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Abstract—We investigate the performance of three-node lossy-
forward (LF) relaying over independent block Nakagami-m
fading channels. Based on the theorem of source coding with
side information, the exact outage probability expression for
arbitrary values of the shape factor m is derived under the
assumptions of both the Gaussian codebook capacity and the
constellation constrained capacity. The difference in outage
probability between the two codebook models of capacity is found
to be very minor. Furthermore, an accurate high signal-to-noise
ratio approximation for the outage probability is obtained. It
clearly identifies the equivalent diversity order and coding gain
of the LF relaying. It is shown that the LF relaying is superior to
conventional decode-and-forward relaying in terms of the outage
probability and the ε-outage achievable rate. Moreover, with
the LF relaying, the optimal location for the relay (R), which
minimizes the outage probability, is found to be the point having
same distance to the source (S) and the destination (D) when the
S-R and R-D links experience same level of fading. The accuracy
of the analytical results is verified by a series of Monte Carlo
simulations.

Index Terms—outage probability, relay channels, lossy for-
ward, Nakagami-m fading, equivalent diversity order, coding
gain, ε-outage achievable rate, optimal relay location

I. INTRODUCTION

COOPERATIVE communication is a scheme which offers
spatial diversity to mitigate the effect of fading in the

propagation medium [1], [2]. Among the various relaying
protocols, decode-and-forward (DF) relaying has drawn sig-
nificant and practical attentions, and been widely studied.
Several analyses about the diversity and multiplexing gains
as well as the diversity-multiplexing tradeoff of the DF re-
laying have been conducted for half duplex and full duplex
relaying [3]–[5]. Various practical implementations of the
DF relaying have been performed for single-antenna [6], [7]
and multiple-antenna scenarios [8], [9]. Theoretical outage
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probability, which provides useful performance metrics for
designing practical coding techniques [10], is analyzed for the
DF relaying in [11]–[13].

Recently, a new cooperative communication scheme based
on the DF protocol allowing source-relay (S-R) link errors
is proposed in [14]. The scheme is referred to as lossy
forward (LF) relaying in this paper. Unlike the conventional
DF strategy, the decoded information sequence at relay (R)
is interleaved, re-encoded, and transmitted to destination (D),
even though error is detected during the decoding process at R.
The two information sequences, one from the source (S) and
the other from R, received at D are correlated. The correlation
knowledge can be estimated and utilized in a joint decoder
at D. For example, iterative processing between two decoders
(one is for S and the other is for R) for updating log-likelihood
ratio (LLR) via a LLR modification function, proposed in [15],
reduces the decoding error probability. The basic idea behind
the LF relaying is the relay system, as a whole, can be seen
as a distributed turbo code, and hence it can achieve turbo-
cliff-like bit-error-rate (BER) performance in additive white
Gaussian noise (AWGN) channels [16].

The outage probability of the LF relaying has been evaluated
in [17], where the admissible rate region is determined by the
Slepian-Wolf correlated source coding theorem. It was found
soon after [17] was published, that analyzing the exact rate
region of the LF scheme falls into the source coding with side
information in network information theory [18], [19]. Based on
this finding, the exact and approximated outage probabilities
were analyzed in [20]. It was shown that the LF relaying
can achieve lower outage probability in Rayleigh fading chan-
nels compared to the DF relaying. The technique is further
extended to wireless sensor networks (WSNs) and a simple,
general, efficient power allocation scheme for arbitrary number
of sensors is derived [21]. In [22], the outage probability of the
LF relaying is analyzed, where the source-destination (S-D)
link is assumed to be suffering from block Rayleigh fading,
whereas the relay-destination (R-D) link from block Rician
fading. Brulatout et al. propose a multiple access channel
(MAC) protocol in [23] specifically designed to optimally
operate with the LF paradigm.

