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Abstract

Object tracking is highly applicable in present day technologies such as electronic warfare, robotics and air surveillance. It is
normally done using the measurements from sensors such as RADAR. Unfortunately due to the presence of deleterious noise, mea-
surements are inaccurate. To address this problem, different estimation methods intended at reducing the effects of this noise have
been developed. In spite of this, most methods were developed mainly for Gaussian noise, leaving non-Gaussian noise scenarios
unresolved. Particle filters were introduced to address a more general noise scenario. Even so, particle filters are mathematically
complex especially when used in high dimensional systems. To circumvent these problems, the present work proposes the Separate
Monte Carlo Mean (SMC-MEAN) which is formulated on the Bayesian particle filtering framework. The proposed method is
applied to an autonomous object tracking problem in both Gaussian and non-Gaussian distributed noise. Results of the proposed
method are compared to the Kalman filter and Maximum A Posteriori (MAP) in Exponential and Logistic distributed noise using
the mean squared error (MSE) and Cramér Rao lower bound (CRLB). The proposed method outperforms the other methods by an
average of 17% yet maintaining low mathematical complexity.

Keywords: Autonomous tracking, Kalman Filter, Maximum A Posteriori, Particle Filtering, Cramer Rao lower bound.

In almost all electronics and communication systems, e.g.,
telecommunications, computer vision and RADAR, there is a
great need for application of signal processing techniques in or-
der to enhance performance [1]. One of the commonly known
problems associated with these systems is the deleterious noise
that makes it hard to fully benefit from such electronics systems.
Surgical robots mentioned in [2] are an example of an appli-
cation which needs very accurate signal estimation. RADAR
systems also need signal estimation for time delays [3]. Un-
manned vehicles such as autonomous tractors are among ap-
plications which have not yet fully benefited from automation
despite their potential use in precision farming [4, 5]. Au-
tonomous objects have gained a lot of interest from researchers
due to their widespread use in modern days. Some key areas
which are still open to research are the visual object tracking
for video traffic controls, human machine interactions and di-
agnostics machines among others [6]. These autonomous ob-
jects need trackers which can clearly initialize target as well
positioning. One general problem reported in the literature is
the additive noise which has challenged researchers to come up
with robust motion estimators in presence of noise. A compre-
hensive survey of these issues is presented in [7] and [8].

To deal with the problems mentioned above, determinis-
tic [9, 10] and Bayesian [11, 12] signal estimation methods
have been used. Even though the deterministic approaches are
important because of their ease of modeling, Bayesian meth-

1. Introduction ods are being highly recommended due to their ability to in-
corporate some information relating to the measurement under
estimation [13–15]. Some of the classical estimators include
the mean, median, maximum likelihood, Kalman filter, Maxi-
mum A Posteriori and Pitman estimators [16, 17]. Despite the
plethora of the estimators, the estimation problem has not been
fully solved because of the effects of the equipment and noise
nature as reported in [2, 18], respectively. One other problem
which always arises is the hard decision to choose one estima-
tor over the other, mainly because of the different performances
proved by the comparison between the mean and the median
[19]. The difference in performance by different estimators is
attributed to the way in which the noise is modeled. Owing to
the limitations of the central limit theorem (CLT) and the law
of large numbers (LLN) most of the noise is assumed to follow
a Gaussian distribution and therefore good performance is only
attained in scenarios where noise is truly Gaussian [18].

Motion estimation and tracking are key activities in many
computer vision applications, e.g., video tracking, surveillance,
automotive security [20]. It mainly concentrates on locating a
changing state over time such as the speed of a moving vehicle
over an interval of time. Gandhi et al in [21] derived a robust
Kalman filter for Gaussian noise in the presence of observa-
tion outliers. Their work used batch mode Kalman filter based
on the generalized maximum likelihood type estimator (GM-
Kalman Filter). Applied in tracking problem, results showed
that when two observations with noise variances of 10 m2 and
100 m2 were used, the GM-Kalman filter achieved an MSE of
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17, 9m2 as compared to 73.5 m2 achieved when a single obser-
vation of variance 100 m2 was used. Furthermore, the GM-
Kalman filter outperformed the classical Kalman filter in ef-
ficiency by 85%. In spite of the good effects of using many
observations, on top of being limited to Gaussian noise sce-
nario, it is a computationally expensive method. On the other
hand, Barnerjee and Burlina in [22] proposed the use of the
Support Vector Data Description (SVDD) to alleviate computa-
tional burden imposed by particle filters. Their experimentation
was based on non-linear non-Gaussian dynamic system track-
ing and color based tracking. Their findings proved that the
SVDD reduced the computational time by 50% as compared to
the normal particle filtering framework. Even so, their work is
mathematically complex for multivariate distributions.

