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A B S T R A C T

This paper presents new analytical results for evaluating the ALOHA-like multi-class random access wireless
network’s performance. The proposed model is motivated by the growth of low-power wireless networks
that employ random access protocols. In particular, we compare our analytical formulation with system-level
simulations of Long Range (LoRa) technology. We show that the proposed formulation provides an accurate
approximation of LoRaWAN performance capturing its main trade-offs. The main contributions are (i) an
extensive analysis of the impact of different LoRa spreading factors (SFs) allocation strategies, including area
intersection among SFs, which is little explored in the literature and represents the optimal approach under
some conditions; and (ii) the optimal proportion of users that maximizes the network throughput for each
class and for each allocation strategy considered in the paper.
1. Introduction

The interest in multi-class random access wireless networks is rising
due to the significant growth of internet of things (IoT) applications.
The spotlight turns to the machine type communication (MTC) tech-
nologies, where many devices can communicate with each other and
with servers in the cloud, constituting a cyber–physical system. In this
context, one of the critical aspects of 5G systems is MTC communica-
tion, divided into two major areas, namely massive communications
(mMTC) and communications that require high reliability and low
delay (uMTC) [1]. In particular, mMTC communication is related to
applications with tolerance to delay, usually with a low transmission
frequency, and a massive number of devices mainly operating on
batteries.

Typical examples of mMTC networks are low-power wide-area
(LPWA) technologies, which complement traditional cellular and short-
range wireless technologies to meet the diverse requirements of IoT
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applications [2]. LPWA technologies offer a set of features not provided
by legacy wireless technologies, including wide-area connectivity for
a large number of devices, low energy consumption, and low data
rate devices. Most LPWA networks operate on unlicensed industrial,
scientific and medical networks (ISM) band. Some of the best-known
candidates for LPWA networks are long range (LoRa), SigFox, NB-IoT,
and LTE-M.

In this paper, we focus on LoRa technology, one of the most promis-
ing LPWA approaches, proposed by Semtech and further promoted by
the LoRa Alliance [3]. LoRa is based on a variant of spread spectrum
modulation (SSM) called chirp spread spectrum (CSS), which is robust
under multiple path fading. CSS uses quasi-orthogonal SFs, in which the
spectrum spreading is achieved by generating a chirp signal that varies
continuously in frequency. Given this characteristic, LoRa resembles
traditional ALOHA-like random access systems, but with different user
classes of users related to the different SFs (ranging from 7 to 12) [4].
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With the number of devices increasing every day and an essential
part of them connected via LPWA, understanding such networks’ scala-
bility is essential before their deployment. A strategy for allocating SFs
for the nodes influences the network’s overall performance. Thus, sig-
nificant attention must be paid to the different SF allocation strategies.
To extract the best from the different SFs for each scenario is necessary
to establish the optimum allocation strategy.

The paper [5] is one of the first works that provides a theoretical
analysis considering the co-SF interference. The mathematical formu-
lation gives the achievable LoRa throughput in the uplink considering
the standard scenario of no area intersection among SFs. The study
in [6] modeled the LoRa network as several nodes operating at different
frequencies and SF allocations. That paper addressed the challenges
upon intra-SF and inter-SF collisions, using a numerical approach. The
study consisted of many packet rates for each SF and several bandwidth
configurations. The authors used numerical analysis to determine the
percentage of nodes for each SF; it was done using configurations close
to optimum compared to having the same number of nodes per SF. The
results based on different bandwidth values, frequencies, and packet
rates show that to achieve the nodes’ capacity optimum, the percentage
of nodes for each SF must be 77% and 23% for SFs 7 and 8, respectively,
and 0% for the other SFs (9–12).

In [7], a system model for uplink communication in single gateway
implementation is shown using stochastic geometry modeling. Two
conditions are considered for the probability of interruption of a desired
power signal on the uplink: if the power is above a specific signal-
to-noise ratio (SNR) limit, and if the power is at least 6 dB stronger
than the dominant co-SF interference. The work in [8] investigated the
scalability of a LoRa network. The authors evaluated the interference
due to the scalability resulting from imperfect orthogonality, focusing
on a multi-annuli single-cell system, and based on the probability of
coverage of the uplink under the combined effect of co-SF and inter-
ference. Along the same line, in [9], the authors propose a stochastic
geometry model to evaluate the impact of co-SF interference and ex-
ternal interference from coexisting technologies. However, differently
from [8], a reliability target is imposed for each SF, which leads to
an optimal network configuration concerning coverage or minimum
reliability.

The impact of SF distribution between nodes on the probability
of success of the packet (PSP) is studied in [10], where the SF dis-
tribution regions are determined to increase the average PSP of the
network. They adopt three existing schemes, i.e., equal-interval-based
(EIB) (Equal Interval Based) scheme, equal-area-based (EAB) (Equal
Area Based) scheme, and Random scheme, which allocates SFs by
uniform random choice. When assigning SFs to the end nodes, two con-
ditions are considered. The first condition is that the energy received
from each node at the gateway must exceed the receiver’s sensitivity
limit for the assigned SF. The second condition is that the signal-to-
interference ratio (SIR) must also exceed the correctly decoded SIR
limit for that SF. An SF assignment optimization problem is formulated,
where the average PSP of the network is maximized given the regions
covered by each SF.

In [11], the authors tackle the scalability of a single gateway LoRa
network. They propose a mathematical model based on stochastic
geometry (nodes’ positions follow a Poisson point process) that con-
siders co-SF and inter-SF interference. They compare two SF allocation
schemes: the standard EIB (Equal Interval Based) and the new proposed
Success Probabilities and device Density (SPD), which allocates SFs
based upon device spatial density and success probability. Note that
both schemes do not consider area intersection among SFs. The authors
show, through simulations, that the proposed SPD scheme improves
13% in respect to the EIB method in terms of success probability.

