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Abstract—We consider a multi-operator small cell network where mobile network operators are sharing a common pool of radio

resources. The goal is to ensure long term fairness of spectrum sharing without coordination among small cell base stations. It is

assumed that spectral allocation of the small cells is orthogonal to the macro network layer, and thus, only the small cell traffic is

modeled. We develop a decentralized control mechanism for base stations using the Gibbs sampling based learning technique, which

allocates a suitable amount of spectrum for each base station. Five algorithms are compared addressing co-primary multi-operator

resource sharing under heterogeneous traffic requirements and the performance is assessed through extensive system-level

simulations. The main performance metrics are user throughput and fairness between operators. The numerical results demonstrate

that the proposed Gibbs sampling based learning algorithm provides about tenfold cell edge throughput gains compared to

state-of-the-art algorithms, while ensuring fairness between operators.

Index Terms—Fairness, heterogeneous traffic requirements, resource allocation, small cell networks, system level simulations
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1 INTRODUCTION

MUCH more spectrum will be needed to meet the
increasing traffic demand of future wireless systems.

Radio frequencies above 6 GHz have the potential to allow
wider bandwidths and thus, provide enough capacity for
the 2020-2030 time frame. Depending on the carrier fre-
quency, spectrum needs will include large chunks of spec-
trum in high frequency bands and flexible use of spectrum
through advanced spectrum sharing techniques [1].

Mobile network operators (MNOs) typically acquire
exclusive usage rights for certain frequency bands and have
little incentives to share spectrum with other operators.
However, due to higher cost and spectrum scarcity it is
expected that an efficient use of spectrum in the fifth genera-
tion (5G) networks will rather rely on spectrum sharing
than exclusive licenses, especially when higher carrier fre-
quencies are considered [2].

One of the advanced spectrum sharing techniques is co-
primary spectrum sharing (CoPSS), which is proposed as a
sharing mechanism towards 5G systems, where any MNO is
allowed to utilize the shared spectrum allocated for 5G cellu-
lar systems [2]. In [3], CoPSS is defined as a spectrum access
model where primary license holders agree on the joint use of
(or parts of) their licensed spectrum. This is only possible in
the small cell domain where base stations’ coverage is not
broad and the frequency band is dedicated to small cell use.

Multi-operator spectrum sharing has been considered in
many studies over the years [4], [5], [6], [7]. In [8], various
aspects of inter-operator resource sharing, such as analyz-
ing efficient coordination mechanisms and developing
frameworks for infrastructure sharing, have been studied.
In [9], the potential gain of spectrum sharing between cellu-
lar operators is investigated in terms of network efficiency.
In [10], inter-operator sharing of cellular resources includ-
ing capacity, spectrum and base stations is investigated.
Most of the multi-operator spectrum sharing research has
been done in macro cell networks.

In [11], enabling/limiting factors for CoPSS are dis-
cussed. Therein, the current scarcity of spectrum and new
business potential, especially in hotspots and small cells,
are seen as enabling factors for CoPSS. The limited availabil-
ity of suitable spectrum for sharing, a low level of technical/
business knowledge among MNOs regarding CoPSS, and
lack of rules to coordinate sharing between MNOs with sim-
ilar customer profiles, are seen as limiting factors. The find-
ings suggest that substantial further research is required,
not only from a technical perspective, but also from a busi-
ness perspective.

A CoPSS method for multiple operator networks, in dense
local area deployment is considered in [12]. A realistic system
framework is formulated to guarantee reliable and efficient
communicationswithin a denser network. The proposed solu-
tion is easy to control and incurs low signaling overhead. In
[13], a CoPSS scenario where operators having similar rights
for accessing spectrum is evaluated. A coordination protocol
is designed which assumes an agreement to a set of negotia-
tion rules. Signaling overhead is low and other MNOs’ chan-
nel state information is assumed to be unknown. In [14],
CoPSS with multi-user MIMO in two small cell networks is
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considered. Each base station allocates its users over the
shared band,when the number of subcarriers in the dedicated
band is not enough to serve all users. Subcarrier and power
allocation is proposed based on this scenario.

One way to enable CoPSS is to leverage software-defined
architecture based on novel ideas from network function
cloudification and network virtualization as proposed in
[15]. Furthermore, in [16] QoS-aware virtualization and
routing is proposed in software defined networks (SDN).
The proposed solution is shown to be effective for practical
SDN implementations, which allows resource sharing
among network operators.

In [17] we mainly focussed on the possible gains in the
achieved throughput when MNOs have similar traffic pat-
terns and spectrum sharing is done at the physical resource
block (PRB) level. In [18] we introduced a decentralized
algorithm where different MNOs are sharing a common
pool of component carriers (CCs) and MNOs have different
traffic requirements. Here, we extend these previous works
by introducing a new decentralized spectrum sharing algo-
rithm, showing its convergence and rigorous system level
simulation analysis.

In previousworks [13], [14], and [17], there is always coor-
dination between MNOs. However, the amount of coordina-
tion among MNOs should be minimal because MNOs may
not be willing to share operator-specific information with
competitors. Thus, information exchange among MNOs is a
critical design factor for spectrum sharing algorithms. Fur-
thermore, in [14] and [17] the spectrum is shared at subcar-
rier or PRB level. This is challenging because different
MNOs’ SCNs need to be synchronized. However, this type
of spectrum sharing guarantees more efficient utilization of
the spectrum. When multi-operator networks are not jointly
synchronized the more practical approach is to share spec-
trum at coarser granularity, e.g., at component carrier level,
which is considered in this work. The goal is to ensure the
long term fairness by minimizing a time average cost func-
tion per SBS, without coordination among small cell base sta-
tions. A dense indoor network deployment, consisting of
multiple small cell base stations (SBSs) per building operated
by three independent MNOs, is considered. Traffic in the
network is continuous with constant rate. To solve the per
SBS cost minimization problem in a decentralized manner
with no SBS coordination, we propose CoPSS algorithms
using a learning tool based on Gibbs sampling [19], which
allocates suitable amount of spectrum for each base station
while avoiding interference among SBSs and maximizing
the total network throughput. The proposed algorithms are
comparedwith a number of state-of-the-art baselines.

The core of the extensive LTE-A system level network
simulator has been built according to the International Tele-
communication Union’s system level simulation guidelines
[20] and calibrated and rigorously evaluated in selected
macro and microcell environments [21], [22]. The simulator
is extended to incorporate indoor femtocells, calibrated and
verified in [23] and previously utilized in [24], [25].

