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a b s t r a c t

Gene expression data have become increasingly important in machine learning and computational
biology over the past few years. In the field of gene expression analysis, several matrix factorization-
based dimensionality reduction methods have been developed. However, such methods can still be
improved in terms of efficiency and reliability. In this paper, an innovative approach to feature
selection, called Dual Regularized Unsupervised Feature Selection Based on Matrix Factorization and
Minimum Redundancy (DR-FS-MFMR), is introduced. The major focus of DR-FS-MFMR is to discard
redundant features from the set of original features. In order to reach this target, the primary feature
selection problem is defined in terms of two aspects: (1) the matrix factorization of data matrix in
terms of the feature weight matrix and the representation matrix, and (2) the correlation information
related to the selected features set. Then, the objective function is enriched by employing two data
representation characteristics along with an inner product regularization criterion to perform both the
redundancy minimization process and the sparsity task more precisely. To demonstrate the proficiency
of the DR-FS-MFMR method, a large number of experimental studies are conducted on nine gene
expression datasets. The obtained computational results indicate the efficiency and productivity of
DR-FS-MFMR for the gene selection task.

© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
1. Introduction

Medical equipment improvements have led to an increase in
edical data collection. This enabled physicians to simultane-
usly study several patterns at unprecedented scales, contribut-
ng to enhance medical diagnosis and state of knowledge in the
ield. However, this rapid growth of molecular and clinical data
aised new challenges to data processing and analysis tasks [1,2],
hich constraints its application in diagnosing, prognosticating,
nd planning treatment. Hence, the advancement of machine-
earning frameworks is essential to handle big e-healthcare data
n an effective manner [3–5].
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The high dimensionality of medical datasets, on the other
hand, presents serious challenges to existing machine learning
algorithms. Strictly speaking, in several medical datasets, many
features are either irrelevant or redundant for intelligent mod-
els [6,7]. This shortcoming can be defeated by utilizing gene
selection or feature selection methods. There have been many
successful uses of gene selection models in the medicine field,
including gene expression [8], cancer categorization [9], medical
diagnosis [10], among others. Typically, in feature selection-based
approaches, the original feature set is reduced to a subset of
non-redundant features which optimize the final medical analysis
task [11]. This expects to reduce the computational complexity
and storage requirement as well as enhancing the classification
or clustering performances [12,13].

In recent years, the notion of subspace learning has been

applied as one of the most noteworthy techniques in feature
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election [14–16]. The subspace learning has the ability to com-
ine with powerful tools such as matrix factorization and various
egularization frameworks in order to not only map the feature
pace to a smaller dimension space, but also to remove noisy
nformation and redundant features in the data [17]. As a result,
ubspace learning-based feature selection methods can present
favorable performance when dealing with high-dimensional
ata [18]. Several efficient feature selection methods using the
ubspace learning have been introduced in [15,16,19–22]. For
nstance, an approach using a combination of subspace learning
nd matrix factorization (MFFS) was proposed in [23]. Thereupon,
modified version of the MFFS method, called MPMR, which
erges the subspace learning and the redundancy criterion in
n unified framework was suggested in [24]. A commonality
f the MFFS and MPMR methods is that the feature selection
rocess in both of these methods is performed by applying a
eature weight matrix and a representation matrix so that an
rthogonality condition is imposed on the feature weight matrix.
n a detailed study conducted in [25], it was discussed that the
se of the orthogonality condition in learning the feature weight
atrix cannot select properly the salient features of a dataset.
o tackle this problem, the authors of [25] introduced a novel
nsupervised feature selection method, called RMFFS, in which
creative kind of regularization using the concept of inner prod-
ct was utilized to reduce the redundancy among the selected
eatures while considering the correlation between features. The
entral idea of the three feature selection methods MFFS, MPMR
nd RMFFS, as well as many other such methods [26–28], is
hat they conduct the feature selection process through the use
f two low rank matrices called the feature weight matrix and
he representation matrix into a subspace learning framework.
n the methodology section provided in the current research, it
s discussed in detail how the feature weight and representation
atrices can play a significant role in displaying the original
ataset based on the concepts such as the self-representation
roperty and the low-rank representation, or displaying statistical
nformation of features such as the correlation between them.
lthough the feature selection methods MFFS, MPMR and RMFFS
erformed well, a key drawback of these methods is that they
ocused only on learning the feature weight matrix and neglected
o take advantage of the benefits that learning the representation
atrix can have in the subspace learning process as well as
isplaying information like the self-representation property and
he correlation between features. Motivated by this consideration,
ne can integrate the duality information of both the feature
eight matrix and the representation matrix into the framework
f feature selection in order to exploit more information behind
he data and to select more discriminative features.

The purpose of this paper is to propound a novel approach,
alled Dual Regularized Unsupervised Feature Selection Based on
atrix Factorization and Minimum Redundancy (DR-FS-MFMR),

o overcome the limitations mentioned above. The proposed DR-
S-MFMR method is formed by a matrix factorization-based sub-
pace learning model and a correlation information term so that
feature weight matrix and a representation matrix are utilized
o conduct the process of feature selection. The key component
f our approach relies on making use of the idea of the duality
nformation discussed above in order to design a mechanism that
earns what part of the feature space can play a key role in the
elected features. To achieve this goal, it is first demonstrated
ow the feature weight matrix and the representation matrix
an be used to reconstruct members of the feature space. Then,
he DR-FS-MFMR method makes use of two regularization terms
sing the concept of inner product in order to learn effectively
he feature weight matrix and the representation matrix with the

im of removing more redundant features from the data. Fig. 1

2

displays the general framework for the proposed DR-FS-MFMR
method.

The main highlights of the proposed DR-FS-MFMR method are
summarized below:

1. A novel structure is suggested so that the representation of
each feature in terms of its related features in the feature
space is utilized to perform the feature selection process.

2. Two inner product-based regularization components are
introduced to make the optimal use of feature space infor-
mation in the feature selection process.

3. To solve the objective function of DR-FS-MFMR, an opti-
mization algorithm along with its convergence analysis is
proposed.

4. A set of comprehensive numerical experiments on bench-
mark gene expression data demonstrate the effectiveness
and efficiency of DR-FS-MFMR in comparison with a variety
of contemporary feature selection methods.

The reminder of the contents of this paper is arranged as
follows. A number of previously feature selection approaches are
recollected in Section 2. The details of the DR-FS-MFMR method
are explained in Section 3. The computational experiments are
conducted and analyzed in Section 4. Finally, the conclusion of
this work is discussed along with perspective work of this study
in Section 5.

2. Related works

Since the 1970s, feature selection has been an important
research topic in statistical pattern detection, data mining, and
machine learning [29]. Feature selection is either supervised or
unsupervised depending on the dataset’s label availability [30].
Supervised feature selection are used when labels of training
samples are readily available, while unsupervised feature selec-
tion can be applied when labels of training samples are not
readily available [31,32]. Depending on the way the classifi-
cation/machine learning model is accounted, feature selection
methods can be further categorized into filter, wrapper, and
embedded approaches [33].

The filter approaches appraise the appropriateness of selecting
features without utilizing any classification /machine learning
models. Therefore, these approaches usually have low computa-
tional complexity. In this group, features are scored according
to some mathematical or statistical criteria, and a few high-
scoring features are selected [34]. On the basis of the filter model,
feature selection can be categorized into univariate and multi-
variate strategies. In univariate mechanisms, only the correlation
between features and the class of train data is considered un-
der a defined measure including Information Gain [35], Variance
Score [36], and so on [37–41]. A univariate approach, therefore,
ignores the interaction between features, resulting in similar
features in the final feature set as well as generating weak and
complex learning models. Multivariate filtering addresses this
issue by removing both redundant and irrelevant features. In
fact, feature dependencies and relevance were taken into account
when developing multivariate filter methods [42,43]. Moreover,
feature selection using subspace learning and graph learning is
another filter-based method of mapping the feature space to a
smaller dimension space [19,23–25,44]. Some another success-
ful methods that have been introduced in this direction can be
mentioned in [45,46], which make use of the structured graph op-
timization and the adaptive graph-based generalized regression
model to solve the problem of unsupervised feature selection.

In wrapper approaches, the accuracy of the selected features
is evaluated using some learning model. At each stage of this

feature selection technique, a set of candidate features is built
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Fig. 1. An illustrative scheme for the DR-FS-MFMR method.
sing a search strategy and the quality of this set is quantified
sing some learning mechanism. Lastly, the most appropriate
eature set remains as the output subset [47,48]. Although wrap-
er feature selection models can yield effective feature subsets,
hey are time-consuming to implement and can lose efficiency
hen dealing with complex microarray datasets [49,50]. In this
egard, a number of successful examples of such category include
ethods in [51–53].
Finally, embedded techniques are generally viewed as a class

f hybrid models that are implemented by algorithms which
ave built-in features selection mechanisms [54,55]. In [56], an
mbedded-based feature selection mechanism is introduced so
hat appropriate features are selected by virtue of an embedded
eural network, and a learning process is produced by taking
dvantage of these features.
The main objective functions of feature selection methods is

o minimize redundancy of selected features or maximize rele-
ant features for supervised and unsupervised tasks [57,58]. The
ajority of the existing feature selection approaches are based
n the single-objective function, and only a few multi-objective
ethods have been reported in the literature [59]. Though, in
ractice, multi-objective methods may also be taken into account,
esulting in multi-objective optimization techniques that can be
omplicated.
The problem of choosing the optimal subset of the original

eatures is NP-Hard and requires a lot of time and memory. As
result, selecting an appropriate search algorithm is crucial to

eature selection methods. A feature selection algorithm should
e evaluated from both efficiency and effectiveness viewpoints.
he efficiency of a feature selection method is determined by
ow long it takes to find the final set of features. In contrast, its
ffectiveness is determined by the quality of the selected features.
here is often a conflict between these two criteria, where im-
roving one usually results in a poor performance on the other.
herefore, reconciling these two criteria has become an increas-
ngly important and necessary issue in feature selection literature.
ue to the use of learning algorithms in the feature selection
3

process, a wrapper-based model will be able to identify redun-
dant and irrelevant features, and methods using this approach are
usually highly accurate. However, such methods usually cannot
be applied to high-dimensional microarray datasets because of
their high computational complexity. On the other hand, filter-
based methods have a much lower computational complexity
than wrapper-based methods since they do not incorporate a
learning algorithm in the feature selection process. In most cases,
filter-based methods converge to local optimization, which yields
a lower quality subset than a wrapper-based model. This paper
aims to develop a method that can reconcile the two criteria of
efficiency and effectiveness in order to propose a feature selection
method that can be applied to high-dimensional gene expression
datasets.

3. The framework of DR-FS-MFMR

The details needed to describe the structure of the DR-FS-
MFMR method will be explained comprehensively in this section.
To begin with, the original dataset X is presented by a matrix
factorization form in terms of a feature weight matrix W and
a representation matrix H. Following this, the objective func-
tion of DR-FS-MFMR is developed by taking into account three
components: (1) a correlation information term associated with
an arbitrary subset of features to minimize the redundancy,
(2) a strategy for more beneficial regularizing the feature weight
matrix W aiming to determine more significant features, and
(3) a regularization term for the representation matrix H in
order to fully take advantage of the matrix H in the recon-
struction of the whole feature set. Moreover, the convergence
analysis together with the complexity computation of the algo-
rithm proposed for solving the objective function of DR-FS-MFMR
is studied.

3.1. Notations

Several notations and definitions used in this work are given
in the following. It is assumed that the high-dimensional input
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ata consisting of n samples and d features is indicated through
he matrix X = [f1, f2, . . . , fd] in which fj ∈ Rn×1 is the jth
eature. Ek is used to denote the identity matrix in Rk×k, the
atrix 1k×k is in Rk×k so that all entries are equal to one, and
k is a vector in Rk whose entries are all equal to one. For a given
atrix Z = [Zij] ∈ Rn×d, the Frobenius norm of Z is defined as
Z∥2F = Tr(ZTZ), where Tr(·) is the trace operator, and ZT denotes
he transpose of Z. The Euclidean inner product of two column
ectors a and b is defined as ⟨a, b⟩ = aTb. Finally, the matrix W
s called an indicator matrix in which each row and column has
maximum of one non-zero value, which is one.

.2. Methodology

One of the practical viewpoints in designing a successful fea-
ure selection framework is to make a selection of a collection
f features that is a very good approximation to the whole fea-
ure set. More precisely, it would be desirable that for a fixed
umber k with k < d, a set of features {fj1 , . . . , fjk} is selected
rom {f1, f2, . . . , fd} in a way that the selected sub-matrix XI :=

fj1 , . . . , fjk ] and the original feature matrix X = [f1, f2, . . . , fd]
are sufficiently close to each other according to some metric. This
can be formalized by the following optimization problem:

argmin
XI

−→
d (span(X), span(XI )),

where
−→
d is a function that evaluates the distance from XI to

. Different criteria have been introduced so far to define the
unction

−→
d . As an example, the concept of subspace distance [23],

hich has been recently applied in subspace learning-based fea-
ure selection methods, is offered as follows:
→
d (span(X), span(XI )) = min

H∈Rk×d
∥X− XIH∥F , (1)

here H is called the representation matrix. Let us assume that
∈ Rd×k is an indicator matrix. Accordingly, the selected

ub-matrix XI can be stated as:

I = XW. (2)

s a result, the subspace distance problem (1) is presented ac-
ording to the following matrix factorization problem:

min
W,H
∥X− XWH∥F , subject to W is an indicator matrix. (3)

The problem (3) is the basis for the introduction of a novel unsu-
pervised feature selection method, namely MFFS [23], in which it
is also assumed that H is non-negative and WTW = Ek. On this
account, the problem (3) can be presented as:

min
W,H
∥X− XWH∥F , s.t. W,H ≥ 0, WTW = Ek.

It has been widely discussed in the feature selection litera-
ture that utilizing some issues such as the geometric data and
correlation information will have a particularly positive effect
on improving the feature selection process [14,19,60]. With this
regard, it can be seen that a major shortcoming of the MFFS
method is that it uses only the matrix factorization technique
and the concept of subspace learning in its process, and pays no
attention to the information that may be contained in the data. On
the other hand, through a detailed study in [20], it was mentioned
that the non-negative and the orthogonality conditions

W ≥ 0, WTW = Ek, (4)

are not able to produce an indicator matrix. For example, it can
be observed that for the matrix

W =
[

1√
2

0 1√
2

]T
,

0 1 0

4

the conditions (4) hold, but W is not an indicator matrix. To
address this case, the authors of [25] applied a variety of well-
known criteria such as the L1-norm, the L2,1-norm, and a new
inner product-based regularization to explore which of them
could be more successful in establishing the indicator property.
The obtained results revealed that the inner product regulariza-
tion has a greater ability to produce an indicator matrix compared
to the L1-norm and the L2,1-norm. Furthermore, another short-
oming of MFFS and a number of such previous methods is the
gnorance of the role that the representation matrix H can play
n feature selection [19,24,25].

These difficulties motivated us to take a deeper look at the
ramework introduced for MFFS and to find a solution to the
bove shortcomings. The rest of this section is devoted first to
xplaining the role of the feature weight matrix W and the
epresentation matrix H in the feature selection process. Then, the
se of the inner product regularization on W and H is examined
n order to provide a reliable foundation on which more produc-
ive features can be selected. In a summary, the central core of
he objective function for our proposed DR-FS-MFMR method is
stablished as follows:

min
W,H≥0

∥X− XWH∥2F +Ω(W)+Ω(H), (5)

here the notations Ω(W) and Ω(H) indicate the regularization
erms on W and H.

.2.1. Regularization term on W
Let us consider a selected sub-matrix XI := [fj1 , . . . , fjk ] and

he original feature matrix X = [f1, f2, . . . , fd]. Moving to the
elation (2), it is concluded that

I = XW = f1w(1)
+ f2w(2)

+ · · · + fdw(d), (6)

here w(1),w(2), . . . ,w(d) are the rows of the weight matrix W.
he representation relation (6) for XI indicates that each row of
can be interpreted as a weight in display of the sub-matrix of

elected features XI . It can also be inferred from (6) that if the
orm of w(i) tends to zero, then the term fiw(i) can be ignored in
epresenting the subset of features {fj1 , . . . , fjk} in terms of the
ombination of features {f1, f2, . . . , fd}. To be more specific, the
arger the norm ofw(i) is, the more effective the term fiw(i) will be,
nd consequently, the feature fi will be used in the representation
f XI . Consequently, the weight feature matrix W has a significant
ole in the feature selection process, and it becomes necessary to
se the regularization tools to learn the weight matrix W that can
ptimally make the sparsity property of W in such a way that the
ndicator constraint is also met in W.

To better understand this issue, let us assume that the data
atrix X is shown as

= [f1, f2, f3, f4, f5, f6]

=

[ 0.2 0.9 0.5 0.3 1 0.8
0.8 0.6 0.1 0.4 0.9 0.3
0.6 0.4 0.3 0.1 0.5 1

]
∈ R3×6.

Moreover, suppose that for k = 3, the feature weight matrix
W ∈ R6×3 is obtained as follows:

W =

⎡⎢⎢⎢⎢⎢⎣
W(1)

W(2)

W(3)

W(4)

W(5)

W(6)

⎤⎥⎥⎥⎥⎥⎦ =
⎡⎢⎢⎢⎢⎢⎣

0 0 0
0.3 0.8 0
0.9 0.1 0
0 0 0
0.2 0 1
0 0 0

⎤⎥⎥⎥⎥⎥⎦ .

With simple calculations, it is easy to see that

∥W(1)
∥ = ∥W(4)

∥ = ∥W(6)
∥ = 0,
2 2 2
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W(2)
∥2 = 0.8544, ∥W(3)

∥2 = 0.9055, ∥W(5)
∥2 = 1.0198.

On the other hand, since W(1), W(4), and W(6) of the matrix W are
the rows with all zero elements, it turns out from the relation
XW = f1w(1)

+ f2w(2)
+ f3w(3)

+ f4w(4)
+ f5w(5)

+ f6w(6) that

XW = f1w(1)  
=0

+f2w(2)
+ f3w(3)

+ f4w(4)  
=0

+f5w(5)
+ f6w(6)  

=0

= f2w(2)
+ f3w(3)

+ f5w(5).

herefore, the rows of W with the 2-norm equal to 0 have no
ffect on the feature selection process, and in this example, the
ifth, third, and second rows of W have the most effect on the
eature selection process. As a result, the set of selected features
s {f2, f3, f5}.

Recently, a type of regularization strategy called inner product
egularization has been propounded by some researchers [25,61],
hich tackle both the sparsity of the weight matrix W and, at
he same time, the indicator function constraint by considering
he correlation between the rows of W. In accordance with the
erits of the inner product regularization, a regularization on W
an be designed as:

eg(W) :=
d∑

i,j=1,i̸=j

⟨w(i),w(j)
⟩ =

d∑
i,j=1,i̸=j

w(i)w(j)T

= Tr(1d×dWWT )− Tr(WWT ). (7)

delicate point that needs to be considered here is that although
he sparsity and the low redundancy of the rows of W can be
chieved by the inner product regularization, it cannot be said
ith certainty that the selected features corresponding to the

earned weight matrix W benefit from the minimum redundancy.
o address this issue, along with considering the correlation
etween the rows ofW, it makes sense to consider the correlation
etween a set of selected features as well. In this way, the
orrelation for a feature subset {fj1 , . . . , fjk} can be specified as:

orr({fj1 , . . . , fjk}) =
1
k2

k∑
i,m=1

⟨fji , fjm⟩ (8)

=
1
k2

k∑
i,m=1

fTji fjm

=
1
k2

(
1T
kX

T
I XI1k

)
=

1
k2

(
1T
kW

TXTXW1k
)
.

As a summary of what was discussed in this section, a regu-
arization term with respect to the weight matrix W based on the
wo concepts of correlation between the selected features and the
nner product regularization can be designed as follows:

(W) =
1
k2

(
1T
kW

TXTXW1k
)
+

(
Tr(1d×dWWT )− Tr(WWT )

)
. (9)

3.2.2. Regularization term on H
To better understand the meaning behind the matrix factor-

ization model introduced in the problem (3), the expression X−
XWH can be expanded as:⎧⎪⎪⎪⎨⎪⎪⎪⎩

f1 ≃ XWh1 = H11fj1 + H21fj2 + · · · + Hk1fjk ,
f2 ≃ XWh2 = H12fj1 + H22fj2 + · · · + Hk2fjk ,
...

fd ≃ XWhd = H1dfj1 + H2dfj2 + · · · + Hkdfjk ,

(10)

in which XW = [fj1 , . . . , fjk ] is a sub-matrix of selected features,
h , for i = 1, . . . , d, is the ith column of the representation matrix
i

5

H, and Hij, for i = 1, . . . , k and j = 1, . . . , d, are the entries of H.
It turns out from relations (10) that every feature vector fi can
be stated as a linear combination of a subset of selected features,
which can be interpreted as the self-representation property of
features. Moreover, it can be seen that not only is the ith column
of H closely related to the feature fi, i.e., fi ≃ XWhi, but also the
entries of the column hi have a direct effect on the display of the
feature fi in terms of the subset of selected features, that is to say,

fi ≃ H1ifj1 + H2ifj2 + · · · + Hkifjk .

Therefore, the entries of H can play an unavoidable role in the
self-representation property given in (10). In other words, if two
features fi and fj are highly interdependent with each other, it is
reasonable to expect that their corresponding columns hi and hj
should have similar situation as well.

In order to reflect the importance of the representation matrix
H in our proposed feature selection process, applying the inner
product regularization has two main advantages: (1) making the
sparseness of the columns of H will remove the corresponding
unimportant features and keep discriminative features only, and
(2) the correlation between the columns of H can implicitly refer
to the correlation between the features. According to these dis-
cussions, the inner product regularization on H can be computed
as:

Ω(H) =
d∑

i,j=1,i̸=j

⟨hi,hj⟩ =

d∑
i,j=1,i̸=j

hT
i hj = Tr(1d×dHTH)− Tr(HTH).

(11)

3.3. Problem formulation

By integrating the above-mentioned regularization terms
Ω(W) and Ω(H) into the problem (5), the objective function
of our proposed DR-FS-MFMR method can be constructed as
follows:

min
W,H≥0

1
2
∥X− XWH∥2F +

α

2

(
1T
kW

TXTXW1k
)

(12)

+
β

2

(
Tr(1d×dWWT )− Tr(WWT )

)
+

γ

2

(
Tr(1d×dHTH)− Tr(HTH)

)
,

where α, β, γ ≥ 0 are trade-off coefficients.
In order to solve the problem (12), the following Lagrange

function J is devised:

J (W,H) :=
1
2
∥X− XWH∥2F +

α

2

(
1T
kW

TXTXW1k
)

+
β

2

(
Tr(1d×dWWT )− Tr(WWT )

)
+

γ

2

(
Tr(1d×dHTH)− Tr(HTH)

)
+ Tr(AWT )+ Tr(BHT ),

(13)

where A ∈ Rd×k and B ∈ Rk×d are the Lagrange multipliers. An al-
ternative iterative algorithm process can be applied to effectively
deal with the problem (13) with respect to the main variables
W and H. Taking that into account, one variable is supposed to
be fixed, and the other variable will be determined. To start with,
let us assume that H is constant. Calculating the partial derivative
of J in relation to W yields

∂J
∂W
= −XTXHT

+XTXWHHT
+αXTXW1k×k+β(1d×dW−W)+A.

(14)
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imilarly, fixing the variable W and computing the partial deriva-
tive of J in relation to H lead to
∂J
∂H
= −WTXTX+WTXTXWH+ ν(H1d×d − H)+ B. (15)

inally, exploiting the Karush-Kuhn–Tucker conditions AijW2
ij = 0

and BijH2
ij = 0 leads to the following updating rules:

Wij ← Wij

√
(XTXHT + βW)ij

(XTXWHHT + αXTXW1k×k + β1d×dW)ij
, (16)

ij ← Hij

√
(WTXTX+ νH)ij

(WTXTXWH+ νH1d×d)ij
. (17)

The entire framework of the proposed DR-FS-MFMR method
s summarized in Algorithm 1.

Algorithm 1 Iterative update algorithm for the proposed
DR-FS-MFMR method.
1: Input: Data matrix X ∈ Rn×d, the trade-off coefficients α, β

and γ , and the number of selected features k.
2: Initialize the matrices W and H.
3: while not converged do steps 4 and 5:
4: Update Wij by the rule (16).
5: Update Hij by the rule (17).
6: Output: Arrange the rows of W with respect to the 2-norm,

i.e., arrange ∥w(1)
∥2, ∥w(2)

∥2, . . . , ∥w(d)
∥2 according to de-

scending order of values and sort each feature of X by the
order obtained from the quantities of ∥w(i)

∥2. Then, choose
k features from the sorted dataset in a way that their corre-
sponding rows in W have the highest value with respect to
the 2-norm criterion.

3.4. Convergence analysis

In the following, the convergence behavior of the objective
unction established for the DR-FS-MFMR method is analyzed in
etail.

heorem 1. Considering the update formulas (16) and (17), the
objective function of the DR-FS-MFMR method is non-increasing.

Proof. Assume that W,H ≥ 0. The objective function of the
R-FS-MFMR method can be written as:

(W,H) =
1
2
∥X− XWH∥2F +

α

2

(
1T
kW

TXTXW1k
)

+
β

2

(
Tr(1d×dWWT )− Tr(WWT )

)
+

γ

2

(
Tr(1d×dHTH)− Tr(HTH)

)
. (18)

et the matrix H be fixed. Ignoring those terms of (18) that
re fixed or are only dependent on the matrix H, the function
(W,H) is converted to the following form:

(W) =
1
2
Tr(HTWTXTXWH)− Tr(HTWTXTX)

+
α

2

(
1T
kW

TXTXW1k
)

+
β (

Tr(1d×dWWT )− Tr(WWT )
)
.

2
6

Proving this theorem consists of two steps. In the first step, a
suitable auxiliary function [62] is found for T (W). Then, in the
econd step, the descending behavior of T (W) will be investigated
ith the help of this suggested auxiliary function.

tep 1. Let us define the following function:

(W,W′) = −
∑
m,p

(
(XTXHT )mpW′mp(1+ log

Wmp

W′mp
)
)

+
1
2

∑
m,p

(XTXW′HHT )mpW2
mp

W′mp

+
α

2

∑
m,p

(XTXW′1k×k)mpW2
mp

W′mp

+
β

2

∑
m,p

(1d×dW′)mpW2
mp

W′mp

−
β

2

∑
m,p

(
(W′mp)

2(1+ log
(Wmp)2

(W′mp)2
))

,

(19)

here W′ is a non-negative matrix in Rn×d. Our aim is to demon-
trate that Ψ (W,W′) is an auxiliary function for T (W). At first, it
an easily be checked that

(W,W) = −
∑
m,p

(
(XTXHT )mpWmp

)
+

1
2

∑
m,p

(
(XTXWHHT )mpWmp

)
+

α

2

∑
m,p

(
(XTXW1k×k)mpWmp

)
+

β

2

∑
m,p

(
(1d×dW)mpWmp

)
−

β

2

∑
m,p

(Wmp)2

= −Tr(HTWTXTX)+
1
2
Tr(HTWTXTXWH)

+
α

2
Tr(WTXTXW1k×k)

+
β

2

(
Tr(1d×dWWT )− Tr(WWT )

)
,

which implies that

Ψ (W,W) = T (W). (20)

On the other hand, in view of the inequality a > 1 + log a that
exists for each a > 0, it follows that

Tr(HTWTXTX) =
d∑

m=1

k∑
p=1

(
(XTXHT )mpWmp

)

≥

d∑
m=1

k∑
p=1

(
(XTXHT )mpW′mp(1+ log

Wmp

W′mp
)
) (21)

nd

r(WWT ) =
d∑

m=1

k∑
p=1

(Wmp)2

≥

d∑ k∑(
(W′mp)

2(1+ log
(Wmp)2

(W′ )2
))

.

(22)
m=1 p=1 mp
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oreover, by utilizing [63, Lemma 3], the following relations can
e derived

r(HTWTXTXWH) ≤
d∑

m=1

k∑
p=1

(XTXW′HHT )mpW 2
mp

W ′mp
,

r(WTXTXW1k×k) ≤
d∑

m=1

k∑
p=1

(XTXW′1k×k)mpW2
mp

W′mp
,

r(1d×dWWT ) ≤
d∑

m=1

k∑
p=1

(1d×dW′)mpW2
mp

W′mp
.

(23)

t this point, putting the relations (21), (22) and (23) together
ives that

(W) ≤ Ψ (W,W′). (24)

In consequence, from the relations (20) and (24), it turns out
hat Ψ (W,W′) is an auxiliary function for T (W), which means
that T (W) is non-increasing in terms of the updating formula
minWij Ψ (Wij,W′ij).

Step 2. In order to determine the minimum points of Ψ , it is
ecessary to calculate the derivative of Ψ in terms of Wij. This
ields

∂Ψ (W,W′)
∂Wij

= −(XTXHT )ij
W′ij
Wij
+ (XTXW′HHT )ij

Wij

W′ij

+ α(XTXW′1k×k)ij
Wij

W ′ij

+ β(1d×dW′)ij
Wij

W′ij
− βW′ij

W′ij
Wij

.

y setting ∂Ψ (W,W′)/∂Wij to zero, it is straightforward to show
hat

ij = W′ij

√ (
XTXHT + βW′

)
ij(

XTXW′HHT + αXTXW′1k×k + β1d×dW′
)
ij

,

which is equivalent to say that the objective function of the
DR-FS-MFMR method is non-increasing in terms of the updating
formula (16).

The remainder of the proof for the descending behavior of
the objective function of DR-FS-MFMR in terms of the updating
formula (17) is similar to the process performed above, and its
explanation is omitted. □

3.5. Computational complexity

The computational complexity of DR-FS-MFMR is illustrated in
the following. The major computation cost for the update of W is
the calculation of XTXWHHT , which takes 2nd2 + 2kd2 + 4k2d
operations. The cost of updating H is mainly allocated to calcu-
latingWTXTXWH, which requires approximately 4k2d operations.
Consequently, if it is assumed that k is a fixed parameter and that
k, n≪ d, it can be concluded that the computational complexity
of DR-FS-MFMR is almost equal to O(d2) at every iteration of
Algorithm 1.

4. Experimental studies

This section evaluates the efficiency and efficacy of the DR-
FS-MFMR method when applied in gene expression datasets.
Moreover, a detailed discussion about the datasets used in this
paper, the process of setting parameters, and the performance of
DR-FS-MFMR is provided.
7

Table 1
Details of the nine gene expression datasets applied in the numerical
experiments.
Dataset # of samples # of features # of classes

CNS 60 7129 2
Colon 62 2000 2
DLBCL 47 4026 2
GLIOMA 50 4434 4
Lymphoma 96 4026 9
TOX-171 171 5748 4
Leukemia 72 7070 2
Prostate-GE 102 5966 2
CCLE 343 1899 2

4.1. Datasets

In this research, nine gene expression datasets whose detailed
description is given in Table 1 have been utilized for carrying out
the computational experiments.

For example, the Embryonal tumors of CNS dataset [64], in
short CNS, is made up of gene expression information obtained
from 60 patients with various kinds of brain tumors. The Colon
dataset [65] consists of the gene expression signatures for 40
tumor cells and 22 normal colon cells. The Diffuse Large B-cell
Lymphomas dataset [66], in short DLBCL, contains the informa-
tion of tumor cells collected from patients with the immune
system cancer. The GLIOMA dataset [67] contains 50 samples
that belong to the four classes: cancer oligodendrogliomas, non-
cancer oligodendrogliomas, cancer glioblastomas, and noncancer
glioblastomas. Lymphoma [67] is a gene expression dataset about
the lymphatic system and is the result of a research on diverse
forms of non-Hodgkins lymphoma. The TOX-171 dataset [68] has
171 samples, each of which consists of 5748 genes. The classes
associated with this gene expression dataset are: patients with no
cancer, controlled radiation-therapy patients, patients with skin
cancer, and suffered radiation-therapy patients. The Leukemia
dataset [69] comes from a study on a group of leukemia patients.
This dataset involves 72 samples with 7070 genes. Prostate-
GE [67] is another gene expression dataset that includes a set
of 102 samples and 5966 genes. Finally, Cancer Cell Line Ency-
clopedia (CCLE) [70] is a well-known dataset in cancer-related
biomedical research that contains standard cancer cell lines.

4.2. Comparison methods

In this study, a number of powerful and contemporary un-
supervised feature selection methods have been considered to
evaluate the quality of the proposed method DR-FS-MFMR and
for the comparison purpose:

1. LS [40]: Laplacian Score, in which discriminative features are
chosen based on the Laplacian matrix.

2. MFFS [23]: Unsupervised feature selection via subspace learn-
ing and matrix factorization, which considers the following
objective function:

min
W,H≥0

∥X− XWH∥2F , s.t. WTW = Ek.

. RSR [26]: Unsupervised feature selection using the regularized
self-representation, which solves the following problem:

min
W
∥X− XW∥2,1 + λ∥W∥2,1,

where λ > 0 is the regularization parameter, and ∥ · ∥2,1 is the
L -norm.
2,1
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Fig. 2. