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Abstract

We study generalized continued fraction expansions of the form
g1 02 03
N+N+N+--7

where N is a fixed positive integer and the partial numerators a; are positive integers for
all 2. We call these expansions dny expansions and show that every positive real number
has infinitely many dny expansions for each N. In particular we study the dny expansions
of rational numbers and quadratic irrationals. Finally we show that every positive real
number has for each N a dny expansion with bounded partial numerators.
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1. Introduction

In [1] Anselm and Weintraub introduced a generalization of simple con-
tinued fractions, the cf y expansion

N N N

CLO""* - )
ay +ag+az+---

where N is a fixed positive integer, ag is a non-negative integer and a; is a
positive integer for every i. They showed that every positive real number
has infinitely many cf ;y expansions for all N > 1 and studied the properties
of these expansions for rational numbers and quadratic irrationals. In par-
ticular, they focused on the so-called best cf 5y expansion, where the partial
denominators a; are chosen as large as possible and which is unique for each
real number.
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In this paper we flip the roles of the partial numerators and denominators
of the cf ;y expansions and study generalized continued fraction expansions

of the form
ay az as

N+N+N+--- @)
where N is a fixed positive integer and a; are positive integers. We shall call
these continued fractions dny expansions and denote them by (a1, as,...)n.
While a general study of the dny expansions of real numbers doesn’t seem
to have been done, continued fractions of form (1) have been studied quite
a lot. For example, Ramanujan presented many such continued fractions in
his notebooks ([2],[3]). Among them were

2+ N (z+N)?-N? (z+2N)*-N? (z+3N)*—N?

1
N + N + N + N 4

where x # —kN for all positive integers k,

> k 2 2 2
~1 1 12 1.2 22 2.3 3
1+2N2§:(7)2:— -2z 222 (2)
S (N+k)? N+N+ N +N+ N +N+--

and perhaps most famously Ramanujan’s AGM continued fraction

a B (202 (3b)2 (4a)® (5b)2

Rylab)= L
NOD=N NI N + N 4+ N 4+ N +---

that satisfies the remarkable equation

R (a;b7\/%> _ Rn(a,b) —;—RN(I), a)

connecting the arithmetic and geometric mean of numbers a and b ([4]).
Some examples of well-known dnpy expansions for real numbers are Lord
Brouncker’s dny expansion

m =

Do | co

2 32 52
+24 2+ 2

(see [6]), the dny expansion
1
2 =R(1,1) = 7

(see [4]), and the dn; expansion

derived from (2).



We will begin with some preliminaries in Section 2, followed by the dny
algorithm in Section 3. We will show that every positive real number has
infinitely many dnpy expansions for every N and define a special dny ex-
pansion called the least dny expansion. In Sections 4 and 5 we will examine
the dny expansions of positive rational numbers and positive real quadratic
irrationals, respectively. We will prove that for any rational number there
exist infinitely many finite, periodic and aperiodic dny expansions, and that
for any quadratic irrational number there exist infinitely many periodic and
aperiodic dny expansions. Special attention is paid to the least dny expan-
sion of these numbers. In Section 6 we will show that every positive real
number has a dny expansion with bounded partial numerators.

In this paper, we denote the set of positive integers with Z and the set
of non-negative integers with N.

2. On continued fractions

We begin with some preliminaries on (generalized) continued fractions

ai ag
b+7—b+[§— +2 22 3
0 by 4+ — 2 0 bo b + by + - (3)
b2+

where the partial numerators a,, and the partial denominators b,, are positive
integers for all n € Z and bg € Z. If the limit of the n:th convergent

Ay ap a2 an

=by+ — = -
By " bi4byt-+by,

at infinity exists, it is called the value of the continued fraction. The nu-
merators A, and denominators B,, of the convergents can be obtained from
the recurrence relations

(4)

An+2 = bn+2An+1 + an-l—QAn;
Byi2 =byi2Bpy1 + any2By

with initial values Ay = by, By = 1, A1 = byb1 + a1 and B; = b;. These
relations imply the formula

