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Abstract

Superconducting circuits are electric devices in which information can be stored
and processed on quantum level. The spectrum of these devices is often anhar-
monic, which means that their two lowest states can be used as a qubit. Moreover,
their parameters are highly versatile and their energies are in-situ tunable, they
are resistant to thermal noise, and they can be controlled and measured with high
accuracy. These properties make superconducting circuits promising candidates
for the basic units of a quantum computer. Currently available technology does
not yet allow the construction of these machines, partly due to the errors in the
qubits caused by external noise. In the meantime, these circuits could be used for
simpler tasks such as quantum simulations, where the behavior of a complicated
quantum system is studied experimentally using a simpler system.

In this thesis we study many-body phenomena in arrays of specific super-
conducting circuits called transmons, which we model as anharmonic oscillators
in contrast to the conventional two-level approximation. In the first part of this
thesis, the transmons are embedded inside a waveguide. The electromagnetic field
allows the transmons to interact with each other over long distances, which results
in collective effects such as correlated decay and coherent exchange interaction.
Correlated decay can be observed as superradiant and subradiant states, whose
properties are well known in two-level systems. The bosonic nature of transmons
distinguishes them from real two-level systems by enhancing the superradiance
in this setup. We model the system with a specific master equation, from which
we recover a non-Hermitian effective Hamiltonian whose eigenvalues describe the
radiative properties of the system. Our model is in good agreement with experi-
mental data, showing the inadequacy of the two-level approximation.

In the latter part of this thesis we study how the interplay between many-body
interactions and local disorder affects the behavior of transmon arrays. With weak
disorder the system obeys the laws of statistical physics, resulting in thermaliza-
tion of the system. With sufficiently strong disorder the system is instead in the
many-body localized phase, characterized by the absence of transport of particles
and logarithmic spreading of entanglement. The transition point is probed numer-
ically and the phase diagram for the Bose–Hubbard Hamiltonian is constructed.

Keywords: Transmon, quantum simulation, Bose–Hubbard model, many-body
localization, thermalization, waveguide, collective decay, super- and subradiance,
non-Hermitian quantum mechanics
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Chapter 1

Introduction

Quantum superposition is a fundamental principle of quantum mechanics which
says that a quantum mechanical system can occupy multiple states simultaneously.
Measurement on the system can collapse its state, resulting in the destruction of
the superposition. The measurements need not be carried out by an intelligent
observer, but interaction with external large system suffices. The internal pro-
cesses cause decoherence, which results in the emergence of the classical world, at
least according to the widely accepted interpretation. Nevertheless, some hints of
the quantum world remain in the classical world for a sophisticated observer to
detect. Harnessing the bizarre quantum effects in our macroscopic world is the
goal of quantum computation [1].

A quantum computer is a device that takes advantage of the quantum super-
position and other quantum mechanical phenomena in order to perform certain
computational tasks much faster than a regular classical computer could [2]. These
include the Shor’s algorithm for integer factorization [3], and unstructured search
of databases using Grover’s search algorithm [4]. Such a device could also allow
the modeling of complicated quantum systems such as large molecules, and could
help developing new medicines and materials, and it can even find applications
in military purposes [5]. Due to its many promising applications, the field of
quantum computing and information has recently attracted also the attention of
government officials and many large corporations such as Microsoft, Google and
IBM.

Classical computers perform their computations using bits, which can posses
one of the two values, 0 or 1. On the other hand, the basic computational unit
of a quantum computer is a qubit, short for a quantum bit. These are two-level
systems, but quantum mechanics allows them to be in a coherent superposition
of the two basis states |0〉 and |1〉, meaning that it can have two values simulta-
neously. This can be applied as quantum parallelism: superposition allows the
quantum computer to perform certain calculations simultaneously, which a clas-
sical computer would have to perform in sequence. This superiority of quantum
computation has already been demonstrated in experiments [6, 7, 8].
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In principle any quantum mechanical two-level system, such as the spin of an
electron, could be used as a qubit. However, in practical applications initialization
and readout of the computation require an efficient and accurate control of the
system. One promising candidate is a superconducting qubit, for which this can be
achieved [9, 10, 11]. These devices are artificially manufactured and macroscopic
in size, and their quantum nature arises from the superconducting circuit elements,
which require them to be cooled down to millikelvin regime. There exists many
different types of superconducting qubits, but in this thesis we focus on a specific
one, namely the transmon [12], which can be modeled as an anharmonic oscillator,
where the two lowest states can be used as the computational basis.

One of the most important problems concerning the current superconducting
qubits is their decoherence. During quantum computation, the qubits are required
to be in a coherent superposition. However, noise arising from the environment
causes a loss of coherence, which destroys the quantum nature of the device. Fur-
ther, the device can also dissipate, meaning that they lose excitations. The errors
caused by dissipation and decoherence can be corrected in different ways. This
quantum error correction is a rich branch on its own [13], but the solutions it pro-
vides typically require extra qubits to be implemented in the device, increasing its
complexity even further. These problems currently inhibit major breakthroughs
in superconducting quantum computing.

One possible application for these devices before the actual quantum compu-
tation is achieved could be quantum simulations, in which the behavior of certain
quantum mechanical systems is modeled on a different, simpler system [14, 15].
Theoretical and numerical modeling of quantum systems is inherently limited by
the size of the Hilbert space of the system. As the number of degrees of free-
dom in the system increases, the Hilbert space grows exponentially, rendering the
exact simulation of large quantum systems inaccessible on classical computers.
Quantum simulations could be used for avoiding this lack of classical resources
by emulating the system on a quantum hardware and experimentally studying
its properties. Especially, arrays of transmons can naturally emulate the Bose–
Hubbard model with attractive interactions [16, 17, 18]. Recently, Google an-
nounced their Sycamore quantum processor containing 54 transmon qubits, from
which 53 were operational [6]. Such system sizes are far beyond what can be
achieved numerically on a classical computer, so we are now entering the exciting
era during which the experimentally achievable circuits become inaccessible for
exact theoretical studies.

In this thesis we explore possible phenomena that could be simulated in trans-
mon arrays. In many of the preceding works the transmons are approximated as
two-level systems, but here we employ the full bosonic Hilbert space of the device
and model them more accurately as anharmonic oscillators. The anharmonicity
can further be seen as an on-site many-body interaction. We observe that there
are cases where the two-level approximation altogether fails. These are related to
certain values of system parameters, but in general it also seems that the more
transmons the system contains, the worse the two-level approximation becomes.
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This could cause additional complications in quantum computation where the
two-level behavior is required.

Due to imperfect fabrications, it is difficult to manufacture exactly identical
transmons, which leads to a natural disorder in the system parameters. This dis-
order further hinders the applicability of these devices for quantum computation,
but it also suggests that transmons can be used for simulating problems with
disorder. Moreover, the flux-tuning of transmons can be used for controlling the
strength of the disorder. Conventional quantum systems can be described in
terms of quantum statistical mechanics. Such systems can act as thermal baths
for themselves, which leads to thermalization and ergodic behavior [19]. In non-
interacting systems with less than three spatial dimensions, an arbitrarily weak
disorder breaks the ergodicity and leads to Anderson localization, where the sys-
tem dynamics are restricted within certain, system-size-independent, localization
length [20]. Interacting systems with sufficiently strong disorder, on the other
hand, can undergo a phase transition from the ergodic to the many-body localized
phase [19, 21, 22, 23]. In contrast to ergodic systems which lose the memory of
their initial state, many-body localized systems retain that information to arbi-
trarily long times, which could allow them to be used as quantum memories [19].
The intrinsic disorder and the non-ergodic behavior in transmon systems can have
impact also on the applications in quantum computing [24]. The phase transition
in disordered transmon array and possible experimental observables for confirming
the many-body localization were studied in Paper I.

Interaction between light and matter is one of the most fundamental processes
in our world, governing phenomena from scattering of light from the particles of
the atmosphere to photosynthesis and visual systems of animals. On the funda-
mental level all of these phenomena are quantum mechanical. This interaction has
been studied in quantum optics with real atoms interacting with a single optical
electromagnetic mode in a cavity. The progress in manufacturing superconducting
circuits has allowed the scientists to apply the knowledge of quantum optics to
also superconducting circuits interacting with microwave modes, and many phe-
nomena observed in atomic physics, such as Autler–Townes splitting and Mollow
triplet, can be replicated also with superconducting circuits [25, 26]. The advan-
tage of superconducting circuits over natural atoms is the better controllability
of their parameters [27]: construction of superconducting circuits allows larger
range of parameters to be selected, as opposed to properties of atoms which are
fixed by nature. Downside is the aforementioned fabrication disorder, in addition
to dephasing and decoherence.

During the recent years, the research has shifted from one electromagnetic
mode inside a cavity to a continuum of modes propagating inside a waveguide.
Because the waveguide restricts the propagation into one dimension, the radi-
ation can in principle transmit information over long distances without loss of
intensity [28]. Moreover, multiple emitters interacting with the waveguide field
results in a number of interesting collective effects such as correlated decay, ob-
served as super- and subradiant states [29]. Superconducting circuits interacting
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with a waveguide field thus provide a natural platform for studying these effects,
and perhaps could be used in the future for processing quantum information, or
simulating light-harvesting systems [30]. In Paper III we study these phenomena
in bosonic systems and compare the results to better known two-level systems.
In Paper II we use the theory developed in Paper III and model an experimental
setup consisting of four transmons.

The research conducted for this thesis combines methods and concepts from
many fields of physics, ranging from elementary quantum mechanics in closed
and open systems to statistical and condensed matter physics, and from ther-
modynamics to electromagnetism, superconductivity and field theory. Several
mathematical and numerical methods were also applied. These include linear al-
gebra with different matrix decompositions such as eigenvalue and singular value
decompositions, and solving coupled differential equations.

This thesis is organized in the following way. In Chapter 2 we review some of
the fundamental results in quantum mechanics which are essential for the topics
of this thesis. In Chapter 3 we introduce the main component of this thesis, the
transmon. We derive the corresponding Cooper-pair box Hamiltonian using the
quantum network theory and show that in the transmon limit it can be approxi-
mated as a weakly anharmonic oscillator. We then show that an array formed by
transmons coupled capacitively to their nearest neighbors is described by the at-
tractive Bose–Hubbard Hamiltonian. In Chapter 4 we consider an array of trans-
mons embedded inside a waveguide. We begin by first reviewing the main results
from classical electromagnetism and quantize the electromagnetic field, which we
then solve inside a rectangular waveguide. We also derive a master equation gov-
erning the dynamics of quantum emitters under the influence of this radiation
field. We then review the results of Paper III and discuss how the behavior dif-
fers between two-level systems, harmonic oscillators and transmons. Finally, we
describe the numerical simulations and results from Paper II. In Chapter 5 we
consider how disorder in parameters affects the behavior of the system. We first
introduce thermalization and localization and review their features. The main
results of Paper I are then discussed. In Chapter 6 we summarize the work and
discuss the possible applications and future directions. In Appendix A we show the
derivations of the master equations encountered in this thesis, and in Appendix B
we discuss the applied numerical methods.



Chapter 2

Quantum mechanical
background

Our everyday lives deal mostly with the macroscopic world, whose behavior can
be explained to a high accuracy with classical physics. However, as one probes
smaller and smaller size scales, one eventually enters the quantum realm where
the rules of classical mechanics no longer apply. In this strange world, particles
act like waves and waves act like particles, and if one knows their positions,
one cannot know their momenta, and vice versa. These particle-waves can be at
multiple places at once, and if they travel from one place to another, they take
all the possible routes simultaneously. All this bizarre behavior is explained by
quantum mechanics.

In this Chapter we briefly review some of the more advanced topics of quantum
theory that are relevant for this thesis. We begin by discussing how a quantum
system evolves in time, and introduce two important models, the quantum har-
monic oscillator and the two-level system. We then discuss how one can describe
larger quantum systems that consist of multiple individual parts. This leads to
the concept of composite quantum systems, and to the emergence of the peculiar
phenomenon called entanglement. Finally, we discuss how the interaction between
a quantum system and its environment leads to dissipation and decoherence.

2.1 Time evolution

Let us start by discussing how a quantum system evolves in time. An arbitrary
quantum system is described in terms of operators and quantum states. Neither
the operators nor the states themselves are directly observable, but instead one
can only measure the expectation values of the operators in the quantum states,
defined as

〈Ô〉 = 〈ψ|Ô|ψ〉 , (2.1)

where Ô is an arbitrary operator and |ψ〉 is the quantum state. Definition in
Eq. (2.1) holds for all operators, but experimentally only expectation values of
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Hermitian operators are measurable [31].
The time evolution of the system can be formulated in different pictures, the

only requirement being that the expectation values remain the same. Thus, we can
place the time dependence either in the operators, or in the quantum state. As-
sumption that all the time dependence is in the operators leads to the Heisenberg
picture [32, 33]. The Heisenberg equation of motion for an arbitrary operator ÔH

reads (here the subscript H refers to Heisenberg)

dÔH

dt
=

i

~

[
ĤH, ÔH

]
+
∂ÔH

∂t
, (2.2)

where the commutator of two operators is defined as[
Â, B̂

]
= ÂB̂ − B̂Â, (2.3)

and ĤH is the Hamiltonian operator describing the energy of the system. The last
term in Eq. (2.2) arises from possible explicit time dependence in the operator ÔH.
The quantum state remains constant, |ψH(t)〉 = |ψH(0)〉.

The Heisenberg picture bears great resemblance to classical mechanics. On the
other hand, we can equally well assume that the operators do not implicitly depend
on time. They can still contain explicit time dependence, for example, they can
be multiplied by some time-dependent function. The implicit time dependence
is then contained in the state vector. This is called the Schrödinger picture [33],
with the time evolution determined by the Schrödinger equation [34] (here the
subscript S refers to Schrödinger)

i~
d

dt
|ψS(t)〉 = ĤS |ψS(t)〉 . (2.4)

Possible explicit time dependence evolves the operators as dÔS/dt = ∂ÔS/∂t. In
both Heisenberg and Schrödinger pictures, the time evolution of the expectation
value in Eq. (2.1) can be shown to be

d 〈Ô〉
dt

=
i

~

〈
ψ
∣∣∣ [Ĥ, Ô] ∣∣∣ψ〉+

〈
ψ

∣∣∣∣∣ ∂Ô∂t
∣∣∣∣∣ψ
〉
, (2.5)

where the time dependence is included either in the operators or in the states,
depending on the picture. At the initial time, the operators in the Heisenberg
picture are the same as those in the Schrödinger picture, ÔH(0) = ÔS. For a time-
independent Hamiltonian, the time evolution operator, or propagator, is given by

Û(t) = exp

(
− it

~
Ĥ

)
. (2.6)

This is a unitary operator, meaning that its inverse is the same as its Hermitian
transpose, Û †(t)Û(t) = Î. The unitarity guarantees the conservation of normal-
ization. The time evolution is then given by the propagator,

|ψS(t)〉 = Û(t) |ψS(0)〉 , Schrödinger picture, (2.7)

ÔH(t) = Û †(t)ÔH(0)Û(t), Heisenberg picture. (2.8)
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The Hamiltonian, and thus the propagator, is the same in both pictures at all
times, ĤH(t) = ĤS = Ĥ. Especially, we note that the operators and states can be
written in terms of the eigenstates |α〉 and eigenvalues Eα of the system Hamil-
tonian,

|ψS(t)〉 =
∑
α

〈α|ψS(0)〉 exp

(
− iEαt

~

)
|α〉 , (2.9)

ÔH(t) =
∑
α,β

〈α|ÔH(0)|β〉 exp

(
i
Eα − Eβ

~
t

)
|α〉 〈β| . (2.10)

In this thesis, the Schrödinger picture is the most important one, and from now
on we always neglect the subscript S for simplicity.

It is sometimes more convenient to consider a rotated frame. Consider a time-
dependent Hamiltonian

Ĥ(t) = Ĥ0 + V̂ (t), (2.11)

where Ĥ0 is some time-independent part, and the interaction V̂ (t) contains the
time dependence. We are now working in the Schrödinger picture, so the time
dependence is explicit. If we consider a general unitary rotation operation R̂(t)
and define

|Φ(t)〉 = R̂(t) |ψ(t)〉 , (2.12)

then this new rotated state vector evolves in time according to the Schrödinger
equation

i~
d

dt
|Φ(t)〉 =

[
R̂(t)Ĥ(t)R̂†(t) + i~

dR̂(t)

dt
R̂†(t)

]
|Φ(t)〉 . (2.13)

The Hamiltonian in the rotated frame is thus given by

ĤR(t) = R̂(t)Ĥ(t)R̂†(t) + i~
dR̂(t)

dt
R̂†(t). (2.14)

The choice of the rotation operator R̂(t) depends on the problem. If one for

example chooses R̂(t) = exp(itĤ0/~) = Û †0(t), the state evolves according to

i~
d

dt
|Φ(t)〉 = Û †0(t)V̂ (t)Û0(t) |Φ(t)〉 = V̂D(t) |Φ(t)〉 . (2.15)

This is called the interaction picture, or sometimes the Dirac picture [33], and it
is a general picture of which the Heisenberg and Schrödinger pictures are limiting
cases. Here some of the time dependence is in the state vector and some in the
operators. The time evolution is given by

i~
d

dt
|ψD(t)〉 = V̂D(t) |ψD(t)〉 , dÔD

dt
=

i

~

[
Ĥ0, ÔD

]
+
∂ÔD

∂t
, (2.16)

where the subscript D refers to Dirac. The time evolution of the operators is gener-
ated by the time-independent part of the Hamiltonian Ĥ0, and the time evolution
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Figure 2.1: (a) If the Hamiltonian commutes with the operator Â, then the
full Hilbert space consists of subsets defined by a fixed value for the expectation
value 〈Â〉. If the initial state is fully contained within one of these subsets, then
the unitary time evolution keeps it there at all times. (b) Without symmetry, the
entire Hilbert space can be accessed during the time evolution.

of the state vector is generated by the interaction part V̂ (t) of the Hamiltonian
expressed in the interaction picture.

From Eq. (2.5) it is evident that if an operator Â commutes with the Hamilto-
nian and does not depend explicitly on time, then the corresponding expectation
value is a constant of motion,

[
Ĥ, Â

]
= 0 ⇐⇒ d 〈Â〉

dt
= 0. (2.17)

Such symmetries can be used for simplifying the calculations. Consider a system
with a certain set of basis states. If the system Hamiltonian commutes with the
operator Â, this set can be partitioned into subsets with a specific value for 〈Â〉 in
each one. If the initial state is restricted to one of these subsets, then the unitary
evolution keeps the state in that particular subset at all times, as illustrated in
Fig. 2.1. Thus, one can decrease the degrees of freedom of the calculation by
limiting ones attention to the specific subset only, see App. B.1 for details of the
numerical implementation.

2.2 Density operator

Instead of just one quantum state, one can consider an ensemble of them. This
leads to the density operator defined as

ρ̂ =
∑
j

pj |ψj〉 〈ψj | ,
∑
j

pj = 1. (2.18)

Here pj is the probability that the system is in state |ψj〉. The expectation value
of any observable Ô, defined in Eq. (2.1), can be calculated using the density
operator as

〈Ô〉 = Tr
(
Ôρ̂
)
, (2.19)
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where Tr is the trace operation, defined as the sum of the diagonal elements of the
matrix. If only one state is possible (pj = 1 for one state and 0 for the others),
the system is in a pure state,

ρ̂ = |ψ〉 〈ψ| . (2.20)

In this case the density operator and the state vector are equivalent descriptions.
The trace of the density operator squared obeys Tr ρ̂2 ≤ 1, where the equality
holds only for a pure state. Otherwise the state is mixed. Mixed states cannot be
represented in terms of a single quantum state.

Applying the Schrödinger equation (2.4) to the definition of the density oper-
ator in Eq. (2.18) leads to the Liouville–von Neumann equation,

dρ̂

dt
= − i

~

[
Ĥ, ρ̂

]
, (2.21)

which resembles the Heisenberg equation of motion in Eq. (2.2), but the sign is op-
posite. Note that unlike other operators, the density operator depends implicitly
on time in the Schrödinger picture.

2.3 Harmonic oscillator

The harmonic oscillator is perhaps the most important model in physics. Many
phenomena can be modeled with it, for example molecular vibrations and excita-
tions in a continuum, such as phonons and photons. The Hamiltonian operator
for a harmonic oscillator is

Ĥ =
p̂2

2m
+
mω2q̂2

2
, (2.22)

where m is the mass and ω the (angular) frequency of the oscillator, and q̂ and p̂
are the position and momentum operators obeying the canonical commutation
relation [q̂, p̂] = i~. It is convenient to introduce a new set of operators as linear
combinations of these,

â =

√
mω

2~

(
q̂ + i

p̂

mω

)
, â† =

√
mω

2~

(
q̂ − i

p̂

mω

)
, (2.23)

with a commutation relation
[â, â†] = 1. (2.24)

With these the Hamiltonian can be written simply as

Ĥ = ~ω
(
â†â+

1

2

)
= ~ω

(
n̂+

1

2

)
, (2.25)

where we have further defined the occupation operator

n̂ = â†â. (2.26)
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Figure 2.2: Ten lowest energy eigenvalues of the harmonic oscillator, contained
within the harmonic potential.

The Hamiltonian of the harmonic oscillator commutes with n̂, so both Ĥ and n̂
can be diagonalized simultaneously, meaning that they have the same eigenstates.
Denoting the eigenstates of the number operator as |n〉, so that n̂ |n〉 = n |n〉, we
obtain

Ĥ |n〉 = En |n〉 , En = ~ω
(
n+

1

2

)
, (2.27)

where En are the energies of the harmonic oscillator. It can be shown that n is a
non-negative integer [31]. Thus, the energies are evenly spaced ~ω apart from each
other. An illustration of the energy levels and the harmonic potential is shown in
Fig. 2.2. The operator â is called the annihilation operator since it removes one
quantum from the eigenstate |n〉,

â |n〉 =
√
n |n− 1〉 . (2.28)

On the other hand, the operator â† is called the creation operator because it adds
one quantum,

â† |n〉 =
√
n+ 1 |n+ 1〉 . (2.29)

The number of excitations n is unlimited. Thus, the excitations in the harmonic
oscillator can be interpreted as bosons.

2.4 Two-level system

Another often encountered model is the two-level system, where the number of
excitations is limited to one. A two-level system thus has only two basis states, |0〉
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Figure 2.3: Rabi oscillations of a resonantly driven two-level system. The prob-
abilities p0(t) and p1(t) for finding the system in the ground state and in the
excited state, respectively, oscillate with opposite phases.

and |1〉. The two-level system is often referred to as a qubit, short for a quantum
bit, which originates from the field of quantum computing. A simple example of
such a system is a spin-1/2 particle, such as the electron. In general, a two-level
system can be described in terms of the Pauli matrices

σ̂x =

(
0 1
1 0

)
, σ̂y =

(
0 i
−i 0

)
, σ̂z =

(
−1 0
0 1

)
. (2.30)

Notice that we write the basis states in order {|0〉 , |1〉}, which is the opposite to
the textbook convention, but is more aligned with the harmonic oscillator. It is
also convenient to define the lowering and raising operators as

σ̂− =

(
0 1
0 0

)
, σ̂+ =

(
0 0
1 0

)
. (2.31)

These are similar to the annihilation and creation operators â and â† of the har-
monic oscillator, with the exception that the states with n > 1 do not exist.

Different kinds of driving fields can be used for controlling a quantum system.
In applications such as quantum computing it is often necessary to perform op-
erations that transfer the population between the ground state and the excited
state. This can be achieved for example with the Hamiltonian

Ĥ(t) = ~ωσ̂+σ̂− + 2~Ω cos(ωdt)σ̂x, (2.32)

where Ω is the driving amplitude and ωd is the driving frequency. Usually it is
convenient to approximately remove the explicit time dependence cos(ωdt) by
switching to a frame rotating with the driving frequency by using the rotation op-
erator R̂(t) = exp(iωdtσ̂+σ̂−), so that the coordinate transformation in Eq. (2.14)
gives the Hamiltonian

Ĥ = ~(ω − ωd)σ̂+σ̂− + ~Ωσ̂x. (2.33)
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Here we have performed the rotating wave approximation by removing the rapidly
oscillating terms proportional to exp(±2iωdt) [35]. If the drive is in resonance
with the qubit frequency, ωd = ω, and the system is initially in the ground
state, |ψ(0)〉 = |0〉, then the state of the system evolves in time as

|ψ(t)〉 = cos(Ωt) |0〉+ sin(Ωt) |1〉 , (2.34)

which means that the probabilities for finding the system either in the ground state
or in the excited state oscillate with a frequency given by the driving amplitude Ω,
as shown in Fig. 2.3. These are known as the Rabi oscillations, and they can be
utilized in exciting or de-exciting the two-level system.

2.5 Composite quantum systems

The basis vectors, such as the eigenstates of the system Hamiltonian, span the
Hilbert space H of the system [31, 33, 36]. In the previous sections we have only
discussed simple quantum systems such as the harmonic oscillator or the two-level
system. If we have multiple quantum systems, say L of them, that form a larger,
composite quantum system, the total Hilbert space is given by the tensor product
of the single-system Hilbert spaces,

H = H1 ⊗H2 ⊗ · · · ⊗HL =
L⊗
`=1

H`. (2.35)

If the individual Hilbert space dimension is d for each system `, then the total
Hilbert space dimension is

D = dL, (2.36)

which grows exponentially with the system size. This rapid growth of D causes
problems in simulations of composite quantum systems, requiring efficient numer-
ical methods. These are discussed in App. B.

