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Summary 
 
The article discusses the theoretical basis for the design of arch and vault structures. In the design 
of arches and vaults, it is essential to realize that the optimal shape of the arch is determined by the 
loading. This article clarifies the use of parabolic shapes in snow structures. If parabolic shape is 
used, it is required that, the vertical load is constant along the arch. This means that the snow thick-
ness in the arch changes so that the thickness is smallest at the base.  
 
Catenary, the shape of a hanging chain, is another well-known shape. We show analytical and nu-
merical calculations yielding the optimal parameters for the catenary arch. It is demonstrated that 
the compression stress in a catenary arch is minimized when the span-to-height ratio of the catenary 
arch is 2,96. 
 
Snow vaults should be compressed structures. This means that the arch thrust line should lie within 
the middle third of the arch cross section. The compression line is a familiar concept historically as 
a stone and concrete vault design principle. In snow and ice structures, the compression line should 
be designed to travel along the axis of the arch, resulting in a uniformly distributed compression 
stress in the cross section. The general design principle is to retrieve the moment-less shape of the 
structure, that is, to design the shape so that the thrust line is centric. 
 
The extreme theoretical spans can be achieved when the moment-less arch is designed such that 
its compressive stress is uniform across the arch. The article illustrates the dimensions of a constant 
stress arch, a catenary arch, and a parabolic arch when the design is based on the same compres-
sive stress level. The theoretic ultimate span and the shape of the constant stress snow arch is found 
when the span-to-height ratio is close to unity. 
 
Guidelines for designing snow arches and vaults have been published. It should be noted that the-
oretically the correct form is the shape of the centreline of gravity of the arch. Because the snow 
structures have rather thick cross-sections, the shape of the inner surface of the vault may be differ-
ent from the optimal shape of the centreline. The article presents calculations that illustrate this. 
 
Keywords: snow and ice construction, constant stress arch, ultimate span, form-finding 
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1. Introduction 
 
Snow and ice are common building materials in cold regions and they are employed especially in 
important tourist attractions. The biggest event in the world is probably the annual snow sculpture 
festival in Harbin, China. In Finland, e.g. the snow castle constructed annually in Kemi (Fig. 1) and 
the snow hotels in Lapland provide memorable experiences for travellers. Igloos are a traditional 
form of snow structures. In this context, it is worth mentioning the article “The Igloo and The Natural 
Bridge as Ultimate Structures” [4]. 
 

 
 
Fig. 1 Inside the snow castle in Kemi (2019). 
 
Design guide for snow structures published by the Finnish association of civil engineers (RIL) is an 
exceptional publication for snow construction [1]. The code is also available in English [2]. According 
to these instructions, design of snow and ice structures should be based on theoretical structural 
calculations. Practical instructions are provided in case detailed design calculations cannot be made. 
Based on field tests, the Lapland University of Applied Sciences has published practical guidelines 
for the authorities responsible for snow structures [3].  
 
Snow structures are typically made of artificial snow. Its material properties can be described in terms 
of design quantities such as density of snow, compression strength, tensile strength, creep, viscosity, 
modulus of elasticity, etc. The properties of ice have been studied more extensively in context of 
structural engineering when structures are constructed in water and must resist ice loads. In ice 
structures one can rely more precisely on the results of calculations than on snow structures. The 
properties of the test pieces made in the research work of the practical structures of snow structures 
play a significant role. The dimensions of the test structures should precisely follow the calculated 
shape [5].  
 
Self-weight is the primary load for snow and ice arches and vaults. The resulting compression force 
is a key quantity of interest. Even a relatively small eccentricity of the compression force may cause 
a large bending moment and the snow arch will deflect significantly and finally collapse. Correcting 
the deflection by adding snow just worsens the situation. 
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2. Arch shapes 
 
2.1 History 
 
Bridge builders of the Roman Empire knew how to build stone arches. Ottoman time-lapse also 
includes numerous historical arch bridges. Graphical design techniques were used for remarkably 
demanding structures and in the past graphical statics was a separate course in technical 
universities. Fig. 2 is from the book of engineering mechanics used in the Helsinki University of 
Technology [6].  
 

  

  
 
Fig. 2 Stone arch graphics. Teknillinen mekaniikka (1924) by Hugo Ahlberg. 
 