However, there are several drawbacks in the previous work
related to the LF system: 1) Performance analyses for the LF
relaying are all based on numerical calculation. Diversity and
coding gain cannot be identified separately from the outage
probability expression; 2) In [17], [20], [22], Rayleigh and
Rician distributions are assumed as fading channel models,
since they are widely used to describe the statistical properties
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of the fading channels in wireless mobile communication
systems. However, Nakagami-m distribution is considered to
be more practical and better matched to field measurement data
than Rayleigh and Rician distributions [24]; 3) Even though
[20] has derived the exact outage probability of the LF relaying
based on the rate region determined by the theorem of source
coding with side information, Gaussian codebook capacity
(GCC) is assumed when describe the relationship between the
Hamming distortion of the S-R link and the receive block-
wise instantaneous signal-to-noise ratio (SNR). However, in
practice, channel capacity is upper bounded by the modulation
constellation size.

The main objective of this paper is to eliminate the afore-
mentioned drawbacks and to theoretically investigate outage
probability of the LF relaying, where all the links are assumed
to experience block Nakagami-m fading. The major contribu-
tions of this paper are as follows.

• The exact outage probability for the LF relaying over
Nakagami-m fading channels is derived. The outage
expressions are further approached by accurate enough
approximations in high SNR regime. Explicit expressions
of the equivalent diversity order and coding gain for
arbitrary values of the shape factor m are then obtained
from the approximated outage expressions. It is shown
that the equivalent diversity order (outage curve decay)
of the LF relaying is limited to either the S-R link or R-D
link, having smaller shape factor m.

• The outage probabilities of the LF system using the GCC
and constellation constrained capacity (CCC) are derived.
The numerical results indicate that the difference between
the GCC and CCC based outage probabilities of the LF
relaying is negligible.

• We introduce another performance metric, ε-outage
achievable rate, which indicates the largest transmission
rate such that the outage probability is not larger than
a threshold value ε [25], [26]. We identify from the
analytical results that in high SNR region, the ε-outage
achievable rate of the LF relaying increases rapider than
that of the conventional DF relaying.

• The optimal relay location is investigated for minimizing
the outage probability of the LF relaying. The relay R
is considered to be located on a line parallel to the S-D
link, as shown in Fig. 1. It is shown that the optimal relay
location is always at the point where the S-R and R-D
links have equal distance, as long as the values of shape
factor m of the S-R and R-D links are equivalent.

The rest of this paper is organized as follows: the system
model used to analyze the outage probability of the LF
relaying is presented in Section II. The admissible rate region
and outage probability definition are described in Section III.
The exact outage probabilities of the LF relaying based on
GCC and CCC are also derived in Section III. Equivalent
diversity order and coding gain with the LF relaying are
provided in Section IV. In Section V, ε-outage achievable
rate is analyzed. The optimal relay location is investigated
in Section VI. Finally, the conclusion is drawn in Section VII.
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Fig. 1. The schematic of one relay aided communication system.

II. SYSTEM MODEL

We consider a simple three-node relaying system as shown
in Fig. 1. The source S communicates with the destination D
with the help of a single relay R. The location of R varies in a
line parallel to the S-D link between x = 0 (nearest to S) and
x = 1 (nearest to D). We assume time-division transmission,
where the overall transmission is divided into two time slots.
At the first time slot, the original uniformly distributed binary
information sequence bS is broadcast from S. The relay R aims
to recover the information sequence and transmits it to D at
the second time slot, i.e., in orthogonal transmission. S does
not transmit during the second time slot.

A. LF Relaying

In conventional DF relaying, R keeps silent if error/errors
is/are detected after decoding in the information sequence sent
through the S-R link. With the LF relaying, after receiving
the signal from S, R attempts to recover bS. Although the
decoding result of bS at R, denoted by bR, may contain errors,
R interleaves the information sequence bR, re-encodes the
interleaved sequence, and forwards it to D.