An+1 An . (—1)”@1 s p4q

Bn+1 Bn N Ban+1 ’

valid for all n € N. If continued fraction (3) converges to 7 € R, then

- k41
' § 5
T=b+ BkBk+1 ’ (5)



as shown for example in [5]. Using recurrence relations (4) and the standard
error estimates of alternating series we get

bn+2a1 ey |

ai...Qap4+1
—_— 6
Ban+2 ( )

<|r—= :
‘ Ban—l-l

We can also determine the sign of 7 — A,,/B,, since equations (4) and (5)
pLY A A A A A A
0 2 2k 20+1 3 1
B—O<B—2<...<B—%<T<B2l+1<... E<E (7)
for all k,1 € N.
As the partial coefficients a,, and b, of continued fraction (3) are pos-
itive integers for all n € Z,, the following theorem gives us a convergence
criterion.

THEOREM 2.1. [The Seidel-Stern Theorem] Let a, and by, be positive
real numbers for all n. Then the continued fraction Kzozl Z—Z converges if

and only if the Stern-Stolz series

i bu H a7 (8)
n=1 k=1

diverges to oo.

PrOOF. See [7], Chapter III, Theorem 3 and the subsequent Remark
2. O

COROLLARY 2.2. Let a,, and b, be positive integers for all n. If the se-
quence (ay,) has a bounded subsequence, then the continued fraction Kzozl ‘g—:
converges.

PROOF. Let us assume that (a,) has a bounded subsequence (ag,) such
that ay, < M for all i € Z, and some M € Z,. Without loss of generality,
we may also assume that k;11 > k; + 2. By denoting

n k+1
—_1)n—
Sp = | | a,(C )
k=1
°° 9n can be written as

the Stern-Stolz series of the continued fraction [ —, 32
> oo 1 bpSy, where S1 = 1/a; and Sp41 = 1/(Spant1). Now either Sy, > 1
or S, < 1 and Sk, +1 = 1/(Sk,ax,+1) > 1/M so

o0

anSn > Z(Skz + Skﬂrl) > Z % — 00.
n=1 =1

i=1

Hence the Stern-Stolz series of Kzozl Z—Z diverges to infinity and by Theorem

2.1 the continued fraction Kzozl ‘g—: converges. O
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We say that the (infinite) expansion (a1, ag, . ..)n is (eventually) periodic
if there exist positive integers k and m such that a; = a;yy for every i > m.
Then we denote

<a1,a2, ‘e ->N = <CL1, ey m—1,Qmyy -+ - - ,am+k,1>N.

Every periodic dny expansion converges by Corollary 2.2 since the partial
numerators of periodic continued fractions are bounded. It is easy to see that
every periodic dny expansion represents a rational number or a quadratic
irrational.

Finally, we recall some useful results from the theory of simple continued

fractions
1 1

Ccl + C2 _|_ e
which are a special case of continued fractions (3) with a,, = 1 and b, = ¢,
for all n. We denote the convergents of the simple continued fraction expan-
sion by C,,/D,,. As is well known, the simple continued fraction expansion
of a real number 7 is finite if and only if 7 is rational and periodic if and
only if 7 is a quadratic irrational. Especially,

Vd = [co; 1y -5 ek, 260),

co + = [co; c1, 2, .. ],

where d is a positive non-square integer, cg = L\/&J and ¢; = cp_; for all
1<i<k-—1 (see [8]).
For simple continued fractions error estimates (6) take the form
1 d C 1 1
5 < n+2 ‘ _Yn < < 5,
(dn—l—l + 2)Dn DnDn+2 Dn DnDn—H dn—i—an

9)

which suggests the convergents C),/D,, are good approximants for 7. In a
way they are the only very good approximants as the following Theorem
shows:

THEOREM 2.3. If 7 is a real number, p € Z and q € N are coprime and
p 1

—_ < —,
! q‘ 2¢*

then p/q is a convergent of the simple continued fraction expansion of T.

For the proof, see for example Lemma 2.33 in [5].