A general quantum state in this composite space can be written in terms of
tensor products of single-system states,

|Ψ〉 =
∑

α,β,...,λ

cα,β,...,λ |α1〉 ⊗ |β2〉 ⊗ · · · ⊗ |λL〉 . (2.37)

The operators that act inside the individual Hilbert spaces H` must do so also in
the composite space. The composite operators are defined as tensor products of
single-system operators, Â =

⊗L
`=1 Â`, and they act on the composite system as

Â |Ψ〉 =
∑

α,β,...,λ

cα,β,...,λ

(
Â1 |α1〉

)
⊗
(
Â2 |β2〉

)
⊗ · · · ⊗

(
ÂL |λL〉

)
. (2.38)

An operator that acts only on the subsystem ` can be interpreted as a tensor
product with identity operators,

Â` ≡ Î1 ⊗ Î2 ⊗ · · · ⊗ Â` ⊗ · · · ⊗ ÎL−1 ⊗ ÎL. (2.39)
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This interpretation can be extended to two-system operators Â`B̂`′ and so on.

An important basis in composite quantum systems is the Fock basis, or the
number basis, defined for bosonic systems as

|n1n2 . . . nL〉 =
L⊗
`=1

|n`〉 , (2.40)

where n` refers to the number of quanta at site `, running from 0 to d− 1. For a
two-level system we have d = 2, which can be viewed as a hard-core boson, mean-
ing that two or more such particles cannot occupy the same site. For harmonic
oscillators we have in principle d = ∞, but for practical purposes this is limited
to some suitably chosen value.

2.6 Entanglement

States that can be written as tensor products of single-system states, as for ex-
ample in Eq. (2.40), are called separable states. For simplicity let us consider a
composite quantum system consisting of two subsystems A and B. A general
quantum state is

|ΨAB〉 =
∑
α,β

cα,β |αA〉 ⊗ |βB〉 . (2.41)

If there exists some coefficients cAα and cBβ such that cα,β = cAαc
B
β for all α and β,

then we can distinguish

|ψA〉 =
∑
α

cAα |αA〉 , |φB〉 =
∑
β

cBβ |βB〉 , (2.42)

and write |ΨAB〉 = |ψA〉 ⊗ |ψB〉, which is thus separable. If we trace over the
subsystem B and remove the corresponding degrees of freedom, (see App. B.1
for details), then for such a state we obtain the reduced density operator for the
subsystem A as

ρ̂A = TrB

(
|ΨAB〉 〈ΨAB|

)
= |ψA〉 〈ψA| , (2.43)

which is a pure state. On the other hand, if cαβ 6= cAαc
B
β , then the state cannot

be written as a single tensor product of subsystem states. Such states are called
entangled states, and the corresponding subsystem density operators are mixed.

If two quantum objects are entangled, the measurement of one changes the
state of the other, even over large distances. This effect is instantaneous, but since
the measurement process is probabilistic, no information can be transmitted, and
thus this is not contradicting the theory of relativity [37]. For example, the state

|Ψ〉 =
1√
2

(
|01〉+ |10〉

)
(2.44)
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is entangled. If the first object is measured to be in the state |0〉, then the second
object must be in the state |1〉, and vice versa. On the other hand, for a separable
state such as

|Ψ〉 =
1

2

(
|00〉+ |01〉+ |10〉+ |11〉

)
=

1√
2

(
|0〉+ |1〉

)
⊗ 1√

2

(
|0〉+ |1〉

)
(2.45)

the measurement of the first object does not affect the state of the other. If the
first object is measured to be in the state |0〉, then the second object can be either
in the state |0〉 or |1〉.

A numerical value can be assigned to the entanglement. The von Neumann
entropy for a density operator ρ̂ is defined as [38]

S(ρ̂) = −kB Tr (ρ̂ ln ρ̂) , (2.46)

where kB is the Boltzmann constant. For a pure state the von Neumann entropy
vanishes, S(ρ̂) = 0, while for a maximally mixed state S(ρ̂) = kB lnD, where D
is the dimension of the system. This definition can be applied to the entangle-
ment entropy of a subsystem. If a quantum system, described by a pure density
operator ρ̂AB, is divided into two parts A and B, then the entanglement between
these two subsystems is given by the von Neumann entropy of the reduced density
operators ρ̂A and ρ̂B of the subsystems,

S(ρ̂A) = −kB TrA (ρ̂A ln ρ̂A) = −kB TrB (ρ̂B ln ρ̂B) = S(ρ̂B), (2.47)

For example, for the entangled state in Eq. (2.44) we calculate the entanglement
entropy S = kB ln 2, and for the unentangled one in Eq. (2.45) we have S = 0.
The entanglement can be seen as a resource in many applications. For example,
quantum teleportation and quantum cryptography rely on entangled particles [39].
Entanglement has no counterpart in classical mechanics, it is a purely quantum
mechanical phenomenon.

2.7 Open quantum systems

No system is perfectly isolated. This means that the system can exchange energy,
particles and information with its surroundings, which are observed as dissipation
and dephasing. Typically we are only interested in the behavior of the system
itself, but in many cases the effect of the environment cannot be neglected. This
leads to the theory of open quantum systems [40].

Consider a small quantum system interacting with a much larger quantum
system, called the environment. This is a special case of a composite quantum
system discussed in Sec. 2.5. The Hamiltonian of this combined system is a sum
of three terms,

Ĥtot = Ĥ + ĤE + ĤI, (2.48)

where Ĥ is the Hamiltonian of the small system, ĤE that of the environment,
and ĤI is the coupling between the two, see Fig. 2.4. The Hilbert space of the
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Figure 2.4: Schematic drawing of an open quantum system. Coupling to the
environment can lead to loss of excitation (dissipation) and loss of coherence
(dephasing/decoherence).

combined system is again a tensor product of the Hilbert spaces of the small
system and the environment, Htot = H ⊗HE. If the environment has an infinite
number of degrees of freedom, it is referred to as a reservoir. Further, if the
reservoir is in the thermal equilibrium, it is called a heat bath or just a bath [40].

The exact form of the environment depends on the system and the effects
that one wishes to describe. A model often used for describing the environment
is a thermal bath of an infinite number of harmonic oscillators, described by the
Hamiltonian

ĤE = ~
∑
j

ωj b̂
†
j b̂j , (2.49)

where we have denoted the creation and annihilation operators of the oscilla-
tors as b̂†j and b̂j , respectively. The coupling between the small system and the
environment is assumed to be bilinear,

ĤI = ~q̂
∑
j

gj

(
b̂j + b̂†j

)
, (2.50)

which describes an exchange of excitations between the small system and the
environment. Here the parameter gj describes the coupling between the small
system and the jth oscillator of the environment, and q̂ is the position operator of
the system. Starting from the Liouville–von Neumann equation (2.21) and tracing
out the environment degrees of freedom, one can, under certain assumptions,
derive the master equation governing the time evolution of the small system,
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which for a harmonic oscillator with frequency ω reads [40]

dρ̂

dt
= − i

~

[
Ĥ, ρ̂

]
+ κ[N(ω) + 1]

(
âρ̂â† − 1

2
{â†â, ρ̂}

)
+ κN(ω)

(
â†ρ̂â− 1

2
{ââ†, ρ̂}

)
,

(2.51)

where the anticommutator is defined as{
Â, B̂

}
= ÂB̂ + B̂Â. (2.52)

The parameter κ is the damping coefficient that describes the coupling to the
environment, and the thermal distribution of the environment is the Bose–Einstein
distribution,

N(ω) =
1

eβ~ω − 1
, β =

1

kBT
, (2.53)

where T is the temperature of the environment. In Eq. (2.51) the first term de-
scribes the unitary dynamics produced by the system Hamiltonian Ĥ, and it is
analogous to the Liouville–von Neumann equation (2.21). The second term de-
scribes dissipation, the loss of excitations from the system to the environment,
and the third term the gain of excitations from the environment.

If the coupling operator of the system is n̂ instead of q̂, one arrives into a
different master equation,

dρ̂

dt
= − i

~

[
Ĥ, ρ̂

]
+ κφ

(
n̂ρ̂n̂− 1

2
{n̂2, ρ̂}

)
. (2.54)

Here κφ is again the coupling to the environment. This kind of equation does not
describe dissipation but pure dephasing, which means that the correlations, de-
scribed by the off-diagonal elements of the density operator, decay over time.
Similar effect is caused also by the dissipative master equation (2.51). This loss of
correlations is in general called decoherence. Coherence is essential for the quan-
tum nature of the system. If coherence is lost, the system essentially becomes
classical.

The two master equations (2.51) and (2.54) can be combined by adding the
second term in Eq. (2.54) to Eq. (2.51), so that the system experiences both dissi-
pation and pure dephasing. Derivation of such a master equation for L harmonic
oscillators is given in App. A.1.

If the system starts initially from some combination of the ground state and
the first excited state, then for a zero-temperature environment, N(ω) = 0, we
find that the populations and the coherences evolve as

p0(t) = p0(0) +
(
1− e−κt

)
p1(0), p1(t) = e−κtp1(0), (2.55)

ρ01(t) = e

(
iω−

κ+κφ
2

)
t
ρ01(0). (2.56)
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The population in the excited state, p1(t), decays with a rate κ. The coherence
between the ground state and the excited state, ρ01(t), on the other hand, decays
with a rate (κ+ κφ)/2. Thus, we define the relaxation time T1 and the coherence
time T2 as

1

T1
= κ,

1

T2
=
κ+ κφ

2
, (2.57)

The pure dephasing time can be written as 1/T ∗2 = 1/T2−1/2T1. These determine
the time scale during which the system remains quantum mechanical.

In general, a master equation is of the form [40]

dρ̂

dt
= − i

~

[
Ĥ, ρ̂

]
+
∑
α

καD[Âα]ρ̂, (2.58)

with dissipators defined as

D[Âα]ρ̂ = Âαρ̂Â
†
α −

1

2

{
Â†αÂα, ρ̂

}
. (2.59)

For example, for the master equation in Eq. (2.51) we would have couplings and
operators κ1 = κ(N + 1), Â1 = â, κ2 = κN , and Â2 = â†. If we include also pure
dephasing, we have additionally κ3 = κφ and Â3 = n̂.

The master equation can also be written as

dρ̂

dt
= − i

~

(
Ĥeff ρ̂− ρ̂Ĥ†eff

)
+
∑
α

καÂαρ̂Â
†
α, (2.60)

with the effective non-Hermitian Hamiltonian defined as

Ĥeff = Ĥ − i~
2

∑
α

καÂ
†
αÂα. (2.61)

This provides an alternative interpretation for the open system dynamics. The
non-Hermitian effective Hamiltonian now produces the time-evolution. Because
it is not Hermitian, it does not conserve the normalization, and therefore some
of the population is lost during the evolution. The recycling term

∑
α καÂαρ̂Â

†
α

produces the dissipation by recycling the lost population to other states [41].
This picture leads to the quantum trajectory method, where the dissipative time
evolution of a mixed state produced by the master equation is understood as
a stochastic average of trajectories of pure quantum states, see App. B.6.3 for
details. Dissipation can then be viewed as a transition between the eigenstates of
the effective Hamiltonian. Because the effective Hamiltonian is not Hermitian, it
has complex eigenvalues,

Ĥeff |α〉 = λα |α〉 , λα = Eα −
i~Γα

2
, Eα,Γα ∈ R, (2.62)

where the real part Eα can be interpreted as the energy and the imaginary part Γα
as the decay rate of the eigenstate |α〉. Further, the eigenstates are no longer
orthogonal, but instead one has to consider right and left eigenvectors,

Ĥeff |α〉 = λα |α〉 , 〈α̃| Ĥeff = 〈α̃| λ̃∗α, (2.63)
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which form a biorthogonal basis,

〈β̃|α〉 = cαδβα, (2.64)

where cα is some normalization constant. The study of non-Hermitian systems
leads to biorthogonal quantum mechanics [42, 43], where the familiar linear alge-
bra of Hermitian quantum mechanics has to be generalized to take into account
also the left eigenvectors.



Chapter 3

Superconducting circuits

Superconducting circuits are promising candidates in the race towards a working
quantum computer. These devices are constructed from capacitive plates, induc-
tors and superconducting Josephson junctions. They must be cooled down to tem-
peratures below 100 mK for the superconductivity to emerge. Low temperature
also reduces thermal noise, which is one source of dissipation and decoherence.
The eigenlevels of these devices are unevenly spaced, allowing them to operate as
qubits. The advantage of superconducting circuits is that their parameters are
tunable, which provides large flexibility in experiments. In this thesis we focus on
a superconducting transmon device.

We begin this Chapter by introducing the quantum network theory, which is
a useful tool for studying the quantum behavior of complicated electric circuits.
We briefly review the Josephson effect, which is exploited in the construction of
superconducting artificial atoms. We apply the quantum network theory to a
specific superconducting circuit with two parallel Josephson junctions and derive
the Hamiltonian of a transmon. We then couple these circuits together, and show
that such a system can be modeled with the attractive Bose–Hubbard Hamiltonian.

3.1 Quantum network theory

In classical mechanics, physical systems are described in terms of canonical con-
jugate variables, positions qj and momenta pj [44]. This leads to a description
of the system in the Hamiltonian formalism, where the time evolution of the sys-
tem is determined by the corresponding Hamiltonian function. Similar formalism
for electric circuits was developed by Yurke and Denker [45], here we follow the
refined formalism by Devoret [46]. We divide the circuit into branches b with
an electric current Ib(t) going through each one at time t. There exists also a
voltage difference Vb(t) across the branch, as depicted in Fig. 3.1. The branches
are connected at nodes, and the current and the voltage define the corresponding
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Figure 3.1: Sketch of a circuit branch b, with a current Ib(t) going through the
branch and a voltage difference Vb(t) across the branch.

branch charge Qb(t) and branch flux Φb(t), respectively, as

Qb(t) =

∫ t

−∞
dt′Ib(t

′), Φb(t) =

∫ t

−∞
dt′Vb(t

′), (3.1)

where the integration begins from a distant past with no voltages or charges
present in the system. The energy contained in the branch is

Eb(t) =

∫ t

−∞
dt′Vb(t

′)Ib(t
′). (3.2)

Let us consider a capacitor, which is a device that can store energy in an electric
field. The charge and the voltage in a capacitor are related via the capacitance C
as Vb = Qb/C, so a branch containing a capacitor has the energy

Eb =
Q2
b

2C
=
CΦ̇2

b

2
, (3.3)

where we have used Ib = Q̇b in the first and Vb = Φ̇b in the second form. Another
useful component is an inductor, which stores energy in a magnetic field. In the
inductor the flux and the current are related by the inductance L, so that the flux
is Φb = LIb. The energy is then

Eb =
Φ2

2L
=
LQ̇2

b

2
, (3.4)

which bears a close resemblance to the capacitor.
The branch variables {Φb, Qb} are constrained by the Kirchhoff rules, which

say that both the voltages around each closed loop and the currents arriving to
each node must sum to zero, respectively. In terms of the flux and the charge
variables, these rules are written as∑

all b around l

Φb = Φ̃l,
∑

all b at n

Qb = Q̃n, (3.5)

which state that the flux Φ̃` through the loop l, and the total charge Qn at node n,
are constants [35].
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Our goal is to construct the Hamiltonian for a system consisting of electrical
components. If we choose the flux Φ as the canonical coordinate, then Eqs. (3.3)
and (3.4) suggest that the inductive energy can be interpreted as potential energy
because it depends on Φ, whereas the capacitive energy is kinetic due to the Φ̇-
dependence. We assign a node flux to each node in the circuit and choose one as
the ground, Φground = 0. The branch fluxes are then expressed in terms of the node
fluxes using Eq. (3.5). The Lagrangian L for the system can then be expressed
in terms of node fluxes by adding together all the kinetic terms and subtracting
all the potential terms. The Hamiltonian is obtained from the Lagrangian by the
Legendre transformation,

H
(
{Qn}, {Φn}

)
=
∑
j

Φ̇jQj − L
(
{Φn}, {Φ̇n}

)
, (3.6)

where we sum over all the nodes, and the charge at the node j is defined as

Qj =
∂L
∂Φ̇j

. (3.7)

As an analog to the classical mechanics, the flux plays the role of the position and
the charge that of the momentum.

3.2 Josephson junction

In classical electrical components such as capacitors and inductors, the dependence
between the charge and the voltage, and the current and the flux, is linear. Such
systems are therefore described by harmonic oscillators. Atoms, on the other
hand, are not harmonic, but instead their energy levels are highly nonlinear.
Nonlinearities would enable the system to be used as an effective two-level system.
In order to build artificial nonlinear systems from electric components, one needs
to include a nonlinear element to the circuit. One such element is the Josephson
junction.

Consider two superconducting leads that are separated by a thin insulating
layer, as depicted in Fig. 3.2(a). In the superconducting phase the electrons of
the metal have formed Cooper pairs [47, 48]. These pairs can tunnel through the
insulating layer, which causes the current [35, 49]

I(t) = Ic sin

[
2πΦ(t)

Φ0

]
= Ic sin

[
φ(t)

]
, (3.8)

where Ic is the critical current, φ = 2πΦ/Φ0 is the phase difference across the
junction, and Φ0 = h/2e is the superconducting flux quantum. Here h is the
Planck constant and e the charge of the electron. The phase evolves in time
according to

dφ

dt
=

2eV

~
, (3.9)
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Figure 3.2: (a) Schematic drawing of a Josephson junction with two super-
conducting leads separated by a thin insulating layer. (b) Circuit diagram of a
Josephson junction.

where V is a voltage across the junction. With non-zero voltage the phase is time-
dependent, and the current in Eq. (3.8) is alternating. This is the AC Josephson
effect. In the absence of voltage V , the phase and thus also the current are con-
stants, which is the DC Josephson effect, rather surprising result since classically
the electric current is caused by the voltage. From Eqs. (3.2) and (3.8) we obtain
the potential energy,

VJ = −EJ cos

(
2πΦ

Φ0

)
, (3.10)

where we have defined the Josephson coupling energy EJ = Φ0Ic/2π. The en-
ergy VJ has a nonlinear dependence on the flux Φ, which is exactly what we were
looking for. The junction has also capacitive properties characterized by the ca-
pacitance CJ. The capacitive energy of a Josephson junction is then TJ = Q2

J/2C
2
J .

A circuit diagram for the Josephson junction is shown in Fig. 3.2(b).

3.3 Transmon

There exists several different designs for circuit elements that use Josephson junc-
tions. Here we discuss one of the most common ones, the transmon, short for
transmission line shunted plasma oscillation qubit [12]. A transmon consists of

two parallel Josephson junctions, with energies E
(1)
J and E

(2)
J , coupled in parallel

with an additional shunting capacitor with the capacitance CB. We also include a
gate with a voltage Vg and couple it capacitively with the transmon with the ca-
pacitance Cg. The circuit consists of capacitors and Josephson junctions, and the
corresponding circuit diagram is shown in Fig. 3.3. Using the quantum network
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Figure 3.3: (a) Circuit diagram of a transmon design. Transmon consists of two
parallel Josephson junctions (green and red) and an additional shunting capacitor
(blue). A gate (orange) controlling the offset charge is also included. (b) Quantum
network analysis of the circuit in (a).

theory from Sec. 3.1, we obtain the Lagrangian

L =
CVgΦ̇2

1

2
+
CBΦ̇2

2

2
+
C

(1)
J Φ̇2

3

2
+
C

(2)
J Φ̇2

5

2
+
CgΦ̇2

7

2

+ E
(1)
J cos

(
2πΦ4

Φ0

)
+ E

(2)
J cos

(
2πΦ6

Φ0

)
.

(3.11)

Application of the Kirchhoff rule of Eq. (3.5) gives the relations between the
branch fluxes and the node fluxes,

Φ̇1 = −Φ̇b = −Vg, Φ̇7 = Φ̇b − Φ̇a, Φ̇j = Φ̇a, j = 2, . . . , 6. (3.12)

The potential term in the Lagrangian (3.11) contains the fluxes Φ4 and Φ6 inside
a cosine function. This means that there can be a constant phase difference
between the two fluxes that results in the same Lagrangian. The Kirchhoff rule
states that if the voltage around a closed loop vanishes, the flux is constant, which
we denote by Φext = Φ4 − Φ6. The constant can be chosen such that Eq. (3.12)
gives Φa = (Φ4 + Φ6)/2. In terms of the node fluxes, the Lagrangian (3.11)
becomes

L =
CVgV

2
g

2
+

(
CB + C

(1)
J + C

(2)
J

)
Φ̇2

2
+
Cg

(
Φ̇− Vg

)2

2

+ E
(1)
J cos

(
2πΦ

Φ0
+
πΦext

Φ0

)
+ E

(2)
J cos

(
2πΦ

Φ0
− πΦext

Φ0

)
,

(3.13)

where we have written for simplicity Φa ≡ Φ. We then replace the time derivatives
of the flux with the charge

Q =
∂L
∂Φ̇

= CΣΦ̇− CgVg, (3.14)

where we have defined the total capacitance as CΣ = CB + C
(1)
J + C

(2)
J + Cg.

The Hamiltonian is then obtained from the Lagrangian by doing the Legendre
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transformation, defined in Eq. (3.6). We obtain

H =
(Q+ CgVg)2

2CΣ
− E(1)

J cos

(
2πΦ

Φ0
+
πΦext

Φ0

)
− E(2)

J cos

(
2πΦ

Φ0
− πΦext

Φ0

)
,

(3.15)
where we have neglected all the constant terms. So far everything has been
classical. Next, we quantize the system by changing the canonical variables Φ
and Q to operators Φ̂ and Q̂, which obey the commutation relation[

Φ̂, Q̂
]

= i~, (3.16)

where the analog to the position and momentum operators is apparent. Fur-
ther, in a superconductor the magnetic flux is quantized, meaning that it is an
integer modulo magnetic flux quantum, Φ4 − Φ6 = Φext + mΦ0. Defining the

total Josephson coupling energy as EJΣ = E
(1)
J +E

(2)
J , and the junction asymme-

try as d = (E
(2)
J − E(1)

J )/(E
(1)
J + E

(2)
J ), we can write the potential terms of the

Hamiltonian as

V̂ = −EJΣ

√
cos2

(
πΦext

Φ0

)
+ d2 sin2

(
πΦext

Φ0

)
cos
(
φ̂− ϕ0

)
, (3.17)

where we have used the relations cos [arctan(x)] = 1/
√

1 + x2 and sin [arctan(x)] =
x/
√

1 + x2, and defined φ̂ = 2πΦ̂/Φ0. The phase ϕ0 is determined by the equa-
tion tanϕ0 = d tan(πΦext/Φ0), but in a constant magnetic field it can be removed
by a shift of variables [12]. We can then write the effective Josephson coupling
energy as

EJ(Φext) = EJΣ

√
cos2

(
πΦext

Φ0

)
+ d2 sin2

(
πΦext

Φ0

)
. (3.18)

In the kinetic term of the Hamiltonian in Eq. (3.15) we define the charging energy
as EC = e2/2CΣ and the offset charge as ng = −CgVg/2e. We also write the
operator for the number of Cooper pairs between the two islands as n̂c = Q̂/2e.
With these we finally obtain the Hamiltonian

Ĥ = 4EC (n̂c − ng)2 − EJ cos(φ̂), (3.19)

where we for simplicity have not explicitly written down the dependence of the
Josephson coupling energy EJ on the external magnetic flux.

In order to understand better the terms in the Hamiltonian in Eq. (3.19),
we define the Cooper pair number basis |nc〉 as the eigenstates of the Cooper
pair number operator, n̂c |nc〉 = nc |nc〉. Here nc can be negative, which can be
interpreted as a missing pair, or a hole. We also define the flux basis

|φ〉 =
∞∑

nc=−∞
eincφ |nc〉 , |nc〉 =

1

2π

∫ 2π

0
dφe−incφ |φ〉 . (3.20)
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Figure 3.4: Ten lowest eigenlevels of the Cooper pair box Hamiltonian in
Eq. (3.21) as a function of the offset charge ng for a few different values of EJ/EC.
As the ratio EJ/EC increases, more and more levels become less dependent on
the offset charge ng, making them more resistant to charge noise.

Using these one can show that e±iφ̂ |nc〉 = |nc ∓ 1〉, so that the Hamiltonian in
Eq. (3.19) can be written in the Cooper pair number basis as

Ĥ = 4EC

∞∑
nc=−∞

(nc − ng)2 |nc〉 〈nc| −
EJ

2

∞∑
nc=−∞

(
|nc〉 〈nc + 1|+ |nc + 1〉 〈nc|

)
.

(3.21)
The first term describes the energy of the junction with nc Cooper pairs, while
the second term is a tunneling term which moves one Cooper pair across the
junction. The eigenvalues of this Hamiltonian are shown in Fig. 3.4 as a function
of the offset charge ng for a few different values of EJ/EC. With small EJ/EC

the levels depend on the offset charge ng and we observe degeneracy points at the
integer multiples of ng = 1/2. At such a sweet spot the system is less sensitive to
charge noise, making its coherence time long. However, other fluctuations drive
the system away from the sweet spot. As the ratio EJ/EC increases, which can
be done by increasing the shunting capacitance CB, the lowest eigenlevels become
almost independent of the offset charge. This makes the system charge insensitive,
which leads to a longer coherence time [12].

The limit EJ/EC � 1 is called the transmon limit. In this limit one can use
perturbation theory and expand the cosine term in the Hamiltonian (3.19) as a
Taylor series up to fourth order,

Ĥ ≈ 4ECn̂
2
c +

EJ

2
φ̂2 − EJ

24
φ̂4, (3.22)

where we have neglected the offset charge and discarded the constant term EJ.
Now, the first two terms of the Hamiltonian describe a harmonic oscillator with
mass 1/8EC and angular frequency

√
EJ/8EC. This suggests that we can write

the charge and flux operators in terms of the creation and annihilation operators
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Figure 3.5: Ten lowest eigenlevels of a transmon in Eq. (3.24) with EJ/EC = 75
contained within the potential −EJ cos(φ). The highest level shown is not bound.

of the harmonic oscillator, similarly as in Sec. 2.3,

φ̂ = 4

√
2EC

EJ

(
â† + â

)
, n̂c = i 4

√
EJ

32EC

(
â† − â

)
. (3.23)

The Hamiltonian (3.22) can then be written as

Ĥ =
(√

8ECEJ − EC

)
â†â− EC

2
â†â†ââ, (3.24)

where we have again neglected constant terms and terms that do not conserve the
total number of excitations, such as â†âââ. The first term here is equivalent to
the harmonic oscillator, and the second term is the anharmonicity. A noteworthy
point is that the transmon Hamiltonian is written in terms of bosonic operators.
Thus, the excitations in the device can be interpreted as bosons. The lowest
eigenlevels of the Hamiltonian (3.24) are shown in Fig. 3.5. We notice that with
high enough energy the eigenlevels are no longer bound by the potential [50].
Thus, for these states the transmon approximation breaks down. However, in this
thesis we only consider parameters for which the approximation holds.