The contributions of this paper can be summarized as
follows:

(1) We propose a new decentralized spectrum sharing
algorithm using a learning tool based on Gibbs

sampling. Moreover, a novel idea is adopted to
enhance the speed of the learning process.

(2) We analyze the convergence and optimality of the
proposed algorithm.

(3) Effectiveness of the proposed spectrum sharing algo-
rithms are validated by comparing them with three
state-of-the-art models.

(4) We utilize comprehensive system level simulations
in the analysis, where a dense indoor network
deployment, consisting of multiple SBSs per
building operated by three independent MNOs, is
considered.

(5) Based on the simulation results we conclude the
applicability of our methods to different scenarios.

This paper is organized as follows. The system and
link models are defined in Section 2. In Section 3, the
actual CoPSS algorithms are elaborated and the perfor-
mance metrics are introduced. Section 4 provides the con-
vergence analysis and the performance comparison for
the proposed CoPSS algorithms. Finally, Section 5 con-
cludes the paper.

2 LINK AND SYSTEM MODELS

Consider the downlink of an Orthogonal Frequency-Divi-
sion Multiple Access (OFDMA) small cell base station (SBS)
network where a set of SBSs B, operated by a set of MNOs
L ¼ f1; . . . ; lg, are deployed. MNO l controls a set of its own
SBSs Bl, and thus B ¼ [8l2LBl with Bl \ Bl0 ¼ ; for all l 6¼ l0.
Each SBS b 2 B hasK users. The frequency domain resource
consists of Nc subcarriers, where 12 subcarriers form a
physical resource block and 6 PRBs form a component car-
rier (CC). A common pool consists of Ncc number of CCs. It
is assumed that the spectral allocations of the SBSs are
orthogonal to the macrocell network layer, and thus only
the small cell traffic is modeled. Moreover, we assume that
SBSs do not coordinate with each other.

The link model between a SBS and a user is illustrated
in Fig. 1. A link-to-system (L2S) interface is used in the
simulations. Each user is paired to the SBS based on the
path loss model [26]. A geometry-based stochastic chan-
nel model (GSCM) [27] is used to model fast fading and
shadowing losses for all links. Channel parameters are
determined stochastically, based on the statistical distri-
butions extracted from channel measurements. SBS
related assumptions for the links are adopted from [26]:

Fig. 1. Block diagram of the link model.



all links are assumed to be non-line-of-sight (NLOS) and
users are always inside buildings.

User k estimates channel-quality indicator (CQI) infor-
mation, i.e., quantized signal-to-interference-plus-noise
ratio (SINR), from the received signal for every CC and
send it to the SBS. The uplink channel is assumed to be
ideal, i.e., error free. In order to model a practical closed
loop system, periodic and delayed CQI is assumed. At SBS,
the proportional fair scheduler utilizes the CQI information
in the allocation of frequency resources to the most suitable
users. After scheduling, the link adaptation is performed
for scheduled users by selecting modulation and coding
scheme (MCS) based on CQI information. Finally, the data
is sent over the fading channel. The cyclic prefix is assumed
to be longer than the multipath delay spread, and thus
inter-symbol-interference is not considered.

At the receiver, perfect frequency and time synchroniza-
tion is assumed. Link-to-system mapping is performed
using mutual information effective SINR mapping (MIESM)
[28]. This significantly reduces the computational overhead
in comparison to the exact modeling of the radio links,
while still providing sufficiently accurate results. In the L2S
interface, SINR is calculated and mapped to corresponding
average mutual information. Based on the MIESM value,
the frame error probability (FEP) is approximated according
to a predefined frame error rate (FER) curve of the used
MCS. Based on the FER, successful and erroneous frames
can be detected, and hybrid automatic repeat request
(HARQ) can take the control of retransmissions. An
acknowledgement (ACK) or a negative acknowledgement
(NACK) message is sent back to the SBS to signal the suc-
cess or failure of the transmission, respectively. The results

are obtained by simulating a predefined number of channel
samples.

3 CO-PRIMARY SPECTRUM SHARING ALGORITHMS

We consider a CoPSS-enabled system where each MNO has
its own dedicated bandwidth and has access to a shared
common pool of CCs as shown in Fig. 2. The main goal is to
satisfy a target rate per SBS b, which is achieved by minimiz-
ing a time average cost function defined as follows:

fðtÞ ¼ 1

t

Xt
t¼1

RD
b ðtÞ þ xbðtÞRcc

b ðtÞ
RT

b

� 1

� �2

; (1)

while ensuring a fairness of spectrum sharing among
MNOs. However, due to the interference in the network,
minimizing the time average cost function of a system with
insufficient common bandwidth does not guarantee that the
target rate is achieved. Here, RD

b ðtÞ is the achievable rate of
SBS b when the dedicated bandwidth is used, xbðtÞ is the
fraction of CCs used from the common pool by SBS b, and
Rcc

b ðtÞ is the summation of the bits that can be transmitted
over all the CCs in the common pool. RT

b is the users sum
rate target when served by SBS b.

Fig. 3 illustrates an example of the cost function shape. In
this example, the target rate of a SBS is 5 Mb/s while the
SBS is achieving a rate of 2 Mb/s using only dedicated
bandwidth and the fraction xb of CCs used from the com-
mon pool is zero. As the fraction xb increases, the cost func-
tion decreases and reaches zero when the achieved
throughput is equal to RT

b . Further increments in xb result
higher costs. Thus, the cost is minimized when target
throughput is achieved.

The cost minimization problem of SBS b is formally
defined as follows:

minimize�
xbðtÞ;8t

� fðtÞ (2a)

subject to
1

T

Xt
t¼t�T

xbðtÞ � vmax

!
� Dv; (2b)

0 � xbðtÞ � 1; (2c)

Fig. 2. System model and bandwidth allocation.

