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• We examined the reliability of mathe-
matical functional forms (MFFs) to ob-
tain Kx.

• Wide range of predicted Kx for rivers
demonstrates poor reliability of the
MFFs.

• Bandwidths similarity factor is intro-
duced to quantify the reliability ofMFFs.

• Aspect ratio of the channel showed a
greater impact on Kx than the friction
term.

• The accuracy of Kx estimations could be
improved by accounting for river
curvature.
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Although dimensional analysis suggests sound functional forms (FFs) to calculate longitudinal dispersion coeffi-
cient (Kx), no attempt has been made to quantify both reliability of the estimated Kx value and its sensitivity to
variation of the FFs' parameters. This paper introduces a new index named bandwidths similarity factor (bws–
factor) to quantify the reliability of FFs based on a rigorous analysis of distinct calibration datasets to tune the
FFs. We modified the bootstrap approach to ensure that each resampled calibration dataset is representative of
available datapoints in a rich, global database of tracer studies. The dimensionless Kx values were calculated by
200 FFs tuned with the generalized reduced gradient algorithm. Correlation coefficients for the tuned FFs varied
from 0.60 to 0.98. The bws–factor ranged from 0.11 to 1.00, indicating poor reliability of FFs for Kx calculation,
mainly due to different sources of error in the Kx calculation process. The calculated exponent of the river's aspect
ratio varied over a wider range (i.e., −0.76 to 1.50) compared to that computed for the river's friction term
(i.e., −0.56 to 0.87). Since Kx is used in combination with one-dimensional numerical models in water quality
studies, poor reliability in its estimation can result in unrealistic concentrations being simulated by the models
downstream of pollutant release into rivers.

© 2021 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).
ori@gmail.com (R. Noori).
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1. Introduction

Rivers are typically exposed to large pollution loads from point and
nonpoint sources. These pollution loads degrade water quality and
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threaten the river ecosystem services (Bostanmaneshrad et al., 2018;
Noori et al., 2019). Theoretically, the pollutants spread in vertical, lat-
eral, and longitudinal directions, where the latter is the predominant
mechanism of solute mixing far from discharge point in rivers (Boxall
and Guymer, 2007; Ramezani et al., 2019). Considering the governing
role of longitudinal mixing for spreading the solutes, the one-
dimensional advection-dispersion equation (1D-ADE) is widely
used to simulate the fate and transport of non-reactive pollutants
in rivers (Ahmad, 2013; El Kadi Abderrezzak et al., 2015; Barati
Moghaddam et al., 2017; Camacho Suarez et al., 2019; Ramezani
et al., 2019). To apply 1D-ADE, the longitudinal dispersion/mixing
coefficient Kx should be determined, an arbitrary nonlinear variable
that fluctuates widely (Seo and Cheong, 1998). Therefore, determin-
ing Kx has always been considered a challenging task in the practical
application of 1D-ADE (Noori et al., 2011; Seifi and Riahi-Madvar,
2019).

The Kx, as the rate of longitudinal mixing process described by the
1D-ADE, was introduced by Taylor (1953, 1954). Taylor (1954) pro-
posed a theoretical approach for Kx prediction in pipes. Then, Elder
(1959) derived a simple empirical equation for Kx estimation in open
channels using an extension of Taylor (1954) method. Thereafter,
many studies have been conducted to introduce sound practical equa-
tions for Kx calculation by tuning sound functional forms (FFs) (or func-
tional relationships as suggested by Seo and Cheong (1998)) derived
using dimensional analysis (e.g., Seo and Cheong, 1998; Kashefipour
and Falconer, 2002; Tayfur and Singh, 2005; Tayfur, 2006; Toprak and
Cigizoglu, 2008; Noori et al., 2009; Sahay, 2011; Etemad-Shahidi and
Taghipour, 2012; Najafzadeh and Tafarojnoruz, 2016; Wang et al.,
2017; Balf et al., 2018; Parsaie et al., 2018).