3.4 Array of transmons

Natural atoms are rarely solitary, but instead they often bond with each other
to form molecules. Similarly, artificial atoms can also be coupled to each other.
Let us consider L transmons in a chain, each coupled to their nearest neighbors



3 Superconducting circuits 27

Figure 3.6: Circuit diagram of L capacitively coupled transmons. For simplicity
we have combined the two Josephson junctions into one with energy EJj . Also,
all the capacitances have been combined into one, written as Cj .

capacitively. A circuit diagram of the setup is shown in Fig. 3.6. Application of
the quantum network theory from Sec. 3.1 results in a Lagrangian

L =
L∑
j=1

Cj
2

Φ̇2
j +

L−1∑
j=1

Cgj

2

(
Φ̇j+1 − Φ̇j

)2
+

L∑
j=1

EJj cos

(
2πΦj

Φ0

)
, (3.25)

where we have defined the total capacitance of a single transmon as the sum of its

Josephson and shunting capacitances, Cj = CBj +C
(1)
Jj

+C
(2)
Jj

. For simplicity, we
furthermore assume that the two Josephson junctions in the transmon are identi-
cal. Again, in order to change from the Lagrangian description to the Hamiltonian
one, we need to convert the time derivatives of the fluxes to the charges via

Qj =
∂L
∂Φ̇j

=
(
Cj + Cgj−1 + Cgj

)
Φ̇j − Cgj−1Φ̇j−1 − Cgj Φ̇j+1. (3.26)

Now, we write the canonical variables as column vectors, Q =
(
Q1 Q2 . . . QL

)ᵀ
and Φ =

(
Φ1 Φ2 . . . ΦL

)ᵀ
, where ᵀ denotes transpose. The Lagrangian is then

L =
1

2
Φ̇ᵀCΦ̇− V, (3.27)

and the capacitance matrix C is a tridiagonal symmetric matrix with elements

(C)j,j = Cj + Cgj−1 + Cgj = CΣj , (C)j,j+1 = −Cgj . (3.28)

The capacitance matrix gives the transformation between the derivative of the
flux and the charge, Q = CΦ̇, from which we obtain Φ̇ = C−1Q. Applying the
Legendre transformation to the Lagrangian results in the Hamiltonian

H = QᵀΦ̇− L =
1

2
QᵀC−1Q−

L∑
j=1

EJj cos

(
2πΦj

Φ0

)
. (3.29)

Now, in order to proceed, we need to solve the inverse of the capacitance ma-
trix, C−1. In general, this is a difficult problem, but for the transmons we can
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assume that the shunting capacitances dominate over the gate capacitances, so
that Cj � Cgj . The diagonal elements are thus much larger than the off-diagonal
ones. We can therefore consider the off-diagonal part as a perturbation, so that
up to first order we have

C = C0 + Cg =⇒ C−1 ≈ C−1
0 − C−1

0 CgC−1
0 , (3.30)

where C−1
0 is the inverse of a diagonal matrix, which is trivial. We obtain the

elements

(C−1)j,j =
1

CΣj
, (C−1)j,j+1 =

Cgj

CΣjCΣj+1
. (3.31)

Using these, we can write the Hamiltonian of Eq. (3.29) as

H =
L∑
j=1

Q2
j

2CΣj
−

L∑
j=1

EJj cos

(
2πΦj

Φ0

)
+
L−1∑
j=1

CgjQjQj+1

CΣjCΣj+1
. (3.32)

Assuming that EJ/EC � 1, we can again expand the potential term as a Taylor
series, so that we obtain the Hamiltonian

H =
L∑
j=1

[
Q2
j

2CΣj
+

Φ2
j

2Lj

]
− 1

24

L∑
j=1

EJj

(
2e

~

)4

Φ4
j +

L−1∑
j=1

CgjQjQj+1

CΣjCΣj+1
, (3.33)

where we have discarded the constant term and defined the effective inductance
as Lj = ~2/4e2EJj . The first term in Eq. (3.33) resembles the harmonic oscilla-
tor. The second term makes the system anharmonic, and the last term gives the
coupling between the nearest neighbors.

So far everything has been classical. Again, we quantize the system by chang-
ing the canonical variables Φj and Qj to operators Φ̂j and Q̂j with a commutation
relation [Φ̂j , Q̂k] = i~δjk, where an additional feature compared to the commuta-
tion relation in Eq. (3.16) is that the operators of different transmons commute.
Again, the flux and charge operators are defined in terms of the creation and
annihilation operators of the harmonic oscillator as

Φ̂j =

√
~Zj

2

(
â†j + âj

)
, Q̂j = i

√
~

2Zj

(
â†j − âj

)
, (3.34)

where we have defined the effective impedance as Zj =
√
Lj/CΣj , and the creation

and annihilation operators obey the commutation relation [âj , â
†
k] = δjk. We can

then write the Hamiltonian of Eq. (3.33) as

ĤBH

~
=

L∑
j=1

ωjn̂j −
L∑
j=1

Uj
2
n̂j(n̂j − 1) +

L−1∑
j=1

Jj

(
â†j âj+1 + âj â

†
j+1

)
, (3.35)

where we have neglected constant terms and performed the rotating wave approx-
imation by removing rapidly oscillating terms that do not conserve the number
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Table 3.1: Experimentally relevant values for the parameters in the disordered
Bose–Hubbard Hamiltonian in Eq. (3.35). The dimensionless ratios are in the
range U/J = 2− 30 and W/J = 0.1− 200 [16, 17, 51].

Parameter Symbol Value

on-site energy ω/2π 5–10 GHz
on-site interaction U/2π 200–300 MHz
capacitive coupling J/2π 10–100 MHz
disorder amplitude W/2π 10 MHz–2 GHz

transmon asymmetry d 0.1

of quanta, such as âj âj+1. The number operator is n̂j = â†j âj , and the interaction

term n̂j(n̂j − 1) = â†j â
†
j âj âj . We have defined the coefficients

ωj =
1

~

(√
8EJjECj − ECj

)
, Uj =

ECj

~
, Jj =

Cgj

2CΣjCΣj+1

√
ZjZj+1

, (3.36)

where ECj = e2/2CΣj is the charging energy. The Hamiltonian in Eq. (3.35) is
called the Bose–Hubbard model [16, 17, 51]. The first term describes the har-
monic on-site energies. The second, anharmonic term describes the attractive
on-site interactions. The last term is the coupling energy arising from the ca-
pacitive coupling, which allows the hopping of quanta between neighboring sites.
In principle the capacitive coupling extends also beyond the nearest neighbors,
but in practice this is often negligible [52]. Experimentally relevant values for the
parameters are listed in Tab. 3.1.

The total occupation operator is defined as the sum of occupation operators
of individual transmons,

N̂ =

L∑
j=1

n̂j . (3.37)

It is straightforward to show that this commutes with the Bose–Hubbard Hamil-
tonian, [ĤBH, N̂ ] = 0. This means that the Bose–Hubbard Hamiltonian conserves
the total occupation N = 〈N̂〉, as discussed in Sec. 2.1. This further means that
the eigenvalues of the Bose–Hubbard Hamiltonian form manifolds with eigenstates
defined by an integer number of quanta.

In Sec. 3.3 we mentioned that only about the lowest ten eigenlevels of a single
transmon are bound. For a single transmon the number of excitations rarely
reaches such high values, since one in practice wishes to limit the excitations to
one, but for example an array of ten transmons can in total contain ten excitations,
if all the sites are singly excited. The excitation manifold now contains also the
states which in reality are not bound anymore, and they can incorrectly affect
the dynamics of the system. This erroneous behavior can be corrected by taking
into account also the higher order terms of the cosine potential in the Taylor
expansion. Numerically this shouldn’t introduce any complications, since the
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Figure 3.7: Average local frequency (blue) and the corresponding standard de-
viation (red) as a function of the external magnetic field with junction asymme-
try d = 0.1. The transmon loop areas are drawn from a Gaussian distribution
with mean Ā and standard deviation Ā/7. Shaded region depicts the values the
local energies can obtain. Here subscript “transmon” refers to the real transmon
disorder in Eq. (3.38), and subscript W to the uniform distribution approximation.

additional terms are all diagonal. However, in this thesis the Bose–Hubbard
Hamiltonian in Eq. (3.35) suffices.

3.5 Disorder control using junction asymmetry

In Sec. 3.3 we derived the formula for the Josephson coupling energy as a function
of external magnetic flux in the case of asymmetric junctions, shown in Eq. (3.18).
This asymmetry is always present, and in systems with multiple transmons it
causes disorder in the system parameters, since the transmons are not exactly
identical. This can cause problems in their applicability. Nevertheless, the junc-
tion asymmetry can be used for controlling the disorder strength via magnetic
flux tuning [53]. This can have applications in the study of disordered quantum
matter, such as the many-body localization [19, 23, 54], which we will discuss in
more detail in Chapter 5.

Assume that the loops formed by the two Josephson junctions have a surface
area of Aj . In a uniform magnetic field B the magnetic flux through the loop is
then Φj = BAj . Using Eq. (3.18) the local frequencies defined in Eq. (3.36) take
the form

~ωj(B) =
√

8ECjEJΣj
4

√
cos2

(
πBAj

Φ0

)
+ d2

j sin2

(
πBAj

Φ0

)
, (3.38)

where we have neglected the constant term ECj . The energy is bounded above

by ~ωmax =
√

8ECEJΣ and below by ~ωmin =
√

8ECEJΣ|d|, so that the random
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Figure 3.8: (a) Occupation of a driven transmon as a function of time for
different anharmonicities. Transmon is driven resonantly with frequency ω/2π =
7.3 GHz and amplitude Ω/2π = 25 MHz, but there is no dissipation. (b) As
above, but the system is also damped with κ/2π = 10 MHz. As the anharmonicity
increases, the transmon rapidly deviates from the harmonic oscillator and becomes
more qubit-like. In panel (c) two transmons and in panel (d) four transmons are
coupled with J/2π = 2Ω/2π = 50 MHz with κ and Ω as in (b).

energies are distributed around the mean value with width

2W = ωmax − ωmin =
√

8ECEJΣ

(
1−

√
|d|
)
. (3.39)

The distribution of ωj is nonuniform, so that in general the mean value ω̄ is not the
same as the average of smallest and largest possible value, as shown in Fig. 3.7.
The mean, however, is the same for all transmons and it has no effect on the
system dynamics since it can be removed by switching to a rotating frame with a
unitary transformation R̂(t) = exp(−itω̄N̂), as in Eq. (2.14). We use the width W
as an approximate disorder strength, and assume that the energies are uniformly
distributed, ωj = ω̄ + [−W,W ], with a standard deviation σW = W/

√
3.

3.6 The transmon, the qubit and the harmonic oscil-
lator

A transmon can be considered an intermediate between two limiting cases. If the
anharmonicity vanishes, a transmon becomes a harmonic oscillator. On the other
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Figure 3.9: Eigenvalues of a chain of L = 4 transmons with N excitations as a
function of anharmonicity U . Dashed lines correspond to two-level systems.

hand, for strong anharmonicity it resembles a two-level system. This happens
because the transition frequencies between the nth and (n + 1)st energy levels
of a single transmon depend on the anharmonicity as ω − nU . The transition
frequency between the ground state and the first excited state is ω, and all the
subsequent transitions are at lower frequencies. This detuning of the higher level
transitions is what allows one to use the transmon as a qubit. If a transmon
is driven at frequency ω, the anharmonicity decreases the amount of population
the drive is able to excite in the higher states. For a real qubit, one would then
observe Rabi oscillations between the ground state and the excited state, as in
Sec. 2.4. For a harmonic oscillator, on the other hand, all the transitions are at
the same frequency, and thus the drive excites also the higher states, shown in
Figs. 3.8(a) and (b). As anharmonicity increases, the transmon solution rapidly
converges to the qubit one.

However, as we add more transmons and couple them capacitively to their
nearest neighbors, the system becomes less qubit-like. In Fig. 3.8 simulations of
a chain of transmons with (c) L = 2 and (d) L = 4 transmons are shown. The
system is driven at the transition frequency between the ground state and the
highest eigenstate in the one-excitation manifold. Now, in order to approach the
qubit solution, a larger anharmonicity is required compared to a single transmon.
Especially with L = 4 the transmon solution is far from the qubit solution.

In addition to the system size L, also the total number of excitations in the
system affects how good the two-level approximation of a transmon is. In Fig. 3.9
the eigenlevels of a Bose–Hubbard Hamiltonian with L = 4 are shown from N = 1
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to N = 4 excitations. As the anharmonicity U increases, the eigenlevels approach
the qubit eigenlevels, and the additional bosonic states of the transmon rapidly
become detuned. However, the two-level approximation becomes less accurate as
the number of excitations N increases.

In conclusion, the two-level approximation is accurate for a single qubit. How-
ever, in systems containing multiple coupled transmons, the two-level approxima-
tion becomes poorer as the system size increases and more excitations are included
in the system. The anharmonicity describes interactions between these excita-
tions. Because of the minus sign, these interactions are attractive, and thus they
reduce the energy of multiply excited states as compared to a harmonic oscillator.
Thus, as the number of excitations in a transmon increases, it rapidly deviates
also from the harmonic oscillator.
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Chapter 4

Waveguide QED and
transmons

The interaction between radiation and matter is a fundamental phenomenon in
nature. This interaction has for a long time been studied in quantum optics, where
quantum systems are coupled to a single electromagnetic mode inside a cavity.
During the last decade or so, the study of these interactions inside a waveguide
instead of the cavity has gained both theoretical and experimental attraction.
In waveguide quantum electrodynamics (QED) a system of quantum emitters is
coupled to a continuum of electromagnetic modes propagating in one direction. In
principle this allows much longer separation for the emitters than the conventional
cavity, since the propagation inside the waveguide is almost lossless.

In this Chapter we discuss the electromagnetic field both classically and quan-
tum mechanically and introduce the waveguide. The radiation field inside the
waveguide provides a collective environment for quantum objects therein. This
results in collective effects such as correlated decay and coherent exchange of
excitations, which are described by a specific master equation. We then study
the eigenstates of the corresponding effective Hamiltonian for a two-level system,
a transmon and a harmonic oscillator, and discuss their behavior by recapping
the results of Paper III. Finally, we describe the experimental setup studied in
Paper II and discuss the details of the numerical simulations of the system.

4.1 Electromagnetic field

The behavior of the electric field E and the magnetic field B in a vacuum is
determined by the Maxwell’s equations [55],

∇ ·E = 0, ∇ ·B = 0, ∇×E = −∂B

∂t
, ∇×B =

1

c2

∂E

∂t
, (4.1)

where c is the speed of light. An equivalent description of the electromagnetic
field can be done in terms of the scalar potential V and the vector potential A,



36 4 Waveguide QED and transmons

which are related to the electric and magnetic fields as

E = −∇V − ∂A

∂t
, B = ∇×A. (4.2)

Using these, the Maxwell’s equations (4.1) can be cast into the wave equations(
∇2 − 1

c2

∂2

∂t2

)
A = 0,

(
∇2 − 1

c2

∂2

∂t2

)
V = 0, (4.3)

where we have chosen the Lorenz1 gauge ∇ ·A = −∂V/∂tc2. In the absence of
currents, the action for the electromagnetic field can be written in terms of the
vector potential A only [56, 57],

S[A] =
1

2µ0c2

∫
dt

∫
d3r

[∣∣∣∣∂A

∂t

∣∣∣∣2 − c2A · ∇2A

]
, (4.4)

where µ0 is the vacuum permeability, and we have assumed static scalar poten-
tial V , since we are only interested in the field [58]. This is equivalent to the
Coulomb gauge, ∇ ·A = 0. We have also used the fact that A · ∇2A = |∇×A|2.
The vector potential can be expanded in terms of the eigenvectors R(r,k) of the
Laplacian operator, ∇2R(r,k) = λ(k)R(r,k). We can write [56]

A(r, t) =

∫
d3kαk(t)R(r,k), (4.5)

where k is the wavevector. Substituting this into the action of the electromagnetic
field in Eq. (4.4) results in the Lagrangian

L =
1

2µ0c2

∫
d3k

[
α̇2
k − c2λ(k)α2

k

]
, (4.6)

where the expansion coefficients αk have replaced the vector potential A(r, t) as
the new generalized coordinates of the problem. Defining the momentum in the
usual way as

πk =
∂L
∂α̇k

=
α̇k

µ0c2
, (4.7)

and using the Legendre transformation, we recover the Hamiltonian for the clas-
sical electromagnetic field,

H =
1

2

∫
d3k

[
µ0c

2π2
k +

ω2(k)

µ0c2
α2
k

]
, (4.8)

where we have defined the frequency of the mode k as ω(k) = c
√
λ(k). This

we recognize as an integral (or sum) over infinite number of harmonic oscillators

1Named after Ludwig Lorenz (1829–1891), who should not be confused with Hendrik Lorentz
(1853–1928) known for his contributions to special relativity.
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with frequencies ω(k) and masses 1/µ0c
2. Next, following the standard canonical

quantization procedure, we promote the functions πk and αk to operators π̂k
and α̂k which obey the commutation relation[

α̂k, π̂k′
]

= i~δ(k− k′). (4.9)

Once again, we define the creation and annihilation operators, this time as

b̂k =

√
ω(k)

2~µ0c2

(
α̂k +

iµ0c
2

ω(k)
π̂k

)
, b̂†k =

√
ω(k)

2~µ0c2

(
α̂k −

iµ0c
2

ω(k)
π̂k

)
. (4.10)

Using these we obtain the Hamiltonian for the electromagnetic field [56, 58],

ĤF =

∫
d3k~ω(k)b̂†kb̂k, (4.11)

where we have neglected the zero-point energy. The vector potential operator is
given by

Â(r, t) =

∫
d3k

√
~µ0c2

2ω(k)

[
b̂ke
−iω(k)tR(r,k) + b̂†ke

iω(k)tR∗(r,k)
]
, (4.12)

where we have ensured that it is Hermitian even if the basis R is complex-valued.

4.2 Waveguide

A waveguide is a device that allows the propagation of waves, such as electro-
magnetic radiation, in one direction [28]. In a free three-dimensional space, the
intensity of radiation originating from a point source is inversely proportional to
the distance squared, which means that the intensity rapidly decays as a function
of distance. In an ideal waveguide, however, the intensity does not decrease since
the radiation propagates in one dimension only.

In this thesis we study a rectangular waveguide. As we shall see below, this
three-dimensional structure has a certain cutoff frequency: only radiation with
frequency larger than the cutoff can propagate through the waveguide. Consider
a rectangular pipe with width a in the x direction and height b in the y direction.
The length of the waveguide along the z axis is assumed to be infinite. The wave
equations in Eq. (4.3) have the solutions

Ax(r, t; k) = Ax0 cos (kxx) sin (kyy) ei(kzz−ωt), (4.13)

Ay(r, t; k) = Ay0 sin (kxx) cos (kyy) ei(kzz−ωt), (4.14)

Az(r, t; k) = Az0 sin (kxx) sin (kyy) ei(kzz−ωt). (4.15)

Here the position vector is r = (x y z) and the wavevector is k = (kx ky kz).

We have also defined the frequency as ω = ck, where k =
√
k2
x + k2

y + k2
z is the



38 4 Waveguide QED and transmons

Figure 4.1: Electric (blue) and magnetic (orange) fields inside the waveguide for
(a) TE-modes and (b) TM-modes.

wavenumber, which, due to the boundary conditions, is discretized in the x and y
directions,

kx =
πα

a
, ky =

πβ

b
, α, β ∈ Z+. (4.16)

Thus, the dispersion relation of a rectangular waveguide can be written as

ω2(k) = c2k2
z + Ω2

⊥,k, Ω⊥,k = cπ

√(α
a

)2
+

(
β

b

)2

, (4.17)

where Ω⊥,k is the cutoff frequency. A wave propagating in the z direction is, in
general, of the form exp[−i(ωt − kzz)]. If the frequency is larger than the cutoff
frequency, then the wavenumber kz is real, as can be seen from the dispersion
relation in Eq. (4.17), and the wave propagates freely. For frequencies less than
the cutoff, the wavenumber is imaginary, and the wave is exponentially damped
along the propagation direction.

The dispersion relation in Eq. (4.17) greatly resembles the relativistic energy
formula

E2 = c2p2 + c4m2, (4.18)

where p is the momentum and m the rest mass of a particle. The energy of a
radiation quantum in the waveguide is

E2(k) = ~2ω2(k) = ~2c2k2
z + ~2Ω2

⊥,k = c2p2
z + c4m2

k, (4.19)

where pz = ~kz is the momentum of the photon propagating along the waveguide
and mk = (~π/c)

√
α2/a2 + β2/b2 is the effective rest mass of the photon. Thus,

inside the waveguide the dispersion relation of radiation is that of a massive
particle, with the rest mass depending on the waveguide dimensions, as well as
on the mode of the radiation. As the waveguide dimensions increase, a, b → ∞,
the effective rest mass vanishes, and a linear dispersion relation ω = ckz in the
propagation direction is recovered.

The waveguide allows two kinds of electromagnetic modes to propagate through.
Transverse electric (TE) modes are such that the electric field is E = (Ex Ey 0)
and the magnetic field is B = (Bx By Bz), with the boundary conditions

∂xBz(r, t)
∣∣∣
x=0

= ∂xBz(r, t)
∣∣∣
x=a

= ∂yBz(r, t)
∣∣∣
y=0

= ∂yBz(r, t)
∣∣∣
y=b

= 0, (4.20)
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resulting in Az = V = 0. Transverse magnetic (TM) modes, on the other hand,
are determined by the fields E = (Ex Ey Ez) and B = (Bx By 0) with boundary
conditions

Ez(0, y, z, t) = Ez(a, y, z, t) = Ez(x, 0, z, t) = Ez(x, b, z, t) = 0, (4.21)

leading to Ax = Ay = 0. These modes are visualized in Fig. 4.1. In this thesis we
focus on the TE10-mode and set α = 1 and β = 0 in Eq. (4.16). This means that
the vector potential has only one component, namely Ay. We therefore denote
the cutoff frequency simply as Ω⊥ = cπ/a.

4.3 Emitters inside the waveguide

The electromagnetic field inside the waveguide provides a collective environment
for a quantum system therein. Assume that L emitters with d energy levels are
not coupled with each other, so that the Hamiltonian describing the emitters can
be written as

Ĥ =
L∑
j=1

d−1∑
m=0

Emj σ̂
mj
+ σ̂mj− , (4.22)

where Emj is the energy of the mth eigenstate of the jth site and the corre-

sponding annihilation operator is σ̂mj− = |mj〉 〈(m+ 1)j |, so that the total bosonic

annihilation operator at jth site is given by âj =
∑∞

m=0

√
m+ 1σ̂mj− . For the

propagating radiation field we have the Hamiltonian from Eq. (4.11),

ĤF =

∫ ∞
−∞

dk~ω(k)b̂†k b̂k, (4.23)

with the dispersion relation ω2(k) = c2k2 + Ω2
⊥, where k is now the wavenumber

in the propagation direction along the z axis (we neglect the subscript z for
simplicity). We assume that the emitters couple with the electric field inside the
waveguide, given by

Ê(r, t) = i

∫ ∞
−∞

dk

√
~ω(k)µ0c2

2
sin
(πx
a

){
b̂ke
−i[ω(k)t−kz]− b̂†ke

i[ω(k)t−kz]
}
, (4.24)

which, due to the TE10-mode, is in the y direction. The coupling between the
emitters and the electric field is assumed bilinear,

ĤI = ~
∑
mj

gj
√
m+ 1

(
ξ̂j + ξ̂†j

)
σ̂mjx , (4.25)

where gjs are parameters describing the coupling strength. The operators ξ̂j
related to the electric field are given by

ξ̂j = −ic

∫ ∞
−∞

dk
√
ω(k) sin

(πxj
a

)
b̂ke

ikzj . (4.26)
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The parameters xj and zj are the position coordinates of the jth transmon. Note

that the coupling operator could equally well be σ̂mjy .
Tracing out the degrees of freedom of the radiation field results in the master

equation

dρ̂

dt
=− i

Ĥ
~

+
∑
mj,nk

Jmj,nkσ̂
nk
+ σ̂mj− , ρ̂


+
∑
mj,nk

γmj,nk

(
σ̂mj− ρ̂σ̂nk+ −

1

2

{
σ̂nk+ σ̂mj− , ρ̂

}) (4.27)

for the emitters [59]. Here, in addition to the system Hamiltonian Ĥ, the uni-
tary part contains a coherent exchange coupling between jth and kth sites. The
dissipative part describes dissipation through the waveguide, which is a collective
phenomenon: an excitation can be emitted to the waveguide from multiple sites
simultaneously. Derivation for this master equation is given in App. A.2. If the
emitters radiate above the cutoff frequency, then the dissipation and exchange
coefficients are

γmj,nk = 2πgjgk
√

(m+ 1)(n+ 1) sin
(πxj
a

)
sin
(πxk
a

) (
χmjk + χ∗nkj

)
, (4.28)

Jmj,nk = −iπgjgk
√

(m+ 1)(n+ 1) sin
(πxj
a

)
sin
(πxk
a

) (
χmjk − χ∗nkj

)
, (4.29)

respectively, where we have defined

χmjk =
ω2
mj√

ω2
mj − Ω2

⊥

e
itjk

√
ω2
mj−Ω2

⊥ , tjk =
|zj − zk|

c
, (4.30)

with tjk the propagation time between the sites j and k, and the transition fre-
quency is defined as ωmj = (Em+1,j−Emj)/~. If all the transition frequencies are
roughly the same, ωmj ≈ ωnk, and they are far above the cutoff, ωmj � Ω⊥, then
these reduce to [59, 60, 61, 62, 63]

γmj,nk ≈
√
γjγk

√
(m+ 1)(n+ 1) cos (ωmjtjk) , (4.31)

Jmj,nk ≈
√
γjγk

2

√
(m+ 1)(n+ 1) sin (ωmjtjk) , (4.32)

where we have assumed that all the emitters are aligned in the middle of the x
direction, xj = a/2, and we have defined the individual decay rate of the first
excited state of the jth emitter as γj = 4πω0jg

2
j .