Fig. 3. Example of the cost function shape.



where parameter vmax is the pre-agreed maximum spectrum
sharing ratio among operators in which a moving time aver-
age of the spectrum usage over time window T which
allows MNOs to deviate by Dv amount from vmax. This con-
straint is used to guarantee long term fairness between
SBSs/MNOs.1

3.1 Learning Algorithm

The purpose of the proposed approach is to enable SBSs to
autonomously select a suitable set of CCs, xbðtÞ, to minimize
their cost functions in a decentralized manner. Variable
xbðtÞ is referred to as the action hereinafter. However, the
achievable throughput of a SBS depends not only on its
own choice of action but also on the remaining SBSs due to
the interference caused on the shared CCs. To address this
problem we use a reinforcement learning mechanism based
on Gibbs sampling [29]. This learning algorithm provides a
mechanism to choose xbðtÞ at each time t with a given prob-
ability that depends on the estimated average rate. More-
over, the long term fairness constraint depends on all the
variables xbðt� T Þ; . . . ; xbðt� 1Þ, which cannot be controlled
at the current time instance. Therefore, we modify (2) by
moving the fairness constraint as a regularization term in
the cost function as follows:

minimize�
xbðtÞ;8t

� fðtÞ þ a �vbðtÞ � vmaxð Þ

subject to 0 � xbðtÞ � 1;

(3)

where �vbðtÞ ¼ 1
T

Pt
t¼t�T xbðtÞ is the moving time average of

the spectrum usage over time window T and a � 0 is the
regularization coefficient of the spectrum violation.

To solve (3), we propose a learning based algorithm,
where SBS b selects a suitable fraction of CCs, xbðtÞ which

maximizes its utility ubðtÞ ¼ �ðfðtÞ þ að�vbðtÞ � vmaxÞÞ. Let

ppbðtÞ ¼ ½pb;1ðtÞ; . . . ;pb;jAbjðtÞ� be a probability distribution in

which SBS b selects its ith action as xbðtÞ from its action

space Ab ¼ f0; 1
Ncc

; . . . ; 1g at time instant t with pb;iðtÞ ¼
PrðxbðtÞ ¼ i�1

Ncc
Þ, where i 2 f1; . . . ; Ncc þ 1g.

For each action SBS b estimates its utility û̂ubðtÞ ¼
½ûb;1ðtÞ; . . . ; ûb;jAbjðtÞ�, which is the expected utility for each
action over the time period f1; . . . ; t� 1g. At each time t,
SBS b updates its mixed strategy probability distribution
ppbðtÞ in which the actions with higher probabilities are
exploited while exploring the actions with low probabilities.
Such behavior can be captured by the Boltzmann-Gibbs
(BG) distribution GbGb ¼ ðGb;1; . . . ; Gb;jAbjÞ which is calculated
as follows:

Gb;i

�
û̂ubðtÞ

� ¼ exp
�
kbmaxð0; ûb;iðtÞÞ

�
P

8i02Ab
exp
�
kbmaxð0; ûb;i0 ðtÞÞ

� ; i 2 Ab; (4)

where kb > 0 is a temperature parameter that balances
between exploration and exploitation. For each time t, the
joint utility and probability distribution estimations for any
SBS b, ûbðtÞ and ppbðtÞ, are updated as follows;

ûb;iðtÞ ¼ ûb;iðt� 1Þ
þ gbðtÞ11fxb;i¼xbðt�1Þg

�
ubðtÞ � ûb;iðt� 1Þ

�
;

pb;iðtÞ ¼ pb;iðt� 1Þ
þ "bðtÞ

�
Gb;i

�
ûbðt� 1Þ�� pb;iðt� 1Þ

�
;

8>>>>><
>>>>>:

(5)

with the learning rates satisfying limt!1
Pt

n¼1 �ðnÞ ¼ 1 and

limt!1
Pt

n¼1 �
2ðnÞ < 1 for all � ¼ fgb; "bg. The relation

between learning rates is such that limt!1
gbðtÞ
"bðtÞ ¼ 0. Our choice

of learning rates are gbðtÞ ¼ t�g and "bðtÞ ¼ t�", with 0:5 <

g < " < 1. Here, xb;i ¼ i�1
Ncc

and the operator 11fxb;i¼xbðt�1Þg
returns 1 if xb;i ¼ xbðt� 1Þ is satisfied and 0 otherwise.

The proposed Gibbs algorithm is summarized in Algo-
rithm 1. At the beginning of each time instant t, each SBS
selects its action xbðtÞ based on its mixed strategy probabil-
ity ppbðt� 1Þ, i.e., xbðtÞ is a random variable with probability
mass function ppbðt� 1Þ. Then, SBS picks an appropriate set
of CCs that maximizes capacity while minimizing interfer-
ence from nearby SBSs by relying on the channel quality
indicator information, which is an estimation of the quality
of the CC. Here, with CQI information, SBSs sort the CCs in
an order from highest-to-lowest quality. This procedure
allows each SBS to model the capacity as a function of num-
ber of CCs. The number of required CCs is derived from
how many bits one CC can transfer on average, which gives
an accurate estimate. The proposed algorithms based on
Gibbs sampling use this knowledge, capacity as a function
of number of CCs, to determine the preferred action which
maximizes the capacity while ensuring long term fairness
among operators. Thus, based on the action xb, SBS b selects
the best dxbNCCe from the sorted CCs from the common
pool. This procedure eventually minimizes the interference
resulting in increased rates as the algorithms converge to
stationary distributions.

Algorithm 1. Co-Primary Spectrum Sharing Algorithm
Using Gibbs Sampling

1: Each SBS b initializes its probability distribution ppbðtÞ and
initial utility estimations û̂ubðtÞ.

2: while t > 0 do
3: Each SBS b selects its action xbðtÞ based on its mixed

strategy probability ppbðt� 1Þ.
4: Calculate objective function (3) at time t.
5: Update utility estimation and mixed strategy probability

using (5).
6: t ! tþ 1
7: end while

3.2 Convergence and Optimality Discussion

Next, we prove that the system of coupled equations in (5) is
a Gibbs field with steady-state distribution by invoking the
Gibbs-Markov equivalence [30].

Theorem 1. Let aaðtÞ ¼ ða1ðtÞ; . . . ; ajBjðtÞÞ 2 A be the vector of
actions played by all of the SBSs following their mixed strategy
probabilities, where A ¼ A1 � � � � � AjBj. Let ppðtÞ ¼ ðp1ðtÞ; . . . ;
pjAjðtÞÞ with piðtÞ ¼ PrðaaðtÞ ¼ aaiÞ be the probability of select-
ing ith action aai 2 A. Under Algorithm 1, as t ! 1, ppðtÞ

1. Parameter T has to be selected by MNOs, i.e., from minutes to
days. In the simulations, T is a fraction of the simulation time. Different
time windows are analyzed in the Section 4.



converges to a stationary distributionPP ¼ ðPaa; aa8 2 AÞwith,

Paa ¼ expðkûaaÞP
8a0a02A expðkûa0a0 Þ

; (6)

where ûaa is the ensemble average of the action aa’s utility esti-
mation as t ! 1.

