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Abstract
Forest growth models are used in optimizing forest stand management in order to produce stand
projections. In stand-level optimization, timing of thinnings and trees to be cut — as well as timing
for clearcutting are determined according to an optimization algorithm which maximizes the
objective function. Models are roughly divided into stand-level models, structured population
models and individual-tree models. Stand-level models are the simplest and individual-tree
models the most complicated. It is always best to choose the simplest model which gives the
wanted accuracy (Occam's razor principle). Furthermore, the choice of growth model clearly
determines the choice of an optimization algorithm. Dynamic programming algorithms i.e.
algorithms which use derivatives are more effective, but calculating derivatives is not always
possible.
In this dissertation, the aim was to build a size-structured forest stand management
optimization model and a dynamic programming algorithm to solve it. In Article I, discrete
diameter-structured matrix model was used to form the optimization problem, whereas in Article
II continuous diameter-structured population model was employed in the forming. In Article II,
we presented an optimization algorithm based on a gradient method. In addition to a more efficient
forest management optimization method, the aim was to develop an optimization model which can
be used to study monetary benefits of forest tree breeding. For doing that, adding variation inside
the diameter class is important since e.g. distribution of height or branch properties are different
in improved trees. In Article III, a model was presented in which height variation was added inside
diameter classes.
This dissertation presents detailed explanation on how to use a gradient method algorithm to
optimize forest stand management. The optimization results of the conducted analysis were
compared with the results gained from an empirical-statistical MOTTI stand simulator and a direct
search optimization algorithm PIKAIA. There were no big differences between the results.
Therefore, the size-structured population model with a gradient method might be a good
alternative to more complex models. Finally, in Article III it is shown that adding variation to a
diameter structured population model affects optimal management.

Keywords: forest stand growth model, gradient method, matrix model, optimization
algorithm, partial differential equation, size-structured population model

Pyy, Johanna, Metsänkäsittelyn optimointi käyttäen epälineaarista osittaisdifferentiaaliyhtälöä ja gradienttiin perustuvaa optimointi algoritmia.
Oulun yliopiston tutkijakoulu; Oulun yliopisto, Luonnontieteellinen tiedekunta
Acta Univ. Oul. A 760, 2021
Oulun yliopisto, PL 8000, 90014 Oulun yliopisto

Tiivistelmä
Metsänkäsittelyn optimoinnissa metsikön kehitystä ennustetaan puuston kasvumallien avulla.
Metsikkötason optimoinnissa optimointialgoritmi määrittää objektifunktion maksimoivat harvennusten ajankohdat, niissä poistettavat puut ja päätehakkuun ajankohdan. Mallit jaetaan karkeasti metsikkötason malleihin, populaatiomalleihin ja puukohtaisiin malleihin. Metsikkötason
mallit ovat yksinkertaisimpia ja puukohtaiset mallit monimutkaisimpia. Lähtökohtaisesti järkevintä on valita yksinkertaisin malli, joka antaa halutun tarkkuuden (Occamin partaveitsiperiaate). Lisäksi kasvumallin valinnalla on vaikutusta optimointialgoritmin valintaan. Algoritmit, jotka käyttävät derivaattaa, ovat tehokkaampia, mutta derivaatan laskeminen ei ole mahdollista kaikille malleille.
Tässä väitöskirjassa tavoitteena oli muodostaa kokojakautunut metsänkäsittelyn optimointiongelma ja sen ratkaisemiseksi derivaattaa hyödyntävä algoritmi. Optimointiongelman muodostamiseen käytetään artikkelissa I diskreettiä läpimittajakautunutta matriisimallia ja artikkelissa II
jatkuvaa läpimittajakautunutta populaatiomallia. Artikkelissa II esittelimme optimointialgoritmin, joka perustuu gradienttimenetelmään. Tehokkaamman metsänkäsittelyn optimointialgoritmin lisäksi tavoitteena oli kehittää optimointimalli, jonka avulla voidaan tutkia metsänjalostuksen taloudellisia hyötyjä. Sitä varten on tärkeää lisätä vaihtelua läpimittaluokan sisälle, koska
esimerkiksi jalostettujen puiden pituusjakauma tai oksien ominaisuuksien jakaumat ovat erilaisia verrattuna jalostamattomiin puihin. Artikkelissa III esitellään malli, jossa läpimittajakauman
sisälle on lisätty pituuden vaihtelua.
Tässä väitöskirjassa esitetään yksityiskohtaisesti, kuinka gradienttimenetelmään perustuvaa
algoritmia käytetään metsänkäsittelyn optimoinnissa. Saatuja optimointituloksia verrattiin
empiiris-tilastollisella MOTTI-metsikkösimulaattorilla ja heuristisella PIKAIA-optimointialgoritmilla saatuihin tuloksiin. Tulosten välillä ei ollut suuria eroja. Siksi kokojakautunut populaatiomalli ja gradienttimenetelmä saattaa olla hyvä vaihtoehto monimutkaisemmille malleille.
Lisäksi artikkelissa III osoitetaan, että esimerkiksi pituusvaihtelun lisäämisellä läpimittajakautuneeseen populaatiomalliin on vaikutusta optimaaliseen metsänkäsittelyyn.

Asiasanat: gradienttimetodi, kokojakautunut populaatiomalli, matriisimalli, metsän
kasvumalli, optimointialgoritmi, osittaisdifferentiaaliyhtälö
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1

Introduction

1.1

Tree growth models

To make predictions how a forest stand should be managed, we need models to predict
forests growth. Growth models can be divided into three categories: whole-stand models,
structured population models and individual tree models (Vanclay, 1994). In addition,
there are also process-based growth models for biological processes and tree competition
mechanics (Amacher, Ollikainen, & Koskela, 2009). In the process-based modelling
technique, ecosystem behaviour is studied from individual physiological and biological
functional components and their interactions within themselves and environment (Gupta
& Sharma, 2019).
Whole-stand models describe the growth of the whole stand e.g. the number of trees
or basal area, and stand-level optimization studies have heavily relied on these models
(Tahvonen, Pihlainen, & Niinimäki, 2013). In stand-level models, a dominant height/site
index, a basal area, survival and volume are used to predict stand growth (Scolforo et al.,
2019). They do not include any information about individual trees. An advantage of the
stand-level approach is its simplicity and robustness i.e. it requires little information
and it can accurately simulate stand development and growth (Scolforo et al., 2019).
For instance, C.-Z. Li and Löfgren (2000) and Touza, Termansen, and Perrings (2008)
have used a stand-level model to optimize management of the forest stand. However,
stand-level models work best when all trees in a stand are similar e.g. their species, age
and size are the same (Bollandsås, Buongiorno, & Gobakken, 2008).
Individual-tree models describe growth of individual trees or list or tree records,
each record containing a type tree (interchangeably description tree: see Ahtikoski,
Siipilehto, Salminen, Lehtonen, and Hynynen 2018) specified by its species, diameter,
age, height and an expansion factor for the number of trees that record presents in the
stand (Wikström 2001,Wikström and Erikson 2000). Individual tree models usually
consist of functions for predicting diameter (or basal area) increment, height increment,
crown size, mortality and recruitment (Crecente-Campo, Soares, Tome, and DieguezAranda 2010, Vanclay 1994, Vospernik, Monserud, and Sterba 2010). In addition,
they can model the interactions between trees and spatial locations of trees (Liang &
Picard, 2013). A competition measure between trees can be either distance-dependent
(spatial) or distance-independent (non-spatial) (Vospernik et al., 2010). Individual
15