Both the dissipation and the exchange coefficients are oscillatory functions of
the site separation with a π/2 phase difference. The argument of the sine/cosine
can be written in terms of the wavelength λmj and the site separation as

ωmjtjk =
2π|zj − zk|

λmj
. (4.33)
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This means that if the emitter separation is an integer multiple of half the wave-
length of the emitted radiation, then the collective decay coefficients γmj,nk obtain
their maximum absolute value while the coherent exchange vanishes. On the other
hand, if the emitter separation is an odd multiple of a quarter of the wavelength,
then the correlated decay vanishes (each site still decays individually) and the
coherent exchange is maximized. By tuning the frequencies of the emitters, which
for transmons can be done via external magnetic flux, we can alter the effective
site separation and realize these effects.

Below the cutoff, we find similarly

γmj,nk = −2iπgjgk
√

(m+ 1)(n+ 1) sin
(πxj
a

)
sin
(πxk
a

)
(ζmjk − ζnkj) , (4.34)

Jmj,nk = −πgjgk
√

(m+ 1)(n+ 1) sin
(πxj
a

)
sin
(πxk
a

)
(ζmjk + ζnkj) , (4.35)

with exponentially decaying coefficient

ζmjk =
ω2
mj√

ω2
mj − Ω2

⊥

e
−tjk

√
Ω2
⊥−ω

2
mj . (4.36)

For near resonant frequencies we obtain

γmj,nk ≈ 0, (4.37)

Jmj,nk ≈ −2πgjgk
√

(m+ 1)(n+ 1)
ω2
mje

−tjk
√

Ω2
⊥−ω

2
mj√

ω2
mj − Ω2

⊥

. (4.38)

The decay vanishes. This is expected since the decay in this setup means that the
system emits a quantum to the radiation field. This excitation then propagates
along the waveguide and leaves the system. The excitation cannot propagate be-
low the cutoff, so it cannot exit the system and cause dissipation. The exchange
interaction, on the other hand, does not vanish, but instead it decays exponentially
along the waveguide. Thus, emitters located near each other can still exchange
excitations.

In this thesis we focus only on the situation where the emitters are above
the cutoff. Experimentally one can only measure the effective frequencies of the

system, ωeff
mj =

√
ω2
mj − Ω2

⊥, and the effective waveguide coupling parameters

γj = 4πg2
jω

2
mj/

√
ω2
mj − Ω2

⊥. When using the experimental values we can therefore

safely set Ω⊥ = 0 in Eq. (4.30).

4.4 Superradiance and subradiance

From the master equation in Eq. (4.27), one can recover the effective Hamilto-
nian [60]

Ĥeff = Ĥ + ~
∑
mj,nk

(
Jmj,nk −

iγmj,nk
2

)
σ̂nk+ σ̂mj− . (4.39)
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Figure 4.2: Origin of super- and subradiance. (a) Emission with the same phase
as the radiation field leads to a superradiant state with enhanced decay. (b) Phases
of the emitters cancel, leading to a long-lived subradiant state.

The second term, arising from the waveguide coupling, commutes with the total
occupation operator N̂ . If also the system Hamiltonian Ĥ commutes with N̂ ,
then the effective Hamiltonian Ĥeff conserves the total number of quanta N . This
means that the eigenvalues of the effective Hamiltonian form manifolds character-
ized by an integer number of quanta. The imaginary part then causes transitions
between these manifolds. As discussed in Sec. 2.7, the eigenvalues of the effective
Hamiltonian are complex,

Ĥeff |α〉 =

(
Eα −

i~Γα
2

)
|α〉 , (4.40)

where the imaginary part Γα gives the decay rate of the state. If the matrix γmj,nk
is diagonal, then all the states would decay with the rate Γα = Nαγ, where Nα

is the number of excitations in the state and γ is the decay rate of the individual
site, which we assume equal for all sites. Thus, the decay rates in a system
without correlated decay scale linearly with the total occupation. If the system
experiences correlated decay, then the behavior is different. Some of the states
now decay slower and others faster than in the uncorrelated case, and it can
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even occur that certain states do not decay at all. States for which Γα > Nαγ
are called superradiant or bright, and the states for which Γα < Nαγ are called
subradiant [64]. If Γα = 0, we refer to it as dark. These properties originate from
the symmetry of the state with respect to the radiation field, see Fig. 4.2. How
these states are distributed and what their decay rates actually are depends on
the system. Next, we illustrate these in the case of qubits, harmonic oscillators
and transmons based on Paper III.

4.4.1 Qubits

The superradiance of two-level systems was first predicted in 1954 by Dicke [29],
who considered non-interacting two-level emitters located at the same position in
space. An equivalent system of L resonant qubits inside a waveguide, each sep-
arated from their nearest neighbors by λ, which is the wavelength corresponding
to their frequency ω0, is described by the effective Hamiltonian

ĤQ/~ =
L∑
j=1

ω0

2

(
Î + σ̂jz

)
− i

γ

2

L∑
j,k=1

σ̂k+σ̂
j
−, (4.41)

which can be written in terms of the total spin operators as

ĤQ/~ =
ω0

2

(
Ŝz + LÎ

)
− i

γ

2
Ŝ+Ŝ−, (4.42)

where Ŝz =
∑

j σ̂
j
z is the z component of the spin, and Ŝ± =

∑
j σ̂

j
± are the raising

and lowering operators. The eigenstates of the effective Hamiltonian are of the
form |s,mz〉, with quantum numbers s = L,L−2, . . . , 0 and mz = s, s−2, . . . ,−s.
The total operators Ŝz and Ŝ± act on the eigenstates as

Ŝz |s,mz〉 = mz |s,mz〉 , Ŝ± |s,mz〉 =
√
s(s+ 2)−mz(mz − 2) |s,mz ± 2〉 ,

(4.43)
so that the eigenenergies are Es,mz = ~ω0(L+mz)/2 and the corresponding decay
rates Γs,mz = γ(s+mz)(s−mz + 2)/4. The number of excitations can be defined
as N = (L + mz)/2. Using this, we find that the states |s = L,mz〉 have decay
rates ΓL,mz = γN(L−N + 1). These are the largest possible values a decay rate
can obtain with N excitations, and for 0 < N < L they are larger than Nγ,
meaning that these states are superradiant. On the other hand, for s = −L, the
decay rates are strictly 0, so they do not decay at all.

The dark states can only exist up to half filling. Physical argument for this
is that the dark states can only exist if there are pairs of emitters that can ex-
change an excitation. For two-level systems with larger than half-filling, there
always exist lonely sites that cannot exchange excitations (other sites are already
occupied). Thus, dark states cannot occur. For example, consider a Fock state
|110000〉. Site 1 can exchange an excitation with, e.g., site 3. Then site 2 is free to
interact with any of the sites 4, 5, and 6. In the mirror sector, we have the Fock
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Figure 4.3: Energies and decay rates of the eigenstates for a system with L = 8
sites and up to N = 8 excitations. The system consists of (a) qubits, (b) trans-
mons, (c) harmonic oscillators. Black arrows describe how the states decay, for
transmon we neglect them for the sake of clarity.
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state |001111〉. Now site 3 can exchange an excitation for example with site 1.
Then the only empty site remaining is site 2, which interacts for example with
site 4. We are still left with sites 5 and 6 that cannot exchange excitations, and
thus they have to decay individually to the waveguide.

The decay is caused by the operator Ŝ−. This means that the decay decreases
the quantum number m by 2, but leaves the quantum number s unchanged. The
decay therefore forms decoupled manifolds, |s,mz〉 → |s,mz − 2〉 → . . . . These
are depicted in Fig. 4.3(a) as black arrows. In particular, we note that the only
state in the N = L manifold is coupled all the way to the ground state via
this decay. If the system is initially in this state, the system first decays with
rate Nγ to the lower sector in which the resulting state has larger decay rate.
As the system decays further, the decay rate always increases, until reaching its
maximum at half filling, after which it starts to decrease. This can be observed
as a superradiant burst, where the maximum intensity of the emission is delayed
compared to a system without correlated decay. The collective effects of two-level
systems in waveguides have been extensively studied both theoretically [59, 64, 65]
and experimentally [60, 66, 67, 68].

4.4.2 Harmonic oscillators

For some reason, harmonic systems have received much less attention in the con-
text of collective effects than the two-level systems. Perhaps this is due to their
larger Hilbert space, which makes the numerical simulations more difficult, or the
fact that the experimentally relevant objects, both natural atoms and artificial
circuits, can in most cases be approximated as two-level systems. For us, harmonic
oscillators serve as an introduction to transmons, which are weakly anharmonic
oscillators, as discussed in Sec. 3.6.

For L harmonic oscillators inside a waveguide, again separated from their
nearest neighbors by a distance equal to the wavelength λ of the emitted radiation,
we have the effective Hamiltonian

ĤH/~ =
L∑
j=1

ω0n̂j − i
γ

2

L∑
j,k=1

â†kâj . (4.44)

This can be diagonalized with a new set of collective operators

ĉk =
1√
L

L∑
j=1

exp

(
2πi

L
jk

)
âj ,

[
ĉk, ĉ

†
k′

]
= δkk′ , (4.45)

so that the effective Hamiltonian becomes

ĤH/~ =

L−1∑
k=1

ω0ĉ
†
k ĉk +

(
ω0 −

iLγ

2

)
ĉ†LĉL. (4.46)
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Thus, there exists only one decaying mode, ĉL, with the decay rate Lγ. The
eigenstates of the effective Hamiltonian can be denoted as

|m1,m2, . . . ,mL〉 =

(
ĉ†1

)m1
(
ĉ†2

)m2

. . .
(
ĉ†L

)mL
√
m1!m2! . . .mL!

|G〉 , (4.47)

where |G〉 is the ground state. Each quantum generated by the operator ĉ†L
increases the decay rate by Lγ. Thus, the maximum decay rate in the manifold
with N excitations is NLγ. There exists only one such state in each excitation
manifold. On the other hand, if there are no quanta generated by ĉ†L, then the
state does not decay. Such states are multiply degenerate. Finally, there are states
where only part of the excitations are produced by ĉ†L, which are also degenerate.
This behavior is shown in Fig. 4.3(c). In harmonic systems the decay rate has no
upper limit, contrary to the case of two-level systems. Further, dark states exist
also beyond half filling. This happens because multiple bosons can occupy the
same site. Thus, no matter the filling, sites can always find a pair with which to
exchange excitations.

Here the decay is caused by the operator ĉL. As was the case with the two-level
system, also the states of the harmonic system form decay manifolds, denoted by
black arrows in Fig. 4.3(c). However, because the decay rate has no upper limit,
the decay rate always decreases with decreasing number of excitations, and there
is no superradiant burst.

4.4.3 Transmons

As discussed in Sec. 3.6, a transmon can be considered an intermediate case
between a two-level system and a harmonic oscillator. This becomes visible also
in the waveguide setup. The effective Hamiltonian reads

ĤT/~ =
L∑
j=1

ω0n̂j −
L∑
j=1

U

2
n̂j(n̂j − 1)− i

γ

2

L∑
j,k=1

â†kâj , (4.48)

which can be written in terms of the collective bosonic modes ĉ†k of Eq. (4.45) as

ĤT/~ =

L−1∑
k=1

ω0ĉ
†
k ĉk −

L∑
k=1

U

2
ĉ†k ĉ
†
k ĉk ĉk +

(
ω0 −

iLγ

2

)
ĉ†LĉL

−
∑

〈k,k′,l,l′〉

U

2
δk+k′,l+l′ ĉ

†
k ĉ
†
k′ ĉlĉl′ ,

(4.49)

where in the last sum, 〈·〉 excludes the terms for which all the indices are the
same. The first three terms describe individual anharmonic modes, and the last
term is the interaction between them. In the last term, the Kronecker delta can be
understood as the conservation of momentum. The interactions lift the degeneracy
of the modes, and they also decrease the decay rates of the bright states, as shown
in Fig. 4.3(b).
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Figure 4.4: Sketch of the experimental setup. Two pairs of capacitively cou-
pled transmons are interacting via the radiation field inside the waveguide. Two
sideports can be used for driving the system.

4.5 Simulation of the experiment in Paper II

In Paper II we study a system of two transmon pairs interacting via the waveguide,
as shown in Fig. 4.4. Among other things, we observed eigenstates in the two-
excitation manifold that could not be explained by the qubit-approximation of the
transmon, but instead the full anharmonic oscillator model had to be used. In
this section we describe the experimental system and discuss how to numerically
simulate the spectroscopy of the two-excitation manifold.

4.5.1 System

The two-pair transmon system is described by the Hamiltonian

Ĥ2+2

~
=

4∑
j=1

[
ωjn̂j −

Uj
2
n̂j(n̂j − 1)

]
+ JL

(
â†1â2 + â†2â1

)
+ JR

(
â†3â4 + â†4â3

)
.

(4.50)
The system is set so that the correlated decay between the pairs is at maxi-
mum. Because the pairs have slightly different capacitive couplings (see Tab. 4.1),
they have to be slightly detuned so that the left pair has frequency ωL and the
right one ωR. In the experiment, the separation of the pairs is fixed to approxi-
mately 46 mm and the frequencies of the transmons can be adjusted by an external
magnetic flux. In our theoretical model we use the experimental values for the
frequencies and set the pair separation to be half of the wavelength correspond-
ing to the average frequency ω̄ = (ωL + ωR)/2. Thus, we have |zL − zR| = λ̄/2
with λ̄ = 2πc/ω̄, giving tLR = π/ω̄ in Eq. (4.33).

There exist transitions between singly and doubly occupied states of trans-
mons, which have the transition frequency reduced by the anharmonicity U . These
transitions are therefore slightly off-resonant, and the λ̄/2-condition does not hold
since for such transitions one would require approximately 3% longer separation.
This causes decreased correlated decay between such transitions, and non-zero
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coherent exchange interaction. The effective Hamiltonian is therefore

Ĥeff = Ĥ2+2 + ~
∑
mj,nk

(
Jmj,nk −

iγmj,nk
2

)
σ̂nk+ σ̂mj− , (4.51)

where the coefficients γmj,nk and Jmj,nk are given by Eqs. (4.28) and (4.29), re-
spectively, and we have assumed that the frequencies are so far above the cutoff
frequency that we can set Ω⊥ = 0 in Eq. (4.30). In the first excitation manifold
we then find four states,

|D1〉 =
1√
2

(
|1000〉 − |0100〉

)
, |D2〉 =

1√
2

(
|0010〉 − |0001〉

)
, (4.52)

|D3〉 =
1

2

(
|1000〉+ |0100〉+ |0010〉+ |0001〉

)
, (4.53)

|B4〉 =
1

2

(
− |1000〉 − |0100〉+ |0010〉+ |0001〉

)
, (4.54)

which have the energies and decay rates

E1 = ~(ωL − JL), Γ1 = 0, E2 = ~(ωR − JR), Γ2 = 0, (4.55)

E3 = ~
(
ωL + ωR

2
+
JL + JR

2

)
, Γ3 = 0, (4.56)

E4 = ~
(
ωL + ωR

2
+
JL + JR

2

)
, Γ4 =

4∑
j=1

γj , (4.57)

where ωL = ω1/2 is the frequency of the left pair and ωR = ω3/4 is the frequency
of the right pair. The two lowest states |D1〉 and |D2〉 are local dark states. The
remaining two are collective states, extending through the entire system. The
state |D3〉 is dark, while the state |B4〉 is bright, being the only state of the four
that decays through the waveguide. The two collective states are resonant in
energy, but they have the opposite symmetry. The collective dark state |D3〉 is
symmetric with respect to the exchange of the pairs, determined by the opera-
tor P̂ =

∑
abcd |abcd〉 〈cdab|. The collective bright state |B4〉, on the other hand,

is antisymmetric. In the above we have assumed that all the transmons couple
equally strongly to the waveguide, but in reality each transmon has a slightly
different γj , so the above forms are only approximative.

In the two-excitation manifold of four transmons there exists ten states. The
full level structure is shown in Fig. 4.5. We denote the eigenstates as |Xj〉, where j
is an integer, labeling the states in ascending order in energy. The letter X refers
to the radiative properties of the state, with D standing for dark, B for bright, W
for weak, and F for faint. For comparison the eigenstates for a system consisting
of qubits are also shown. Such a system has only six states with two excitations.
The additional four states for transmons, |W5,6〉 and |F7,8〉, lie low in energy. They
are thus mostly made of Fock states with doubly occupied sites. However, also
the eigenstates |B12,13,14〉 at high energies are affected by the anharmonicity. For
anharmonic oscillators, they have slightly larger energies, and considerably larger
decay rates than for qubits.
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Figure 4.5: (a) Level structure of the experimental setup. Dots are the eigen-
states of the system modeled with anharmonic oscillators. Symmetric states (with
respect to the exchange of the pairs) are colored blue, antisymmetric ones red and
the states without symmetry grey. For comparison, the eigenlevels of the cor-
responding system of qubits are shown with crosses. In the anharmonic system
we find four additional states, |W5,6〉 and |F7,8〉, that do not exist for two-level
systems. Also, the three highest states are at slightly different energies in the
two models. In particular, the symmetric states |B13,14〉 are almost resonant for
the transmons but not for the qubits. (b) Dominating decay channels between
specific collective eigenstates. Decay through the waveguide is antisymmetric, so
it connects symmetric states to antisymmetric ones and vice versa. Because of
the disorder in the transmon parameters, the states |W5,6〉 do not posses any spe-
cific symmetry, which is why they connect to the states |D3〉 and |B4〉 with equal
magnitudes. Arrow thickness indicates the strength of the decay.



50 4 Waveguide QED and transmons

Table 4.1: Experimental parameters used in Paper II. In the simulations we
have included also bulk dissipation κ/2π = 15 kHz and bulk dephasing κφ/2π =
100 kHz, as well as the collective dephasing Kφ/2π = 437 kHz.

Transmon ωj/2π (GHz) Uj/2π (MHz) γj/2π (MHz) Jj/2π (MHz)

Q1 7.282 219 14.9 -
Q2 7.282 222 12.7 -
Q3 7.278 215 15.8 -
Q4 7.278 206 13.0 -
Q1Q2 - - - 43.0
Q3Q4 - - - 47.0

Table 4.2: List of the parameters used in the spectroscopy of the two-excitation
manifold in Paper II.

Pulse ω/2π (GHz) A/2π (MHz) T (ns) µ (ns) σ (ns)

Rabi 7.325 4 240 120 40
Spectroscopy - 1 1200 840 300

4.5.2 Spectroscopy

In Paper II the doubly-excited states were probed by first applying a Rabi pulse
to the ground state through the sideports, which excites the long-lived collective
dark state |D3〉. By applying another pulse with a suitably chosen frequency and
symmetry, one can excite the state |D3〉 to the two-excitation manifold. Some of
these states decay to the bright state |B4〉 in the one-excitation manifold, which
then decays back to the ground state. The ground state population can then be
measured by coherently driving the system through the waveguide with the fre-
quency of the bright state |B4〉, which, if the system is in the ground state, should
become excited. This population can then be measured from the transmission, as
discussed in Paper II.

The amplitudes of the spectroscopy pulses are of the Gaussian form

A(t) = A exp

[
−(t− µ)2

2σ2

]
, (4.58)

where A is the maximum amplitude of the pulse, µ is the time instance at which
the pulse is at maximum, and σ2 is the variance determining the width of the pulse.
The experimental values for the pulse parameters are shown in Tab. 4.2, and the
pulse sequence as a function of time in Fig. 4.6. The Hamiltonian describing the
pulse is then of the form

ĤP(t) = 2~ cos(ωPt)

4∑
j=1

Aj(t)
(
eiφj âj + e−iφj â†j

)
, (4.59)
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Figure 4.6: Amplitudes of the Rabi pulse (blue) which excites the dark state |D3〉
and the spectroscopy pulse (red) for studying the states in the two-excitation
manifold. The functional form of the pulses is given in Eq. (4.58).

where ωP is the frequency of the pulse and φj are the phases at each site. In the
experiment one can only alter the phase difference between the pairs, and thus
in the simulation we choose φ3,4 = 0 and alter the phase φ1,2 = φ, which sets
the symmetry of the drive with respect to the exchange of the pairs. Ideally, one
would have equal amplitudes Aj for all sites. However, in the experiment the drive
is applied through the sideport. Because the transmons forming a pair are side-
by-side in the waveguide, one of them is closer to the sideport than the other, see
Fig. 4.4. This causes an amplitude gradient within the pairs since the amplitude
decays as it travels to the waveguide. Thus, the transmons 1 and 3 experience a
slightly larger drive than their respective pairs 2 and 4.

Assuming that transmons 1 and 3 experience an equal amplitude A1,3, and
transmons 2 and 4 likewise an equal amplitude A2,4, then one can define the
average amplitude A and the amplitude gradient δA as

A =
A1,3 +A2,4

2
, δA = A1,3 −A2,4, (4.60)

which gives A1,3 = A + δA/2 and A2,4 = A − δA/2. Substituting these into the
Hamiltonian in Eq. (4.59) gives

ĤP(t) = 2~ cos(ωPt)

{
A(t)

[
eiφ (â1 + â2) + â3 + â4 + h.c.

]
+
δA(t)

2

[
eiφ (â1 − â2) + â3 − â4 + h.c.

]}
,

(4.61)

where h.c. is the Hermitian conjugate. The amplitude gradient δA produces an
antisymmetric drive with respect to the exchange of sites within the pairs. In
the simulations we have used δA = A/4, which gives a good agreement with the
experiment.

Unlike in Sec. 2.4, we cannot remove the time dependence completely by per-
forming the rotating wave approximation since now also the amplitudes carry time
dependence. The rotating wave approximation is still beneficial since it removes
small rapid oscillations and thus makes the numerical simulation more stable and
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Figure 4.7: Ground state population p0 after the Rabi and spectroscopy pulses
as a function of the spectroscopy pulse frequency ωP and phase φ for systems made
of transmons (left) and qubits (right). Colored arrows indicate the corresponding
transitions.

efficient by allowing larger time steps to be used. Further, we simulate the system
in two pieces, so that only one excitation pulse is on at a time. We make the
rotating wave approximation with respect to the pulse frequency ωP by using the
rotation operator R̂(t) = exp(iωPtN̂) in Eq. (2.14), yielding the approximative
Hamiltonian

Ĥ(t) = Ĥ2+2 − ωPN̂ + ~A(t)
[
eiφ (â1 + â2) + â3 + â4 + h.c.

]
+
~δA(t)

2

[
eiφ (â1 − â2) + â3 − â4 + h.c.

]
.

(4.62)

The master equation describing the time evolution of the system can then be
written as

dρ̂

dt
=− i

~

[
Ĥ(t), ρ̂

]
+
∑
mj,nk

γmj,nk

(
σ̂mj− ρ̂σ̂nk+ −

1

2

{
σ̂nk+ σ̂mj− , ρ̂

})

+

4∑
j=1

κ

(
âj ρ̂â

†
j −

1

2

{
â†j âj , ρ̂

})
+

4∑
j=1

κφ

(
n̂j ρ̂n̂j −

1

2

{
n̂2
j , ρ̂
})

+Kφ

(
N̂ ρ̂N̂ − 1

2

{
N̂2, ρ̂

})
,

(4.63)

where we have also included the bulk dissipation κ and the bulk dephasing κφ, as
well as the collective dephasing Kφ. Derivation of these terms is given in App. A.1.

The frequency of the first pulse is fixed to the dark state transition frequency,
and the phase is φ = 0 since the state |D3〉 is symmetric. The frequency and the
phase of the secondary pulse are swept over a range in order to study the two-
excitation states. Thus, one has to simulate the dynamics of the secondary pulse
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for all pairs (ωP, φ), but the dynamics by the first pulse needs to be solved only
once. Because we perform the rotating wave approximations, the frame has to be
switched in between the pulses, after which one can calculate the time evolution
under the secondary pulse. After the secondary pulse, the ground state population
can be calculated from the solved density operator ρ̂ as p0 = Tr[|G〉 〈G| ρ̂]. The
results are shown in Fig. 4.7 for both transmons and qubits.

The Rabi pulse is imperfect, a fact discussed in more detail in Paper II, mean-
ing that it leaves some of the population in the ground state. This is observed
as a baseline of p0 ≈ 0.67 in the spectroscopy. The values of κ and κφ affect
the baseline value, so that for larger dissipation and dephasing the system has
more population in the ground state. These parameters cannot be accessed ex-
perimentally, but by tuning them so that the baseline produced by the simulation
matches the experimental value we obtained a good match with the experiment.
The values for κ, κφ and Kφ inferred from the simulations, given in the caption
of Tab. 4.1, are experimentally realistic.

For both transmons and qubits we observe a sharp dip in the ground state pop-
ulation at the dark state |D3〉 transition frequency. Here, also the spectroscopy
pulse excites the dark state |D3〉, removing some of the ground state popula-
tion. Since the state is dark, it does not decay back to the ground state. With
antisymmetric drive, φ = π, the feature vanishes since the spectroscopy pulse
cannot excite the dark state |D3〉. Instead, it excites the bright state |B4〉, but
this state decays rapidly back to the ground state [see Fig. 4.5(b)] and is thus
not visible in the spectrum. Similarly we see a dip at the frequencies of the local
dark states |D1,2〉, caused by the population going from the ground state to the
local states. This transition is phase-independent due to the locality of the states.
Without the amplitude gradient, these transitions would be invisible.

