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1. Introduction 
Industry-wide externalities have been recognized as important phenomena and they 

have also been topics for a considerable body of theoretical research. In much of this 

work an emphasis is placed on examining the relationship between the externality and 

the existence and properties of multiple equilibria that, subsequently, arise. In addition 

to being theoretically important, the empirical relevance of such externalities has been 

recognized in a wide variety of applied research in several different fields of 

economics.1  

In this paper we focus explicitly on the role of an externality in a static Cournot 

model.2 We introduce an externality into a firm's unit cost function in, what is 

otherwise, a standard model of oligopoly. In particular, we assume that an individual 

firm's unit cost depends on the aggregate industry output. A reason for such an 

externality could be industry wide learning, where unit costs decrease as the industry 

output becomes larger. Stokey (1986) studied such a model but in a different context 

from ours. We submit, however, that such a cost externality might arise also for a 

variety of other reasons, though we do not model more precisely the emergence of the 

externality itself. 

One might rightfully wonder if we treat two apparent externalities of our model 

in a non-symmetric way. Why do the firms neglect the cost externality, but see the 

effect of their own actions on the price? In the context of imperfect competition firms 

obviously understand the effects of their own actions on the price. But given e.g. the 

learning interpretation above and spillovers discussed below, it is not at all so 

straightforward that they fully understand quickly the effects of the industry-wide 

output on their own costs. 

Cost externalities are often introduced when research and development issues 

are studied. When industry output increases, firms devote more resources to R&D 

projects. Successful innovation reduces the costs of the firm that initiated the project. 

The knowledge, however, spills over to other firms quite quickly thereby reducing 

their costs as well. Other sources of such external economies can be traced to the 

                                                           
1 For example, Griliches (1992) surveys R&D spillovers; Caballero and Lyons (1990, 1992) analyze 
the effects of external economies at the industry level; Henderson (1997) examines externalities in 
industrial development; and evidence on industrial complementarities is considered by Cooper and 
Haltiwanger (1993). Brandt (2007) argues that spillovers have an effect on the observed productivity 
growth. 
2 Such a standard model is not used exclusively in textbooks. E.g. Genesove and Mullin (1998) use a 
static oligopoly model in an interesting recent empirical study on the sugar industry in the end of the 
19th and the beginning of the 20th centuries. 
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effects of expansion and contraction of industry output on factor price levels or on 

technological returns. The externality can also be viewed as a reduced form of some 

other fundamental process associated with, for example, phenomena like learning-by-

doing as emphasized above. 

In an interesting empirical work Morrison Paul and Siegel (1999) find that 

externalities have an important role in explaining scale effects in U.S. manufacturing. 

And furthermore, and more importantly, they argue that external factors or 

agglomeration effects might have a significant effect on cost savings of firms. 

Following terminology in Bulow, Geanakoplos and Klemperer (1985) and 

Cooper and John (1988), externalities can cause the firm's profit function to exhibit 

either positive or negative spillovers or either strategic complementarity or 

substitutability with respect to their rivals' output. To generate multiple equilibria in 

our model it is necessary for firms to regard each other's output levels as strategic 

complements. Strategic complementarity itself, however, will not guarantee multiple 

equilibria. The importance of strategic complementarity is not surprising. Cooper and 

John (see also Cooper, 1999) investigate the relationship between strategic interaction 

and multiple equilibria and point out that strategic complementarity is necessary for 

multiple equilibria and, therefore, critical to any discussion of coordination failures, 

i.e., situations where an inferior (in terms of welfare) equilibrium attains.3 In a recent 

work Lagerlöf (2007) shows that uncertainty in the linear demand function (making 

expected demand essentially convex) can generate multiple equilibria in static 

Cournot competition.  

Interestingly, in our example, we can relate the emergence of multiple equilibria 

to the magnitudes of two important elasticities. If the product of the absolute value of 

the price elasticity of demand and the elasticity of the unit cost function with respect 

to industry output exceeds unity, there can be multiple equilibria. We also submit that 

the emergence of multiple equilibria is interesting, since it can be interpreted as a 

coordination failure as emphasized e.g. by Cooper and John, and also because they 

can be interpreted as resulting from pessimism and optimism.  

