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Abstract— One of the many problems faced by current cellular
network technology is the underutilization of the dedicated
licensed spectrum of network operators. An emerging paradigm
to solve this issue is to allow multiple operators to share some
parts of each other’s spectrum. Previous works on spectrum
sharing have failed to integrate the theoretical insights provided
by recent developments in stochastic geometrical approaches to
cellular network analysis with the objectives of network resource
allocation problems. In this paper, we study the non-orthogonal
spectrum assignment with the goal of maximizing the social
welfare of the network, defined as the expected weighted sum rate
of the operators. We adopt the many-to-one stable matching game
framework to tackle this problem. Moreover, using the stochastic
geometrical approach, we show that its solution can be both
stable as well as socially optimal. To obtain the maxima of social
welfare, the computation of the game theoretical solution using
the generic Markov Chain Monte Carlo method is proposed. We
also investigate the role of power allocation schemes using Q-
learning, and we numerically show that the effect of resource
allocation scheme is much more significant than the effect of
power allocation for the social welfare of the system.

Index Terms— Multi-operator spectrum sharing, non-
orthogonal spectrum sharing, matching game theory, reinfor-
cement learning, stochastic geometry, 5G.

I. INTRODUCTION

THE next generation 5G cellular network will need to
satisfy the performance requirements (e.g., quality-of-

service (QoS) and latency) of various applications such
as video streaming, data services, and voice communi-
cation [1], [2]. In the near future, the total number of existing
smart-phones and tablets are projected to be more or less equal
to the human population. Most of the devices are expected to
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be massive machine type communication devices that transmit
only a few bytes of data. As such, the spectrum utilization
will be an important issue [2], [3]. The network opera-
tors (OPs) will need to manage their licensed spectrum more
efficiently in order to provide service with desired performance
requirements [2].

In recent years, multi-OP spectrum sharing has been gaining
attention [3]–[7]. Multi-OP spectrum sharing refers to the
ability of OPs jointly agreeing on sharing some parts of
their licensed spectrum. This approach has emerged as a
potential solution to the problem of under-utilization of the
dedicated spectrum. The inefficient utilization occurs because
the spectrum is often found to be idle at various times.
In co-primary (or horizontal) spectrum sharing, OPs have
equal ownership of the spectrum [8]. The spectrum may
be shared either orthogonally or non-orthogonally among
the OPs. Furthermore, an a-priori agreement should be reached
on the spectrum usage with respect to long term sharing of
each OP.

A. Related Work

Anchora et al. [4] studied the performance of
spectrum sharing in multi-OP LTE networks by using
network simulator-3 (NS-3). They had considered orthogonal
spectrum sharing system, where the OPs pool their spectrum
with only one OP allowed to use the spectrum at any given
time. Co-primary spectrum sharing with multiple-input single-
output (MISO) and multiple-input multiple-output (MIMO)
multiple users in two small cell networks was proposed
in [5] and [6], respectively. The authors considered the case
where each base station schedules its users to utilize the
shared band when the number of subcarriers in the dedicated
band is not enough to serve all users. A matching game
based on Gale-Shapley method is proposed for subcarrier
allocation. Then, after the users obtain subcarriers, the small
cell base stations (SBSs) perform power allocation [5], [6].
In [7], co-primary spectrum sharing in a dense local area
was investigated. The authors designed a mechanism to
provide flexible spectrum usage between two OPs. The
performance of the proposed method was evaluated by
system level simulators based on LTE specifications. In [9],
the orthogonal spectrum sharing between two OPs was
shown to be an important aspect to improve the achievable
throughput. The gains in terms of network efficiency is
enhanced by sharing spectrum between two OPs. Link level



simulation and two hardware demonstrations are given.
In [10], a potential game with a learning algorithm was
shown to reach the system equilibrium which enhances
spectrum efficiency between the OPs. A distributed method
is shown to reduce the complexity of inter-OP spectrum
sharing, whereas in [11], the same problem is formulated as
a two OP non-zero sum game. The utility function of both
the OPs was defined by taking the spectrum price and the
blocking probability into consideration. Co-primary spectrum
sharing was proposed in both centralized and distributed
manner in [12]. System-level simulations for two indoor,
small cell layouts were performed. In [13], spectrum sharing
for multi-operator small cell networks with a guarantee of
long term fairness was proposed. Gibbs sampling was studied
to develop the decentralized mechanism. The interactions
between cellular OP and users are modeled as Stackelberg
game [14]. The OP will first set the price and spectrum
allocations of femtocell and macrocell services. Then, the
heterogeneous users choose between the two services and the
amount of resources needed. In [15], the spectrum sharing
between primary and secondary OPs is considered so as
to compete for a common pool of customers. The authors
showed that with the shared spectrum, the overall network
throughput, in terms of user demand and congestion cost,
is always non-decreasing. The competition between OPs,
in order to provide both macrocell and femtocell services
with different bands, is proposed in [16]. The model that the
OP allocates available licensed spectrum across two different
bands, one for macro and another for small cells, to serve
mobile and fixed users is studied in [17]. The authors studied
how the unlicensed spectrum affected prices and the optimal
allocation of spectrum to macrocells and small cells. A brief
version of the current submission is provided in [18].

B. Contributions and Organization

In this paper, we consider the multi-OP spectrum sharing
problem for small cell networks, as shown in Fig. 1. Each OP
is assumed to serve multiple SBSs, which are spatially distrib-
uted according to homogeneous Poisson point process (PPP).
Furthermore, each OP connects to a distributed spectrum
controller (SC) which is responsible for assigning resource
blocks (RBs) from a common pool to the OPs. Here the
RB denotes a single subcarrier. The SC can exchange messages
with its components to define a mutual agreement on spectrum
sharing policy. We study the problem of spectrum assignment
in which the SC can allocate several RBs to an OP, such that
multiple OPs can use the same RB.

We summarize the main contributions of this paper as
follows:

• We study the non-orthogonal spectrum assignment with
the aim of maximizing the social welfare of the network,
defined as the expected weighted sum rate of the OPs.
This is essentially a combinatorial optimization problem.
We adopt the many-to-one stable matching game frame-
work to solve this problem. We show that under certain
condition, the stable matching solution corresponds to the
local optima of the welfare maximization problem.

Fig. 1. Iteration between Matching Game and Q-learning.

• To give a technical proof of this result, we resort
to long term average of the network performance in
which stochastic geometrical analysis of the expected
rate is conducted. Essentially, the average performance
depends only on the large scale system parameter like
the SBS intensity.

• The Markov Chain Monte Carlo (MCMC) method is
proposed to compute the global solution of social welfare
maximization which also leads to the solution of stable
matching. The maxima of social welfare can be reached
using the MCMC approach, where the sufficient condition
given in Corollary 1 is satisfied.

• In the stochastic analysis as well as the matching game in
the operator level, the transmit power of SBS is assumed
to be a random variable, but the exact distribution is left
undefined. Since the SBS has control over its transmit
power scheme, it is natural to assume that the SBS is
interested in maximizing its long term expected data
rate by optimizing its power strategy. Thus, we use the
Q-learning method to find such an optimal random trans-
mit power scheme for an SBS.

• From the numerical study, we find that changes in
spectrum allocation has a bigger impact on the system
performance than changes in power allocation strategy.

The rest of the paper is organized as follows. Section II
describes the system model. Section III gives a stochas-
tic geometrical analysis of the expected rate of the SBSs.
Section IV presents inter-OP spectrum sharing using the
concept of matching theory. Section V describes Q-learning for
random power allocation. The performance evaluation results
are presented in Section VI. Section VII states the conclusion.

II. SYSTEM MODEL

We propose a multi-OP spectrum sharing for small cell
network deployment. The OPs are assumed to be co-located.
The SBSs and the user equipments (UEs) are assumed to
employ a single antenna. Fig. 2 illustrates the system model
under consideration, where SBSs are spatially distributed
as homogeneous PPP. The macro base stations (MBs) are
assumed to transmit in channels orthogonal to the SBSs; thus,
interference from MBs to SBSs is absent. Each OP serves
multiple SBSs, and multiple UEs are subscribed to each SBS.



Fig. 2. System architecture of the multi-OP spectrum sharing.

Since we consider single antenna system, the SBS is assumed
to employ time division multiple access (TDMA) scheme.
Hence each SBS can serve only one UE in a given time slot.
The problem of user scheduling however is not the focus of
our study. Nevertheless, the resulting analysis does not lose
its generality, since we will consider an “average” UE, in the
sense that we will average over the random channel gains as
well as the random distance of the UE from the SBS when
we consider the analysis of average rate.