The transitions from the ground state to the one-excitation manifold are the
same for both transmons and qubits. Differences emerge in the two-excitation
manifold. Transitions to the symmetric states |B13〉 and |B14〉 (see Fig. 4.5) are
visible for both transmons and qubits. These states decay mostly to the bright
state |B4〉, which decays to the ground state, and thus transitions to these states
are observed as increased ground state population. However, for transmons these
states are close to resonance, and thus are essentially observed as a one state. For
qubits, on the other hand, the transition from the state |D3〉 to the state |B14〉 is
almost resonant with the transition from the ground state to the dark state |D3〉,
whereas transition to the state |B13〉 is almost resonant with the local transitions,
and thus we observe two separate states. Again, both states become inaccessible
at antisymmetric driving since they are symmetric. The antisymmetric state |B12〉
is not visible, since it decays rapidly back to the dark state |D3〉 and thus does
not affect the spectrum.

At low frequency we observe the transitions from |D3〉 to the states |W5,6〉,
which do not exist for real qubits. These states decay partially back to the dark
state |D3〉 and partially to the bright state |B4〉, which is why they show up only
weakly in the spectrum. These states do not have a well-defined symmetry, which
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causes the shift along the φ axis.
The simulations together with the experiments confirm that the transmons in

the system behave as anharmonic oscillators instead of qubits. In Sec. 3.6 we dis-
cussed how the transmon changes from the harmonic oscillator towards the qubit
as the anharmonicity is increased. Similar effects occur also in the waveguide sys-
tem. The difference here is the additional parameter of the waveguide coupling γ.
As the anharmonicity is increased (capacitive coupling and waveguide coupling
are kept fixed), the energies and decay rates converge towards the qubit values.
This is depicted in Fig. 4.8 which shows that the current experimental transmons
are actually quite far from being true qubits. However, as was discussed in Pa-
per II, the two-pair system can behave as an effective qubit, if one operates in
the decoherence-free subspace formed by the ground state |G〉 and the collective
dark state |D3〉. In order to operate at maximum efficiency, it is important to
understand also the structure of the other states, so that one can decrease the
leakage of population from this effective qubit to the other states.

Even though transmons are sometimes referred to as artificial atoms, their
anharmonic level structure is far from that created by the Coulomb potential
in real atoms. The level structure of our two-pair setup inside the waveguide,
on the other hand, bears much greater resemblance to a real atom. Just like
atoms, our system has specific selection rules that determine which transitions
are possible. In atoms, the allowed transitions are related to the changes in the
quantum numbers, whereas in our case they are related to the symmetries of the
states. The analogy of the dark state |D3〉 in atoms is a metastable state which
cannot decay spontaneously, but instead needs some external collisions in order
to decay [31]. In a sense, we have created a macroscopic atom with dimensions
measured in centimeters!

4.6 Relaxation and decoherence

The definitions of the relaxation time T1 and the decoherence time T2 for a single
quantum system are given in Eq. (2.57). In the waveguide setting these are affected
by the correlated decay. For the experimental system of two transmon pairs, we
can calculate these times for all individual states, if all the transmons are identical.
The state |D3〉 is particularly interesting, since it can be used as an effective long-
lived qubit. The population p3(t) of this state, as well as its coherence ρ03(t) with
the ground state can be solved from the master equation

dρ̂

dt
=− i

~

[
Ĥ2+2, ρ̂

]
+
∑
mj,nk

γmj,nk

(
σ̂mj− ρ̂σ̂nk+ −

1

2

{
σ̂nk+ σ̂mj− , ρ̂

})

+

4∑
j=1

κ

(
âj ρ̂â

†
j −

1

2

{
â†j âj , ρ̂

})
+

4∑
j=1

κφ

(
n̂j ρ̂n̂j −

1

2

{
n̂2
j , ρ̂
})

+Kφ

(
N̂ ρ̂N̂ − 1

2

{
N̂2, ρ̂

})
.

(4.64)
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Figure 4.8: Energies (left column) and decay rates (right column) of the eigen-
states of the effective Hamiltonian (4.51) as a function of anharmonicity U .
Dashed lines give the energies if the system was made of pure qubits. As the
anharmonicity increases, some of the transmon energies approach the qubit ones.
The states with rapidly decreasing energies are purely bosonic, including multi-
occupancies. At the experimental value U/γ̄ ≈ 15.28 [vertical dashed line in (b)],
the system is far from the qubit limit. Here γ̄ and J̄ are the average values of the
system parameters shown in Tab. 4.1.
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For the coherence between the dark state |D3〉 and the ground state, we obtain

ρ03(t) = ρ03(0)e−it(ω+J)e−t
κ+κφ+Kφ

2 , (4.65)

from which we recognize the coherence time

1

T2
=
κ+ κφ +Kφ

2
. (4.66)

Assuming that the system is initially in the dark state |D3〉, i.e., p3(0) = 1, we
find for the dark state population

p3(t) = e−t(2γ+κ+κφ/2)

[
cosh

(
t

2

√
16γ2 + 4γκφ + κ2

φ

)

+
4γ + κφ√

16γ2 + 4γκφ + κ2
φ

sinh

(
t

2

√
16γ2 + 4γκφ + κ2

φ

)]
,

(4.67)
which can be approximated by

p3(t) ≈ e−t
(

2γ+κ+
κφ
2
− 1

2

√
16γ2+4γκφ+κ2

φ

)
. (4.68)

From this, we can obtain the relaxation time for the collective dark state,

1

T1
= 2γ + κ+

κφ
2
− 1

2

√
16γ2 + 4γκφ + κ2

φ. (4.69)

This is a surprising result since the dark state does not couple with the waveguide,
yet its relaxation rate is still affected by the waveguide coupling γ. This happens
because the pure dephasing κφ causes transitions within the one-excitation man-
ifold. Some of the population in |D3〉 leaks to the bright state |B4〉, which can
then decay through the waveguide. In the limit of γ � κφ the relaxation time in
Eq. (4.69) can be further approximated as

1

T1
= κ+

κφ
4
, (4.70)

so that the pure dephasing adds to the relaxation time of a regular system without
collective effects, see Eq. (2.57). Note that the collective dephasing Kφ does not
affect the relaxation, but only increases the decoherence.



Chapter 5

Many-body localization in
transmon arrays

Classical statistical mechanics describes accurately the behavior of an ensemble
of particles, and similar principles can be used for describing also quantum me-
chanical systems in the thermodynamic limit. A conventional quantum system
can behave as a thermal bath for itself, which, given enough time, leads to ther-
malization of the system. However, there exist also systems that cannot act as
their own bath, meaning that their own unitary dynamics never brings them to
a thermal equilibrium. Such systems break the conventional laws of statistical
physics.

In this Chapter we first discuss what ergodicity in closed quantum systems
means, and explain the eigenstate thermalization hypothesis. We then consider
how disorder can prevent the system from thermalizing. In non-interacting sys-
tems local disorder can lead to Anderson localization. Interacting systems, on
the other hand, can undergo a phase transition from ergodic to many-body local-
ized phase, given strong enough disorder. Finally, we discuss the main results of
Paper I, where the many-body localization was studied in transmon arrays.

5.1 Thermalization

Boltzmann’s ergodic hypothesis states that an isolated classical system will, given
enough time, spend equal times in equal-sized regions of phase-space, so that all
the microstates are accessed with equal probability [19, 38, 69, 70]. It follows
that the infinite-time averages of observables are equivalent to their ensemble
averages. In a system that can be divided into subsystems, this hypothesis rules
that these exchange energy and particles, which eventually leads to a thermal
equilibrium among the subsystems. We say that the system thermalizes. The
ergodic hypothesis forms the basis of classical statistical physics [19, 23, 71].

An isolated quantum system can also undergo thermalization. However, the
definition of ergodicity is more ambiguous in the quantum world, since the unitary
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Figure 5.1: (a) In Sec. 2.7 we assumed that a small quantum system was coupled
to an external bath. This coupling allows the exchange of energy, particles and in-
formation, which eventually leads to thermal equilibrium between the system and
the bath. (b) In this section we instead study a large closed quantum system that
undergoes unitary time evolution. (c) The system can be arbitrarily divided into
two parts, a small subsystem A and its complement B. If the system thermalizes,
the subsystem A sees the subsystem B as a bath.

quantum evolution happens in the Hilbert space, and thus the trajectory in the
phase space is not tractable [23]. Consider a general many-body quantum system
described by the Hamiltonian Ĥ. If the system is initially in state |ψ0〉, then the
time evolved state is given by Eq. (2.9). The probability of finding the system in
an arbitrary eigenstate |β〉 of the Hamiltonian is then

pβ(t) = | 〈β|ψ(t)〉 |2 = | 〈β|ψ0〉 |2 = pβ, (5.1)

which depends only on the initial state, and is time-independent. On the other
hand, the expectation value of an observable 〈Ô(t)〉 evolves in time as

〈Ô(t)〉 =
∑
α,β

〈α|ψ0〉∗ 〈β|ψ0〉 e
i(Eα−Eβ)t

~ 〈α|Ô|β〉 . (5.2)

The long-time average of the observable then approaches a diagonal ensemble,

〈Ô〉∞ = lim
t→∞

1

t

∫ t

0
dτ 〈Ô(τ)〉 =

∑
α

pα 〈α|Ô|α〉 , (5.3)

where the oscillatory parts in the integrand average out, effectively producing a
Kronecker delta δαβ, and we have assumed that the spectrum is non-degenerate.
The coefficients pα are fixed by the initial state, so that the only way for the
system to reach thermal equilibrium is if the expectation values 〈α|Ô|α〉 are the
same as in the microcanonical ensemble [72, 73, 74],

〈Ô〉mc =
1

NE0,∆E

∑
α

|E0−Eα|<∆E

〈α|Ô|α〉 , (5.4)

where E0 = 〈ψ0|Ĥ|ψ0〉 is the mean energy of the initial state and ∆E is the
half-width of an appropriately chosen energy window centered at E0. The en-
ergy window is chosen among the eigenvalues of highly excited states, which
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correspond to nonzero temperatures in thermal equilibrium. The normalization
coefficient NE0,∆E is the number of eigenstates within the specific energy win-
dow [E0 − ∆E,E0 + ∆E]. We can then express the eigenstate thermalization
hypothesis as ∑

α

pα 〈α|Ô|α〉 =
1

NE0,∆E

∑
α

|E0−Eα|<∆E

〈α|Ô|α〉 . (5.5)

In ergodic systems, individual many-body eigenstates |α〉 have thermal observ-
ables 〈α|Ô|α〉 which are the same as the microcanonical ensemble values at the
energy E = Eα [23]. This means that a subsystem of the total system sees the
remaining part as an effective heat bath (see Fig. 5.1).

In thermal equilibrium, the system can be characterized by a small number
of parameters, such as energy and temperature. This suggests that the system
loses information about its initial state. However, the time evolution of a closed
quantum system is unitary, which cannot erase information. Instead, the time
evolution hides the local information about the initial state into global observables
as the entanglement spreads throughout the system, making it inaccessible to
measurements, since, in practice, one can only measure local quantities [19]. The
spread of entanglement obeys a power law, meaning that it is ballistic [75].

Thermalization suggests that the system can act as its own thermal bath. If
the system is divided into two parts, a small subsystem A and its complement B,
then the subsystem B can act as a thermal bath to the subsystem A, which leads
to thermal equilibrium between the two, see Fig. 5.1. The leakage of local informa-
tion is seen as dephasing of the subsystem. The subsystem A can also dissipate,
i.e., leak particles to the remaining parts of the system. These phenomena are
completely analogous to those described in Sec. 2.7.

If the eigenstate |α〉 obeys the eigenstate thermalization hypothesis, then the
entanglement entropy between the subsystem A and the rest of the system, defined
as the von Neumann entropy of the reduced density operator ρ̂A = TrB |α〉 〈α| in
Eq. (2.47), is equal to the thermodynamic entropy. The thermodynamic entropy
is extensive, so the entanglement entropy is proportional to the volume of the
subsystem A. This is called the volume law scaling. In a one-dimensional system
the length of the system can be interpreted as its volume.

Thermal eigenstates are very sensitive to external perturbations. This leads
to repulsion between the eigenlevels, which follow the statistics of an ensemble of
random matrices [71]. If the eigenvalues are arranged in ascending order, then
the adjacent gap ratio

r(α) =
min

[
δ(α), δ(α+1)

]
max

[
δ(α), δ(α+1)

] , δ(α) = Eα+1 − Eα > 0, (5.6)

obeys the Gaussian orthogonal ensemble, so that averaging over many eigenstates
gives rGOE ≈ 0.5307 [76].
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Figure 5.2: Schematic of the different phases on a lattice. (a) In the ergodic
phase the eigenstates are plane waves where a particle is delocalized between all
the lattice sites. (b) In non-interacting disordered systems the eigenstates are ex-
ponentially localized. (c) In a many-body localized system the interactions induce
hoppings between the single-particle localized states.

5.2 Localization

The eigenstate thermalization is a hypothesis, and it does not necessarily hold for
all systems. Thermalization requires that the subsystems can exchange particles
and energy with each other, so thermal systems must be conducting. On the other
hand, insulating systems could be potential candidates for breaking the ergodicity.
Such a behavior can occur in lattices where the on-site energies are disordered.
The off-resonances of the lattice sites decrease the probability of hopping, leading
to localization.

5.2.1 Anderson localization

In non-interacting systems with less than three spatial dimensions, an arbitrarily
weak local, uncorrelated disorder can localize the eigenstates. Consider a single
particle hopping on an infinite disordered lattice, described by the Hamiltonian

Ĥ/~ =
∑
j

ωj ĉ
†
j ĉj + J

∑
〈j,i〉

(
ĉ†j ĉi + ĉj ĉ

†
i

)
, (5.7)

where ĉ†j creates a particle on site j and 〈j, i〉 denotes summation over the nearest
neighbors. The local energies ωj are randomly distributed. One possibility is to
assume that they are uniformly distributed around some mean value ω̄,

ωj = ω̄ + [−W,W ] , (5.8)

where W is the disorder strength. In the absence of disorder the wavefunctions
of the Hamiltonian in Eq. (5.7) are plane waves, as depicted in Fig. 5.2(a). In
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dimensions less than three, the wavefunctions become exponentially localized,
for arbitrarily weak disorder in ωj , so that ψα(r) ∝ exp(−|r − Rα|/ξ). Here ξ
is called the localization length, which depends on the strength of the disorder
and the energy of the state, and Rα is the position in space around which the
state is localized, shown in Fig. 5.2(b). In larger dimensions the localization
occurs at some critical disorder strength Wc. This phenomenon is called the
single-particle localization or Anderson localization [20]. If the disorder is much
stronger than the tunneling between the nearest neighbors, W � J , then resonant
transitions between neighboring sites are almost impossible (assuming that no
accidental resonances occur in ωj). Further, for sites separated by d sites the
hopping is suppressed by ∼ (t/W )d, rendering long-range exchange of particles
almost impossible [23]. Thus, the wavefunctions become exponentially localized,
which leads to insulating behavior. In the Fock basis (see Sec. 2.5) this means
that as the disorder increases, the eigenstates start to resemble single Fock states.
Because the eigenstates are localized, they effectively feel only a small part of the
total system. The entanglement entropy of localized eigenstates obeys an area law,
as opposed to the volume law in the ergodic systems. Thus, in one-dimensional
systems, the entanglement is independent of the system size.

Unlike ergodic systems, Anderson localized systems can preserve information
about their initial state because the entanglement does not spread throughout
the system, but is instead restricted to a small local region. Further, because
the eigenstates are spatially localized, there is no level repulsion between the
near-resonant eigenvalues corresponding to eigenstates that have no local overlap.
This results in Poisson distribution of level spacings, so that Eq. (5.6) results
in rP ≈ 0.3863 [76].

If the system is Anderson localized, all dynamics are effectively restricted
within the localization length. This means that, for example, the entanglement
can only spread a certain distance. If the system starts from an unentangled
state, then the entanglement spreads within the localization length, after which it
saturates. Because the localization length is independent of the system size, the
entanglement obeys an area law.

5.2.2 Many-body localization

In the above we considered a disordered system without interactions. This lead
to the Anderson localization, which prevents thermalization. In many realistic
systems, however, the particles are interacting. It turns out that with sufficiently
strong disorder, also interacting systems can become localized [22]. This local-
ization shares many features with the Anderson localization, but is qualitatively
different. Hence, it is called many-body localization. The effect of interactions is to
introduce hopping between the single-particle localized states [23], see Fig. 5.2(c).
Similarly as in the single-particle localization, the entanglement of the many-body
localized eigenstates obeys the area law. There is no repulsion of the energy levels,
so also the adjacent gap ratio is similar to the Anderson localized systems.
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Figure 5.3: Schematic of two kinds of entanglement in many-body systems.
(a) Number entanglement arises from the superpositions of states with different
number of excitations in the subsystems A and B, and it is generated by the
tunneling across the boundary between the subsystems. (b) Configurational en-
tanglement emerges from superpositions of states with different configurations of
excitations in the subsystems.

The differences between the two types of localization emerge in the dynamics.
In the many-body localized system, the dynamics are not restricted within the
localization length as with the Anderson localization, but instead the particles can
slowly explore the system beyond the localization length. This interaction-induced
dephasing causes a slow, logarithmic, growth of entanglement. In the many-body
localized phase, the time evolution can thus be divided into two parts. During the
first one, the excitation quanta explore the surrounding region within the localiza-
tion length. This occurs also in the Anderson localized systems. After this, they
slowly begin to dephase with other particles further and further apart. However,
unlike in ergodic systems, there is no transport of particles, seen as dissipation
of the subsystems [19]. The origin of the entanglement generated during these
two periods is different. During the rapid transient dynamics, a number entan-
glement is created, arising from the hopping of particles across the boundary of
the subsystems [77, 78]. Thus, the particle numbers between the two systems are
correlated, see Fig. 5.3(a). After the transient dynamics, a configurational entan-
glement begins to emerge [77, 78]. This means that the configurations of particles
in the two subsystems are correlated, requiring at least one particle in both sub-
systems, see Fig. 5.3(b). This is caused by the interactions, since the hopping acts
only individually on each particle. The configurational entanglement is therefore
absent in non-interacting systems.

The many-body localization can be understood in terms of localized opera-
tors. For now, we assume that the total system consists of L two-level systems,
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but similar arguments can be applied to other models as well. The system can be
written in terms of spin operators {σj}, which are referred to as p-bits, where p
stands for physical. We also assume that the system Hamiltonian contains disor-
der, and that it has only short-ranged interactions. An example of such a system
is the Heisenberg spin chain [79, 80],

Ĥ/~ =
L−1∑
j=1

[
J
(
σ̂jxσ̂

j+1
x + σ̂jyσ̂

j+1
y

)
+ Uσ̂jzσ̂

j+1
z

]
+

L∑
j=1

ωj σ̂
j
z, (5.9)

which is often referred to as the standard model of many-body localization [54].
Here ωj is the local disorder, defined in Eq. (5.8), U gives the many-body inter-
actions, and J is the hopping between the neighboring sites. Now, if the disorder
is strong enough, all the eigenstates of the system Hamiltonian are localized. In
this fully many-body localized regime, one can define a new set of localized two-
state systems determined by l-bits {τ j}, where l stands for local. The system
Hamiltonian can then be written in terms of these l-bits as [81]

Ĥ/~ =
∑
i

ω̃iτ̂
i
z +

∑
ij

Jij τ̂
i
z τ̂
j
z +

∞∑
n=1

∑
i,j,{k}

K
(n)
i{k}j τ̂

i
z τ̂
k1
z . . . , τ̂knz τ̂ jz , (5.10)

where the sums are restricted so that each term appears only once. The magni-

tudes of the interactions Jij and K
(n)
i{k}j decay exponentially with distance, Jij ∝

exp(−|ri−rj |/ξ̃). The form of the Hamiltonian in Eq. (5.10) stems from the intu-
ition that without transport the system should have a set of conserved quantities,
namely the l-bits {τ j}, which thus are the constants of motion. The l-bits can
be written in terms of p-bits. In this form they consist of a sum of terms which
are products of p-bits on nearby sites. This dressing falls off exponentially with
spatial distance. Construction of l-bits is described in Refs. [81] and [82].

The eigenstates of the Hamiltonian in Eq. (5.10) are simultaneously eigenstates
of all the l-bits {τ̂ jz }. For a generic state, the expectation value of each l-bit thus
precesses around its z axis with a rate determined by its interaction with all
the other l-bits. The entanglement and dephasing are caused by this precession.
However, there is no mechanism that would cause a spin-flip, i.e., change the z
component of an l-bit. Thus, there is no dissipation, and therefore the dephasing
can, in principle, be reversed by spin-echo procedures, allowing one to store and
retrieve information to and from a many-body localized system [19].

The l-bit formalism can also be used for understanding the logarithmic spread-
ing of entanglement described above. In the ergodic phase the interaction of
bits a and b generates entanglement between them. If the bit b then interacts
with another bit c, they become entangled, and subsequently the bit c becomes
entangled also with the bit a. This causes the ballistic spreading of entanglement.
In Anderson localized systems, on the other hand, the l-bits are not interact-

ing, Jij = K
(n)
i{k}j = 0, so there is no spreading of entanglement after the transient



64 5 Many-body localization in transmon arrays

Figure 5.4: (a) Schematic of Google’s Sycamore processor [6] with 53 working
transmons (crosses) coupled to nearest neighbors by tunable couplers (grey bars).
(b) By tuning the couplers, a long one-dimensional array of transmons could be
created on the processor, allowing the simulation of the Bose–Hubbard model.

dynamics during which the local p-bits become entangled. In the many-body lo-
calized systems the l-bits are interacting, leading to a spreading of entanglement
also after the transient dynamics. But now the entanglement between the l-bits a
and c can only be generated via their mutual interaction, and not by the inter-
action between the l-bits b and c. This happens because the interaction between
the l-bits a and c depends on the value of τ̂z for the l-bit c, which is a constant of
motion, and is thus not affected by the l-bit b [19].

The many-body localization is a relatively new subject. Despite vast number
of theoretical research, many features of it are not well understood. For example,
the critical exponents describing the phase transition between the ergodic and
the many-body localized phases seem to violate the generic bounds [71, 83]. The
existence of the many-body localization in dimensions larger than one has also
been questioned [84]. Numerical research on the subject is limited to small system
sizes, L = 26 for two-level systems [85], which is far from the thermodynamic limit
of infinite system size. Progress on the experimental systems can perhaps shed
more light on the subject. Localization has been studied experimentally in cold
atoms in optical lattices [77, 86]. Particularly interesting for the topic of this thesis
is the progress in superconducting circuits, which have already been applied in
probing localization [16]. For example the Google’s Sycamore processor [6] with 53
tunable transmons coupled to their four nearest neighbors (see Fig. 5.4) is already
something that has a lot of potential in the study of many-body physics.

5.3 Many-body localization in a transmon chain

Theoretical research on many-body localization has concentrated on two-level
systems, although also bosonic systems have been studied in the context of atomic
systems [87, 88, 89]. Two-level systems are convenient due to their smaller Hilbert
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Figure 5.5: Schematic drawing of the transmon chain described by the Bose–
Hubbard Hamiltonian in Eq. (5.11). Tunneling between neighboring transmons is
given by J , and the anharmonicity U acts as the many-body interaction. Disorder
strength in local energies ωj is tunable with an external magnetic flux.

space, compared to more complicated systems. This allows one to reach larger
system sizes in numerical simulations. Properties of the many-body localized
phase, such as the logarithmic spreading of entanglement, are independent on the
system. The system, however, affects the parameters at which the phase transition
from the ergodic to the many-body localized phase occurs. For example, the
Heisenberg spin chain of Eq. (5.9) undergoes the phase transition at Wc/J ≈ 3.7
at half-filling, if U = J [79]. In this section we discuss the main results of Paper I,
where the many-body localization in chains of transmons was studied numerically.

We model the system with the disordered Bose–Hubbard Hamiltonian, defined
in Eq. (3.35),

ĤBH

~
=

L∑
j=1

ωjn̂j −
L∑
j=1

U

2
n̂j(n̂j − 1) +

L−1∑
j=1

J
(
â†j âj+1 + âj â

†
j+1

)
, (5.11)

with uniformly distributed local energies ωj , discussed in Sec. 3.5. The system
is illustrated in Fig. 5.5. The anharmonicities/interactions U and the capacitive
couplings J can also contain disorder, but they have only a small effect com-
pared to the local energies. If we keep the capacitive coupling J fixed, then two
parameters, disorder strength W and interaction strength U , determine whether
the system is localized or ergodic. As discussed in Sec. 3.5, the intrinsic disorder
arising from the junction asymmetry of transmons provides a natural source of
disorder in such systems, and the ability to tune the disorder strength via external
magnetic flux allows one in principle to probe the phase transition between the
ergodic and many-body localized phases also experimentally.
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Figure 5.6: Phase diagram of the disordered Bose–Hubbard model as a function
of the interaction strength U and the disorder strength W . The white curve gives
the estimate for the critical disorder strength Wc at which the system undergoes a
phase transition between ergodic and many-body localized (MBL) phases. White
dots are the calculated data points and vertical lines the corresponding error bars.

5.3.1 Phase transition

The main result of Paper I is the phase diagram of the Bose–Hubbard Hamilto-
nian, which shows the phase transition between the ergodic and localized phases.
This phase diagram is shown in Fig. 5.6. As the interaction strength U increases,
the system first requires stronger disorder for localization, acquiring the largest
critical value Wc/J ≈ 8.5 at U/J ≈ 4, after which the required disorder strength
starts to decrease again. The shape of the phase diagram is similar to the corre-
sponding fermionic system studied in Ref. [90], but the maximum critical disorder
strength occurs at much smaller interaction strength than in the fermionic case.
This can be understood in terms of bosonic statistics. Because multiple bosons
can occupy the same site, the local interactions can become stronger than in
the fermionic case where Pauli exclusion principle prevents multiple fermionic
occupations with the same spin. Thus, bosonic systems effectively feel stronger
interactions than fermions. As the anharmonicity increases, the states near the
maximum density of states approach the qubit states, which do not feel the in-
teraction U . Thus, we recover the Anderson localization also in the limit of large
interaction, which causes the critical disorder strength Wc to decrease. Similar
system was later studied also experimentally in Ref. [91], which was in agreement
with the theoretical prediction.
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Figure 5.7: Density of states ρ as a function of normalized energy ε for a few
random realizations. (a) For transmons the shape of the density of states varies
between realizations, and especially the location of the maximum density of states
shifts. (b) For qubits the density of states is pretty much realization independent,
and the maximum is located in the middle of the spectrum.