These investigations of Kx have mainly focused on formulating new
slightly different versions of empirical Kx equations. To date, the tuned
FFs for Kx determination have relied on single calibrations, where in
fact alternative calibration-based parametrizations produce different
Kx values using various sub-sets of available tracer studies data. Thus,
the reliability of the suggested formulae for Kx determination
remains largely opaque (Sahin, 2014; Noori et al., 2016). Noori
et al. (2016) quantified the large uncertainty in the Kx estimation
for natural rivers using artificial intelligence models. However, no
information was provided in Noori et al. (2016) about the effect of
the variation of FFs' parameters on the physical longitudinal mixing
mechanism through Kx estimation due to the black-box nature of
the applied models.

The primary contributions of this paper are two-fold: (i) providing a
comprehensive framework to investigate the reliability of physically-
based FFs for Kx estimation, and (ii) determining the sensitivity of Kx

values to variation of the FFs' parameters due to the use of various sub-
sets of available data from a global database of tracer studies to obtain a
range of parameters values through calibration.We explore the reliability
of the FFs by changing the sub-sets of data resampled for tuning these
functional forms. In this regard, bootstrapmethod is modified to improve
the representativeness of resampled calibration sub-sets from a rich data-
base of 503 datapoints, including river aspect ratio, friction term, and di-
mensionless Kx collected from laboratory flumes and natural rivers
across the world compiled by Riahi-Madvar et al. (2019). Also, a new
index named bandwidths similarity factor (bws–factor) is introduced to
quantify the reliability of FFs. Results demonstrate poor reliability of FFs
for Kx calculation, mainly due to sensitivity to calibration and different
sources of error in the Kx calculation process.
2. Materials and methods

2.1. Theoretical background

Fluid characteristics, hydraulic properties, and geometric specifica-
tions are considered as the main parameters affecting the spread of
2

pollutants in rivers. Thus, Kx can be expressed as (Seo and Cheong,
1998; Kashefipour and Falconer, 2002; Etemad-Shahidi and Taghipour,
2012):

Kx ¼ g1 μ ,ρ,W ,H,U,U∗, Sf , Sn, slope, roughness
� � ð1Þ

where, μ and ρ are fluid characteristics, i.e., viscosity and density, re-
spectively; W, H, U, and U⁎ are river hydraulic properties, i.e., mean
channel width, mean flow depth, cross-sectional mean velocity, and
shear velocity, respectively; and Sf and Sn are river geometric features,
i.e., bed shape factor and river curvature, respectively.

Eq. (1) can be rewritten in dimensionless form as (Kashefipour and
Falconer, 2002; Wang and Huai, 2016):

Kx

HU∗ ¼ g2
ρHU
μ

,
W
H

,
U
U∗ , Sf , Sn, slope, roughness

� �
ð2Þ

where, ρHU/μ is Reynolds number.
For open channel flow, the effect of turbulence becomes dominant

for Reynolds number >2000–3000 (Chanson, 2004). Thus, viscosity
forces are not considerable. To illustrate the range of Reynolds numbers
in our data set, we assumed μ = 0.0010005 Pascal.Second (Pa·S) in
20 °C and a rectangular shape channel. The estimated Reynolds number
in our database varied from 7167 to 23,988,006. Therefore, we excluded
Reynolds number from Eq. (2).

The friction term U/U ∗ can somewhat represent the effects of Sf, Sn,
slope, and channel roughness (Seo and Cheong, 1998). Considering
these simplifications, Eq. (2) is expressed as:

Kx

HU∗ ¼ g3
W
H
,
U
U∗

� �
ð3Þ

Assuming a power function for g3, the general expression of Kx can
be rewritten as (Rutherford, 1994; Deng et al., 2002; Sahay and Dutta,
2009; Etemad-Shahidi and Taghipour, 2012; Noori et al., 2017):

Kx

HU∗ ¼ a
W
H

� �b U
U∗

� �c

ð4Þ

Kx

HU∗ ¼ dþ e
W
H

� �f U
U∗

� �h

ð5Þ

where, a, b, c, d, e, f, and h are the parameters of the FFs determined in
the calibration process.

Eq. (5) is the same as Eq. (4) in structure with an added bias value,
i.e., d. Eq. (4) is themorewidely used FF for calculation of dimensionless
variable Kx, i.e., Kx/HU ∗ (Fischer et al., 1979; Koussis and Rodríguez-
Mirasol, 1998; Seo and Cheong, 1998; Deng et al., 2001; Sahay and
Dutta, 2009; Etemad-Shahidi and Taghipour, 2012; Sahay, 2013; Zeng
and Huai, 2014; Wang and Huai, 2016; Azar et al., 2021) while Eq. (5)
has also been used in previous applications (Noori et al., 2017). Hereaf-
ter, the FFs, expressed as Eqs. (4) and (5), respectively, will be referred
to as Model-I and Model-II.

2.2. Data

The reported values for Kx in the literature cover a wide range from
very close to zero in the laboratory flumes to 1487 m2/s (Yotsukura
et al., 1970), 2880 m2/s (Graf, 1984), and even 6800 m2/s (Calandro,
1978) in large rivers. We used the data that have been widely used by
other researchers during the last decades compiled by Riahi-Madvar
et al. (2019), leading to Kx data within the range of 0 to ~1800 m2/s.
This database includes 503 datapoints from laboratory flumes and nat-
ural rivers across theworld. It consists of feasiblymeasurable parameter
of river geometries (H andW) and hydraulic features (U and U⁎) as well
as field-estimated Kx data. Larger Kx values than themaximum Kx in our
database (i.e., ~1800 m2/s) are extremely rare cases of field-estimated



Table 1
Statistical characteristics of the datapoints used in this study (Source of data: Riahi-
Madvar et al., 2019).

Variable Statistic

Mean Median Min Max StD⁎ Skew⁎⁎ Kurt⁎⁎⁎

Width (W) – m 56.49 26.82 0.200 867.0 110.98 4.87 28.4
Depth (H) – m 1.42 0.71 0.034 19.9 2.31 4.62 27.4
Velocity (U) –m/s 0.49 0.44 0.022 1.7 0.31 1.27 2.3
Shear velocity
(U⁎) – m/s

0.07 0.05 0.001 1.0 0.07 7.12 74.0

Aspect ratio
(W/H)

40.72 27.00 1.441 1000.0 74.95 8.70 94.4

Friction term
(U/U⁎)

10.01 7.89 0.222 62.9 7.09 1.93 8.7

Kx – m2/s 71.56 13.94 0.005 1798.6 192.18 5.57 36.9
Kx/HU ∗ 1039.06 233.65 0.964 33,426.7 3261.12 7.22 59.9

⁎ StD: Standard deviation.
⁎⁎ Skew: Skewness.
⁎⁎⁎ Kurt: Kurtosis.
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values for natural rivers with complex hydraulic and geometric charac-
teristics. These extremely rare values were excluded as outliers because
they could significantly affect the statistical analyses. The statistical
characteristics of the data points used are given in Table 1. More details
about the frequency histograms for the dependent dimensionless vari-
able Kx/HU ∗ and independent variables, i.e., aspect ratio (W/H) and fric-
tion term (U/U⁎) are also provided in Figs. S1 to S3.

2.3. Reliability investigation

The parameter values and outputs of Model-I and Model-II depend
on the sub-set of available datapoints used to calibrate the FFs. There-
fore, distinct calibration datasets in different calibration attempts result
in various Kx/HU ∗ calculation models with different accuracies. To ex-
amine the reliability ofModel-I andModel-II for Kx/HU ∗ calculation sub-
ject to alternative calibrations, they were tuned by 100 distinct
calibration datasets. Each calibration dataset consisted of 103datapoints
randomly resampled from the 503 available datapoints.