 
2.2 Parabolic arches 
 
In order to obtain a moment-less structure for the parabola, the vertical load carried by the structure 
must be constant. For snow and ice arches, this means that the thickness of the arch decreases as 
it approaches the arch springing line (Fig.3). The figure demonstrates a realistic snow parabola with 
a 24 m span and a rise relation of l/h = 2,0. At the top of the arch, the thickness of the snow is 2,0 m 
and 0,894 m at the base in this case. The unit weight of the snow is 5 kN/m3 and the stress at the 
base is 0,15 MPa. The structure is not a very effective snow structure as our following results will 
reveal. 
 
The equation of the parabola with the span l and the height h is 
 
 𝑦 =  

4ℎ

𝑙2 𝑥2.                                                                                                                               (1) 
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If the thickness of the snow at the crown is t, then the thickness along the arch is 
                                                                           

𝑡 =  
1

√1+ 𝑘2
                                                                                                                                                 (2) 

 

where 
                                                                         
𝑘 =

𝑑𝑦

𝑑𝑥
=

8ℎ

𝑙2 𝑥.            (3) 
 

 
Fig. 3 Realistic parabolic vault with span of 24 m and rise relation l/h = 2. The snow thinkness at 

the crown is 2,0 m. Compression max 0,15 Mpa. 
 

 

The ultimate span for a parabolic arch can be calculated by finding the rise which minimizes the 
axial force at the arch base.  

Setting the arch span and the vertical load to unity, the horizontal force becomes 

𝐻𝑥 =
1

8ℎ
                              (4)
          

The axial force R  at the arch base is then 
 
R =  Hx√1 +  k2                                                                                                                         (5) 
 
and the cross-sectional area A of the arch is 
 
𝐴 =  

1

√1+𝑘2
                  (6) 

 
The compression stress 𝜎 at base is 
 
 𝜎 =  

𝑅

𝐴
  = 𝐻𝑥(1 + 𝑘2)                   (7) 

 
Taking k as defined by Eq. (3) at 𝑥 =

1

2
 and l = 1, the stress becomes 

 
𝜎 =  

1

8ℎ
+ 2ℎ.                     (8) 

 
which has a minimum at h= 1/4.  
 
In other words, the minimum stress is found when l/h = 4,0 so that the maximum span for which 
the stress does not exceed 0,15 MPa is 30,0 m.  
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2.3 Catenary arches 
 

The equation of the catenary arch is the same as inverted hanging chain:  

𝑦 = −𝑎 cosh(
𝑥

𝑎
)                                                                                                                               (9)                                                                                                      

where the parameter a = H/w is defined in terms of the horizontal force at the arch springing line H 
and the constant weight of the cross-section w along the arch. The moment-less arch for general 
loads have also been analyzed recently in [7]. 
 

 

 
Fig. 4 Catenary arch. 
 

 
2.3.1 Minimum axial force and maximum span length for the catenary arch 
 
For simplicity, we choose the weight as unity so that w = 1 and H = a. The axial force R of the arch,  
as a function of a, is then 
 

𝑅 = 𝑎√1 + (
𝑑𝑦

𝑑𝑥
)2                                                                                                              (10) 

For the arch having a unit span length 1, the maximum axial force at the spring line x = l/2 is  

𝑅 = a √1 + (sinh (
1

2𝑎
))2                                                                                                                                                          (11) 

The axial force R is minimized at a* = 0,416778. The height of the arch, having unit span length, is 
then 
ℎ = 𝑎∗ cosh (

1

2𝑎∗) – 𝑎∗ = 0,337662.                                                                                                            (12) 

which gives the rise relation l/h=2,962 for the minimum axial force. The minimum material amount  
of the caternay, for chosen stress level of the arch is found by using the same rise relation. 
 
The value gives the length of the catenary needed between the two bearing points which results 
the minimum axial force.This information can be used in practice.  
The half-length of the catenary is 
𝑙

2
= ∫ √1 + (sinh (

𝑥

𝑎∗ 
))21/2

0
dx=0.628868                                                                                  (13) 

so that the total arch length is l = 1.257736.  
 
The thickness of the snow is here constant along the arch. This information makes it possible to 
find the ultimate span length for constant thickness snow and ice arches and vaults.  
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We can calculate the maximum span of snow catenary assuming the unit weight of the snow of 5 
kN/m3 and allowing the compression stress level of 0,15 MPa. 
Application of equation (11) with the above data yields 

0,15 = 0,005 ∗ 𝑙 ∗ 𝑎∗ √1 + (sinh (
1

2𝑎∗ 
))

2
                                                                                                                  (14)      

 

which can be solved for l = 39,76 m. 
 

Fig. 5 shows a catenary arch with rise relation l/h = 2,0 and span length 38 m. The thickness of the 
arch is 2,0 m and the unit weight of the snow is 5 kN/m3. The compression stress at the base is 0,15 
MPa. The structure is in practice an effective snow structure.  
 
 

 
Fig. 5 Catenary vault, span 38 m, l/h = 2,0, snow thickness 2,0 m, compression max 0,15 MPa 
 

 
3 Constant stress arch and form-finding 
 
There exists few analytical studies of constant-stress arches, see e.g. [8,9] and the references 
therein. For practical engineering purposes, the shape of the constant-stress arch and the axial 
forces can be found by iterative vector algebra calculation. In the iteration of the constant stress arch, 
one shall take into account the change of cross-section area, which follows the size of the axial force 
in the arch. In addition, to obtain good accuracy, one needs to change the location of the self-weight 
points for each bar member. The difference to catenary iteration is that the weight point is not in the 
midpoint of the element like in the catenary bar member. 
 
It has been shown in [8] that the ultimate span length limit for constant stress arch is 
                                                                

𝒍𝒎𝒂𝒙 =
𝛑

𝒌
                                                                                                                                       (15) 

                                                                                                                            
where 𝒌 = 

𝝆𝒈

𝝈
.                                                                                                                       (16) 

                                                                                                                               
For snow arch, using the values 𝝆𝒈 = 5 kN/m3, and 𝝈 = 0,15 MPa, the theoretic maximum span 
length is 94,25 m. The rise relation of the arch is then very close to unity. Fig. 6 shows the snow arch 
shape using the maximum span length when the thickness of the arch at the crown is 4,0 m. 
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Fig. 6 Constant stress snow arch shape, span 94 m, stress 0,15 MPa and l/h = 1. 
 
In addition, we solve the constant stress arch with the same unit weight and maximum stress of 
0,15 Mpa but take the rise ratio l/h = 2 and the thickness of the snow is  at the crown  2,0 m and at 
base 7,2  m. Fig. 7 shows the geometry of the center line of the arch and  the outer and inner 
surfaces. The span length is 77,60 m. 
 

 
Fig. 7 Constant stress snow arch, span 77,5 m, compression 0,15 MPa, l/h = 2. 
                 
 
4     Discussion 
 
4.1 Guidelines for arches and vaults 
 
It should be noted that the above calculations consider only axial strains while bending and shear 
strains are neglected. In this case, the compression stress on the surface of the snow and on its 
central axis prevails throughout the cross section. However, the calculations reveal the correct snow 
thickness in order to obtain constant stress moment-less structure.  
 
It is important to note that the shape of the catenary should follow the central axis of the arch. The 
shape of the inner surface of the arch is no longer the shape of the catenary. The picture below 
illustrates the shapes of the central axis of the catenary and constant stress arch (Fig. 8). The picture 

231



shows the top surfaces and the lower surfaces when the inside height of the both vaults is 5 m. The 
distance of the inner surface of the arch at the bottom level is 10 m.  
 

 
 

 
Fig. 8 The shape catenary and constant stress arch, inner span 10, free height 5,0m 
 
 
4.2 Comparison of structural dimensions 
 
The 3D illustrations made from the examples listed above clarify the differences between different 
types of arches. The calculated three different types of vaults are shown in the same scale in Fig. 
9. The thickness of the snow at the crown in each arch is 2,0 m and the maximum stress at base is 
0,15 MPa. The unit weight of snow is 5 kN/m3. The differences are quite large.  
 
 
 
 

 
 
Fig. 9 Three arches l/h = 2, compression stress 0,15 MPa, snow thickness at crown 2,0 m, 
          arches are in the same scale. 
                                                                    

 
5    Concluding remarks 
 
If the proposed theoretical forms can be realized in practice, structural problems should be minimized. 
The best structures can be probably obtained by using artificial compacted snow, where the mould 
structures and snow thicknesses are designed based on calculations and the snow deformations 
are taken into account by exploiting the knowledge from experimental research. When doing testing, 
it is important that the research test models use theoretically correct shapes of catenary and constant 
stress arch based of centre line geometry. The theoretically optimal span lengths for snow and ice 
arches and vaults seems to be much larger than generally known. 
. 
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