The spectrum of OPs serving the SBSs is assumed to be
divided into dedicated bands and a shared band. The dedicated
band of an OP can be allocated only to the SBSs associated
with the given OP, while the shared band can be accessed by
multiple OPs and can be allocated to their respective SBSs.
Since the dedicated spectrum of each OP is assumed to be
fixed and predetermined, our study focuses only on allocating
the shared spectrum to the OPs.

Consider a set of multiple OPs given by K with K OPs.
Let the set of SBSs subscribed to an OP-k be given by the
Fk with Fk SBSs. We assume that each OP has the same spatial
intensity of SBSs per unit area. Also, let F = ∪k∈K Fk be the
set of all SBSs. Since each SBS is assumed to serve a single
UE at a given time slot, for an SBS- f in f ∈ F , we will denote
its associated UE by UE- f at any given time. The channel state
information is assumed to be known at each SBS. The set of
RBs in the shared band available to the network is given by
L with L RBs. Let Lk ⊂ L be the set of RBs assigned to
OP-k with Lk RBs.

The SBSs associated with OP-k can select any one of the
RBs in Lk to serve its UE. We assume that the SBS will
uniform randomly choose a single RB from Lk . Hence, an
SBS’s transmit power is restricted to a single RB. Let the total
power of each SBS be given by ptot , which is discretized into
N = ptot

δ levels, where δ is a quanta of power. Thus, the set
of transmit power levels that an SBS- f can choose from is
P f = {0, δ, 2δ, . . . , (N − 1)δ}. We shall denote the transmit
power of the SBS- f by p f ∈ P f . The SBSs are assumed
to use a probabilistic scheme to select a suitable power level
n ∈ {0, 1, . . . , N−1}. Thus, any given action taken by an SBS
can be simply represented by n.

We will consider the analysis of a single time slot of
the overall system. This means that the utility of SBSs is
calculated as the expected data rate when a single UE is
present. We further assume that any RBs allocated to an
OP can be accessed by more than one SBS associated with
that OP. Thus, the expected rate of the UE- f associated with
SBS- f is given by

R f = E

[
log2

(
1+ h(l)f f r−αf f p f

∑
f ′∈Il

h(l)f ′ f r−αf ′ f p f ′ + σ 2

)]
, (1)

where p f is the transmit power of SBS- f on RB-l, h(l)f ′ f
is the channel fading gain between UE- f and SBS- f ′ using
RB-l. For simplicity, we assume the fading to be Rayleigh.
Also, α denotes pathloss exponent and r f ′ f is the distance
between the UE- f and SBS- f ′. The Il ⊂ F is the set of
SBSs using the same RB-l, while σ 2 is the noise variance.
Here, the expectation is taken with respect to the random
channel gains, the random distance of the UE from the SBS,
as well as probabilistic channel access and power allocation
strategy. We can interpret this averaging effect as averaging
over multiple time slots as SBS serves different UEs in
different locations with differing channel gains.

The interference experienced by a UE of an SBS can
be categorized as either intra-OP interference or inter-OP
interference. The intra-OP interference is caused by the fact
that the SBSs associated with a given OP can access any RB
assigned to that OP. Thus two SBSs served by the same OP
can access the same RB. On the other hand, the inter-OP
interference is caused by the fact that a given RB can be shared
by two or more OPs.

The expected data rate of OP-k will be the sum of expected
rates of each SBS. We can express the rate of OP-k as,

RO Pk (Fk,Lk) =
∑
f ∈Fk

ρ f R f , (2)

where ρ f denotes the weight of each SBS which is a positive
real number.

III. PRELIMINARY ANALYSIS OF EXPECTED RATE

In this section, we will deal with the analysis of the expected
rate of an SBS, where we explicitly consider the randomness
due to channel fading, distance geometry, and random channel
access. Thus, the only source of randomness we will not
analyze is the one due to the power allocation method. In this
section, we assume that some form of random power allocation
method is available. The precise nature of the optimal random
power allocation scheme will be considered in Section V.

Let the rate of a generic downlink SBS-UE system trans-
mitting in a fixed RB-l and at fixed power level n be given
by,

R(l)n = log(1+ SI N R(l)n ). (3)

Here the SI N R(l)n is given by,

SI N R(l)n =
h(l)f f r−αf f p f

∑
f ′∈Il

h(l)f ′ f r−αf ′ f p f ′ + σ 2
. (4)



Following [19], taking the expectation of R(l)n with
respect to the channel gains and interference, we get

E[R(l)n ] = E
h(l)f f ,I

(l)
f

[
log

(
1 + h(l)f f r−αf f p f

I (l)f +σ 2

)]
, where I (l)f =

∑
f ′∈Il

h(l)f ′ f r−αf ′ f p f ′ is the interference experienced by UE- f
in RB-l. Using the fact that, the expectation of any positive
random variable x can be given by E[x] = ∞

0 P(x >

t)dt , the integral becomes E[R(l)n ] = E
I (l)f

[ ∫∞
t=0 P

(
h(l)f f >

rαf f (e
t−1)(σ 2+I (l)f )

p f

)
dt

]
. Since we have assumed Rayleigh fad-

ing, h(l)f f is exponentially distributed (i.e. h(l)f f ∼ exp(η)). Thus,

we have E[R(l)n ] = E
I (l)f

[ ∫∞
t=0 exp η

rαf f (e
t−1)(σ 2+I (l)f )

p f
dt

]
.

Putting ν = ηrαf f (e
t−1)

p f
, we can simplify the expression as,

E[R(l)n ] =
∫∞

t=0 exp(−νσ 2)·E
I (l)f
[exp(−ν I (l)f )]dt . Here, we can

recognize the expectation with respect to the interference as
the Laplace transform of I (l)f as L

I (l)f
(ν) = E

I (l)f
[exp(−ν I (l)f )].

Thus, we have

E[R(l)n ] =
∫ ∞

t=0
exp(−νσ 2)L

I (l)f
(ν)dt . (5)

For the homogeneous PPP �, the moment generating func-
tional of a two dimensional (2D) space PPP � can be obtained
by taking the Laplace transform of

∑
x∈� f (x) of intensity λ

using the formula [20], L(ν) = E[exp(−ν∑
x∈� f (x))] =

exp{−λ ∫
R2(1− e−ν f (x))dx}.

Let λk,l denote the spatial intensity of SBSs served by OP-k
and using RB-l. By the merging property of a Poisson process,
the total intensity of SBSs under OP-k is λk = ∑

l∈Lk
λk,l .

Also, when the RBs are uniform randomly selected, via
thinning property of Poisson process, we have λk,l = λk/Lk .
Again, via the merging property of Poisson process, the total
intensity of interfering SBSs utilizing an RB-l is given by

λl =
∑

k∈I O P
l

λk,l =
∑

k∈I O P
l

λk

Lk
, (6)

where I O P
l ⊂ K is the set of OPs allocated with RB-l Since

we assumed that each OP has the same spatial intensity of
SBSs per unit area, we have λk = λ.

For our case, the λl from (6) is the required intensity of
the interfering SBSs per unit area. For a given RB-l, this is
the sum of individual intensities of all OPs transmitting in
that RB. Thus, we have

L
I (l)f
(ν) = E

I (l)f
[exp(−ν I (l)f )] = exp{−λl

∫

R2
(1− E

h(l)
f ′ f

Ep f ′

×[exp(−νp f r−αf ′ f h(l)f ′ f )])d A f ′ f }.
For 2D space, d A f ′ f = 2πr f ′ f dr f ′ f , so

L
I (l)f
(ν) = exp{−2πλlr f ′ f

∫ ∞
0
(1− E

h(l)
f ′ f

Ep f ′

×[exp(−νp f r−αf ′ f h(l)f ′ f )])dr f ′ f }.
Following [21], this expression can be simplified to obtain

L
I (l)f
(ν)

= exp{−πλlEp f ′ [p2/α
f ′ ] Eh(l)

f ′ f
[h(l)2/αf ′ f ]ν2/α�(1−2/α)}, (7)

where p f ′ is the transmit power of an SBS in the set of
interferers and �(z) is the complete Gamma function. By sub-
stituting the expression (7) in (5), we get

E[R(l)n ] =
∫ ∞

0
exp(−νσ 2) exp(−Cν2/α)dt,

where C = πλlEp f ′ [p2/α
f ′ ] Eh(l)

f ′ f
[h(l)2/αf ′ f ]�(1− 2/α).