Proof. See Appendix A. tu
Note that for a fixed k, the algorithm converges to the sta-

tionary distribution PP as shown in Theorem 1, and thus the
temperature parameter k affects the optimality of the solu-
tion as the algorithm converges to PP. Therefore, we define
PPðkÞ as the solution given the value of k. In the following,
we show that as k approaches infinity, the solution of the
proposed algorithm converges to the global solution of the
problem (3).

Theorem 2. As k ! 1,

lim
k!1PðkÞ

aa ¼ Pð1Þ
aa ¼

1
jA	j if aa 2 A	;
0 if aa =2 A	;

�
(7)

where A	 is the set of global optimal solutions of (3).

Proof. See Appendix B. tu
Theorem 2 shows that under a finite k a non-optimal

solution can be selected with non-zero probability. Thus, a
finite k cannot ensure an optimal selection of actions under
the stationary distribution. However, the following theorem
shows that the optimality of the solution increases with
increasing k.

Theorem 3. For any optimal action aa 2 A	, the probability of
selecting the optimal solution after convergence, PPðkÞ

aa , mono-
tonically increases with k.

Proof. See Appendix C. tu
From Theorems 2 and 3, we note that the choice of k

affects the optimality of the solution as the algorithm con-
verges to the stationary distribution. Next, we prove that
selecting large k decreases the expected cost of the system
while increasing the probability of picking the optimal
action.

Theorem 4. At convergence, PPðkÞ, the expected value of the sys-
tem utility E

PPðkÞ ½ûaa� monotonically increases with k.

Proof. See Appendix D. tu
Theorem 5 (Rate of Convergence). Let PðtÞ ¼ p0V

t and
P ¼ p0V

1 be the probability distribution after the tth update
and the stationary distribution for a given k, respectively,
where p0 is the initial probability distribution, V is the transi-
tion matrix of the Markov chain corresponding to the proposed
algorithm, and V1 is the limit of Vt as t ! 1. The proposed
algorithm converges to the stationary distribution P with

jjPPðtÞ �PPjjvar � cj�2jt; (8)

where jjPPðtÞ �PPjjvar ¼ 1
2

P
aa2A jPPðt; aaÞ �PPðaaÞj is defined as

the total variation distance between two probability distribu-
tions PPðtÞ and PP, c is a constant with respect to the Markov

chain transition matrix VV, and �2 is the second largest eigen-
value of matrix VV satisfying 0 < j�2j < 1.

Proof. See Appendix E. tu
Based on the above theorems, the choice of large k ensures

the close global optimality. However, a large k leads Algo-
rithm 1 to exploit a single action from the beginning ðt ¼ 1Þ
and thus, exploring the rest of the actions is avoided. There-
fore, k needs to be bounded for practical implementations.

3.3 Gibbs with Distribution Update Initialization

In the original Gibbs algorithm, the uniform distribution
over the action space is used as the initialization distribution
ppð0Þ, which is the conventional strategy when Gibbs algo-
rithm is applied [31]. Here, we propose a non-uniform ini-
tial distribution in order to improve the performance of the
proposed learning algorithm.

The main idea is to modify the initial distribution, which
is possible with accurate CQI estimation. Specifically, each
SBS estimates the number of CCs needed at the initialization
such that

~xb ¼ RT
b �RD

b

Rcc
b

; (9)

where RT
b is the target rate, RD

b is the achieved rate by using
the dedicated bandwidth and �Rcc

b is the mean value of the
bits that can be transmitted over all the CCs in the common
pool. When each SBS evaluates ~xb, this information is used
to calculate the modified initial distribution

~pb;i ¼ ~xi
b

i!
e�~xb ; (10)

which follows the Poisson probability mass function
(pmf). However, the Poisson pmf is defined for an infinite
number of discrete actions whereas the action space of
SBS b is limited by finite choices. Therefore, a truncated
Poisson pmf is needed. Here, we truncate the distribution
by adding the tail of the original distribution to the most
convenient action ~xb. Modifying the uniform distribution
improves the learning speed since each SBS already has
some insight of which actions should be exploited. How-
ever, these SBSs still have opportunity to explore the
actions with low probabilities. Fig. 4 shows an example of
an initial distribution after estimating how many CCs are
needed. In this example the preferred number of CCs is
~xb ¼ 3.

3.4 Proposed Algorithms and Performance Metrics

We propose three decentralized algorithms (Gibbs, Gibbs+
penalty and Gibbs+distribution) for CoPSS and compare
them with three state-of-the-art algorithms (No sharing,
Greedy [32] and Equal). The proposed decentralized algo-
rithms do not require sharing any information among
MNOs/SBSs. Thus, the proposed CoPSS algorithms are suit-
able for practical implementations. The baseline models and
the proposed algorithms are as follows:

� No sharing: A simple state-of-the-art model in which,
SBSs/MNOs do not have access to the common pool
of CCs.



� Greedy: A decentralized baseline algorithm, where
each SBS picks as many CCs as needed in order to
achieve the target rate. The greedy approach decides
the number CCs to meet the demand, and thus, fair-
ness among operators cannot be guaranteed. When all
SBSs adopt the greedy approach, increased interfer-
ence and decreased rates are expected. This algorithm
performs well in scenarios where SBSs are isolated,
due to less interference although CCs are shared.

� Equal: A simple state-of-the-art model in which, the
common pool of CCs is shared orthogonally and
equally between operators. This algorithm performs
well in scenarios where SBS are colocated. When
SBSs are close to each other, the serving signal and
the interference signal have approximately the same
strength, resulting to a high FER. Thus, avoiding
simultaneous use of the shared CCs is crucial.

� Gibbs: Solving (3) with a ¼ 0 using learning-based
steps (4) and (5) that allows spectrum usage viola-
tions in the network.

� Gibbs+penalty: Solving (3) with penalty ða > 0Þ using
learning-based steps (4) and (5), which allows instan-
taneous spectrum usage violations while maintain-
ing long term fairness.