The phase diagram in Fig. 5.6 was constructed by studying the entanglement
entropy between the left and right halves of transmon chains of different lengths,
but keeping the filling factor f = N/L = 1/2 fixed. Since the phase transitions
are well defined only in the thermodynamic limit, which is inaccessible in practice,
one has to study the properties of finite-sized systems instead and see how they
scale as a function of the system size. Further, because of the random disorder,
one has to average over multiple disorder realizations in order to obtain convergent
results.

Since the many-body localization is a phenomenon of highly excited eigen-
states, the first question is which excited eigenstates one chooses. In Ref. [79] the
many-body localization transition in a Heisenberg spin chain was studied. There
the transition in different parts of the spectrum was observed to occur at different
disorder strengths. The transition occurred earlier in the low and high ends of
the spectrum, and in the middle the largest disorder was required. This behavior
is known as the mobility edge [71].

In a spin chain the spectrum is symmetric, and the density of states is largest
in the middle. By density of states we here mean the number of eigenstates within
an energy window. For spins the density of states is practically independent of
the disorder realization, and typically one studies eigenvalues at the middle of the
spectrum. It is often convenient to consider the normalized energies

ε =
E − Emin

Emax − Emin
∈ [0, 1], (5.12)

where Emin and Emax are the smallest and the largest energies, respectively. The
value ε = 0.5 then corresponds to the middlemost energy. For the Bose–Hubbard
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Figure 5.8: (a) Entanglement entropy between the left and right halves of a
transmon chain as a function of the disorder strength W for U/J = 3.5. Inset:
finite-size scaling for the extraction of critical disorder strength Wc ≈ 8.24 and
critical exponent νc ≈ 1.13, which are larger compared to the values obtained for
the Heisenberg spin chain [79]. (b) Average adjacent gap ratio r̄ as a function
of disorder strength W and the normalized energy ε for a system of L = 10
transmons. In the ergodic phase the gap ratio is given by the Gaussian orthogonal
ensemble (red), and in the localized phase by the Poisson distribution (blue).

model, however, the density of states strongly depends on the realization, and
especially the location of the maximum density of states varies, as shown in Fig 5.7.
This happens because the ground state is mainly made of Fock states where all the
excitations occupy the same transmon. If one single transmon has significantly
lower ωj than the others, this shifts the ground state lower in energy. This does
not have such a large impact on the highly-excited states, but the normalization
shifts them towards larger values of ε. Thus, it is not reasonable to consider
a fixed value of ε for different realizations, since the corresponding states could
have vastly different properties. For example, in Fig. 5.7(a), the value ε = 0.6
corresponds to the maximum density of states in the green realization, but for
the red one it is in the low end of the spectrum with much less states. In order
to obtain comparable eigenstates for different realizations, we select them around
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the maximum density of states.

In principle, the density of states is obtained by diagonalizing the Hamilto-
nian. However, this is impractical for large systems. Instead, one can estimate
the density of states efficiently, as described in App. B.3. Once the energy cor-
responding to the maximum density of states is known, one can solve the eigen-
states with eigenvalues close to it using the shift-and-invert method, as discussed
in App. B.2. One can then calculate the entanglement entropy between the left
and right halves of the chain using Eq. (2.47) for the obtained state. Efficient
numerical method for doing this is described in App. B.4. This is repeated for
various disorder strengths W , and the results are always averaged over a large
number of realizations. This is further repeated for different sized systems. An
example data for U/J = 3.5 is shown in Fig. 5.8(a). At low disorder strength the
entanglement obeys the volume law, which means that the system is ergodic. At
strong disorder the entanglement on the other hand starts to behave according to
the area law, implying localization. Somewhere in between there exists a critical
disorder strength Wc at which the phase transition from the ergodic to the many-
body localized phase occurs in the thermodynamic limit, where one would expect
a sharp step-function-like transition. This transition point can be estimated by
performing the finite-size scaling analysis with ansatz g[L1/ν(W −Wc)], where ν
is the scaling exponent [79]. In practice we scale the entanglement by system
size L and the corresponding W axis by L1/ν(W − Wc). Then we search for
values ν and Wc for which the curves collapse on top of each other. Using this
method, we have then estimated the critical disorder strength as a function of the
interaction U . The results are shown in the phase diagram in Fig. 5.6.

In Fig. 5.8(b) the average adjacent gap ratio of Eq. (5.6) is shown as a function
of the disorder strength W and the normalized energy density ε, in order to show
the mobility edge. The eigenvalues in the lower end of the spectrum seem to be
localized also for very weak disorder. Higher energies, on the other hand, require
larger disorders for localization, and the transition depends on the value of ε. Here
we have calculated 20 eigenstates around a fixed value for ε for different realiza-
tions, which, as argued above, should not be done for the Bose–Hubbard model.
The reason for this figure is to demonstrate the mobility edge and the adjacent
gap ratio. Choosing the eigenstates more precisely around comparable state den-
sities would most likely change some details close to the transition point. At weak
disorder the densities of states resemble each other for different realizations, and
at strong disorder the entire spectrum is many-body localized.

In this thesis we have only considered the Bose–Hubbard model with attractive
interactions, since such a Hamiltonian models the array of transmons. However,
in literature discussing cold atoms more studied model is repulsive Bose–Hubbard
model [87, 88, 89], where the sign of the anharmonicity is negative. This sign
difference essentially reverses the energy spectrum. In the study of many-body
localization, one is interested in the eigenstates close to the maximum density of
states, and thus the sign of the anharmonicity is irrelevant. However, the ground
state of the two models is fundamentally different. In the attractive case studied
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Figure 5.9: Entanglement entropy as a function of time for different sized sys-
tems. (a) The system is in the localized phase with W/J = 15 and U/J = 3.5.
After rapid transient dynamics the entanglement continues to spread logarithmi-
cally slowly in the many-body localized systems. Without interactions (red dashed
line) dynamics are restricted within the localization length, and the entanglement
is saturated. (b) In the ergodic phase W/J = 1 the entanglement spreads ballis-
tically throughout the system, and eventually reaches a maximum value obeying
the volume law. For comparison we also show the localized dynamics, for which
the entanglement is considerably smaller. Initial state was set to |1010 . . . 10〉.

here, the energy of the ground state is not extensive, and thus there is no well
defined thermodynamic limit. However, this does not affect the highly excited
eigenstates that we consider here.

5.3.2 Dynamical measures

The measures of localization that were used for constructing the phase diagram in
Fig. 5.6 are shared between the Anderson localization and the many-body local-
ization. The difference between the two can be observed in dynamical quantities.
As discussed in Sec. 5.2, in Anderson localized systems the dynamics are strictly
restricted within the localization length. This means that if the system starts from
an unentangled state, then the particles in the system can only become entan-
gled with those that are in their immediate proximity, resulting in the saturation
of the entanglement. In many-body localized systems, on the other hand, the
interaction-induced dephasing causes the entanglement to grow logarithmically
slowly after the initial dynamics. This behavior is shown in Fig. 5.9(a), where we
solve the time evolution of the Bose–Hubbard Hamiltonian of Eq. (5.11) using the
methods described in App. B.6. We observe that the initial dynamics are the same
for both interacting and non-interacting systems, but after the localization length
has been reached, the entanglement saturates in the non-interacting system. In
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interacting systems the entanglement instead continues to grow logarithmically,
eventually reaching an equilibrium value, but not a canonical one.

In Fig. 5.9(b) we show the same calculation for the interacting system in
the ergodic phase. The entanglement grows ballistically until it saturates to a
value obeying the volume law. Essentially the entanglement spreads throughout
the entire system, and thus larger systems can contain more entanglement. This
study confirms that the transmon array can be used for studying the many-body
localization in bosonic systems, since the phase transition occurs at experimen-
tally reachable parameters (see Tab. 3.1). Direct measurement of entanglement
is difficult, but possible [92]. There exist other experimentally more accessible
observables such as fluctuations of local occupations, which could be used for
detecting the logarithmic spreading of entanglement in the many-body localized
phase. These were discussed in more detail in Paper I.
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Chapter 6

Conclusions

Universal quantum computers could revolutionize the field of computation and
information technology. Superconducting circuits are one of the most promising
platforms on which to perform the quantum computations, and are under an ac-
tive development. However, there are still many obstacles on the way towards a
working quantum computer. Along the way, it is worth using these circuits for
something simpler. One possibility is to perform quantum simulations on them.
This gives the quantum engineers and scientists more insight into their proper-
ties and requirements, but it can also reveal new physics inaccessible to current
theoretical and numerical studies.

In this thesis arrays of transmons were studied in two contexts. In Paper III
we explored a situation where the transmons are located inside a waveguide and
interact with an electromagnetic field. Interactions with this radiative environ-
ment can lead to collective effects such as correlated decay. The system dynamics
are governed by a specific master equation, and the properties of the eigenvalues
and eigenstates of the corresponding non-Hermitian effective Hamiltonian can be
used for determining the behavior of the system. Certain states decay at much
larger rate than one would expect, and on the other hand there can exist also
states that do not decay at all. In Paper II our theoretical model was put to
test in a collaborative work with an experimental group, whose measurements we
could explain in detail. The studied collective systems could be used for study-
ing light-matter interactions and the physics of many-body systems interacting
with environment [93]. They can also find applications in quantum computation
and information by using the ground state and the dark state as a computational
qubit [94].

We have also studied how disorder affects the behavior of the transmon sys-
tem. We observed that with weak disorder the system is ergodic, so that after
a long time its behavior can be explained with statistical mechanics. With large
disorder, however, the system is in the many-body localized phase, in which the
conventional statistical mechanics breaks down. We explored the phase transition
between the phases and observed that it indeed can occur with experimentally
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relevant parameters. These topics were discussed in Paper I, and after its pub-
lication an experiment was performed by another group whose results were in
agreement with our theoretical results [91]. Understanding disorder in these sys-
tems is important, since it can also have impact on their ability to act as localized
logical qubits for a quantum computer [24].

For the entire thesis the transmons have been considered as anharmonic oscil-
lators instead of qubits. The excitations in the device can thus be interpreted as
bosons, and the anharmonicity of the transmon gives their interaction strength.
For a single transmons the qubit picture is accurate, but as the system size in-
creases, the two-level approximation becomes less precise. Especially, when com-
paring numerical simulations to experiments in the waveguide system we observed
that the full anharmonic model was required to explain the system. Numerically
this introduces new challenges, since the bosonic Hilbert space is larger than that
of two-level systems. We live at exciting time as the experimentally realizable
system sizes are surpassing those that can be reached numerically [6, 85].

When modeling the dynamics of the waveguide system, we made several ap-
proximations in order to derive the master equation. Mainly we assumed that the
coupling between the system and the radiation field is weak. We also assumed
that the interactions occur instantaneously, and the separation of transmons along
the waveguide affects only the phase of the propagating photons. In principle one
should also take into account the finite speed of the emitted photons. This leads
to non-Markovian behavior which cannot be captured with our current model.

While studying the many-body localization, the main problem was the size of
the system. Because of the larger local Hilbert space of the transmon, we were
not able to reach nearly as large system sizes as what is achieved with two-level
systems. Nevertheless the finite-size scaling yielded convergent results. While
studying dynamics in the localized phase an approximative method called the
matrix product state can be applied [95]. This was done by our collaborators
who verified the dynamical behavior for really long chain with 40 transmons. The
problem with this method is that it only works for states with low entanglement,
and thus it cannot be deployed in the study of the phase transition. Because of
these limitations in numerics, many properties of many-body localization are still
under debate [71, 84]. In this thesis we have demonstrated numerically that the
transmon chains are a good platform also for experimental studies of the many-
body localization, a claim backed also by experiments [16, 91]. As the technology
advances, larger systems become accessible for experiments, and they can perhaps
shed more light on the subject.

At first glance the two main topics of this thesis seem to be quite distinct.
However, in principle we encountered localization also in the waveguide setup,
where the symmetries of the states lead to the formation of local dark states.
Combining the two topics of this thesis and studying how the coherent radiation
field affects the localized system, or how disorder affects the collective behavior,
is an interesting topic for future research [96, 97, 98].



“Deep in the human unconscious is a pervasive need for a logical universe that
makes sense. But the real universe is always one step beyond logic.”

–from The Sayings of Muad’Dib by the Princess Irulan





Appendix A

Dynamics of open quantum
systems

In the main text we use the master equation to solve the dynamics of open quan-
tum systems. In this Chapter we derive the master equations we have used.
We begin by considering thermal external heat bath, which leads to the regular
master equations described in Sec. 2.7. We then consider electromagnetic field in-
side a waveguide as a special collective environment, which results in the master
equation describing correlated decay, studied in Chapter 4.

A.1 Dynamics caused by a thermal environment

Let us study how the environment affects the dynamics of the system under study.
Since we are not interested in the degrees of freedom of the environment, we can,
under certain assumptions, trace them out and obtain an equation of motion for
the system degrees of freedom only. This equation is called the master equation.
In this section we follow the standard derivations of the Lindblad master equations
presented for example in Refs. [35] and [40].

A.1.1 System and its dynamics

We begin by considering a general small quantum system that couples to an
arbitrary number of environments. The total Hamiltonian reads

ĤT = Ĥ +
∑
α

Ĥenv,α + ĤI, (A.1)

where Ĥenv,α is the Hamiltonian for the environment α, and ĤI is the interaction
between the small system and the environments. The small system, described by
the Hamiltonian Ĥ, can itself consist of multiple individual quantum systems, but
in this section we assume that it consists of L harmonic oscillators, which are not
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coupled to each other, so that the Hamiltonian reads

Ĥ = ~
L∑
`=1

ω`n̂` = ~
L∑
`=1

ω`â
†
`â`, (A.2)

where ω` are the frequencies of the individual oscillators, and n̂` = â†`â` is the
number operator of the `th oscillator. The zero-point energies ~ω`/2 have been
neglected. For the environments we assume that they consist of an infinite number
of harmonic oscillators,

Ĥenv,α = ~
∑
k

ω
(α)
k b̂

(α)†
k b̂

(α)
k , (A.3)

where ω
(α)
k is the frequency of the kth oscillator in the environment α, and we de-

note the creation and annihilation operators of the environments as b̂
(α)†
k and b̂

(α)
k

in order to distinct them from the oscillators of the small system.
Now, in the interaction picture (see Sec. 2.1) the total system evolves in time

according to the Liouville–von Neumann equation (2.21),

dρ̂T(t)

dt
= − i

~

[
ĤI(t), ρ̂T(t)

]
, (A.4)

where ρ̂T is a density operator describing the total system, and

ĤI(t) = ~
∑
α

Âα(t)B̂α(t) (A.5)

is the sum of the coupling Hamiltonians, and Âα and B̂α are Hermitian operators
acting on the small system and the environment, respectively. After defining the
system, we wish to solve how it evolves in time, as determined by Eq. (A.4). A
formal solution can be written as

ρ̂T(t) = ρ̂T(0)− i

~

∫ t

0
ds
[
ĤI(s), ρ̂T(s)

]
. (A.6)

Inserting this back to Eq. (A.4) and taking the trace over the environment degrees
of freedom gives

dρ̂(t)

dt
= − 1

~2

∫ t

0
dsTrenv

[
ĤI(t),

[
ĤI(s), ρ̂T(s)

]]
, (A.7)

where we have assumed that at initial time the small system and the environment
are uncorrelated, Trenv[ĤI(0), ρ̂T(0)] = 0. In order to eliminate the environmental
degrees of freedom from the density operator, we make the Born approximation by
assuming that the coupling between the reservoir and the small system is weak, so
that the small system has only small influence on the reservoir. Because of this, the
density operator of the whole system can be approximated as a tensor product of
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the density operators of the small system and the environment, ρ̂T(t) ≈ ρ̂(t)⊗ρ̂env.
Further, we make also the Markov approximation and replace ρ̂(s) with ρ̂(t) in the
integrand of Eq. (A.7), and assume a short correlation time for the environment
compared to the time scales of the small system, which allows setting t → ∞ in
the limit of the integral. These assumptions lead to the Redfield equation

dρ̂(t)

dt
= − 1

~2

∫ ∞
0

dsTrenv

[
ĤI(t),

[
ĤI(s), ρ̂(t)⊗ ρ̂env

]]
. (A.8)

Inserting Eq. (A.5) and opening the commutators gives

dρ̂(t)

dt
= −

∑
α,β

∫ ∞
0

ds

{[
Âα(t)Âβ(s)ρ̂(t)− Âβ(s)ρ̂(t)Âα(t)

]
Cαβ(t− s)

+
[
ρ̂(t)Âβ(s)Âα(t)− Âα(t)ρ̂(t)Âβ(s)

]
Cαβ(s− t)

}
,

(A.9)

where we have written the environmental correlation function as

Cαβ(t− s) =
〈
B̂α(t)B̂β(s)

〉
= Trenv

[
B̂α(t)B̂β(s)ρ̂env

]
. (A.10)

Assuming that all the environments are in thermal equilibrium, we can make a
change of variables by substituting τ = t − s. Further, we assume that all the
environments are uncorrelated, Cαβ(τ) = 0 for α 6= β. Thus, we have

dρ̂(t)

dt
= −

∑
α

∫ ∞
0

dτ

×

{[
Âα(t)Âα(t− τ)ρ̂(t)− Âα(t− τ)ρ̂(t)Âα(t)

]
Cαα(τ)

+
[
ρ̂(t)Âα(t− τ)Âα(t)− Âα(t)ρ̂(t)Âα(t− τ)

]
Cαα(−τ)

}
.

(A.11)

Next we substitute the explicit forms of the coupling operators Âα(t) of the small
system. Here we assume that these come in three types, namely

q̂`(t) = â`(t) + â†`(t), n̂`(t), N̂(t) =
∑
`

n̂`(t). (A.12)

Here the first one describes dissipative coupling by allowing the exchange of quanta
between the small system and the environment, the second describes pure dephas-
ing, and the third one collective dephasing. The question is how to solve the time
dependence of the above operators. In principle it is affected by the coupling with
the environment, as well as by the possible couplings between different oscillators,
which we ignored in the system Hamiltonian in Eq. (A.2). If all the couplings
are sufficiently weak, we can approximate that the dynamics of local operators
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are caused only by the local Hamiltonians, so that the Heisenberg equation of
motion (2.2) gives

dâ`
dt
≈ i

~

[
~ω`n̂`, â`

]
=⇒ â`(t) ≈ â`e−iω`t. (A.13)

Thus, we can write the operators in Eq. (A.12) as

q̂`(t) ≈ â`e−iω`t + â†`e
iω`t, n̂`(t) ≈ n̂`, N̂(t) ≈ N̂ , (A.14)

making the dephasing terms time-independent. For the dissipative terms, we
further make the rotating wave approximation and write

q̂`(t)q̂`(t− τ)ρ̂(t) ≈ â`â
†
`ρ̂(t)e−iω`τ + â†`â`ρ̂(t)eiω`τ , (A.15)

q̂`(t− τ)ρ̂(t)q̂`(t) ≈ â`ρ̂(t)â†`e
iω`τ + â†`ρ̂(t)â`e

−iω`τ , (A.16)

ρ̂(t)q̂`(t− τ)q̂`(t) ≈ ρ̂(t)â`â
†
`e

iω`τ + ρ̂(t)â†`â`e
−iω`τ , (A.17)

q̂`(t)ρ̂(t)q̂`(t− τ) ≈ â`ρ̂(t)â†`e
−iω`τ + â†`ρ̂(t)â`e

iω`τ , (A.18)

where we have discarded rapidly oscillating terms proportional to e±2iω`t. We
obtain

dρ̂

dt
=

L∑
`=1

∫ ∞
0

dτ

{[
â`ρ̂â

†
`e

iω`τ + â†`ρ̂â`e
−iω`τ − â`â

†
`ρ̂e
−iω`τ − â†`â`ρ̂e

iω`τ
]
C``(τ)

+
[
â`ρ̂â

†
`e
−iω`τ + â†`ρ̂â`e

iω`τ − ρ̂â`â
†
`e

iω`τ − ρ̂â†`â`e
−iω`τ

]
C``(−τ)

}

+
L∑
`=1

∫ ∞
0

dτ

{[
n̂`ρ̂n̂` − n̂2

` ρ̂
]
Cφ``(τ) +

[
n̂`ρ̂n̂` − ρ̂n̂2

`

]
Cφ``(−τ)

}

+

∫ ∞
0

dτ

{[
N̂ ρ̂N̂ − N̂2ρ̂

]
CφCC(τ) +

[
N̂ ρ̂N̂ − ρ̂N̂2

]
CφCC(−τ)

}
.

(A.19)
Next, we need to perform the integration over time τ . Rearranging the terms gives

dρ̂

dt
=

L∑
`=1

{
â`ρ̂â

†
`

∫ ∞
−∞

dτeiω`τC``(τ) + â†`ρ̂â`

∫ ∞
−∞

dτe−iω`τC``(τ)

−â†`â`ρ̂
∫ ∞

0
dτeiω`τC``(τ)− ρ̂â†`â`

∫ ∞
0

dτe−iω`τC``(−τ)

−â`â
†
`ρ̂

∫ ∞
0

dτe−iω`τC``(τ)− ρ̂â`â
†
`

∫ ∞
0

dτeiω`τC``(−τ)

}

+
L∑
`=1

{
n̂`ρ̂n̂`

∫ ∞
−∞

dτCφ``(τ)− n̂2
` ρ̂

∫ ∞
0

dτCφ``(τ)− ρ̂n̂2
`

∫ ∞
0

dτCφ``(−τ)

}

+N̂ ρ̂N̂

∫ ∞
−∞

dτCφCC(τ)− N̂2ρ̂

∫ ∞
0

dτCφCC(τ)− ρ̂N̂2

∫ ∞
0

dτCφCC(−τ),

(A.20)
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where we have used the fact that∫ ∞
−∞

dτe±iωτC(τ) =

∫ ∞
0

dτe±iωτC(τ) +

∫ ∞
0

dτe∓iωτC(−τ). (A.21)

Next, we add and subtract terms in order to obtain terms of the form

â†`â`ρ̂

∫ ∞
0

dτeiω`τC``(τ)

= â†`â`ρ̂

{
1

2

∫ ∞
−∞

dτeiω`τC``(τ) + i Im

[∫ ∞
0

dτeiω`τC``(τ)

]}
,

(A.22)

where we have added and subtracted 1
2 â
†
`â`ρ̂

∫∞
0 dτe−iω`τC``(−τ) and used the

fact that C(−τ) = C∗(τ). The imaginary part typically results in a small Lamb
shift of the energy levels and is thus usually neglected. Repeating the calculation
also for the remaining terms and discarding the imaginary parts gives

dρ̂

dt
=

L∑
`=1

C̃``(ω`)

(
â`ρ̂â

†
` −

1

2

{
â†`â`, ρ̂

})
+

L∑
`=1

C̃``(−ω`)
(
â†`ρ̂â` −

1

2

{
â`â
†
`, ρ̂
})

+

L∑
`=1

C̃φ``(0)

(
n̂`ρ̂n̂` −

1

2

{
n̂2
` , ρ̂
})

+ C̃φCC(0)

(
N̂ ρ̂N̂ − 1

2

{
N̂2, ρ̂

})
,

(A.23)
where we have used the Fourier transform of the environmental correlator,

C̃αα(ω) =

∫ ∞
−∞

dτeiωτCαα(τ) =

∫ ∞
−∞

dτeiωτ
〈
B̂α(τ)B̂α(0)

〉
. (A.24)

Before obtaining the master equation in its final form, we need to calculate these
correlators.

A.1.2 Environmental correlations

We assume that the coupling between the small system and the environment is
bilinear, and so define all the environmental operators as

B̂α(t) =
∑
j

g
(α)
j

[
b̂
(α)
j (t) + b̂

(α)†
j (t)

]
. (A.25)

Further assuming that the coupling between the environments and the small sys-
tem is weak, the time evolution of the annihilation and creation operators of the
environment can be approximated as

b̂
(α)
j (t) ≈ b̂(α)

j e−iω
(α)
j t, b̂

(α)†
j (t) ≈ b̂(α)†

j eiω
(α)
j t. (A.26)
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Thus, the environmental correlation function becomes

Cαα(τ) =
∑
j,k

g
(α)
j g

(α)
k

[〈
b̂
(α)
j b̂

(α)
k

〉
e−iω

(α)
j τ +

〈
b̂
(α)
j b̂

(α)†
k

〉
e−iω

(α)
j τ

+
〈
b̂
(α)†
j b̂

(α)
k

〉
eiω

(α)
j τ +

〈
b̂
(α)†
j b̂

(α)†
k

〉
eiω

(α)
j τ

]
.