We proceed as follows. First we present the basics of our model. Then we study 

in detail a robust example of Cournot competition, where we can precisely relate the 

existence of multiple equilibria to strategic complementarity, and also in particular, to 

                                                           
3 The issue of externalities and multiple equilibria have been investigated in many fields of economics, 
e.g. in macroeconomics as explained by Cooper (1999) and also in development economics; see e.g. 
Basu (1997, especially chapter 2). 
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the price elasticity of demand and the elasticity of the unit cost function with respect 

to industry output. We also do some welfare comparisons. 

 

2. Externality in the Cournot Competition 

We utilize an otherwise standard Cournot oligopoly model with identical firms except 

we assume that the typical firm's costs depend on the total quantity of output 

produced in the market as well as on the individual firm's own level of output. This 

introduces an externality into the firm's cost function and, thereby into its profit 

function. A typical firm's cost function is iqQc )( , where )(Qc is the unit cost function, 

which depends on the level of industry output, ∑= =
n
j jqQ 1 , and iq  is the output of 

the firm i . The unit cost function, )(Qc , is assumed to be continuously differentiable, 

strictly decreasing, strictly convex, and fulfilling 1)( ≥Qc  for all Q .4 More industry 

output will decrease the marginal costs of each firm. We discussed a number of 

explanations for such an externality in the introduction, but, essentially, we interpret 

the inclusion of industry output in the individual firm's cost function as a reduced-

form of some fundamental production or cost externality, which, in this analysis, we 

leave unspecified. And we also assume that the unit cost cannot fall below some 

number (here normalized to unity) for any level of production, which actually means 

that there are ultimately constant returns to scale in technology. 

Firms produce a homogenous good. Often in the literature it is assumed that the 

inverse market demand function, ( )QP , is twice continuously differentiable and has 

the following properties:  

(Pl) 0)(' <QP  and finite for all 0≥Q   

and 

(P2) 0)('')(' ≤+ QQPQP . 

The first property states that the demand curve satisfies the "law of demand" 

and has bounded prices while the second is a sufficient condition ensuring that each 

firm's marginal revenue declines with output. Actually, if the marginal costs are 

constant, condition (P2) guarantees the uniqueness of equilibrium.5 We also assume 

                                                           
4 These assumptions mean that there is strategic complementarity between the firm and its competitors. 
We elaborate this issue more precisely below. Our formulation of the cost function such that the 
externality enters via a unit cost is not crucial for our results. It is the strategic complementarity, which 
is essential. 
5 See e.g. Shapiro (1989) p. 335-336. 
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that )0()0( cP > , which apparently holds for the constant elasticity inverse demand 

function, ε/1)( −= AQQP , since ∞=→ )(lim 0 QPQ  Note interestingly that (P1) and 

(P2) do not hold for the above inverse demand function, which we use below in our 

example, since it is a strictly convex function. 

We now examine the model with the cost externality present assuming its effect 

is not directly recognized by the individual firm, i.e. firms maximize their profits 

without taking into account the effect of industry output on costs. Firm i 's problem is 

as follows: 

(PF) iiiq
qQcqQP

i

)()(max −=π . 

The first-order condition for this problem is 

(1) 0)()(')(
0)('

=−+=
∂
∂

=
QcqQPQP

q i
Qci

iπ . 

The second-order condition for a maximum is that the marginal revenue curve must 

be downward-sloping, i.e. 0)('')('2 <+ iqQPQP . We consider only symmetric 

equilibria, i.e. qqi =  for all ni ,...,1= , and drop the firm subscript whenever 

convenient. Focusing exclusively on symmetric equilibria is natural because we 

assume that firms are identical. Define the function )(qF  as follows 

(2) )()()()( nqcqnqPnqPqF −′+≡ . 

Cournot equilibria are all Cq  such that 0)( =CqF . Below when studying in detail our 

example, we verify that the equilibrium of that model without externality is unique. 

Next we present a necessary condition for multiple Cournot equilibria in the model 

with the externality present. 

Proposition 1. If P2 holds, it is necessary to have )(' Qc  negative for there to be 

multiple Cournot equilibria. Furthermore, if the demand function has constant 

elasticity, the same conclusion holds. 