� Gibbs+distribution: Solving (3) with a ¼ 0 using learn-
ing-based steps (4) and (5) that allows spectrum
usage violations in the network. The main difference
from the conventional Gibbs algorithm is that in the
initialization phase, each SBS solves (9) and then (10)
is used as its initial distribution, rather than a uni-
form distribution.

When MNOs are sharing dedicated spectrum, the following
information and rules are needed in which MNOs have to
agree on the following:

� What is the agreed maximum sharing ratio vmax over
the time window (for example equal amount per
MNO)? This parameter should be always agreed
among MNOs before they start sharing spectrum.
The simplest way to define vmax is to divide the

bandwidth based on the number of MNOs and set
that value as vmax.

� Time window length for long term fairness
(minutes/hours/days).

� Penalty for exceeding the agreed maximum sharing
ratio.

If MNO change these values without informing others,
fairness could not be guaranteed. In this case a central con-
troller is needed that sends this information to each MNO/
SBS. However, this information does not need to be updated
frequently and the values could remain the same for days.

The main performance metrics are user throughput and
the Jain’s index [33], which is a qualitative measure of the
fraction of satisfied users. Based on the achieved through-
puts, which are normalized by the target rates, the Jain’s
index for the network is given by

J ¼ ðPb2B �rbÞ2
jBjPb2B �r

2
b

; (11)

where �rb ¼ RD
b
ðtÞþxbðtÞRcc

b
ðtÞ

RT
b

is the normalized achieved rate

per SBS b. The fairest case is when all users achieve their tar-

get rates, i.e., Jain’s index equals to one. Due to the fact that

the normalized achieved rates are used to calculate Jain’s

index, (11) provides the fairness in terms of satisfying the

demands rather the utilization of spectrum. This is to evalu-

ate the performances in terms of QoS. On the contrary, if the
fairness is measured in terms of spectrum sharing, no shar-

ing approach becomes the best scheme although it fails to

meet the demands.

4 SYSTEM LEVEL BASED PERFORMANCE RESULTS

System level simulations are particularly useful for study-
ing network related issues, such as resource allocation,
interference management and mobility management. In this
work, a multi-operator Long Term Evolution Advanced
(LTE-A) system level simulator is used to model an indoor
cellular network, which consist of multiple operators and
multiple SBSs per operator.

The simulator uses a layout that has a building of size
120 m � 120 m. The building has one open corridor across it
and in total 20 rooms, size 24 m � 24 m as shown in Fig. 5,
which can model an office environment, a shopping mall, an
apartment, etc. Internal wall attenuation is 5 dB per wall [26].
When SBSs are randomly distributed, the number of SBSs in
the building is based on deployment probability, e.g., the
probability that one room has an SBS. In this layout, users are
located at a maximum of 20 m from the SBS. Users are evenly
distributed and each of them is connected to the own MNO’s
SBS.Moreover, a single user is connected to each SBS.2

Results are averaged out over 500 randomnetwork topolo-
gies, e.g., simulations cover sparse and dense deployments of
SBSs/MNOs in the building. Table 1 summarizes the main

Fig. 4. Example of an initial distribution after estimation.

2. Parameter RT
b in (1) takes into account the demand of users served

by SBS b. Therefore, the scenario with multiple users per SBS is equiva-
lent to a scenario with single user per SBS with high demand. Thus, the
proposed spectrum sharing algorithm is applicable for multi-user sce-
narios. The assumption of single user per SBS is simply to reduce simu-
lation time and complexity.



simulation parameters and assumptions used through simu-
lations. Traffic in the network is constant. Thus, delay does
not have a big impact on the performance due to the consis-
tency of SBS resource allocation throughout simulations.

In the simulations, continuous constant rate transmis-
sion is used. We increase MNO1 target throughput while
MNO2 and MNO3 have a constant target throughput of 5
Mb/s. This allows us to analyze how different algorithms
work when MNOs have similar or different traffic patterns.
As already mentioned, in [17], we focused on the possible
gains in the achieved throughput when MNOs have simi-
lar traffic patterns.

4.1 Parameter Analysis

Asmentioned in Section 3.1, kb > 0 is a temperature parame-
ter that balances between exploration and exploitation. Fig. 6

illustrates the impact of the temperature on the resultant final
distribution for three different temperature values. When
kb ¼ 1, the final distribution is almost uniform, which means
that the temperature is too low and the algorithm does not
have enough time to learn how many CCs are needed. When
kb ¼ 20, then the learning is too fast since the probability to
select six CCs is almost equal to one (even though the best
amount of CCs could be even zero or nine). When kb ¼ 10,
this balances the exploration and exploitation, i.e., efficient
learning, and the final distribution is neither uniform as with
kb ¼ 1 nor deterministic as with kb ¼ 20. The Gibbs+penalty
algorithm includes two parameters which control its perfor-
mance, the time window T and the regularization coefficient
of the spectrum violation a, which we will refer to as oper-
ator’s penalty coefficient hereafter. First, we analyze what is
the impact of the time window T . In Fig. 7a, we show the
mean throughput when time window is increased when sim-
ulation time is one second. In this scenario, MNO1 target
throughput is 20 Mb/s. When the time window is increased
higher mean throughput is achieved. The reason is that when
timewindows are larger,MNOs havemore time to violate the
pre-agreed maximum sharing ratio. Based on these results,
hereinafter we use a time window of T ¼ 300ms. This allows
MNOs to violate for a short period. However, as the simula-
tion time exceeds T , SBSs start to limit the spectrum usage if
they are violating the pre-agreed maximum sharing ratio. By
controlling the time window, higher long term fairness is
achieved betweenMNOs.

The second parameter a, is a constant value that controls
how significant is the impact of the penalty coefficient on
the utility function. In Fig. 7b, we can see how the achieved
mean throughput decreases when the penalty coefficient is
increased. For the rest of the simulations a ¼ 4 is used as a
penalty constant that drops the mean throughput by
0.8 Mb/s when compared to the conventional Gibbs

Fig. 5. Small cell layout where base stations are located randomly.

