%
system load, respectively. The system load is defined as the ratio of K

F in percentage.
Fig. 7 shows the rates for the case with LDS-codes having d = 2 non-zero values. In this
case, the gain in the coordinated assignment of spreading codes is about 6.5% and 11%
at 100% and 300% load, respectively, which is less than that in Fig. 6.

In Fig. 8, the attainable SEs are presented versus the number of non-zero elements
d, for a system load of 300%. It can be seen that the performance of the random
spreading method improves as d grows larger. Spreading on more sub-channels allows
UEs to attain interference diversity. This, in general, reduces the loss imposed by
the uncoordinated resource allocation. Note that, even though one can enhance the
spectral efficiency of the uncoordinated method by spreading on further sub-channels,
the number of UEs overlapping on the same sub-channel increases correspondingly. In a
system with 300% load, the average number of overlapping UEs in the case with d = 2
and d = 6 is equal to 6 and 18, respectively. Thus, the detection complexity is greatly
increased with larger values of d. In Fig. 8, the spectral efficiency of the dense spreading
scheme is also depicted. As mentioned in Section 4.3.1, the dense spreading matrix is
a solution of the optimization problem in (47), and thus, the values of deterministic
J̄(V,σ2) for both the dense spreading scheme and the sparse spreading in Algorithm 1
are the same. However, the values of the exact EMI J(V,σ2) for the sparse spreading
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Fig. 8. The spectral efficiency J(V,σ2) vs. d, F = 50, K
F = 3, ([35] c©2020, IEEE).
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Fig. 9. Visualization of the resource allocation strategy in Algorithm 1, F = 30, K = 90, d = 2,
([35] c©2020, IEEE).

in Algorithm 1 are better than that in the dense spreading scheme by an amount of
ε . This can be seen from Fig. 8 where the curves of J̄(V,σ2) and J(V,σ2) are almost
overlapping for the dense spreading case, while the value of J(V,σ2) for Algorithm 1 at
d = 2 is nearly 0.2bits/s/Hz higher than the deterministic EMI. This additional gain in
J(V,σ2) for sparse spreading compared to dense spreading was referred to as sparsity
gain in Section 4.3.2. Observe that the sparsity gain decreases as the number of non-zero
elements in the codes increases. Finally, we consider the spectral efficiency of the
regular spreading scheme in Fig. 8. We observe that the regular spreading method gives
slightly better spectral efficiency compared to the random spreading scheme. However,
the considered regular spreading scheme yields inferior performance compared to
Algorithm1 and even to the dense spreading scheme in the considered asymmetric
scenario. This is due to the fact that the considered regular scheme does not take into
account the asymmetry in the system model due to the diverse pathloss values and power
constraints at the UEs. Nevertheless, the performance of the regular spreading can
be still improved if the allocation of the non-zero elements in the LDS-codes roughly
follows the allocation rule dictated by the system of equations in (55).
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Visualization of the resource allocation strategy in the proposed method

In Fig. 9, the resource allocation strategy in Algorithm 1 is visualized in a scenario with
F = 30, K = 90, and d = 2. This figure illustrates the allocation of the non-zero elements
of the spreading codes in Algorithm 1 for a particular drop of UEs. The colorbar
represents the unitless βk values, introduced in (55). It can be seen that the power
fragments are allocated to the sub-carriers such that the sum terms ρ f = ∑k∈K βkv f ,k

become equal. Observe also that the UEs with large βk values are distributed across the
sub-carriers. Then, those with smaller βk values are placed such that the sum terms
ρ f = ∑k∈K βkv f ,k become equalized. It can be seen from Fig. 9 that the UEs overlapping
each sub-carriers have diverse βk values.

4.6 Summary

In this chapter, an analytical framework was provided for characterizing the structure of
the LDS-codes that closely maximize the EMI in the considered uplink LDS-NOMA
scenario. The optimal solution to the EMI maximization problem, given sparse spreading,
can be obtained only via exhaustive search. Thus, it was suggested to use large system
analysis to present the objective function as a deterministic equivalent plus a small
residual term. The near-optimal UE-pairing and power loading on sub-carriers were
determined based on the solution of the KKT conditions for an optimization problem
maximizing the deterministic EMI. This yielded a simple resource allocation rule that
facilitated the near-optimal allocation of the non-zero elements of the LDS-codes via an
efficient partitioning algorithm. The non-zero elements of the LDS-codes in the proposed
algorithm were allocated based on the system load, the sparsity constraints, and pathloss
values. The analysis showed that the proposed resource allocation method achieves
the maximum EMI in the finite regime up to a small gap. In the numerical studies,
the proposed algorithm with minimal coordination provided superior performance
compared to the uncoordinated random spreading. The analysis showed that the regular
spreading matrices are asymptotically optimal in the symmetric system models, while in
the asymmetric cases irregular structures for LDS matrices might arise.
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5 Decentralizing multi-cell beamforming via
deterministic equivalents

In this chapter, a coordinated multi-cell multi-user MIMO system is considered in
which L BSs, each equipped with N antennas, jointly minimize the transmission power
required to satisfy target rates for K single-antenna UEs. The ICI coordination in a dense
network with a large number of UEs and antennas is challenging, due to the limited
capacity and high latency of backhaul links in practical networks. Here, the aim is to
develop a semi-static coordination scheme that allows the cooperating BSs to locally
obtain near-optimal beamformers with minimal information exchange. Two novel
semi-static coordination algorithms are proposed that allow BSs to obtain near-optimal
QoS-guaranteed beamformers locally, subject to relaxed coordination requirements.
This is realized by reformulating the optimization problem such that the BSs are only
coupled by ICI values [67]. Then, relying on Lagrangian duality analysis in [59] and
techniques of random matrix theory, deterministic equivalents are derived for the optimal
ICIs in terms of channel statistics. A decentralized coordination algorithm is proposed
that incorporates the deterministic ICIs as approximations for the coordination messages
in finite networks. This allows the BSs to obtain the beamformers locally by using only
the local CSI while exchanging slowly varying channel statistic over the backhaul links.
To reduce the backhaul exchange rate even further, another algorithm is developed that
includes a heuristic simplification in the calculation of approximate ICIs. This allows an
alternative backhaul signaling that reduces the backhaul exchange rate requirement
further by a factor of 2/N2 compared to the first algorithm. The numerical results
demonstrate that the performance loss due to greatly reduced backhaul exchange rate is
small with respect to the optimal solution.

The large system analysis is also developed in a special scenario where UEs are
assumed to be grouped on the basis of their statistical properties similar to [97, 170].
This allows us to derive the approximate ICIs in a concise form, thereby revealing
the structure of the coordination messages; that is, the optimal ICI values in terms of
underlying channel statistics. The analysis ultimately reveals the potential benefits of
UE-grouping to further reduce the overhead and computational effort of the proposed
decentralized solutions.
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In Section 5.1, the network model and problem formulation are presented. Section 5.2
deals with the large system analysis of the optimal power allocations. Section 5.3
makes use of the asymptotic analysis to derive two distributed solutions with different
coordination overheads. In Section 5.4, the analysis is extended to a network in which
the UE population is partitioned in groups on the basis of statistical properties as
in [97, 170]. Section 5.5 describes the simulation environment and illustrates numerical
results. Section 5.6 summarizes the chapter.

5.1 System model and problem formulation

Consider the downlink of a multi-cell multi-user MIMO system composed of L cells
where each BS has N antennas. A total number of K single-antenna UEs is dropped in
the coverage area. It is assumed that each UE is assigned to a single BS while receiving
interference from the other BSs. The set of UEs served by BS b is denoted as Ub and
the index of the BS associated to UE k as bk. The set of all UEs is represented by U
whereas B collects all BS indexes. Under this convention and assuming narrow-band
transmission, hb,k ∈ CN is defined as the channel from BS b to UE k, and wk ∈ CN as
the beamforming vector of UE k at the serving BS. Then, the received signal can be
written as

yk = hH
bk,kwksk+ ∑

i∈Ubk
\k

hH
bk,kwisi + ∑

b∈B\bk

∑
i∈Ub

hH
b,kwisi +nk, (59)

where the first term is the desired received signal whereas the second and third ones
represent intra-cell and inter-cell interference terms, respectively. The zero mean,
unit variance data symbol intended to UE k is denoted by sk, and is assumed to be
independent across UEs. Denoting the receiver noise by nk ∼ CN (0,σ2) and treating
interference as noise, the SINR attained at UE k is given by

Γk =

∣∣∣hH
bk,k

wk

∣∣∣2
∑

i∈Ubk
\k

∣∣∣hH
bk,k

wi

∣∣∣2 + ∑
b∈B\bk, j∈Ub

∣∣∣hH
b,kw j

∣∣∣2 +σ2
. (60)

Coordinated beamforming

In a coordinated network, the BSs design beamformers jointly to satisfy a given set
of SINRs for all UEs while minimizing the total transmit power. In order to reflect
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different power budgets at BSs, we consider the problem of minimizing the weighted
total transmit power with the transmit power at BS b weighted by a factor µb as proposed
in [59]. This yields

min
{wk}

∑
b∈B

∑
k∈Ub

µb‖wk‖2 s.t. Γk ≥ γk, ∀k ∈ U , (61)

where γk denotes the UE’s target SINR obtained from the corresponding target rate.
The SINR target constraints in (61) may appear to be non-convex at a first glance.
However, non-convex constraints of this type can be transformed into a second-order
cone constraint [58], which enables methods for solving (61) via convex optimization.
Introducing an upper-bound εb,k on the ICI term from BS b to UE k, the optimization
problem in (61) can be equivalently reformulated as [67]

min
wk,εb,k

∑
b∈B

∑
k∈Ub

µb‖wk‖2 (62a)

s.t.

∣∣∣hH
bk,k

wk

∣∣∣2
∑

i∈Ubk
\k

∣∣∣hH
bk,k

wi

∣∣∣2 + ∑
b∈B\bk

εb,k +σ2
≥ γk, ∀k ∈ Ub,∀b (62b)

∑
j∈Ub

|hH
b,kw j|2 ≤ εb,k, ∀k 6∈ Ub,∀b. (62c)

As shown in [67], (61) and (62) are equivalent at the optimal solution where the ICI
constraints in (62c) are satisfied with equality. In such case, we refer to εb,k as the
ICI term from BS b to UE k. The problem formulation in (62) recognizes the ICI
constraints as the principal coupling parameters among BSs, which enforces cross-cell
coordination. Therefore, one may need to solve the problem either centrally [58, 171, 59],
which requires full CSI at all BSs, or distributively, which needs the ICI values to be
continuously exchanged among BSs [67, 68, 69, 70]. This is hard to achieve in practice
due to the practical limitations of backhaul links.

Decentralized solution via deterministic equivalents

Observe that using any fixed ICI term in (62) decouples the problems at BSs. This
leads to a suboptimal solution that, however, satisfies the SINR constraints (if feasible)
subject to a higher total transmit power compared to the optimal solution. Provided a set
of good approximations for the optimal ICI terms {εb,k}, the individual problems at
the BSs can be decoupled subject to small performance loss. In order to derive such
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approximations, one needs to formulate the Lagrange dual problem of (62) to unveil
the structure of the optimal beamfomers, and thus, express the ICIs as a function of
channel entries. The authors in [59] show that upon existence, the unique solution9 to
the problem in (61) can be obtained by using Lagrangian duality in convex optimization.
It is proved here that the Lagrange dual problem of (62) is the same as that of (61),
and thus, the Lagrangian duality analysis in [59] can be utilized. To keep the flow of
the storyline uninterrupted, the details of Lagrangian duality analysis are presented in
Appendix 2. As a result of this analysis, the ICI from BS b to UE k can be expressed as

εb,k = ∑
j∈Ub

∣∣hH
b,kw j

∣∣2 = ∑
j∈Ub

δ j
∣∣hH

b,kv j
∣∣2 , (63)

where, {vk} denotes a set of minimum mean square error (MMSE) receivers, and
{δk} are scaling factors relating the beamforming vectors to the MMSE receivers as
wk =

√
δk/Nvk. In particular, we have vk = (∑ j∈U\k λ jhbk, jh

H
bk, j

+µbk NIN)
−1hbk,k with

{λ j} being the Lagrange dual variables associated with SINR constraints. The optimal
Lagrangian multipliers gathered in λλλ

∗ = [λ ∗1 , . . . ,λ
∗
K ]

T are obtained as the unique fixed
point solution of [59]

λk =
γk

hH
bk,k

(
∑

j∈U\k
λ jhbk, jh

H
bk, j

+µbk NIN

)−1

hbk,k

∀k ∈ U . (64)

The scaling factors {δk} can be obtained as the unique solution of the set of equations
such that the SINR constraints in (61) are all satisfied, i.e., δδδ = K−11Kσ2, where
δδδ = [δ1, . . . ,δK ]

T, and the (i,k)th element of the so-called coupling matrix K ∈ CK×K

is [59]

[K]k,i =

 1
γk
|hH

bk,k
vk|2 for i = k

−|hH
bi,kvi|2 for i 6= k.

(65)

The optimal ICIs in (63) are expressed in terms of channel entries via parameters {λk},
{δk} and {[K]i, j}. This allows one to utilize techniques for deterministic equivalents, as
detailed in Section 5.2, to characterize the behavior of these parameters in terms of
underlying channel statistics, and thus, propose proper approximations for the optimal
ICIs. To this end, first a statistical model for channel vectors is introduced.
9The arguments w j, ∀ j of the problem in (61) are defined up to a phase scaling, i.e., if w j is optimal, then
w jeiφ j is also optimal [58] where φ j is an arbitrary phase rotation for UE j. The uniqueness of the solution
is declared as we can restrict ourselves to beamformers w j, ∀ j such that the terms {hH

b,kw j} in (60) have a
non-negative real part and a zero imaginary part.
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Channel model

The channel from BS b to UE k is modeled as hb,k = ΘΘΘ
1/2
b,k zb,k where zb,k ∈CN represents

small-scale fading and has i.i.d, zero-mean, and unit-variance complex entries. The
matrix ΘΘΘb,k ∈ CN×N accounts for the UE-specific channel correlation at BS b. The
pathloss due to large-scale fading is implicitly considered in the covariance matrix
unless otherwise stated. In the latter case, pathloss values are explicitly declared by
expressing the covariance matrix as a2

b,kΘΘΘb,k where a2
b,k accounts for pathloss from BS b

to UE k. The correlated scenario is motivated by the lack of space for implementing
a large antenna array and poor scattering environment [172] that must be considered
for a realistic performance evaluation. Moreover, the generic correlated model takes
into account distinct angle of arrivals and angular spreads of UE signals for designing
the beamformer vectors. Also, it allows arbitrary configuration for the antenna array,
including geographically distributed arrays.

5.2 Large system analysis

In the following, the theory of large random matrices is exploited to compute the so-
called deterministic equivalents of the optimal Lagrangian multipliers {λ ∗k } given by (64)
under the generic channel model presented in Section 5.1. Plugging such deterministic
equivalents into (65) allows characterization of the coupling matrix elements {[K]i, j} in
(65) in the asymptotic regime, which consequently gives the asymptotically optimal
scaling factors {δk}. In doing so, the following assumptions (widely used in the
literature) are made to properly define the growth rate of system dimensions,

Assumption 1. As N→ ∞, 0 < liminf K
N ≤ limsup K

N < ∞.

Assumption 2. The spectral norm of ΘΘΘb,k is uniformly bounded as N → ∞, i.e.,

limsupN→∞max∀b,k{
∥∥ΘΘΘb,k

∥∥}< ∞.

Deterministic Equivalents For Lagrangian Multipliers

The derivation of the deterministic equivalents for the Lagrangian multipliers needs
special handling because of their implicit formulation in (64). In particular, dependency
of λλλ

∗ on channel vectors prevents using trace lemma (Lemma 4) explicitly for the
denominator of (64). The work in [76] addresses this problem under i.i.d Rayleigh
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fading channels relying on a method introduced originally in [173] in a different context.
By using the same approach, the following result is obtained.

Theorem 4. Let Assumptions 1 and 2 hold. If (62) is feasible and its optimal solution is

λλλ
∗, we have max k |λ ∗k − λ̄k| → 0 almost surely where

λ̄k =
γk

m̄bk,k
∀k ∈ U , (66)

and m̄bk,k is obtained as the unique non-negative solution of the following system of

equations, evaluated for b ∈ B, i ∈ U

m̄b,i =Tr
(

ΘΘΘb,i

(
∑
j∈U

γ jΘΘΘb, j

m̄b j , j + γ jm̄b, j
+µbNIN

)−1)
. (67)

Proof. The proof is given in Appendix 3.1.

Observe that λ̄km̄bk,k represents the deterministic equivalent of the received SINR at
BS bk when the MMSE receiver is aligned toward UE k. The UEs interact through the
quantities m̄b,k,∀b,k such that, at the optimum, the SINR constraints for all UEs are
asymptotically satisfied.

Deterministic equivalents for coupling matrix entries

The deterministic equivalents for {λ ∗k } in Theorem 4 are used to compute the asymptoti-
cally optimal receive beamforming vectors v̄k = (∑ j∈U\k λ̄ jhbk, jh

H
bk, j

+µbk NIN)
−1hbk,k,

∀k in the dual uplink problem. By plugging {v̄k} into (65), the following result is
obtained.

Theorem 5. Let Assumptions 1 and 2 hold, and assume (62) to be feasible. Then, given

the set of λ̄k and m̄b,k,∀k ∈ U ,b∈B as in Theorem 4, we have [K]k,i−
[
K̄
]

k,i→ 0 almost

surely with

[
K̄
]

k,i =


γk/λ̄ 2

k for i = k

− 1
N

m̄′bi ,i,k

(1+λ̄km̄bi ,k)
2 for i 6= k,

(68)

where we have that [m̄′b,1,k, ..., m̄
′
b,K,k] = (IK−Lb)

−1ub,k, ∀k ∈ U and where

[Lb]i, j =
1

N2

tr
(
ΘΘΘb,iTbΘΘΘb, jTb

)
(1/λ̄ j + m̄b, j)2

, (69)
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and

ub,k =

[
1
N

tr
(
ΘΘΘb,1TbΘΘΘb,kTb

)
, . . . ,

1
N

tr(ΘΘΘb,KTbΘΘΘb,kTb)

]
(70)

with Tb given by

Tb =

(
1
N ∑

j∈U

λ̄ jΘΘΘb, j

1+ λ̄ jm̄b, j
+µbIN

)−1

. (71)

Proof. The proof is given in Appendix 3.2.