tree models provide good simulation of growth for short term projections, provide
detailed information about stand structure and allow consideration of a wide variety of
silvicultural treatments (Crecente-Campo et al., 2010). They are very detailed models,
but require a lot of observations (field measurements). An individual tree model is
used to optimize forest management e.g. in Niinimäki, Tahvonen, and Mäkelä (2012).
However, when choosing what model to use, according to Occam’s razor the best model
is the simplest one which gives the required quality (Liang & Picard, 2013). In that point
of view, individual tree models are in many cases too complex (Bollandsås et al., 2008).
Between stand-level models and individual tree models, there are structured population models (Liang & Picard, 2013), where trees are divided to the classes with
respect to e.g. species, age, stage and/or size. If there is only one class, the model is a
stand-level model. If every individual has their own class, the model is an individual
tree model. Structured population models describe how a distribution of a population
changes over time. They require the estimation of recruitment i.e. transition to the first
class, survival i.e. cumulated transitions from a class to the other classes, and growth i.e.
transitions to upper classes (Picard, Mortier, & Chagneau, 2008).
Structured population models can be continuous, discrete or a combination of both
(Liang & Picard, 2013). In continuous population models, both distribution and time
are continuous and growth is modelled with partial differential equations (Kato and
Torikata 1997, Kato 2004, Calsina and Saldaña 1995, Calsina and Saldaña 2006). An
age-structured continuous population model is called MacKendrick partial differential
equation (Picard & Liang, 2014). In integral projection model, time is discrete and
distribution is continuous (Zuidema, Jongejans, Chien, During, & Schieving, 2010).
When distribution is discrete and time is continuous, the model is called continuous time
Markov chain (Batabyal, 1996). When both distribution and time are discrete, a growth
model is called transition matrix model (Caswell, 2001). A continuous population model
can be approximated with a transition matrix model (Ackleh, Farkas, Li, & Ma, 2015).
In an age-structured model, the transition matrix is called Leslie matrix. It is used
e.g. in Gong, Löfgren, and Rosvall (2013) to optimize the forest management. However,
the size-structured models are more accurate than the age-structured ones since there is
variation in size growth between trees. Therefore, the size of the trees can be different
even though their age is the same. Further, the monetary value of the stand is estimated
according to the sizes (dimensions) of trees (see e.g. Lyhykäinen et al. 2009, Ahtikoski,
Haapanen, Hynynen, Karhu, and Kärkkäinen 2018). Moreover, the age of the trees can
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be difficult or even impossible to determine accurately, while forest size class structure
is easily measured (Rubin, Manion, & Faber-Langendoen, 2006).
Size-structured matrix models are primarily based on four assumptions: Markov
property, Usher property, stationarity and geospatial independence (Liang & Picard,
2013). Markov assumption is that the state of the system at time t k depends only on the
state of the system at time t k−1 and is independent of the state of the system before
that (Markov chain). Usher assumption is that a tree cannot grow up more than one
size class or move backwards (Usher model). In Usher models, there are two kinds of
transition rates: probability that tree stays alive and in the same size class (stasis rate)
and probability that tree stays alive and moves to the next size class (upgrowth transition
rate) during a time step. Stationarity assumption is that transition rates do not depend on
time. Geospatial independence means that data is independent on geographic location.
The weakness of stationarity assumption is that it assumes that growing conditions
remain same over time. In most cases that is not true. The trees compete with each other
for resources e.g. light and it affects to the growth of the tree. However, the number of
trees changes over time when trees die, they are harvested and new trees grow. Therefore
the stationary assumption should be relaxed and use e.g. density dependent matrix
models (Liang & Picard, 2013). In these models transition rates can depend on diameter
distributions of the trees e.g. stand basal area. Density dependent population models are
nonlinear models.
One question in using matrix models is how to choose the width of the size class
and the length of the time step. Smaller choice results in a more accurate model, but it
also requires more parameters to estimate and more data (Ramula & Lehtilä, 2005). In
addition, matrix models have been criticized since e.g. the growth rate of the population
is sensitive to the width of the size class (Picard and Liang 2014, Ramula and Lehtilä
2005). Picard and Liang (2014) recommend to use narrow size classes. However, usually
the data used to estimate the parameters limit the choices e.g. how often the trees have
been measured and whether there are enough trees in every size class. Furthermore, the
Usher property cause limitations to choice of class width and the length of time step.
They have to be chosen so that Usher assumption applies.
One weakness of structured population models is that they assume that all the trees
in a class are similar. Matrix models do not take into account the variation between trees
in a class (Lee and Okuyama 2017, Zuidema et al. 2010). However, in order to determine
the gains of forest tree breeding, it is important to take into account the variation
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since e.g. the height distribution and branchiness are different between improved and
unimproved trees (Haapanen, Hynynen, Ruotsalainen, Siipilehto, & Kilpeläinen, 2016).
1.2

Optimizing forest stand management

The Faustmann rotation model is widely accepted as an economically valid basis for
calculating optimal rotations and land values at stand level (Tahvonen & Viitala, 2006).
Optimal rotation means time of clear-cut in even-aged stand i.e. stands where all trees
are similar and of the same age. In Faustmann rotation model, optimal rotation age
is chosen to maximize the net present value of harvest revenue over infinite cycle
of rotations (Amacher et al., 2009). There are assumptions that capital, timber and
input markets are perfect, there is no uncertainty, harvesting cost function is linear and
forest owners have no environmental preferences (Tahvonen & Viitala, 2006). Then the
Faustmann rotation model states that a stand should be cut when the marginal return of
delaying harvesting for one unit of time is equal to the forgone interest based on the
value of the standing trees and the land (Amacher et al. 2009, Tahvonen and Viitala
2006).
Simple forest stand management problems can be solved by using first order
optimality conditions. For instance, Touza et al. (2008) optimized steady state forest
stand management using whole stand model. However, when growth model become
more complex, in many cases writing explicit formula for optimization is impossible.
For instance, a problem is not necessarily differentiable or state and co-state of the
problem are combined to complex system with optimization strategy (Xie, He, & Wang,
2016). Therefore, in many cases an optimization algorithm is needed to compute
the solution. Algorithms are classified into dynamic programming and direct search
depending on whether the derivative is used or not (Pukkala, 2009).
In direct search, derivative is not used. For instance, Hooke and Jeeves, differential
evolution, particle swarm, evolution strategy and Nelder-Mead method are direct search
methods (Pukkala, 2009). Direct search methods are useful when the model is not
differentiable (Pukkala 2009, Arias-Rodil, Pukkala, Gonzalez-Gonzalez, Barrio-Anta,
and Dieguez-Aranda 2015). However, direct search methods require time and computing
capacity.
In dynamic programming, a derivative is used to compute the optimal solution. For
instance, Arias-Rodil, Dieguez-Aranda, and Vazquez-Mendez (2017) used a dynamic
programming algorithm sequential quadratic programming (SQP) to optimize stand
18

management problem, where forest growth was modelled with a stand-level model.
Arias-Rodil et al. (2017) state that, if possible, it is better to use derivative-based
methods, since they are faster and more efficient than derivative-free methods, when the
number of decision variables increases. Anita, Iannelli, Kim, and Park (1998) declare
that first-order algorithms are in most cases the most suitable. Higher order algorithms
require regularity from the solution. Since the model is fitted using statistical methods,
that regularity is not obtained in most situations.
The objective of this dissertation is to build and apply a size-structured population
model to produce tree growth predictions for forest stand management optimization
problem, and to develop a dynamic programming algorithm to solve it. To our knowledge,
dynamic programming has not been used previously to optimize size-structured forest
stand management problems. In addition, an analysis is conducted on how adding
variation to diameter-structured population model affects the optimal management,
which, according to our knowledge, has not been studied before. The structure of this
thesis is the following. In Chapter 2, the size-structured forest stand model and the
optimal management problem are described. Firstly, the continuous size-structured
population model from Article II and the size-structured matrix model from Article
I are detailed. In Section 2.2, a diameter- and height-structured matrix model from
Article III is presented. In Chapter 3, the gradient method algorithm from Article II is
detailed. In Chapter 4, our optimization results are compared with optimal management
calculated using an empirical forest growth model incorporated with a direct search
method. Finally, in Chapter 5 the presented work is summarized and further research is
recommended.
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2

Forest management optimization problem

In this chapter, the stand-level forest management problem is defined, where the net
present value (NPV) of the ongoing rotation is maximized. The diameter-structured
population model is used as a state constraint for the optimization problem. Firstly, some
notations are defined. Time is denoted by t ∈ [0, T ] and diameter of trees by x ∈ [D0 , D].
Let us denote the number of trees, whose diameter is x at time t, by y(x,t). Similarly,
the number of removed trees, whose diameter is x at time t, is denoted by h(x,t). In the
optimization problem, y is state and h control (Berkovitz & Medhin, 2013).
Trees compete for resources with other trees in the population. Therefore, the size of
the population affects the vital rates of the trees. In this study, the size of the population
is measured with basal area
the stand. For a tree with diameter x the basal area
 x of
2
(cross-sectional area) is π
and the basal area of the stand is the total basal area of
2 Z  
D x 2
all trees in the stand: P(t) = π
y(x,t)dx. Diameter of the trees is assumed to
D0 2
grow according to a growth rate function
g(x, P(t)) =

dx
.
dt

(1)

The mortality rate function is denoted by m(x, P(t)). Both growth rate and mortality
depend on time t through the basal area P(t) of the stand. In Articles II and III the
growth rate g and mortality rate m were chosen basing on the data to be in a bilinear
form
g(x, P(t)) = g11 + g12 x + (g21 + g22 x)P(t),
m22 m23 
m12 m13 
m(x, P(t)) = m11 +
+ 2 + m21 +
+ 2 P(t),
x
x
x
x