This paper derived a mathematical model applied to LoRa that
considers multiple user classes and imperfect orthogonality. This model
enables the investigation of SF allocation strategies in LoRa beyond the
2

classical approach that considers concentric rings without intersection, s
Table 1
Notations and symbols used in the paper.

SymbolDefinition/explanation

Z,Z+ Set of integers and non-negative integers
R,R+ Set of real numbers and non-negative reals
C Set of complex numbers
E[⋅] Expected value operator
i Imaginary unit (

√

−1)
𝜑𝑋 Characteristic function of random variable 𝑋
𝐺𝑁 Generating function of random variable 𝑁
𝑛𝑐 Number of user classes
 = {1, 2,… , 𝑛𝑐} is the set of user classes
𝛼 Path-loss exponent
𝛿 ≜ 2∕𝛼
𝑎𝑖 Rate of packets per user class (𝑖th class)
𝜆𝑖 Rate of packets per channel (𝑖th class)
𝜏𝑖 Time on air (ToA) (𝑖th class)
𝜃𝑖𝑗 SIR threshold for successful communication (𝑖 receiving interference from 𝑗)
𝑅𝑖 Transmission distance (𝑖th class)

including schemes such as EAB, EIB, and optimal cases, such as in [6–
10]. This paper also advances the study and understanding of the SF
effects, proposing new SF allocation techniques, which consider partial
and total intersections of SFs. In our study, the nodes are grouped into
user classes,6 and each class uses an SF. We numerically optimized the
SF allocation to find the region covered by each SF and its respective
proportion of nodes in order to maximize the system throughput. We
have considered different SF approaches as, for example, No Intersec-
tion (NI) for the classical approach; Full Intersection (FI) and Partial
Intersection (PI) for new techniques.

The paper is organized as follows: Section 2 presents and proves
a general result on the distribution of interference with general fading
and general path-loss function from a set of randomly distributed inter-
ferers. Then it presents the system model studied in the paper, for which
we set an uplink transmission scenario from several nodes to a central
gateway, then we prove two propositions on the transmission success
probability; Section 3 introduces the parameters of a LoRa system used
in the analytical model; Section 4 applies the analytical results in the
uplink transmission of a LoRa system for several scenarios, and we
compare the results between the theoretical model and Monte Carlo
simulation, which is done using the discrete-event network simulator
ns-3; Section 5 concludes the paper. The notations used in the paper
are summarized in Table 1.

2. System model and analytical results

This section presents the system model along with some analyti-
cal results. We start with a general model of ALOHA-like multi-class
random access network motivated by the LoRa setting to be discussed
later and specialize it throughout the section because we require more
constraints to obtain the analytical results.

2.1. Distribution of the interference

This subsection aims to derive the characteristic function of the
interfering signal measured at a given point in a coverage area. The
studied scenario constitutes of a random number of interferers transmit-
ting at random distances. Here, the signal transmitted by each interferer
is attenuated by fast fading and path-loss phenomena.

Let the path-loss function 𝓁 ∶ R+ ⟶ R+ be a monotonous decreas-
ing function such that 𝓁(𝑟) → 0 as 𝑟 → ∞, the attenuation coefficient
of the 𝑘th interferer be the random variable 𝑍𝑘 (which may include
tochastic phenomena such as time of superposition or small scale

6 Note that, in this paper, we named user class to refer to the users in the
ame SF that are of the same type device class A.
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fading), the distance of the 𝑘th interferer to the point of analysis be the
random variable 𝑅𝑘 and let the number of interferers be represented
by the random variable 𝑁 . Then, the normalized interference power
received at the point of analysis is given by

𝐼 =
𝑁
∑

𝑘=1
𝑍𝑘 𝓁(𝑅𝑘). (1)

We aim at finding the distribution of the interference 𝐹𝐼 (⋅) ≜ P(𝐼
⋅) as a function of the distribution of other random variables. For

hat, we need the following definitions. The characteristic function of
random variable 𝑋 is defined as 𝜑𝑋 (𝜔) ≜ E[ei𝜔𝑋 ], 𝜔 ∈ R and the

enerating function of the discrete random variable 𝑁 is defined as
𝑁 (𝑧) ≜ E[𝑧𝑁 ], 𝑧 ∈ C. Then, we can write the characteristic function
f the interference in a compact notation, as follows

𝐼 (𝜔) = E

[

exp

(

𝑖𝜔
𝑁
∑

𝑘=1
𝑍𝑘 𝓁(𝑅𝑘)

)]

=
∑

𝑛∈Z+

E

[

exp

(

𝑖𝜔
𝑛
∑

𝑘=1
𝑍𝑘 𝓁(𝑅𝑘)

)]

P(𝑁 = 𝑛)

=
∑

𝑛∈Z+

[

𝜑𝑍𝓁(𝑅)(𝜔)
]𝑛 P(𝑁 = 𝑛)

= 𝐺𝑁
(

𝜑𝑍𝓁(𝑅)(𝜔)
)

, 𝜔 ∈ R, (2)

here we use independence among the random variables.
Furthermore, the distribution of 𝐼 can be calculated using the

il-Pelaez inversion theorem [12]

𝐼 (𝑥) =
1
2
− 1

𝜋 ∫

∞

0
Im

[

𝜑𝐼 (𝜔) e−i𝜔𝑥
] d𝜔
𝜔

, 𝑥 ∈ R. (3)

.2. Unslotted ALOHA with central gateway

Let us model the uplink of an interference-limited network system
hat behaves as unslotted (not slotted) ALOHA with a capture model,
.e., the transmission is successfully received if the SIR is above a given
hreshold.