The term m̄′b,i,k is the derivative of m̄b,i,k(x)= 1
N Tr
(
ΘΘΘb,i(

1
N ∑ j∈U

γ jΘΘΘb, j
m̄b j , j+γ jm̄b, j

−xΘΘΘb,k+

µbIN)
−1
)

with respect to the auxiliary variable x and then evaluated at point x = 0. The
term m̄′bi,i,k in (68) determines the coupling between UE i served by BS bi and UE k, and
consequently indicates the level of interference leaking in between these two UEs. The
deterministic equivalents of entries {

[
K̄
]

k,i} can be used to compute the asymptotically
optimal scaling factors as δ̄δδ = σ2K̄−11K , which depend only on the statistics of channel
vectors. Based on these results, one can now derive the deterministic equivalents of ICI
terms {εb,k}, and consequently present the coordination algorithms.

5.3 Distributed optimization

The large system analysis provided in Section 5.2 gives the optimal power allo-
cations in the asymptotic regime. Relying on these results, one can directly ob-
tain asymptotically optimal receive and transmit beamforming vectors for UE k as

v̄k = (∑ j∈U\k λ̄ jhbk, jh
H
bk, j

+µbk NIN)
−1hbk,k and w̄k =

√
δ̄k/Nv̄k, respectively. The com-

putation of asymptotic beamformers for UE k needs only locally measured CSI at the
serving BS bk, i.e., hbk, j, ∀ j ∈ U , along with the asymptotic power allocations (i.e.,
{λ̄ j} and {δ̄k}) whose computation needs only statistical information from neighboring
BSs. However, the resulting beamforming vectors satisfy the SINR constraints only
asymptotically [76] but not for a finite value of N, as demonstrated later by numerical
examples. In order to ensure the SINR constraints, we invoke the solution briefly
introduced in Section 5.1, which is exploited in more detail in the following.
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5.3.1 Distributed QoS guaranteed beamforming

The optimization problem formulation in (62) identifies the ICIs as the principal coupling
parameters among BSs. Starting from the ICI formulation in (63) and relying on the
large system analysis in Section 5.2, deterministic equivalents are proposed for these
coupling parameters as

ε̄b,k =−δ̄ j[K̄]k, j (72)

with δ̄δδ = K̄−11K , and the deterministic equivalents for the elements of coupling
matrix {[K̄]k, j} given as in Theorem 5. Observe that the computation of (72) requires
only the channel covariance matrices {ΘΘΘb,k, ∀b,k} to be shared among BSs. Thus,
plugging the deterministic ICIs from (72) into the optimization problem in (62), the
centralized problem can be decoupled into independent sub-problems at each BS. This
solution is summarized in Algorithm 2. This algorithm allows the BSs to obtain the
beamformers locally relying only on shared statistics and locally available CSI. The
resulting beamformers satisfy the SINR constraints. The sub-problems at each BS can
be solved using a convex optimization solver or fixed point iterations as shown in [70].
Note that the resulting problem with approximate ICIs is a restriction of the original
problems (61) and (62), and the infeasibility rate and total transmission power would
increase, depending on the accuracy of the ICI approximations. However, since the
deterministic equivalents of ICI terms provide good approximations for the optimal
ICI values in the finite regime, the performance loss is small for a relatively moderate
number of UEs and antennas.

Algorithm 2 Decentralized beamforming with approximate ICI values.

1: loop
2: if Any change in the UE statistics or during the initial stage, then
3: Each BS sends the updated covariance matrices to the coupled BSs via

backhaul.
4: Update λ̄λλ and δ̄δδ values locally based on Theorem 4 and 5.
5: Update the approximate ICIs locally based on (72).
6: end if
7: Use the approximate ICIs as fixed εb,k in (62), and solve the sub-problems locally

to get the downlink beamformers.
8: end loop
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5.3.2 Distributed beamforming method with reduced backhaul
signaling

Although each ΘΘΘb,k changes slowly in time compared to small-scale fading components,
the exchange of such information among coupled BSs via backhaul links may not
be practical when N and K are large. To overcome this issue, a heuristic solution is
proposed that reduces the amount of shared information subject to slightly higher
transmit power (as shown in numerical results). Notice that [K̄]k, j,∀ j ∈ Ub are the
coupling terms between UE j,∀ j ∈ Ub and UE k, and define the amount of interference
leaking from the beamformers of UE j,∀ j ∈ Ub to UE k. In particular, observe that the
amount of interference from an interfering BS b to a given UE k in (72) is given in terms
of [K̄]k, j,∀ j ∈ Ub and δ j, ∀ j ∈ Ub. On the other hand, for a given set of Lagrangian
multipliers {λ̄k}, the coupling terms [K̄]k, j, ∀ j ∈ Ub in (68) depend only on the statistics
locally available at the interfering BS b. This observation motivates the extraction of an
approximation for the interference that a BS b causes to a non-served UE k based on
partial knowledge of non-local statistics (statistics available at other BSs) while utilizing
the locally available statistics. In doing so, the large-scale attenuation (due to pathloss
and fading) is declared explicitly and the covariance matrices are expressed as a2

b,kΘΘΘb,k

where a2
b,k accounts for pathloss from BS b to UE k. It is assumed that each BS b is able

to estimate (perfectly) the channel covariance matrices a2
b,kΘΘΘb,k, ∀k while the covariance

matrices a2
b′,kΘΘΘb′,k, ∀k from all other BSs b′ 6= b are not known locally at BS b. Only

the large-scale attenuation values {a2
b′,k} are assumed to be available for the non-local

channels. The first assumption relies on the observation that covariance matrices remain
constant for a sufficiently large number of reception phases to be accurately estimated at
the BS [160]. The second one is motivated by the observation that most current standards

Backhaul exchanges
Measurements

Statistics measured 
locally

Fig. 10. An illustration of locally measured statistics and backhaul signaling in Algorithm 3,
([37] c©2019, IEEE).
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require the UEs to periodically report received signal strength indication (RSSI) values
to their serving BSs (usually using orthogonal uplink resources). Under the assumption
that nearby BSs are also able to receive such RSSI measurements, a partial knowledge of
non-local channel statistics can be obtained without any information exchange through
backhaul links10.

Under the above assumptions, each BS can locally compute (through Theorems
4 and 5) approximations of the optimal powers along with the coupling parameters,
which can be used in (72) to locally obtain an approximation for the interference that
the BS causes to a non-served UE. The approximate ICI values are then sent to the
respective serving BSs over the backhaul link to be plugged in the ICI constraints of the
local optimization problems. Fig. 10 shows a two-cells example where a given BS b

locally measures the statistics of the local channel vectors, i.e., a2
b,kΘΘΘb,k,k ∈ {1,2}, and

obtains the pathlosses of the non-local channels, i.e., a2
b′,k,k ∈ {1,2}, from the reported

received signal strength indication (RSSI). Finally, BS b sends the approximation for the
interference that it causes to UE2 over the backhaul link. This solution is summarized in
Algorithm 3.

Algorithm 3 Heuristic solution

1: loop
2: if Any change in the UE statistics or during the initial stage, then
3: Users broadcast the pathloss information to the nearby BSs using uplink

resources.
4: Each BS b locally calculates approximations for δk and [K]i, j values using

Theorems 4 and 5 where BS b locally assumes a2
b′,kΘΘΘb′,k = a2

b′,kIN ∀k for all
b′ 6= b.

5: ICI values ε̄b,k,∀k 6∈ Ub are computed from (72) at each BS b.
6: Each BS b sends the ICI values ε̄b,k,∀k 6∈ Ub to the corresponding serving BSs.
7: end if
8: BSs use the approximate ICIs as fixed εb,k in (62) and solve the sub-problems

locally to get the downlink beamformers.
9: end loop

10Alternatively, RSSI values can be exchanged among BSs over backhaul links.
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Backhaul signaling and complexity analysis

Table 1 presents the locally available CSI and the required information exchange over
the backhaul links for a given BS b to obtain the beamformers with Algorithms 1 and 2.
Algorithm 3 is a semi-static coordination method that, unlike the available decoupling
methods requiring a continuous exchange of CSI messages [67, 68, 69, 70], relies
only on local channel statistics and reported path gain values. This makes it more
resilient to limited link capacity and latency. Unlike Algorithm 2 that needs exchanges
of covariance matrices over the backhaul links, Algorithm 3 sends the approximate ICI
values (scalars) on the backhaul links only when sufficient changes occur in the channel
statistics. This reduces the exchange rate by almost N2/2. In the numerical analysis
of Section 5.5, a small difference in the transmission powers of these algorithms is
observed, which is due to the difference in the accuracy of approximate ICI values.

Concerning the complexity analysis, notice that the proposed algorithms need to
solve the sub-problems at BSs subject to the fixed ICIs given by (72). The solution
to such sub-problems can be obtained using SOCP, semidefinite programming (SDP)
and uplink-downlink duality [70]. This latter approach requires lower computational
complexity compared to SOCP and SDP [70]. Specifically, at a given BS b, the
Lagrangian multipliers associated with rate and ICI constraints are evaluated via a
projected sub-gradient method and a simple fixed-point iteration [70]. This involves
a matrix inversion of size N ×N with a complexity per iteration in the order of
O(|Ub|×N3) where |Ub| denotes the number of UEs served by BS b. Concerning the
calculation of approximate ICIs, notice that the ICI terms in (72) are updated only when
there are sufficient changes in channel matrix statistics, which vary at a much slower
rate than the fading CSI. The computation of approximate ICIs requires evaluation of
{λ̄k} and {δ̄k} values with a complexity of order O(K×N3) and O(K3), respectively.

Table 1. Locally available knowledge and acquired information over backhaul at BS b, ([37]
c©2019, IEEE).

Algs Local CSI at BS b Acquired information from other BSs

Alg.1 {a2
b, jΘΘΘb, j},{hb, j},∀ j ∈ U {a2

b′, jΘΘΘb′, j},∀ j ∈ U ,∀b′ 6= b

Alg.2 {a2
b, jΘΘΘb, j},{hb, j},∀ j ∈ U {ε̄b′, j},∀ j ∈ Ub,∀b′ 6= b
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5.4 Network with partitioned UE population

So far, we have assumed distinct statistical properties for UEs. However, as in many
works in the literature (such as [97, 170]), one can consider a special scenario where
the UEs are grouped on the basis of their statistical properties. In particular, each BS
partitions the UE population into groups such that the eigenspaces of covariance matrices
in distinct groups are asymptotically orthogonal (this is referred to as asymptotic
orthogonality condition). The main idea of this section consists of exploiting the
asymptotic orthogonality condition, and the similarities of statistical properties of
nearly co-located UEs [97] to get both mathematically and computationally simpler
approximations of the ICI terms. The dependency of approximate ICIs on group-specific
correlation properties allows further reduction in the backhaul exchange rate of the
decentralized solutions in Section 5.3. Moreover, the analysis motivates development of
the decentralization framework within a context similar to two-stage beamforming [97]
(discussed further in Section 5.6).

The UE-grouping idea is presented next by using the simple two-cell configuration
in Fig. 11. The detailed multi-cell model is presented mathematically later on. Consider
a BS, equipped with a linear array, which properly partitions the UE population into
distinct groups such that the angle of arrivals of UE signals within distinct groups,
at the given BS, are sufficiently separated. Assuming one-ring channel model11, it
is shown in [97] that the correlation matrices of UEs in distinct groups have nearly

11In a typical cellular configuration with a tower-mounted BS and no significant local scattering, the
propagation between the BS antennas and any given UE is expected to be characterized by the local scattering
around the UE resulting in the well-known one-ring model [174].

Fig. 11. An illustration of UE-group formation at BSs based on UE angular-separation, ([37]
c©2019, IEEE).
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orthogonal eigenspaces as N→ ∞. Following this line of thought, BS b (b′) in Fig. 11,
equipped with a linear array, resolves two smaller groups g1,g2 (equivalently g4,g5

for BS b′) and one bigger group g3 (equivalently g6 for BS b′ ) with non-overlapping
supports of AoA distributions. The beams in the figure represent the AoA spread of UE
signals at BSs. Equivalently, the groups with dashed (dotted) contours correspond to the
partition related to BS b (b′). In the following, the index g is used to refer to the gth

group, the set of UEs in group g is denoted by Gg and the set of all groups at a given
BS b is denoted by Ab.

In the following, the aforementioned assumptions are presented mathematically
for a generic multi-cell setting. We declare the large-scale attenuation a2

b,k explicitly
and express the covariance matrices as a2

b,kΘΘΘb,k. Also, the covariance matrices are
assumed to have eigenvalue decomposition given as a2

b,kΘΘΘb,k = a2
b,kUb,kΞΞΞb,kUH

b,k. The
diagonal rb,k× rb,k matrix ΞΞΞb,k holds the non-zero eigenvalues, and the corresponding
eigenvectors are stacked in Ub,k ∈ CN×rb,k . Under grouping assumption, we declare the
aforementioned asymptotic orthogonality condition as follows: UH

b,iUb, j = 0, ∀i ∈ Gg,

j 6∈ Gg,∀g ∈ Ab as N→ ∞ [97], which indicates the orthogonality of eigenspaces of
covariance matrices for UEs in distinct groups in the asymptotic regime. Within this
context, a mathematically attractive problem is to assume a homogeneous model wherein
the UEs in a group have identical correlation while experiencing different pathlosses,
i.e. a2

b,kΘΘΘb,k = a2
b,kΘΘΘb,g, ∀k ∈ Gg,∀g ∈ Ab where a2

b,k accounts for UE-specific pathloss
values and ΘΘΘb,g dictates the group-specific correlation properties. These conditions
are not verified exactly in practice. However, as UEs in the same group are likely to
be nearly co-located, one might closely approximate these conditions by proper UE
scheduling (specifically when there is a large pool of UEs to be scheduled), which is not
however in the scope of this work.

Given the aforementioned system model, one can write m̄b,i in (67) for UEs in a
group g resolved at BS b as m̄b,i = a2

b,iη̄b,g with η̄b,g being a group-specific measure
evaluated as ∀g ∈ Ab,∀b

η̄b,g =
rg

∑
i=1

 ∑
j∈Gg

γ j
a2

b j , j

a2
b, j

η̄b j ,g j + γ jη̄b,g

+
Nµb

[ΞΞΞb,g]i,i


−1

, (73)

where for a given UE j, we use g j to denote the group resolved at the serving BS
b j, which contains UE j as a member. The formulation of measure η̄b,g follows
directly from (67) by substituting ΘΘΘb,k, ∀k ∈ Gg with a2

b,kΘΘΘb,g, ∀k ∈ Gg. Note that
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ΘΘΘb,g = Ub,gΞΞΞb,gUH
b,g with UH

b,gUb,g′ = 0, ∀g,g′ ∈ Ab, g 6= g′ asN→ ∞, and UH
b,gUb,g =

Irg , which gives η̄b,g as in (73). The interactions among UE groups are regulated using
η̄b,g values in (73) such that the SINR constraints for all UEs within the groups are
satisfied asymptotically. The corresponding asymptotically optimal uplink power for UE
j can be evaluated as λ̄ j/N = γ j/(Na2

b j , jη̄b j ,g j).
The values of η̄b,g acts as a BS priority parameter such that a larger transmission

power is imposed on BSs with smaller η̄b,g values. The parameter η̄b,g is a decreasing
function of the BS power weights µb and thus the BSs with smaller µb are assigned
with larger η̄b,g values. One can easily verify that the fixed point function in (73) is a
standard function [175] where properties of standard functions imply the following
results on the existence of the fixed point solution,

Corollary 1. The fixed point solution in (73), and consequently the asymptotically

optimal power assignment in the homogeneous multi-cell setting, have a solution if

and only if a set of positive finite initialization values exist where their ratios
η̄0

b j ,g j

η̄0
b,g

,

∀ j ∈ Gg 6∩ Ub,∀g ∈ Ab,∀b satisfy the following inequalities:

Rank(ΘΘΘb,g)> ∑
j∈Gg∩Ub

γ j

1+ γ j
+ ∑

j∈Gg 6∩Ub

γ j
a2

b j , j

a2
b, j

η̄0
b j ,g j

η̄0
b,g

+ γ j

, ∀b,∀g ∈ Ab. (74)

Proof. The proof follows from the monotonicity of standard functions and upper
boundedness of η̄b,g in (73) as stated in Appendix 3.3.

The ratio of a2
b j , jη̄

0
b j ,g j

/a2
b, jη̄

0
b,g in (74) appears in the sum term related to the non-

served UEs, which is an inter-cell isolation indicator. The ratio of a2
b j , j/a2

b, j is given by
the position of UEs with respect to the BSs while η̄0

b j ,g
/η̄0

b,g is determined based on
the cell parameters such as the cell size, cell load, UE QoS and BS power weights µb.
Allowing the ratio to go to infinity, the cells become isolated as in a single cell scenario.
In particular, the single cell setting allows the conditions in (74) to be simplified as
Rank(ΘΘΘg)> ∑ j∈Gg

γ j
1+γ j

, ∀g ∈A. In this case, we get Rank(ΘΘΘg)> |Gg|, ∀g ∈A in high
SINR regime, i.e., large {γ j} values. This means that the number of UEs within group g

is limited to be less than the available spatial degrees of freedom given by the rank of ΘΘΘg.
A similar feasibility condition appears in [157] in the context of the set of admissible
SINR requirements in a synchronous CDMA system with a given processing gain.
Equating the rank of ΘΘΘg with the processing gain gives the same feasibility condition as
in [157]. Also, the pioneering work in [58] gives a bound for the feasible minimum
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SINR with respect to the rank of the channel matrix. Noticing that the rank of the
channel matrix of UEs in a group g is asymptotically given by min{|Gg|,Rank(ΘΘΘg)},
the results asymptotically coincide.

As the other consequence of the considered system model, the optimal ICI terms, as
the inter-cell coordination messages, can be characterized directly in terms of channel
statistics and total transmit power per group as stated in the following corollary.