(2)
(3)

where the constants gi j and mi j were estimated such that g(x, P) > 0 and m(x, P) ≥ 0 for
all x ∈ [D0 , D] and P ≥ 0.
Let us next derive the dynamics of the size-structured tree population according to
Caswell (2001). In a small size interval (x, x + ∆x) the number of trees changes with the
rate
∂ y(x,t)∆x
= −m(x, P(t))y(x,t)∆x − h(x,t)∆x + J(x,t) − J(x + ∆x,t),
(4)
∂t
where the first term on the right-hand side describes the rate at which trees die in the
interval at time t and the second term the rate at which trees are removed from the
21

interval at time t. The function J(x,t) denotes the rate at which trees flow into the
interval at x and function J(x + ∆x,t) the rate at which the individuals flow out of the
interval at x + ∆x. Since trees grow according the equation (1), the flows into and out of
the interval are
J(x,t) = g(x, P(t))y(x,t)
J(x + ∆x,t) = g(x + ∆x, P(t))y(x + ∆x,t).
By substituting these into the equation (4) and dividing both sides with ∆x, we get
∂ y(x,t)
g(x + ∆x, P(t))y(x + ∆x,t) − g(x, P(t))y(x,t)
= −m(x, P(t))y(x,t) − h(x,t) −
.
∂t
∆x
By taking the limit ∆x → 0 and moving all the terms on the left side, we get the partial
differential equation
∂ y(x,t) ∂ (g(x, P(t))y(x,t))
+
+ m(x, P(t))y(x,t) + h(x,t) = 0,
∂t
∂x

(x,t) ∈ Q,

(5)

where Q is the product space [D0 , D] × [0, T ].
Next, we define boundary conditions for the problem. The number of new trees
entering to the system (ingrowth) at time t is described by the equation
g(D0 , P(t))y(D0 ,t) = R(t),

t ∈ [0, T ],

(6)

where R(t) is the number of new trees, whose diameter is D0 at time t. The second
initial condition is the state of the system at time t = 0:
y(x, 0) = y0 (x),

x ∈ [D0 , D]

(7)

where y0 (x) is the initial diameter distribution of the trees.
Kato and Torikata (1997), Kato (2004), Calsina and Saldaña (1995) and Calsina
and Saldaña (2006) proved the existence of the non-negative solution for the problem
(5)-(7), when h(x,t) = 0 and under the following assumptions:
1. g(x, P) is continuous and strictly positive for all x and P and continuously differentiable with respect to x,
2. m(x, P) is non-negative for all x and P and integrable with respect to x,
3. g(x, P) and m(x, P) are Lipschitz continuous with respect to P,
4. R(t) is non-negative and continuous function for all x,
5. supx,P m(x, P) < ∞.
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The optimization problem to maximize the net present value of the ongoing rotation
is in the form
Z

max J(y, h) =
(y,h)∈K

(8)

d(x,t)h(x,t),
Q

where d(x,t) is the discounted price function for the trees whose diameter is x at time t.
The maximization is done in the set K = Y × H , where
Y = {y |for all (x,t) ∈ Q, y(x,t) ≥ 0 and y is a solution for equations (5)-(7)}

(9)

is the set of constraints for state y and
H ={h |for all (x,t) ∈ Q : 0 ≤ h(x,t) ≤ hmax ,

Z D
D0

h(x,t)dx ≥ B or

Z D

h(x,t)dx = 0}
D0

(10)
is the set of constraints for control h. Constraint B is the minimal thinning removal. The
second constraint means that if a total thinning removal at time t is smaller than B, then
the thinning is not done. That ensures that thinning is profitable. Constraint hmax gives
the upper limit of harvesting.
2.1

Approximation of the problem

For the optimization algorithm we approximate the continuous optimization problem
(8)-(10) with the explicit and (semi-)implicit discrete problem. For that we define a
mesh i.e. divide time and diameter into M and N, respectively, non-overlapping intervals.
T
The length of a time interval, time step, is ∆t =
and end points of the intervals are
M
D − D0
t k = k · ∆t, k = 0, . . . , M. The length of a diameter interval is ∆x =
and endpoints
N
of the intervals are xi = D0 + i · ∆x, i = 0, . . . , N. We will call a diameter interval (xi−1 , xi ]
as diameter class i = 1, . . . , N. In the approximations, the problem is only studied at
the mesh points (xi ,t k ). Let us denote the number of trees and the number of removed
trees in diameter class i at time t k by yki = y(xi ,t k ) and hki = h(xi ,t k ), respectively. The
diameter distribution of trees and the diameter distribution of removed trees at time t k
are denoted by yk = (yk1 , . . . , ykN )> and hk = (hk1 , . . . , hkN )> , respectively. Moreover we
denote the state of the system by y = (y1 , y2 , . . . , yM )> and the control of the system by
h = (h1 , h2 , . . . , hM )> .
For the approximation of the objective function we define vector product of u,
v ∈ RN as (u, v) = ∑Ni=1 vi ui . We approximate the objective function (8) with right-hand
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Riemann sum
M

max J(y, h) =
(y,h)∈K

M

N

∑ (dk , hk ) = ∑ ∑ dik hki ,
k=1

(11)

k=1 i=1

where dik = d(xi ,t k ) is the discounted price at time t k for the size class i. In Articles I and
c p vip + cs vsi
II the discounted price was in the form dik =
, where r is interest rate, c p and
k
(1 + r)t
cs are prices per cubic meter for pulpwood and saw log, respectively, and vip and vsi are
the volumes of pulpwood and saw log of a tree in diameter class i. The approximation of
the feasible set K = Y × H is denoted by K = Yad × Had . The feasible set of state
vector y is
Yad = {y ∈ RNM |y ≥ 0, y is a solution for approximation of problem (5)-(7)},

(12)

where 0 ∈ RNM denotes zero vector. As an approximation of the continuous population
model (5)-(7) we use the explicit approximation (14)-(16) and the implicit approximation
(20)-(22). They are considered more carefully in the next two sections. The feasible set
for control vector h is
Had = {h ∈ RNM |0 ≤ h ≤ hmax , khk k1 ≥ B or hk = 0, k = 1, . . . , M},

(13)

where kvk1 = ∑Ni=1 |vi |.
The existence of at least one solution of the optimization problem (11) for both
approximations is proved in the next sections, but we cannot proof the uniqueness of the
solution, since the cost function (11) is not strictly concave and the set K is not strictly
convex with neither approximation (Boyd & Vandenberghe, 2004). It means that the
problem can have multiple optimal solutions.
In the approximations of the problem (5)-(7), we will approximate the derivatives
with the backward-difference formula
d f (x) 1
' ( f (x) − f (x − h))
dx
h
(Smith, 1978). Basal area P at time t k is approximated with the right-hand sum
N  2
xi
Pk = π ∑
yki . We denote by gki and mki the approximated values for a growth
2
i=1
function g(xi , Pk ) and a mortality function m(xi , Pk ) at time t k for the size class [xi−1 , xi ).
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2.1.1

Explicit approximation of the model

The explicit finite difference approximation of the diameter-structured population model
(5)-(7) is in the form
k−1
gk−1 yk−1
− gk−1
yki − yk−1
i
i−1 yi−1
i
+ i
+ mk−1
yk−1
+ hki = 0,
i
i
∆t
∆x
gk0 yk0 = Rk ,

(15)

y0i ≥ 0 is constant,

(16)

(14)

for all i = 1, . . . , N, k = 1, . . . , M (Ackleh et al., 2015). By multiplying the first equation
with ∆t and rearranging the terms we get




∆t
∆t k−1 k−1
k−1
k−1
yki − 1 − gk−1
−
∆tm
y
−
g
y + ∆thki = 0
i
i
∆x i
∆x i−1 i−1
∆t k
∆t k
gi − ∆tmki and bki :=
g . The coefficients aki and bki stand for
∆x
∆x i
the proportion of trees from the size class i that stay in the same size class at time step k

We denote aki := 1 −

and the proportion of trees that move from the size class i to the size class i + 1 at time
step k, respectively. Note, that since gki and mki depend on the basal area Pk , also aki and
bki depend on Pk i.e.
aki = ai1 + ai2 Pk ,
bki = bi1 + bi2 Pk ,
where ai1 , ai2 , bi1 and bi2 are constants.
method (see Section 2.3). By denoting

ak1 0
 k
b1 ak2


k
Ak :=  0 b2
.
.
.
..
.
0 0

They are estimated by using the least squares



0

...

0

0

0

...

0

ak3
..
.

...
..
.

0
..
.

0

...

bkN−1


0

0

.. 

. 
akN

(17)

and rk = (Rk , 0, . . . , 0)> ∈ RN , equations (14)-(16) can be written in the vector form
yk − Ak−1 yk−1 − rk + ∆thk = 0.

(18)

This is called matrix population model. In Article I, we used it when Rk = 0.
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Stability of the finite difference approximations can be defined such that the exact
solution of difference equation is bounded (Smith, 1978). The explicit approximation
(14)-(16) of the population model has the following stability condition.
Lemma 2.1.1. If the condition
∆x ≥ ∆t sup g(x, P(t)),

(19)

x,t

is satisfied, then the explicit finite difference scheme (14)-(16) is stable on the set of
non-negative functions y and
M

maxkyk k1 ≤ C(T )(ky0 k1 + ∑ (∆tkhk k1 + |Rk |)),
k

k=1

where C(T ) is a constant.
Proof. The proof is presented in Article II.
Note that the stability condition (19) means that the choice of the class width ∆x and
time step ∆t have to be done so that during one time step a tree remains in the same size
class or moves to the next one (Usher assumption, see Picard and Liang 2014). Next
proposition gives the condition, when the optimization problem (11) has a solution.
Proposition 2.1.2. If diameter class width ∆x and time step ∆t satisfy
1−

∆t
sup g(x, P(t)) − ∆t sup m(x, P(t)) ≥ 0,
∆x x,t
x,t

then the optimization problem (11) has at least one solution, when y satisfies equations
(14)-(16).
Proof. Proof is presented in Article II.
Ackleh et al. (2015) proved that the problem (14)-(16) converges to the unique
weak-solution of the continuous problem (5)-(7), when R(t) = 0, h(x,t) = 0 and under
the following additional assumptions:
1. g(x, P) is continuously differentiable with respect to P,
Lipschitz continuous with respect to x,
2. 0 < g(x, P) < c for x ∈ [D0 , D) and g(D, P) = 0.
0
0
3. ∑N−1
i=1 |yi+1 − yi | is bounded.
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∂ g(x, P)
∂ g(x, P)
and
are
∂x
∂P

2.1.2

Semi-implicit approximation of the model

We used the following semi-implicit finite difference approximation for the diameterstructured population model (5)-(7):
k
gk−1 yki − gk−1
yki − yk−1
i−1 yi−1
i
+ i
+ mk−1
yki + hki = 0,
i
∆t
∆x
gk0 yk0 = Rk−1 ,

y0i

≥ 0 is constant,

(20)
(21)
(22)

for all i = 1, . . . , N, k = 1, . . . , M (Ackleh, Deng, & Hu, 2005; Ackleh & Ito, 1997).
Similarly as in the explicit approximation, by multiplying the first equation with ∆t and
rearranging the terms we get
(1 +

∆t
∆t k−1
yk − yk−1
+ ∆thki = 0.
g + ∆tmk−1
)yki − gk−1
i
i
∆x i
∆x i−1 i−1

∆t k
∆t
g + ∆tmki and bki := − gki . The coefficients aki and bki
∆x i
∆x
depend on the basal area Pk similarly as in the explicit approximation. When the matrix
Now we denote aki := 1 +

of coefficients is denoted by

ak1
 k
b1


k
B =0
.
.
.
0



0

0

...

0

0

ak2

0

...

0

bk2
..
.

ak3
..
.

...
..
.

0
..
.

0

0

...

bkN−1


0

0

.. 

. 
akN

(23)

equations (20)-(22) can be written in the vector form
Bk−1 yk − yk−1 − rk−1 + ∆thk = 0.

(24)

The next lemma concerns stability of the implicit finite difference scheme (20)-(22).
Lemma 2.1.3. On the set of non-negative functions y, the implicit finite difference
scheme (20)-(22) is unconditionally stable. The stability estimate is
M

maxkyk k1 ≤ ky0 k1 + ∑ (∆tkhk k1 + |Rk |)
k

k=1

for any ∆x and ∆t.
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Proof. The proof is presented in Article II.
The next proposition considers the existence of a solution of the optimization
problem (11), when the implicit approximation of the population model is used.
Proposition 2.1.4. The optimization problem (11) has at least one solution, when y
satisfies equations (20)-(22).
Proof. The proof is presented in Article II.
The convergence of the approximation (20)-(22) to the weak solution of problem
(5)-(7) has been proved in Ackleh et al. (2005), when h(x,t) = 0. In that proof, the total
population is in the form
Z L

Z ξ

Q(ξ ,t) = α

w(x)y(x,t)dx +
L0

w(x)y(x,t)dx.
ξ

π
, ξ = L and w(x) = x2 . In
4
addition to the assumptions in Chapter 2, they assumed that
Note that it coincides with the basal area P(t), when α =

1. g(x, P) is twice continuously differentiable with respect to x and P, g(L, P) = 0.
2. m(x, P) is continuously differentiable with respect to x and P.
3. R(t) is continuously differentiable
0
0
4. ∑N−1
i=1 |yi+1 − yi | is bounded.
∂g
5.
(x, P) ≤ 0.
∂P

2.2

Diameter- and height-structured matrix population model

One weakness of matrix population models is that they do not take into account the
variation inside the class. In those models it is assumed that all trees inside a class are
similar. In Article III a multistate model (Caswell, 2001) was applied to add height
variation inside a diameter classes. In the model, trees were divided in every diameter
class further into K height classes. The width of the height class is ∆z and the height of
the trees in the height class j, j = 1, . . . , K, is denoted by z j . We will call a tree in the
diameter class i and the height class j as tree (i, j). By ykij and hkij denote the number of
trees (i, j) and the number of removed trees (i, j) at time t k , respectively. The height
distribution of the trees and the height distribution of removed trees in the diameter
class i at time t k are denoted by yki = (yki1 , yki2 , . . . , ykiK )> and hki = (hki1 , hki2 , . . . , hkiK )> ,
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respectively. The diameter distribution of the trees at time t k is denoted by yk = (yk1 , yk2 ,
. . . , ykN )> and similarly the diameter distribution of removed trees at time t k is denoted by
hk = (hk1 , hk2 , . . . , hkN )> . As earlier we denote y = (y1 , . . . , yM )> and h = (h1 , . . . , hM )> .
Firstly, we define how trees move from one height class to another. We assumed that
trees can stay in the same height class or move to any of the following height classes at
one time step. Consequently, we can choose the width of the height class ∆z smaller.
Let us denote e j0 j the proportion of the trees from the height class j, j = 1, . . . , K, that
move to the height class j0 , j0 = j, . . . , K at one time step. We assumed in Article III that
e j0 j do not depend on time t k . The dynamics of the height classes are described by the
equation
j

ykij =

∑ e jl yk−1
il .
l=1

In the matrix form that is
yki = Hyk−1
,
i

(25)

where
0

...

0




 e21
H=
 ..
 .

e22
..
.

...
..
.

0
..
.



.



eK1

eK2

...

eKK



e11

(26)

The number of the trees (i, j) at time step t k is calculated from the number of the
trees at previous time step t k−1 through the following equations
j

j

k−1
k−1
k
ykij = ak−1
∑ e jl yk−1
i
il + bi−1 ∑ e jl yi−1l − hi j ,
l=1

yk11

=R

y0i j

≥ 0 is constant

l=1

k

j
where aki ∑l=1
e jl ykil is the number of the trees that stay in the same diameter class and
j
bki−1 ∑l=1
e jl yki−1l is the number of trees that move from the diameter class i − 1 to the

diameter class i at time step k. We denote as Rk the number of new trees in the diameter
class 1 and the height class 1 at time step k. In the matrix form, the diameter- and
height-structured population model is
yk = Ak−1 yk−1 + rk − ∆thk ,
0

y ≥ 0 is constant vector,

(27)
(28)
29

where rk = (Rk , 0, . . . , 0)> ∈ RNMK and Ak is now NK × NK-matrix


ak1 H
0
0
...
0
0

 k
b1 H ak2 H
0
...
0
0 



bk2 H ak3 H . . .
0
0 
Ak =  0
.
 .
..
..
.. 
..
..

 .
.
.
.
.
. 
 .
0
0
0
. . . bkN−1 H akN H
In Article III, the diameter- and height-structured population model (27)-(28) was
used to optimize the NPV of the ongoing rotation. The optimization problem in the
article was in the form
M
y,h∈K

M

N

K

∑ (dk , hk ) = ∑ ∑ ∑ dikj hkij ,

max J(y, h) =

k=1

(29)

k=1 i=1 j=1

k , . . . , dk , . . . , dk ,
where dikj is a discounted price of a tree (i j) at time t k and dk = (d11
1K
N1
k
>
. . . , dNK ) . The set of constraints is K = Yad × Had , where the feasible set Had for

control h is the same set (13) as earlier, except that now h ∈ RNKM and the feasible set
for state y is in the form
Yad = {y ∈ RNKM |y ≥ 0, y is a solution for the system of equations (27)-(28)}. (30)
2.3

Parameter estimation

In Articles II and III, coefficients of growth rate function (2) and mortality rate function
(3) were estimated by using the least squares (LS) method. In LS, parameters of a
function f are estimated such that f (xi , β1 , . . . , β p ) is as close as possible to yi for all i i.e.
yi = f (xi , β1 , . . . , β p ) + ε, where ε is error term. It is done by minimizing the function
F = ∑ (yi − f (xi , β1 , . . . , β p ))2 ,
i

with respect to parameters β1 , . . . , β p of the function f (Freund, Wilson, & Sa, 2006).
For the growth rate function (2) we calculated at first the growth rate Gkn for a tree n
at time t k
Gkn =

xnk+1 − xnk
,
t k+1 − t k

where xnk is the diameter of the tree n at time t k . Then we estimated the coefficients gk1
and gk2 at time t k from
Gkn = gk1 − gk2 xnk
30

by using LS. We estimated them separately for different times t k . After that we estimated
the coefficients g11 and g21 of function (2) from
gk1 = g11 − g21 P(t k )
by using LS, where P(t k ) is the basal area of the stand at time t k . Similarly the
coefficients g12 and g22 of the function (2) we estimated from
gk2 = g12 − g22 P(t k )
by using LS.
We estimated the coefficients m11 , m12 , m13 , m21 , m22 and m23 of the mortality rate
function (3) similarly as we estimated the coefficients of the growth rate function (2).
The mortality rate Mnk for the tree n at time t k is
Mnk =

k
Fn→†
,
Fnk

k
where Fn→†
denotes the number of trees similar to the tree n that died between times t k

and t k+1 and Fnk is the number of trees similar to the tree n at time t k . We estimated the
coefficients mk1 , mk2 , mk3 from
Mnk = mk1 −

mk
mk2
− k3 2
k
xn (xn )

at times t k by using LS. After that we estimated the coefficients m11 , m21 , m12 , m22 , m13
and m23 of the mortality function (3) from
mk1 = m11 − m21 P(t k ),
mk2 = m12 − m22 P(t k ),
mk3 = m13 − m23 P(t k ),
by using LS.
In Article I for the diameter structured model (18) and in Article III for the height
structured model (25), the discrete matrix model was used. For estimating the elements
of the transition matrix (17) or (26), the proportion estimator (Liang & Picard, 2013)
was applied. At first, we divided trees to the size classes. We estimated the elements e ji
of the transition matrix with
e ji =

Fi→ j
,
yi

j = i, i + 1, . . . , N or K,
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where Fi→ j is the number of trees that move from the size class i to the size class j
during a time step and yi is the number of trees in the size class i. In the transition
matrix (17) eii = ai , ei+1i = bi and e ji = 0, when j 6= i, i + 1. In the diameter structured
model we assumed that the elements of the transition matrix depend on the basal area
P(t) of the stand. Therefore, in that case we estimated the elements aki and bki of the
transition matrix (17) separately at every time step t k . Then we estimated the coefficients
a1i , a2i , b1i and b2i from
aki = a1i + a2i P(t k ),
bki = b1i + b2i P(t k ),
by using LS. In the height structured model, the transition matrix (26) does not depend
on time. In that case we added together the number of trees that move from the height
class i to the height class j and the number of trees in the height class i at different time
steps and then estimated the elements of the transition matrix (26) by using those sums
i.e.
e ji =

k
∑M
k=1 Fi→ j
k
∑M
k=1 yi

,

j = i, i + 1, . . . , N or K,

Height’s dependence on diameter is assumed to follow Näslund’s height curve
(Siipilehto & Kangas, 2015). For a pine it is in the form
z=

x2
+ 1.3,
(b0 + b1 x)2

where z is the height and x the diameter at the breast height (1.3 m). We estimated the
parameters b0 and b1 from the linearised form
x
w= √
= b0 + b1 x + ε
z − 1.3
by using LS. It can be assumed that the error term ε follows the normal distribution with
mean 0 and standard deviation σ . Let us place w to the Näslund’s height curve
g(w) := z =

x2
+ 1.3.
w2

By using Taylor series of the function g, the expected value of height z is
1
E[z] = E[g(w)] ≈ E[g(w) + g0 (w)(w − w) + g00 (w)(w − w)2 ]
2
1 00
1
0
= g(w) + g (w)(w − w) + g (w)E[(w − w)2 ] = g(w) + g00 (w)σ 2 ,
2
2
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where w = b0 + b1 x is the expected value of w. Therefore, the expected value of the
height z is approximated to be
µz =

3x2
x2
+
σ 2 + 1.3.
2
(b0 + b1 x)
(b0 + b1 x)4

Similarly, we approximate the variance of the height z by using Taylor series
Var[z] = Var[g(w)] ≈ Var[g(w) + g0 (w)(w − w)] = (g0 (w))2 σ 2 .
x
When w = √
, the standard deviation of the height z is approximated to be
z − 1.3
3

2(z − 1.3) 2
.
sz = σ
x
From that follows that the initial height distribution in diameter class i is assumed to
follow the normal distribution with mean µz and standard variation sz .
In Articles I and II, ingrowth at time t is assumed to be R(t) = 0. In the Article III,
the ingrowth is

0,
R(t k ) =
P

k−δ
pine cP (Sre f

if k = 1, . . . , δ ,
− Sk−δ ), if k = δ + 1, . . . , M

(Hynynen et al., 2002), where Ppine = 0.5581 is the relative proportion of pines, Sre f =
4009.5 is the average number of trees per hectare and S = ∑Ni=1 ∑Kj=1 ykij is the actual
number of trees per hectare. The number of time steps before new trees enter to the
system is denoted by δ . Density effect to the ingrowth at time t k is described by the
coefficient

ckP =




0.01 + 0.2475Pk ,




1.0,

if Pk < 3.9m2 ,
if 3.9m2 ≤ Pk < 8.0m2 ,



1.471 − 0.05882Pk , if 8.0m2 ≤ Pk < 25.0m2 ,




0,
if Pk ≥ 25.0m2 .

This ingrowth model is based on the average stand conditions in the 7th National Forest
Inventory of Finland (Hynynen et al., 2002).
In Articles I and II, the sawlog and pulpwood volumes vsi and vip , respectively, we got
from Rämö and Tahvonen (2014). They tabulated the sawlog and pulpwood volumes of
trees at different diameters. We used data of Scots pine with the height of the dominant
tree at the age of 100 years H100 = 20 m. In the table, the diameters are at intervals of
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5 cm from 7.5 cm to 62.5 cm. To get the volumes at the diameters in the middle of
diameter classes we interpolated the volumes with cubic splines and used not-a-knot end
condition. Cubic spline means that between the tabulated values fitting is done with the
polynomial of order three. Not-a-knot end condition means that the third derivative of
the spline is set continuous at the tabulated values (Behforooz, 1995).
In Article III, there are different height trees in same diameter class. Therefore, the
volumes of sawlog and pulpwood vary inside the diameter class and we could not use
the same estimates as in Articles I and II. We calculated an approximation of the volume
of sawlog and pulpwood from a tree (i, j) as follows. The volume of whole tree (i, j) is
1
v1 xv2 vxi zv4 (z j − 1.3)v5 ,
1000 i 3 j
where the form and the values of constants v1 , v2 , v3 , v4 and v5 are from Laasasenaho
Vi j =

(1982). The minimum diameter for sawlog is xmin,1 = 15 cm and the minimum diameter
for pulpwood is xmin,2 = 5.5 cm (Ojansuu, Mäkinen, & Heinonen, 2018). We denote the
height where the tree (i, j) attains the diameter xmin,q with li jq . The part of the tree from
base to the height li j1 is sawlog and the part of the tree from the height li j1 to the height
li j2 is pulpwood. To solve li jq , i = 1, . . . , N, j = 1, . . . , K and q = 1, 2, we changed them
to the relative distances from the top of the tree:
si jq = 1 −

li jq
.
zj

Then the si jq are solved from the equation
f (s j )
f (si jq )
=
,
xmin,q
xi
where s j is the relative distance of the breast height (1.3 m) from the top of a tree in
height class j. Function f is the taper curve
f (s) = b1 s + b2 s2 + b3 s3 + b4 s5 + b5 s8 + b6 s13 + b7 s21 + b8 s34 .
The form of the taper curve and the values of the coefficients b1 , b2 , b3 , b4 , b5 , b6 , b7 and
b8 are from Laasasenaho (1982). To approximate how big part of the volume of whole
tree (i, j) belongs to sawlog and how big part belongs to pulpwood, we calculated the
areas under the taper curve on the intervals (0, z j ), (0, li j1 ) and (li j1 , li j2 ). We denote
them Ai j0 , Ai j1 and Ai j2 , respectively. Then we approximated the sawlog and pulpwood
volumes from a tree (i, j) to be
Visj =
34

Ai j1
Vi j
Ai j0

and

Vipj =

Ai j2
Vi j ,
Ai j0

respectively. The discounted price of a tree (i, j) is then dikj =

c pVipj + csVisj
(1 + r)t

k

.
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3

Gradient method

In this chapter, an optimization algorithm for a size-structured forest management
problem is defined. In Article II, the algorithm was applied to solve the diameterstructured discrete optimization problem (11) and in Article III it was used to solve the
diameter- and height-structured problem (29). In the following we will describe the
algorithm by using the problem (11) as an example. The aim of the algorithm is to find
the point (y∗ , h∗ ) that maximizes the objective function (11) i.e.
J(y∗ , h∗ ) ≥ J(y, h)
for all (y, h) ∈ K (Berkovitz & Medhin, 2013). The algorithm is based on the gradient
method, where the gradient of the objective function is used to find the optimal
solution (Yang, 2008). We apply Lagrangian method for the state constraint (12) and
projection method for the control constraint (13). In the projection method, if an iterated
solution is outside a constraint set, it is projected back to there by using a projection
operator PH : RNM → Had (Drummond & Iusem, 2004). It is generally defined such that
kPH (h) − hk1 ≤ kw − hk1 for any w ∈ Had (Anita, Arnautu, & Capasso, 2011).
We will denote by Ak (y, h) = 0 a constraint equation of the optimization problem
(11) at time level k, k = 1, . . . , M. It is the explicit approximation i.e. equation (18) or
the implicit approximation i.e. equation (24). The Lagrange function of the problem
(11) is defined by
M

L (y, h, λ ) = J(y(h), h) − ∑ (λ k , Ak (y, h)),
k=1

where λ

= (λ 1 , . . . , λ M )>

∈ RNM

is a dual variable (Rockafellar, 1970). By the definition

of the feasible set Yad (set (12)), for all feasible pairs (y, h) the constraint equation
Ak (y, h) = 0 for all k. From that follows L (y, h, λ ) = J(y(h), h) for all pairs (y,
h) ∈ K = Yad × Had and for all λ ∈ RNM . To maximize J(y(h), h) in the set K, we can
maximize L (y, h, λ ). Since y depends on h, the gradient of the objective function J
with respect to h is
∂ L (y, h, λ ) ∂ y ∂ L (y, h, λ )
∂J
=
+
.
∂h
∂y
∂h
∂h
∂y
, since we do not know how the state
∂h
y depends on the control h. We can solve y from the equation Ak (y, h) = 0 for every

A problem in this calculation is the derivative
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k = 1, . . . M and then calculate the finite difference approximations separately for every
solutions. For large problems that is computationally expensive. To avoid that we will
use the adjoint method.
It is proved that a pair (y, h) is a solution for the optimization problem (11), if
(y, h, λ ) is a saddle point for the Lagrange equation L (Rockafellar 1970, Ciarlet 1989).
A point (y, h, λ ) is a saddle point for the function L if
sup L (y, h, λ ) = L (y, h, λ ) = inf L (y, h, λ ).
(y,h)

λ

Consequently, a saddle point (y, h, λ ) is a solution of the following system of equations:
∂ L (y, h, λ ) ∂ J(y, h) ∂ (λ , A(y, h))
=
−
= 0,
∂y
∂y
∂y
∂ L (y, h, λ ) ∂ J(y, h) ∂ (λ , A(y, h))
=
−
= 0,
∂h
∂h
∂h
∂ L (y, h, λ )
= −A(y, h) = 0,
∂λ

(31)
(32)
(33)

where A(y, h) = (A1 (y, h), . . . , AM (y, h))> (Rockafellar, 1970). Equation (33) is the
constraint equation of the optimization problem. Equation (31) is the adjoint state
equation and from it λ can be solved. The gradient of the problem can be calculated
from equation (32). We will describe the algorithm more carefully in the next section.
3.1

Algorithm

Gradient method is an iterative process. It means that at first a starting guess of a
solution of the optimization problem is made. By using the starting guess and equations
(31)-(33) the algorithm calculates a new candidate for the solution. This is called an
iteration. If the candidate does not fulfil the stopping criterion, a new candidate is
calculated and the solution candidate of the previous iteration is used as a starting guess.
The algorithm continues to calculate new iterations until a stopping criterion is fulfilled.
Then a solution of the problem is possibly found. In the following sections we will go
through the steps of the algorithm more carefully.
3.1.1

Starting guess

At first we make a guess how a harvesting could be done i.e. how many trees hki are
removed from the size class i, i = 1, . . . , N, at time step k, k = 1, . . . , M. This is a starting
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guess for the algorithm. The requirements for a starting guess h are that it has to belong
to the feasible set Had (set (13)) and that hki ≤ yki for i = 1, . . . , N, k = 1, . . . , M. The
latter is for that the number of removed trees cannot be bigger than the number of trees
in the stand. We know in advance only the diameter distribution of trees yk at time step
k = 0, since the diameter distribution later depends on the number of removed trees.
Therefore, we give a starting guess for the algorithm as a proportion of removed trees
(hki ) p ∈ [0, 1], from the size class i, i = 1, . . . , N, at time step k, k = 1, . . . , M. Then the
algorithm calculates the number of trees yki and the number of removed trees hki at time
t k . The calculation is different for the explicit and the implicit approximation.
For the explicit approximation, the number of removed trees h and the number of
trees y for a starting guess are calculated by using Algorithm 1. At first, the algorithm
calculates the basal area Pk−1 of the trees at time step k − 1. After that it computes the
elements of the transition matrix (17). Then the number of removed trees hk can be
calculated from the proportion h p . Next the algorithm checks that khk k1 ≥ B (see set
Had ). If not it sets that hk = 0. Then the algorithm calculates the diameter distribution
of trees yk at time step k from equation (18). This is repeated for every k. Finally, the
algorithm calculates the value of the objective function J at the starting guess (y, h).
For the implicit approximation, the number of removed trees h and the number of
trees y for the starting guess are calculated by using Algorithm 2. The structure of the
algorithm is similar as in Algorithm 1, but in this case the transition matrix is matrix
(23) and the number of trees yk is solved from equation (24).
3.1.2

Search direction

Next the algorithm calculates the direction of the gradient of the problem. That is the
direction where the optimal solution of the maximization problem is looked for. The
gradient is calculated by using equations (31)-(32). For the calculation we need the
partial derivatives of the operator A(y, h) and the objective function J(y, h) with respect
to h and y. They are calculated in the Appendix of Article II. Next we will present the
results.
The partial derivative of operator A(y, h) is in both explicit and implicit approxi∂ (λ , A(y, h))
mation
= ∆tλ . For the explicit approximation, the partial derivative of
∂h
∂ (λ , A(y, h))
constraint function (18) with respect to y is in the form
:= (w1 , . . . , wM ),
∂y
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Algorithm 1 Starting guess for explicit approximation
1:

for k = 1 to M do
N

Pk−1 ← ∑ yk−1
i

2:

 x 2
i

6:

π
2
for i = 1 to N − 1 do
∆t
bk−1
←
(g11 + g12 xi + (g21 + g22 xi )Pk−1 )
i
∆x



m12 m13
m22 m23
k−1
k−1
+ 2 + m21 +
+ 2 P
si ← ∆t m11 +
xi
xi
xi
xi
k−1
k−1
ak−1
←
1
−
s
−
b
i
i
i

7:

end for

8:

sk−1
N

i=1

3:
4:
5:





m22 m23
m12 m13
k−1
+ 2 + m21 +
+ 2 P
← ∆t m11 +
xN
xN
xN
xN
k−1
k−1
aN ← 1 − sN

9:
10:

k−1
hk1 ← (hk1 ) p (ak−1
+ Rki )
1 yi

11:

for i = 2 to N do
k−1
hki ← (hki ) p (ak−1
yk−1
+ bk−1
i
i
i−1 yi−1 )

12:
13:

end for

14:

if khk k1 < B then
hk ← 0

15:
16:

end if

17:

yk ← Ak−1 yk−1 + rk − hk

18:

end for

19:

Jnew ← J(y, h)

where


wk = λ k − (Ak )> + (Hk1 )> λ k+1 ,

k = 1, . . . , M − 1,

wM = λ M .
Matrix
ak11 yk1

...

ak1N yk1



ak21 yk2 + bk11 yk1
..
.

...
..
.

ak2N yk2 + bk1N yk1
..
.







akN1 ykN + bkN−1,1 ykN−1

...

akNN ykN + bkN−1,N ykN−1


Hk1
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=



Algorithm 2 Starting guess for implicit approximation
1:

for k = 1 to M do
N

Pk−1 ← ∑ yk−1
i

2:

 x 2
i

6:

π
2
for i = 1 to N − 1 do
∆t
bk−1
← − (g11 + g12 xi + (g21 + g22 xi )Pk−1 )
i
∆x




m12 m13
m22 m23
k−1
k−1
+ 2 + m21 +
+ 2 P
si ← ∆t m11 +
xi
xi
xi
xi
k−1
k−1
ak−1
←
1
+
s
+
b
i
i
i

7:

end for

8:

sk−1
N

i=1

3:
4:
5:





m22 m23
m12 m13
k−1
+ 2 + m21 +
+ 2 P
← ∆t m11 +
xN
xN
xN
xN
k−1
k−1
aN ← 1 + sN

9:

for i = 1 to N do

10:

hki ← (hki ) p yk−1
i

11:
12:

end for

13:

if ||hk ||1 < B then
hk ← 0

14:
15:

end if

16:

yk ← (Bk )−1 (yk−1 + rk−1 − ∆thk )

17:

end for

18:

Jnew ← J(y, h)

for k = 1, . . . , M − 1, where

  
 x 2
xj 2
∂ aki
∆t
m22 m23
j
− ∆t m21 +
+ 2 π
,
= k = − (g21 + g22 xi )π
∆x
2
xi
2
xi
∂yj
 x 2
∂ bk
∆t
j
bkij = ki =
(g21 + g22 xi )π
∆x
2
∂yj
akij

(34)
(35)

for i = 1, . . . , N − 1, j = 1, . . . , N and
aN j =


  
xj 2
∂ akN
m22 m23
=
−∆t
m
+
+
π
21
2
k
xN
2
xN
∂yj

(36)

for j = 1, . . . , N.
When the explicit approximation is used, the pseudo-code for finding an optimal
solution is presented in Algorithm 3. In the pseudo-code, adjoint state λ is first solved
∂ L (y, h, λ )
from equation (31). When λ is solved, the gradient
of the problem
∂h
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Algorithm 3 Gradient method
1: repeat
2:
3:
4:
5:
6:
7:
8:
9:

J ← Jnew
∂ J(y, h)
λM ←
∂ yM
for k = 1 to M

 − 1 do
∂ J(y, h)
M−k
)> (λ M−k+1 ) +
λ
← (AM−k )> + (HM−k
1
∂ yM−k
end for
∂L
∂ J(y, h)
←
− ∆tλ
∂h
∂h
Compute a step length ρ with Armijo method (c.f. next section).
until |Jnew − J| < ε

is calculated from equation (32). Next, the step length ρ is estimated. It has been
considered more carefully in the next section. While estimating the step length, the
new values for the control h , the state y and the objective function value Jnew = J(y, h)
are calculated. At the end of the pseudo-code,it is checked if the stopping criterion
(c.f. Section 3.1.4) is fulfilled. If not, the algorithm goes back to the start and the next
iteration is started.
For the implicit approximation, the partial derivative of the constraint function (24)
∂ (λ , A(y, h))
:= (q1 , . . . , qM ), where
with respect to y is in the form
∂y


qk = (Bk−1 )> λ k + (Gk+1 )> − 1N λ k+1 , k = 1, . . . , M − 1
qM = (BM−1 )> λ M ,
where 1N denotes the N × N identity matrix and


ak11 yk+1
1

 k k+1
 a21 y2 − bk11 yk+1
1
Gk+1 = 
..


.
k+1
k
akN1 yk+1
N − bN−1,1 yN−1

...

ak1N yk+1
1



...
..
.

k k+1
ak2N yk+1
2 − b1N y1
..
.



,



...

k+1
k
akNN yk+1
N − bN−1,N yN−1

where ai j and bi j are defined similarly as in the explicit approximation (equations
(34)-(36)).
When the implicit approximation is used, the pseudo-code for finding an optimal
solution is otherwise similar to Algorithm 3, but the calculation of λ is different.
Therefore, the lines 3-6 from the Algorithm 3 are replaced with Algorithm 4.
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Algorithm 4 Calculation of the search direction for the implicit approximation

−1 ∂ J(y, h)
M
M−1 >
1: λ ← (B
)
∂ yM
2: for k = 1 to M − 1 do


−1 

∂ J(y, h)
M−k
M−k−1 >
M−k+1 >
M−k+1
3:
λ
← (B
)
1N − (G
) λ
+
∂ yM−k
4: end for

For the objective function (11), the partial derivative
partial derivative of the objective function

3.1.3

∂ J(y, h)
= 0 for all k and the
∂ yk

∂ J(y, h)
= d.
∂h

Step length

After the gradient is calculated, the next step is to determine how far to go in the
direction of the gradient i.e. the step length ρ. For that we used Armijo method (Anita
et al., 2011). In the method, a step length is shortened until a point is found, where the
objective function J has bigger value than at the starting point. The method has the
following steps.


∂L
1. Calculate new control h := PH h + ρ
.
∂h
2. Solve the state y from the constraint equation A(y, h) = 0.
3. Calculate the new objective function value Jnew = J(y, h).
4. If Jnew > J, then h and y are new control and state, respectively. Else set ρ = bρ and
go back to step 1.

Beforehand we choose a step length ρ at the beginning of the algorithm and the
coefficient b from the interval (0.5, 0.8). The step length ρ at the beginning indicates
how far the solution is looked for and b indicates the speed of the decreasing of the
step length. The bigger b is, the slower ρ decreases. The Armijo algorithm stops when
the step length is found which increases the value of the objective function or the step
length becomes so small that the growth of the objective function is not numerically
obtainable (c.f. next section).
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The function PH in step 1 is a projection operator. In this problem the projection
1 , . . . , P1 , . . . , PM , . . . , PM )> , where
operator is in the form PH = (PH1
HN
HN
H1




yk , if hki > yki and ||hk ||1 ≥ B,

 i
k
PHi
(h) = hki , if 0 ≤ hki ≤ yki and ||hk ||1 ≥ B,



0, else,
k (h) depends on the state yk , the size distribution
for i = 1, . . . , N, k = 1, . . . , M. Since PHi

of the trees yk has to be calculated at the same time as the size distribution of the
removed trees hk , k = 1, . . . , M.
Pseudo-code of Armijo method for the explicit approximation is presented in
∂ L (y, h, λ )
Algorithm 5. At first the new control h = h + ρ
is calculated. Then, if
∂h
hki < 0, it is set that hki = 0. For every time step k = 1, . . . , M the size distribution of the
trees before harvesting is calculated
ykb = Ak−1 yk−1 + rk .
If the number of removed trees is bigger than the number of trees before harvesting,
hki > ykbi , then it is set that hki = ykbi . At last it is checked that khk k1 ≥ B. If not, the
thinning is not profitable at the time step k and it is set that hk = 0. Then the number of
trees at time step k is calculated from yk = ykb − hk . After that the new value for the
objective function is calculated and the step length is shortened. This is repeated until
the new object function value Jnew is bigger than the object function value at the starting
point.
Pseudo-code for the implicit approximation differs from Algorithm 5 that in line 9
Ak−1 is calculated similarly as in Algorithm 2 in lines 3-9. Further, the calculation of the
number of trees before harvesting on the line 10 differs from the explicit approximation.
For the implicit approximation it is calculated
ykbi =

1
ak−1
i

k
k
(yk−1
− bk−1
i
i−1 yi−1 + ri ) i = 1, . . . , N,

where bk0 = 0 and rik = 0, when i 6= 1. In line 19, the number of trees at time step k for
the implicit approximation is
yki =
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1
ak−1
i

k
k
k
(yk−1
− bk−1
i
i−1 yi−1 + ri − hi ) i = 1, . . . , N.

Algorithm 5 Armijo method
1:
2:
3:
4:

repeat

∂L
∂h
for k = 1 to M do
h ← h+ρ

for i = 1 to N do

5:

if hki < 0 then

6:

hki ← 0
end if

7:
8:

end for

9:

Calculate Ak−1 similarly as in Algorithm 1 lines 3-9.

10:

ykb ← Ak−1 yk−1 + rk

11:

for i = 1 to N do

12:

if hki > ykbi then

13:

hki ← ykbi
end if

14:
15:

end for

16:

if 0 < ∑Ni=1 hki < B then
hk ← 0

17:
18:

end if

19:

yk ← ykb − hk

20:

end for

21:

Jnew ← J(y, h)

22:

ρ ← bρ

23:

if ρ < ε1 then

24:

break

25:

end if

26:

until Jnew > J
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3.1.4

Stopping criteria

A stopping criterion tells the algorithm when the found solution is good enough. There
are several possibilities for a stopping criterion of the algorithm (Anita et al., 2011).
In the last line of Algorithm 3, we used as a stopping criterion the absolute difference
of the objective function
|Jnew − J| < ε,

(37)

where ε is decided beforehand. Note, that the objective function value Jnew was already
calculated in the third step of the Armijo method (line 21 of Algorithm 5). This criterion
estimates how much the value of the objective function J changes at the iteration.
As a stopping criterion we also used ρ < ε1 (lines 23-25 in Algorithm 5). It estimates
how much the control h changes in the iteration. When ρ becomes small enough, the
growth of the objective function J is not numerically obtainable.
∂L
Other possible stopping criteria are
< ε or kh − h prev k1 < ε, where h prev is
∂h 1
∂L
the control at the previous iteration. Since kh − h prev k1 = ρ
, these criteria are
∂h 1
equivalent (Anita et al., 2011). They review how much the control h changes in the
iteration.
When one of the stopping criteria is met, the optimal solution is found and the
algorithm stops. The optimal value is Jnew = J(y, h). If the stopping criterion is not met,
it is set that J = Jnew and the new iteration of the algorithm starts by calculating the new
search direction (Section 3.1.2).
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4

Comparison of stand-level optimization
according to size-structured population
model and empirical-statistical growth
model

The stand-level optimum generated by the size-structured population model combined
with the gradient method algorithm was here compared to the corresponding one
produced by the MOTTI stand simulator incorporated with PIKAIA optimization
algorithm (see, e.g. Ahtikoski, Salminen, Hökkä, Kojola, and Penttilä 2012; Juutinen,
Ahtikoski, Lehtonen, Mäkipää, and Ollikainen 2018; Ahtikoski and Hökkä 2019). The
rationale was to depict possible similarities and differences underlying the optimal
solutions generated by the two approaches when applied in an identical stand. The stand
was located in Muhos, Northern Ostrobohnia in Finland (26◦ 6’ E, 64◦ 46’ N, asl. 57 m).
Temperature sum was 1035 d.d. and the soil type was nutrient-poor mineral soil (VT
type in the Finnish classification system, see Tonteri, Hotanen, and Kuusipalo 1990).
The stand characteristics are presented in Table 1.
Table 1. Description trees 1-20 with diameter and height, the initial stand. All trees are pine
(Pinus sylvestris L.), and each description tree represents 50 identical trees, totalling of 1000
trees per hectare. The age of each tree is 25 years.
Description
tree

diameter, cm

height, m

Description
tree

diameter, m

height, m

1

14.92

8.84

11

10.17

7.47

2

6.69

5.93

12

10.54

7.61

3

13.88

8.59

13

13.91

8.60

4

3.72

3.98

14

13.07

8.38

5

13.04

8.37

15

5.66

5.33

6

9.87

7.36

16

12.81

8.31

7

7.73

6.45

17

7.35

6.27

8

15.98

9.07

18

8.73

6.91

9

9.14

7.08

19

16.59

9.19

10

5.85

5.45

20

10.03

7.42

47

The MOTTI stand simulator is based on an empirical-statistical modelling approach
(see, Salminen, Lehtonen, and Hynynen 2005; Hynynen et al. 2014). Technically, the
MOTTI consists of two sets of models: stand-level and individual-tree level models.
Natural regeneration and early growth models are based on stand-level modelling while
for mature trees (dominant height > 7 m) predictions are based on individual-tree
models. In MOTTI stand simulator, there are six main individual-tree models describing
height and diameter growth, crown ratio, adaption of thinnings, natural mortality,
and competition between trees (for statistical and technical details on the models,
see Hynynen et al. 2014; Juutinen et al. 2018). In individual-tree models the trees
representing a stand are expressed as tree lists where each list member, a sample tree
corresponds to a certain number of trees per hectare (for a technical description of a
sample tree, see Wikström 2001, Ahtikoski, Siipilehto, et al. 2018). The basic sample
tree variables are tree species, breast height diameter, height and the number of trees per
hectare. In this study stand projections were simulated using 20 sample trees, and the
thinnings were executed according to a thinning profile set to three thinning points. The
thinning points determine the relative diameter distribution for a remaining stock. Then,
trees for thinning are selected from dominant, co-dominant and suppressed cohorts
described by the 20 sample trees (see Valsta 1992 for thinning points).
To compute the optimal solution, the MOTTI stand growth simulator provides the
objective function values for the optimization algorithm PIKAIA (Charbonneau and
Knapp 1995; Metcalfe and Charbonneau 2003) in return for decision variables (see,
Valsta 1992; Niinimäki et al. 2012; Arias-Rodil et al. 2015 ). The objective function
values are a result of growth and yield predictions generated by the MOTTI stand
simulator. Technically, the task is to solve a mixed-integer nonlinear programming
problem (e.g. Sinha, Rämö, Palo, Kallio, and Tahvonen 2017), the objective of the
optimization being MaxNPV (maximum net present value for ongoing rotation). The
PIKAIA optimization is a subroutine, which is based on genetic algorithm (Charbonneau
and Knapp 1995; Metcalfe and Charbonneau 2003). Genetic algorithms (first introduced
and developed by Holland 1975) use computer programs to simulate the evolutionary
process, based on the mechanics of natural selection and natural genetics (Darwin’s
evolution principle), and combining an artificial survival of the fittest with genetic
operators abstracted from nature (e.g., Holland 1975; Goldberg 1989; M. Li et al. 2010).
In brief, the PIKAIA internally seeks to maximize a user-defined function f (x) in a
bounded n-dimensional space by spanning the range [0.0, 1.0] in all dimensions. This
restriction [0.0, 1.0] allows greater flexibility and portability across the problem domain,
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but the user must adequately normalize the input parameters of the function. There
could be a various number of decision variables to be applied with PIKAIA algorithm,
see, e.g., Ahtikoski, Siipilehto, et al. 2018; Juutinen et al. 2018; Ahtikoski and Hökkä
2019. A technical procedure of PIKAIA applied in forest management is described in
detail by Juutinen et al. (2018) and Ahtikoski and Hökkä (2019).
4.1

Results

In Table 2 we present the optimization results generated by diameter- and heightstructured population model with gradient method and MOTTI stand simulator with
PIKAIA optimization algorithm. The results generated by diameter- and heightstructured population model are from Article III, where the sawlog price for short trees
is the same as for other trees. There are no big differences between the results. The
objective function value is slightly higher (125-236 eha−1 ) when the size-structured
population model is used. However, MOTTI produces a slightly higher mean annual
increase (MAI). By using the size-structured population model, the optimal rotation
period is longer (4-8 years) than when MOTTI stand simulator is used. The differences
tend to be larger when 4% interest rate is applied.
Table 2. The optimization results when the diameter- and height-structured population
model with gradient method and MOTTI stand simulator with PIKAIA optimization algorithm
are used.

objective
Model

function value
(eha−1 )

number of
thinnings

MAI
(m3 ha−1 yrs−1 )

optimal
rotation
period (a)

Interest rate r = 3%
population model

3059

2

2.93

95

MOTTI

2934

3

3.18

91

population model

2169

2

2.80

90

MOTTI

1933

2

3.18

82

Interest rate r = 4%

In Figure 1, the diameter distributions of the remaining and removed trees in the
optimal thinnings are presented. With 3% interest rate, there are three intermediate
thinnings for MOTTI, whereas the population model achieves the optimal solution with
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Fig. 1. Diameter distributions of the trees in the optimal thinnings. Numbers (e.g. 5-8, 8-11)
represent diameter in centimetres.

two intermediate thinnings. With regard to thinning profiles associated with intermediate
thinnings the two approaches (population model and MOTTI stand simulator) differed
considerably. For instance, at the first thinning practically all trees > 20 cm are removed,
when the population model is applied, whereas with MOTTI stand simulator app. half
of the trees > 20 cm are removed at the first thinning, interest rate being 3%. One
explanation for the difference might be the timing of the first thinning which differs
between the two approaches. Then, at the second thinning there are considerably more
small trees for the population model compared to MOTTI stand simulator, but in both
models trees > 20 cm are mostly removed. Again, there is a different timing for the
second thinning in the population and MOTTI model. In MOTTI, there is yet a third
thinning in which size classes between 14 and 26 cm are thinned slightly, but all trees >
26 cm are practically removed.
With 4% interest rate there are two intermediate thinnings for both approaches. The
thinning profiles of intermediate thinnings differed with 4% interest rate as well. In the
first thinning most of the trees > 17 cm are removed in the population model, while with
MOTTI stand simulator most of the trees > 20 cm are removed. Again, an explanation
can be the timing of the first thinning which deviates between the two approaches. At
the second thinning there are significantly more small trees for the population model
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compared to the MOTTI stand simulator. In both approaches trees > 20 cm are mostly
removed in the second thinning. The timing of the second thinning in population model
is 3 years later than in the MOTTI stand simulator.
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5

Discussion

In this dissertation, forest stand growth was simulated with a continuous size-structured
growth model in order to optimize the forest stand management. We took into account
the changing growing conditions by using density dependent growth model, where the
growth rate and mortality rate depend on basal area of the stand (Liang & Picard, 2013).
For optimization, a continuous model was discretized. This way the available data do
not restrict the choice of the width of the size class and the length of the time step as
much as if data were fitted directly to a matrix model (Ramula & Lehtilä, 2005). The
model was fitted to a pine forest stand in northern Finland, but the same model can be
fitted to different tree species and different locations.
A gradient method was used to solve the optimization problem. The results did
not differ much from optimization results generated with empirical-statistical stand
simulator MOTTI and direct search algorithm PIKAIA. Our optimization algorithm
requires less time and data than empirical growth models (Arias-Rodil et al., 2017).
However, the algorithm usually failed to discover the optimal time of clearcut. It
depended on the starting guess. In that respect, the algorithm and the optimization
problem need modification.
The main aim of this dissertation was to use a size-structured population model
to study tree breeding benefits. For doing that, a method was introduced to take into
account the variation inside the size class. For instance tree height, branch thickness
and branch angle distributions are different in improved and non-improved material
(Haapanen et al., 2016). Those properties affect the monetary value of trees. Including
them to the model helped to calculate monetary value of breeding benefits. Height
variation was added to the diameter structured population model. Other properties
than height can be added by using same method if there is data available for that
property. There can be even more than two different properties included in the modelling.
However, it is important to note, that the increasing number of properties increases the
number of parameters rapidly and makes the problem more complicated.
5.1

Recommendations for further research

In this dissertation, it was assumed that all trees grow similarly in a deterministic way.
However, in reality there is variation e.g. in size growth. Xie et al. 2016 suggested a
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method which accounts for the variation in size growth in continuous size-structured
population model. It would be interesting to include it in the model used in this
dissertation and study how it affects optimal management. Other possible study areas
of the structured population models include taking into account the risks of natural
disturbances as well as changes in timber prices or interest rates (Liang & Picard, 2013)
and how they affect optimal management. It can be done e.g. by assuming growth and
mortality rate following some statistical distribution or adding stochastic shock to a
population model (Liang and Picard 2013, Zhou and Buongiorno 2004).
In this study, the forest management optimization was considered only from a
financial point of view. In the future, other factors affecting forest management can also
be taken into account, e.g. sustainability or carbon sequestration.
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