When only the information sequence is concerned before
encoding at S and after decoding at R, the S-R link can
be virtually modeled by a binary symmetric channel (BSC)
model with a crossover probability pf . More specifically, pf
represents the bit flipping probability between the information
sequence obtained after decoding at R and the original infor-
mation sequence sent from S. Hence, bR = bS ⊕ e, where
⊕ denotes the modulo-2 addition and e is a realization of a
binary random variable E with Pr(E = 1) = pf which stays
the same within each block while changes block-by-block with
its value determined by the instantaneous SNR.

At D, after receiving the signals from S and R, joint
decoding is performed to retrieve the original information
bS. Iterative decoding is utilized between two decoders for
decoding the messages sent from S and R. During the decoding
process, the S-R link error probabilities can be estimated at
D by making a comparison between the LLRs output from
the two decoders. The estimated pf value is used as the
correlation knowledge between bS and bR [14]. The LLRs of
the systematic bits are exchanged between the two decoders
via the interleaver/de-interleaver. Therefore, the system, as a
whole, can be viewed as a distributed turbo code.
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B. Channel Model

The signals received at D and R during the first time slot,
yD,1 and yR,1, respectively, and the signal received at D in the
second time slot, yD,2, are expressed as1

yD,1 =
√
GSDhSDx1 + nD,1, (1)

yR,1 =
√
GSRhSRx1 + nR,1, (2)

yD,2 =
√
GRDhRDx2 + nD,2, (3)

respectively, where Gij (i ∈ (S,R), j ∈ (R,D), i 6= j) are
the geometric gains related to the transmit distance of each
link. x1 and x2 denote the modulated symbols corresponding
to the coded and interleaved information sequence, transmitted
from S and R, respectively. hij denotes the complex channel
gain and nj,1 and nj,2 are zero-mean AWGN with variance
of N0/2 per dimension. It is assumed that E[|hij |2] = 1 and
hij stays constant over one block duration due to the block
fading assumption.

The transmit power of each symbol is denoted as Es. There-
fore, the average and instantaneous SNRs are expressed as
γij = Gij

Es
N0

and γij = |hij |2γij (i ∈ (S,R), j ∈ (R,D), i 6=
j), respectively. For the sake of simplicity, the variations due
to shadowing and the fading frequency selectivity are not taken
into account.

We assume that all the links (i.e., the S-R, S-D, and R-
D links) suffer from independent block Nakagami-m fading,
with the probability density function (pdf) of γij given by

p (γij) =
m
mij
ij (γij)

mij−1(
γij
)mij

Γ (mij)
exp

(
−mijγij

γij

)
,mij > 0.5,

(4)

where Γ(·) is the Gamma function. The shape factor mij rep-
resents the severity of the fading variation of the corresponding
link.

In cooperative networks such as vehicle-to-vehicle (V2V)
and/or vehicle-to-infrastructure (V2I) communications, the
network topology and the fading distributions of the links
change over time. A reasonable scenario assumption is that
S-D link suffers from severe fading, the destination needs the
help of a relay via S-R and R-D links, which suffer from
moderate fading. Hence, we set the shape factor of the S-
D link mSD = 1, corresponding to Rayleigh fading, while for
other links (the S-R and R-D links), we set their corresponding
m values arbitrarily as parameters.

III. OUTAGE PROBABILITY ANALYSIS

In this section, the definition of admissible rate region and
the derivation for outage probability of the LF relaying are
provided. The outage probabilities are derived based on both
GCC and CCC assumptions.

A. Source Coding with Side Information based Admissible
Rate Region for S and R

Since D aims to recover bS only, the coded signal trans-
mitted from R can be considered as side information of

1The symbol indexes are omitted in (1), (2), and (3) for conciseness.
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bS. According to the theorem of source coding with side
information [19, Section10.4], D can recover bS losslessly, if
the source coding rate pair of S and R, RS and RR, satisfies{

RS ≥ H(bS|b̂R),

RR ≥ I(bR; b̂R),
(5)

where H(·|·) and I(·; ·) denote the conditional entropy and
the mutual information between their arguments, respectively,
and b̂R is the estimate of bR obtained at D.