(A.27)

The individual oscillators within the baths are uncorrelated, so correlators be-
tween different oscillators vanish. Finally, since we assume that the environments
are in thermal equilibrium, the correlators that do not conserve the number of
quanta vanish. We are left with

Cαα(τ) =
∑
j

(
g

(α)
j

)2
[(
N

(α)
j + 1

)
e−iω

(α)
j τ +N

(α)
j eiω

(α)
j τ

]
, (A.28)

where we have used the thermal population N
(α)
j of bosons,

N
(α)
j =

〈
b̂
(α)†
j b̂

(α)
j

〉
=

1

e~βαω
(α)
j − 1

, βα =
1

kBTα
, (A.29)

where kB is the Boltzmann constant. Next, we go to the continuum limit and
assume that the oscillators in the environments have a continuous spectrum with
density rα(ω),

Cαα(τ) =
~
π

∫ ∞
0

dωrα(ω)

[(
Nα(ω) + 1

)
e−iωτ +Nαe

iωτ

]
. (A.30)

Calculating the spectrum of the environmental fluctuations then gives

C̃αα(ω) = 2~
∫ ∞

0
dΩrα(Ω)

{
Nα(Ω)δ(ω + Ω) +

[
Nα(Ω) + 1

]
δ(ω − Ω)

}
, (A.31)

= 2~
{
rα(−ω)Nα(−ω)Θ(−ω) + rα(ω)

[
Nα(ω) + 1

]
Θ(ω)

}
, (A.32)

=
2~rα(ω)

1− e−~βαω
, (A.33)

where the last equality holds for odd spectral densities, and we have used the
definitions

δ(ω − Ω) =
1

2π

∫ ∞
−∞

dteit(ω−Ω), (A.34)

for the Dirac delta function, and

Θ(ω) =

{
1, ω > 0

0, ω < 0
(A.35)

for the Heaviside step function. Typically the spectral density rα(ω) is approxi-
mated with a continuous function. Here we use the Ohmic density rα(ω) = ηαω,
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Figure A.1: Schematic drawing of a system of quantum objects (blue) coupled
to their individual dissipative (orange) and dephasive (green) environments, as
well as to a collective one (red).

where ηα is some parameter describing the coupling strength. This results in the
Johnson–Nyquist relation [35]

C̃αα(ω) =
2~ηαω

1− e−~βαω
, (A.36)

from which we recover

C̃αα(ω) = κα
[
Nα(ω) + 1

]
, C̃αα(−ω) = καNα(ω), C̃αα(0) = κφα, (A.37)

where the coefficients κα = 2~ηαω and κφα = 2ηαkBTα can be regarded as the
effective coupling strengths to the environment α. Note that the dephasing κφα
does not contain ~, so it can be interpreted as a classical term.

A.1.3 Master equation

The environmental correlators in Eq. (A.37) can then be substituted to Eq. (A.23),
resulting in the master equation

dρ̂

dt
= − i

~

[
Ĥ, ρ̂

]
+

L∑
`=1

κ`[N`(ω`) + 1
](

â`ρ̂â
†
` −

1

2

{
â†`â`, ρ̂

})

+

L∑
`=1

κ`N`(ω`)

(
â†`ρ̂â` −

1

2

{
â`â
†
`, ρ̂
})

+
L∑
`=1

κφ`

(
n̂`ρ̂n̂` −

1

2

{
n̂2
` , ρ̂
})

+ κφC

(
N̂ ρ̂N̂ − 1

2

{
N̂2, ρ̂

})
,

(A.38)

where we have gone back to the Schrödinger picture, which adds the unitary
evolution by the system Hamiltonian to the equation. The master equation above
contains several terms. The terms proportional to κ`[N`(ω`) + 1

]
describe the

loss of quanta from the system to the environment. Similarly, those proportional
to κ`N`(ω`) describe gain of quanta from the environment. Notice that if the
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environment is at zero temperature, N`(ω`) = 0 and the absorption term vanishes,

but the emission term still remains. Terms with κφ` describe pure dephasing of

the `th system, and κφC that of the total system. Schematic drawing of the system
describe by the above master equation is presented in Fig. A.1 for L = 4.

A.2 Dynamics caused by a collective radiation field

In this section we consider how the electromagnetic radiation field affects a quan-
tum system embedded inside the rectangular waveguide. The field acts as a special
collective environment (see Sec. 2.7). Following similar steps as in Sec. A.1, we can
derive a master equation governing the dynamics of the quantum system. This
section is adapted from Ref. [59] for the rectangular waveguide setting described
in Chapter 4.

A.2.1 System

We model the quantum system as an array of L d-level emitters with the Hamil-
tonian

Ĥ =
L∑
j=1

d−1∑
m=0

Emj σ̂
mj
+ σ̂mj− , (A.39)

where σ̂mj− = |mj〉 〈(m+ 1)j | lowers the (m+ 1)st state of the jth site, and Emj is
the energy of the corresponding state. For now we ignore the possible couplings
between the sites. Note that the annihilation operator of a quantum harmonic
oscillator is recovered as âj =

∑∞
m=0

√
m+ 1σ̂mj− , but the energy levels of the sites

need not be harmonic. The electromagnetic field, on the other hand, is governed
by the Hamiltonian

ĤF =

∫ ∞
−∞

dk~ω(k)b̂†k b̂k, (A.40)

as discussed in Sec. 4.1 The system couples to the electric field bilinearly,

ĤI = ~
∑
mj

gj
√
m+ 1σ̂mjx

(
ξ̂j + ξ̂†j

)
, (A.41)

with σ̂mjx = σ̂mj− + σ̂mj+ and

ξ̂j = −ic

∫ ∞
−∞

dk
√
ω(k) sin

(πxj
a

)
eikzj b̂k, (A.42)

where we have assumed that the system couples with TE10-mode (see Sec. 4.2).
The total Hamiltonian describing the full system reads

ĤT = Ĥ + ĤF + ĤI, (A.43)

which is clearly of the same form as in the previous section, with the difference
that there is only one environment.
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A.2.2 Dynamics of the field

The Heisenberg equation of motion in Eq. (2.2) for the field annihilation opera-
tor b̂k reads

db̂k(t)

dt
= −iω(k)b̂k(t) +

∑
mj

cgj
√
m+ 1

√
ω(k) sin

(πxj
a

)
e−ikzj σ̂mjx (t). (A.44)

This has a formal solution up to time t at which the radiation interacts with the
emitters,

b̂k(t) = b̂k(0)e−iω(k)t

+
∑
mj

cgj
√
m+ 1

√
ω(k) sin

(πxj
a

)
e−ikzj

∫ t

0
dτe−iω(k)(t−τ)σ̂mjx (τ),

(A.45)

which can be checked with backwards substitution. With this, the operator ξ̂j(t)
in Eq. (A.42) can be written as

ξ̂j(t) = ξ̂in
j (t)− i

∑
nk

cgk
√
n+ 1 sin

(πxj
a

)
sin
(πxk
a

)
Înkj(t), (A.46)

where we have defined

ξ̂in
j (t) = −ic

∫ ∞
−∞

dk
√
ωk sin

(πxj
a

)
ei(kzj−ωkt)b̂k(0) (A.47)

and

Înkj(t) =

∫ ∞
−∞

dkω(k)eik(zj−zk)

∫ t

0
dτe−iω(k)(t−τ)σ̂nkx (τ). (A.48)

Next, we make the Markov approximation by assuming that the coupling between
the field and the system is weak, so that approximately σ̂nk− (τ) ≈ e−iωnk(τ−t)σ̂nk− (t),
where the transition frequency between the nth and (n+1)st eigenlevels of the kth
site is defined as ωnk = (En+1,k − Enk)/~. Defining also zjk = zj − zk as the
separation between sites j and k, we obtain

Înkj(t) ≈
∫ ∞
−∞

dkω(k)eikzjk

×
∫ t

0
dτ
[
e−i[ω(k)−ωnk](t−τ)σ̂nk− (t) + e−i[ω(k)+ωnk](t−τ)σ̂nk+ (t)

]
.

(A.49)

We make the change of variables, x = ωnk(t− τ), which results in

Înkj(t) =

∫ ∞
−∞

dkω(k)eikzjk

×
∫ ωnkt

0

dx

ωnk

[
e
−ix

ω(k)−ωnk
ωnk σ̂nk− (t) + e

−ix
ω(k)+ωnk

ωnk σ̂nk+ (t)

]
.

(A.50)
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We complete the Markov approximation by again assuming that the dynamics
of the environment occur at much briefer time scales compared to those of the
small system, which allows us to let ωnkt→∞ in the integration limit. Using the
identity ∫ ∞

0
dxe−iax = πδ(a)− i p.v.

(
1

a

)
, (A.51)

where p.v. is the Cauchy principal value, we obtain

Înkj(t) =

∫ ∞

−∞

dk
ω(k)

ωnk
eikzjk

×

{[
πδ

(
ω(k)− ωnk

ωnk

)
− i p.v.

(
ωnk

ω(k)− ωnk

)]
σ̂nk− (t)

+

[
πδ

(
ω(k) + ωnk

ωnk

)
− i p.v.

(
ωnk

ω(k) + ωnk

)]
σ̂nk+ (t)

}
.

(A.52)

Next, we convert the integration to over positive wavenumbers only, and using
the dispersion relation of Eq. (4.17), we make the change of variables,

k =
1

c

√
ω2 − Ω2

⊥, dk =
ω

c
√
ω2 − Ω2

⊥

,

∫ ∞
0
→
∫ ∞

Ω⊥

(A.53)

leading to

Înkj(t) = 2σ̂nk− (t)
ω2
nk cos

(
tjk

√
ω2
nk − Ω2

⊥

)
c
√
ω2
nk − Ω2

⊥

Θ(ωnk − Ω⊥)

− 2iσ̂nk− (t) p.v.

∫ ∞

Ω⊥

dω
ω2 cos

(
tjk

√
ω2 − Ω2

⊥

)
c
√
ω2 − Ω2

⊥(ω − Ω⊥)

− 2iσ̂nk+ (t) p.v.

∫ ∞

Ω⊥

dω
ω2 cos

(
tjk

√
ω2 − Ω2

⊥

)
c
√
ω2 − Ω2

⊥(ω + Ω⊥)
,

(A.54)

where we have used δ(ax) = δ(x)/|a| and defined the propagation time between
the two sites as tjk = |zjk|/c. Equation (A.46) can then be written as

ξ̂j(t) = ξ̂in
j (t)− 1

gj

∑
nk

[
Wn+
kj σ̂

nk
+ +

(
Wn−
kj +

iγnkj
2

)
σ̂nk−

]
, (A.55)
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where we have defined

γnkj = 4πgjgk
√
n+ 1 sin

(πxj
a

)
sin
(πxk
a

)
(A.56)

×
ω2
nk√

ω2
nk − Ω2

⊥

cos

(
tjk

√
ω2
nk − Ω2

⊥

)
Θ (ωnk − Ω⊥) ,

Wn±
kj = 2gjgk

√
n+ 1 sin

(πxj
a

)
sin
(πxk
a

)
(A.57)

× p.v.

∫ ∞

Ω⊥

dωkz

ω2 cos
(
tjk

√
ω2 − Ω2

⊥

)
√
ω2 − Ω2

⊥ (ω ± ωnk)
.

The integral in Eq. (A.57) looks formidable, but it can be calculated, at least

partially. We make a change of variables x =
√
ω2 − Ω2

⊥. We also add and

subtract cos(xtjk), and, after reordering, we obtain

I = ω2
nk p.v.

∫ ∞

0

dx
cos(xtjk)

x2 + Ω2
⊥ − ω2

nk

∓ ωnk p.v.

∫ ∞

0

dx

√
x2 + Ω2

⊥ cos(xtjk)

x2 + Ω2
⊥ − ω2

nk

,

(A.58)
where we have used the fact that

∫∞
0 dx cos(x) = 0 [59]. The first part is solved

simply by using the Cauchy’s residue theorem. We obtain

p.v.

∫ ∞

0

dx
cos(tjkx)

x2 + Ω2
⊥ − ω2

nk

=


πe
−tjk
√

Ω2
⊥−ω

2
nk

2
√

Ω2
⊥−ω

2
nk

, ωnk < Ω⊥

∞, ωnk = Ω⊥

−
π sin

(
tjk
√
ω2
nk−Ω2

⊥

)
2
√
ω2
nk−Ω2

⊥
, ωnk > Ω⊥

. (A.59)

With these, we can then proceed with the dynamics of the small system.

A.2.3 Collective master equation

Here we use a different route compared to Sec. A.1 to obtain the master equation
for the system. We first consider the time evolution of an arbitrary operator Ô
acting on the system degrees of freedom only. The Heisenberg equation of motion
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gives

dÔ

dt
=

i

~

Ĥ + ~
∑
mj

gj
√
m+ 1

(
ξ̂in
j + ξ̂in†

j

)
σ̂mjx , Ô


− i

∑
mj,nk

√
m+ 1Wn+

kj

(
σ̂mj− Ôσ̂nk+ − Ôσ̂

mj
− σ̂nk+ − σ̂nk− Ôσ̂mk+ + σ̂nk− σ̂

mj
+ Ô

)
− i

∑
mj,nk

√
m+ 1Wn−

kj

(
σ̂mj+ Ôσ̂nk− − Ôσ̂

mj
+ σ̂nk− − σ̂nk+ Ôσ̂mk− + σ̂nk+ σ̂mj− Ô

)
+
∑
mj,nk

√
m+ 1

γnkj
2

(
σ̂mj+ Ôσ̂nk− − Ôσ̂

mj
+ σ̂nk− + σ̂nk+ Ôσ̂mk− − σ̂nk+ σ̂mj− Ô

)
,

(A.60)
where we have performed the rotating wave approximation in terms that are of

the type σ̂mjx Ôσ̂nk+ ≈ σ̂
mj
− Ôσ̂nk+ . By using the fact that TrT

(
dÔ
dt ρ̂T

)
= Tr

(
Ô dρ̂

dt

)
,

where TrT and Tr are traces over total systems and the emitters, respectively, we
obtain

dρ̂

dt
= − i

~

Ĥ + ~
∑
mj

gj
√
m+ 1

(
〈ξ̂in
j 〉+ 〈ξ̂in

j 〉
∗)
σ̂x, ρ̂


− i

∑
mj,nk

√
m+ 1Wn+

kj

(
σ̂nk+ ρ̂σ̂mj− − σ̂

mj
+ ρ̂σ̂nk− − σ̂

mj
− σ̂nk+ ρ̂+ ρ̂σ̂nk− σ̂

mj
+

)
− i

∑
mj,nk

√
m+ 1Wn−

kj

(
σ̂nk− ρ̂σ̂

mj
+ − σ̂mj− ρ̂σ̂nk+ − σ̂

mj
+ σ̂nk− ρ̂+ ρ̂σ̂nk+ σ̂mj−

)
+
∑
mj,nk

√
m+ 1

γnkj
2

(
σ̂nk− ρ̂σ̂

mj
+ + σ̂mj− ρ̂σ̂nk+ − σ̂

mj
+ σ̂nk− ρ̂− ρ̂σ̂nk+ σ̂mj−

)
.

(A.61)

Now, similarly as in Sec. A.1, we add and subtract suitable terms in order to
obtain dissipators of the Lindblad form,

dρ̂

dt
=− i

Ĥ
~

+
∑
mj

Lmj σ̂
mj
+ σ̂mj− +

∑
mj,nk

Jmj,nkσ̂
nk
+ σ̂mj− +

∑
mj

dmj(t)σ̂
mj
x , ρ̂


+
∑
mj,nk

γmj,nk

(
σ̂mj− ρ̂σ̂nk+ −

1

2

{
σ̂nk+ σ̂mj− , ρ̂

})
+
∑
mj,nk

Wmj,nk

(
σ̂mj+ ρ̂σ̂nk− + σ̂nk− ρ̂σ̂

mj
+ −

{
σ̂nk− σ̂

mj
+ , ρ̂

})
,

(A.62)
where we have defined the radiation field induced driving as

dmj(t) = gj
√
m+ 1

[
〈ξ̂in
j (t)〉+ 〈ξ̂in

j (t)〉∗
]
, (A.63)
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the Lamb shift as

Lmj =
√
mW

(m−1)+
jj −

√
m+ 1Wm+

jj , (A.64)

and the waveguide mediated exchange interaction as

Jmj,nk =
i

2

(
√
m+ 1

γnkj
2
−
√
n+ 1

γmjk
2

+ i
√
m+ 1W̃n

kj + i
√
n+ 1W̃m

jk

)
. (A.65)

Here
W̃n
jk = Wn+

jk +Wn−
jk . (A.66)

We have also defined the correlated decay coefficients as

γmj,nk =
√
m+ 1

γnkj
2

+
√
n+ 1

γmjk
2

+ i
√
m+ 1W̃n

kj − i
√
n+ 1W̃m

jk (A.67)

and
Wmj,nk = i

(√
m+ 1Wn+

kj −
√
n+ 1Wm+

jk

)
. (A.68)

Ignoring the Lamb shift, terms proportional to Wmj,nk and the driving dmj(t)
through the waveguide finally gives the master equation used in the main text,

dρ̂

dt
=− i

~

Ĥ +
∑
mj,nk

Jmj,nkσ̂
nk
+ σ̂mj− , ρ̂


+
∑
mj,nk

γmj,nk

(
σ̂mj− ρ̂σ̂nk+ −

1

2

{
σ̂nk+ σ̂mj− , ρ̂

})
.

(A.69)

In the above master equation, the terms do not depend simply on the Wn±
kj of

Eq. (A.57), but instead on the W̃n
jk defined in Eq. (A.66). Thus, they depend only

on the integral calculated in Eq. (A.59). We have

W̃n
kj = −2πgjgk

√
n+ 1 sin

(πxj
a

)
sin
(πxk
a

) ω2
nk sin

(
tjk

√
ω2
nk − Ω2

⊥

)
√
ω2
nk − Ω2

⊥

, (A.70)

if the frequency ωnk is above the cutoff, and

W̃n
kj = 2πgjgk

√
n+ 1 sin

(πxj
a

)
sin
(πxk
a

) ω2
nke
−tjk
√

Ω2
⊥−ω

2
nk√

Ω2
⊥ − ω2

nk

, (A.71)

if it is below the cutoff. Using these, one obtains the forms for γmj,nk and Jmj,nk
above the cutoff frequency,

γmj,nk = 2πgjgk
√

(m+ 1)(n+ 1) sin
(πxj
a

)
sin
(πxk
a

) (
χmjk + χ∗nkj

)
, (A.72)

Jmj,nk = −iπgjgk
√

(m+ 1)(n+ 1) sin
(πxj
a

)
sin
(πxk
a

) (
χmjk − χ∗nkj

)
, (A.73)
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where

χmjk =
ω2
mj√

ω2
mj − Ω2

⊥

e
itjk

√
ω2
mj−Ω2

⊥ , tjk =
|zj − zk|

c
. (A.74)

Below the cutoff we have instead

γmj,nk = −2iπgjgk
√

(m+ 1)(n+ 1) sin
(πxj
a

)
sin
(πxk
a

)
(ζmjk − ζnkj) , (A.75)

Jmj,nk = −πgjgk
√

(m+ 1)(n+ 1) sin
(πxj
a

)
sin
(πxk
a

)
(ζmjk + ζnkj) , (A.76)

with

ζmjk =
ω2
mj√

ω2
mj − Ω2

⊥

e
−tjk

√
Ω2
⊥−ω

2
mj , (A.77)

as described in Sec. 4.3.



Appendix B

Numerical methods

Simulation of many-body quantum systems is computationally a demanding task,
and thus it is important to apply the most efficient numerical methods available.
In this Chapter we present and discuss the most important techniques that have
been applied in this thesis.

B.1 Numerical construction of the system

In this thesis we study composite quantum systems consisting of L individual
quantum systems. As discussed in Sec. 2.5, the Hilbert space dimension of the
total system increases exponentially with L. This leads to severe complications
in numerical simulations. However, many physical systems contain certain sym-
metries that can be exploited.

For example, the Bose–Hubbard Hamiltonian in Eq. (3.35) commutes with the
total occupation operator N̂ , [

ĤBH, N̂
]

= 0. (B.1)

This means that the eigenstates of the Bose–Hubbard Hamiltonian form manifolds
with integer number of quanta N . The number of states in each manifold is

DN,L =
(N + L− 1)!

N !(L− 1)!
=

(
N + L− 1

N

)
. (B.2)

In numerical simulations it is in many cases enough to consider only one, or a
few, of these manifolds separately. Construction of operators in the full Hilbert
space is done easily with tensor products of individual operators, as described in
Sec. 2.5. In order to construct the operators in individual manifolds, one has to
be a bit more careful.

We start by generating the Fock basis |n1n2 . . . nL〉 for the desired manifold,
so that

∑L
`=1 n` = N . For example, for L = 4 and N = 1 these are{

|1000〉 , |0100〉 , |0010〉 , |0001〉
}
. (B.3)
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Then, by considering how individual operators act on these basis states, one can
solve their matrix elements and construct the corresponding matrix. For example,
the operator n̂2 is of the form

n̂2 = |0100〉 〈0100| , (B.4)

and so its matrix form is

n̂2 =


0 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

 . (B.5)

On the other hand, the operator â†1â2, which describes the hopping of an excitation
from site 2 to site 1, is

â†1â2 = |1000〉 〈0100| =


0 1 0 0
0 0 0 0
0 0 0 0
0 0 0 0

 . (B.6)

Every operator can be constructed by looping over the Fock basis, and considering
how the operator acts on the ith Fock state, and then finding the corresponding jth
Fock state. The index pair (i, j) then gives the index of the matrix element. The
resulting operators are in most cases sparse, i.e., most of their elements are zero.
The numerical linear algebra for this thesis is implemented for sparse matrices,
which is done with the C++ library Eigen [99].

In general, the number of different permutations of the Fock states is given by

m =
L!∏N

n=0(jn!)
, (B.7)

where jn is the number of sites with n excitations. For example, for L = 4
and N = 4, the Fock basis consists of different permutations of states

|4000〉 , |3100〉 , |2200〉 , |2110〉 , |1111〉 , (B.8)

so that we have for example

|4000〉 : m =
4!

1!× 0!× 0!× 3!
= 4. (B.9)

Another important concept is the partial trace. If the system consists of two
subsystems A and B, and we are interested in only one of them, say A, then it is
useful to trace out the degrees of freedom of the subsystem B. A general density
operator describing pure state can be written as

ρ̂ =
∑

nA,nB ,mA,mB

cnA,nBc
∗
mA,mB

|nAnB〉 〈mAmB| . (B.10)

Tracing over the degrees of freedom of the subsystem B gives a reduced density
operator

ρ̂A =
∑

nA,mA

pnA,mA |nA〉 〈mA| , pnA,mA =
∑
rB

cnA,rBc
∗
mA,rB

. (B.11)
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B.2 Numerical eigenvalue problem

In this thesis we are interested in the eigenstates and eigenvalues of the system
Hamiltonian, i.e., we wish to solve the eigenproblem

Ĥ |α〉 = Eα |α〉 (B.12)

for |α〉 and Eα. For small systems, it is possible to diagonalize the Hamiltonian
numerically and find all of its eigenvalues, so that

D̂ = V̂ −1ĤV̂ , (B.13)

where D̂ is a diagonal matrix with the eigenvalues on the diagonal and V̂ contains
the corresponding eigenstates as its column vectors. For a Hermitian matrix Ĥ
the matrix V̂ is unitary, V̂ −1 = V̂ †. Full diagonalization is readily implemented
in most of the numerical linear algebra libraries [100].

For large systems, the full exact diagonalization becomes impractical since
the computation time rapidly increases with the matrix dimension d as O(d3).
Fortunately only a few specific eigenvalues typically suffice. There are multiple
methods to achieve this. In this thesis we use Spectra [101], a library built on
top of the Eigen [99]. Spectra provides routines that can calculate few eigenpairs
for real sparse matrices with different selection rules, such as the largest or the
smallest eigenvalue. The library also provides the shift-and-invert method for
calculating the eigenvalues closest to some specific value σ.

B.2.1 Power iteration

Power iteration [102] is an iterative method that can be used for solving the
largest (in absolute value) eigenvalue λmax of a matrix A, and the corresponding
eigenvector vmax. The algorithm starts with a random normalized vector v0.
The random vector can be considered a random linear combination of all of the
eigenvectors of the matrix A. The iteration is performed as

vj+1 =
Avj
||Avj ||

, (B.14)

so that the new vector is obtained by multiplying the previous one with the
matrix A and normalizing it. During every iteration step the portion of the eigen-
vector with the largest eigenvalue increases, and as j →∞, the vector converges
to the desired eigenvector. The largest eigenvalue can then be trivially calculated
as

λmax = v†maxAvmax. (B.15)

The smallest eigenvalue can be calculated in a similar way, if the matrix A is
positive definite. One can first calculate the largest eigenvalue, and then make a
spectral shift, B = A−λmaxI. This works if the matrix has non-negative eigenval-
ues, because then the matrix B has only non-positive eigenvalues, with the largest
in absolute value now having the same eigenvector as the smallest one of matrix A.
Power iteration can then find that eigenvector.
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Figure B.1: Example of an eigenvalue spectrum of a Hermitian random matrix
(left). The black arrow on the left points at the target value σ. On the right
the shifted spectrum of the matrix (A − σI)−1 is shown, and the arrow indicates
the eigenvalue closest to the target in the original spectrum. The spectral shift
thus shifts one eigenvalue far away from the others, making it easy to find for the
power iteration.

B.2.2 Shift-and-invert iteration

The shift-and invert method [102] in its simplest form is similar to the power
iteration, but with a spectral shift. Suppose we want to solve the eigenpair of a
matrix A with the eigenvalue λ closest to some target value σ. Again, we make a
spectral shift, and consider a matrix (A− σI)−1. This shift moves the eigenvalue
closest to the target σ far away from the other eigenvalues, but the eigenvector
remains the same, see Fig. B.1. This leads to a new eigenproblem,

(A− σI)−1v =
1

λ− σ
v. (B.16)

The power iteration can then be used for solving the eigenvector of the original
problem,

vj+1 =
(A− σI)−1vj
||(A− σI)−1vj ||

. (B.17)

The problem comes from the inverse of a matrix, which is numerically a very
heavy task. However, in the above we know vj , A, and σ, but vj+1 is unknown.
Ignoring the normalization, the above equation is equal to

(A− σI)vj+1 = vj , (B.18)

which is a linear system of equations. It can be solved for example, with the
method of LU decomposition [100], which then gives vj+1. Eventually, the itera-
tions converge to the desired eigenpair. Clearly this is much heavier method than
the power iteration, since one has to solve a linear system at each iteration step.
The method is thus limited by how efficiently one can solve a linear system.
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Figure B.2: LDL decomposition. The number of positive values on the diagonal
of the matrix D is the same as the number of positive eigenvalues of the matrix A.

B.3 Estimation of density of states

For the shift-and-invert method one needs to determine the target energy. The
eigenvalues of small systems are discrete. As the system size grows, the eigenvalues
start to form a continuum, where in some parts of the spectrum the eigenvalues
are closer to each other than in the others. The number of eigenvalues within
an interval gives the density of states. In Chapter 5 we are interested in the
eigenstates located close to the maximum density of states, since their properties
can determine whether the system is in ergodic or many-body localized phase. The
simplest way to find the density of states is, naturally, to solve the entire spectrum,
which is something we cannot afford to do for large systems. Fortunately there
are other, more efficient solutions to this problem.

B.3.1 Sylvester’s law of inertia

Consider a non singular Hermitian matrix A. Such a matrix can be decomposed as

A = LDLᵀ, (B.19)

where L is a lower triangular matrix with ones on the diagonal, and D is a di-
agonal matrix, as depicted in Fig. B.2. This is called the LDL decomposition.
The Sylvester’s law of inertia states that the inertias of the matrices D and A are
the same, meaning that the matrix D has equally many positive elements on its
diagonal as the matrix A has positive eigenvalues [103]. Therefore, calculating the
LDL decomposition for shifted matrices A−aI and A−bI gives the number of eigen-
values of the matrix A that are larger than a and b, respectively. The difference
of these counts then gives exactly the number of eigenvalues in the interval [a, b].
The problem with this approach is of course the requirement of computing two
LDL decompositions for a single interval. In order to solve the density of states,
one has to consider multiple intervals, and thus this method rapidly becomes too
expensive as the system size increases.

B.3.2 Chebyshev expansion

For larger matrices one has to resort to some approximations in order to obtain at
least an estimation for the density of states. In this thesis a polynomial expansion,
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Figure B.3: Boxcar function (black), and Chebyshev expansions with different
order p.

described in Ref. [103], is used. Consider a projection matrix

Pab =
∑

λj∈[a,b]

vjv
†
j , (B.20)

which is constructed from the eigenvectors vj with the corresponding eigenval-
ues λj within the desired interval,

Avj = λjvj , λj ∈ [a, b]. (B.21)

In the eigenbasis of the matrix A, the projector Pab is diagonal, with elements
determined by the boxcar function,

(Pab)j,j =

{
1, λj ∈ [a, b]

0, otherwise
. (B.22)

The trace of the projection matrix thus gives the number µab of eigenvalues within
the interval,

µab = Tr Pab. (B.23)

The projection can be interpreted as a boxcar function of the matrix A,

Pab = Θ(A− aI)−Θ(A− bI), (B.24)

where Θ is the Heaviside function, defined in Eq. (A.35). The boxcar function, as
many other functions, can be represented as a Chebyshev series [100]. Thus, the
projection matrix can be expanded as

Pab =

∞∑
j=0

cj(a, b)Tj(A), (B.25)



B Numerical methods 97

where Tj is the jth Chebyshev polynomial and cj(a, b) is the corresponding co-
efficient in the expansion. In principle, the expansion could be done using any
orthogonal functions, but the Chebyshev series is chosen due to its fast conver-
gence and efficient recursion relation

T0(X) = I, T1(X) = X, Tn+1(X) = 2XTn(X)− Tn−1(X). (B.26)

The Chebyshev polynomials are only defined in the interval [−1, 1], so we scale
the matrix so that all of its eigenvalues are contained therein. This can be done
simply with

A→ A− I(λmax − λmin)/2

I(λmax − λmin)/2
, (B.27)

where λmax and λmin are the largest and the smallest eigenvalues, respectively, and
naturally the same scaling has to be done for the interval as well. The expansion
coefficients for the boxcar function are known to be [103]

c0(a, b) =
arccos(a)− arccos(b)

π
, (B.28)

cj(a, b) = 2
sin[j arccos(a)]− sin[j arccos(b)]

jπ
, j ≥ 1. (B.29)

So far everything has been exact. For practical purposes we have to truncate the
series in Eq. (B.25), so that the expansion is

Pab ≈
p∑
j=0

cj(a, b)Tj(A). (B.30)

The expansion with a few values of p is shown in Fig. B.3. Now, we could calculate
the trace of the sum above, but numerically this is extremely heavy since we
would first need to calculate several matrix-matrix multiplications in order to
calculate all the components in the sum. We can include the trace operation
into the sum, which replaces the matrix products with matrix-vector and vector-
vector products, being computationally much lighter. The trace can be calculated
using the full computational basis set in which A is expressed, but because the
matrix A is large, this is not very efficient. More efficient way is to use a Monte
Carlo method. We utilize a stochastic estimator by Hutchinson [104], who proved
that the trace of a matrix A can be obtained as a stochastic average of random
vectors uk with elements either 1 or −1 with equal probabilities (they don’t have
to be normalized),

Tr A = lim
M→∞

1

M

M∑
k=1

uᵀ
kAuk. (B.31)

We truncate the number of random vectors to nv, which is much smaller than the
matrix dimension, and write the estimation for the number of eigenvalues as

µab =
1

nv

nv∑
k=1

p∑
j=0

cj(a, b)u
ᵀ
kTj(A)uk. (B.32)
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Denoting the vector Tj(A)uk as wk
j , the recursion relation in Eq. (B.26) gives

wk
0 = uk, wk

1 = Auk, wk
j+1 = 2Awk

j −wk
j−1, (B.33)

so that the estimation of the number of eigenvalues within the interval can be
written as

µab =
1

nv

nv∑
k=1

p∑
j=0

cj(a, b)u
ᵀ
kw

k
j . (B.34)

Calculating this value for several intervals then gives a good estimate for the
density of states.

B.4 Schmidt decomposition

The entanglement entropy between two subsystems A and B, defined in Eq. (2.47),
can be calculated numerically for a general state |Ψ〉 by first constructing the cor-
responding density operator ρ̂ = |Ψ〉 〈Ψ| and then tracing out one subsystem,
say B, which gives the reduced density operator, say ρ̂A, for the remaining sub-
system. The entanglement entropy is then

S(ρ̂A) = −kB TrA (ρ̂A ln ρ̂A) . (B.35)

This formula contains the natural logarithm of the density operator, which is
numerically a heavy calculation, and thus the above direct method for calculating
the entanglement entropy is limited to small system sizes. A numerically more
efficient method is to use the Schmidt decomposition, where one expresses a vector
as a tensor product [105]. Consider a state vector

|Ψ〉 =
∑
α,β

cα,β |αA〉 ⊗ |βB〉 . (B.36)

The subsystem basis states |αA〉 and |βB〉 can be considered as rank-1 tensors.
Then their tensor product is of rank 2, meaning that we can consider the state
vector in a matrix form,

|Ψ〉 → MΨ =
∑
α,β

cα,β |αA〉 〈βB| . (B.37)

In general, for an m× n matrix M, one can define the singular value decomposi-
tion [100] as

M = UΣV†, (B.38)

where U and V are unitary m × m and n × n matrices, respectively, and Σ is
an m × n rectangular diagonal matrix with non-negative real numbers on the
diagonal. These diagonal elements σj = (Σ)j,j are the singular values of the
matrix M. Performing this decomposition on the matrix in Eq. (B.37) gives the
singular values σj , with which the entanglement entropy can be calculated as

S(ρ̂A) = −kB

∑
j

σ2
j lnσ2

j . (B.39)
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B.5 Master equation in a matrix form

The master equations in Eqs. (A.38) and (A.69) are of the general form

dρ̂

dt
= Lρ̂, (B.40)

where L is the Liouvillian superoperator acting on the density operator. In nu-
merical calculations, it is often convenient to cast this into the matrix form

dρ

dt
= Lρ, (B.41)

where ρ is the vectorized form of the density operator. One way of obtaining
this is by stacking the columns of the density operator on top of each other, so
that the individual elements of the vector ρ are obtained from the elements of the
density operator as

ρi+d(j−1) = 〈i|ρ̂|j〉 , i, j = 1, 2, . . . , d, (B.42)

where d is the dimension of the density operator. Then the matrix form of the
superoperator can be obtained by using the rules [106]

Âρ̂→
(

I⊗ A
)
ρ, ρ̂Â→

(
AT ⊗ I

)
ρ, Âρ̂B̂† →

(
(B†)T ⊗ A

)
ρ, (B.43)

resulting in a d2 × d2 matrix L. One could make the numerical calculations more
efficient by exploiting the fact that the density operator is Hermitian, meaning
that one only needs to calculate the time evolution of its diagonal elements and
either the upper or lower off-diagonals.

An arbitrary operator Ô can be vectorized to o, similarly as the density oper-
ator in Eq. (B.42), but with a transpose

oi+d(j−1) = 〈i|Ôᵀ|j〉 , (B.44)

in which case the expectation value is calculated as the inner product between
the vectorized operator o and the vectorized density matrix,

〈Ô〉 = oᵀρ. (B.45)

Note that some numerical libraries by default calculate the dot product between
two vectors v and u as v†u which includes a complex conjugation. If this is
the case, then one has to use Ô† in Eq. (B.44) instead, so that the two complex
conjugations cancel.
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B.6 Numerical time evolution

The time evolution of a system is governed by the Schrödinger equation

i~
d |ψ〉

dt
= Ĥ(t) |ψ〉 , (B.46)

if the system is closed, and by the master equation

dρ̂

dt
= L(t)ρ̂, (B.47)

if it is open. Both of these can be written in terms of matrices and vectors as

dv(t)

dt
= M(t)v(t). (B.48)

In this section we describe how to efficiently solve these kinds of coupled differen-
tial equations numerically. This was a regular requirement throughout this thesis.

B.6.1 Time-independent case

If the matrix M is time-independent, the time evolution is solved simply by

v(t) = eMtv(0). (B.49)

If the system is small enough, the matrix exponential can be exactly calculated.
For large systems this is not practical, and instead one needs to resort to cer-
tain approximative methods. In this thesis we have used the Krylov subspace
method [107], where the time evolution is carried on in time steps δt. If we know
the vector v(t), we can calculate it at the next time step as

v(t+ δt) = eMδtv(t). (B.50)

For a small time step δt, the matrix M and the vector v(t) can be accurately
expressed in an m dimensional Krylov subspace Km, with m much smaller than
the dimension of M. This Krylov subspace is spanned by the vectors{

u1, Mu1, M2u1, . . . , Mm−1u1

}
, (B.51)

where u1 = v(t). One can then orthonormalize this basis and obtain the d ×m
unitary matrix

Km =
(
u1 u2 u3 . . . um

)
, (B.52)

with which one obtains an m×m matrix from the original matrix M,

Mm = K†mMKm, (B.53)

depicted in Fig. B.4. The time evolution can be approximated by

v(t+ δt) ≈ Kme
MmδtK†mv(t), (B.54)
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which includes the matrix exponential of the small matrix Mm, instead of the
large original one M. The matrix exponential of a small matrix can then be easily
calculated. This method works because the eigenvalues of the small matrix Mm

approximate the eigenvalues of the original one that are the most important for
the dynamics during the current time step [108].

The question then is how to perform the orthogonalization required for the
construction of the matrices Km and Mm. This depends on the matrix M. If it
is Hermitian, then one can use the Lanczos iteration [107]. In this scenario the
matrix Mm is tridiagonal,

Mm = K†mMKm =


α1 β2 0
β2 α2 β3

β3 α3
. . .

. . .
. . . βm

0 βm αm

 . (B.55)

The matrix elements αj and βj , as well as the orthogonal vectors uj that construct
the columns of the matrix Km are obtained from the equations [107, 109]

αj = u†j
(
Muj − βj−1uj−1

)
, βjuj+1 = Muj − αjuj − βj−1uj−1. (B.56)

On the other hand, if the matrix M is not Hermitian, one has to resort to the
Arnoldi iteration [107], where one first forms a (m + 1) × m upper Hessenberg
matrix H̃m and a d×(m+1) matrix K̃m, where d is the dimension of the matrix M.
This can be done with the Gram–Schmidt orthogonalization

mj+1,juj+1 = Muj −
j∑
i=1

mi,jui, mi,j = (Muj)
†ui, (B.57)

where mi,j are the elements of the matrix

M̃m =



m1,1 m1,2 m1,3 . . . m1,m−1 m1,m

m2,1 m2,2 m2,3 . . . m2,m−1 m2,m

0 m3,2 m3,3 . . . m3,m−1 m3,m

0 0 m4,3 . . . m4,m−1 m4,m
...

...
...

. . .
...

...
0 0 0 . . . mm+1,m−1 mm+1,m


. (B.58)

The desired matrices Mm and Km are then obtained by discarding the last row
of M̃m and the last column of K̃m. Both the Lanczos and the Arnoldi iterations
rely on products between matrices and vectors, and thus their power becomes
evident for large sparse systems.
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Figure B.4: Schematic picture of a matrix M decomposed in the Krylov sub-
space.

B.6.2 Time-dependent case

If the Hamiltonian/Liouvillian is instead time-dependent, the problem is of the
form

dv(t)

dt
= M(t)v(t). (B.59)

Because of the time dependence in the matrix M(t), the solution is not simply a
matrix exponential of M, but instead, it can be expressed as

v(t+ δt) = eU(t+δt,t)v(t), (B.60)

where the matrix U(t) can be expressed as a Magnus series [110]

U(t) =

∫ t

0
dt1M(t1) +

1

2

∫ t

0
dt1

∫ t1

0
dt2 [M(t1),M(t2)] (B.61)

+
1

6

∫ t

0
dt1

∫ t1

0
dt2

∫ t2

0
dt3

{[
M(t1), [M(t2),M(t3)]

]
+
[
M(t3), [M(t2),M(t1)]

]}
+ . . . .

The series can be truncated and written in terms of univariate integrals as

U(t+ δt, t) = δtB0(t)− (δt)2 [B0(t),B1(t)] +O[(δt)5], (B.62)

where the matrix Bj(t) is

Bj(t) =
1

(δt)j+1

∫ δt/2

−δt/2
dττ jM

(
t+

δt

2
+ τ

)
. (B.63)

Sufficiently accurate time evolution is then obtained as

v(t+ δt) = eδtB0(t)v(t). (B.64)

Here the matrix exponentiation can either be solved exactly for small systems, or
one can directly apply the Krylov subspace method for larger ones. This method
was used in Papers II and III, and described in Sec. 4.5.
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Figure B.5: Illustration of the time evolution of a quantum trajectory. The non-
Hermitian effective Hamiltonian conserves the total occupation, so the dynamics
generated by it are restricted to specific manifolds (small ellipses). As a quantum
jump occurs (dashed arrows), the manifold is changed. The time at which the
system undergoes the quantum jump is stochastic, which leads to different time
evolution for different trajectories with the same initial state, depicted by black
and grey lines.

B.6.3 Quantum trajectory approach for open quantum systems

The time evolution of a closed quantum system is determined by the Schrödinger
equation for the quantum state |ψ(t)〉, or equivalently by the Liouville–von Neu-
mann equation for the density operator ρ̂(t). Numerically solving the Liouville–
von Neumann equation is much more demanding, because the density operator
contains more elements than the corresponding state vector. For open quantum
systems, the time evolution is determined by the master equation

dρ̂

dt
= − i

~

[
Ĥ, ρ̂

]
+
∑
α

καD[Âα]ρ̂, (B.65)

with dissipators defined as

D[Âα]ρ̂ = Âαρ̂Â
†
α −

1

2

{
Â†αÂα, ρ̂

}
. (B.66)

This can be cast into a matrix form

dρ

dt
= Lρ, (B.67)

where ρ is the density matrix in a vector form, and the L is the matrix producing
the master equation, as discussed in Sec. B.5. A problem arises when the Hilbert
space of the system increases. If the Hilbert space dimension is d, then L is
a d2 × d2 matrix, which rapidly becomes impractical to solve numerically.

However, by regrouping, the master equation can also be written as

dρ̂

dt
= − i

~

(
Ĥeff ρ̂− ρ̂Ĥ†eff

)
+
∑
α

καÂαρ̂Â
†
α, (B.68)
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with the effective non-Hermitian Hamiltonian defined as

Ĥeff = Ĥ − i~
2

∑
α

καÂ
†
αÂα. (B.69)

The non-Hermitian effective Hamiltonian Ĥeff now produces the time evolution.
Because it is not Hermitian, it does not conserve the normalization. The recycling
term

∑
α καÂαρ̂Â

†
α produces the dissipation by recycling the lost population to

some other states [41]. This picture leads to the stochastic quantum trajectory
method [40, 111], where the dissipative time evolution of a mixed state produced
by the master equation is computed as a stochastic average of quantum trajectories
of pure states. Thus, solving the time evolution of a d×d density matrix is replaced
by solving the time evolution of a d-dimensional state vector multiple times. In
addition to the memory savings, the quantum trajectories can be parallelized
efficiently.

Assuming that the systems starts from a pure state ρ̂(0) = |ψ(0)〉 〈ψ(0)|, we
evolve it in time using the following procedure. First, evolve the state for a short
time step δt using the effective Hamiltonian,

|φ(t+ δt)〉 = e−iδtĤeff/~ |ψ(t)〉 . (B.70)

The norm of the evolved state is less than one, because the time evolution is not
unitary,

〈φ(t+ δt)|φ(t+ δt)〉 ≈ 〈ψ(t)|ψ(t)〉 − iδt 〈ψ(t)|Ĥeff − Ĥ†eff |ψ(t)〉 /~ = 1− δp,
(B.71)

where δp can also be written as

δp =
δt

~
∑
α

κα 〈ψ(t)|Â†αÂα|ψ(t)〉 =
∑
α

pα. (B.72)

Here pα can be interpreted as the probability that the operator Âα acts on the state
at the specific time step. Now, two things can happen. With probability 1− δp,
the system evolves according to the effective Hamiltonian,

|ψ(t+ δt)〉 =
|φ(t+ δt)〉√

〈φ(t+ δt)|φ(t+ δt)〉
. (B.73)

With probability δp, on the other hand, a quantum jump occurs,

|ψ(t+ δt)〉 =
Âα |ψ(t)〉√

〈ψ(t)|Â†αÂα|ψ(t)〉
, (B.74)

where the jump operator Âα is chosen with probability δpα/δp. In numerical sim-
ulation one thus first evolves the state and checks the loss of normalization δp.
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One then compares this to a random number r1 drawn from a uniform distri-
bution between 0 and 1. If r1 > δp, no jump occurs, and the evolved state is
normalized for the next time step. If r1 < δp, a quantum jump occurs. One then
calculates and normalizes all the jump probabilities δpα, so that they make in-
tervals which sum up to 1. A second random number r2 is then generated, and
the interval in which r2 lies determines which jump operator is chosen. This pro-
cedure is repeated until the maximum time instance is reached. This gives the
pure state for one trajectory, |ψj(t)〉. An average over a sufficiently large number
of trajectories N then gives the density operator

ρ̂(t) =
1

N

N∑
j=1

|ψj(t)〉 〈ψj(t)| , (B.75)

which in the limit N →∞ is equal to the solution of the master equation.
Moreover, if the effective Hamiltonian has some conservation law, it can be

exploited for making the simulations even more efficient. If, for example, the
effective Hamiltonian conserves the total number of quanta, then the dynamics
generated by the effective Hamiltonian can be restricted to the specific excitation
manifold. A quantum jump can then remove (or add) an excitation, which changes
the manifold, see Fig. B.5 for a cartoon description.

Curiously, Ref. [40] applies the jump in Eq. (B.74) to the evolved state |φ(t+ δt)〉
instead of the state |ψ(t)〉, unlike, for example, Ref. [41]. In practice, it proba-
bly does not matter which one is used, since we average over a large number of
trajectories, and the time step δt is small.

Note that the collective master equation in Eq. (A.69) is not of the form
required for the quantum trajectory method, but instead we have

dρ̂

dt
= − i

~

[
Ĥ, ρ̂

]
+
∑
α,β

γα,β

(
Âαρ̂Â

†
β −

1

2

{
Â†βÂα, ρ̂

})
(B.76)

Before applying the method, the dissipators have to be diagonalized. The coef-
ficients γα,β form a Hermitian rectangular matrix Γ, which can be diagonalized
as Γ = VDV†. The new, dressed operators can be written as

Ĉβ =
∑
α

(V)α,βÂα. (B.77)

The master equation in Eq. (B.76) can then be written as

dρ̂

dt
= − i

~

[
Ĥ, ρ̂

]
+
∑
α

κα

(
Ĉαρ̂Ĉ

†
α −

1

2

{
Ĉ†αĈα, ρ̂

})
, (B.78)

where κα are the eigenvalues of the matrix Γ. The master equation is now in the
form required for the quantum trajectory method, and the collective operators Ĉα
are valid jump operators.



“Science is made up of so many things that appear obvious after they are ex-
plained.”

–Pardot Kynes, the Imperial Planetologist



Bibliography

[1] T. D. Ladd, F. Jelezko, R. Laflamme, Y. Nakamura, C. Monroe, and J. L.
O’Brien, Quantum computers, Nature 464, 45 (2010).

[2] D. P. DiVincenzo, The Physical Implementation of Quantum Computation,
Fortschr. Phys. 48, 771 (2000).

[3] P. W. Shor, Polynomial-Time Algorithms for Prime Factorization and Dis-
crete Logarithms on a Quantum Computer, SIAM J. Comput. 26, 1484
(1997).

[4] L. K. Grover, A Fast Quantum Mechanical Algorithm for Database Search,
Association for Computing Machinery 212––219 (1996).

[5] M. Krelina, Quantum technology for military applications, EPJ Quantum
Technol. 8, 24 (2021).

[6] F. Arute et al., Quantum supremacy using a programmable superconducting
processor, Nature 574, 505 (2019).

[7] H.-S. Zhong et al., Quantum computational advantage using photons, Sci-
ence 370, 1460 (2020).

[8] Y. Wu et al., Strong Quantum Computational Advantage Using a Supercon-
ducting Quantum Processor, Phys. Rev. Lett. 127, 180501 (2021).

[9] R. J. Schoelkopf and S. M. Girvin, Wiring up quantum systems, Nature
451, 664 (2008).

[10] J. Clarke and F. K. Wilhelm, Superconducting quantum bits, Nature 453,
1031 (2008).

[11] P. Krantz, M. Kjaergaard, F. Yan, T. P. Orlando, S. Gustavsson, and W. D.
Oliver, A quantum engineer’s guide to superconducting qubits, Appl. Phys.
Rev. 6, 021318 (2019).

[12] J. Koch, T. M. Yu, J. Gambetta, A. A. Houck, D. I. Schuster, J. Ma-
jer, A. Blais, M. H. Devoret, S. M. Girvin, and R. J. Schoelkopf, Charge-
insensitive qubit design derived from the Cooper pair box, Phys. Rev. A 76,
042319 (2007).

https://doi.org/10.1038/nature08812
https://onlinelibrary.wiley.com/doi/10.1002/1521-3978(200009)48:9/11%3C771::AID-PROP771%3E3.0.CO;2-E
https://doi.org/10.1137/S0097539795293172
https://doi.org/10.1137/S0097539795293172
https://doi.org/10.1145/237814.237866
https://doi.org/10.1140/epjqt/s40507-021-00113-y
https://doi.org/10.1038/s41586-019-1666-5
https://doi.org/10.1038/s41586-019-1666-5
https://www.science.org/doi/10.1126/science.abe8770
https://link.aps.org/doi/10.1103/PhysRevLett.127.180501
https://link.aps.org/doi/10.1103/PhysRevLett.127.180501
https://doi.org/10.1038/451664a
https://doi.org/10.1038/nature07128
https://doi.org/10.1063/1.5089550
https://doi.org/10.1103/PhysRevA.76.042319
https://doi.org/10.1103/PhysRevA.76.042319


108 Bibliography

[13] D. Gottesman, An Introduction to Quantum Error Correction and Fault-
Tolerant Quantum Computation, arXiv:0904.2557 (2009).

[14] S. Schmidt and J. Koch, Circuit QED lattices: Towards quantum simulation
with superconducting circuits, Ann. Phys. 525, 395 (2013).

[15] M. Kjaergaard, M. E. Schwartz, J. Braumüller, P. Krantz, J. I.-J. Wang,
S. Gustavsson, and W. D. Oliver, Superconducting Qubits: Current State of
Play, Annu. Rev. Condens. Matter Phys. 11, 369 (2020).

[16] P. Roushan et al., Spectroscopic signatures of localization with interacting
photons in superconducting qubits, Science 358, 1175 (2017).

[17] R. Ma, B. Saxberg, C. Owens, N. Leung, Y. Lu, J. Simon, and D. I. Schuster,
A dissipatively stabilized Mott insulator of photons, Nature 566, 51 (2019).

[18] Z. Yan et al., Strongly correlated quantum walks with a 12-qubit supercon-
ducting processor, Science 364, 753 (2019).

[19] R. Nandkishore and D. A. Huse, Many-Body Localization and Thermaliza-
tion in Quantum Statistical Mechanics, Annu. Rev. Condens. Matter Phys.
6, 15 (2015).

[20] P. W. Anderson, Absence of Diffusion in Certain Random Lattices, Phys.
Rev. 109, 1492 (1958).

[21] I. V. Gornyi, A. D. Mirlin, and D. G. Polyakov, Interacting Electrons in
Disordered Wires: Anderson Localization and Low-T Transport, Phys. Rev.
Lett. 95, 206603 (2005).

[22] D. Basko, I. Aleiner, and B. Altshuler, Metal–insulator transition in a weakly
interacting many-electron system with localized single-particle states, Ann.
Phys. 321, 1126 (2006).

[23] D. A. Abanin, E. Altman, I. Bloch, and M. Serbyn, Colloquium: Many-body
localization, thermalization, and entanglement, Rev. Mod. Phys. 91, 021001
(2019).

[24] C. Berke, E. Varvelis, S. Trebst, A. Altland, and D. P. DiVincenzo, Trans-
mon platform for quantum computing challenged by chaotic fluctuations,
arXiv:2012.05923 (2020).

[25] M. Baur, S. Filipp, R. Bianchetti, J. M. Fink, M. Göppl, L. Steffen, P. J.
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