3. The dny expansion

Through the rest of this paper, N is a fixed positive integer and 73 is an
arbitrary positive real number unless stated otherwise.

We now present the dny algorithm for obtaining a dny expansion for
To:



1) Let i = 1.

2) Choose a positive integer a; such that a;/7-1 > N.

3) Let 7; = Tf”l — N. If 7; = 0, terminate. Otherwise let i =i+ 1 and go

to step 2.

As the only criterion for choosing each «a; is to keep 7; non-negative, we
can obtain uncountably many dny expansions for 3. However, we would
like our continued fraction to converge to the number 7y. Therefore the
partial numerators a; should be chosen so that the series

i ﬁ (71)n_k+1
a
n=1k=1 ;

diverges to infinity, which in the case of dny expansions implies the diver-
gence of the Stern-Stolz series (8).

LEMMA 3.1. If the dny expansion obtained for o by the dny algorithm
converges, then it converges to Tg.

Proor. By induction,

- Ap + Ap_17p
0= B, + Bn—lTn.
Then
_ﬁ - Ap + A1y _ﬁ
0 B, B B, + By_17, B,

’Aan + An_anTn — Aan — Aan_lTn
B, (B, + Bp—17)
Tn H?:1 a; H?:1 a;
- Bu(By+ Bn1mh)  BnBn1

Since the continued fraction converges, we have

lim i=1% _
n—oo By By 1

by (5), and hence ILm A, /B, = 7. O

In the multitude of possibilities for choosing the partial numerators there
is a natural method for making the choices uniquely, and that is by choosing
each a; to be as small as possible. Since the smallest positive integer a; such
that 7, = a;/7i-1 — N > 0is [N7;,_1|, we give the following definition:



DEFINITION 1. The dnpy expansion of 7y obtained from the dny algo-
rithm by choosing a; = [N7;_1| for every i is the least dny expansion of
T0-

THEOREM 3.2. The least dny expansion of 7y converges.

PROOF. If the least dny expansion of 7y is finite, we interpret it as
converging. Let the least dny expansion (aj,asg,...)y of 79 be infinite. If
7; > 1, then
[N7i] —N<M—N:l§1

Ti Ti Ti

0<7i41=

so there are infinitely many ¢ such that -, < 1. Since 7; < 1 implies that
ai+1 = [N7;] < N, there are infinitely many i such that a; < N. There-
fore the sequence (a;) has a bounded subsequence, so by Corollary 2.2 the
continued fraction (ai,asg,...)y converges and by Lemma 3.1 it converges
to 19. ]

We have now established that every positive real number has at least
one converging dny expansion. In fact, there are uncountably many such
expansions since we may choose a; = [N7;,_1| + 1 instead of a; = [N7;_1]
and still get a converging dny expansion. From this point forward, when
we talk about a dny expansion (aj,asg,...)y of a positive real number 7y,
we indicate that the expansion converges to 7, that is 7o = (a1, a2,...)N.

EXAMPLE 1. Here are some least dny expansions of different numbers.

0 N least dny expansion of g
5/17 | 1 (1,3,1,3)1
10 (3,2)10

ﬂ <27 1>1
(3,1,13,1,21,1,24,1,27, 1,136, 1,140, 1, 7849, . . .)»
(10,1,50)+

1
2
7

T | 1| (41,3,1,7,1,37,1,71,1,449,1,657,1,991, .. .);
2
1
7

(7,1,5,1,17,1,20,1,108, 1,204, 1,239, 1, 326, .. .}
(3,1,9,1,24,1,65,1,67,1,335, 1,881, 1, 1152, .. )
(20,3,10,2,23,2,5,6,4,5,9,2,4,2,22, .. )7

4. Rational numbers

Throughout this section 79 = p/q is a positive rational number with
P, q € Ly.