Proof: Consider equation (2). The limit of )(qF  as q  approaches infinity is negative, 

because, as q  gets large, )(nqP  approaches zero and all the remaining terms are 

negative. Differentiating equation (2) we obtain 

)(')('')(')1()(' nqnCnqnqPnqPnqF −++= . )(' qF  is negative for every q , if P2 

holds and )(' Qc is positive. For the constant elasticity demand we can express )(' qF  

as [ ] )(')/1()()/1()('
11

nqncnnqAqF −+−=
−−

εε ε . If )(' Qc is positive, )(' qF is negative, 
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since εn is the price elasticity faced by an individual firm, and thus it must be greater 

than unity. To generate multiple equilibria, )(' qF  must be positive for some values of 

q . Thus, it is necessary that )(' nqc  is negative for at least some range of output. 

Q.E.D.  

This proposition states that for there to be any chance of multiple equilibria, the 

individual firms' marginal costs must decrease with total industry output. This implies 

that some type of strategic complementarity must exist across firms' outputs. This is 

an example-specific analogue to what is proven in Cooper and John (1988). Bulow, 

Geanakoplos and Klemperer (1985) as well as Cooper and John define strategic 

complementarity to be a situation in which the marginal payoff with respect to a 

firm's action is enhanced by increases in its rival's action. Consider what happens to 

marginal profit, ii q∂∂ /π , in our model, when a competitor’s output changes. In our 

notation, strategic complementarity implies that jii qq ∂∂∂ /2π  is positive. By 

straightforward differentiation of the firm's profits, and now taking the cost 

externality into account, we obtain the following  

(3) ii
ji

i qQcQcqQPQP
qq

)('')(')('')('
2

−−+=
∂∂

∂ π . 

Strategic complementarity would then mean that 

iqQPQPQcQc )('')(')('')(' −−>−− . Since the unit cost function is strictly convex, 

this certainly is possible only when )(' Qc  is negative. The fact that jii qq ∂∂∂ /2π  is 

positive, however, does not guarantee that )(' qF  is positive. So in fact, Proposition 1 

requires, in some sense, a "strong" strategic complementarity for multiple equilibria. 

It should be noted that this proposition tells us nothing about whether or not 

equilibrium exists; that particular question is the one we do not address here except in 

our example below. 

 

3. Multiple Equilibria: An Example 
We now illustrate our results with an example. We assume that the market demand 

curve has a constant price elasticity, i.e. the inverse demand is ( ) ε/1−= AQQP . 0>A , 

and ε  is the price elasticity of demand. The unit cost function of each firm is assumed 

to depend on the industry’s aggregate output in the following fashion: 
η−+= )1()( QBQc . 0>B , and η−  is roughly the elasticity of firm’s marginal cost 
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with respect to industry output. We assume, however, that the unit cost can never fall 

below unity. This means that 1)( =Qc , whenever QQ > . Q  is defined from 

η−+= )1(1 QB , i.e. 1/1 −= ηBQ .6 

We write the profits of a representative firm as 

(4) iii qQcqQP )()( −=π  ⇒  iii qQBqAQ ηεπ −− +−= )1(/1 . 

The firm does not take into account the external effects in the unit cost function. Thus 

the first-order condition for maximum is 

(5) 0)1(1 111

=+−−=
∂
∂ −−−− ηεε

ε
π QBqAQAQ
q i

i

i , 

which says that output should be chosen in such a fashion that marginal revenue 

equals marginal cost recognized by the firm. The second partial derivative of the 

profit function is 

(6) i
i

i qAQAQ
q

2111

2

2
)11(12 −−−−

++−=
∂

∂ εε
εεε

π
. 

Rearranging we can express (6) as 

(7) 
11

22

2 112 −−
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++−=

∂

∂ ε
εεε

π AQ
Q
q

Q
q

q
ii

i

i . 

This is negative at least for any 1>ε . If we evaluate the sign of (7) in a symmetric 

equilibrium, where Qnq = , the second-order condition holds if 1>εn , which holds 

in standard Cournot models, since εn  is the elasticity faced by a particular firm. 

Before proceeding to multiple equilibria, we check whether the equilibrium 

without externality is unique. We denote the constant marginal cost by c . A firm’s 

first-order condition will be 

(8)  cqAQAQ i =−
−−− 111 1 εε

ε
. 