Since dense small cell networks will be interference limited,
we can neglect the noise term exp(−νσ 2) in the integral for
the expected rate, so the only significant term to be integrated
is E[R(l)n ] = ∞

0 exp(−Cν2/α)dt . Furthermore, when we
take α = 4, we obtain an analytically tractable form of

E
h(l)

f ′ f
[
√

h(l)f ′ f ] as given in [21], E
h(l)

f ′ f
[
√

h(l)f ′ f ] = 1
2

π
η . Thus,

assuming η = 1 and substituting the expression for ν, we get
the equation for the expected rate as

E[R(l)n ] =
∫ ∞

0
exp

(−λlπ
2r2

f f E[√p f ′ ]
2
√

p f
(et − 1)

)
dt . (8)

Note that this formula for E[R(l)n ] is independent of the
number of interfering SBSs in RB-l. The expected rate
depends only on the intensity of SBSs λl , the probability mass
function (PMF) of the interferers selecting transmit power of
level n in RB-l, and the actual transmit power of SBS- f . The
PMF of p f ′ can either be interpreted as the percentage of SBSs
transmitting in RB-l with power level n or the distribution
resulting from some random power selection method.

If we assume that the UE associated with the SBS is located
uniform randomly around a circular area of radius rc with
the SBS as the center, then fR(r f f ) = 2r f f

r2
c

, for r f f > 0.
De-conditioning on r f f , we have

E[R(l)n ] =
1

πλlr2
c

∫ ∞
0

dt
∫ ∞

0
2πλlr f f exp(−Bπλr2

f f )dr f f ,

where B = πE[√p f ′ ]
2
√

p f

√
(et − 1). We can integrate integral to

the right as
∫∞

0 2πλlr f f exp(−Bπλr2
f f )dr f f = 1/B . Substi-

tuting the expression for B , we have

E[R(l)n ] =
2
√

p f

π2λlr2
c E[√p f ′ ]

∫ ∞
0

1√
(et − 1)

dt . (9)

Discussions:

1) The above analysis holds for any generic SBS located
at any location. This is guaranteed by the Slivnyak’s
theorem [20], according to which the statistics for the
PPP is independent of the test location. This also implies
that the SBSs transmitting over an RB-l are identical.
That is, every SBS will experience same interference
statistics.

2) Since the SBS- f can access any one of Lk RBs assigned
to its associated OP-k with equal probability of 1/Lk ,
we can express R f in (1) in terms of R(l)n in (3) as,

R f = En,l [E[R(l)n ]] =
1

Lk

∑
l∈Lk

En[E[R(l)n ]]. (10)

For fixed PMFs of p f and p f ′ , the expression
En[E[R(l)n ]] will be some constant dependent on the



value of λl for the RB-l. Thus, the average rate R f

depends only on the intensity of interfering SBSs λl in
RB-l and the number of available RBs Lk .

3) For the important special case, when Lk = 1 for all
k ∈ K , we will have from (6), λl = ∑

k∈I O P
l
λk . When

we further assume constant intensities of SBS for all
OP, λk = λ, then λl = |I O P

l |λ. In this case, it is clear
that R f will depend only on |I O P

l |, the number of OPs
assigned to the same RB-l, provided that the PMF of
both p f and p f ′ remain fixed.

IV. MULTI-OPERATOR SPECTRUM SHARING

USING MATCHING GAME

A. Problem Statement

From the point of view of SC, consider the social welfare
of the network to be the overall weighted sum rate as follows:

S(μ) =
∑
l∈L

∑
k∈K

xlkρk RO Pk (Fk,Lk), (11)

where X = |L| × |K | is a matching matrix {xlk : (l, k) ∈
L × K }. We denote the matrix X as,

xlk =
{

1 iff μ(OPk) = RBl

0 otherwise,
(12)

where μ is a matching. Lastly, ρk is the weight of OP-k.
The objective of the SC for the multi-OP spectrum sharing is

to maximize the social welfare. Thus, its optimization problem
can be expressed as,

S∗(μ) = max
X

∑
l∈L

∑
k∈K

xlkwk RO Pk (Fk,Lk),

s.t. (C1)
∑
l∈L

xlk ≤ bl ∀l ∈ L,

(C2)
∑
k∈K

xlk ≤ ck ∀k ∈ K . (13)

Condition (C1) assures that each RB-l can be allocated
to at most bl OPs, and condition (C2) guarantees that each
OP-k gets at most ck RB. We will refer to ck as the resource
“demand” of OP-k, while bl as the resource “supply” of l ∈ L.
This is a binary integer programming problem.

However, the OPs, who care about their own self-interest,
may have no obvious incentive to cooperate with each other
to maximize the social welfare. Is it possible to reconcile the
objective of SC with that of the OPs? To analyze this issue,
we will apply game theory, since it allows us to analyze the
system from the point of view of the individual OPs. In this
paper, we will use the framework of many-to-one matching
game with externality which is described as follows. We will
show in Theorem 2 and its corollary that the objective of SC
is not antithetical to OPs.

B. Matching Theory for Multi-Operator Spectrum Sharing

Since the OPs are assumed to be able to communicate
with each other through a distributed SC during the spectrum
sharing process, we will use the cooperative game theory to
model the decision process of the OPs. Here we will describe

Fig. 3. Matching between RB and OPs.

our approach using the matching game theory, which is an
instance of cooperative game theory. The cooperation between
OPs does not just involve their ability to communicate and
organize a swapping of resources, but also their ability to
approve/disapprove of the swap. As such, the matching game
does not take away the agency of the OPs nor forces them to
accept what is undesirable to them. Thus, the matching game
does not require the OPs to act in an altruistic manner.

The kind of matching game we are interested in is compli-
cated by the presence of externalities. Normally, it is assumed
that the preference of a player does not depend on the other
players’ preferences. This assumption does not fit in our
multi-OP spectrum sharing problem. The choice made by
an OP-k to select an RB will affect the data rate of other
OP-k ′, where k ′ �= k, that transmits over the same RB. This
in turn will determine the desirability of the RB for the other
OP-k ′. Hence, the preferences of each OP over the set of RB
depends on the particular matching μ. In game theory, such
a phenomenon is known as an externality. These are external
effects that dynamically change the performance of each OP.
Thus, the proper framework to deal with our problem is to
utilize matching games with externalities [22], [23].

Theoretically, our problem fits into the framework of many-
to-many matching with externality. However, since many-to-
many matching with externality is still a topic of ongoing
research, we will adapt the better understood framework of
many-to-one matching with externality for our work. In many-
to-one framework, a matching μ describes the assignment of
OPs to RBs such that one OP can be matched to only one RB,
whereas one RB can be matched to multiple OPs.

One further complication with this approach is that the
direct application of existing many-to-one matching algorithms
would result in allocation of at most a single RB to an OP.
However, our problem allows us to allocate more than one
RB to an OP, as given by constraint (C2) in (13). To tackle this
problem, we create an augmented set of players by producing
identical copies of OPs, as shown in Figure 3. Each copy of OP
inherits all the SBSs associated with its OP-k, k ∈ K , which
we shall refer to as the parent OP. Let Kk = {k1, . . . , kck }
denote the set of identical copies of OP-k, which we shall refer
to as children OPs of parent OP-k. Thus, our augmented set of
OPs is Kaug = ∪k∈K Kk . Since each child OP is assigned with
at most one RB in many-to-one matching, if the number of
children OPs is equal to the the resource demand of the parent



OP-k, ck , then this method guarantees that each parent OP can
obtain more than one RB. At the same time, by allocating at
most one RB to each child OP, it ensures that each parent
OP will get at most the maximum number of allowed RBs.

However, it requires that the children of OP-k in the group
of players Kk coordinate with each other such that no two
players in Kk selects the same RB. Otherwise, each parent
OP will be assigned with a lower number of RBs than the
requirement. We illustrate these ideas in Fig. 3. Here, OP-1
requires two RBs, so it makes two copies of itself; whereas
OP-2 requires three RBs, so it makes three copies of itself.

For a given parent OP-k, we will take the rate of SBS and
child OP to be given by (10) and (2), respectively. Note that for
SBSs associated with child OP, the number of RB, Lk′ , where
k ′ ∈ Kk , used in (10) is at most unity. Thus the special case
given in the third point of Discussion in Section III applies.
Since the children OP inherits all the SBS of its parent OP,
we will need to take the average rate of parent OP with respect
to the number of available RBs, as

RO Pk =
∑

k′∈Kk
RO Pk′

Lk
. (14)

To address these concerns, we will use the idea of swap
matching as described in [22], which considers peer effects of
a social network and a weaker notion of stability, known as
two-sided exchange stability. This model is distinguished by
the use of utility functions rather than preference ordering.
Baron et al. [22] have applied their idea to student-hostel
matching problem. In our work, the students are represented
by OPs while the hostels are represented by RBs. Thus,
we propose a decentralized approach that can guarantee the
maximum number of RBs required for each OP, while at the
same time ensuring that each RB is not utilized by more than
the limited number of OPs.