This network has 𝑛𝑐 class categories, and all user classes transmit
o a central node denominated as gateway, which can receive only one
acket at a time per channel, i.e., there is only one receiver for all user
lasses considering a given channel.

Supposing that a user from class 𝑖 ∈  ≜ {1, 2,… , 𝑛𝑐} gains access
o the gateway’s receiver in the server. During the transmission the
ateway may receive interference from class 𝑗 ∈  . So, denoting
his interference as 𝐼𝑖𝑗 and the threshold for successful communica-
ion as 𝜃𝑖𝑗 , i.e., if the packet is successfully received, then the ratio
𝑖𝓁(𝑅𝑖)∕𝐼𝑖𝑗 > 𝜃𝑖𝑗 holds for all 𝑗, where ℎ𝑖 is a rv that represents the
ast fading coefficient. Thus, a sufficient condition and more conserva-
ive approach for successful packet transmission from 𝑖th class is that
𝑖𝓁(𝑅𝑖) >

∑

𝑗 𝜃𝑖𝑗𝐼𝑖𝑗 , and the probability of such event is denoted as
overage probability

(𝑖)
cov ≜ P

⎛

⎜

⎜

⎝

ℎ𝑖𝓁(𝑅𝑖) >
∑

𝑗∈
𝜃𝑖𝑗𝐼𝑖𝑗

⎞

⎟

⎟

⎠

. (4)

For a given channel, each user class has incoming traffic, and we
ssume the time of arrival of packets from class 𝑖 ∈  follows a Poisson
rocess of parameter 𝜆𝑖. Also, the period of time a packet uses the
hannel is denoted by 𝜏𝑖. A user gains access to the server’s gateway
henever the channel is free. Thus, this probability is the same for all
ser classes and it is given by

acc = exp

(

−
∑

𝑖∈
𝑝acc𝜆𝑖𝜏𝑖

)

, (5)

ince the interarrival times of any Poisson process follow iid exponen-
ial distributions. Also, the thinning property from Poisson processes
uarantees that the filtered process of users that gained access to the
hannel is a Poisson process with parameter 𝑝 𝜆 .
3

acc 𝑖
emark 1. The model can be extended to include more users from
ifferent user classes gaining access to the channel at the same time
as it is done in some LoRa systems [13]). However, to simplify the
nalysis, and find 𝑝acc in closed form, we restricted to one user at a
ime.

The interference from class 𝑗 ∈  in a typical packet of class 𝑖 ∈ 
s given by the rv

𝑖𝑗 =
𝑁𝑖𝑗
∑

𝑘=1
𝑍𝑖𝑗𝑘𝓁(𝑅𝑗𝑘), (6)

here 𝑁𝑖𝑗 is the number of interferers and follows a Poisson distribu-
ion of parameter 𝜆𝑗 (𝜏𝑖 + (1 − 𝑝acc)𝜏𝑗 ), which consists of the sum of the
oisson process, from the early interferers that did not gain access to
he server, of parameter (1 − 𝑝acc)𝜆𝑗𝜏𝑗 and the Poisson process, from the
ate interferers, of parameter 𝜆𝑗𝜏𝑖; the sequence {𝑍𝑖𝑗𝑘}𝑘 are iid rv that
epresent the percentage of the typical packet that suffered interference
ultiplied by the fast fading coefficient for each interferer, and {𝑅𝑗𝑘}𝑘

re iid rv that represent the distances of the interferers. Also, when
eferring to the distributions of the rvs 𝑍𝑖𝑗𝑘 and 𝑅𝑗𝑘, let us denote as
𝑖𝑗 and 𝑅𝑗 , respectively, to lighten the notation, since they are iid on

he index 𝑘.

.3. Specifying the final model

From now on, let us suppose the path-loss law 𝓁(𝑟) = 𝑟−𝛼 , where
> 0 is the path-loss exponent [14], the value of 𝛼 depends on the

ropagation environment, e.g., for the free space 𝛼 = 2, and for an
rban setting with shading 𝛼 ∈ (2, 5). Let us neglect fast fading (ℎ𝑖 =
, 𝑖 ∈  ), but let us consider packet superposition, and that each user
lass 𝑗 ∈  is distributed homogeneously in a ring with an inner and
uter radius of 𝑟(𝑗)in and 𝑟(𝑗)out , respectively. Thus, the pdf of 𝑅𝑗 and 𝑍𝑖𝑗
re given by

𝑓𝑅𝑗
(𝑟) = 2 𝑟

𝑟(𝑗)out
2
− 𝑟(𝑗)in

2
, 𝑟 ∈ [𝑟(𝑗)in , 𝑟

(𝑗)
out ], (7)

𝑍𝑖𝑗
(𝑧) =

|𝜏𝑖 − 𝜏𝑗 | 𝛿𝜉𝑖𝑗(𝑧) + 2𝜏𝑖
𝜏𝑖 + 𝜏𝑗

, 𝑧 ∈ [0, 𝜉𝑖𝑗 ], (8)

where 𝜉𝑖𝑗 ≜ min{1, 𝜏𝑗∕𝜏𝑖}, 𝜏𝑗 is the size of the interfering packet, 𝜏𝑖 is
he size of the typical packet from 𝑖th user class and 𝛿𝜉 (⋅) is the Dirac
elta function centered in 𝜉.

emark 2. The rv 𝑍 has a uniform distribution since the packets’
rrival follows a Poisson process in time. It also has the Dirac delta
unction 𝛿𝜉 , which corresponds to the effect of the interfering packet
aving a different size than the typical packet. For example, if the
nterfering packet is larger than the typical packet, then P(𝑍 = 1) > 0.