TABLE 1
Simulator Parameters and Assumptions

Parameterm Assumption

Duplex mode FDD
System bandwidth 20 MHz
Number of CCs 2 per MNO
Number of CCs common pool 9
Number of users 1 user per SBS
Antenna configurations 1 Tx, 2 Rx
Receivers MRC
HARQ Chase combining
SBS transmission power 20 dBm
Feedback CQI period 6 ms
Feedback CQI delay 2 ms
Traffic model Continuous constant

rate transmission
Internal wall attenuation 5 dB
Deployment probability 0.4 
 10 SBSs on average
Number of MNOs 3
Carrier frequency 2 GHz
Simulation time 1,000 ms
Time window T 300 ms
Penalty coefficient a 4
Temperature kb 10
Learning rate exponents g and " 0.6 and 0.95

Fig. 6. Final distribution of the Gibbs algorithm with different kb values.



algorithm (a ¼ 0). Our choices of time window T ¼ 300
and penalty coefficient a ¼ 4 ensure a sufficiently large
penalty term in which the proposed algorithms exhibit
considerable performance differences over the conven-
tional Gibbs algorithm.

4.2 Convergence Analysis

Fig. 8 compares the convergence speed and the achieved util-
ity between the conventional Gibbs, Gibbs+penalty and
Gibbs+distribution algorithms. For all algorithms the conver-
gence speed is similar. However, the achieved utility is higher
with the Gibbs+distribution algorithm because the modifica-
tion of the initial distribution improves the learning proce-
dure. Thus, each SBS already has some insight regarding
which actions should be exploited even at the initial phase
compared to the conventional Gibbs algorithm. However, the
learning curve of the Gibbs+penalty algorithm exhibits a dif-
ferent behavior over the other two methods due to the impact
of the penalty term. During the first 100ms,MNOs exploit the
spectrum usage to improve their throughputs by violating

the spectrum sharing ratio. As the simulation time reaches
the duration of the time window, these violations result in
large penalties and thus, lower utilities. Therefore, MNOs
have to compensate the spectrum usage violation, which
lowers the throughputs. As the simulation proceeds,
MNOs discover the balance between increasing through-
puts and maintaining the spectrum usage fairness in which
the convergence is achieved. Furthermore, the Gibbs+pen-
alty algorithm will get closer to Gibbs as a goes to zero. In
the special case a ¼ 0 they become equal.

4.3 Mean Achieved Rates

The different CoPSS algorithms are analyzed by comparing
the mean achieved rates. Fig. 9a shows the achieved mean
throughput of MNO1 for different target rates. Here, we
can capture how the CoPSS works when MNOs have differ-
ent throughput targets. In the simulations, we increase
MNO1 target throughput while MNO2 and MNO3 have a
constant target throughput of 5 Mb/s. Note that, for the No
sharing case, the throughput saturates around 5 Mb/s
although the demand increases when MNO cannot access
the common pool of CCs. When the demand is low (5-15
Mb/s) the best achieved mean throughput is obtained with
the different Gibbs and Equal algorithms while the Greedy
provides the worst performance. When the demand
increases (20-30 Mb/s), the Greedy algorithm provides a
higher performance while the Equal algorithm starts to sat-
urate. Furthermore, the Gibbs+distribution algorithm pro-
vides the overall best performance.

Fig. 9b shows the achieved mean throughput of
MNO2&MNO3 for different target rates ofMNO1. Again, the
No sharing is still the worst, but also the Greedy algorithm
exhibits a lower performance compared to the Equal and the
Gibbs algorithms. For MNO2&MNO3, the best algorithm is
theGibbs+penalty algorithm because it is limiting the amount
of CCs used by MNO1, which provides more free resources
for MNO2&MNO3. The Gibbs+distribution algorithm is very
close to the mean performance of the Gibbs+penalty algo-
rithm. All the proposed Gibbs algorithms perform better than
theGreedy or the Equal algorithm forMNO2&MNO3.

Fig. 7. Parameters impact for the mean throughput for the Gibbs+
penalty algorithm.

Fig. 8. Convergence speed.



4.4 Performance Analysis for Different Target Rates
and Cell Edge

In Fig. 10, the cumulative distribution function (CDF) of the
throughput is analyzed when all MNOs have the same
throughput target of 5 Mb/s. The worst performances are
achievedwith theNo sharing and the Greedy algorithms, and
all the proposed Gibbs algorithms outperform the the Equal
algorithm. The best performance is achieved with the Gibbs
+distribution algorithm. When the cell edge (5 percent from
CDFs) performance is analyzed, all the proposed algorithms
outperform state-of-the-art algorithms. Especially, the Gibbs+
distribution offers almost 2.5 Mb/s better cell edge perfor-
mance when compared with state-of-art baselines that are in
outage. Table 2 summarizes the achievable cell edge users (5
percent fromCDFs) throughputs for the different algorithms.

Figs. 11a and 11b show the CDF of throughput for MNO1
with 15 Mb/s target rate and MNO2&MNO3 with 5 Mb/s
target rate, respectively. For MNO1 the proposed Gibbs
algorithms outperform state-of-the-art algorithms. More-
over, throughputs for the cell edge can be vastly improved.
The Gibbs+penalty provides 2 Mb/s while the Greedy and
the Equal are in outage. For MNO2&MNO3, Fig. 11b shows
similar performance as in Fig. 10 but now the performance
of the Greedy algorithm is even worse than in the previous
case. Furthermore, the performance of the Gibbs algorithms
is still in acceptable level although there is a slight loss com-
pared to the Equal algorithm, and the cell edge throughput
is much higher compared to the Equal algorithm. Table 3
summarizes the achievable cell edge users’ (5 percent from
CDFs) throughputs for the different algorithms.

In Fig. 12a, we further increase MNO1 throughput
demand to 30 Mb/s. Here, the Greedy provides the highest
throughput, but still the cell edge is in outage. It can be seen
that the Equal algorithm saturates at around 18 Mb/s,
whereas the Gibbs and the Gibbs+penalty perform similar
to the Equal algorithm from 4 to 18 Mb/s. However, they
can provide higher throughput for 30 percent of the users
unlike the Equal algorithm. When throughput demand is
high, it is clear how the Gibbs+penalty algorithm is limiting
the performance compared to the conventional Gibbs algo-
rithm. When the conventional Gibbs achieves the target
rate, the Gibbs+penalty provides 26.5 Mb/s as seen in
Fig. 12a. In this scenario, the Gibbs+distribution achieves
performance that is close to the Greedy algorithm while
guaranteeing 2 Mb/s higher cell edge performance. As seen
in Fig. 12a, further increasing MNO1 throughput demand
results performance degrade of MNO2&MNO3 that is close
to the No sharing, when the Greedy algorithm is used.

Fig. 9. Performance evaluation of MNOs mean throughput when the
downlink target throughput is increased.