Corollary 2. Consider the multi-cell scenario with grouped UEs experiencing ho-

mogeneous correlation properties a2
b,kΘΘΘb,k = a2

b,kΘΘΘb,g, ∀k ∈ Gg,∀g ∈ Ab. Then under

Assumption 2, and given the growth rate defined in Assumption 1, the optimal ICI values

εb,k,∀k ∈ Gg 6∩ Ub converge almost surely to the deterministic equivalents ε̄b,k with

ε̄b,k = ϕb,ka2
b,kP̄b,g, ∀k ∈ Gg 6∩ Ub, (75)

where
ϕb,k =

tr((ΘΘΘb,gTb,g)
2)/tr(ΘΘΘb,gT2

b,g)

(1+ γk(a2
b,kη̄b,g)/(a2

bk,k
η̄bk,gk))

2 , (76)

where the term η̄b,g is the group-specific parameter given by (73) or equivalently

as η̄b,g = 1
N tr(ΘΘΘb,gTb,g) with Tb,g = ( 1

N ∑ j∈Gg(γ ja2
b, jΘΘΘb,g

)/(a2
b j , jη̄b j ,g j + γ ja2

b, jη̄b,g)+

µbIN)
−1. The asymptotic total transmit power at BS b required for serving UEs

in Gg ∩Ub is denoted by P̄b,g. Stacking all P̄b,g,∀g ∈ Ab,∀b in a vector, we get the

system of equations [P̄1,1, ..., P̄1,|A1|, ..., P̄|B|,|A|B||] = (D−L)−1u where the elements of

vector u and matrix L are given as [u](b,g) = 1
N ∑ j∈Ub∩Gg γ j/a2

b, j and [L](b′,g′),(b,g) =
1
N ∑ j∈Ub′∩Gg∩Gg′

ϕb, jγ ja2
b, j/a2

b′, j, respectively. The double index (b′,g′) points to the

row/column element corresponding to group g′ at BS b′. The matrix D is a diagonal

matrix where [D](b,g),(b,g) =
η̄2

b,g

ζ̄ ′b,g
with ζ̄ ′b,g = 1

N tr
(
ΘΘΘb,gT2

b,g/(1− τb,gtr((ΘΘΘb,gTb,g)
2))
)

and τb,g =
1

N2 ∑ j∈Gg 1/(
a2

b j , j

γ ja2
b, j

η̄b j ,g j + η̄b,g)
2.

Proof. The proof is given in Appendix 3.4 .

Looking at the derived expression in (75), we observe that the asymptotically optimal
ICI ε̄b,k is directly related to the group aggregated transmit power at the interfering BS b

degraded by the pathloss a2
b,k. The total transmit power is generally proportional to the

ratio K/N. Therefore, ICIs are expected to go to zero only when a large imbalance exists
between these quantities. The parameter ϕb,k in (76) indicates that the UEs with higher
SINR targets are generally assigned smaller ICIs. Also, the target SINRs are multiplied
by (a2

b,kη̄b,g)/(a2
bk,k

η̄bk,gk) terms to reflect the position of the UEs with respect to the
serving and the interfering BSs, as well as the priority of the BSs via η̄b,g terms.
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Assuming a properly partitioned UE population, one can directly utilize the ICI
expression from Corollary 2 to obtain the approximate ICIs in Algorithm 2. This
brings two benefits: Firstly, the approximate ICIs can be attained based on group-
specific correlation properties that reduce the backhaul exchange rate. Secondly, the
computational effort for ICI evaluation is decreased. Denoting the total number of
groups formed at all BSs by M, we notice that the computation of asymptotic ICIs for
UEs of a group in (75) requires an M×M matrix inversion compared to K×K matrix
inversion required in the generic formulation (72). Generally, we expect M to be much
smaller than K. The viability of this approach is studied numerically in Section 5.5.

5.5 Numerical analysis

Monte Carlo simulations are now used to validate the performance of the proposed
solutions. The performance metrics are averaged over 1000 independent UE drops and
channel realizations. We consider a network with L cells and assume that the same
number of K̄ = K

L UEs is assigned to each cell. The UEs are distributed uniformly
in the coverage area of cells. The pathloss function is modeled as a2

b,k = (d0/db,k)
3

where db,k represents the distance between BS b and UE k, and d0 = 1m is the reference
distance. The BSs are placed 1000m apart from each other. The transmission bandwidth
is W = 10MHz, and the total noise power σ2 =WN0 is -104dBm. By assuming a diffuse
2-D field of isotropic scatterers around the receiver [176], the covariance matrix for an
antenna element spacing of ∆ is given by[

ΘΘΘb,k
]

j,i =
a2

b,k

ϕmax
b,k −ϕmin

b,k

∫
ϕmax

b,k

ϕmin
b,k

ei 2π
w ∆( j−i)cos(ϕ) dϕ, (77)

where waves arrive with an angular spread ∆ϕ from ϕmin to ϕmax. The wavelength is
denoted by w, and the antenna element spacing is fixed to half the wavelength ∆ = 0.5w.

Performance evaluation of the distributed beamforming methods

Next, the analyses of Sections 5.2 and 5.3 are validated numerically. The UEs are
dropped in a network with 7 cells. Note that while 7 cells are considered in the
simulations, the analysis is not limited to a 7-cells scenario and can be applied to a
heterogeneous network with any number of cells. The cells in the simulations are
wrapped around in a way that each cell receives interference from all other cells. Fixed
wide angular spread (∆ϕb,k =

π

2 ) is assigned to UEs served by a given BS that accounts
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Fig. 12. Empirical CDF of achievable rates using asymptotic beamformers, N
K = 1, ([37]

c©2019, IEEE).

for well-conditioned covariance matrices. The channels to non-served UEs (that are far
from the given BS) have an angular spread of π/6 which yields rank deficient covariance
matrices. The angle of arrival is determined by the angular position of the UEs with
respect to the BSs.

Theorems 4 and 5 present the asymptotically optimal power assignments in downlink
and dual uplink problems in terms of channel statistics, which is instrumental to get
further insight into the structure of the optimal solution. As mentioned in Section 5.3,
one might serve UEs in a finite system regime by utilizing the asymptotic power terms
in Theorems 4 and 5, i.e., {λ̄K} and {δ̄K}, and corresponding receive/transmit beam-

forming vectors, i.e., v̄k = (∑ j∈U\k λ̄ jhbk, jh
H
bk, j

+µbk NIN)
−1hbk,k and w̄k =

√
δ̄k/Nv̄k,

respectively. However, this approach only guarantees the target rates to be satisfied
asymptotically. This is shown in Fig. 12 where the empirical CDF of the achievable
rates is depicted in downlink and dual uplink problems. The number of antennas is the
same as the number of UEs, and the UEs are served with a target rate of 1bit/s/Hz/UE
using the asymptotically optimal beamformers, i.e., w̄k and v̄k. It can be seen that the
achievable rates are mainly concentrated around the target rates. However, as shown in
Fig. 12-b, 30 percent of UEs attains a rate of less than 0.7bit/s/Hz/UE in the downlink
with N = 14 antennas. This percentage reduces to 12 percent when N increases up to
almost 100. The empirical CDF shows that the deviation from the target rate decreases
as dimensions of the problem increase and the rate constraints for all UEs are expected
to be satisfied asymptotically.
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Fig. 13. Transmit power vs. K̄, target rate = 1bits/s/Hz/UE, ([37] c©2019, IEEE).

As mentioned in Section 5.3, we can explore the availability of local CSI while
relying on deterministic equivalents of ICI values to obtain the QoS guaranteed
beamformers. Both Algorithm 2 and 3 satisfy the SINR constraints while having
a minimum cooperation among BSs. Fig. 13 presents the averaged total transmission
power required for serving UEs with target rates fixed to 1bits/s/Hz/UE. The total
number of UEs in the network grows at the same rate as the number of antennas such
that N

K = 1 in Fig. 13-a and N
K = 2 in Fig. 13-b. Thus, the spatial loading is fixed as

the number of antennas is increased. The optimal total transmission power using (61)
is the reference curve denoted as the centralized approach. It can be seen in both
Fig. 13-a and 13-b that Algorithm 2 satisfies the target rates subject to small performance
degradation even for relatively small N and K. This gap diminishes further as the
number of antennas and UEs are increased.

Based on asymptotic ICI expressions, we observed that the interference caused
by a BS to a non-served UE depends mainly on the local statistics. Utilizing this in
Algorithm 2, the approximate ICIs are evaluated at the interfering BSs relying on local
and partial non-local knowledge of channel statistics. The viability of this approach
can be seen from the small difference in the transmission powers of Algorithms 2
and 3 in Fig. 13. A heuristic case (included for comparison) labeled as “i.i.d fully
decentralized” is also depicted in Fig. 13 where the correlation properties are ignored
and the approximated ICI values are derived relying only on pathloss information.
Ignoring the correlation properties when designing the beamformers generally results
in a large performance degradation as depicted in Fig. 13. Another observation is the
smaller performance gap among all methods in Fig. 13-b with N

K = 2, compared to
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Fig. 13-a with N
K = 1, which is due to the increase in the number of degrees of freedom

(d.o.f) per UE. In particular, for any given number of antennas, the number of UEs in
Fig. 13-a is twice as large as that in Fig. 13-b. In general, the performance gap among
various methods diminishes when the ratio of d.o.f per UE increases. As the ratio of
d.o.f per UE goes to infinity, the differences disappear.

The other sub-optimal solutions, including ICZF and ZF, design the beamformers
locally without cross cell coordination. In particular, ICZF sets ICIs equal to zero while
handling the local interference optimally. ZF attains the beamformers by forcing all
(intra-cell and inter-cell) interference terms to zero. These methods are infeasible for
some UE drops in the case with N

K = 1, thus a fair comparison is not possible and the
corresponding curves are omitted in Fig. 13-a . This is in fact due to narrow angular
spreads, which result in lack of degrees of freedom for nulling the interference to UEs
with overlapping angular spreads. In the case with N

K = 2, ICZF and ZF attain the target
rates subject to 4dB higher transmission power compared to Algorithm 2 and 3. As
a final remark, the gap in performance of ICZF indicates that a large portion of the
optimal resource allocation gain comes from inter-cell coordination.

The scenario with partitioned UE population

In the following, the analysis in Section 5.4 is validated numerically. We consider a
two-cell configuration with the same number of UEs assigned to each cell. Additionally,
UEs within a cell are divided equally among three groups according to the arrangement
presented in Fig. 11. We note that the system model considered in Section 5.4 is generic
and can be applied to larger configurations. However, here we reused the two-cell
example illustrated in Fig. 11 to avoid redundancy and to keep the numerical results
consistent with the explanations in Section 5.4. As in Corollary 2, the UEs within each
group are assumed to have an identical correlation matrix but with distinct user-specific
pathloss values. The angular spreads for all groups are assumed to be equal to π

6 and
the group-specific correlation matrices are evaluated using (77). The groups have
disjoint angular spreads, and hence, have orthogonal correlation eigenspaces when
N→ ∞. However, in finite dimensions, the correlation matrices of distinct groups are
not fully orthogonal. The reference curve in Fig. 14 titled “Algorithm 1” calculates
approximate ICI values based on (72) where the non-orthogonality of correlation
matrices of distinct groups is considered in the ICI approximations. On the other hand,
the curve titled “Alg.1 grouped UEs” relies on Corollary 2 for deriving approximate

97



30 42 54 66 78 90

Number of antennas

-3.8

-3.6

-3.4

-3.2

-3

T
ra

n
sm

it
 p

o
w

er
[d

B
m

]

Centralized

Algorithm 1

Alg.1 grouped UEs

Fig. 14. Transmit power with grouped UEs versus N when N
K = 1 and the target rate is

1bits/s/Hz/UE, ([37] c©2019, IEEE).

ICIs. In the latter case, the UEs in distinct groups are assumed to have orthogonal
correlation matrices. The beamformers in both cases are derived as in Algorithm 2
while utilizing the corresponding ICI approximations. We observe a small difference in
the transmission power of these two cases, which is due to inter-group orthogonality
condition being satisfied only asymptotically. The corresponding curves converge and
both curves approach the optimal solution as dimensions are increased.

5.6 Summary and discussions

In this chapter, a decentralization framework was proposed for the coordinated multi-cell
power minimization problem. We utilized results from random matrix theory to derive
deterministic equivalents for the optimal ICI values in terms of channel statistics. It
was observed that the deterministic ICI terms can be utilized as approximations for the
coordination messages in finite networks. In particular, relying on such approximate ICI
terms, an algorithm was proposed that allows the BSs to obtain the beamformers locally
by using only the local CSI while exchanging slowly varying channel statistics over
the backhaul links. The numerical results demonstrated that the performance loss in
the proposed algorithm is small compared to the optimal solution. Also, applying a
heuristic simplification in the calculation of approximate ICI terms, another algorithm
was proposed that yields near-optimal QoS-guaranteed beamformers with a backhaul
exchange rate of 2/N2 times less than the one in the first algorithm. The proposed
decentralized solutions attain the QoS-guaranteed beamformers locally subject to relaxed
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coordination requirements. This is particularly important in practice where the backhaul
links suffer from imperfections, including limited capacity and latency. The large system
analysis was also developed in a special scenario with UE grouping. The analysis
under the assumption of partitioned UE population allowed the ICIs, as the inter-cell
coordination messages, to be characterized explicitly in terms of channel statistics. This,
in particular, provided insight into the coordination mechanism. Also, it reduced the
computational complexity of the approximate ICIs. Moreover, the simplification in the
channel model allowed us to derive the feasibility conditions for the coordinated power
minimization problem in terms of CSI statistics. It was observed that the feasibility
conditions in the special single-cell scenario coincide with the conditions given in the
context of the set of admissible SINR requirements in the synchronous CDMA system.

As a final remark, we notice that the problem formulation does not consider BS-
specific transmitting power limits. However, we notice that the weighting factors {µb}
in (61) provide a mechanism to adjust the power consumption at different BSs [59].
Besides, one can rely on the results of Theorems 4 and 5 to get a good approximation
for total power consumption at BSs based on statistical information of channel vectors.
This can be utilized in a feasibility assessment to ensure BS-specific power limits
where, as in [177, 178, 179], the infeasibility implies that some UEs should be dropped
(admission control methods) [177] or rescheduled in orthogonal dimensions (scheduling
methods) [178].
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6 Max-min SINR with random network
topology

In this chapter, the maximization of minimum-weighted SINR (max-min SINR) subject
to power constraints at BSs is studied. We consider a downlink scenario where multi-
antenna BSs with limited power budgets serve a number of single-antenna UEs in
downlink. Each UE k requests a desired SINR value of γk from its serving BS. However,
depending on the assigned beamforming vectors at BSs, an SINR value of Γk is attained
at the given UE k. The objective of max-min SINR problem is to maximize min{Γk

γk
,

k = 1, ...,K} over all beamforming vectors that satisfy the total power constraints at the
BSs. In such a case, the γk values can be interpreted as the UE priority parameters. The
maximization of the minimum of weighted SINRs in fact equalizes the ratios Γk

γk
,∀k,

which enforces fairness in the attained SINRs with respect to the priority parameters [78].
Also, as suggested in [79], the optimal value of the objective function in the max-min
SINR problem provides a single performance measure that reflects the quality of
the multi-user channel. Such a measure can be used by medium access control to
make proper scheduling decisions. In particular, a set of target SINRs {γk} can be
supported with a given power budget at BSs, provided that the optimum of the max-min
SINR problem is greater or equal to one [79]. Such a set of target SINRs is called the
feasible set of target SINRs. The objective of this chapter is to derive deterministic
approximations for the set of feasible target SINR values {γk} based on large system
analysis. The approximations are given in terms of basic system parameters such as total
power budget at BSs, cell radius and load, and those yield an accurate assessment of
the network performance in the regime with practically finite dimensions. The results
enable the assessment of network performance based on given system parameters, and in
addition, provide guidelines that assist network dimensioning. To this end, we consider
the UE coordinates as random variables. We utilize the large system analysis from
Chapter 5 that yields deterministic equivalents for the total transmitting powers at BSs
in terms of pathlosses and target SINRs {γk}. Integrating the acquired transmitting
powers over UE distribution, we obtain approximations for the total transmitting powers
in terms of basic system parameters. This enables the evaluation of approximations
for the set of feasible target SINR values using a bisection algorithm where at each
iteration the total transmitting powers of BSs is obtained via an integral evaluation. The
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approximations for the feasible SINRs are given in terms of basic system parameters. In
the single-cell case, the solution to the problem is found in closed form.

The problem formulation is presented in Section 6.1. The asymptotic analysis along
with the proposed solution are given in Section 6.2. The numerical studies are presented
in Section 6.3.

6.1 System model and problem formulation

Consider a downlink scenario where a number of L BSs each with N antennas serve a
number of K single-antenna UEs in downlink. Each UE is assigned to a single BS while
receiving interference from the other BSs. Each UE k requests a desired SINR value of
γk from its serving BS. However, depending on the assigned beamforming vectors at
BSs, an SINR value of Γk is attained at the given UE k where

Γk =

∣∣∣hH
bk,k

wk

∣∣∣2
∑

j∈U\k

∣∣∣hH
b j ,k

w j

∣∣∣2 +σ2
, ∀k ∈ U , (78)

where hb,k ∈ CN is the channel from BS b to UE k, and wk ∈ CN is the beamforming
vector of UE k at the serving BS bk. The set of all UEs is represented by U , and σ2 is the
additive-white-Gaussian-noise power, which is normalized hereafter unless otherwise
stated. Under this convention, the max-min SINR problem can be formulated as

maximize
{wk}

min
k∈U

Γk

γk

s.t. ∑
k∈U
‖wk‖2 ≤ PTX,

(79)

where {PTX} is the total transmit power at BSs. The max-min SINR problem maximizes
min{Γk

γk
,k = 1, ...,K} over all the beamforming vectors that satisfy the total power

constraints at the BSs. The γk values can be interpreted as the UE priority parameters
where the max-min SINR problem equalizes the ratios Γk

γk
,∀k. This enforces fairness

in the attained SINRs with respect to the priority parameters [78]. We call the set of
desired SINR values {γk} feasible, if the optimum of (79) is greater than or equal to one.
In such case, the power limited BSs are able to serve UEs with Γk ≥ γk,∀k, otherwise we
have Γk < γk. One important problem to study in this context is to characterize the set of
feasible SINR values for a given total power constraint at BSs. In the following, we use
{γ∗k } to denote the particular set of feasible SINR values in (79) that satisfy Γk

γk
= 1,∀k.
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Such feasible SINR values are the best target SINRs that can be supported with a given
power budget. Thus, in the following we call {γ∗k } the set of optimal target SINRs.
Herein, we are particularly interested in characterizing the set of optimal SINR values
{γ∗k } in terms of basic system parameters such as total power constraint, cell radius and
load. The results enable the assessment of network performance based on given system
parameters, and in addition, provide guidelines that assist network dimensioning.