Expressing this in a symmetric equilibrium we obtain 

(9)  cAQ
n

=⎟
⎠
⎞

⎜
⎝
⎛ −

−− 1111 ε

ε
. 

                                                           
6 The unit cost function we use is exactly the same as that used by Stokey (1986). The elasticity is 
exactly )1/( +− QQη , which is close to η−  for large Q .  
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If 1>εn , the left-hand-side of (9) is positive, and a decreasing function of the per 

firm output, and furthermore the limit of the left-hand side is zero when industry 

output approaches infinity. Thus, the equilibrium is unique. 

Now we study the symmetric equilibria with an externality, and thus assume 

qqi =  for all i . This also means that nqQ = . Rewriting and rearranging we can 

express (5) as 

(10) )()()1()11()(
1111

qRHSnqBnq
n

AqLHS ≡=+−≡ εηηηη
ε

. 

Cournot equilibrium is a level of per firm output, Cq , such that 

)()( CC qRHSqLHS = . The left-hand side is a linear function, and increasing, because 

1>εn . )(qLHS  is not strictly increasing for every level of output. This is because 

unit cost cannot fall below unity. Thus for all nQq /≥ , the value of the function stays 

constant. The right-hand side function can be strictly convex, linear or strictly 

concave, if the product of elasticities is less than unity, unity or more than unity. We 

draw both functions in Figure 1, when )(qRHS  is strictly concave. It is apparent from 

the Figure that only in the case, where the right-hand side function is strictly concave 

there can be multiple equilibria. If the price elasticity of demand (ε ) and the unit cost 

elasticity with respect to industry output (η ) fulfill the inequality 1>ηε , there can be 

multiple equilibria. A high price elasticity requires a relatively low cost elasticity and 

vice versa. We denote the three equilibria in the Figure by iq  ( 3,2,1=i ). 

 
Figure 1. Multiple equilibria. 

LHS(q) 
RHS(q) 

LHS(q) 

RHS(q) 

q2 Q/nq1 q3
q
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We next present a numerical example with three equilibria. We use the 

following parameter values: 2=A , 4=ε , 3=B , 2=n  and 5.0=η .7 With these 

values marginal cost is unity when total industry production is 8 or above. Now there 

will be three equilibria in Cournot competition. For the sake of comparison we also 

compute the price-taking equilibria, where firms set their output such that price equals 

marginal cost. The three symmetric equilibria (also denoted by E1, E2 and E3) are: 

077.1 =q , 241.32 =q  and 689.43 =q . We describe the reaction functions in Figure 2. 

Interestingly equilibrium E3 is the one, which would be obtained in a standard model 

without externality, and with the unit cost equaling unity. In E3 the reaction curves 

are downward sloping, which would be expected in standard model. We can also 

interpret E3 as an optimistic equilibrium or equilibrium prevailing in a mature 

industry. There the learning effect has been diminished, or has even completely 

disappeared. In fact, Stokey (1986, especially p. 82) points out that the dependence of 

a firm’s unit cost on the cumulative industry output captures perhaps something about 

the early development of infant industries. 

 
Figure 2. Reaction functions. 

 

We present numerical comparisons in Table 1. Note that the second Cournot 

equilibrium dominates the respective price-taking equilibrium by having higher total 

surplus. The conventional relationships hold at the other equilibria. As we increase the 

                                                           
7 Stokey uses the values 1.5 for the price elasticity and .32 for the cost elasticity. 

)( 1
2 qBR

)( 2
1 qBR

1q

2q

E1 E2 E32/Q
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number of competitors in the market, it can be shown that the equilibrium values of 

Cournot competition and price-taking competition converge closer to each other.  

 

 

 

Table 1. Comparison of equilibria and welfare. 
 

4. Conclusion 
In this paper we investigate equilibria in a rather standard model with quantity-setting 

oligopolies and a cost externality. The existence of such externalities can create 

situations in which strategic complementarities give rise to multiple equilibria and 

coordination failures. It is also of interest that we can relate the emergence of multiple 

equilibria to the magnitudes of two important elasticities in our example. If the 

product of the price elasticity of demand and the elasticity of the unit cost function 

with respect to industry output exceeds unity, there can be multiple equilibria. Our 

model also points out that the standard Cournot model captures perhaps some features 

of more mature industries, where the external effect (due e.g. to learning) has 

disappeared. 
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