THEOREM 4.1. Let (k;) be a sequence of positive integers such that k;q >
N for all j. Then

%’: (k1p, k2q* — N%, ki(p+ Nq), kop, k3¢°> — N?, ka(p+ Ng),...)n

= X (kjp, k2q> = N2, kj(p+ Ng))n- (10)

Proor. With the choices

azj—2 = k;p,
azj1 = ki¢® — N?,
azj  =kj(p+ Ng)

for all j € Z, we get inductively from the dny algorithm that

kijp
T30 =—— —N=Fkijqg— N >0,
0 plg ’

k.2 2_N2
T3j—1:72j N — N = kjq

and
k; N
T3j:j(pI:‘_ il —N:]z:To.
7 q

Hence we obtain the dny expansion

iZilkip, kFq? — N2, kj(p+ Ng))n-

Using the same notation as in the proof of Corollary 2.2, if S3;_3 < 1, then
since kjqg > N + 1, we have

azj—1 k]zqg — N? S ¢?(2N +1)

G — > .
5 a3;-2a3753;3 k‘jzp(P + Nq) ~ p(p+ Ngq)(N + 1)

Therefore the sequence (S3;) is bounded below by a positive constant and
the Stern-Stolz series of continued fraction (10) diverges to infinity. Then
the convergence of continued fraction (10) to p/q follows from Theorem 2.1
and Lemma 3.1. O

COROLLARY 4.2. The rational number p/q has infinitely many periodic
dny expansions and uncountably many aperiodic dny expansions.

PROOF. By Theorem 4.1 the rational number p/q has the dny expansion
(10) for any sequence of positive integers (k;) that satisfies kjq > N for all
j. If (k;) is periodic of period length m, then the dny expansion

p 00
P i1 (kp, k3q® — N2, ki(p+ Nq))w



is periodic of period length 3m at most. As there are infinitely many peri-
odic sequences (k;), it follows that there are infinitely many periodic dny
expansions for p/q.

On the other hand, if we choose the sequence (k;) to be such that it has
a strictly increasing subsequence, then the dny exapansion (10) is aperiodic
because it contains arbitrarily large partial numerators. As there are un-
countably many such sequences (k;), there are uncountably many aperiodic
dny expansions for p/q. O

EXAMPLE 2. Let 79 = 22/7 and N = 13. It is then that Theorem 4.1
gives the dn;3 expansion
22

==

where the sequence (k;) satisfies k; > 2 for all j. Using different sequences
(k;) we get the following dn;3 expansions:

251(22k;, A9K7 — 169, 127k;) 13,

(k;) dny3 expansion of 22/7
k; = 2 for all j (44, 27, 254)13
koi1 = 2, ki = 3 (14, 27, 254, 66, 272, 38113
kj=j+1forall j | (44, 27, 254, 66, 272, 381, 88, 615,.. )13

In Example 1 both of the least dny expansions calculated for 5/17 were
finite. It turns out this is the case for every least dny expansion of a positive
rational number.

THEOREM 4.3. The least dny expansion of 1o = p/q is finite.

PROOF. Let us denote Py = p, Qo = q and Sy = Py+Qp. By the division
algorithm there exist unique ¢1,71 € N such that NPy = q1Qo + r1, where
0<r; <Qo. Then [NPy/Qo] = q1 + 1. Using the dny algorithm we have

o INP/Qol Qolen+1) - NPy Qo—11
' Po/Qo Py P

If 11 = Qg, then 7 = 0 and the algorithm terminates. If 0 < r; < Qp, we
put P; = Q¢ — r1 and Q1 = Py. Note that now

So=Py+Qo>F+Qo—r1=PFP+Q1=51.

Suppose we have reached 7; = P;/Q;, P;, Q; € Z4 and S; = P; + Q;. By the
division algorithm there exist unique ¢;4+1,7;+1 € N such that

NP; = qi11Q; + 7it1,
where 0 < 741 < Q;. Then [NP;/Q;] = gi+1 + 1 and

_ [NP;/Qi] Qi1+ 1) - NP, Qi —ripa
Titl=—F5,~  —N= = :
P;/Q; p; P;




If r;41 = @4, then 7,41 = 0 and the algorithm terminates. If 0 < r;11 < @,
we put Piy1 = Qi — 741 and Qi1 = P;. Then

Si=P+Qi>FP+Q; —rit1 = Piy1 + Qit1 = Sit1-

Because the sequence (.5;) is a strictly decreasing sequence of positive inte-
gers and ); > 0, it follows there must exist an n € Z, such that P, = 0.
Then 7,, = 0 and the algorithm terminates. Thus the least dny expansion
of 7y is finite. ]

We get infinitely many finite dny expansions for p/q by choosing the
first finitely many a; as we please and then making the least choice from
there on.

5. Quadratic irrationals

Let us start by noting that because there are uncountably many infinite
dny expansions for every positive real number but there exist only count-
ably many periodic dny expansions, it follows that every positive quadratic
irrational number has uncountably many aperiodic dny expansions.

Throughout this section 7y is a positive real quadratic irrational. Now
there exist P,Q,d € Z such that 7o = (v/d + P)/Q, d > 2 is not a perfect
square and @ | (d — P?) (see for example [8], Lemma 10.5). Then we denote

Q' =|(d—P?*)/Q|=|Vd— Plm.

LEMMA 5.1. If |P| < Vd and k € 7 is such that k(v/d — P) > N, then

70 = (kQ',D — 2kPN — N2, D), (11)
where D = k*(d — P?).

PROOF. Since |P| < V/d and 7y is positive, it follows that Q and D are
positive and Q' = (d — P?)/Q. If we choose a; = kQ', we get from the dny
algorithm
CkQ . k(d-PY)

N=—" "2 _N=k/d— (kP+ N) > 0.
70 \/g—i—P ( )

71
As k(v/d+ P) + N > 0, we may continue by choosing

ayg = D — 2kPN — N? = k?d — (kP + N)* = (k(Vd + P) + N)7, > 0

and get

= BVAE DV NI iy kP >0

1

10



Finally with a3 = D we have

k%(d — P?)
=-—r——— - N=kVd— (kP+ N) =,
P kVd+ kP ( )=n
and thus we get the periodic expansion 19 = (kQ', D — 2kPN — N2 D).

O

THEOREM b5.2. There exists a periodic dny expansion of the positive real
quadratic irrational .

PROOF. We begin by constructing the desired dny expansion for 7y. Let
us denote Py = P, Qo = @ and Ry = 1. Let k; be the smallest positive
integer such that ki|v/d — Py| > N and a; = k;Q’. Then we get from the
dny algorithm

ai

7'1:——N:M

70 70

~ N =k|Vd—P|—-N>0.

Now we denote 71 = R1v/d + P;, where

Ri=k and P, =—kiPy— N, whenVd> P,
Ri=—k and P, =k Py— N, whenVd< PF.

If ; = Riv/d+ P;, we choose aj 11 = kiy1|R?d — P?|, where k;11 is the

1

smallest positive integer such that k:iH\Ri\/g — P;j| > N and get

ki+1|R7d — P?|
RiVd + P,

Then we denote 7,41 = Riy1Vd + Piy 1, where

Tit1 = —N:ki+1‘Ri\/g—Pi|—N>0.

Ry = ki—l—lRi and Py = _ki-i-lPi — N, when RZ\/& > b,
Rit1=—kix1R; and Py = ki1 P, — N, when RjVd < P
It remains to be shown that the dny expansion (ai,as,...)n constructed
above is periodic. Note that if we choose k in Lemma 5.1 to be as small
as possible, then the periodic dny expansion (11) is a special case of the

dny expansion under study. Therefore it suffices to show that there exists
a j > 1 such that R; is positive and

Bl < |RVd| = Rvd = \[Rd

in which case Lemma 5.1 gives us the periodicity.
Suppose on the contrary that

|P;| > |R;Vd| for all i > 1. (12)

11



Then P; is positive for all ¢ because 7; = RiVd+ P is positive for all 7. If
k; = 1 for every large i, then P;1 1 = P;— N and R;11 = —R; for every large
i. In this case the sequence (F;) is a strictly decreasing sequence of integers
and so there exists a j such that P; < 0, which we can’t have. Hence there
exist infinitely many j such that k; > 1. This implies that the sequence
(|R;|) is tending to infinity so there exists an n such that |R;v/d| > N for
all ¢ > n.

Let m > n be such that k,,4+1 > 2. As k41 is the least positive integer
such that

Ems1 P — kma1 RmVd = kmi1|Pm — R Vd| > N,

then
(kma1 — D) P — (kmg1 — 1) RmVd < N.

Combining the above inequalities yields
0 < kmt1Pm — kmy1RmVd — N < P, — RppVd < N, (13)

where the last inequality holds because k1 > 2. Since P, > |Rm\/g| >N
and P,, — RymVd < N, then R,, > 0 and

Pt — RniaVd = kp1 Py — N + kppy1 R Vd > 3N.
Thus k42 = 1 and by (13) we have
Pm+2 = Pm+1 - N = km+1Pm —2N < km+1Rm\/g = Rm+2\/ga

where Ry,1+2 = kpmt1 R is positive. This is a contradiction with assumption
(12). Thus there exists a j > 1 such that R; is positive and |P;| < R;Vd
and by Lemma 5.1

70 = (a1,a2,...,a5,D/kji1,D — 2kj 1 PjN — N2, D)y,

— 12
where D = k74

2 2
(Rjd - P; ). O
Since we may choose the first finitely many a; as we please and then con-
tinue as described in Lemma 5.1 and Theorem 5.2, every positive quadratic

irrational has infinitely many different periodic dny expansions.

EXAMPLE 3. Let 79 = (7 + +/10)/13 and N = 4. Constructing the dnyg
expansion described in Theorem 5.2 we get

ki =2, a =6, 1 =10 — 2V/10,

ko =1, as = 60, 9 = 6 + 2V/10,

ks = 13, as = 52, T3 = 26V/10 — 82,

kg =1, as = 36, 74 = 26V/10 + 78,

ks =1, as = 676, 75 = 26V10 — 82 =73

12



and so

7+ /10 -
273 = (6,60, 52,36, 676) 4.

We now turn our attention to the least dny expansions of positive real
quadratic irrationals. In [1] it is conjectured that the best cf ;- expansion of
a positive quadratic irrational is not periodic for every N. It seems likely
that this is the case for the least dny expansion as well. For example the
dn; expansion of /3 is

V3 =1(21,6,1,10,1,11,1,18,1,50, 1,65, 1,750, 1,8399, 1,11727, 1, 12855,
1,66368, 1,281130, 1, 437015, 1, 482182, 1, 643701, 1, 743770, 1,
2808107, 1, 11306550, 1, 12268089, 1, 24304646, 1, 98323268, 1,...)1,

where the partial numerators seem to alternate between 1 and a rapidly
increasing sequence of positive integers.

However, there are some cases when we can find a periodic least dny
expansion. Recall that if |P| < v/d and k € Z, is such that k(v/d—P) > N,
then by Lemma 5.1

TO:<kQ17D_2kPN_N27D>N7 (14)
where D = k%(d — P?).

THEOREM 5.3. Let |P| < V/d and k € Z be such that k(~/d — P) > N.
Then expansion (14) is the least duy expansion of 1o if and only if
1

o<(\/&—P)—]Z<W. (15)

PROOF. As noted in the proof of 5.1, in this case the numbers @, Q" and
D are positive integers. Expansion (14) is the least dny expansion if and
only if a; = [N7;_;| for every i. Since expansion (14) is periodic, it suffices
to check that kQ' = [N79], D—2kPN —N? = [N7;] and D = [N73]. From
the proof of 5.1 we have that 71 = kv/d — (kP + N) and 15 = kv/d + kP. If
D = [Nrz] then

k*(d — P?) = [Nk(Vd+ P)] = Nk(Vd+ P) +c, (16)
where 0 < ¢ < 1. Now
;o \/3+P c c
kQ—N Q +m—NTo+m,

where 0 < ¢/kQ < 1 and
D —2kPN — N? = Nk(Vd + P) — 2kPN — N? + ¢
= N(kVd — (kP 4+ N)) 4+ c¢= N7 +¢,

13



so kQ' = [N19] and D — 2kPN — N? = [N7]. It is therefore enough to
study when D = [NTy].
By (16) D = [N72] if and only if
0<c=k*d— P? — Nk(Vd+ P) = k(Vd+ P)(k(Vd— P) — N) < 1,
which is equivalent to (15). O
REMARK. If v/d + P > 2, then by Theorem 2.3 and inequalities (7)

condition (15) can hold only if N/k is an even convergent of the simple
continued fraction expansion of Vd — P. If

\/g_ P = [00;617 cee 7Cmflacm]7
then by (9) we have

1
(CQTL-‘rl + 2)D%n

Cop, < 1

Don ~ cong1D3,

< (Vd-P) - (17)

for all n € N. Thus, if there exists a cgnq1 > V/d + P, then by Theorem
5.3 expansion (14) is the least dny expansion of 79 when N = Cy), 44y, and
k = Doyiym for any | € N. By contrast, if copi1 + 2 < Vd + P for all n,
then (14) is never the least dny expansion of 7p.

THEOREM 5.4. Let 19 = /d where d is a positive integer and not a
perfect square. If m is a positive integer, then

Vid = (2kd, 2(k*d — m?), k2d — m2)ay,, (18)
where k is a positive integer such that kv/d > m. Expansion (18) is the least
dna,, expansion of Vd if and only if

1

0<\f—?<m. (19)

PROOF. Let k be a positive integer such that kv/d > m. By choosing
a1 = 2kd we get from the dny algorithm
2kd
Vd

We continue by choosing as = 2(k*d — m?) > 0 and get

—2m = 2(kvVd — m) > 0.

T =

2(k?d — m?)
m=—— 2 _9m=kVd—m > 0.
2 2(kv/d — m)

Finally, with a3 = k?d — m? we have

k2d — m?

= 9m=kVd—-m=r
kvVd —m ?

T3
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and hence we get periodic expansion (18).
Now a1 = 2kd = [2m+/d] if and only if 0 < 2kd — 2m+/d < 1 which is
equivalent to (19). If inequality (19) holds, then

1
0 < ay —2mm = 2(kVd — m)(kVd +m — 2m) < —

2d
and .
0 < ag — 2mmy = (kVd — m)(kVd + m — 2m) < 1d
s0 az = [2m7] and a3 = [2m72]. Hence expansion (18) is the least dna,
expansion of v/d if and only if inequality (19) holds. O

REMARK. By (17) inequality (19) has infinitely many solutions in m/k
for every v/d, as we may choose m = Cy, and k = Ds, when n is large
enough. Consequently every irrational v/d has infinitely many periodic least
dny expansions.

EXAMPLE 4. Periodic least dny expansions given by Theorem 5.3:

T0 N | least dny expansion of 1
VK2 +1 | K (K24+1,1)k
V2 7 (10,1,50)7
A (2,1,4),
_2%\/@ 5 <37 47 9>5
Periodic least dny expansions given by Theorem 5.4:
70 | N | least dny expansion of 7y
V2| 14 (20,2, 1)14
V3|10 (18,4,2)19
\/6 44 <1087 4>§>44
Other periodic least dny expansions:
T0 N | least dny expansion of 7
VT o 13 (35,3,2,59,2)13
3+v2 | 1 (5,1,7,1,14),
6+v3 | 5 | (20,1,4,1,2,2,1,5,5)5

6. Bounded partial numerators

One of the major open questions of Diophantine approximation is if the
simple continued fraction expansions of algebraic numbers of degree greater
than 2 have bounded partial denominators. In the case of dny expansions
the analogue is quickly solved. In fact, we show below that for every positive
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real number there exists a dny expansion that has partial numerators from
a set of two digits only.

LEMMA 6.1. Let a1 and ag be positive integers such that oy < ag and
0410@/(0(1 + Oég) > N2, (20)

and denote

—(N?+as—a1) +/(N2 +as — a1)? + 4a; N2

Tm = IN s
—(N? —ag+a1) + /(N2 + as — a1)? + 4a1 N2 ag — aq
™= 2N ~Tmt TN

and I = [Ty, 7). If 70 € I, there exists a duy expansion 19 = (a1,as2,... )N
such that a; € {a1, a9} for alli.

PRrROOF. As the positive solutions = to equations

aq Qg
and z =

TN+ N+ 3%

T

are T = T,, and x = 77, respectively, it follows that

Tm = (aq,a2)ny and 7y = (ag, A1) N-

Let us denote T (x) = a1 /(N +z) and Ta(x) = aa/(N +z) for € I. Then

aq a2
Tl(TM) = Tm, TQ(Tm) =TM, Tl(’]'m) = OTQTM and TQ(TM) = CTle.
Because
%TM _ o <Tm+ az—a1> > %Tm
a9 a9 N ]
ar(ag —a1) ajag a?
& . = > T
asN O[%—Oé% N(a2+a1) -
204% 9
& — = 4+ N4y —a > N2 + a9 —a1)2 + 41 N?
(a2+a1)+ + a2 1f\/( + g 1)?+4aq
04? 2 2
= + a1 (N“4+ag —ay) > (g + a1)N
o+ o 1( 2 1) > (a2 1)
o e N2
Qg + aq

then inequality (20) implies that T1(7,) > T2(7ar). Therefore
T UTy(I) = [Tm, Tl(Tm)] U [TQ(TM), TM] = [Tm, TM] =1. (21)
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Let 79 € I. As the functions T} and T are injective on I, then by (21) there
exists a m € I such that

ai ai
= 7'1:*—]\7,
N—I-Tl T0

T0O =

where a; € {a1,as}. Similarily, if 7; € I, then there exists a 7,41 € I such

that
Ai41 Ai+1

T=—— &  Tial = — N,

! N + Ti+1 “ T
where a;11 € {a1,as}. It follows by induction that 79 = (a1, a9, as,...)n,
where a; € {1, ap} for all i. O

THEOREM 6.2. Let 19 be a positive real number. Then there exist positive
integers ay and oy such that 19 = (a1, aq,...)N, where a; € {a1,as} for all
i.

PROOF. Due to Lemma 6.1 it is sufficient to show that there exist pos-
itive integers aj and ap such that a; < a9, ajas/(ag + ag) > N? and
70 € [T, Tam], where 7, and 7y; are as in Lemma 6.1. Now

—(N? + oy —aq) + \/(N2+042—041)2+4041N2
m = ON

N2 - 4oy N2
_ ‘a2 —ag Y S r— Qq -
2N (N2 + s — )

Since the function
(@) =x<—1+1/1+;¥;>

is strictly decreasing and tends to 0 as x tends to infinity for all positive aj,
then

Qg — o
Tm<7'0<7'm+72N - =Ty (22)
when a9 — a; is large enough. Because
109 N 1 > 047
a1+ ao - 1/0&1 + 1/042 - 27

then we may choose a1 > 2N? and as such that as — o is large enough for
(22) to hold true. O

ExaMPLE 5. Here are the first 20 digits of some dn; expansions with
bounded numerators.

70 | {a,b} bounded dny expansion of 7y
V2 {24} | (2,2,4,2,4,2,2,2,2,2.4,4,4,4,4,4,4,2,2.4, . ..
T | {2,5}

{

(5,2,5,2,2,5,5,2,2,2,2,5,5,2,2,5,2,5,5,5, ..
e | {3,7}|(7,3,3,7,7,7,3,3,7,3,7,3,3,7,3,3,3,7,3,3,. ..
In2 | {2,4} | (2,4,2,2,4,4,4,4,4,4,4,4,2,2,4,2,2,4,4,4, ..

L~ -~
_ = =
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