Fig. 10. CDF of MNO1&MNO2&MNO3 downlink user throughput for
different CoPSS algorithms when the target rate is 5 Mb/s.

TABLE 2
Cell Edge User Throughput [Mb/s] for MNO1&MNO2&MNO3

When the Target Rate is 5 Mb/s

No sharing Greedy Equal Gibbs Gibbs+p Gibbs+d

0.03 0.31 0.22 2.06 2.29 2.47



Here, the Gibbs+penalty algorithm provides the best cell
edge and overall performance while the Gibbs and the
Gibbs+distribution algorithms achieve slightly lower
throughput, which is around 0.3 Mb/s. Table 4 summarizes
the achievable cell edge users (5 percent from CDFs)
throughputs for the different algorithms.

4.5 Fairness of CoPSS

Finally, in Fig. 13, we present the Jain’s index of the
whole network for different MNO1 demands and fixed
5 Mb/s for MNO2&MNO3. Fig. 13 shows that the Gibbs+
distribution algorithm provides the highest fairness while
the Gibbs+penalty is very close to it. All the proposed
Gibbs algorithms are outperforming all of state-of-the-art
baselines.

Fig. 11. CDF of MNO1 and MNO2&MNO3 downlink user throughput for
different CoPSS algorithms when the target rate is 15 and 5 Mb/s,
respectively.

TABLE 3
Cell Edge User Throughput [Mb/s] for MNO1 and MNO2&MNO3

When the Target Rate is 15 and 5 Mb/s, Respectively

No sharing Greedy Equal Gibbs Gibbs+p Gibbs+d

0 0.22 0.09 0.77 1.18 0.86
0.03 0.20 0.22 1.43 1.75 1.67

Fig. 12. CDF of MNO1 and MNO2&MNO3 downlink user throughput for
different CoPSS algorithms when the target rate is 30 and 5 Mb/s,
respectively.

TABLE 4
Cell Edge User Throughput [Mb/s] for MNO1 and MNO2&MNO3

When the Target Rate is 30 and 5 Mb/s, Respectively

No sharing Greedy Equal Gibbs Gibbs+p Gibbs+d

0.01 0.04 0.02 0.66 1.17 0.83
0.06 0.19 0.33 0.88 1.27 0.71



Analyzing all the results together, we can conclude that
the Gibbs+distribution provides the best performance over
state-of-the-art baselines. The proposed Gibbs+distribution
algorithm provides higher utility, fairness and throughput.
However, the Gibbs+penalty algorithm is suitable for sce-
narios, where MNOs need more control. Especially over cell
edge user throughputs. Although, the proposed algorithms
do not require continuous coordination between MNOs,
still some level of coordination is needed. For instance,
MNOs have to agree what is the pre-agreed maximum shar-
ing ratio and the time window/penalty. However, the
required amount of signaling for that is small and thus, the
overhead is negligible.

5 CONCLUSION

In this article, we have evaluated six different approaches,
three state-of-the art methods and three new algorithms for
co-primary multi-operator spectrum sharing in a small cell
indoor environment. The framework has been established
under the LTE-A compliant system simulation platform
where the system throughput performance and fairness
have been rigorously assessed. Numerical results confirm
the potential that co-primary spectrum sharing increases
system throughput in the multi-operator setting when
mobile network operators share a common pool of compo-
nent carriers. The results show that learning based algo-
rithms without any coordination between small cell base
stations can be used to efficiently share spectrum. The pro-
posed algorithms are suitable for operators with heteroge-
neous traffic requirements. Especially, the proposed
algorithms significantly improve the cell edge performance.
Moreover, when high cell-edge performance is required
Gibbs+penalty provides the best performance. When the
target is to maximize the overall performance, Gibbs+distri-
bution algorithm provides the best performance. Finally,
conventional Gibbs algorithm balances the performance
between Gibbs+distribution and Gibbs+penalty algorithms
in some scenarios. It can be concluded that these proposed
algorithms outperform state-of-the-art baselines in all the

scenarios. This paper is a foundation for further studies. In
our future work, we will consider the impact of coordina-
tion among mobile network operators. Furthermore, we
will investigate spectrum sharing at higher frequency
bands, i.e., cm/mm-waves.

APPENDIX

A. Proof of Theorem 1

Let ub and u ¼P8b2B ub be the ensemble averages of the
utilities of SBS b and the network, respectively. As t ! 1,
for SBS b, the ensemble averages of utility estimation, and
mixed-strategy probability become ûb and Pb;i ¼ Gb;iðûbÞ for
i 2 Ab as per (5), respectively. Since

P
b2B ûb;ab ¼

P
b2B ûb�

ub ¼ ûaa � u ¼ ûaa for any action aa 2 A, û̂u ¼ ðûaa; 8aa 2 AÞ is
the ensemble average of the utility estimations for the entire
system. Since an action aa of the system is composed by the
set of actions ðab;ib ; 8b 2 BÞ per each SBS, the probability of
selecting aa is

Q
8b2B Pb;ib ¼

Q
8b2B Gb;ibðû̂ubÞ, which can be sim-

plified as Paa in (6).
Following the notation in [30, Chapter 7] we define a

Gibbs field with a set of cliques B, a configuration space
with a finite size V ¼Q8b2B Vb, a set of finite potentials
fû̂ubðvkÞ; 8vk 2 Vbg8b2B, and a probability distribution PP ¼
ðPv; 8v 2 VÞ, where Pv ¼ expðkûðvÞÞ=P8v0v02V expðkûðv0ÞÞ and
ûðvÞ ¼Pb2B û̂ubðvkÞ with v ¼ ðv1; . . . ; vjBjÞ. Suppose that the
configuration vðtÞ at time instant t changes to the configura-
tion vðtþ 1Þ at time instant tþ 1 following the probability
distribution PPðtÞ. Hence, the evolution of the configurations
in the above Gibbs field is equivalent to a Markov chain [30,
Chapter 7, Theorem 2.1]. The evolution follows a time-inho-
mogeneous Markov chain as the configuration space V is
finite at any time instant t. Since PPðtÞ � 0 due to the fact
that the potentials are finite. Therefore, all configurations
have self-loops with positive probability and thus, the
Markov chain is aperiodic. Furthermore, sincePPðtÞ is a posi-
tive vector, Prðvðtþ 1Þ ¼ v00jvðtÞ ¼ v0Þ > 0 for any v0; v00 2 V.
This verifies that the process starts from configuration v0

and ends in configuration v00 with a positive probability, in
which the irreducible and positive recurrence properties are
held. Since the time-inhomogeneous Markov chain is aperi-
odic, irreducible and positive recurrent, its transition proba-
bility PP converges to a stationary distribution as t ! 1 [30,
Chapter 7, Theorem 3.1].

It is shown that the transition probability of the above
Gibbs field is equivalent to the action selection probability
provided by Algorithm 1. Since the transition probability
converges to a stationary distribution, the distribution PP

given in (6) becomes stationary as well. tu

B. Proof of Theorem 2

Let aa 2 A	. Therefore, ûaa > ûa0a0 for all a
0a0 =2 A	. Then,

Pð1Þ
aa ¼ lim

k!1
exp kûaað ÞP

8a0a02A exp kûa0a0ð Þ
¼ lim

k!1
1

jA	j þP8a0a0 =2 A	 exp kðûa0a0 � ûaaÞð Þ ¼ 1

jA	j :
(12)

tu

Fig. 13. Jain’s index in the random network layout.



C. Proof of Theorem 3

The first derivative of (6) is

@PðkÞ
aa

@k
¼ @

@k

exp kûaað ÞP
8a0a02A exp kûa0a0ð Þ ¼ Paa ûa0a0 � E

PPðkÞ ½ûa0a0 �
� �

; (13)

where û̂u ¼ ðûaa; 8aa 2 AÞ is the utility estimation for the sys-
tem. Since ûaa � ûa0a0 for any aa 2 A	 and for all a0a0 2 A,

ûa0a0 > E
PPðkÞ ½ûa0a0 � is true and thus, @P

ðkÞ
aa

@k
> 0 is held, i.e., the

probability of choosing the optimal action monotonically

increases with k. tu

D. Proof of Theorem 4

Consider the first derivative of the expected utility

@E
PPðkÞ ½ûaa�
@k

¼ @

@k

X
8aa2A

PðkÞ
aa ûaa

!

¼
X
8aa2A

PðkÞ
aa ûaaðûaa � E

PPðkÞ ½ûaa�Þ

¼ E
PPðkÞ ½ðûaaÞ2� � E2

PPðkÞ ½ûaa�
¼ E

PPðkÞ ½ðûaa � E2
PPðkÞ ½ûaa�Þ2�:

(14)

Here, E
PPðkÞ ½ðûaa � E2

PPðkÞ ½ûaa�Þ2� is the variance of û̂u and PðkÞPðkÞ,

and thus, @
@k
ðE

PPðkÞ ½ûaa�Þ > 0 is held. tu

E. Proof of Theorem 5

Note that, jjpp0jjvar ¼ 1
2

P
aa2A jjp0ðaaÞjj1 ¼ 1

2, due to the fact that
p0ðaaÞ � 0 and

P
aa2A p0ðaaÞ ¼ 1. We have that

jjPPðtÞ �PPjjvar ¼ jjpp0VV
t � pp0VV

1jjvar
� jjpp0jjvarjjVVt �VV1jj1 ¼

1

4
jjVVt �VV1jj1:

(15)

Therefore, to prove Theorem 5, we only need to investigate
the properties of jjVVt �VV1jj1. Let �j denote the jth eigen-
value of matrix VV. We assume that the matrix VV has l

distinct eigenvalues, satisfying j�1j > j�2j � . . . � j�lj.
Assuming that the algebraic multiplicity of eigenvalue �j is
equal tomj, we define amj �mj matrix JJj as follows:

JJj ¼

�j 1 0
�j

. .
.

1
0 �j

2
6664

3
7775 ¼ �jIImj

þ
0 1 0

0
. .
.

1
0 0

2
664

3
775;

|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
EEj

(16)

where matrices IImj
and EEj are the mj �mj identity matrix

and a nilpotent matrix, respectively. Likewise, we define a
jjAjj1 �mj matrix SSj such that its nth column vector ssj;n
satisfies ðVV� �jII jjAjj1Þnssj;n ¼ 0. According to the theory of
Jordan matrix decomposition [34], the square matrix VV

can be decomposed into VV ¼ SSJJSS�1, where JJ ¼ diagfJJ1;
JJ2; . . . ; JJlg and SS ¼ diagfSS1; SS2; . . . ; SSlg. Perron-Frobenius
theorem [34] says that, for a positive matrix, there exists a
unique largest eigenvalue r such that any other eigenvalue is

strictly smaller than r in absolute value. Meanwhile, only the
eigenvalue r is associated with a positive eigenvector. Note
that VV is a positive matrix and has a positive eigenvectors PP
satisfying PPVV ¼ PP. Therefore, the unique largest eigenvalue
of matrixVV is 1. That is, �1 ¼ 1 > jj�2jj1 � . . . � jj�ljj1. Thus,
JJ1 ¼ ½1� and SS1 is a jjAjj1 � 1matrix.

Taking the tth power of VV, we have

VtVt ¼ SS

1 0 0

0 JJt
2

. .
.

0 JJt
l

2
66664

3
77775SS

�1 !
t!1

V1V1 ¼ SS

0 1 0

0

. .
.

1

0 0

2
66664

3
77775

|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
ZZ

S�1S�1:

(17)

Since jj�jjj1 < 1 for j � 2, we get

JJt
j ¼ ½�jIImj

þ EEj�t

¼ �t
jIImj

þ t�t
j

�j
EEj þ . . .

þ t!�t
j

ðmj � 1Þ!ðt�mj þ 1Þ!�mj�1

j

EE
mj�1

j

� C�t
j½IImj

þ EEj þ . . .þEE
mj�1

j �;

(18)

with C > 0. This implies that any JJt
j satisfies

JJt
j � C�t

2½IImj
þEEj þ � � � þ EE

mj�1

j �; (19)

since jj�2jj1 � � � � � jj�ljj1. Therefore,

jjVVt �VV1jj1 � jjSSjj1jjJJt � ZZjj1jjSS�1jj1

� jjII jjAjj1 jj1jjJJt � ZZjj1 � CjAj
Xl
j¼2

mjðmj þ 1Þ
2|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

c

j�2jt; (20)

where matrix ZZ is denoted in (17). Together with (15), it
follows that jjPPðtÞ �PPjjvar � cj�2jt, i.e., (8). This concludes
the proof. tu
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