C. Many-to-One Matching With Externalities

In this part, we will describe the framework of many-
to-one matching with externalities, with some modifications
for our purpose. More formally, we can describe a matching
as:

Definition 1: For many-to-one matching, a matching is a
subset μ ⊆ L × Kaug such that |μ(k)| = 1 and |μ(l)| = bk

where μ(k) = {l ∈ L : (l, k) ∈ μ} and μ(l) = {k ∈ Kaug :
(l, k) ∈ μ}.

Also, for any k ∈ Kaug, let μ2(k) denote the children of the
same parent OP-k who utilize the same RB-l. We will denote
the desirability of RB-l for any OP-k by Dk

l ∈ R
+∪{0}. In our

case, the desirability of an RB for children OPs is given by
the weighted sum rate obtained by the OP, when it accesses
that RB as given in (2). For a given matching μ, we can
write the desirability as Dk

μ(k). The utility of OP-k is given
by,

Uk(μ) = Dk
μ(k) · Iμ(k), (15)

where the indicator function I(·) is given by,

Iμ(k) =
{

0 if μ2(k) �= ∅
1 otherwise.

In other words, if two children of the same parent OP access
the same RB, they will be punished. This has the effect of
ensuring that two sibling OPs will access different RBs. Here
we have modified the definition of utility given in [22] by
using the product of desirability with an indicator function,
instead of defining the utility as the sum of desirability and a
penalty term.

A swap matching μk′
k is a matching μ in which the OPs

k and k ′ switch places while keeping all assignments of other
OPs the same. More formally:

Definition 2: Given a matching μ, a swap matching μk′
k ={μ\{(k, l), (k ′, l ′)}} ∪ {(k, l ′), (k ′, l)}.

The players involved in the swap are two OPs and two RBs.
The two OPs switch their respective RBs while all other
assignments remain the same. In this framework, it is possible
that one of the OPs involved is a “hole,” representing an
available vacancy in RB that an OP can move to fill in. When
two actual OPs are involved, this type of swap is a two-sided
version of “exchange.”

Two-sided exchange stability requires that the
two OPs involved approve the swap. Here, we give a
slightly modified version of its definition.

Definition 3: A matching μ is two-sided exchange-stable
(pairwise stable) iff there does not exist a pair of OPs (k, k ′)
such that

1) ∀i ∈ {k, k ′},Ui (μ
k′
k ) ≥ Ui (μ),

2) ∃i ∈ {k, k ′},Ui (μ
k′
k ) > Ui (μ), and

3) ∀i ∈ {μ(l), μ(l ′)}\{k, k ′},Ui (μ
k′
k ) ≥ Ui (μ).

In other words, a swap matching in which all OPs involved
are indifferent is called two-sided exchange-stable. Also, a
swap is approved if both OPs involved in a switch experience
an improvement in their utilities, with at least one OP doing
strictly better than before. A “hole” will always be indifferent.
We have modified the definition given in [22] by adding a third
condition which states that, for the approval of the swap, all
the OPs occupying the RBs involved in the swap should see
an improvement in their utilities as well.

D. Stability of Many-to-one Matching With Externalities

In this part, we will show the existence of the many-to-
one stable matching with externalities for multi-OP spectrum
sharing. We will prove that all local maximas of the social
welfare are pairwise stable. We first define what we mean by
local maxima, and then give a few lemmas, after which we
will prove our theorems.

First, let the potential of the system be defined as,

φ(μ) =
∑

k∈Kaug

Dk
μ(k)Iμ(k). (16)

Definition 4: The local maximum of the potential φ(μ) is
the matching μ for which there exists no matching μ′ which
is obtained from μ by swapping any two OPs k, k′ such that
φ(μ′) > φ(μ).

We now show that the desirability of RB-l for the rest of
the OPs that use this RB-l, and which are not involved in a
swap process, either improves or remains unchanged after the
swap has occurred.



Lemma 1: For any swap matching μk′
k , D j

μk′
k ( j )
≥ D j

μ( j ) for

all j ∈ Kaug\{k, k ′}.
Proof: Since each OP in Kaug utilizes only a single RB,

we can invoke the third point in the Discussion given in
Section III. There are three possible cases. First, for all OP-
j not assigned to RB-l or RB-l ′ (i.e., μ( j) /∈ {l, l ′}), the
number of OPs associated with its RB, μ( j), does not change;
hence its D j

μk′
k ( j )
= D j

μ( j ). Second, assuming (without loss of

generality) that OP-k ′ is a “hole”, for all OP- j assigned to
RB-l, after the swap, the number of OPs on RB-l decreases.
So, its D j

μk′
k ( j )

> D j
μ( j ). Lastly, For all OP- j assigned to

either RB-l or RB-l ′ (i.e., μ( j) ∈ {l, l ′}), after the swap, the
number of OPs on RB-l and RB-l ′ remain the same. Thus,
D j

μk′
k ( j )
= D j

μ( j ). �

Lemma 2: Any swap matching μk′
k such that,

1) ∀i ∈ {k, k ′},Ui (μ
k′
k ) ≥ Ui (μ),

2) ∃i ∈ {k, k ′},Ui (μ
k′
k ) > Ui (μ), and

3) ∀i ∈ {μ(l), μ(l ′)}\{k, k ′},Ui (μ
k′
k ) ≥ Ui (μ).

leads to φ(μk′
k ) > φ(μ).

Proof: The difference in potential between two match-
ing is given by φ(μk′

k ) − φ(μ) =
∑

i∈Kaug
[Di

μk′
k (i)

I
μk′

k
(i) −

Di
μ(i)Iμ(i)]. According to Lemma 1, Di

μk′
k (i)
= Di

μ(i) for all

i ∈ Kaug\{μ(l), μ(l ′)}. That is, the desirability of an RB-
l for the rest of the OPs occupying RBs other than RB-l
and RB-l ′ does not change after the swap. This also means
that for these OPs, I

μk′
k
(i) = Iμ(i). Then the difference in

potential is only due to the differences in the desirability of
the OPs occupying the RBs involved in the swap: φ(μk′

k ) −
φ(μ) = Dk

l′Iμk′
k
(k) − Dk

l Iμ(k) + Dk′
l I

μk′
k
(k ′) − Dk′

l′ Iμ(k
′) +

∑
j∈{μ(l),μ(l′)}\{k,k′ }[D j

μk′
k ( j )

I
μk′

k
( j)− D j

μ( j )Iμ( j)].
Assuming that the conditions (1), (2) and (3) of the lemma

are satisfied, then without loss of generality, assume that the
performance of OP-k strictly improves. Then the change in
utility of OP-k is 0 < Uk(μ

k′
k ) − Uk(μ) = Dk

l′Iμk′
k
(k) −

Dk
l Iμ(k). Similarly, for OP-k ′, we have 0 ≤ Uk′(μk′

k ) −
Uk(μ) = Dk′

l I
μk′

k
(k ′) − Dk′

l′ Iμ(k
′). Lastly, for OP- j , where

j ∈ {μ(l), μ(l ′)}\{k, k ′}, we have 0 ≤ U j (μ
k′
k ) − U j (μ) =

D j

μk′
k ( j )

I
μk′

k
( j)−D j

μ( j )Iμ( j). Adding the inequalities, we have

0 < φ(μk′
k )− φ(μ), proving our lemma. �

In the following theorems, the Theorem 1 ensures the
existence of an optimal matching, while Theorem 2 ensure
that this matching is pairwise-stable.

Theorem 1: There exists at least one optimal matching.
Proof: This is easily seen to be the case since the

number of matching is finite. Thus, there must exist at least
one optimal matching which leads to the maximum social
welfare. �

Theorem 2: All local maxima of φ are pairwise stable.
Proof: Let the matching μ be the local maximum of φ(μ).

Lemma 2 shows that any swap matching that satisfies both
conditions in Lemma 2 strictly increases the overall social
welfare. If there exists another swap matching μ′, then this

contradicts the assumption that μ is a local maximum. Thus,
μ must be stable. �

Corollary 1: If Iμ(k) = 1 for all k ∈ Kaug , then
all local maxima of the system objective S are pairwise
stable.