With the block fading assumption, we use a BSC model
to represent the R-D link (helper channel), block by block,
as b̂R = bR ⊕ e′ with Pr(E′ = 1) = p′f , where e′ is a
realization of a binary random variable E′. Since the source
is assumed to be binary, uniform, and independently and
identically distributed (i.i.d), (5) can be expressed as{

RS ≥ H(pf ∗ p′f ),

RR ≥ H(b̂R)−H(b̂R|bR) = 1−H(p′f ),
(6)

where pf ∗ p′f = (1 − pf )p′f + (1 − p′f )pf and H(·) denotes
the binary entropy function.
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pf = 0 indicates perfect decoding at R, and hence
H(bS|bR) = H(bR|bS) = 0. In this case, the inadmissible rate
region becomes the triangle area A as shown in Fig. 2. When
0 < pf ≤ 0.5, the inadmissible region, which can be divided
into two areas, B and C, is shown in Fig. 3. The rate region
defined in (6) indicates that, even with 0 ≤ RR ≤ H(bR),
bR can be partially recovered at D, and bR containing errors
can serve as the side information for losslessly recovering bS.
In the case RR > H(bR), the conditions in (6) become to
RS ≥ H(pf ) and RR ≥ 1.

B. Outage Event of LF relaying

If the rate pair (RS, RR) falls into the inadmissible regions
in Fig. 2 or Fig. 3, the outage event occurs and D cannot
guarantee the reconstruction of bS with an arbitrarily small
error probability. Since pf = 0 and 0 < pf ≤ 0.5 are
distinctive, the outage probability of the LF relaying can be
expressed as

P LF
out = PA + PB + PC, (7)

where PA, PB, and PC denote the probabilities that (RS, RR)
falls into the inadmissible areas A, B, and C, respectively.
Taking into account the impact of pf and p′f , PA, PB, and PC

can further be expressed as

PA = Pr[pf = 0, 0 ≤ RS < 1, 0 ≤ RR < H(pf ∗ p′f )], (8)

PB = Pr[0 < pf ≤ 0.5, 0 ≤ RS < H(pf ), RR ≥ 0], (9)
PC = Pr[0 < pf ≤ 0.5, H(pf ) ≤ RS < 1,

0 ≤ RR < H(pf ∗ p′f )]. (10)

1) Outage Derivation with Gaussian Codebook Capacity
(GCC): For calculating the outage probability, first we estab-
lish the relationship between γSD and RS, and that between
γRD and RR. According to the Shannon’s lossless source
channel separation theorem [27], if

Ri ·Rc,iD ≤ CiD, (i ∈ S,R) (11)

is satisfied, the error probability can be arbitrarily small at the
destination. CiD and Rc,iD, respectively, denote the channel
capacity of the i-D link and the normalized spectrum effi-
ciency of the corresponding transmission chain. The spectrum
efficiency includes the channel coding rate and the modulation
constellation size. With the assumption that Gaussian code-
book is used, the channel capacity CiD of each link can be
expressed as

CiD =
En

2
log2

(
1 +

2γiD
En

)
, (i ∈ S,R), (12)

where En denotes the signaling dimensionality. Hence, the
relationship between the instantaneous channel SNR γiD and
its corresponding source coding rate Ri is given by

Ri ≤ Θ(γiD) =
En

2Rc,iD
log2

(
1 +

2γiD
En

)
, (i ∈ S,R) (13)
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Fig. 4. S-R link Hamming distortion pf versus SNR, where En = 2 and
Rc,SR = 1.

with its inverse inequality

γiD ≥ Θ−1(Ri) =
En

2

(
2

2RiRc,iD
En − 1

)
. (14)

Then, we establish the relationship between γSR and pf .
Since pf only depends on the quality of the S-R link, according
to Shannon’s lossy source channel separation theorem [28], we
have

R(D) ·Rc,SR ≤ CSR, (15)

where R(D) denotes the source rate-distortion function with
the distortion measure D. For the Hamming distortion mea-
sure, R(D) = 1 − H(D). Following [29], we set pf to the
minimum value of D yielding the specified rate R(D) in (15)
for a specific instantaneous S-R link SNR γSR.