A multiple object tracking on a Bayesian framework was in-
troduced in [23] based on the Monte Carlo simulation particles.
Authors proposed to track objects simultaneously by assuming
the independence of the individual object tracks. Their work
made different posteriors for the individual tracks even for tar-
gets maneuvering very close to each other. In this approach
little mathematical complexity is maintained for multiple ob-
ject tracking. Despite the promising results of their findings,
their experimentation was only limited to the case where the
random fluctuations of the velocity were Gaussian distributed.
Moreover their work was limited to linear model of the motion
in multiple target tracking.

The present work makes use of the idea in [23] but extend-
ing it to a single object tracking case in non-Gaussian noise. It
computes single posteriors rather than the evaluation of mul-
tivariate distribution presented by [22]. Moreover the present
work also makes a threshold ratio, say ξ of the highest particle
weight before computing the mean. A threshold search is em-
pirically done in the results section. This stems from the fact
that weight of each particle w is such that w ∼ U[0, 1]. Mathe-
matically it then follows from the Uniform distribution and the
law of large numbers that

Pr[w > ξwmax] −−
a
→
.s

1 (1)

Theoretically this will make all samples of weights to be within
the upper 60th percentile hence taking weights which are highly
significant and more importantly improving the reliability of
the estimate. The effective sample size maintained at each time
step is

Npe f f =
1∑Np

i=1(wi,Np )2
(2)

where Np is the total particle size. It is also worth noting that
in contrast with works [21, 23, 24], which are limited to Gaus-
sian noise tracks, the present work uses different noise distribu-
tions. Moreover a simpler particle filtering framework is used,
by evaluating a series of single variate distributions as com-
pared to [22] and [25], which evaluate multivariate distribu-
tions. It is shown that the proposed method outperforms the
MAP and the Kalman filter as well as maintaining a small de-
viation from the CRLB in the linear case. It is also shown that

the proposed method outperforms the MAP and the Extended
Kalman filter (EKF) in the non-linear estimation.

Section 2 presents the motion model of an autonomous ob-
ject in different noise scenarios, Section 3 presents the proposed
algorithm, Section 4 presents the simulations results. Finally
Section 5 concludes the paper and defines the future works.

2. State space model for the autonomous object

The autonomous object state parameters, which are to be
estimated at each time step n where n = 1, 2, ...N, are the dif-
ferent evolving states which here we choose to represent with
a variable χ. In linear case they are x or y positions while for
the non-linear case are the range and bearing angle denoted by γ
and θ, respectively. The corresponding measurement of individ-
ual state is denoted by ψ. Both the state and the measurements
are assumed to have a noise of a given variance with a certain
probability distribution function. The model of the generic dy-
namic system is given by (3) and (4),

sn = f (sn−1, ωn−1), (3)
zn = g(sn, vn), (4)

where functions f and g transform the Markov state process to
the present state and measurement, respectively. s and z are the
vectors of the state and the measurement at the time instant n re-
spectively. In addition, system noises ωn−1 and vn are modeled
using the Exponential and Logistic distributions in function of
χ as shown in (5) and (6), respectively.

p(χ, λ) = λe−λχ, χ ∈ (0,∞) (5)

p(χ, µ) =
1
4s

sech2
(
χ − µ

2α

)
, χ ∈ (−∞,∞) (6)

In (5), λ represents the scale parameter, while in (6), α and µ
represent the positive scale and the location parameter, respec-
tively. It is worth noting that under ideal situations the state
and measurement processes will be functions of the undisturbed
state and measurement values e.g. sn = f (sn−1) and zn = f (sn)
respectively. Unfortunately there are always random fluctua-
tions as reflected in (3) and (4). The present work uses (3)
and (4) to track an autonomous moving object in non-Gaussian
noisy measurement. This is done by points mimicking the true
path and later computing a point estimate of the mimic points.
The mimic points mean will in turn bring an estimate which
approximates the undisturbed model (3).

3. Separate Monte Carlo Mean (SMC-MEAN) for Track-
ing

The generic particle posterior estimation is centered on the
idea of sampling from wrong distributions. This method is
based on simulation of multiple number of support points with
associated weights. The weights of these points are propor-
tional to their (the points)’s contribution in the overall probabil-
ity distribution. This is done recursively in the case of modeling
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dynamic systems and therefore the weights will be evaluated at
each step [26]. To ensure that these weights are indeed taken
from a distribution function, they are normalized to bring the
sum of all weights to one. This approach does not need an as-
sumption of the Gaussian distribution which is a common prac-
tice. Moreover to be able to combine the state dynamics with
the measurement, each time step is characterized by a predic-
tion step which is based on the idealized state. This idealized
state is expected to maintain a high variation from the expected
values and the correction stage will allow for incorporation of
the measurement to reduce the amount of error. This idea is
summerized in Algorithm 1 which is based on [27, 28].

Algorithm 1 Generic particle filtering framework
Require: s0, zn,K,Np

Ensure: wi,n

1: BEGIN
2: p(sn|zn)← f {p(sn|sn−1, zn)}
3: for i = 1 : Np do
4: q(si,n|zi,n)← f {q(sn|sn−1, zn)}
5: ŵi,n ← wi,n−1

p(zn |sn)p(si,n |si,n−1)
q(si,n |si,0:n−1,z0:n)

6: wi,n ←
wi,n∑Np

j=1 ŵ j,n

7: end for
8: END

Let s0, zn,K, Np, q, ŵi,n, ŵ j,n be the initial states, mea-
surement vector at time index n, number of observations made,
number of particles used, the mimic distribution, the ith unnor-
malized weights at time instant n and the jth weight running the
normalizing sum respectively for the Algorithm 1 and the rest
of the paper. χ0:n is the state from time 0 to nthobservation while
ψ0:n is measurement from 0 to n. The loop between line 2 and 8
in Algorithm 1 computes the overall posterior distribution while
the loop between line 3 and 7 generates Np particles for each
time step observation. Line 5 makes the different mimic points
for each particle while line 6 computes the weight of each par-
ticle. It is worth noting that the posterior filtering distribution in
Algorithm 1 is evaluated from a multidimensional distribution.
One problem which can be associated with this approach is that
a combination of a bad estimate in one state and a good esti-
mate can still yield a high weight. The present work addresses
this limitation by assuming separate distribution for each object
motion state by deriving the SMC-MEAN. Mathematically s is
a vector of state variables at time n but these can be made to be
independent assuming that

sn = χ1, χ2.....χm (7)

This can be computed as the joint distribution whose marginal
results in individual state projection as shown below for the case
of the mth separate state.

p(χm) =

∫
p(χ1)

m∏
i=1

p(χi|χi−1)dχ1:m−1 (8)

Having separated the distribution of the states then it can be
assumed that the evolving posterior distribution of such a state

can be computed using

p(χ0:n|ψ1:n) = f {p(χ0:n−1|ψ0:n−1), ψn}, (9)

which is the conditional probability of the state given the mea-
surement. Exploiting the Bayesian rule in [29] for Markov pro-
cess and independent measurement then the posterior distribu-
tion is given by

p(ψ0:n|χ0:n) =
p(ψn|χn)p(χn|χ0:n−1)p(χ0:n−1|ψ0:n−1)

p(ψn|ψ0:n−1)
. (10)

The Monte Carlo particle filter bases its approach on the fact
that it is difficult to sample from the distribution p(χ0:n|ψ0:n).
The alternative would be to sample from a mimic distribution
say q(χ), which can also be factorized as shown next,

q(χ0:n|ψ1:n) = q(χn, χ0:n−1|ψ1:n). (11)

Mathematically it can be shown that (8) reduces to (9) [27].

q(χn, χ0:n−1|ψ1:n) = q(χn|χ0:n−1, ψ1:n)q(χ0:n|ψ0:n−1). (12)

This formulation shows that the mimic distribution resembles
the true posterior distribution since they are defined by the same
process. To compute the overall posterior distribution up to
time instant n, then weights can be computed. These weights
are the contribution of the Monte Carlo mimic points to the true
points as the state is evolving. It is worth noting that the true
posterior distribution is known only by means of computation
of the likelihood and the prior. This therefore means that the
weights are proportional to the distribution as shown below

wn ∝
p(ψn|χn)p(χn|χn−1)p(χ0:n−1|ψ0:n−1)
q(χn|χ0:n−1, ψ1:n)q(χ0:n−1|ψ0:n−1)

. (13)

The complete discrete posterior distribution is then given by

p(χ0:n|ψ1:n) ≈
Np∑
i=1

wi,nδ(χ0:n − χi,0:n), (14)

which represents the overall posterior distribution of the whole
state. This posterior distribution can be simplified for the state
at a time index n by computing the marginal distribution, which
according to [30] yields

p(χn|ψ1:n) ≈
Np∑
i=1

wi,nδ(χn − χi,n), (15)

With the availability of the posterior, any other computation can
be made on this posterior including estimator analysis such as
CRLB, MAP as well as the closed form expression, just to men-
tion a few. The value of Np is chosen arbitrarily such a way that
it gives a good estimate, also maintaining good computation
time. Hence, to avoid the particle degeneracy problem, which
is outlined in [27], this work makes a threshold particle weight
of ξ of the highest weight and anything less than the threshold
is replaced by the highest weight particle. Schematically the
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Figure 1: SMC-MEAN block diagram

block diagram in Figure 1 is used to represent how the SMC-
MEAN is applied. The hidden process block contains the ide-
alized evolving state, known mathematically. Computation of
the prior is the block that focuses on finding the predicted val-
ues based on the previous estimate contained in the previous
estimate block. The correction of the prediction is done in the
computation of the posterior making use of the measurement.
Algorithm 2 is used to estimate each state at a given time.

Algorithm 2 Separate Monte Carlo mean (SMC-MEAN)
Require: χ0, ψn,K,Ns, vx[0], vy[0]
Ensure: χ̂

1: BEGIN
2: for n = 1 : K do
3: p(χn|ψn)← f {p(χn|χn−1, ψn)}
4: for i = 1 : Ns do
5: q(χi,n|ψi,n)← f {q(χn|χn−1, ψn)}
6: wi,n ←

p(χn |ψn)
q(χi,n |ψi,n)

7: end for
8: for i : Np do
9: TR = max(wn)

10: if wi < ξ ∗ TR then
11: χ,wi ← χ,max(wn)
12: end if
13: χ̂← 1

Np

∑Np

i=1 χi

14: end for
15: end for
16: END

Let χ0 ,ψn,K,Ns, vx[0],vy[0] be the separate state, separate mea-
surement at each time index n, number of observations made,
number of particles used, initial velocities in x and y axis re-
spectively. Loop between line 2 and 15 of algorithm 2 pro-
duces the time step point estimate of the true track position.
Lines 4-12 compute the particle weights and compares parti-
cle weights to the ξ of the maximum weight. Similar to Al-
gorithm 1, lines 4 to 7 in Algorithm 2 generate particles and
computes the weight. One major difference between the two
approaches is that the Algorithm 2 performs the particle gen-
eration for each state. After the weights have been computed,
there will be those weights for mimics which are not close to the
true path. Taking these weights into consideration might pro-
duce a bad estimate. Moreover work [27] and [31] mentions the
degeneracy problem which might arise from taking weak mimic
points which is why in this work they are eliminated. One key
advantage of the SMC-MEAN is that it is capable of account-
ing for non-Gaussian noise scenarios which are generally more
realistic since prior knowledge of the posterior is normally un-
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Figure 2: MSE of the estimators using different thresholds

available.

4. Results and Analysis

The complete model used in this work for linear model is
given by equation (16) and equation (17) while for non-linear it
is given by equation (16) and equation (18).

x
y
ẋ
ẏ

 =


1 0 ∆T 0
0 1 0 ∆T
0 0 1 0
0 0 0 1



x[n − 1]
y[n − 1]
ẋ[n − 1]
ẏ[n − 1]

 +


wx

wy

wẋ

wẏ

 (16)

[
x
y

]
=

[
1 0 0 0
0 1 0 0

] 
x[n − 1]
y[n − 1]
ẋ[n − 1]
ẏ[n − 1]

 +

[
wx

wy

]
(17)

[
γ
θ

]
=

 √x2[n] + y2[n] + vγ
arctan

(
y[n]
x[n]

)
+ vθ

 (18)

where wx, wy,wẋ,wẏ,vγ and vθ are the noise terms correspond-
ing to the state in the subscript and they were initialized at a
value of 0.5 while the velocities ẋ andẏ were set at 10 m/s and
15 m/s respectively and ∆T is the sampling time set at 0.1s. The
proposed method was compared to other estimation methods in
three different scenarios being, linear non-Gaussian, non-linear
Gaussian and non-linear non-Gaussian tracks. In order to im-
prove the accuracy of the Mean Squared Error (MSE), 5000
Monte Carlo simulations were done on HP Intel(R) Celeron(R)
CPUN2830. For the linear case the MSE was analyzed when
the measurement is reported as a linear function of the x and
y-axis. Linear results were also compared to the CRLB. For the
non-linear case the performance analysis was done when the
measurement was reported as a function of the bearing and the
range.
Figure 2 shows the search for ξ which gives performance of
SMC-MEAN using different threshold values, which ultimately
influenced the threshold (ξ) for this work to be set at 0.4 due
to consistency. Furthermore to choose the number of particles
used, an experiment was run for MSE against particle size as re-
ported in Figure 3. According to the results any mimic particle
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Figure 3: MSE for different Particle size in Logistic Noise at fixed variance
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Figure 4: MSE of the estimators in Exponential noise for different variances
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Figure 5: MSE of the estimators in Logistic noise for different variances

size value above 300 successfully drives the MSE to low val-
ues. Taking this into consideration and computational burden
of many particles, 500 particles are used in this work.

Results in Figure 4 shows the performance in exponential
noise scenario in linear track. The MSE results of the MAP
and the SMC-MEAN are almost indistinguishable. One reason
which could be attributed to this, is the fact that they are com-
puted from the same posterior distribution. Moreover consistent
with [32] this can be linked to the complexity of non-negative
valued noise. On the other hand results in Figure 5 show that the
SMC-MEAN performs very well in logistic distribution. Fur-
thermore, this occurrence can be attributed to the fact that the
Logistic distribution is heavy-tailed but has a centralized bell
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Figure 6: Comparison of different estimation methods in different distributions
for Range-Bearing estimates

shaped distribution with central mean. This is an interesting re-
sult since the proposed SMC-MEAN is able to estimate even in
heavy-tailed distributed noise. In both figure 5 and 4 show the
performance of the Kalman filter to be poor in non-Gaussian
noise.

Results in the range from Figure 6 show that the SMC-
MEAN is both consistent and almost optimal as it attained an
MSE less than or equal to 1 m2, outperforming the MAP and the
EKF. Even so, the MAP is also consistent due to its computa-
tion from the posterior distribution. EKF, as expected performs
poorly in Exponential noise as it is mostly designed for Gaus-
sian distributions. From the same Figure 6 it can be deduced
that the SMC-MEAN is consistent especially in non-linear es-
timation problems. Even though the Logistic distribution is a
heavier-tailed distribution than the Gaussian, the SMC-MEAN
and the MAP portray similar behavior in Logistic and Gaus-
sian noise. This can be attributed to the fact that both distribu-
tions are bell shaped taking positive and negative values. Fur-
thermore the SMC-MEAN is consistent for both variances of
0, 25 m2 and 64 m2 which proves its robustness to highly dis-
persed data. Another interesting results is that in non-linear ob-
ject tracking in Exponential noise, the SMC-MEAN and MAP
attained better results than those for linear case as shown by
Figure 4. This shows that exponential noise requires a prior
compensation which comes by default in non-linear functions
used.

5. Conclusions and Future Works

The SMC-MEAN was derived based on the Bayesian par-
ticle filtering framework. Results from the present work sug-
gested that the separability of the individual tracks in the mo-
tion model allows for a simple mathematical estimation model.
It has also been deduced that the proposed method is efficient
in heavy-tailed distributions especially those with well defined
moments as shown by an average MSE of approximately 3 at
a variance of 60. The present work has in overall successfully
tracked objects in different noise tracks.

Despite the good performance of the proposed methods, it
still experiences difficulty in estimating linear path with expo-
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nential noise as shown by an MSE of approximately 50 at a vari-
ance of 60. This could be further investigated in future works.
Furthermore, the proposed method is based on the particle fil-
tering framework which is known to be a compromise between
the number of particles and good estimates. It makes it impor-
tant to improve on the proposed methods to be able to maintain
high accuracy with little number of particle. This work was lim-
ited to additive noise and therefore future works can consider
the same approach in non-additive noise such as multiplicative.
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