The intimate link with minimum power beamforming problem

It is shown in [79] that the max-min SINR problem is closely related to the coordinated
minimum power beamforming problem considered in Chapter 5. In particular, if a set of
target SINR values {γk} is feasible, then the max-min problem has a so-called inverse
problem given as [79]

minimize
{wk}

∑
k∈U
‖wk‖2 (80)

s.t. Γk ≥ γk, ∀k ∈ U .

Comparing the above problem with (61) in Chapter 5, we observe that this is the problem
of minimizing the total transmitting power at BSs subject to a set of SINR constraints
lower-bounded by γk values. Given the optimum of the max-min SINR problem is
Γk
γk

= 1,∀k, then, it can be shown that the constraints in (79) and (80) are satisfied with
equality and the total transmitting power obtained from (80) is equal to PTX. The work
in [58] relies on this intimate link between the two problems to find the optimal SINR
values {γ∗k } for the max-min SINR problem. It is assumed in [58] that the target SINR
values for all UEs are the same, i.e., γk = γ . Then, the optimal SINR value γ∗ is obtained
using a bisection algorithm where at each iteration the total transmitting powers for a
given value of γ is evaluated from (80). While searching for the optimal value of γ∗,
the bisection algorithm terminates when the attained total powers at BSs are within
an ε-distance from the power budget PTX. The total transmitting power evaluated
at each iteration of the bisection algorithm can be equivalently obtained relying on
the uplink-downlink duality for the minimum power beamforming problem [59]. As
mentioned in Chapter 5, the problem in (80) has a dual uplink problem where {λk/N},
with {λk} being Lagrange dual variables, can be interpreted as the UE powers in the
dual uplink power minimization problem (See (135) in Appendix 2). An immediate
consequence of duality for the problem in (80) is that the total transmitting power
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in the downlink and the dual uplink problems are the same for a given set of SINR
constraints [59]. As mentioned in Chapter 5, the optimal Lagrangian multipliers gathered
in λλλ

∗ = [λ ∗1 , . . . ,λ
∗
K ]

T are obtained as the unique fixed point solution of [59]

λk = I(λλλ ), (81)

where the interference function I(λλλ ) is given as in (64). As a result, the total transmitting
power required for satisfying Γk = γ,∀k in (80), for a given γ value, can be equivalently
obtained from (81). Now, recall the large system analysis of the minimum power
beamforming provided in Chapter 5 (See Theorem 4). Let us consider the following
assumption regarding the channel vectors.

Assumption 3. Let the channel vector from a given BS b to a UE k be given as

hb,k = ab,kzb,k with zb,k ∼ CN (0,IN) representing the small-scale fading and a2
b,k ∈ R+

denoting the bounded pathloss values.

Under Assumption 3, the results of Theorem 4 can be simplified as in the following
corollary,

Corollary 3. Let Assumption 3 hold and the optimization problem in (80) be feasible

with the optimal Lagrangian multipliers given by λλλ
∗. Then, as N→ ∞ with NK−1 ∈ (0,

∞), we have max k |λ ∗k − λ̄k| → 0 almost surely where

λ̄k =
1

ηbk

γk

a2
bk,k

, (82)

and

ηbk = 1− 1
N ∑

j∈U

1

1+ 1
γ j

ηb j
ηbk

a2
b j , j

a2
bk , j

. (83)

Proof. An expression for ηbk can be obtained by plugging ΘΘΘb,k = a2
b,kIN into (67), and

substituting m̄b,k with a2
b,kηbk . Then, dividing the sides by ηbk , and rearranging the

terms, ηbk can be evaluated as in (83).

The parameter ηb in (82) can be interpreted as multi-user efficiency, which quantifies
the performance loss due to the existence of other users in the channel [180]. Observe
that the required transmitting power at a given UE k to satisfy the SINR target γk

in a single-user scenario is proportional to γk/a2
bk,k

, while in the multi-user case, the
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transmitting power at UE k is proportional to γk/(a2
bk,k

ηbk) as in (82). Also, ηb acts as a
BS priority parameter such that a larger transmission power is imposed on BSs with
smaller ηb values.

The above results give the deterministic equivalents for the uplink powers, and
consequently total transmitting power, irrespective of small-scale fading. Therefore,
the aforementioned bisection algorithm proposed in [58] can be modified such that
the evaluation of the total transmitting power at each iteration is carried out based on
pathloss values. As a result, one can obtain the optimal SINR value based on large-scale
fading properties by properly modifying the bisection algorithm. The results give an
approximation for the largest target SINR value that can be supported for a given set of
pathloss values and power budgets at BSs. In order to present the optimal SINR values
independent of pathloss values, in the following, we integrate the total transmitting
power over UE’s random coordinates. This equivalently gives the optimal SINR values
in terms of basic system parameters and independent of large-scale fading. To this end,
we need to introduce a network model with random topology as in the following section.

6.1.1 Network with random topology

In the analysis presented in the following, we consider a network with random topology
wherein the SINR values and UE coordinates are considered as random variables.

Definition 9. The range of SINR values is defined asR, [γmin,γmax] where 0≤ γmin <

γmax < ∞, and we use nR to denote nR = γmax− γmin . In the special case where

γmin = γmax = γ , the SINR range reduces toR= {γ}, and we set nR = 1.

In this context, the UEs are assumed to be assigned target SINR values {γk} taken
uniformly from the range ofR. In the special case whereR= {γ}, all UEs are assigned
the same target SINR value of γ . Then, we call a range of SINRR feasible provided
that the instances {γk} taken uniformly fromR are feasible in an average sense. We
defineR∗ = [γ∗max−nR,γ∗max] to be the optimal range of SINRs, wherein γ∗max denotes
the upper-bound ofR∗ that can be supported for a given nR value. Considering nR as a
given design parameter, the objective here is to determine γ∗max and consequently the
optimal range of SINRsR∗ in terms of basic system parameters. Such results give an
approximation for the set of optimal SINR values {γ∗k } that yields Γk

γ∗k
= 1,∀k in (79).
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Fig. 15. A symmetric structured network with distances d(rb′ ,θb′ ) presented in polar coordi-
nates, ([41] c©2017, IEEE).

The probabilistic properties of UE coordinates and pathloss values are clarified
in the sequel. Before that, the following assumption is presented, which is needed to
simplify the iterative formulation of ηb in (83),

Assumption 4. The ηb values are such that E{ ηb
ηb′
}= 1,∀b,b′ ∈ B. The expectation is

with respect to UE random coordinates.

Notice that ηb acts as a BS priority parameter such that larger transmission power is
imposed on BSs with smaller ηb values. In a symmetric network with BSs having the
same structural properties, the priority parameters ηb are expected to be the same for all
BSs. Note that due to the expectation operator, there is no obligation on the symmetric
placement of UEs. However, the cells must be placed symmetrically, and the cell-radii,
cell-loads and power budgets at BSs are required to be the same. As an example, in the
honeycomb structured network in Fig. 15, each cell has a symmetric structure with
respect to the neighboring cells. Thus, all cells experience the same interference patterns,
which results in priority parameters ηb to be the same on-average, for all BSs.

In order to characterize the probabilistic properties of UE coordinates and pathloss
values, let us consider the UE’s positions in the polar coordination system. Fig. 15
presents the position of a UE in cell b′ in the polar coordination system. Considering BS
b′ as the origin of the coordination system, the angular and radial coordinates of the
UE’s position is denoted by θb′ and rb′ , respectively. Under these settings, the distance
between a UE in cell b′ and any given BS b can be presented as

d(rb′ ,θb′) =
√

r2
b′ +4D2

b′,b +4rb′Db′,b cosθb′ , (84)
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where Db′,b is the distance between BS b′ and b. In the following, θb′ and rb′ are assumed
to be random variables with uniform distribution over the range of (−π,π) and (d0,R),
respectively. The radius of the cell in meters is denoted by R, and d0 is the reference
distance. Without loss of generality, the reference distance is assumed to be 1m in the
following. In these circumstances, the pathloss value a2

b, j from any BS b to a given UE j

in cell b′ is assumed to be an instance of random variable a2(rb′ ,θb′) =
(
d0/d(rb′ ,θb′)

)ν

where ν is the pathloss exponent.

6.2 The optimal range of SINR values

Hereafter, the set of Kb UEs served by BS b is denoted by Ub, and B collects all
BS indexes. Under the system model assumptions in Section 6.1.1, an expression
independent of pathloss values can be derived for the ηb parameter, as stated in the
following proposition,

Proposition 2. Let Assumption 4 along with the system model assumptions in Sec-

tion 6.1.1 hold. Then, we have ηb− η̄ → 0 almost surely as N→ ∞ with NK−1 ∈ (0,∞)

where

η̄ = 1− Kb

N
ϑ1 +ϑ2

nR
, (85)

and

ϑ1 =
∫

γmax

γmin

γ

1+ γ
dγ,

ϑ2 =
1

2π(R−1) ∑
b′∈B\b

∫
γmax

γmin

∫
π

−π

∫ R

1

γ( d(rb′ ,θb′ )
rb′

)ν
+ γ

drb′dθb′dγ,
(86)

where d(rb′ ,θb′) is given as in (84). In the special case where all UEs are served with

the same SINR, i.e.,R= {γ}, the integration over γ is not needed.

Proof. Let τ j and ς j be defined as τ j , a2
b j , j/γ ja2

b, j and ς j , ηb j/ηb, respectively. First,
it is shown that the error due to plugging 1

1+τ j
instead of 1

1+τ jς j
in (83) disappears as the

number of UEs in the network grows large. This allows ηb values to be presented in a
non-iterative form, which facilitates the derivation of the average values. In doing so, we
define ι j as

ι j ,
1

1+ τ j
− 1

1+ τ jς j
=

τ j(ς j−1)
(1+ τ jς j)(1+ τ j)

. (87)
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Now, the terms inside the summation of (83) can be written as 1
1+τ j

+ ι j, which yields

ηb =
(
1− 1

N ∑
j∈U

1
1+ τ j

− 1
N ∑

j∈U
ι j
)
. (88)

As the number of UEs and antennas grow large, the sum-term 1
N ∑ j∈U ι j converges to

E{ι} due to the strong law of large number (SLLN). Notice that τ j
(1+τ jς j)(1+τ j)

in (87) is

upper-bounded by one. Thus, |E{ι}| can be bounded as |E{ι}| ≤ |E{ς}−1| (a)= 0 where
the equality (a) follows from Assumption 4. This yields a non-iterative formulation for
ηb values given as

ηb =
(
1− 1

N ∑
j∈Ub

γ j

1+ γ j
− 1

N ∑
j∈U\Ub

1
1+a2

b j , j
/γ ja2

b, j
). (89)

Now consider γ j,∀ j ∈ U as instances of random SINRs taken uniformly from the range
ofR. Also, let a2

b, j,∀b ∈ B, j ∈ U be instances of random UE coordinates as defined in
Section 6.1.1. Then, the sum-terms in (89) converge as in (86).

Under the system model assumptions in Section 6.1.1, the parameter η̄ in Proposi-
tion 2 together with (82) allow the total transmission power in the asymptotic regime,
i.e., P̄b at a given BS b, to be characterized as

P̄b =
Kb

N

∫
γmax

γmin

∫ R

1

σ2

η̄

γ

nR

rν
b

R−1
drbdγ =

Kb

N
χ

η̄
, (90)

where χ =
γ2

max−γ2
min

2nR
Rν+1−1

(R−1)(ν+1)σ2. In the special case with R = {γ}, the integration
over γ is not needed. Now, we have approximations for total transmission powers at
BSs given in terms of SINR bounds and basic system parameters. This can be utilized
to obtain the optimal SINR range R∗ using a bisection algorithm whose steps are
summarized in Algorithm 4.
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Algorithm 4 SINR balancing in multi-cell network.

1: Initialize γtop with sufficiently large value, set γbottom = 0 and γmax =
γtop−γbottom

2 .
2: loop
3: Set γmin = max(0,γmax−nR).
4: Evaluate the total transmission power P̄t = LP̄b from (90).
5: if |PTX− P̄t| ≤ ε then
6: Return γmax.
7: end if
8: if Pt > PTX then
9: Set γtop = γmax and γmax =

γtop−γbottom
2

10: else
11: γbottom = γmax and γmax =

γtop−γbottom
2 .

12: end if
13: end loop

Given the total power budgets PTX at BSs, the problem addressed in Algorithm 4 is
to find the optimal range of SINRs R∗ = [γ∗min,γ

∗
max] where γ∗min = γ∗max−nR and nR

is a given design parameter. At each iteration in Algorithm 4, the transmit powers P̄b

for a given γmax are evaluated from (90). While searching for the optimal γ∗max, the
bisection algorithm terminates when the attained total powers at BSs are within an
ε-distance from the power budget PTX [80]. Algorithm 4 yields the optimal range
of SINRs R∗ = [γ∗max− nR,γ∗max] for a given set of system parameters such as total
transmitting powers at BSs, cell radius, load, etc. In the special case whereR= {γ}, we
use γ̄∗ to denote the solution attained based on Algorithm 4. The solution γ̄∗ or R∗

yields an accurate approximation for the optimal SINR γ∗ or the optimal set of SINRs
{γ∗k }, respectively, that attains Γk

γ∗k
= 1,∀k. The approximations in Algorithm 4 are given

in terms of basic system parameters.

The optimal SINR in concise form for the single cell scenario

In this section we consider a single cell scenario where all the UEs are served with
the same SINR value γ , i.e., R = {γ}. In this scenario, the asymptotically optimal
SINR γ̄∗ can be presented concisely in terms of system parameters. SinceR= {γ}, the
SINR probability density function becomes fγ(γ) = δ (γ) where δ (γ) denotes the Dirac
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delta function. Also, the parameter ϑ2 is zero in (86) due to the single-cell assumption.
Thus, the parameter ϑ1 in (86), and equivalency η̄ in (85), can be evaluated in a closed
form. Plugging the resulted η̄ into (90) and evaluating the integral therein, we obtain an
equation relating γ to the set of system parameters. The solution of this equation yields
the optimal SINR γ̄∗ in the asymptotic regime as

γ̄
∗ =
−b+

√
b2 +4a

2a

a =
K
N

Rν+1−1
(R−1)(ν +1)

σ2

PTX
, b = a+

K
N
−1.

(91)

The result in (91) is instrumental to get insight into the structure of the optimal SINR
assignment in terms of system parameters.

6.3 Numerical analysis

A honeycomb structured network with L= 7 wrapped around identical cells is considered.
A number of Kb UEs are distributed uniformly on the coverage area of each cell. The
pathloss from BS b to UE k is generated as a2

b,k = (d0/db,k)
ν where ν = 2.5, and db,k

denotes the distance between the corresponding BS and UE. The reference distance d0 is
assumed to be 1m. The radius of each cell is 500m, and the BSs are placed 1000m apart
from each other. The noise power σ2 is -104dBm.

In evaluating the performance of the proposed algorithm, we assume that all the
UEs are served with the same SINR value γ , i.e., R = {γ}. Then, we evaluate the
optimal SINR γ∗ that satisfies Γk

γ∗ = 1,∀k in (79). Also, we obtain the asymptotically
optimal SINR γ̄∗ from Algorithm 4. The SINR γ̄∗ obtained in Algorithm 4 is expected
to provide an accurate approximation for the optimal SINR γ∗ in the finite regime.
Fig. 16 shows the results for a scenario with the total power budget PTX = 10dB, and the
system load K/N = 4. The equivalent rate for Algorithm 4, evaluated as log2(1+ γ̄∗), is
denoted by ’Deterministic approximation’ in Fig. 16. The figure also shows the averaged
optimal rate denoted as ’Averaged optimum’. This is evaluated by averaging the optimal
rates, evaluated as log2(1+ γ∗), over 1000 random UE drops. It can be seen that the
averaged optimal rate closely follows the approximate one given by Algorithm 4, even
in the case with N = 7. The color-bar in the figure shows the density of the resulted
optimal rates for each UE drop. It can be seen that the optimal rates are concentrated
around the approximate rate given by Algorithm 4. As the numbers of antennas and UEs
increase, the dispersion of the optimal rates decreases. A similar study is carried out for
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Fig. 16. The rate (b/s/Hz) vs. the number of antennas, K/N = 4, L = 7, PTX=10dB, ([41] c©2017,
IEEE).

a single-cell scenario with K/N = 1. The result of the analysis is depicted in Fig. 17. In
this case, the approximate SINR is obtained from the closed-form solution given by (91).
It can be seen that the closed-form solution in (91) provides a tight approximation for
the optimal SINR assignment over a wide range of the number of antennas and UEs.
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Table 2. The supported rate in b/s/Hz/UE vs. power budget and pathloss exponent, L = 7,
R =500m, ([41] c©2017, IEEE).

ν PTx =−20dB PTx =−10dB PTx = 0dB PTx = 7dB

2.5 2.4 2.69 2.726 2.73
3.5 0.14 0.85 2.32 3.24
4 0.014 0.14 0.54 1.37

The analysis in Section 6.2 presents deterministic approximation for the optimal
SINR assignment in terms of system parameters including load, cell radius, and pathloss
exponent. This allows the effects of system parameters on the optimal SINR assignment
to be studied as in the following. Let us reconsider the multi-cell scenario with L = 7
cells. Table 2 shows the resulted rates, obtained from the equivalent SINR assignment
in Algorithm 4, for various total power budgets and pathloss exponents. The system
parameters affect the rates via (ϑ1+ϑ2) and χ in (90). Since the term (ϑ1+ϑ2) appears
in the formulation of η̄ in (85), one can conclude that this term accounts for the inter-
and intra-cell interference. The χ term might then be related to the attenuation of the
UE’s signal as it propagates. It can be seen from Table 2 that an increasing pathloss
exponent generally decreases the supported rates. As an exception, in the case with
PTX = 7dB, a rise in pathloss exponent from 2.5 up to 3.5 results in an increase in the rate.
This is due to the dominance of inter-cell interference where a larger pathloss reduces
the level of interference and results in a higher supported rate. Another observation is
the saturation of the supported rate as the power budget is increased. As an example, in
the case with ν = 2.5, increasing the power budget beyond −10dB improves the rate
only marginally since the system becomes interference limited.