From the distributions (7) and (8), the characteristic functions of
he random variables used in the model can be derived analytically
sing the special function Exponential Integral 𝐸𝛽 (𝑧) ≜ ∫ ∞

1 e−𝑧𝑡∕𝑡𝛽 d𝑡.
he characteristic functions are showed in (9), (10) and (11) which
re given in Box I.

Finally, the transmission success probability is given by the follow-
ng proposition.

roposition 1. The transmission success probability for a user of the 𝑖th
lass, 𝑖 ∈  , is given by
(𝑖)
𝑠 = 𝑝acc 𝑝

(𝑖)
cov, (12)

where

𝑝acc = exp

{

−𝑊

(

∑

𝑖∈
𝜆𝑖𝜏𝑖

)}

, (13)

𝑝(𝑖)cov =
1
2
− 1

𝜋 ∫

∞
Im

[

𝜑𝑅−𝛼
𝑖
(−𝜔)

∏

𝜑𝐼𝑖𝑗 (𝜃𝑖𝑗𝜔)

]

d𝜔
𝜔

, (14)

0 𝑗∈
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𝑊
(

P
i
s

(

t

𝑝

t

(

(

𝜑 1
𝑅𝛼
𝑖

(𝜔) = 𝛿

𝑟(𝑖)out
2
− 𝑟(𝑖)in

2

(

𝑟(𝑖)out
2
𝐸1+𝛿(−i𝜔∕𝑟

(𝑖)
out

𝛼
) − 𝑟(𝑖)in

2
𝐸1+𝛿(−i𝜔∕𝑟

(𝑖)
in

𝛼
)
)

, (9)

𝜑𝑍𝑖𝑗
𝑅𝛼
𝑗

(𝜔) = 1
𝜏𝑖 + 𝜏𝑗

𝛿

𝑟(𝑗)out
2
− 𝑟(𝑗)in

2

[

|𝜏𝑖 − 𝜏𝑗 |
(

𝑟(𝑗)out
2
𝐸1+𝛿(−i𝜔𝜉𝑖𝑗∕𝑟

(𝑗)
out

𝛼
) − 𝑟(𝑗)in

2
𝐸1+𝛿(−i𝜔𝜉𝑖𝑗∕𝑟

(𝑗)
in

𝛼
)
)

+ (10)

2𝜏𝑖
i𝜔

(

𝑟(𝑗)out
2+𝛼

𝐸2+𝛿(−i𝜔𝜉𝑖𝑗∕𝑟
(𝑗)
out

𝛼
) − 𝑟(𝑗)in

2+𝛼
𝐸2+𝛿(−i𝜔𝜉𝑖𝑗∕𝑟

(𝑗)
in

𝛼
) −

𝑟(𝑗)out
2+𝛼

− 𝑟(𝑗)in
2+𝛼

1 + 𝛿

) ]

,

𝜑𝐼𝑖𝑗 (𝜔) = exp

⎧

⎪

⎨

⎪

⎩

−𝜆𝑗
(

𝜏𝑖 + (1 − 𝑝acc)𝜏𝑗
)

⎛

⎜

⎜

⎝

1 − 𝜑𝑍𝑖𝑗
𝑅𝛼
𝑗

(𝜔)
⎞

⎟

⎟

⎠

⎫

⎪

⎬

⎪

⎭

, 𝑖, 𝑗 ∈  , 𝜔 ∈ R. (11)

Box I.
f

3

s
L
i
e

L

is the Lambert-𝑊 function and the characteristic functions are given in
9), (10) and (11).

roof. The random variables that describe the distance, the number of
nterferers, and the superposition of packets are independent. Then the
uccess probability is given in product form by (12).

Eq. (5) can be solved for 𝑝acc using the Lambert-𝑊 function to find
13).

Using Gil-Pelaez inversion theorem (shown in (3)) and the charac-
eristic functions, the coverage probability (14) is derived as
(𝑖)
cov = P

(

𝑅−𝛼
𝑖 > 𝐼𝛴

)

= ∫

∞

0
𝐹𝐼𝛴 (𝑟

−𝛼) 𝑓𝑅𝑖
(𝑟) d𝑟

= 1
2
− 1

𝜋 ∫

∞

0
Im

[

𝜑𝐼𝛴 (𝜔)∫

∞

0
𝑓𝑅𝑖

(𝑟) e−i𝜔∕𝑟
𝛼
d𝑟
]

d𝜔
𝜔

= 1
2
− 1

𝜋 ∫

∞

0
Im

[

𝜑𝑅−𝛼
𝑖
(−𝜔)𝜑𝐼𝛴 (𝜔)

] d𝜔
𝜔

,

where 𝐼𝛴 ≜
∑

𝑗 𝜃𝑖𝑗𝐼𝑖𝑗 and thus 𝜑𝐼𝛴 (𝜔) =
∏

𝑗 𝜑𝐼𝑖𝑗 (𝜃𝑖𝑗𝜔), which ends the
proof. □

Remark 3. Notice that what defines 𝑝(𝑖)cov in (4) is directly related to
he ratio

𝓁(𝑅𝑖)
∑

𝑗∈
𝜃𝑖𝑗𝐼𝑖𝑗

(when ℎ𝑖 = 1), which is the SIR, and for the present

scenario can be written as

𝑅−𝛼
𝑖

∑

𝑗∈

𝑁𝑖𝑗
∑

𝑘=1
𝜃𝑖𝑗𝑍𝑖𝑗𝑘𝑅

−𝛼
𝑗𝑘

=
⎛

⎜

⎜

⎝

∑

𝑗∈

𝑁𝑖𝑗
∑

𝑘=1
𝜃𝑖𝑗𝑍𝑖𝑗𝑘

(

𝑅𝑖
𝑅𝑗𝑘

)𝛼⎞
⎟

⎟

⎠

−1

. (15)

Therefore, the SIR distribution, at hand, depends exclusively on the
distributions of (𝑅𝑖∕𝑅𝑗1)𝛼 , 𝑍𝑖𝑗 and 𝑁𝑖𝑗 , for all 𝑗 ∈  . From this, two
important properties are observed in the current model:

Pr1) The system behavior does not change by a multiplicative factor
on the random variable vector of distances [𝑅𝑗 ]𝑗∈ ;

Pr2) Increasing the path-loss exponent 𝛼, increases the SIR when the
transmission distance is smaller than the interferer distance, and
decreases the SIR when the transmission distance is bigger than
the interferer distance.

The following proposition results when 𝛼 → ∞ in a communication
system is limited by interference. It is helpful to analyze the system’s
asymptotic behavior as the path loss exponent 𝛼 is increased, such as
4

we do in Section 4.3. t
Proposition 2. If 𝛼 → ∞, 𝑟(𝑗)in = 0 and 𝑟(𝑗)out = 𝑟max for all 𝑗 ∈  , the
success probability of the 𝑖th class is given by

𝑝(𝑖)𝑠 = 𝑝acc
1 − e−𝜐𝑖

𝜐𝑖
, 𝑖 ∈  ,

where 𝜐𝑖 =
∑

𝑗∈ 𝜆𝑗 (𝜏𝑖 + (1 − 𝑝acc)𝜏𝑗 ).

Proof. First, let us note, in (15), that when 𝑅𝑖 < 𝑅𝑗𝑘, then (𝑅𝑖∕𝑅𝑗𝑘)𝛼 →
0. On the other hand, if 𝑅𝑖 > 𝑅𝑗𝑘, then (𝑅𝑖∕𝑅𝑗𝑘)𝛼 → ∞. Thus, it is easy
to see that we have successful transmission if, and only if, 𝑅𝑖 < 𝑅𝑗𝑘 for
all 𝑗 ∈  and 𝑘 ∈ {1,… , 𝑁𝑖𝑗}. Otherwise, we have SIR = 0. The case
where 𝑅𝑖 = 𝑅𝑗𝑘 is Lebesgue negligible. By symmetry of the random
variables {𝑅𝑗𝑘}𝑗,𝑘 in the OFI approach, the probability of the SIR being
above the threshold is equal to 1∕(1 +

∑

𝑗∈ 𝑁𝑖𝑗 ). Note that ∑𝑗∈ 𝑁𝑖𝑗
is also Poisson distributed with parameter 𝜐𝑖, then we can decondition
on ∑

𝑗∈ 𝑁𝑖𝑗 to find a closed form for

𝑝(𝑖)cov =
∑

𝑘≥0

1
𝑘 + 1

𝜐𝑘𝑖
𝑘!

e−𝜐𝑖 = 1 − e−𝜐𝑖
𝜐𝑖

,

which, along with Proposition 1, concludes the proof. □

The simplification of the success probability from Proposition 1 to
Proposition 2 is remarkable since, in the former, we have to solve an
intricate integral numerically; in the latter, we have a closed-form.
Therefore, depending on the system’s analysis, Proposition 2 is more
valuable since it captures the trends of the system concerning the
parameters 𝜆 and 𝜏. If 𝜆 is small for all user classes, this result is a
irst-order approximation.

. LoRa technology

Let us apply this model in the uplink of a Long Range (LoRa)
ystem [3], for which we compare with simulations obtained from the
oRa module in software NS-3.7 [15] The coverage area was limited
n all scenarios so that all SFs could be assigned anywhere in the area,
nsuring that there was no packet loss by sensitivity.

For all use cases, the following configurations were used in the
oRa module by NS-38 [16]: channel long-distance propagation model

with path-loss exponent 𝛼 = 3.76 (for the shadowed urban scenario);
geographical positions of nodes are taken as a snapshot and modeled
with a uniform distribution on a coverage area defined by a disk 𝑟max =
1000 m (we carried out this study considering a small-scenario like an

7 https://github.com/heldercs/projectLoRaWAN.
8 Typical characteristics of a LoRaWAN network, having regional parame-

ers for different regulatory regions worldwide.

https://github.com/heldercs/projectLoRaWAN
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indoor industrial plant, and thus, all SFs are feasible options to send
data from the transmitter nodes to the gateway), thus ensuring that
all nodes can assign any SFs without loss of sensitivity; bandwidth
𝐵𝑊 = 125 kHz; eight distinct channels are available (equally spaced
between 867.1 MHz and 868.5 MHz) to ensure that the six SFs can
be assigned anywhere in the coverage area without loss of sensitivity;
1% duty cycle9; and coding rate CR = 1. Note that the number of
transmissions (NbTrans) is not considered because retransmission are
not considered in this work.

LoRa provides a compromise of sensitivity versus data transmission
rate, in which the nominal bit rate ranges from 0.3 kbps to 27 kbps.
The packet duration is based on the period of the symbol, 𝑇s. This
acket duration is the time it takes to send 2SF chips at chip speed,

so remember that bandwidth defines the chip rate; it is given by:

𝑇s =
2SF
BW

,

where SF can assume integer values between 7 and 12, and having a
variety of available bandwidths, defined by [17], and, without loss of
generality. For a given combination of SF, CR, BW, and payload (PL)
the total transmission time of a LoRa packet is calculated as follows:

𝜏 =
(

20.25 + max
(⌈

(4⋅PL − SF + 11)
SF

⌉

(CR + 4), 0
))

⋅𝑇s

here ⌈⋅⌉ refers to the ceil function, which gives the least integer
reater than or equal to its argument. Based on the definitions above,
e have that the transmission time of a LoRa packet, also defined as
ime on Air (ToA), depends on the SF and the packet size (PL) for fixed
alues of BW and CR.

The LoRaWAN defines some device classes10: A, B, or C [3]. In
he present work, we use class A, which supports both downlink and
plink communication. However, only the latter is mandatory. The
ode can send an uplink message at any time and opens two reception
indows (for downlink) at specified times of 1 s and 2 s after the uplink

ransmission.
In this studied scenario, we have nodes homogeneously distributed

ver the coverage area defined as a circle of radius 𝑟max, one central
ateway, and 𝑀 = 8 different logical channels. Each node belongs to
ne of the available user classes depending on its position in space.11

The 𝑖th class has an area defined by an annulus with internal radius
(𝑖)
in and external radius 𝑟(𝑖)out (assuming 𝑟(𝑖)in < 𝑟(𝑖)out). The 𝑁 annuli partition

the total space of a disk of radius 𝑟max, or they may show some overlap.
sufficient condition to ensure that each node has an assigned SF is

hat for all 𝑟 ∈ (0, 𝑟max], there exists an 𝑖 ∈  such that 𝑟(𝑖)in ≤ 𝑟 ≤ 𝑟(𝑖)out .
Each user class is allocated to a different SF, a key feature of signals

based on chirp spreading spectrum (CSS) modulation, such as LoRa.
The SF serves as a throughput-range trade-off and also provides an
additional dimension for multiple access protocols [18].

To apply our analytical model, let us use the SIR threshold for
successful communication 𝜃𝑖𝑗 , given in Table 2, for 𝑖, 𝑗 ∈  . The rate
of packets per channel for the 𝑖th class can be calculated as

𝜆𝑖 =
𝑛𝑖 𝑎𝑖
𝑀

, (16)

9 For sub-bands g as regulated by ETSI EN300.220 recommendation.
10 It is essential to note that device classes is different from user class.
11 Note that, in theory, there is the possibility to use forty-eight demod-
lators at the gateway (from six SFs with eight logical channels each. In
ractice, though, this is unfeasible because of hardware limitations. In this
aper, we consider only eight demodulators for two reasons: (i) to include this
ctual hardware limitation, and (ii) to improve the visualization of the numer-
cal results. The increase of actual parallel transmissions, although possible,
ould decrease the individual throughputs following the interference analysis
resented before. This, however, is not expected to modify the qualitative
elations presented next.
5

Table 2
Thresholds 𝜃𝑖𝑗 of SIR, in dB, for the possible combinations of spreading factors desired
and interfering signals [19].
𝑖th desired 𝑗th interfering signal

signal SF7 SF8 SF9

SF7 6 −16 −18
SF8 −24 6 −20
SF9 −27 −27 6

Table 3
Characteristics of each user class.

User class SF 𝑎 [1/s] 𝜏 [ms]

1 7 0.1 66.8
2 8 0.1 123.4
3 9 0.1 226.3

in which 𝑛𝑖 is the number of nodes in the 𝑖th class, 𝑎𝑖 is the rate of
arrival of packets per node from the 𝑖th class, and 𝑀 is the number of
logical channels. A channel is randomly chosen with equal probability
for each transmission.

The transmission time 𝜏𝑖 of packets from the 𝑖th user class and the
corresponding SF utilized are showed in Table 3.

Since the nodes are homogeneously distributed over each ring, we
have that

𝑛𝑖 ≤
𝑟(𝑖)out

2
− 𝑟(𝑖)in

2

𝑟2max
𝑛,

in which 𝑛 =
∑𝑛𝑐

𝑖=1 𝑛𝑖 is the total number of nodes and 𝑟max = max𝑖∈
{

𝑟(𝑖)out
}

is the radius of the coverage area, which can be set to one unit
of distance without loss of generality (see Pr1 of Remark 3).

4. Numerical results and discussion

4.1. SF allocation schemes

We studied the SF allocation schemes splitting the nodes into two
user classes based on their position. In the classical technique, a circum-
ference centered in the gateway with a radius 𝑟max = 1 unit of distance
defines a disk that contains an inner and an outer ring. Different SFs
will be allocated to the nodes inside the different rings. The primary
approach is to allocate SF 7 to inner and SF 8 to outer rings, which
we call no intersection. As a counter-proof, we also defined an inverse
approach, where the inner ring takes SF 8, and the outer ring takes SF
7, which we call inversed no intersection.

The classical approach considers no intersection between the two
rings’ coverages, but we also investigate it in the intersection’s face,
be it full or partial. Since there exist infinite possibilities of partial
intersections, we have taken only the one that provided the best results,
which we call optimal intersection. In the full intersection approach, the
outer and inner rings become coincident, i.e., there is no actual SF
allocation based on space position, only in the percentage of users for
each SF.

For 𝑛 = 𝑛1 + 𝑛2 = 1000 nodes, Fig. 1 brings the results of system
throughput as a function of the proportion of 𝑛1 nodes for those
different intersection possibilities, where 𝑛1 is the number of first-class
nodes allocated with SF 7 and 𝑛2 is the number of second-class nodes
allocated with SF 8.

Note that maximum throughputs are not found with the highest
values of 𝑛1 but over proportions between 70% and 85% of SF 7 usage.
The throughput curve’s optimum point is determined by the balance of
characteristics of ToA, quasi-orthogonality, and sensor position. This
balance holds for all available curves. When comparing the curves, it
is notable how close the full intersection performance is to the optimal
intersection because it is independent of the nodes’ spatial position.
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Fig. 1. Intersection schemes comparison: No Intersection, Inversed No Intersection, Full
Intersection and the best cases of intersection over 𝑛1∕𝑛 named Optimal Intersection.
For 𝑛 = 1000 nodes and two classes with the first using SF 7 and the second using SF
8.