Since we assume that Gaussian codebook is used for the
S-R link transmission, the relationship between the required
instantaneous channel SNR γSR and its corresponding source
rate R(D) with distortion D is given by

γSR ≥
En

2

(
2

2R(D)Rc,SR
En − 1

)
. (16)

Then, we can obtain the relationship between pf and γSR as

pf = H−1

(
1−

En

2 log2

(
1 + 2γSR

En

)
Rc,SR

)
, (17)

with H−1(·) denoting the inverse function of H(·). The
relationship between the S-R link SNR and pf is shown
in Fig. 4.

With the assumption that each link suffers from statistically
independent block Nakagami-m fading, each term of the
outage probability expression with the LF relaying in (7) can
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be expressed as

PA = Pr[γSR > Θ−1(1),Θ−1(0) < γSD ≤ Θ−1(1),

Θ−1(0) ≤ γRD < Θ−1(1−Θ(γSD))]

=

∫ Θ−1(∞)

γSR=Θ−1(1)

∫ Θ−1(1)

γSD=Θ−1(0)

∫ Θ−1(1−Θ(γSD))

γRD=Θ−1(0)

p(γSR)p(γSD)p(γRD)dγSRdγSDdγRD

=
1

γSD

1−

γ
(
mSR,mSR

1
γSR

)
Γ (mSR)


·
∫ Θ−1(1)

γSD=Θ−1(0)

exp

(
−γSD

γSD

)

·

γ
(
mRD,mRD

Θ−1(1−Θ(γSD))
γRD

)
Γ (mRD)

 dγSD, (18)

PB = Pr
[
Θ−1(0) ≤ γSR ≤ Θ−1(1),Θ−1(0) < γSD

≤ Θ−1(1−Θ(γSR)), γRD ≥ Θ−1(0)]

=

∫ Θ−1(1)

γSR=Θ−1(0)

∫ Θ−1(1−Θ(γSR))

γSD=Θ−1(0)

∫ Θ−1(∞)

γRD=Θ−1(0)

p(γSR)p(γSD)p(γRD)dγSRdγSDdγRD

=

∫ Θ−1(1)

γSR=Θ−1(0)

mmSR

SR (γSR)
mSR−1

(γSR)
mSR Γ (mSR)

exp

(
−mSRγSR

γSR

)
·
[
1− exp

(
−Θ−1(1−Θ(γSR))

γSD

)]
dγSR (19)

and

PC = Pr{Θ−1(0) ≤ γSR ≤ Θ−1(1),Θ−1[1−Θ(γSR)]

< γSD ≤ Θ−1(1),Θ−1(0) ≤ γRD ≥ Θ−1[ξ(γSD, γSR)]}

=

∫ Θ−1(1)

γSR=Θ−1(0)

∫ Θ−1(1)

γSD=Θ−1(1−Θ(γSR))

∫ Θ−1[ξ(γSD,γSR)]

γRD=Θ−1(0)

p(γSR)p(γSD)p(γRD)dγSRdγSDdγRD

=
1

γSD

∫ Θ−1(1)

γSR=Θ−1(0)

∫ Θ−1(1)

γSD=Θ−1(1−Θ(γSR))

exp

(
−γSD

γSD

)
mmSR

SR (γSR)
mSR−1

(γSR)
mSR Γ (mSR)

exp

(
−mSRγSR

γSR

)

·

γ
(
mRD,mRD

ξ(γSD,γSR)
γRD

)
Γ (mRD)

 dγSDdγSR, (20)

where ξ(γSD, γSR) = H{H−1[1 − Θ(γSD)] ∗ H−1[1 −
Θ(γSR)]} and γ(·, ·) is the lower incomplete gamma function.

Fig. 5 presents the outage probabilities of the LF relaying,
denoted as P LF

out . As a reference, the outage probability of a
conventional DF system, denoted as PDF

out , is also plotted. It
is found that LF achieves lower outage probability than DF.
This is because LF always forwards information sequences
from the relay to destination, and it converts the system into
a distributed turbo code. Note that the theoretical outage
probabilities exactly match their corresponding simulation
results obtained by Monte Carlo method.
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2) Outage Derivation with Constellation Constrained Ca-
pacity (CCC): According to Shannon’s source channel sep-
aration theorem, if Ri · Rc,iD ≤ Ccc(γiD), (i ∈ S,R) is
satisfied, the error probability can be made arbitrarily small
at the destination, where Ccc(γiD) is the channel CCC with
the instantaneous SNR γiD of the i-D link. Since the CCC
has no closed-form expression, numerical evaluation yields a
relationship between γiD and Ri as γiD ≥ C−1

cc (Ri · Rc,iD),
where C−1

cc represents the inverse function of channel CCC.
Similarly, the relationship between γSR and pf is given by

R(D) · Rc,SR ≤ Ccc(γSR) and γSR ≥ C−1
cc (R(D) · Rc,SR),

where the minimum distortion D is equivalent to pf for a given
instantaneous S-R link SNR γSR. Then, by using the method
presented in the previous subsection, the outage probability of
the LF relaying with CCC can be calculated through a lookup
table at each SNR value.

Fig. 6 compares the outage probabilities of the LF relaying
derived from GCC and CCC, PGCC

out and PCCC
out , respectively.2

The quaternary CCC is calculated via Monte Carlo simulations
to create a lookup table. The Monte Carlo simulation results
of GCC based LF relaying are also presented. We can observe
from Fig. 6 that the theoretical outage probabilities with
the LF relaying, calculated by using numerical integral in
(18), (19), and (20), well match their corresponding Monte
Carlo simulation results. It is also found that, the difference
between PGCC

out and PCCC
out is negligible. This is because in

low SNR regime the difference between GCC and CCC is
very small. On the contrary, in high SNR region, even though
the difference between GCC and CCC becomes large, pf
approaches zero very quickly, resulting in lossless transmission
over the S-R link. Therefore, the difference between GCC and
CCC based outage probabilities is negligibly small.

2In the numerical calculation, En = 2 and, without loss of generality,
Rc,ij = 1 (i ∈ (S,R), j ∈ (R,D), i 6= j).
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IV. EQUIVALENT DIVERSITY ORDER AND CODING GAIN

The equivalent diversity order and coding gain can be
obtained by approximating (18), (19), and (20) at high SNR re-
gion. Invoking the series representation of incomplete gamma
function γ(a, x) =

∑∞
n=0

(−1)nxa+n

n!(a+n) [30, equation 8.354.1],

together with the approximation p (γij) ≈
m
mij
ij

(γij)
mij−1

(γij)
mijΓ(mij)

[31], after several steps of mathematical manipulations, each
term of the outage probability expression with the LF relaying
over Nakagami-m fading channel can be approximated as

PA ≈A ·A′ · γ(−mSD)
SD γ

(−mRD)
RD , (21)

PB ≈B · γ(−mSD)
SD γ

(−mSR)
SR , (22)

PC ≈C · γ(−mSD)
SD γ

(−mRD)
RD γ

(−mSR)
SR , (23)

where

A =
mmSD

SD mmRD−1
RD

Γ(mSD)Γ(mRD)

∫ Θ−1(1)

γSD=Θ−1(0)

(
2

1+γSD
− 1
)mRD

γ1−mSD

SD

dγSD,

(24)

B =
mmSR

SR mmSD−1
SD

Γ(mSD)Γ(mSR)

∫ Θ−1(1)

γSR=Θ−1(0)

(
2

1+γSR
− 1
)mSD

γmSR−1
SR

dγSR,

(25)

C =

∫ Θ−1(1)

γSR=Θ−1(0)

∫ Θ−1(1)

γSD=Θ−1(1−Θ(γSR))

γmSD−1
SD γmSR−1

SR

mmSR

SR mmSD

SD mmRD−1
RD

Γ(mSD)Γ(mRD)Γ(mSR)
ξmSD(γSD, γSR)dγSRdγSD.

(26)

A′ = 1−
γ
(
mSR,mSR

1
γSR

)
Γ(mSR) indicates the probability of pf = 0

(i.e., decoding error can be made arbitrarily small at R).
Fig. 7 shows that at high SNR region the approximated

outage curves obtained from (21), (22), and (23) well match
the numerically calculated curves obtained from (18), (19), and

0 5 10 15 20 25 30
10

−6

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

Average SNR of the S−D link (dB)

O
ut

ag
e 

P
ro

ba
bl

ity

 

 

m
SR

=m
RD

=0.5

m
SR

=1,m
RD

=0.5

m
SR

=1,m
RD

=1

m
SR

=1,m
RD

=1.5

m
SR

=2,m
RD

=2

m
SR

=2.5,m
RD

=2

Approximation

Fig. 7. Comparison of outage curves obtained by using the numerical
calculation via (18), (19), and (20) and approximation via (21), (22), and
(23), where mSD = 1 and GSD = GRD = GSR.

(20) using a numerical integral method. From this observation,
it can be concluded that the approximation is sufficiently
accurate to calculate the outage probability.

Since γSD, γRD, and γSR in (21), (22), and (23), are linear
to a certain representative value γ, and the exponent terms
stay unchanged even if we replace γSD, γRD, and γSR by γ,
we have

PA ≈A ·A′ · γ(−mSD−mRD), (27)

PB ≈B · γ(−mSD−mSR), (28)

PC ≈C · γ(−mSD−mRD−mSR). (29)

It is observed from (27), (28), and (29) that,
γ(−mSD−mRD−mSR) is upper bounded by γ(−mSD−mRD)

or γ(−mSD−mSR) when γ approaches infinity. Moreover, it is
not difficult to find that A′ equals one asymptotically at high
SNR regime. Therefore, the overall outage probability of the
LF relaying with Nakagami-m fading can be formulated as

P LF
out = (Gc · γ)

(−Gd)
, (30)

where
Gd = mSD + min(mSR,mRD) (31)

and

Gc =


1

(Gd)
√
B
, mSR < mRD

1
(Gd)
√
A+B

, mSR = mRD

1
(Gd)
√
A
, mSR > mRD

(32)

are the equivalent diversity order3 and coding gain [31]
achieved by the LF relaying, respectively. We can see

3Gd indicates the decay of the outage probability curve versus average
SNR Gij

Es
N0

because Gd appears in the exponent part in (30). Therefore, the
decay of the outage curve is concerned and it has the equivalent meaning as
the diversity order. However, according to the definition, Gd can take arbitrary
real number which is related to the shape factor mij . In this sense, this paper
calls the decay of the curve equivalent diversity order, which does not follow
the standard definition of the diversity order.
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Fig. 8. The ε-outage achievable rates of LF and DF for ε = 0.01, where
mSD = 1 and GSD = GRD = GSR.

from (31) that, the equivalent diversity order of the LF relaying
system is restricted by the less reliable channel of either the
S-R or R-D link. The outage curves shown in Fig. 7 also
illustrate that the decay in outage curve cannot be obtained
by only increasing the m value of either the S-R or R-D link.
The outage curves become sharper only when m values of
both the S-R and R-D links increase simultaneously, which is
consistent to the conclusion drawn in (31) regarding equivalent
diversity order.

V. ε-OUTAGE ACHIEVABLE RATE

The ε-outage achievable rate Rε is defined as the largest
achievable transmission rate Rc such that the outage probabil-
ity Pout is not larger than a threshold ε,

Rε = sup{Rc : Pout ≤ ε}, 0 ≤ ε ≤ 1. (33)

For LF and DF, the ε-outage achievable rates RεLF and RεDF
are, respectively, given by

RεLF = sup{Rc : P LF
out ≤ ε}, 0 ≤ ε ≤ 1, (34)

RεDF = sup{Rc : PDF
out ≤ ε}, 0 ≤ ε ≤ 1, (35)

The ε-outage achievable rates of the LF and DF relaying
are illustrated in Fig. 8, where ε is set at 0.01. It is found
that for both LF and DF, Rεc increases as the values of mSR

and mRD increase. However, LF always outperforms DF in
terms of Rεc. It can also be observed from Fig. 8 that at high
SNR region, the LF relaying is more advantageous than DF
in terms of ε-outage achievable rate.

VI. OPTIMAL RELAY LOCATION

Let dSD, dRD, and dSR denote the distances between S
and D, R and D, and S and R respectively. With GSD

being normalized to unity, GSR and GRD can be defined as
GSR =

(
dSD

dSR

)α
and GRD =

(
dSD

dRD

)α
, respectively, where α
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Fig. 9. The optimal relay positions of the LF and DF relaying where mSD =
1 and α = 3.52. The vertical lines indicate the points where the outage
probabilities are minimized.

is the path loss exponent. Then, the average SNRs of the S-R
and R-D links can be given as

γSR = γSD + 10log10(GSR)(dB), (36)
γRD = γSD + 10log10(GRD)(dB). (37)

By substituting (36) and (37) into (18), (19), and (20), we can
obtain the outage probability expression with respect to the
position of R.

Fig. 9 shows the impact of the relay location on the outage
probability, with γSD = 3 dB. R is located on the line parallel
to the S-D link between x = 0 and x = 1, as shown in Fig. 1.
The outage probabilities of the DF relaying, are also depicted
as the references. With DF, the lowest outage probability can
be achieved when R is located close to S, while, interestingly,
the lowest outage probability can be achieved when R is
located at the midpoint with LF as long as mSR = mRD.
It is also observed that the outage curves are symmetric with
respect to the midpoint of the S-D link with the LF relaying.
This is because with the LF relaying, the errors due to the
S-R link can be corrected at the destination, and therefore,
the midpoint (dSR = dRD) is the optimal point where the
contributions of the S-R and R-D links are balanced. Note
that, for ensuring certain outage probability, the LF relaying
has a larger range to find a relay than the DF relaying.



8

VII. CONCLUSION

The outage probability of the LF relaying has been analyzed
over the independent Nakagami-m fading channels. The exact
expression of the outage probability has been derived. It has
been found that through a reasonable approximation of the
outage expression, the equivalent diversity order and coding
gain of the LF relaying can be derived. It has been revealed
that the equivalent diversity order (outage curve decay) is
dominated by the less reliable channel of either the S-R or
R-D link. Compared with the DF relaying, LF can achieve
lower outage probability. Moreover, it has been found that the
outage probability of the LF relaying derived from GCC and
that from CCC are almost the same. The ε-outage achievable
rate of the LF relaying is always larger, compared with that
of the DF relaying. Finally, it has been shown that since the
LF relaying utilizes the contributions from both the S-R and
R-D links, the optimal R position is exactly in the midline
between S and D, so long as mSR = mRD. The observation
about the relay location suggests that the search area for a
relay (helper) can be increased by the LF relaying compared
to the DF relaying.

Since the channel model practically depends on the position
of nodes, joint analysis of the actual propagation property,
the impact of node position, i.e., average SNR, and dynamic
channel variation characteristics in terms of the higher order
statistics is left for future study.
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