6.4 Summary

The analysis in this chapter yielded a method to obtain near-optimal SINR assignments
in terms of system parameters including load, cell radius, pathloss exponent, etc. In the
single-cell scenario, the SINR assignment was found in closed form. The analysis holds
as long as the BS priority parameters ηb are the same on average, as is the case with
symmetric networks with BSs having the same structural properties. In other words,
the cells must be placed symmetrically, and the cell-radii, cell-loads Kb/N and power
budgets at BSs are required to be the same. The optimal SINR values were evaluated
numerically for various UE drops in a scenario where UEs are served with the same
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SINRs. It was observed that the averaged optimal SINRs closely follow the approximate
ones, and the exact optimal SINR assignments become more concentrated around the
approximate values as the number of UEs and antennas grow large. As a result, the
provided analysis allows one to accurately assess the network performance based on
given system parameters, and thereby, potentially assist the initial network dimensioning
by providing an estimate of supportable SINRs given basic system parameters. Finally,
we notice that in addition to pathloss, a signal in the propagation medium experiences
random variation due to blockage from objects in the signal path. This results in random
variation about the pathloss at a given distance. The most common model for this
additional attenuation is log-normal shadowing [181]. The log-normal shadowing can
be incorporated in the pathloss model considered herein as an additional attenuation
factor. Then, one can study the effects of shadowing on the SINR assignments simply by
evaluating an additional integral over the shadowing factors distributed according to the
log-normal distribution.
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7 Two-stage beamformer design via
deterministic equivalents

This chapter focuses on utilizing a two-stage beamformer (TSB) to reduce the compu-
tational complexity burden of obtaining the beamforming vectors in the uplink of a
single-cell system, wherein K single-antenna UEs communicate with a BS equipped with
N antennas. In this case, it is well-known that the minimum mean square error (MMSE)
receiver attains the maximum signal-to-interference-plus-noise ratios (SINRs) among all
linear schemes [1]. Motivated by this observation, a novel TSB method is proposed that
adjusts the dimensions of UE-specific outer beamforming (OBF) matrices based on the
projection of the MMSE vectors into the beam domain. To this end, the angular-domain
is divided into S fixed narrow-sectors such that each sector contains D << N DFT
beams. Then, deterministic equivalents are computed for the amplitude projection of the
MMSE (AP-MMSE) vector of a given UE into each sector via asymptotic analysis in a
regime where N, K and D grow large with a non-trivial ratio N/K = c and N/D = S.
As mention in Chapter 3, the deterministic equivalents provide tight approximations
for the considered metrics in finite-dimensional problems while those depend only on
the statistical CSI. The OBF matrix of the given UE is obtained by concatenating the
sectors whose AP-MMSE values are larger than δ times the maximum AP-MMSE value.
The parameter 0≤ δ ≤ 1 makes a trade-off between the complexity and performance.
As a result, the OBF matrices adopt the MMSE strategy, and adjust the direction and
the number of sectors for each UE based on the level of multiple access interference
while relying solely on statistical CSI. The inner-receiver for a UE k is designed, as in
the conventional TSB methods, based on the resulting reduced dimensional channel
matrix of size Dk×K. Due to the limited angular spread of UE signals, Dk values can
be set to be much smaller than N, which results in a significant complexity reduction
without significant performance degradation. Obviously, a larger δ value can be used to
further reduce the Dk dimension, but with corresponding performance degradation. The
numerical analysis shows that the attained per-UE rates closely follow the rate of the
optimal MMSE receiver. Also, it is observed that the dimension Dk depends on the
angular position of UE k, system load, UE angular spread, UE powers, and the desired
bound on performance degradation dictated via parameter δ .
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In Section 7.1, the network model and problem formulation are presented. Section 7.2
deals with deriving deterministic equivalents for AP-MMSE values using large system
analysis. Section 7.3 makes use of the asymptotic analysis to provide an algorithm
for obtaining OBF matrices. Section 7.4 describes the simulation environment and
illustrates numerical results. Section 7.5 summarizes the chapter.

7.1 System model and problem statement

We consider the uplink of a single-cell multi-user large-scale MIMO system, where a
single BS with N antenna elements serves K < N single-antenna user terminals (UE).
Under this convention and assuming narrow-band transmission, we define hk ∈ CN as
the channel between the BS and UE k. Then, the received signal of UE k at BS can be
expressed as

yk = vH
k hksk +∑i\k vH

k hisi +vH
k n, (92)

where the first term is the desired signal and the second term represents intra-cell
interference. The vector vk ∈CN denotes the receiver vector of UE k. The zero mean, unit
variance data symbol intended to UE k is denoted by sk, and is assumed to be independent
across UEs. Zero-mean white Gaussian noise at the receiver is denote by n∼ CN (0,
σ2IN). The MMSE receiver for a UE k is given as v?k = (∑ j\k p jh jhH

j +σ2IN)
−1hk

with p j being the transmit power of UE j. The superscript ()? indicates the optimality
of the MMSE receiver. Nevertheless, the practical implementation of the large-scale
MMSE receiver may not be feasible with large antenna arrays due to computational
complexity constraints. Given a limited angular spread12, it is possible to perform
receive-processing in a smaller dimensional space than N. To this end, we need to
introduce a statistical model for the channel vectors. We utilize the same statistical
channel model as in Section 5.1, i.e., the channel from BS to UE k is modelled as
hk = ΘΘΘ

1/2
k zk where ΘΘΘk and zk are as defined therein.

12In a typical cellular configuration with a tower-mounted BS and no significant local scattering, the
propagation between the BS antennas and any given UE is expected to be characterized by the local scattering
around the UE. This results in UE’s signal to arrive at BS from a limited angular spread. The limited angular
spread assumption also accounts for the more generic case where a UE’s signal arrives from multiple sectors
with narrow angular spread.
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Fig. 18. Illustration of the sectorized angular domain, ([42] c©2019, IEEE).

Beamformer design

The beamforming vector of a UE k is presented as vk = Bktk where we would like to
design an outer-beamformer (OBF) Bk ∈ CN×Dk based on statistical CSI in order to
decrease the complexity of inner-receiver tk ∈ CDk . Here, {Dk}∀k are UE-dependent
design parameters, which make trade-off between the performance and complexity
of obtaining the inner-receivers. To this end, we divide the beam-domain into S fixed
narrow sectors {Si}1≤i≤S as shown in Fig. 18. Let U be the N×N unitary matrix, the
columns of which are DFT vectors/beams {u j}1≤ j≤N . Each sector contains D DFT
beams, i.e., Si = {u j, j ∈ {(i−1)×D+1, ...,(i−1)×D+D}}. Since the MMSE vector
is the optimal receiver for the considered system model, we propose forming the OBFs
based the on projection of the optimal MMSE vectors into each sector. The projection of
the MMSE vector of UE k into a sector Si is given as SH

i v?k , and thus, the normalized
squared norm of this projection, denoted by ωk,i, is given as

ωk,i =
1
N

hH
k ΣΣΣkSiSH

i ΣΣΣkhk, (93)

where ΣΣΣk =
(

∑ j\k p jh jhH
j + IN

)−1. Given approximations for ωk,i values, the OBF for
UE k can be attained by selecting the sectors that have larger projection norms. This
ensures that the inner-receiver has enough information to yield SINR values close to
the optimal MMSE ones. Under this convention, the SINR of a UE is attained via
inner-receiver by processing signals received within a vector space of size Dk < N.
In deriving the approximations for ωk,i values, we use results from random matrix
theory that allows approximating functional of the random matrices by deterministic
quantities. These quantities depend only on the underlying statistical properties, and
yield precise approximations for practical problems of finite dimensions. Note that one
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can evaluate the values of ωk,i directly from a single realization of small-scale fading as
well, without evaluating the deterministic equivalents. However, such an approach does
not necessarily yield good approximations for all realizations of the small-scale fading.

7.2 Large system analysis

In deriving the large system analysis, the following assumption (widely used in the
literature) is made to properly define the growth rate of system dimensions.

Assumption 5. As N→ ∞, 0 < N
K < ∞, and 0 < N

S < ∞.

Also, the spectral norm of ΘΘΘk needs to be uniformly bounded as in Assumption 2.
In order to ensure that the total power in the system does not grow unbounded as the
number of UEs grows large, we normalize UE powers by the number of antennas N.
Also, without loss of generality, the Gaussian noise variance is assumed to be one.
Following the same approach as in Theorem 5, deterministic equivalents for ωk,i terms
can be derived in terms of statistical CSI. The results are summarized in the following
corollary.

Corollary 4. Under Assumptions 5 and 2, the following holds almost surely

ωk,i− ω̄k,i→ 0, (94)

where the values of ω̄k,i can be evaluated as

[ω̄1,i, ..., ω̄K,i]
T = (IK−L)−1bi, ∀i ∈ {1, ...,S}, (95)

where

[L]i, j =
1
N

tr(ΘΘΘiTΘΘΘ jT)
(1/p j + m̄ j)2 , (96)

and

bi =

[
1
N

tr
(
ΘΘΘ1TSiSH

i T
)
, . . . ,

1
N

tr(ΘΘΘKTSiSH
i T)

]
(97)

with T given by

T =

(
1
N ∑

j∈U

p jΘΘΘ j

1+ p jm̄ j
+ IN

)−1

, (98)

and m̄ j,∀ j ∈ U are given as the fixed-point solution of m̄ j =
1
N tr(ΘΘΘ jT),∀ j ∈ U .
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Proof. Starting from the amplitude projection of MMSE vector in (93), Lemma 4 along
with Lemma 3 can be applied to get

ωk,i−
1
N

tr(ΘΘΘkΣΣΣSiSH
i ΣΣΣ)

N→∞−−−→ 0 (99)

almost surely where ΣΣΣ =
(

∑ j p jh jhH
j + IN

)−1. As in (151) in the proof of Theorem 5,
the above trace term can be written as

1
N

tr(ΘΘΘkΣΣΣSiSH
i ΣΣΣ) =

∂

∂x
mk,i(z,x)|x=0,z=−1, (100)

where

mk,i(z,x) =
1
N

tr
(
ΘΘΘk
(
∑

j
p jh jhH

j − zIN− xSiSH
i
)−1)

. (101)

The term mk,i(z,x) is the Stieltjes transforms of a measure. Following the same approach
as in the proof of Theorem 5, the convergence of ωk,i to the derivative of the deterministic
equivalent of mk,i(z,x) follows as in (95). Note that alternative formulation for the
derivatives of the Stieltjes transforms in (95) can be derived by expressing the vector bi

in (97) and the vector [ω̄1,i, ..., ω̄K,i]
T in (95) as a sum of matrix-vector products.

The results of the theorem yield approximations for ωk,i,k ∈ U , i ∈ {1, ...,S} values
in the finite regime. The results are utilized in the following to propose algorithms for
obtaining OBF matrices.

7.3 Algorithms for designing two-stage beamformers

Given approximations for ωk,i values, the OBF for UE k can be attained by selecting the
sectors that have larger projection norm, i.e., Bk = {Si}i∈Bk where Bk holds the indices
of selected sectors. The received signal for UE k after applying OBF is given as

BH
k y = BH

k Hs+BH
k n, (102)

where H = [h1, ...,hK ], and s = [s1, ...,sK ]
T. The inner-receiver of UE k applies a

MMSE vector based on the Dk×K equivalent channel given by BH
k H. Since we have

Dk = |Bk|×D, the complexity of the inner-receiver is determined by the cardinality
of set Bk. For a given UE k, we propose to select the sectors whose ω̄k,i values are
larger than δ max(ω̄k,1, ..., ω̄k,S). The parameter 0≤ δ ≤ 1 makes a trade-off between
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the complexity and performance. Larger δ values yield smaller Dk values but also
degrades the performance. These steps are summarized in Algorithm 5.

Algorithm 5 Two-stage beamforming algorithm.

1: loop
2: if Any change in the UE statistics or during the initial stage then
3: Obtain ω̄k,i values from (95).
4: Obtain OBFs as Bk = {Si}i∈Bk ,∀k ∈ K where Bk = { j|ω̄k, j ≥ δ max(ω̄k,1, ...,

ω̄k,S)}
5: end if
6: Obtain inner-receivers as tk = (∑ j\k p jBH

k h jhH
j Bk +σ2IDk)

−1BH
k hk.

7: end loop

Regarding the complexity analysis, we notice that the evaluation of inner-receiver vk

involves a matrix inversion of size Dk×Dk with a complexity in the order of O(D3
k).

Due to the limited angular spread of UE signals, Dk values are expected to be much
smaller than N. Concerning the calculation of approximate ω̄k,i values, we notice that
ω̄k,i are deterministic equivalents of ωk,i. Thus, the values of ω̄k,i depend only on the
statistical properties of the channel matrix. As a result, ω̄k,i in Step 3 of the algorithm
are updated only when there are sufficient changes in CSI statistics, which vary at a
much slower rate than the fading CSI. The computation of approximate ω̄k,i values
requires matrix inversion in (95), and evaluation of {m̄k} values. The complexity of
evaluating the former one is of order O(K3). The latter one is evaluated via a fixed point
iteration with a complexity of O(N3) per-iteration. Thus, the proposed method roughly
reduces the complexity in updating the MMSE beamformers on the coherence intervals
from O(N3) to O(D3

k) for computing the inner-beamformers.

7.4 Numerical analysis

Monte Carlo simulations are now used to validate the performance of the proposed
solution. By assuming a diffuse 2-D field of isotropic scatterers around the receiver [176],
the covariance matrix for an antenna element spacing of ∆ is given by

[ΘΘΘk] j,i =
a2

k

ϕmax
k −ϕmin

k

∫
ϕmax

k

ϕmin
k

ei 2π
w ∆( j−i)cos(ϕ) dϕ, (103)
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Fig. 19. The values of ω̄k,i, ωk,i for 5 selected UEs, N = 225, K = 135, S = 45, ([42] c©2019, IEEE).

where waves arrive with an angular spread ∆ϕ from ϕmin to ϕmax. The wavelength is
denoted by w, and the antenna element spacing is fixed to half the wavelength ∆ = 1/2w.
The UEs are distributed over a circle with 300m radius between angular position π

6 to
5π

6 . The angular separations between UEs are the same and equal to 2π

3
1
K . The angular

spread ∆ϕ is the same for all UEs and equal to π/10. Thus, increasing the number of
UEs results in an increase in overlap among UE signals angle-of-arrivals (AoAs). The
number of antennas at BS is fixed to N = 225, and the angular domain is divided into
S = 45 sectors. The effect of pathloss and additive noise is captured in the received
signal to noise ratio (SNR) at an antenna element of BS. Hereafter, SNR is denoted by ρ .
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In order to validate the large system analysis, Fig. 19 shows the exact values of
ωk,i and the deterministic equivalents ω̄k,i for 5 selected UEs, and a given random
realization of small-scale fading. The number of UEs K is equal to 135. It can be
seen that the values of deterministic ω̄k,i closely follow the exact ones ωk,i. The OBF
matrices in Algorithm 5 are designed based on these accurate approximations. Thus, the
spatial filtering is expected to reduce the dimensions of inner-receivers with minimal
performance degradation.

Fig. 20 illustrates the trade-off between complexity and performance in Algorithm 5.
The upper and lower plots in the figure show the averaged number of beams allocated
per UE and attainable rates in b/s/Hz/UE, respectively, versus δ values. The results are
presented for the cases with the number of UEs equal to 135 and 225. The attainable
rate using Algorithm 5 is titled as OBF-MMSE in the figure. Also, the rates of optimal
MMSE receiver and matched filtering are presented as benchmarks. In the figure, the
minimum δ value is 0.01, at which the number of beams per UE is near 100, i.e., less
than half the number of antennas. As can be seen from the figure, the number of beams
per UE decreases as δ value increases. The parameter δ adjusts the number of beams
that are passed to the inner-receiver. A higher value of δ neglects more beams with small
AP-MMSE values. For example, setting δ = 0.1 cuts off the sectors with AP-MMSE
values less than one-tenth of the maximum value. It can be seen that at point δ = 0.1,
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the gap to the optimum rate is small. Also, the number of beams per UE is near N/4.
Thus, at δ = 0.1 a proper trade-off between the performance and complexity is achieved.

In Fig. 21, the attainable rate in b/s/Hz/UE along with the corresponding averaged
number of beams per UE in Algorithm 5 are plotted versus load K/N. The results
are presented for the cases with δ equals to 0.01 and 0.1. Interestingly, the gap to the
optimal rate is almost fixed for a given value of δ over the whole range of load K/N.
The larger values of δ yield a larger gap. It can be seen that the number of beams
per UE increases as the system load increases. This is due to the fact that larger load
results in stronger multiple access interference. Thus, in order to keep the performance
degradation within a given limit, a larger number of degrees of freedom is needed in the
inner-receivers to mitigate the interference. In an alternative presentation, the number
of beams allocated to each UE is plotted versus UE angular positions in Fig. 22. The
value of parameter δ is fixed to 0.1, and the results are plotted for various numbers of
UEs. As mentioned earlier, the higher load generally needs a larger number of beams to
maintain a certain performance degradation. The other observation is that the number
of allocated beams is larger for UEs residing in front of the antenna array, while UEs
in the peripheral areas of the array need smaller numbers of beams. One reason for
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this observation is that the DFT beams become denser in front of the array while the
resolution of DFT beams decreases towards the peripheral areas of the array. Moreover,
in this numerical study, the UEs are distributed on an arc between the angular positions
π

6 to 5π

6 in front of the array. Thus, the signal of UEs residing in the peripheral areas of
the array are subjected to less interference. Particularly, the UEs located exactly at π

6 or
5π

6 receive no interference from right or left sides, respectively.

7.5 Summary and discussion

Based on large system analysis, a novel TSB method was proposed that adjusts the
dimensions of UE-specific OBF matrices based on the projection of the optimal MMSE
vectors into the beam domain. This approach takes the multi-access interference (MAI)
into account when designing OBF, and thus, yields a justified selection of sectors
for a given UE that considers the system load, UE’s location and average MAI. This
allowed us to study the optimized window-sizes |Bk|= Dk given a certain performance
degradation. It was observed that the window-size on average increases as the load of
the system grows large, i.e., as multiple-access interference increases. It was shown that
the attained SINR values based on the proposed approach closely follow the optimal
MMSE receiver while the computational burden of obtaining an inner-beamformer is
greatly reduced. Finally, note that we considered DFT beams for the angular filtering,
however, observe that ω̄k,i in Corollary4 is given as a function of angular sectors Si.
Thus, one can simply replace Si with the other preferred non-DFT-based angular filtering
beamformers, and obtain the OBFs accordingly using Algorithm 5.
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8 Conclusion and future work

8.1 Summary

The scope of this thesis in a broad sense was to develop insightful solutions for the
resource management problems that arise in the physical and medium access layers of
cellular networks with large dimensions. The problems were particularly within the
contexts of multiple access and interference management. In developing the solutions,
we utilized techniques from random matrix theory to derive deterministic equivalents for
functionals of random channel matrices. The deterministic equivalents are independent
of the channel randomness such as small-scale fading, user’s random location, etc., and
those provide approximations that become arbitrarily tight as dimensions of the channel
matrix increase in size. Relying on such results, it was shown that the resource allocation
in large-dimensional wireless networks becomes manageable and/or the information
exchange among cooperative nodes can be reduced. The considered problems and
motivations were briefly introduced in Chapter 1. A literature review of previous and
parallel works related to the contributions of the thesis was presented in Chapter 2.
Some necessary backgrounds on random matrix theory and convex optimization theory
were given in Chapter 3.