The results on the matching game have shown that the
individual best interest is not antithetical to the social welfare.
This is because the cooperation between OPs will take place
if and only if the conditions given in Definition 3 (or in
Lemma 2) hold true. Accordingly, the swap will be approved
only when the OPs involved in the swap, and those affected by
it, do not experience a reduction in their payoff, with at least
one of the OPs involved in the swap experiencing a strictly
better payoff. As Theorem 2 and its corollary have shown,
such individual self-interested behavior can lead to a result
that is both social optimal (at least locally) as well as game
theoretically stable. Thus, the objective of the SC is aligned
with that of OPs.

E. Swap Matching Algorithm
Computationally, the swap matching can be performed

by any pair of OPs by calculating their own local utilities
and swapping their obtained RBs with each other based
on mutually beneficial conditions given in Lemma 2. Thus,
in theory, the swap matching can be implemented distributively
by comparing the local utilities of the pairs of OPs, without
the need for a SC. The problem with this approach is that the
system can be stuck in a local optima.

However, as stated in Theorem 2 and its corollary, all local
maxima of the social welfare are also pairwise stable, under
certain condition. In other words, the solution to the swap
matching problem corresponds to the solution of the social
welfare maximization problem. It also means that we can alter-
natively compute the stable matching solutions by computing
the solution to a global social welfare function. Since finding
the maxima of the social welfare is a combinatorial problem,
the maxima of social welfare can be reached using the generic
approaches.

Algorithm 1 proceeds to optimize the social welfare S via
the Markov Chain Monte Carlo (MCMC) method. We first
initialize with a random matching, and at each iteration, we
proceed to accept a swap of random pair of OPs based on
the probability that depends on the change in social welfare.
It keeps track of the best matching found thus far. We can
give a greedy version of the Algorithm 1 by removing the
exploration steps given in the lines 9 to 11. The resulting
Greedy Swap Algorithm proceeds in a greedy fashion to
improve the social welfare, and it is possible to implement
it distributively. Since the social welfare strictly improves
with each iteration, this algorithm converges to a two-sided
exchange-stable matching.

In the MCMC and Greedy Swap approaches, the sufficient
condition of Corollary 1 is satisfied by carefully selecting the
pair of RBs and OPs to be swapped. The MCMC approach
is efficient in the sense that it enables us to find a better
optima by giving the system a chance to overcome a local
optima in which it can be stuck. The computation of a
global objective function necessitates a centralized system.



Algorithm 1 MCMC Swap Algorithm
1: Initialize the matching matrix X.
2: Compute the initial data rate of each OP-k.
3: for all t ≤ maxIterations do
4: Select a random pair of RBs {l, l ′}.
5: Search for OPs {k, k ′ ∈ Kaug} using the RBs {l, l ′},

respectively.
6: Swap the two RBs for each OP {k, k ′} to obtain μk′

k .
7: Update the expected rate of augmented OPs {k, k ′},

k, k ′ ∈ Kaug , with the Q-learning.
8: Compute the social welfare St (μ) in (11).
9: Compute the transition probability PTb =

1

1+e−Tb(S(μ
k′
k )−S(μ))

.

10: if rand() < PTb then
11: μ← μk′

k and St (μ)← St (μ
k′
k )

12: else if St (μ) > St−1(μ
k′
k ) then

13: μ← μk′
k

14: Update the social welfare St (μ)← St (μ
k′
k )

15: end if
16: t ← t + 1.
17: end for

Nevertheless, both approaches lead to the same solution of
social welfare maximization.

V. POWER ALLOCATION FOR SMALLCELL BASE STATIONS

USING Q-LEARNING STRATEGY

In our paper, we have discretized the transmit power levels
of SBS and have assumed that the SBS transmits by accessing
any one of the power levels by some fixed randomization
scheme. Recall that welfare maximization problem (11) formu-
lated among the OPs in Section IV does not regard the transmit
power of SBSs as one of the optimization parameters. As such,
any randomization scheme would have been sufficient for the
purpose of the welfare maximization and the swap matching
process among the OPs. Similarly, in Section III, we dealt
with the analysis of the expected rate of an SBS, where we
implicitly assumed that some random power allocation method
was available, although it was left undefined, from which we
could calculate the expected rate, with respect to the random
power.

In this section, we investigate the optimal transmit power
scheme. Since an SBS has control over its transmit power, it is
natural to assume that the SBS is interested in maximizing its
long term expected data rate by optimizing its power strategy.
However, the optimal probability mass function (PMF) defined
over the discrete power levels is not known a-priori by the
SBS. Thus, we will use Q-learning to find such an optimal
power PMF for an SBS.

The Q-learning method is a distributed algorithm which
relies only on local information available at each SBS. Hence,
there is no information exchange and coordination among
SBSs. We assume that all the SBSs are able to estimate
the interference they experience on each RB and accordingly
tune their transmission strategies towards a better performance.

With this ability to learn, each SBS- f , f ∈ Fk , belonging to
OP-k, where k ∈ Kaug , uses the RB allocated to OP-k to serve
its corresponding UE based on Q-learning.

The Q-learning model consists of a set of states S
and actions A aiming at finding a policy that maximizes
the observed rewards over the interaction time of the
agents/players. For our case, the agents are the SBSs. Every
SBS f ∈ Fk served by an OP-k, where k ∈ Kaug explores
its environment, observes its current state s, and takes a
subsequent action a, according to a decision policy ψ : s → a.
With their ability to learn, the knowledge about other players’
strategies is not needed. Instead, a Q-function preserves what
they have learned from their interaction with other players in
the network, based on which, better decisions can be made.

For each OP-k belonging to the set k ∈ Kaug , let us denote
by GQ

k =
(
Fk, {P f } f ∈Fk , {w f } f ∈Fk

)
the Q-learning game.

Here, the players of the game are the SBSs f ∈ Fk which
seek to allocate power in the RBs assigned to its corresponding
OP. The s f (t) is the state of SBS- f at time t . The state of
an SBS is a binary variable, s f (t) ∈ {0, 1}, which indicates
whether SBS- f experiences interference in RB-l assigned to
its corresponding OP-k such that its required QoS is violated.
The QoS requirement is said to be violated when SI N R(l)n <

SI N Rth , where SI N R(l)n is given by (4). The a f (t) is the
action of SBS- f , where a f (t) ∈ P f . Any given action can
be represented by an integer variable a f (t) ≡ n, where n
represents the power level. Finally, w f (t) is the reward or
payoff of SBS- f at time-instant t , which we take as the
instantaneous rate of SBS- f at time-instant t as given by (3)
if the QoS is satisfied, otherwise it is taken to be zero:

w f (t) =
{

R(l)n iff SI N R(l)n ≥ SI N Rth

0 otherwise.
(17)

The expected discounted reward over an infinite horizon is
given by:

Vψ(s) = E

[
γ t × w(st , ψ

∗(st ))|s0 = s
]
, (18)

where 0 ≤ γ ≤ 1 is a discount factor and w is the agent’s
reward at time t . Equation (18) can be rewritten as:

V ψ(s) = W (s, ψ∗(s))+ γ
∑
v∈S

Ps,v (ψ(s))V
ψ(v), (19)

where W (s, ψ∗(s)) = E{w(s, ψ(s))} is the mean value of
reward w(s, ψ(s)), and Ps,v is the transition probability from
state s to v. Moreover, the optimal policy ψ∗ satisfies the
optimality criterion:

V ∗(s) = Vψ∗(s) = max
a∈A

(
W (s, a)+ γ

∑
v∈S

Ps,v (a)V
∗(v)

)
,

(20)

It is generally difficult to explicitly calculate the reward
W (s, a) and transition probability Ps,v (a). However, through
Q-learning, the knowledge of these values can be gradually
learnt and reinforced with time. For a given policy ψ , we can
define a Q-value as:

Q∗(s, a) = W (s, a)+ γ
∑
v∈S

Ps,v(a)V
ψ(v), (21)



Algorithm 2 Q-Learning Algorithm for Power Allocation
1: Q(s, a) = 0
2: for all t ≤ maxIterations do
3: for k = 1 : Kaug do
4: Calculate the utility u f

5: if rand() ≤ γ then
6: Randomly choose an action (power level) n
7: else
8: Choose a state with n∗ = argmaxn Q(s, a)
9: end if

10: Each SBS- f computes the expected date rate (R f ).
11: Update Q-value Qt+1(st , at ) = (1 − βt )Qt (st , at ) +

βt

[
w(st , at )+ γ maxa′t �=at

Qt (st , a′t )
]
.

12: t ← t + 1
13: end for
14: end for

which is the discounted reward when executing action a at
state s and then following policy ψ thereafter.