The bootstrapmethodwasmodified inMATLAB environment to en-
sure that the selected calibration datasets are resampled in a way that
they can completely represent the statistical properties of the whole
datapoints. As a computational scheme, bootstrapping uses rigorous
random resampling with replacement to decrease model uncertainty
(Efron and Tibshirani, 1994; Srivastav et al., 2007). The modification of
the bootstrap technique was necessary because the upper extreme Kx

values are rarely seen in the used datapoints (Fig. 1), meaning that
these values may be underrepresented in the distinct calibration
datasets selected by the bootstrap method. This underrepresentation
may inevitably result in poor calibration of FFs, reducing the reliability
of the functional forms in Kx/HU ∗ calculations.
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A hundred distinct calibration datasets were generated for tuning
Model-I andModel-II as illustrated in Fig. 2. The global database first di-
vided into four sections including 1th, 49th, 98th, and 99th percentiles
of the distribution of 503 datapoints sorted from smallest to largest Kx

values. The first (1st percentile) and fourth (99th percentile) sections
(a total of 10 datapoints), were selected to be used in all 100 calibration
datasets to include small and large Kx values (see data highlighted by
blue and red colors in Fig. 2). The remaining data for each calibration
dataset (93 datapoints), were randomly resampled with replacement
from 49th and 98th percentiles of the distribution the available global
database, adding 58 and 35 datapoints, respectively (see data
highlighted by yellow and brown colors in Fig. 2). The parameters and
outputs of Model-I and Model-II were consequently computed for
each resampled calibration dataset (i.e., 100 calculations).

The generalized reduced gradient (GRG) algorithm, a nonlinear ex-
tension of the simplex method (Lasdon et al., 1974), was employed to
tune Model-I and Model-II. It finds the outputs and parameters of
Model-I and Model-II by minimizing the mean square error (MSE) as
the objective function calculated between the field-estimated and
model-predicted Kx/HU ∗:

MSE ¼ 1
n

∑n
i¼1 Kx=HU

∗ð ÞO − Kx=HU
∗ð ÞP

� �2h i
ð6Þ

where (Kx/HU ∗)O and (Kx/HU ∗)P are field-estimated and model-
predicted values of dimensionless parameter Kx/HU ∗, respectively, and
n is the number of datapoints.

The GRG should be trained well with each calibration dataset to
make sure that the tuned FFs have the best performance. For the GRG
to find global optima, it should have a starting point in the neighbor-
hood of the global optima. Thus, we ran the GRGwith 100 different ran-
dom starting points for each calibration dataset to increase the
probability of the algorithm converging to the global optima. This was
done by using the “Use Multistart” automatic iteration method in
Excel. The result is a range of parameters and outputs computed by
the GRG for each calibration dataset and FF. However, the MSE values
vary depending on the magnitude of the data used and thus cannot be
compared across different studies that usually use databases with dif-
ferent ranges of Kx. Meanwhile, correlation coefficient (R) scales the re-
sults between −1 and 1, regardless of the magnitude of the data used.
Thus, we used R instead of MSE to compare Model-I and Model-II.

To quantify the reliability of FFs, we introduced a new index named
the bandwidths similarity factor (bws–factor). The idea of bws-factor is
based on the d-factor (as a measure of the bandwidth of uncertainty) in-
troduced by Abbaspour et al. (2007). The bws–factor is a measure of sim-
ilarity between the bandwidths drawn for both field-estimated and
model-predicted Kx/HU ∗ values. The range of outputs (model-predicted
Kx/HU ∗) for each FF establishes a bandwidth based on the model-
predicted data cloud. The reliability of the FFs is perfect if the bandwidth
of model-predicted Kx/HU ∗ is the same as the bandwidth calculated for
000 1200 1400 1600 1800 2000

ion coefficient (m2/s)

ations of longitudinal dispersion coefficient (Kx).



Fig. 2. Flowchart of the study's methodology.
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the corresponding 100 resampled calibration datasets. The bws–factor is
calculated for each data in the resampled calibration dataset and its
corresponding model-predicted Kx/HU ∗ values as described in Eq. (7).

bws− factor ¼ 1−
max Kx=HU

�ð ÞO − max Kx=HU
�ð ÞP

�� ��þ min Kx=HU
�ð ÞO − min Kx=HU

�ð ÞP
�� ��

max Kx=HU
�ð ÞO;P − min Kx=HU

�ð ÞO;P
ð7Þ
4

where, max(Kx/HU ∗)O, P is maximum values in both field-estimated cal-
ibration datasets and corresponding predictions; min(Kx/HU ∗)O, P

MinO, Pis minimum Kx/HU ∗ values in both field-estimated calibration
datasets and corresponding predictions; max(Kx/HU ∗)O and min (Kx/
HU ∗)O, respectively, are maximum and minimum Kx/HU ∗ values in cal-
ibration datasets only; and max(Kx/HU ∗)P and min(Kx/HU ∗)P are maxi-
mum and minimum Kx/HU ∗ values in predictions only, respectively.
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The bws–factor calculated for each datapoint varies between−1 and
1. It is negative if the bandwidth of model-predicted Kx/HU ∗ does not
overlap that for the field-estimated data and vice versa. Otherwise, the
bws–factor is positive. The best value for the bws–factor is 1, indicating
that both calculated bandwidths are fully overlapped. Here, the bws–
factor averaged on all data was used to determine the similarity be-
tween bandwidths of field-estimated and model-predicted Kx/HU ∗

values. However, the model may still contain uncertainty even if the
bws–factor is 1. Therefore, the mean absolute error (MAE) was sepa-
rately calculated for each field-estimated calibration datapoint and the
corresponding model-predicted Kx/HU ∗ values. It should be noted that
a single goodness-of-fit indicator (e.g., MSE or MAE) does not provide
an adequate measure of the reliability of a model. The MAE or MSE
values vary depending on themagnitude of the data used and thus can-
not be compared across different studies that usually use databaseswith
different ranges of Kx. Meanwhile, the bws–factor scales the results be-
tween −1 and 1, regardless of the magnitude of the data used. There-
fore, we used both bws–factor and MAE to assess the reliability of
Model-I and Model-II. The best value for MAE is zero, indicating no
error between field-estimated and model-predicted Kx/HU ∗ values.
(A)

(B)

0

0.2

0.4

0.6

0.8

1
1

4
7

10

13

16

19

22

25

28

31

34

37

40
43

46495255
58

61

64

67

70

73

76

79

82

85

88

91
94

97 100

Model-I

0.55 0.60 0.65 0.70 0.75

Correlation

0

5

10

15

20

25

30

N
u

m
b

er
o

f
o

b
se

rv
at

io
n

s

Model-II

Model-I

Fig. 3. (A) Correlation coefficient (R) values for 100 tuned models run using distinct calibratio
values for Model-I and Model-II.

5

3. Results and discussion

3.1. Reliability in FFs' predictions

Table 1 shows large differences between mean and median values
and also positive values of skewness for the independent (aspect ratio
and friction term) and dependent (Kx/HU ∗) variables. This likely implies
the non-normal distribution of the used variables where data are not
symmetrically distributed around the mean. The Kolmogorov-Smirnov
test (Hong-Zhi and Bing, 1991) confirmed the assumption that Kx/HU ∗

distribution is non-normal. Also, a large value of the standard deviation
of Kx/HU ∗ may result in difficulties in accurate calculation of this vari-
able for rivers. Indeed, the used datapoints cover a wide range of aspect
ratios, from small laboratory flumes (with the aspect ratio of 1.441) to
large natural rivers (with the aspect ratio of 1000) (Table 1).

The R values for Model-I and Model-II tuned by the distinct calibra-
tion datasets (100 R values per FF) are given in Fig. 3A. In addition,
scatter plots of the 100 models tuned for each FF are given in Figs. S4
to S9. According to Fig. 3A, the R values for Model-I and Model-II vary
from 0.60 to 0.98 and 0.71 to 0.98, respectively. In general, smaller R
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values inModel-I contribute to larger errors produced in theKx/HU ∗ cal-
culation process. Frequency histogram of the R values (Fig. 3B) shows
that 77 out of the 100 tuned Model-I had R values <0.70, whereas all
tuned Model-II R values were larger than 0.70. Also, the number of
cases of tuned Model-II with R values greater than 0.8, 0.85, 0.9, and
0.95 was consistently larger than those for tuned Model-I. These find-
ings demonstrate the better performance of Model-II compared to
Model-I in Kx/HU ∗ calculation process. This may also contribute to less
reliability of Model-I compared to Model-II.

Model-I appears to underestimate Kx/HU ∗ values as illustrated in
scatter plots for all the 100 × 103 calculations (i.e., 100 calibration
datasets each consisting of 103 datapoints) using Model-I and Model-
II versus corresponding field-estimated Kx/HU ∗ values (Fig. 4A and B).
Scatter plots of standardized model-predicted Kx/HU ∗ values versus re-
siduals (Fig. 4C and D) indicate no significant trend as well as no failure
of homoscedasticity (homogeneity of variance) as residuals are ran-
domly scattered around the mean (red line). Application of the
Durbin-Watson test (Durbin and Watson, 1950) with values about
2.08 and 1.94, respectively, for Model-I and Model-II at significance
level ≤ 0.05 further supports the finding of no clear pattern for residuals
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in Fig. 4C and D. Therefore, the results illustrated in Figs. 4A to 4D dem-
onstrates the GRG's ability to appropriately tune the FFs for Kx/HU ∗

estimation.
Among different factors influencing the FFs reliability, this study in-

vestigated the effects of the sampling method to create the calibration
datasets. There is no universal rule or formula to accurately determine
the exact number of datapoints that should be included in the calibra-
tion datasets. On the one hand, selecting an overly large number of cal-
ibration datapoints would increase the similarity among the calibration
data, which defeats the purpose of tuning the FFs with distinct calibra-
tion datasets. On the other hand, too few calibration datapoints poses
the risk of not fully representing the statistical properties of the whole
datapoints that we had access to. In effect, the representativeness of
the calibration data is more important than the number of datapoints
selected for model calibration. The FFs are tuned much better by a
representative calibration dataset with fewer datapoints than a non-
representative one with a large number of datapoints.

However, the cumulative frequency of reported Kx values in the da-
tabase revealed that around 50% of the Kx values in our database are less
than 14 m2/s and 9% of them are larger than 200 m2/s (Fig. 1). This
                                        (B)

                                        (D)
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Fig. 5. Data clouds of model-predicted Kx/HU ∗ values for both Model-I and Model-II against the corresponding field-estimated (labeled measured) values for the 100 × 103 calculations
(i.e., 100 calibration datasets each consisting of 103 datapoints).
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shows that although the database properly covers Kx values in low and
average ranges, extremely large Kx values are rare. For example, only 6
out of 503 datapoints (about 1%) have Kx values greater than 1000
m2/s. Therefore, it is critical to use an intelligent resampling scheme
that ensures selection of representative calibration patterns, i.e. those
that cover extreme values of Kx, for tuning the FFs. In this regard, the
modified bootstrap approach was used to ensure that each resampled
calibration dataset is representative of available datapoints in a rich,
global database of tracer studies. To provide a comprehensive compari-
son of the performance of Model-I and Model-II against field-estimated
data, 103 data positions were created to illustrate the 100 model-
predicted Kx/HU ∗ values provided by the tuned FFs along with the cor-
responding field-estimated Kx/HU ∗ values. Fig. 5 shows data clouds of
model-predicted Kx/HU ∗ values for both Model-I and Model-II against
the corresponding field-estimated data for the 100 × 103 calculations,
putting in perspective the performance of Model-I and Model-II in dif-
ferent ranges of field-estimated Kx/HU ∗. Model-II outperforms Model-I
in large Kx/HU ∗ values (e.g., data positions 2, 5, 6, 13, 21, 23, 36, 40, 43,
46, 69, 70, 86, 95, and 102 in Fig. 5), although both Model-I and
Model-II have a large margin of prediction errors (Fig. 5). Also, a small
number of predictions by both models show considerable differences
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8

when compared to the field-estimated Kx/HU ∗ values (see data posi-
tions 8, 51, and 58 in Fig. 5).

The bws–factors calculated for Model-I and Model-II vary from 0.11
to 1.00 (average=0.72) and 0.16 to 1.00 (average=0.80), respectively
(Fig. 6A). Also, as shown in Fig. 6B, the average MAE values for both
Model-I andModel-II in all 103 data positions vary from 0.7 to 33.1 (av-
erage = 14.5) and 0.6 to 36.3 (average = 8.3), indicating that Model-II
is more reliable than Model-I.

To further investigate the impact of large Kx values that are rare in
our database on the results,we excludedKx>1000m2/s, leading to a re-
duction in datapoints from 503 to 497 datapoints. All models were
rerun and bws–factor was recalculated for both Model-I and Model-II
(new scenario). We used just the bws–factor since it is a dimensionless
parameter that scales differences between field-estimated and model-
predicted Kx/HU ∗ within −1 and 1. The results revealed no significant
difference between bws–factors obtained under the default and new
scenarios. The bws–factors recalculated forModel-I andModel-II during
the new scenario varied from 0.09 to 1.00 (average= 0.65) and 0.15 to
1.00 (average = 0.79), respectively.

In general, while Model-II provides slightly better results than
Model-I, both FFs show poor reliability for Kx/HU ∗ calculation (Figs. 5
)

)

)

odel

(d) Parameter of Model-II (e) R (between a & e) = 0.42

odel

Exponent of friction term in Model-II (h) R = 0.83

odel

Exponent of aspect ratio in Model-II (f) R = 0.59

) friction term exponents “c” and “h”, and (C) aspect ratio exponents “b”, “f”.
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and 6), mainly due to other sources of error in the Kx/HU ∗ calculation
process.

3.2. Variability of the FFs' parameters

Figs. 7A to 7C show the variations of the FFs' parameters, i.e., “a” to
“f” and “h”. The mode value for coefficient “d” was zero, with an occur-
rence frequency of about 74% (Fig. 7A). This means that Model-II is ap-
proximately similar to Model-I in its structure. The friction term
exponents “c” and “h” for Model-I and Model-II, respectively, had a
strong positive correlation (R = 0.83) (Fig. 7B). Likewise, the aspect
ratio's exponents for Model-I (b) andModel-II (f) were positively corre-
lated (R = 0.59) (Fig. 7C), whereas a weaker correlation was obtained
between constant coefficients “a” and “e” (R = 0.42) (Fig. 7A). The
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aspect ratio's exponents displayed larger variability compared to the
friction term's exponents for both Model-I and Model-II. This indicates
that the exponents of aspect ratio are larger than those of friction
term, which is in line with those reported by Seo and Cheong (1998),
Etemad-Shahidi and Taghipour (2012), and Noori et al. (2017).

Accurate Kx estimations are hindered by our incomplete under-
standing of the dispersion process or the difficulties in the quantifica-
tion of mechanisms affecting this phenomenon in rivers. In this
regard, a wide range has been proposed for the exponents of the aspect
ratio and friction term. In some cases, the results concluding the domi-
nance of aspect ratio or friction term on the rate of longitudinal mixing
are contradictory. For example, Memarzadeh et al. (2020) reported no
effect on the rate of longitudinal mixing due to the friction term in
small rivers (aspect ratio ≤ 27), which means the friction term's
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exponent should be 0. A few studies have reported no relationship be-
tween the rate of longitudinal mixing and friction term in both small
and large rivers (Iwasa and Aya, 1991; Koussis and Rodríguez-Mirasol,
1998) while others have connected the rate of longitudinal mixing to
both friction term and aspect ratio (Memarzadeh et al., 2020). Several
investigations have demonstrated a dominant effect of the aspect ratio
on the rate of longitudinal mixing compared to the friction term
(Ahmad, 2013; Sattar and Gharebaghi, 2015; Noori et al., 2017) while
Tayfur and Singh (2005) reported that there was no need for the aspect
ratio to predict the rate of longitudinal dispersion in narrow rivers. By
contrast, a larger impact of the friction term than aspect ratio on the
rate of longitudinal mixing was reported by Sahay and Dutta (2009) in
both small and large rivers and Etemad-Shahidi and Taghipour (2012)
in large rivers only (aspect ratio > 30.6). Deng et al. (2001) and Noori
et al. (2016) concluded that U is the dominant hydraulic property on
the rate of longitudinal mixing, followed by W, H and U⁎.

Longitudinal dispersion is mainly due to the effects of lateral shear
velocity over the river cross-section (Fischer, 1967; Rutherford, 1994).
This means that river velocity U and its distribution would contribute
to longitudinal mixing variation. In addition, natural streams include
different types of non-uniformities and irregularities that can be repre-
sented by the friction term. Aspect ratio variation also contributes to the
rate of longitudinal mixing by the establishment of heterogeneities in
lateral velocities (both primary and secondary velocities). Therefore, ex-
cluding the friction term (e.g., Iwasa and Aya, 1991; Koussis and
Rodríguez-Mirasol, 1998; Memarzadeh et al., 2020) and aspect ratio
(e.g., Tayfur and Singh, 2005) would undermine the accuracy of the es-
timated rate of longitudinal mixing. Using all 503 available datapoints,
our analyses indicate a stronger impact of the aspect ratio (R = 0.8)
than the friction term (R = -0.2) on the rate of longitudinal mixing
(Fig. 8A), even for relatively narrow rivers (W/H ≤ ~30) (Fig. 8B). In rel-
atively large rivers (W/H > ~30), the impact of aspect ratio and friction
term on the rate of longitudinal mixing is approximately the same (R=
0.36 to 0.38; Fig. 8C). More detail on splitting the datapoints into two
classes of large and narrow rivers can be found in Papadimitrakis and
Orphanos (2004) and Etemad-Shahidi and Taghipour (2012).

It is acceptable that higher values of aspect ratio would likely estab-
lish secondary currents that attenuate the rate of longitudinal disper-
sion. By contrast, the larger the aspect ratio in natural rivers, the more
the variability of lateral velocity that increases the rate of longitudinal
mixing (Rutherford, 1994; Deng and Singh, 1999; Boxall et al., 2003;
Marion and Zaramella, 2006; Bashitialshaaer et al., 2011; Nikora and
Roy, 2012). These contradictory mechanisms can attenuate the aspect
ratio's impact on the rate of longitudinal mixing in large rivers. On the
other hand, larger variability of cross-sectional velocities (both primary
and secondary velocities) can make the friction term the dominant fac-
tor on the rate of longitudinal mixing in large rivers. Further investiga-
tions using the available datapoints revealed that this is true for the
very large rivers where the rate of longitudinal mixing is more related
to the friction term (R=0.81) than the aspect ratio (R=0.58) (Fig. 8D).

4. Conclusions

Over/under estimation of longitudinal dispersion coefficient (Kx) can
result in lower/higher maximum concentrations simulated by 1D-ADE
model far from the injection point in rivers. Therefore, this study
aimed to investigate the reliability of the commonly used FFs for Kx cal-
culation by using different calibration datasets for tuning the functional
forms. The wide range of model-predicted Kx/HU ∗ values demonstrated
poor reliability of the FFs for Kx calculation, which can be mainly attrib-
uted to the sensitivity of FFs' exponents to the calibration dataset used
to tune the model. Accounting for important variables that affect longi-
tudinal mixing in rivers, namely river curvature, could improve the ac-
curacy of Kx estimations provided by the FFs, although the difficulty of
measuring hydraulic features poses a tradeoff. Using powerful tech-
niques such as expert system- and machine learning- based models
10
that are able to model highly complex input-output relationships even
when some important parameters are lacking, would improve the
accuracy, in turn increasing the reliability of Kx estimations as well.
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