Fig. 2 shows again system throughput versus first-class proportions
but for a slightly different point of view. We gathered just the full
intersection (dashed lines) and no intersection (solid lines) results
parameterized for some total numbers of nodes (discerned by colors).
From that, we have taken some essential vertical marks, such as Equal
Area Based (EAB), Path-Loss Based (PLB), Optimal No Intersection
(ONI), and Optimal Full Intersection (OFI).

• EAB uses equal-area annuli, where there is no intersection between
the areas;

• PLB defines annuli based on a path loss model and there is no
intersect ion between the areas;

• ONI refers to the user-class proportion at which no intersection
curves reach maximum throughput values;

• OFI refers to the user-class proportion at which full intersection
curves reach maximum throughput values.

As we have seen previously in Fig. 1, the gain from adopting
Optimal Partial Intersection (OPI) approach is negligible compared to
the OFI, which has a much simpler implementation. Thus, we have no
longer used the OPI strategy.

An important behavior seen in the curves of Fig. 1 and confirmed
in Fig. 2 is that a larger transmission time 𝜏 results in a significant
loss for the network throughput. The worst throughput performance
when the 𝑛1∕(𝑛1 + 𝑛2) tends to zero, meaning that the 𝑛2∕(𝑛1 + 𝑛2)
tends to one, having the majority of the nodes assigned to SF 8,
which has a larger 𝜏. In contrast to the tendency acting in the lower
SF’s direction due to 𝜏, there is another counter tendency caused by
quasi-orthogonality, which requires different user classes; this trade-
off defines the maximum throughput of the system. There exists an
optimum distribution of the nodes that use SF 7 and SF 8 (𝑛1 and 𝑛2)
that combines the benefits of small 𝜏 and quasi-orthogonality.

The position of the sensors acts directly on performance (see Eq.
(4)). When we define an area for operation of 𝑛1 or 𝑛2, we hamper the
network’s performance; that is, we have the best performance for the FI
approach, where the position of the sensor is independent of the class.
An observation to be noted in Fig. 2 is that the maximum points for the
NI and FI approaches are independent of the total number of 𝑛 nodes,
i.e., for 𝑛 = 500, 𝑛 = 1000, or 𝑛 = 2000 the maximum points are aligned
with a vertical dashed line. The effects of 𝜏 and quasi-orthogonality are
related to the 𝑛 ∕𝑛 ratio (not to the total number 𝑛 of nodes), and the
6

𝑖

Fig. 2. Performance comparison for No Intersection (solid lines) and Full Intersection
(dashed lines) cases. For two user classes with 𝑛1 using SF 7 and 𝑛2 using SF 8.

Fig. 3. System throughput for 𝑛 = 1000 nodes split into three user classes and using
OFI strategy. First, second and third classes use SF 7, 8, and 9, respectively.

effects of geographical distribution are seen in the difference between
continuous (NI) and dashed (FI) curves.

Fig. 3 illustrates the colormap of system throughput values gathered
from OFI over 𝑛 = 1000 nodes assigned for three user classes: 𝑛1 refers to
nodes with SF 7; 𝑛2 to nodes with SF 8; and, 𝑛3 to nodes with SF 9. We
only show the normalized 𝑛1∕𝑛 and 𝑛2∕𝑛 axes, since 𝑛3∕𝑛 is straightly
obtained by 𝑛3∕𝑛 = 1−𝑛1∕𝑛−𝑛2∕𝑛. For example, the descendant diagonal
edge corresponds to 𝑛3∕𝑛 = 0 and the origin correspond to 𝑛3∕𝑛 = 1
(the worst throughput, as expected). As in previous results, the best
throughput is achieved when most nodes are using SF 7. In this way, the
long ToA of others will appear only when quasi-orthogonality benefits
are the most expressive.

4.2. Mathematical model vs. simulations

In Figs. 4 and 5 we have the mathematical model (solid lines)
and simulation (the 𝑥 marks) results for the EAB, PLB, ONI and OFI
approaches with two and three user classes, and total nodes 𝑛 ranging
from 0 to 2000. The probability of success 𝑝𝑠 is computed as the
weighted average of the packet’s probability of success multiplied by
the proportion of nodes of each class; the throughput is the sum of all
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Table 4
The proportion for each class to four approaches used.

Number of Proportion Approaches

classes per class EAB PLB OFI ONI

2 𝑛1∕𝑛 50% 73% 82% 76%
𝑛2∕𝑛 50% 27% 18% 24%

3 𝑛1∕𝑛 33.3% 55% 78% 74%
𝑛2∕𝑛 33.3% 22% 18% 24%
𝑛3∕𝑛 33.3% 23% 4% 2%

user classes throughputs. Each marked point was averaged over five
independent simulation campaigns, and low deviations were observed.
For instance, among all loads and allocation strategies in Fig. 4,
the highest standard deviation obtained for system throughput was
0.177 packet∕s; in Fig. 5 it was 0.129 packet∕s.

Table 4 shows the settings for proportion to 𝑛1 and 𝑛2, as seen in
Fig. 4, the OFI and ONI cases are the best ones, where the small differ-
ence in favor of OFI is due to the independence of nodes distribution
from the class. As the number of nodes in the first class 𝑛1 of PLB is
close to ONI and OFI, the results were close to each other. The values
of the ONI results for 2 and 3 user classes are coherent with the results
in [6]. The worst case is EAB because the first-class 𝑛1 has the same
number of nodes of the second-class 𝑛2, providing a higher ToA and,
consequently, a greater probability of collision packets.

As seen in Figs. 4, 5 also presents the cases OFI and ONI as the
best ones (proportion for 𝑛1, 𝑛2, and 𝑛3 in Table 4), keeping the
small difference in favor of OFI due to the nodes’ distribution to be
independent of the user classes. There was a fall in EAB and PLB
metrics, compared to the example of two user classes; it is due to the
redistribution of 𝑛 between 𝑛1, 𝑛2, and 𝑛3, which does not take into
ccount the ToA and quasi-orthogonality characteristics.

The difference between the simulation and the analytical model is
hat we do not consider the duty cycle in the mathematical model be-
ause it limits the minimum inter-arrival of packets in a node. Including
his effect in the arrival process would make it non-Poissonian and not
nalytically tractable.

By inspection, it is easy to find the maximum throughput for each
trategy since the throughput function is a monotonic increasing func-
ion from zero nodes until the global maximum. Then it is a monotonic
ecreasing function from the global maximum until positive infinity.

.3. Analysis with path-loss exponent

In this subsection, we explore the effect of the path-loss exponent
in the best performing allocation scheme so far, which is the OFI

pproach.
Fig. 6 illustrates the effect of 𝛼 on the throughput and the optimum

atio of the OFI approach. The first plot shows the system throughput
s a function of 𝛼. The dashed curves are the asymptotes as 𝛼 → ∞,
hich are obtained by using Proposition 2 and 𝑛1∕𝑛 → 1. Due to the

ystem’s limitation in terms of interference, the throughput increases
ith 𝛼. For a more significant number of sensors 𝑛, there is a greater
ariation on the throughput concerning 𝛼, showing that the path-loss
henomena have more influence on the channel for larger values of 𝑛.
hrough Eq. (15) we can analyze the influence of 𝛼 on the system. The
atio of distances from a desired and an interfering transmitter, 𝑅𝑖∕𝑅𝑗𝑘,
s raised to the power of 𝛼. By taking these exponential ratios for all
’s and 𝑘’s, together with the respective 𝜃’s and 𝑍’s, we can compute
he SIR. Given 𝑍𝑖𝑗𝑘 and 𝜃𝑖𝑗 , small ratios (𝑅𝑖∕𝑅𝑗𝑘)𝛼 lead to a high SIR,
mproving the chances to overcome the thresholds of Table 2. From
r2 of Remark 3, we know that for greater values of 𝛼, the probability
f successful transmission is improved with respect to interferers that
re farther from the gateway than the desired transmitter, and the
robability deteriorates when interferers are nearer to the gateway.
7

owever, in the OFI scheme, we know that both effects apply for all
Fig. 4. Packet success probability and system throughput with two user classes (SF 7
and SF 8) for several allocation strategies. The marks correspond to simulation results
from NS-3, and the solid lines to the analytical model.

user classes since they are distributed homogeneously throughout the
coverage area.

The second plot of Fig. 6 shows the optimal 𝑛1∕𝑛 proportion as a
function of the path-loss exponent 𝛼, where each curve can be approx-
imated by an increasing linear function with angular coefficient 𝑎 > 0
representing this increase. We can say that the effect of 𝑎 decreasing as
the number of nodes 𝑛 increases is caused by the influence of 𝛼 on the
ratio 𝑅𝑖∕𝑅𝑗𝑘, meaning that the greater the density of nodes, the greater
will be the proportion of interfering signals being further away from the
gateway than the desired signal. By varying 𝛼 from a free space setting
(𝛼 = 2) to a shaded urban setting (𝛼 = 5), we observe that there is an
increase in the proportion 𝑛1∕𝑛, showing that increasing the number of
nodes with SF = 7 improves performance in a dense urban area, due
o the behavior of SIR for an increase in the path loss exponent. The
alance of the transmission time and quasi-orthogonal effects lead to
greater 𝑛1∕𝑛 proportion when 𝛼 is increased. In resume, the optimal

proportion 𝑛1∕𝑛 grows with 𝛼, and its curve slope decreases with the
total number of nodes.
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Fig. 5. Packet success probability and system throughput with three user classes (SF
, SF 8 and SF 9) for several allocation strategies. The marks correspond to simulation
esults from NS-3, and the solid lines to the analytical model.

. Conclusions and future work

This paper studied an ALOHA-like multi-class random access wire-
ess network based on a newly derived analytical formulation to charac-
erize packet collisions from co-channel interference and thus propose
ew SF allocation techniques in a LoRaWAN network. We have shown
n optimal network throughput, a by-product of the trade-off between
uccess probability and packet collision. Remarkably, we have derived
n closed-form the system’s asymptotic performance throughput when
he path-loss exponent tends to infinity, which can be interpreted as
he maximum achievable throughput for such a network.

Moreover, we have numerically compared the results obtained from
he proposed analytical formulation with a system-level simulation
f LoRaWAN. We have shown that the simulated LoRaWAN system’s
erformance can be reasonably well approximated by our mathematical
odel, allowing us to compare different SF allocation schemes and

he impact of the path-loss on the packet collisions and throughput.
e conclude that the use of the spatial allocation technique of SFs is

nfluenced by the action of three effects, which are transmission time 𝝉,
the quasi-orthogonality, and the geographical distribution. The best
allocation strategy is one that balances these three effects, with OFI and
8

Fig. 6. Two user classes (SF 7 and SF 8) using the OFI strategy. We show the system
throughput and the optimal 𝑛1∕𝑛 as a function of the path-loss exponent 𝛼. The dashed
curves are the asymptotes as 𝛼 → ∞.

PI as the best strategies, compared to EAB and PLB , widely used in
he literature.

We expect to extend these results based on our previous contribu-
ions to include the possibility of packet retransmissions [20] and other
trategies for packet replication [21], as well as by traffic segmentation
onsidering different SF allocation priorities [4]. Besides, we plan to
xtend the analysis to cover cases, where several LoRa gateways are
eployed in a dense region as in [22], utilizing a formulation we have
erived for bipolar networks [23].
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