In Chapter 4, we considered an uplink LDS-NOMA scenario and studied the
structures of the LDS-codes that maximize the ergodic sum of the rates at which UEs
can jointly transmit reliably in an information-theoretic sense. This type of analysis
defines the boundaries of achievable performance and provides system design insights.
It was observed that the optimal solution to the EMI maximization problem, given
sparse spreading, can be obtained only via exhaustive search. Thus, a novel approach
based on large dimensional random matrix theory was proposed where we presented the
EMI as a deterministic equivalent plus a residual term. The deterministic equivalent
was given as a function of pathloss values and LDS-codes, and the small residual
term was shown to quickly vanish inversely proportional to the number of non-zero
elements in the spreading codes. We formulated an optimization problem to identify
the structures of the spreading codes, irrespective of the sparsity constraints, which
maximize the deterministic equivalent of EMI. The analysis yielded a simple and
efficient rule for near-optimal UE-pairing and power loading on sub-carriers. The
analysis reduced the dilemma of maximizing the ergodic mutual information to a
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partitioning problem, which was solved via an efficient algorithmic solution. The
non-zero elements of the LDS-codes in the proposed algorithm were allocated based on
the system load, the sparsity constraints, and pathloss values. The simulation results
showed that the proposed algorithm with minimal coordination provides a superior
performance compared to the uncoordinated random spreading. The analysis showed
that the regular spreading matrices are asymptotically optimal in the symmetric system
models, while in the asymmetric cases irregular structures for LDS matrices might arise.

In Chapter 5, a decentralization framework was proposed for the power minimization
problem in the multi-cell MU-MIMO network. The proposed decentralized solutions
attain the QoS-guaranteed beamformers locally subject to relaxed coordination require-
ments. This is particularly important in practice where the backhaul links suffer from
imperfections, including limited capacity and latency. In deriving the solutions, we
utilized results from random matrix theory to derive deterministic equivalents for the
optimal ICI values in terms of channel statistics. It was observed that the deterministic
ICI terms can be utilized as approximations for the coordination messages in finite
networks. In particular, relying on such approximate ICI terms, an algorithm was
proposed that allows the BSs to obtain the beamformers locally by using only the local
CSI while exchanging slowly varying channel statistics over the backhaul links. The
numerical results demonstrated that the performance loss in the proposed algorithm
is small compared to the optimal solution. Also, applying a heuristic simplification
in the calculation of approximate ICI terms, another algorithm was proposed that
yields near-optimal QoS-guaranteed beamformers with a backhaul exchange rate of
2/N2 times less than the one in the first algorithm. The large system analysis was also
developed in a special scenario with UE grouping. The analysis under the assumption of
a partitioned UE population allowed the ICIs, as the inter-cell coordination messages, to
be characterized explicitly in terms of channel statistics. This, in particular, provided
insight into the coordination mechanism. Also, it reduced the computational complexity
of the approximate ICIs. This analysis can be further exploited to attain substantial
complexity reduction in the beamforming phase as well. This approach generally
motivates per-group processing, which is reminiscent of two-stage beamforming. This is
further explained in the sequel when introducing future works.

In Chapter 6, the maximization of minimum signal-to-interference-plus-noise ratio
(max-min SINR) was considered in a dense CoMP network with random topology
wherein multi-antenna BSs with limited power budgets serve randomly placed UEs.
RMT results were explored to provide deterministic approximation for the optimal
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SINR assignment that is independent of fading and UE locations. In particular, instead
of assuming a deterministic placement of UEs, the metrics were averaged over random
UE locations. The analysis holds as long as the BSs priority parameters are the same on
average, as is the case with symmetric networks with BSs having the same structural
properties. In other words, the cells must be placed symmetrically, and the cell-radii,
cell-loads, and power budgets at BSs are required to be the same. In the multi-cell
scenario, an algorithmic solution was proposed while in the single-cell case, the SINR
assignment was found in a closed form. The optimal SINR assignments were evaluated
numerically for various UE drops in a scenario where UEs are served with the same
target SINRs. It was observed that the averaged optimal SINR assignment closely
follows the approximate ones, and the exact optimal SINR assignments become more
concentrated around the approximate ones as the number of UEs and antennas increases
in size. As a result, the provided analysis allows one to accurately assess the network
performance based on given system parameters, and thereby, potentially assist the
network dimensioning by providing an initial estimate of supportable SINRs given basic
system parameters.

In Chapter 7, complexity reduction of the optimal linear receiver via TSB was
considered in the uplink of a cellular system wherein both the number of UEs and BS-
antennas are large. Based on large system analysis, a novel TSB method was proposed
that adjusts the dimensions of UE-specific OBF matrices based on the projection of the
optimal MMSE vectors into the beam domain. This approach takes the multi-access
interference (MAI) into account when designing OBF, and thus, yields a justified
selection of sectors for a given UE that considers the system load, UE’s location and
average MAI. This allowed us to study the optimized window-sizes |Bk|= Dk given
a certain performance degradation. It was observed that the window-size on average
increases as the load of the system increases, i.e., as multiple-access interference
increases. It was shown that the attained SINR values based on the proposed approach
closely follow the optimal MMSE receiver while the computational burden of obtaining
the inner-beamformer is greatly reduced.

8.2 Future research directions

The optimal utilization of scarce radio resources has been at the core of cellular network
design. In this thesis, insightful solutions were developed for resource management
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problems in cellular networks with large dimensions. In the following, we identify
potential future directions where these solutions can be extended.

Regarding the SE analysis for low density spreading NOMA schemes, there are
results in the literature comparing the spectral efficiency of regular and irregular LDS
spreading codes under the symmetric AWGN channel model. These works rely on the
analysis of random matrices in a large system regime. The extension of such SE analysis
to more generic settings is rather difficult since the mathematical literature studying the
limiting behavior of sparse random matrices is less extensive than that for non-sparse
ones. The only study on SE analysis in the presence of fading is given in a special
setting with dK , the number of non-zero elements in the code, being one, i.e., dk = 1,∀k.
Thus, the analysis in Chapter 4 is the first effort on extending the SE analysis to the
more generic setting with fading. Following the same approach as in Chapter 4, the SE
analysis can be extended to the scenario where BS is equipped with multi-antennas and
there is spatial correlation among antenna elements. The extension of the analysis to
the case with spectral correlation is not straightforward. In this case, MAI depends on
spectral correlation properties, which affects the selection of active sub-carriers for each
UE, and thus complicates the characterization of the optimal LDS-code allocations.
However, based on some numerical studies, we have observed that in the cases with
exponential correlation among the sub-carriers, the same conclusions as in the i.i.d
scenario can be derived about the considered methods when the correlation coefficient is
small. Finally, we note that the analysis in Chapter 4 assumes perfect CSI at the BS.
Since the spreading codes are allocated based on pathloss values, the assignment of
the spreading codes is not affected as long as the pathlosses are perfectly estimated.
Nevertheless, the imperfect CSI can affect the system performance. Thus, another
research direction is to study the impact of such imperfections on the attainable spectral
efficiency.

The decentralized framework in Chapter 5 was developed to relax the coordination
requirements. However, the analysis can be further extended to significantly reduce
the complexity of obtaining the beamformers as well. To this end, we notice that the
analysis under the assumption of a partitioned UE population reduced the computational
complexity of the approximate ICIs. This analysis can be further exploited to attain sub-
stantial complexity reduction in the beamforming phase as well. This approach generally
motivates per-group processing, which is reminiscent of two-stage beamforming. To this
end, the UE population is first divided into multiple groups, each with approximately the
same channel correlation matrix. Then, the BSs get approximations of interference
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leakage in-between groups at a given BS and across cells using the results of Theorem 5
and Corollary 2. Declaring the group-specific interference terms as constraints in the
optimization problem, similar to ICI constraints introduced in (62), the BSs get the
beamformers for UEs in a group independently by exploring CSI within each group.
The search space, in this case, is limited to the group’s degrees of freedom, which is
generally much smaller than N, and thus results in a significant complexity reduction.
It is worth mentioning that the decentralized framework in Chapter 5 was developed
for the multi-cell minimum power beamforming. However, a similar approach can be
followed in other coordinated schemes to decouple the problems at BSs. To this end,
one needs to find deterministic approximations for the corresponding coordination
messages, and modify the optimization problems at BSs accordingly. The other research
direction is related to the perfect CSI considered in the analysis in Chapter 5. In order to
consider a more generic setting with imperfect CSI, a robust approach [182] to solving
the optimization problems with uncertain data needs to be followed. In such case,
probabilistic bounds on SINR constraints might be considered to limit the probability
that a constraint is violated.

An interesting future extension for the max-min SINR problem in Chapter 6 is to
evaluate the near-optimal SINR assignment in terms of system parameters in a scenario
where the network has an asymmetric structure. The analysis in Chapter 6 holds as long
as the BSs priority parameters are the same on average, as is the case with symmetric
networks with BSs having the same structural properties. In other words, the cells must
be placed symmetrically, and the cell-radii, cell-loads, and power budgets at BSs are
required to be the same. However, when these conditions are violated, the BS priority
parameters might not be the same. Thus, unlike the analysis in Chapter 6, the mean of
the ratio of BS priority parameters E{ηb/ηb′} in two neighboring cells is not equal to
one. In such a case, we need to characterize such ratios in terms of system parameters
such as cell load, cell-radii, etc. Given the ratios of BS priority parameters in an average
sense, one can follow the same approach as in Chapter 6 to obtain the near-optimal
SINR assignment in the asymmetric structured networks. Another research direction
for the max-min SINR problem in Chapter 6 is to extend the analysis to a case with
correlation among channel entries. In the special scenario where the channel entries for
a given UE experience exponential correlation, or in a single-cell scenario where all
UEs have the same angular spread, a similar approach as in Chapter 6 can be followed.
However, in the generic case where the correlation matrices account for distinct angular
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spread and angle of arrivals, the extension of the analysis is not straightforward, and
requires dedicated analysis.

The TSB problem in Chapter 7 can be extended to the scenario where the UE-specific
SINR constraints are included in the problem as in the minimum power beamforming
problem considered in Chapter 5. In this case, the reduction of the size of the equivalent
channel, after multiplication with OBF, requires the UEs to transmit with a higher power
to satisfy the SINR constraints. It is desirable to find the proper window sizes that
satisfy the SINR targets with close-to-optimal transmit powers. In this case, the SINR
targets are expected to affect the window sizes significantly. The power assignment
and OBF matrices can be obtained following similar approaches as in Chapter 5 and 7,
respectively. To attain near-optimal solutions, the problems of power assignment and the
selection of sectors for each UE need to be solved jointly. The other research direction is
to study the scenarios where the propagation does not follow the assumed system model.
Such a study need to takes into account the impact of imperfect estimation such as angle
of arrivals, angular spreads and CSI.
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Appendix 1 Proof of Theorem 3 and Proposition 1

1.1 Proof of Theorem 3

In the following, ĥk = akdiag{ck}gk and Ĥ = [ĥ1, ...ĥK ] denote the equivalent channel
vectors and matrix, respectively, including the spreading vectors. The ergodic mutual
information JF(VF ,σ

2) is related to 1
F Etr( 1

σ2 ĤF ĤH
F + IF)

−1
as follows [152]

∂ JF(VF ,σ
2)

∂σ2 =
1

σ2F
ETr(

1
σ2 ĤF ĤH

F + IF)
−1− 1

σ2 . (104)

Denoting QF(σ
2) = ( 1

σ2 ĤF ĤH
F + IF)

−1, equivalently we have

JF(VF ,σ
2) =

∫ +∞

σ2

(1
z
− 1

zF
EtrQF(z)

)
dz. (105)

Thus, given an expression for the trace term EtrQF(z),∀z ∈ R+, one can equivalently
derive an expression for EMI based on (105). In derivation of the results, we utilize
the so-called Gaussian method [4, 152]. Let x∼ CN (0,ΦΦΦ) be a circularly symmetric
Gaussian random vector with covariance matrix ΦΦΦ ∈ CN×N . Also, let the function
f (x) ∈ C together with its derivatives be polynomial bounded. The Gaussian method
consists of two ingredients [152]:

– Integration by parts formula: Ex j f (x) = ∑
N
i=1[ΦΦΦ] j,iE ∂ f (x)

∂x∗i
,

– Nash-Poincaré inequality:var( f (x))≤E∇x f (x)TΦΦΦ
(
∇x f (x)

)∗
+E
(
∇x∗ f (x)

)H
ΦΦΦ∇x∗ f (x).

In the sequel, we show that a diagonal element qp,p of matrix QF can be written as
the sum of ĥi, jqp,iĥ∗p, j terms. Defining the function f (ĤF), qp,iĥ∗p, j, then, we expand
the terms of type Eĥi, j f (ĤF) using the Gaussian integration by parts formula. This
retrieves an implicit but deterministic expression for Etr(QF) up to a small residual
term. Then, Nash-Poincaré inequality allows us to derive an upper bound on the residual
term and declares the convergence of the trace term under the realms of Theorem 3 as

1
F
EtrQF(σ

2) =
1
F

trRF(VF ,σ
2)+ζF(σ

2), (106)

where RF(VF ,σ
2) is as defined in the theorem, and ζF(σ

2) = O( 1
d2 ) is a fast di-

minishing term. Given the deterministic equivalent for 1
FEtrQF(σ

2) as in (106), the
convergence of EMI JF(VF ,σ

2) to the deterministic equivalent J̄F(VF ,σ
2), as declared
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in Theorem 3, follows from the relation in (105). In the following, we prove the conver-
gence of the trace term in (106). The proof of the convergence of EMI is straightforward,
and thus, is omitted. We invite the reader to refer to [152, Theorem 1] for the details. In
the sequel, we frequently omit the subscript F denoting the dependency of the entities
on the system size. In proving the convergence of the trace term, we frequently use the
following elementary results,

∂qp,d

∂ ĥi, j
=−[Q(

∂Q−1

∂ ĥi, j
)Q]p,d =− 1

σ2 [Q(
∂ ĤĤH

∂ ĥi, j
)Q]p,d (107)

=− 1
σ2 qp,i[ĥH

j Q]d , (108)

and similarly,

∂qp,d

∂ ĥ∗i, j
=− 1

σ2 [Qĥ j]p qi,d . (109)

We start by noticing that Q = IF − 1
σ2 QĤĤH, a relation often referred to as the

resolvent identity. This allows one to write Eqp,p as a function of E[QĤĤH]p,p, i.e.,

Eqp,p = 1− 1
σ2

K

∑
j=1
E[Qĥ j]pĥ∗p, j, p ∈ F . (110)

Now, we work on termE[Qĥ j]pĥ∗p, j = ∑
F
i=1Eqp,iĥi, jĥ∗p, j to expand it using the Gaussian

integration by parts formula. Let the function f (Ĥ) be defined as f (Ĥ), qp,iĥ∗p, j. Then
from the integration by parts formula, we get

Eĥi, jqp,iĥ∗p, j =Eĥi, j f (Ĥ) = a2
jvi, jE

∂ f (Ĥ)

∂ ĥ∗i, j
(111a)

= a2
jvi, jE(

∂qp,i

∂ ĥ∗i, j
ĥ∗p, j +

∂ ĥ∗p, j
∂ ĥ∗i, j

qp,i) (111b)

=− 1
σ2 a2

jvi, jE[Qĥ j]p qi,iĥ∗p, j +a2
jvi, jδ (i− p)Eqp,i, (111c)

where vi, j , c2
i, j. Summing the sides of the above equality over index i, we get

E[Qĥ j]pĥ∗p, j =−
1

σ2E[Qĥ j]pĥ∗p, ja
2
j tr(QV j)+a2

jvp, jEqp,p, (112)

where V j = diag{v j} with vl defined as vl , [v1,l , ...,vF,l ], ∀l. Let us define β j =

a2
j tr(QV j), α j =Eβ j and

o
β j = β j−α j. Then, the terms in the above equation can be
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separated as

E[Qĥ j]pĥ∗p, j =−
1

σ2 α jE[Qĥ j]pĥ∗p, j +a2
jvp, jEqp,p−

1
σ2E[Qĥ j]pĥ∗p, j

o
β j. (113)

Solving the above equality for E[Qĥ j]pĥ∗p, j, we get

E[Qĥ j]pĥ∗p, j = ẽ ja2
jvp, jEqp,p− ẽ j

1
σ2E[Qĥ j]pĥ∗p, j

o
β j, (114)

where ẽ j , σ2

σ2+α j
. Summing the sides of the above equality over index j, we get

E[QĤĤH]p,p = tr(ΛΛΛpAẼ)Eqp,p−
1

σ2

K

∑
j=1

ẽ jE[Qĥ j]pĥ∗p, j
o

β j, (115)

where ΛΛΛp = diag{vp,1 , ...,vp,K}, A = diag{a2
1, ...,a

2
K}, Ẽ = diag{ẽ1, ..., ẽK}, and

o
βββ =

diag{
o

β1, ...,
o

βK}. Utilizing the resolvent identity, (110) and (115) yield

σ
2−σ

2
Eqp,p = α̃pEqp,p−

1
σ2

K

∑
j=1

ẽ jE[Qĥ j]pĥ∗p, j
o

β j, (116)

where α̃p = tr(ΛΛΛpAẼ). Now, one can solve (116) to obtain Eqp,p. Let T be a F×F

diagonal non-negative matrix with a bounded spectral norm. Multiplying the acquired
Eqp,p from (116) by elements of T, and summing over p yields

1
F

tr(TQ) =
1
F

tr(TE)+
1

σ4F

K

∑
j=1

ẽ jEĥH
j TEQĥ j

o
β j, (117)

where E = diag{e1, ...,eK} with ep , σ2

σ2+α̃p
. Next, we prove that the last term in the

above equation, hereafter denoted by ζ (σ2), vanishes with O( 1
d2 ) rate. As a result, we

get the convergence 1
F tr(TQ)− 1

F tr(TE)→ 0. However, notice that the term tr(TE)
still depends on the unknown parameters α j = a2

jEtr(V jQ). Therefore, in the last step
of the proof, we need to show that the matrix E can be replaced by the deterministic
matrix R, as defined in the theorem.

In proving the convergence rate, we first derive an upper-bound for |ζ (σ2)| in terms
of the variance of tr(Q). Then, we show that the upper-bound vanishes with O( 1

d2 ) rate.

145



observing that β j = a2
j tr(V jQ), the ζ (σ2) term can be presented as in the following

|ζ (σ2)|= 1
σ4F

∣∣∣∣ F

∑
i=1
E

o
qi,i

K

∑
j=1

vi, ja4
j ẽ jĥH

j TEQĥ j

∣∣∣∣ (118a)

≤ 1
σ4F

F

∑
i=1

∣∣∣∣E o
qi,i

K

∑
j=1

vi, ja4
j ẽ jĥH

j TEQĥ j

∣∣∣∣ (118b)

≤ 1
σ4dF

F

∑
i=1

∣∣∣∣E‖Ẽ‖‖A‖2 o
qi,i

K

∑
j=1

ĥH
j TEQĥ j

∣∣∣∣, (118c)

where
o
qi,i = qi,i−Eqi,i, A = diag{a2

1, ...,a
2
K}, and (118b) is due to the triangle inequality.

Let φ , tr(Q), then, using the resolvent identity we get

|ζ (σ2)| ≤ C
dF

F

∑
i=1

∣∣∣∣E( o
qi,itr

(
TE(IF −Q)

))∣∣∣∣ (119a)

≤ C
dF

var(φ), (119b)

where C is a generic constant independent of the system size, and (119a) follows since
the matrices Ẽ,A,T,E have bounded spectral norms. In (119b) we used the fact that

o
qi,i

terms have zero-mean, where then, the positive correlations among the entries yields
the last inequality. Next, we use Nash-Poincaré inequality to find an upper-bound for
the variance of φ = tr(Q). In particular, observing that | ∂φ

∂ ĥi, j
|= | ∂φ

∂ ĥ∗i, j
|, Nash-Poincaré

inequality yields,

var(φ)≤ 2
F

∑
i=1

K

∑
j=1

a2
jvi, jE

∣∣∂ tr(Q)

∂ ĥi, j

∣∣2 (120a)

= 2
F

∑
i=1

K

∑
j=1

a2
jvi, jE

∣∣∣∣ F

∑
p=1

∂qp,p

∂ ĥi, j

∣∣∣∣2 (120b)

= 2
F

∑
i=1

K

∑
j=1

a2
jvi, jE

∣∣ 1
σ2 [ĥ

H
j QQ]i

∣∣2 (120c)

=
2

σ4

K

∑
j=1

a2
jEĥH

j QQV jQQĥ j (120d)

≤ E
2‖A‖2‖Q‖4

σ4d
tr(ĤĤH) (120e)

≤C
K
d
. (120f)
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The inequality in (120f) follows, since from the resolvent identity one can verify that
‖Q‖ ≤ 1. Also, it is can be verified that tr(ĤĤH) ≤ K. Finally, putting the results
from (119) and (120) together, we get |ζ (σ2)| ≤ C

d2 .

Replacing the matrix EF by the deterministic matrix RF

In the last step of the proof, we need to show that the matrix EF(VF ,σ
2) can be replaced

by the deterministic matrix RF(VF ,σ
2) = diag{rp(VF ,σ

2),∀p ∈ [1, ...,F ]} where the
rp values are given as the unique positive solution of the following system of equations

rp =
σ2

σ2 + δ̃p
, δ̃p = tr(ΛΛΛ(F)

p AF R̃F), p = 1, ...,F, (121)

r̃ j =
σ2

σ2 +δ j
, δ j = a2

j tr(V
(F)
j RF), j = 1, ...,K (122)

where the matrices ΛΛΛ
(F)
p , AF , and V(F)

j are as defined in (115). The superscript and
subscript F denote the dependency of the entities on the system size. The matrix R̃F is
defined as R̃F(VF ,σ

2) = diag{r̃ j(VF ,σ
2),∀ j ∈ [1, ...,K]}. Let us define TF and BF be

F×F and K×K diagonal deterministic matrices with a uniformly bounded spectral
norm. Then, we show that under the assumptions in the theorem, the following holds for
every σ2 ∈ R+

1
F

tr(TF EF(VF ,σ
2)) =

1
F

tr(TF RF(VF ,σ
2))+O( 1

d2 ),

1
F

tr(BF ẼF(VF ,σ
2)) =

1
F

tr(BF R̃F(VF ,σ
2))+O( 1

d2 ).

(123)

In the following, the dimension-superscript and subscript F are omitted. In proving the
results, we need to develop a well-quantified bound on the difference of the trace term
1
F tr(T(E−R)) as the dimensions increase. First, by a mere development, we have

1
F

∣∣tr(T(E−R))
∣∣= 1

F

∣∣tr(TE(R−1−E−1)R)
∣∣

=
1

σ2F

∣∣ F

∑
p=1

tpeprp(δ̃p− α̃p)
∣∣

≤ ‖T‖
σ2F

F

∑
p=1

∣∣δ̃p− α̃p
∣∣,

(124)

where the last equality follows from the upper bounds ‖R‖ ≤ 1 and ‖E‖ ≤ 1, implied by
the definitions of R and E in (121) and (117), respectively. Under the same arguments,
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the term |δ̃p− α̃p| can be bounded as

|δ̃p− α̃p|=
1

σ2

∣∣∣∣ K

∑
j=1

a2
jvp, j(α j−δ j)ẽ j r̃ j

∣∣∣∣
≤ 1

σ2

K

∑
j=1

a2
jvp, j|α j−δ j|.

(125)

On the other hand, expanding |α j−δ j|, we have

|α j−δ j|= a2
j
∣∣Etr(V jQ)−

F

∑
p=1

vp, j

1+ δ̃p/σ2

∣∣
(a)
= a2

j
∣∣ F

∑
p=1

vp, j
( 1

1+ α̃p/σ2 −
1

1+ δ̃p/σ2

)∣∣+O( 1
d2 )

(b)
≤

a2
j

σ2

F

∑
p=1

vp, j|δ̃p− α̃p|+O(
1
d2 ),

(126)

where equality (a) follows from (117), and (b) is given due to the bounds on the spectral
norm of R and E. These inequalities together yield,

1
K

K

∑
j=1
|α j−δ j|

(126)
≤ ‖A‖

σ2d

F

∑
p=1
|δ̃p− α̃p|+O(

1
d2 )

(125)
≤ ‖A‖2

σ4d

F

∑
p=1

K

∑
j=1

vp, j|α j−δ j|+O(
1
d2 )

=
P‖A‖2

σ4d

K

∑
j=1
|α j−δ j|+O(

1
d2 ),

(127)

where the last equality follows since ∑
F
p=1 vp, j ≤ P where P = max{Pk,∀k ∈ K}. Let us

do a change of variable as z = 1/σ2 and express all the related functions in terms of z.
Then, from the inequality in (127), we get

(1− K
d

z2P‖A‖2)
1
K

K

∑
j=1
|α j−δ j|=O(

1
d2 ). (128)

This inequality ensures that a z0 value exists such that (1− K
d z2P‖A‖2) > 0. This

further implies that 1
K ∑

K
j=1 |α j−δ j|=O( 1

d2 ) holds for z≤ z0. Thus, once we prove
that the above inequality holds for all z ∈ R+, the convergence of the trace term to the
deterministic equivalent can be claimed. To do so, we consider α j = a2

jEtr(V jQ) as a
function in z with an extended domain from z ∈ R+ to z ∈ C\R−. It can be shown that
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the following integral representation for α j(z) holds (see [183, Appendix A]),

α j(z) =
∫ +∞

0

µ j(dλ )

1+ zλ
, (129)

where µ j is a uniquely defined positive measure on R+ such that µ j(R+) = a2
j trV j.

Based on the properties of Stieltjes transform in Definition 2, α j(z) can be upper-bounded
as

α j(z)≤ a2
j trV j

1
|z|

1
dist(− 1

z ,R+)

≤ ‖A‖ 1
|z|

1
dist(− 1

z ,R+)
.

(130)

Similarly, a bound on δk(z) can be developed using integral representation. This analysis
shows that the functions δk(z) and αk(z) belong to the class of Stieltjes transforms of
finite positive measures carried by R+. Thus, |αk(z)−δk(z)| belongs to a family of
analytic functions, which are bounded on any compact subset of C\R−. As a result, the
Vitali’s convergence theorem (Theorem 1) ensures that 1

K ∑
K
j=1 |α j−δ j| goes to zero

for any z ∈ R+ as F → ∞. What remains is to show that the derived convergence rate
O( 1

d2 ) holds for all z ∈ R+, which completes the proof. The results follows based on
straightforward calculus where the reader is invited to refer to [183, Appendix C] for the
details about the derivation steps.

1.2 Proof of Proposition 1

The first property in the proposition follows directly since the mutual information
is a strictly increasing function of the UE powers. One can also arrive to the same
conclusion based on (51c) and (51a). The former implies that δk ≥ 1

σ2F a2
k r̃kr f > 0,

and thus, the latter gives ∑i∈F vi,k = Pk for all UEs. The second property in the
proposition can be justified by noticing that (51c) is satisfied for a UE k only if we set
δ ∗k = 1

σ2F a2
k r̃k max{r f }. Hence, from (51b), we observe that UE k transmits only on the

sub-channels with largest r f values. Since all other UEs also have the same preference,
the conditions in (51b) and (51c) are satisfied only if the UEs assign v f ,k values such
that r f = r,∀ f . The value r can be shown that is unique, i.e., r = r∗ for any solution
to (47). Assume the matrix V to be a solution to (47) that results in r f values to be
equalized across sub-channels, i.e., r f = r,∀ f . Plugging the V entries into (46), we get

r̃k =
1

1+ a2
k

σ2 ∑ f∈F v2
f ,kr

,∀k ∈ K, (131)
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where, from the first property in the proposition, we have ∑i∈F vi,k = Pk,∀k ∈ K, and
thus,

r̃k =
σ2

σ2 +Pka2
kr
,∀k ∈ K. (132)

Given the values of r̃k, ∀k ∈ K as above, the value of r can be evaluated from the
following system of equations

r =
(
1+ ∑

k∈K

a2
kv f ,k

σ2 +Pka2
kr

)−1
, ∀ f ∈ F (133)

that holds for all f ∈ F . Inverting the sides of (133) and summing over all f ∈ F results
in

F
r
= F + ∑

k∈K

a2
k

σ2 +Pka2
kr ∑

f∈F
v f ,k, (134)

where from the first property we have ∑i∈F vi,k = Pk,∀k ∈ K, which gives r = r∗ as
in (52).
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Appendix 2 Lagrangian Duality Analysis

In this appendix, we formulate the Lagrange dual problem of (62). To do so, we first
show that the Lagrange dual problem of (62) is the same as that of (61). To this end, we
first write the Lagrangian of (62) as

L(wk,λk,βb,k,εb,k) =
K

∑
k=1

µbk ‖wk‖2−

K

∑
k=1

λk

N

(∣∣∣hH
bk,k

wk

∣∣∣2
γk

− ∑
i∈Ubk

\k

∣∣∣hH
bk,kwi

∣∣∣2− ∑
b∈B\bk

εb,k−σ
2

)

+∑
b

∑
k/∈Ub

βb,k

(
∑

j∈Ub

∣∣hH
b,kw j

∣∣2− εb,k

)
,

where {λk} and {βb,k} are the Lagrange dual variables associated with SINR and ICI
constraints, respectively. From complementary slackness, we know that either βb,k or

∑ j∈Ub

∣∣∣hH
b,kw j

∣∣∣2− εb,k have to be equal to zero. By setting the variable βb,k to zero, the
variable εb,k becomes unconstrained, and thus, can be chosen to make minwk,εb,k,λk

L(wk,

λk,βb,k,εb,k) =−∞. This suggests that βb,k,∀b,k have non-zero values and consequently

complementary slackness implies the equality εb,k = ∑ j∈Ub

∣∣∣hH
b,kw j

∣∣∣2 to hold. By
plugging this into the Lagrangian, we can follow the same approach as in [59] to obtain
the Lagrange dual problem of (61) and (62) as13

min
{vk},{λk}

∑
b∈B

∑
k∈Ub

λk

N
σ

2

s.t.
λk|vH

k hbk,k|
2

∑ j∈U\k λ j|vH
k hbk, j|2 +µbk N‖vk‖2 ≥ γk, ∀k ∈ U ,

(135)

where the Lagrange dual variables λk/N can be thought of as the UE power in the
dual uplink power minimization problem [59]. The optimal receive beamforming
vectors {vk} are given as a set of minimum mean square error (MMSE) receivers
vk = (∑ j∈U\k λ jhbk, jh

H
bk, j

+ µbk NIN)
−1hbk,k, and the optimal Lagrangian multipliers

λλλ
∗ = [λ ∗1 , . . . ,λ

∗
K ]

T are obtained as in (64). The duality condition provides the downlink
beamformers as wk =

√
δk/Nvk with the scaling factors {δk} given as δδδ = K−11Kσ2

13The Lagrangian duality between (61) and (135) holds when both (61) and (135) are feasible.
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where δδδ = [δ1, . . . ,δK ]
T, and the (i,k)th element of the so-called coupling matrix

K ∈ CK×K is given as in (65).
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Appendix 3 Proofs of Theorems 4 and 5, and
Corollaries 1 and 2

In the derivation of large system analysis, we utilize the following results from [133]
that characterize the Stieltjes transform of the Gram matrix of the propagation channel
matrix.

Theorem 6. [133, Theorem 1] Consider a channel matrix H ∈ CN×K with columns

hk = ΘΘΘ
1
2
k zk where correlation matrices ΘΘΘk = ΘΘΘ

1
2
k (ΘΘΘ

H
k )

1
2 are subject to Assumption 2 and

vectors z j ∈ CN have zero mean i.i.d entries of variance 1
N and eighth-order moment

of order O( 1
N4 ). Then, for HCHH with C = diag{c1, ...,cK} where ck, ∀k are finite

deterministic values, we define

mk,i(z,x),
1
N

tr
(

ΘΘΘk(HCHH + xΘΘΘi− zIN)
−1
)
, (136)

where for z ∈ C\R+ and bounded positive variable x, when dimensions K and N grow

large with fixed ratio of N
K < ∞, it follows that mk,i(z,x)− m̄k,i(z,x)

N→∞−−−→ 0 almost

surely and the deterministic equivalent is given by

m̄k,i(z,x) =
1
N

tr
(

ΘΘΘk

(
1
N

K

∑
j=1

c jΘΘΘ j

1+ c jm̄ j,i(z,x)
+ xΘΘΘi− zIN

)−1)
. (137)

Proof. The fundamental idea of the proof is based on the Bai and Silverstein tech-
nique [4] where the deterministic equivalent of mk,i(z,x) is inferred by writing it in
the form 1

N Tr(D−1) where D needs to be determined. This is performed by selecting
D = (R+ xΘΘΘi− zIN)ΘΘΘ

−1
k and then taking the difference mk,i(z,x)− 1

N Tr(D−1)→ 0.
Then, utilizing random matrix theory results, the deterministic matrix R is determined
such that the difference tends to be zero almost surely. The formal proof of the theorem
in a more generic configuration is given in [133].

For clarity, we simplify mk,i(z,x) and m̄k,i(z,x) notations to reflect specific settings.
In particular, we drop the index i and variable x in m̄k,i(z,x) in the cases with x = 0, i.e.,
m̄k(z) = m̄k,i(z,0). Also, when z is equal to the noise variance, we simply refer to m̄k(z)

by m̄k. In multi-cell scenario the measures carry a BS index as well, for example, m̄b.k

refers to the measure corresponding to the channel matrix at BS b.
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3.1 Proof of Theorem 4

Without loss of generality, the noise power σ2 and BS power weights µb, ∀b are
assumed to be equal to one in the following analyses. In order to prove the theorem,
we first provide an intuition by heuristically assuming the Lagrangian multipliers to
be deterministic values and given independently of channel vectors. Then we prove
the convergence of the optimal Lagrangian multipliers in a feasible problem to the
deterministic equivalents rigorously via a contradiction argument. Denoting λλλ

∗ as the
fixed point solution to (64) in a feasible optimization problem, the following equality
holds

γk

λ ∗k
=

1
N

hH
bk,k

(
∑

j∈U\k

λ ∗j
N

hbk, jh
H
bk, j + IN

)−1

hbk,k, (138)

where the superscript ∗ stands for the optimal solution. Assuming erroneously that λλλ
∗ is

given and independent of channel vectors, Lemma 4 along with Lemma 3 in (138) yields
the following γk

λ ∗k
− 1

N Tr
(
ΘΘΘbk,k

(
∑ j∈U

λ ∗j
N hbk, jh

H
bk, j

+ IN
)−1)→ 0, almost surely. This

trace term is equivalent to m∗bk,k
in Theorem 6 that satisfies an almost sure convergence

m∗bk,k
− m̄∗bk,k

→ 0 where m̄∗bk,k
is given as a solution of a system of equations

m̄∗bk,k =
1
N

Tr
(

ΘΘΘbk,k

(
1
N ∑

j∈U

λ ∗j ΘΘΘbk, j

1+λ ∗j m̄∗bk, j
+ IN

)−1)
. (139)

From the above discussion, we may then expect the terms {λ ∗k } to be all close to
{γk/m̄∗bk,k

} when N and K are large enough. However, since the optimal Lagrangian
multipliers depend on the channel vectors, we cannot rely on classical random matrix
theory results for proving the asymptotic convergence of λλλ

∗ to the deterministic
equivalents. Thus, we follow the approach introduced in [173, 76], and prove the
asymptotic convergence of λλλ

∗ via a contradiction argument. In particular, we set
λ̄k = γk/m̄bk,k with m̄bk,k given as

m̄bk,k =
1
N

Tr
(

ΘΘΘbk,k

(
1
N ∑

j∈U

λ̄ jΘΘΘbk, j

1+ λ̄ jm̄bk, j
+ IN

)−1)
. (140)

Then, we show via a contradiction argument that the ratios rk =
λ̄k
λ ∗k

= γk
m̄bk ,k

1
λ ∗k
, ∀k ∈ U

converge asymptotically to one, which allows the results of the theorem to be claimed.
To do so, we consider BS b with the set of served UEs Ub = {UE1, ...,UEM} where,
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given the ratios rk, ∀k ∈ Ub, equation (138) can be rewritten as

rkγk

λ̄k
=

1
N

zH
b,kΘΘΘ

1/2
b,k

(
∑

j∈U\k

λ̄ j

r j
B j + IN

)−1

ΘΘΘ
1/2
b,k zb,k, (141)

where B j =
1
N ΘΘΘ

1/2
b, j zb, jzH

b, jΘΘΘ
1/2
b, j . Next, the UE indexes in Ub are relabeled such that the

following holds 0≤ r1 ≤ ...≤ rM with {r j} assumed to be well defined and positive.
Rewriting (141) for UE M ∈ Ub and replacing all r j,∀ j ∈ U in the summation with the
largest ratio rM , we get the following inequality, based on monotonicity arguments,

rMγM

λ̄M
≤ 1

N
zH

b,MΘΘΘ
1/2
b,M

(
∑

j∈U\M

λ̄ j

rM
B j + IN

)−1

ΘΘΘ
1/2
b,Mzb,M, (142)

or equivalently

γM

λ̄M
≤ 1

N
zH

b,MΘΘΘ
1/2
b,M

(
∑

j∈U\M
λ̄ jB j + rMIN

)−1

ΘΘΘ
1/2
b,Mzb,M. (143)

Assume now that rM is infinitely often larger than 1+ l with l > 0 some positive value.
Restricting ourselves to such a subsequence, the monotonicity arguments give the
inequality in (143) equivalently as

γM

λ̄M
≤ 1

N
zH

b,MΘΘΘ
1/2
b,M

(
∑

j∈U\M
λ̄ jB j +(1+ l)IN

)−1

ΘΘΘ
1/2
b,Mzb,M. (144)

Denoting the right-hand side of (144) by ιM , we observe that ιM does not depend
anymore on λλλ

∗. Thus, we can apply Lemma 4, Lemma 3 and Theorem 6 to the
right-hand side of the above inequality to get ιM− m̄bM ,M(−(1+ l)) N→∞−−−→ 0 with

m̄bM ,M(z) = Tr
(

ΘΘΘbM ,M

(
∑
j∈U

λ̄ jΘΘΘbM , j

1+ λ̄ jm̄bM , j
− zNIN

)−1)
, (145)

which along with (144) results in γM
λ̄M
≤ limN→∞ inf m̄bM ,M(−(1+ l)). On the other hand,

we notice that m̄bM ,M(−(1+ l)) at l = 0 is equal to m̄bM ,M in (140) with λ̄M = γM/m̄bM ,M .
Since m̄bM ,M(−(1+ l)) is a decreasing function of l it can be proved [173] that for
any l > 0 we have limN→∞ sup m̄bM ,M(−(1+ l))< γM

λ̄M
. This, however, goes against the

former condition and creates a contradiction of the initial hypothesis that rM > 1+ l

infinitely often. Therefore, we must admit that rM ≤ 1+ l for all large values of N and
K. Reverting all inequalities and using similar arguments yields r1 ≥ 1− l for all large
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values of N and K. Putting all these results together yields 1− l ≤ r1, ...,rM ≤ 1+ l,
from which we may write maxk∈Ub |rk−1| ≤ l for all large values of N and K. Taking
a countable sequence of l going to zero, we eventually obtain maxk∈Ub |rk− 1| → 0.
Noticing that rk =

γk
m̄bk ,k

λ ∗k
, we get maxk∈Ub |λ

∗
k − λ̄k| → 0 almost surely with λ̄k =

γk
m̄bk ,k

.
Following the same steps for all other b ∈ B completes the proof.

3.2 Proof of Theorem 5

Given the Lagrangian multipliers {λ̄k} as deterministic values in a feasible problem
from Theorem 4, we derive the deterministic equivalents for the elements of the
coupling matrix in (65) using standard random matrix theory tools. To do so, we rewrite
the diagonal elements of the coupling matrix as [K]k,k =

1
γk
| 1N hH

bk,k
ΣΣΣ
\k
bk

hbk,k|
2 where

ΣΣΣ
\k
bk
=
(

∑ j∈U\k
λ̄ j
N hbk, jh

H
bk, j

+ IN
)−1 and the notation ()\k excludes the kth term from the

summation. Given the growth rate in Assumption 1, we apply Lemma 4 and Lemma 3
which, gives 1

N hH
bk,k

ΣΣΣ
\k
bk

hbk,k−
1
N Tr(ΘΘΘbk,kΣΣΣbk)→ 0 almost surely. The resulted trace

term is equal to mbk,k defined in Theorem 6 where, according to the theorem, we have
mbk,k− m̄bk,k→ 0 almost surely. This implies [K]k,k− 1

γk
m̄2

bk,k
→ 0 almost surely, which

gives the diagonal elements of the coupling matrix as stated in the theorem.
The non-diagonal elements of the coupling matrix [K]k,i =− 1

N2 hH
bi,kΣΣΣ

\i
bi

hbi,ih
H
bi,iΣ

ΣΣ
\i
bi

hbi,k

can be rewritten using Lemma 1 as

[K]k,i =−
1

N2

hH
bi,kΣΣΣ

\i,k
bi

hbi,ih
H
bi,iΣ

ΣΣ
\i,k
bi

hbi,k(
1+ λ̄k

N hH
bi,k

ΣΣΣ
\i,k
bi

hbi,k
)2

, (146)

where ΣΣΣ
\i,k
bk

=
(

∑ j∈U\i,k
λ̄ j
N hbk, jh

H
bk, j

+ IN
)−1 with notation ()\i,k excluding the ith and

kth terms from the summation. Now, we can apply Lemma 4 and Lemma 3 to the
denominator of (146) to obtain 1

N hH
bi,kΣΣΣ

\i,k
bi

hbi,k −
1
N Tr(ΘΘΘbi,kΣΣΣbi) → 0 almost surely.

Therefore, as a result of Theorem 6, we get the almost sure convergence of the
denominator as (

1+
λ̄k

N
hH

bi,kΣΣΣ
\i,k
bi

hbi,k

)2

−
(
1+ λ̄km̄bi,k

)2→ 0. (147)

We proceed by applying Lemma 4 to the numerator of (146) that gives

1
N2 hH

bi,kΣΣΣ
\i,k
bi

hbi,ih
H
bi,iΣΣΣ

\i,k
bi

hbi,k−

1
N2 Tr(ΘΘΘbi,kΣΣΣ

\i,k
bi

hbi,ih
H
bi,iΣΣΣ

\i,k
bi

)→ 0
(148)
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almost surely. Rearranging the terms inside the trace in (148) and reapplying Lemma 4
yields

hH
bi,iΣΣΣ

\i,k
bi

ΘΘΘbi,k

N2 ΣΣΣ
\i,k
bi

hbi,i−Tr
(
ΘΘΘbi,iΣΣΣ

\i,k
bi

ΘΘΘbi,k

N2 ΣΣΣ
\i,k
bi

)
→ 0 (149)

almost surely. As a result of Lemma 3, the ith and kth excluded terms in ΣΣΣ
\i,k
bi

are
asymptotically insignificant in the trace, and thus, (147)-(149) give the almost sure
convergence of (146) as

(−[K]k,i)−
1

N2 Tr(ΘΘΘbi,iΣΣΣbi ΘΘΘbi,kΣΣΣbi)(
1+ λ̄km̄bi,k

)2 → 0. (150)

From matrix identities [149], we know that ∂Y−1/∂x = −Y−1(∂Y/∂x)Y−1 with Y
being a matrix depending on variable x. Keeping this in mind, we refer to mbi,i,k(z,x) in

its general form defined in Theorem 6 as mbi,i,k(z,x) =
1
N Tr
(
ΘΘΘbi,i

(
∑ j∈U

λ̄ j
N hbi, jh

H
bi, j−

zIN− xΘΘΘbi,k
)−1) where in the special setting with x = 0 and z =−1 diminishes to mbi,i.

Using the identity, the numerator of (150) can be written as a derivative of mbi,i,k(z,x)

with respect to the auxiliary variable x at point (z =−1,x = 0), i.e.,

1
N

Tr
(
ΘΘΘbi,iΣΣΣbi ΘΘΘbi,kΣΣΣbi

)
=

∂

∂x
mbi,i,k(z,x)|x=0,z=−1. (151)

Therefore, given the deterministic equivalents of derivative terms m′bi,i,k =
∂

∂x mbi,i,k(z,

x)|x=0,z=−1 in (151), the deterministic equivalents for the non-diagonal elements of
the coupling matrix will follow from (150). In doing so, we notice that Theorem 6
ensures the almost sure convergence of mbi,i,k(z,x) to its deterministic equivalent given
by m̄bi,i,k(z,x) =

1
N Tr(ΘΘΘbi,iTbi,k(z,x)) where

Tb,k(z,x) =
(

1
N ∑

j∈U

λ̄ jΘΘΘb, j

1+ λ̄ jm̄b, j,k(z,x)
− xΘΘΘb,k− zIN

)−1

. (152)

Therefore, the deterministic equivalents for the derivative terms, hereafter denoted by
m̄′bi,i,k, can be evaluated by deriving the derivative of (152) with respect to x as

T′b,k = Tb

(
1
N ∑

j∈U

λ̄ 2
j ΘΘΘb, jm̄′b, j,k

(1+ λ̄ jm̄b, j)2
+ΘΘΘb,k

)
Tb, (153)

where Tb = Tb,k(−1,0), T′b,k = ∂

∂x Tb,k(−1,x)|x=0 and m̄b, j = m̄b, j,k(−1,0) . Since
m̄′bi,i,k =

1
N Tr(ΘΘΘbi,iT

′
bi,k) with T′b,k given by (153), we get a system of equations to

evaluate m̄′bi,i,k as [m̄′b,1,k, ..., m̄
′
b,K,k] = (IK −Lb)

−1ub,k with ub,k and Lb defined as
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in (69) and (70), respectively. Given m̄′bi,i,k, we get the deterministic equivalents
for non-diagonal elements of the coupling matrix from (150) and (151) as [K]k,i =

− 1
N m̄′bi,i,k/

(
1+ λ̄km̄bi,k

)2
, which completes the proof.

3.3 Proof of Corollary 1

Let Ib(η̄b,g) denote the right-hand side of (73). Upon existence of a fixed point solution,
the monotonicity of standard functions [175] and upper boundedness of (73) imply
existence of a set of positive initial values η̄0

b,g, smaller than the fixed point solution
that gives an ascending sequence of iterations converging to the unique fixed point
solution [175]. In particular, it is enough to show that the inequality Ib(η̄

0
b,g)> η̄0

b,g,

∀g ∈ Ab,∀b holds for a set of positive finite initial values [175], or equivalently

Ib(η̄
0
b,g)

η̄0
b,g

=
1
N

rg

∑
i=1

( 1
N ∑

j∈Gg

γ j/(
a2

b j , jη̄
0
b j ,g j

a2
b, jη̄

0
b,g

+ γ j)+µbη̄
0
b,g/[ΞΞΞb,g]i,i

)−1
> 1, ∀b,∀g ∈ Ab.

(154)

We realize that if ratios
η̄0

b j ,g j

η̄0
b,g

,∀ j ∈ Gg 6∩ Ub,∀g ∈ Ab,∀b exist that satisfy the condition

in (74), then keeping the ratios fixed, we can choose small enough initial values η̄0
b,g to

make sure the inequality in (154) holds. Therefore, validity of the conditions in (74) for
a set of positive finite initial values ensures the existence of a set of arbitrarily small
positive initial values that satisfy (154), and thus, existence of the solution follows.

3.4 Proof of Corollary 2

We notice that the ICI from BS b to UE k in terms of downlink transmit powers is
given by εb,k =−∑ j∈Ub

p j[K]k, j/‖v j‖2 that carries a normalization term compared to
the formulation in (63). Assuming UE k belongs to a group g ∈ Ab with Ab denoting
the set of all groups of BS b, one can observe from (68) that [K̄]k, j, ∀ j 6∈ Gg is zero (due
to the inter-group orthogonality assumption) and we get

ε̄b,k =− ∑
j∈Ub∩Gg

p̄ j[K̄]k, j/‖v̄ j‖2, (155)

where the elements of coupling matrix {[K̄]k, j} are given in (68) as a function of
m̄′b j , j,k and m̄b j ,k. The term m̄′b j , j,k is derivative of m̄b j , j,k(z.x) with respect to x at point
x = 0 and z = −1, and m̄b j , j,k(z.x) is the Stieltjes transform in its general form as
defined in Theorem 6. Given identical correlation properties for UEs within a group,
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we can introduce group-specific parameters η̄b,g = m̄b, j/a2
b, j, ∀ j ∈ Gg and η̄b,g,k(z,

x) = m̄b, j,k(z.x)/a2
b, j, ∀ j ∈ Gg that allows the asymptotic expressions for the elements of

the coupling matrix and consequently the asymptotic ICI expressions to be simplified.
In particular, the derivative of η̄b,g,k(z,x) with respect to x at point x = 0 and z =−1 can
be evaluated similar to Appendix 3.2 from

η̄
′
b,g,k =

1
N

tr
(

ΘΘΘb,gTb,g
(

∑
j∈Gg

(λ̄ ja2
b, j)

2ΘΘΘb,gη̄ ′b,g,k

N(1+ λ̄ ja2
b, jη̄b,g)2

+a2
b,kΘΘΘb,g

)
Tb,g

) (156)

with

Tb,g =

(
1
N ∑

j∈Gg

λ̄ ja2
b, jΘΘΘb,g

1+ λ̄ ja2
b, jη̄b,g

+ IN

)−1

, (157)

where then similar to (151)-(153), the unknown variable η̄ ′b,g,k can be solved as

η̄
′
b,g,k =

a2
b,k

N
tr((ΘΘΘb,gTb,g)

2)

1− τb,gtr((ΘΘΘb,gTb,g)2)
(158)

with τb,g = 1
N2 ∑ j∈Gg(λ̄ ja2

b, j)
2/(1+ λ̄ ja2

b, jη̄b,g)
2. Similarly, the normalization terms

‖v j‖2 = 1
N2 hH

b, jΣΣΣ
\ j
b ΣΣΣ
\ j
b hb, j,∀ j ∈ Ub∩Gg converge almost surely as

‖v j‖2−
a2

b, j

N
ζ̄
′
b,g→ 0, (159)

where the measure ζb,g(x) is given as ζb,g(x)= 1
N Tr(ΘΘΘb,g(∑ j∈U

λ̄ j
N hb, jhH

b, j+(1−x)IN)
−1),

and similar to (156)-(158), the deterministic equivalent for the derivative of ζb,g(x) with
respect to x at x = 0 can be evaluated as

ζ̄
′
b,g =

tr
(
(ΘΘΘb,gTb,g)

2
)
/N

1− τb,gtr((ΘΘΘb,gTb,g)2)
. (160)

Thus, the deterministic equivalent for εb,k can be evaluated, based on (155) and (159),
as ε̄b,k = −∑ j∈Ub∩Gg p̄ jN[K̄]k, j/a2

b j , jζ̄
′
b,g. Recalling the non-diagonal elements of K̄

from (68) and using η̄ ′b,g,k = m̄′b, j,k/a2
b, j,∀ j ∈ Gg, we get

ε̄b,k =
(η̄ ′b,g,k)/(ζ̄

′
b,g)

(1+ λ̄ka2
b,kη̄b,g)2 ∑

j∈Ub∩Gg

p̄ j, ∀k ∈ Gg. (161)

Finally, replacing η̄ ′b,g,k and ζ̄ ′b,g with equivalents in (158) and (160), respectively, and
denoting Pb,g = ∑ j∈Ub∩Gg p̄ j, the interference term ε̄b,k can be written as in the corollary.
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Next, we evaluate the total power required at a given BS to serve UEs within a group
in the asymptotic regime. In doing so, we start from the SINR constraints in (62), which
can be equivalently written for UE k as

pk

∣∣∣hH
bk,k

vk

∣∣∣2 /‖vk‖2

εbk,k +∑b∈B\bk
εb,k +σ2 ≥ γk, (162)

where εbk,k denotes the intra-cell interference and εb,k, ∀b ∈ B \ bk are the inter-cell
interference terms. Denoting the SINR of kth UE by Γk, we have Γk− Γ̄k→ 0 almost
surely with

Γ̄k =
(Na2

bk,k
η̄2

bk,gk
/γkζ̄ ′bk,gk

)p̄k

ε̄bk,k +∑b∈B\bk
ε̄b,k +σ2 , (163)

where the deterministic equivalents for the numerator and denominator of (162) directly
follows from (68) and (161). Since the SINR constraints at the optimal point must be
satisfied with equality, we set Γ̄k = γk to evaluate p̄k as

p̄k =
ζ̄ ′bk,gk

η̄2
bk,gk

γk

Na2
bk,k

(ε̄bk,k + ∑
b∈B\bk

ε̄b,k +σ
2). (164)

Now, consider BS b′ with a subset of UEs within group g′ ∈ Ab′ . The transmit power
imposed on BS b′ for serving UEs k ∈ Gg′ ∩Ub′ is given by P̄b′,g′ = ∑k∈Ub′∩Gg′

p̄k, with
p̄k given by (164). Keeping this in mind and plugging (161) into (164), we get a system
of equations to evaluate Pb′,g′ as follows

P̄b′,g′
η̄2

b′,g′

ζ̄ ′b′,g′
=

1
N ∑

k∈Ub′∩Gg′

γk

a2
b′,k

σ
2+

∑
b∈B

∑
g∈Ab

∑
k∈Ub′∩Gg′∩Gg

tr
(
(ΘΘΘb,gTb,g)

2
)
/tr(ΘΘΘb,gT2

b,g)

N(1+
γka2

b,kη̄b,g

a2
b′,kη̄b′,g′

)2

γka2
b,k

a2
b′,k

P̄b,g,

(165)

evaluated ∀b′ ∈ B,∀g′ ∈ Ab′ . By rearranging the above equations in matrix form, the
system of equations in the corollary is obtained.
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