Here, we use the Q-learning algorithm to iteratively approx-
imate the state-action value function Q(s, a). The agent keeps
trying all actions in all states with non-zero probability and
must sometimes explore by choosing at each step a random
action with probability ε ∈ (0, 1), and the greedy action
with probability (1 − ε). This is referred to as ε-greedy
exploration [25], [26]. Another option is to use the Boltz-
mann exploration strategy with temperature parameter Tp [27],
where the action a in state s is taken with a probability P(a|s),
and the SBS receives a reinforcement w. The actions are
chosen according to their Q-values as:

P(a|s) = eQ(sk,a)/Tp

∑
a′ �=a eQ(sk,a′)/Tp

. (22)

The Q-learning process aims at finding Q(s, a) in a recur-
sive manner where the update equation is given as [26]:

Qt+1(st , at ) = (1− βt )Qt (st , at )

+βt

[
w(st , at )+ γ max

a′t �=at

Qt (st , a′t )
]
, (23)

where βt is the learning rate, such that 0 ≤ βt < 1. The
Q-learning algorithm for power allocation at each SBS- f is
described in the Algorithm 2.

A. Convergence of Q-Learning

The optimal Q-function is a fixed point of a contraction
operator H, defined for a function Q : S × A → R for the
decision policy ψ as,

HQ(s, a) = W (s, a)+ γ
∑
v∈S

Ps,v (a)max
a′ �=a

Q(s, a′). (24)

This operator is a contraction in the sup-norm [27] such that,

||HQ1 −HQ2 ||∞ ≤ γ ||Q1 − Q2||∞ (25)

With any initial estimate Q0, the Q-learning uses the update
rule as in (23) to converge to an optimal decision policy.

To show the convergence proof of Q-learning algorithm, we
need the following auxiliary result from stochastic approxima-
tion [27], [28]:

Theorem 3: Let a random process {�t }, taking values
in R

n , be defined as �t+1(s) = (1 − βt )�t (s) + βt Ft (s),
then �t converges to zero with probability one under the
assumptions:

1) 0 ≤ βt ≤ 1,
∑∞

t=1 βt = ∞ and
∑∞

t=1 β
2
t <∞

2) ||E[Ft (s)|| ≤ γ ||�t ||, with γ ∈ (0, 1)
3) var[Ft(s)] ≤ C(1+ ||�t ||2) for C is some constant.
Theorem 4: The Q-function converges to its optimal value

with probability one under the condition that: 0 ≤ βt ≤ 1,∑∞
t=1 βt = ∞,

∑∞
t=1 β

2
t <∞.

Proof: Following the update equation of Q-learning
in (23), subtracting Q∗(st , at ) from both sides and letting
�t (st , at ) = Qt (st , at )− Q∗(st , at ) yields, �t (st , at ) = (1 −
βt )�t (st , at )+βt [w(st , at )+γ maxa′ �=a Qt (v, a′)−Q∗(st , at )].

Let Ft (s, a) be given by Ft (s, a) = w(s, a, X (s, a)) +
γ maxa′ �=a Qt (v, a′) − Q∗(s, a), where X (s, a) is a random
sample state obtained from the Markov chain (S, Ps,v (a)).
Taking the expectation of Ft , we have E[Ft (s, a)] = W (s, a)+∑

s∈S Ps,v [γ maxa′ �=a Qt (v, a′) − Q∗(s, a)] = HQt (s, a) −
Q∗(s, a). Here, the second equality follows from the definition
of HQ as given in (24), while

∑
s∈S Ps,vQ∗(s, a) = Q∗(s, a),

since Q∗(s, a) is a constant. The fixed point due to contraction
operator H leads to Q∗ = HQ∗. Thus, we can re-express
E[Ft (s, a)] = HQt (s, a)−HQ∗(s, a). Now from the contrac-
tion property of HQ given in (25), ||E[Ft (s, a)]||∞ ≤ γ ||Qt−
Q∗||∞ = γ ||�t ||∞. This verifies the second assumption given
in Theorem 3.

Since the reward in our case is the rate of UE- f associated
with SBS- f , as given by (1), the reward is a bounded,
deterministic function. This ensures that the third assumption
given in Theorem 3 is also confirmed, as shown in [28].

Thus, by the Theorem 3, �t converges to zero with prob-
ability one. That is, Qt converges to Q∗ with probability
one. �

VI. NUMERICAL RESULTS

In this section, we present numerical results to evaluate
the performance of our multi-OP spectrum sharing framework
and proposed algorithms. The system is iteratively updated as
shown in Fig. 1. The SBSs are spatially distributed according
to homogeneous PPP inside a 500 meters radius of circular
area. Moreover, each OP is assumed to have the same intensity
of SBSs per unit area. We assume the intensity of SBS to be
8/(π × 5002) per square meter. Each SBS serves a single UE
and each UE is located within 20 meters of the SBS. For
K OPs, let the resource demand made by each OP be given
by the vector c = [c1, . . . , cK ]. The vector c also tells us
how many children of each parent OP will there be in the
augmented OP set. For simplicity, we assume the weights in
the social utility function to be ρ f = ρk = 1. The direct
pathloss between SBS and SBS-UE at distance d meters is
given by P L(d) = 37 + 20 log10(d) dB, and the pathloss
due to the wall (P Lwall) is 15 dB. The standard deviation of
log-normal shadow fading is assumed to be 4 dB. The cross-
gain pathloss between SBS and SBS-UE at distance dS-UE is



Fig. 4. Convergence of social welfare for K = 4 OPs using MCMC and
greedy swap algorithms with full power allocation, power allocation using
Q-learning, and uniform power allocation.

given by P L(dS-UE) = 7 + 56 log10(dS-UE) + P Lwall. The
maximum transmit power of each SBS is 10 dBm, and the
noise variance is −120 dBm. The SINR threshold at each
user is 3 dB. The temperature Tb in MCMC algorithm is set
to be 100. In the Q-learning algorithm, we set the parameters
as: discount factor γ = 0.95, exploration probability ε = 0.1,
learning rate βt = 0.5. In all the cases, the summation for all
elements of c is kept less than or equal to number of RBs
assigned to the OP-k i.e.

∑
k∈K ck ≤ ∑

l∈L bl , in order to
ensure that the total resource demand is less than the total
supply of resources. Also, we keep ck ≤ L, to ensure that the
resource demand of each OP is always fulfilled.

Unless otherwise stated, for the stochastic averaging during
the simulations, we have taken the ensemble average from
2000 instances of random geometric configurations of 8 SBS
per OP, scattered uniform randomly over a circular area of
radius 500 meters. Also the swap algorithms were run for
2000 iterations.

A. Convergence of the Swap Algorithms

In Fig. 4, the convergence of the social welfare using
MCMC and greedy swap algorithms is given when there are
K = 4 OPs with full power allocation, power allocation using
Q-learning, and uniform power. We fix c = [4, 4, 4, 4] for
K = 4, L = 6, and bl = 4 and the running average of the
social welfare is plotted against the iteration. In this figure, we
run 2500 iterations for the swaps algorithms. We see that the
system converges to a steady state. We also notice that for a
given power allocation scheme, both the MCMC and greedy
swap algorithms converge to similar steady state performance.
This demonstrates that both the swap algorithms are equally
effective.

At the steady state, the full power allocation achieves
the highest average social welfare, while the uniform power
allocation achieves the lowest average social welfare. The
difference in steady state performance between full power and
uniform power allocation schemes is about 20 bps/Hz. The
reason why the Q-learning power allocation scheme does not

Fig. 5. Comparison of the cumulative distribution function (CDF) of social
welfare for K = 2, 3, 4, 5 and 6 OPs using MCMC algorithm with full power
allocation, power allocation using Q-learning, and uniform power allocation.

perform better than full power allocation scheme is that there is
always a non-zero probability for the Q-learning to visit a less
than optimal power allocation method during its exploration
step.

We also note that for full power allocation, the greedy
swap algorithm takes longer time to converge to the steady
state than MCMC swap algorithm. Similarly, for power allo-
cation using Q-learning, the greedy swap algorithm converges
faster than the MCMC swap algorithm. Lastly, for uniform
power allocation, both the greedy swap as well as MCMC
swap algorithm converge at similar rate. However, since the
operation of the swap algorithm does not depend on the
underlying power allocation algorithm, it would be incorrect
to associate these differences in speed due to the power
allocation algorithm being used. This means that, given our
data, it remains inconclusive as to which of the two swap
algorithms is faster.

B. Effect of Changing the Number of Operators and
Power Allocation Scheme

In Fig. 5, we plot the cumulative distribution function (CDF)
of the overall social welfare (bits/sec/Hz) using MCMC
algorithm for different numbers of OPs and different power
allocation schemes. We fix the number of available RBs to
L = 6 and the number of OPs that can utilize the same RB-l
is bl = 4 for all l ∈ L, and ck = 4 for all k ∈ K . We consider
cases when each SBS allocates power to its UE using uniform
power allocation, Q-learning, and full power allocation. A few
observations are as follows:

1) The CDF of social welfare occurs as discontinuous steps.
This can be explained by the fact that during the search for
optimal matching using Greedy Swap Algorithm or MCMC
Swap Algorithm, the system gets stuck in a number of locally
optimal solutions. The percentage of time spent in each local
optima is given by the height of the step. For example, when
K = 2, the system spend around 70% of its time in a
solution that gives around 350 bps/Hz, while the system spends
less than 30% of its time in a solution that gives around
250 bps/Hz.



2) The height of the last step, which represents the best
locally optimal solution obtained within a fixed number of
iterations, is seen to be decreasing as the number of OPs
increases. This means that the system tends to spend less
time in that state as the number of OPs increase. This can
be explained by the fact that as the number of OPs increase,
the number of possible matching of the system increases, but
since we have used only a fixed number of iterations to run
the swap algorithm, this shortens the amount of time spent in
the best solution.

3) For a given number of OPs, we see that the difference
in performance caused by differing power allocation scheme
is much smaller than the change in performance caused by
differing matching scheme. In other words, for a given number
of OPs, when we look at the family of CDF curves for various
power allocation schemes, the difference in the width of the
step of the CDF curve, caused by the system’s transition to a
new matching scheme, is much larger than the difference in
performance due to differing power allocation scheme for a
particular matching. For example, when K = 3 the difference
in performance, when the locally optimal matching is changed,
is roughly 100 bps/Hz, as given by the width of the steps
of its CDF curve. This is in contrast to the difference in
performance due to power allocation scheme when the system
is in a given matching, which for K = 3, is about 25 bps/Hz.
Thus, the effect of resource allocation scheme is much more
significant than the effect of power allocation scheme for the
social welfare of the system.

4) The difference in the median values of the CDFs tends
to remain more or less constant as the number of OPs is
increased. This is because for L = 6, when there are three
or more OPs in the system, the system becomes interference
limited. As such, the average social welfare obtained per OP
is similar, as can be seen in Fig. 6 for L = 6. Thus as the
number of OPs increase, the median tends to increase linearly.
This is in contrast to the case when K = 2. For this case, since
c = [4, 4] and L = 6, the best configuration is where each OP
has two RBs that it does not share with the other OP. Thus,
out of four required RBs, two RBs are free from inter-operator
interference while the other two RBs are not free from inter-
operator interference. This leads to a higher average social
welfare for each OP. Thus, the median of the CDF for K = 2
is closer to the median of the CDF of K = 3.

C. Effect of Changing the Number of Resource Blocks

In Fig. 6, we show the average social welfare per OP
(bits/sec/Hz/OP), when there are different numbers of OPs,
versus the number of available RBs (L). We consider resource
demand of each OP to be ck = 4 for all k ∈ K . The number of
OPs that can use the same RB-l is assumed to be bl = 4 for all
l ∈ L. For fixed K , it can be observed that when we increase
the number RBs, the average social welfare per OP increases.
Thus, higher number of available RBs will enhance the average
social welfare per OP. This is not unexpected as the number of
available RBs to be chosen from has increased. However, for
fixed L, as the number of OPs in the system increases, there
is a decrease in average social welfare per OP. This is also

Fig. 6. Average social welfare per OP for L = 6, 8, 10, 12, 14 and 16 for
different OPs.

not unexpected since increasing the number of OPs, utilizing
a fixed number of common RBs, tends to increase the inter-
operator interference.

It is interesting to note that when the number of OPs,
K , is held fixed, the average social welfare per OP tends to
saturate after a certain value of L. Increasing the number of
RBs does not change the performance anymore. We can easily
predict the value of L where this saturation occurs. Since
each daughter OP of a parent OP is allocated with orthogonal
RBs, inter-operator interference can only occur between the
daughter OPs of different parent OP. If the number of RBs is
sufficiently large such that each daughter OPs of every parent
OPs is allocated RBs orthogonally, then such a saturation
occurs, since there is no longer inter-operator interference. For
example, since ck = 4 for all k ∈ K , when there are K = 2
OPs, the saturation occurs when L = c1 + c2 = 8. At this
point, each OP is allocated with orthogonal RBs. Adding
more RBs does not change the orthogonality of the allocation.
Similarly, when there are K = 3, the saturation occurs when
L = c1 + c2 + c3 = 12; whereas when K = 4, this happens
when L = 16.

D. Effect of the Changing the Resource Demand

Fig. 7 presents the CDF of the overall social welfare
(bits/sec/Hz) when the number of OPs is K = 3, when the
number of RBs is L = 6, and bl = 4 for different sets of
c. We can observe that when the number of RBs is fixed,
with higher resource demand ck,∀k ∈ K of c, the CDF curve
of the overall social welfare degrades and shifts towards the
left. This is because increasing the values of ck has the effect
of increasing the size of the augmented set of OPs. Since
each sibling OPs of a parent OP is allocated with orthogonal
RBs, more RBs are consumed. However, since the children
OPs of other parent OPs need to share the same common
resources, this tends to create higher chances of inter-operator
interference, when the total number of RB, L, is fixed. This
leads to an overall decrease in social welfare. For instance,
we see that when c = [2, 2, 2], the total resource demand
c1 + c2 + c3 = L = 6. Thus, each OP is allocated with
orthogonal RBs, and they are interference free. As the resource



Fig. 7. Comparison of the cumulative distribution function (CDF) of social
welfare for K = 3 OPs with different sets of c when L = 6 and bl = 4.

Fig. 8. Comparison of the cumulative distribution function (CDF) of social
welfare for K = 4 OPs with different L when bl = 4 and c = [5, 9, 9, 9].

demand increases, there are more chances of overlapping
assignment of the RBs between the OPs. When ck = 6, each
parent OP is assigned with all six available RBs, thus making
the system interference limited. In Fig. 7, we also observe the
dramatic change in the performance of the system when the
resource demand is c = [2, 2, 2] and the system is interference
free, to when the system starts to become interference limited
when c = [4, 4, 4].

In Fig. 8 and Fig. 9, we investigate the effect of high
and low resource demands by OP as the number of available
RBs change. For both the figures, we have fixed the number
of OPs to be K = 4 and the number of OPs allowed to
use the same RB-l to be bl = 4 for all l ∈ L. In both
the figures, we have plotted the CDF of the overall social
welfare (bits/sec/Hz) when the number of RBs is changed
such that L = 8, 10, 12, 14, 16. For Fig. 8, we have assumed
the resource demand by each OP to be high, such that c =
[5, 9, 9, 9]; whereas for Fig. 9, we have assumed a much
smaller resource demand by each OP, such that c = [4, 4, 4, 4].
Both Fig. 8 and Fig. 9 complements the Fig. 7, since in both
cases, we see the expected increase in social welfare as L
is increased, when the resource demand is held fixed. This
is because when L increases, there is less chance of inter-
operator interference via RB sharing; and the OPs can choose

Fig. 9. Comparison of the cumulative distribution function (CDF) of social
welfare for K = 4 OPs with different L when bl = 4 and c = [4, 4, 4, 4].

Fig. 10. Comparison of the cumulative distribution function (CDF) of social
welfare for K = 3 OPs by varying the intensity of SBSs.

better RBs to maximize their own utilities. Thus, the overall
social welfare improves.

In Fig. 8, since c = [5, 9, 9, 9] represents a high demand,
we observe that the CDF of social welfare is enhanced
dramatically when the number of RBs is changed from L = 8
to L = 10. This is because, when L = 8, we have

∑
k∈K ck =∑

l∈L bl = 32. Therefore, when L = 8, the total supply of
resources is equal to the total demand of resources; and the
OPs tend to utilize the overall supply of resources. As such,
when L is increased, it creates a surplus of resource supply.
This means, the number of OPs that need to share the same
RB goes down, creating lesser inter-operator interference; and
hence, the social welfare tends to enhance significantly.

This is in contrast to Fig. 9, where the resource demand
is assumed to be c = [4, 4, 4, 4], which is much smaller
compared to that of Fig. 8. As such, in Fig. 9, although the
social welfare improves with increasing L, we do not see any
dramatic improvement in social welfare as witnessed in Fig. 8.

E. Effect of the Changing the SBS Intensity

In Fig. 10, we illustrate the effect of changing the SBS inten-
sity on the overall social welfare. We have plotted the CDF



of the overall social welfare as the spatial intensity of SBS is
changed from 8 SBSs per π × 1002 to 8 SBSs per π × 5002.
We consider the number of OPs to be K = 3 and the number
of available RBs to be L = 6. The number of OPs that
can use the same RB-l is assumed to be bl = 4, while the
resource demand of each OP is assumed to be c = [4, 4, 4].
The radius of circular area under consideration is varied from
100 to 500 meters. Each OP is assumed to serve an 8 SBSs.
We can observe that the median of the CDF curves of the
social welfare improves as the area increases. This is because
when we increase the size of the area, the spatial intensity of
the SBS decreases, which leads to less interference.

VII. CONCLUSION

In this paper, the spectrum assignment for non-orthogonal
multi-operator spectrum sharing system, where multiple oper-
ators shared a common pool of spectrum among each other,
was formulated as a social welfare optimization problem.
Using the results from stochastic geometrical analysis, we
showed that, under certain condition, the solution to this
problem coincided with the solution to a corresponding stable
matching game. This result inspired the use of Markov Chain
Monte Carlo algorithm to find the stable and socially optimal
matchings. The Q-learning method was also proposed to find
the optimal random transmit power strategy of the small cell
base stations. Numerical simulations were performed to access
the performance of the system under various conditions. From
the numerical study, one of the conclusions we can draw is that
the spectrum allocation has greater effect on the performance
of the system than power allocation.

ACKNOWLEDGMENTS

The authors would like to thank P. Luoto for the helpful
discussions.

REFERENCES

[1] E. Hossain and M. Hasan, “5G cellular: Key enabling technologies
and research challenges,” IEEE Instrum. Meas. Mag., vol. 18, no. 3,
pp. 11–21, Jun. 2015.

[2] P. Merz, “Optimizing spectrum usage for 2020 and beyond,” in Johan-
nesberg Summit, 2014.

[3] E. Dahlman, G. Mildh, S. Parkvall, J. Peisa, J. Sachs, and Y. Selén, “5G
radio access,” Ericsson Rev., vol. 6, pp. 2–7, Jun. 2014.

[4] L. Anchora, M. Mezzavilla, L. Badia, and M. Zorzi, “A performance
evaluation tool for spectrum sharing in multi-operator LTE networks,”
Elsevier Comput. Commun., vol. 35, no. 18, pp. 2218–2226, Nov. 2012.

[5] T. Sanguanpuak, N. Rajatheva, and M. Latva-Aho, “Co-primary spec-
trum sharing with resource allocation in small cell network,” in Proc.
1st Int. Conf. 5G Ubiquitous Connectivity (5GU), Nov. 2014, pp. 6–10.

[6] T. Sanguanpuak, S. Guruacharya, N. Rajatheva, and M. Latva-Aho,
“Resource allocation for co-primary spectrum sharing in MIMO net-
works,” in Proc. IEEE Int. Conf. Commun. Workshop (ICC Workshop),
Jun. 2015, pp. 1083–1088.

[7] T. Yong, W. Yuanjie, and K. Horneman, “Co-primary spectrum sharing
for denser networks in local area,” in Proc. 9th Int. Conf. Cognit.
Radio Oriented Wireless Netw. Commun. (CROWNCOM), Jun. 2014,
pp. 120–124.

[8] T. Irnich, J. Kronander, Y. Selen, and G. Li, “Spectrum sharing scenarios
and resulting technical requirements for 5G systems,” in Proc. IEEE
Int. Symp. Pers. Indoor Mobile Radio Commun. (PIMRC Workshop),
Sep. 2013, pp. 127–132.

[9] E. A. Jorswieck, L. Badia, T. Fahldieck, E. Karipidis, and J. Luo, “Spec-
trum sharing improves the network efficiency for cellular operators,”
IEEE Commun. Mag., vol. 52, no. 3, pp. 129–136, Mar. 2014.

[10] Y.-T. Lin, H. Tembine, and K.-C. Chen, “Inter-operator spectrum
sharing in future cellular systems,” in Proc. IEEE Global Commun.
Conf. (GLOBECOM), Dec. 2012, pp. 2597–2602.

[11] H. Kamal, M. Coupechoux, and P. Godlewski, “Inter-operator spectrum
sharing for cellular networks using game theory,” in Proc. IEEE Int.
Symp. Pers., Indoor Mobile Radio Commun. (PIMRC), Sep. 2009,
pp. 425–429.

[12] P. Luoto, P. Pirinen, M. Bennis, S. Samarakoon, S. Scott, and
M. Latva-aho, “Co-primary multi-operator resource sharing for small
cell networks,” IEEE Trans. Wireless Commun., vol. 14, no. 6,
pp. 3120–3130, Jun. 2015.

[13] P. Luoto, M. Bennis, P. Pirinen, S. Samarakoon, and M. Latva-Aho,
“Gibbs sampling based spectrum sharing for multi-operator
small cell networks,” in Proc. IEEE Int. Conf. Commun.
Workshop (ICC Workshop), vol. 14. Jun. 2015, pp. 967–972.

[14] L. Duan, J. Huang, and B. Shou, “Economics of femtocell service pro-
vision,” IEEE Trans. Mobile Comput., vol. 12, no. 11, pp. 2261–2273,
Nov. 2013.

[15] C. Liu and R. A. Berry, “Competition with shared spectrum,” in Proc.
IEEE Int. Symp. Dyn. Spectr. Access Netw. (DYSPAN), Apr. 2014,
pp. 498–509.

[16] C. Chen, R. A. Berry, M. L. Honig, and V. G. Subramanian, “Bandwidth
optimization in hetnets with competing service providers,” in Proc.
IEEE Conf. Comput. Commun. Workshops (INFOCOMM WKSHPS),
Apr. 2015, pp. 504–509.

[17] C. Chen, R. A. Berry, M. L. Honig, and V. G. Subramanian, “The impact
of unlicensed access on small-cell resource allocation,” in Proc. IEEE
Int. Conf. Comput. Commun. (INFOCOM), Apr. 2016, pp. 1–9.

[18] T. Sanguanpuak, S. Guruacharya, N. Rajatheva, M. Bennis, D. Niyato,
and M. Latva-aho, “Multi-operator spectrum sharing using matching
game in small cells network,” in Proc. IEEE Int. Conf. Commun. (ICC),
2016, pp. 1–6.

[19] J. G. Andrews, F. Baccelli, and R. K. Ganti, “A tractable approach to
coverage and rate in cellular networks,” IEEE Trans. Commun., vol. 59,
no. 11, pp. 3122–3134, Nov. 2011.

[20] F. Baccelli and B. Blaszczyszyn, Stochastic Geometry and Wireless
Networks: Theory, vol. 1. Norwell, MA, USA: NOW Publishers, 2009.

[21] P. Semasinghe, E. Hossain, and K. Zhu, “An evolutionary game for
distributed resource allocation in self-organizing small cells,” IEEE
Trans. Mobile Comput., vol. 14, no. 2, pp. 274–287, Feb. 2015.

[22] E. Bodine-Baron, C. Lee, A. Chong, B. Hassibi, and A. Wierman, “Peer
effects and stability in matching markets,” in Proc. Int. Conf. Algorithm
Game Theory, 2011, pp. 117–129.

[23] A. Roth and M. A. O. Sotomayor, Two-Sided Matching: A Study in
Game Theoretic Modeling and Analysis, Cambridge, U.K.: Cambridge
Press, 1992.

[24] D. Gale and L. Shapley, “College admissions and the stability of
marriage,” Amer. Math. Monthly, vol. 69, no. 1, pp. 9–15, Jan. 1962.

[25] D. Niyato and E. Hossain, “Dynamics of network selection in heteroge-
neous wireless networks: An evolutionary game approach,” IEEE Trans.
Veh. Tech., vol. 58, no. 4, pp. 2008–2017, May 2009.

[26] M. Bennis, S. Guruacharya, and D. Niyato, “Distributed learning strate-
gies for interference mitigation in femtocell networks,” in Proc. IEEE
Global Telecommun. Conf. (GLOBECOM), Dec. 2011, pp. 1–5.

[27] D. Fudenberg and D. K. Levine, The Theory of Learning in Games.
Cambridge, MA, USA: MIT Press, 1998.

[28] T. Jaakkola, M. I. Jordan, and S. P. Singh, “On the convergence of
stochastic iterative dynamic programming algorithms,” in Proc. Neural
Comput., 1994, pp. 1185–1201.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Required"  settings for PDF Specification 4.0)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice




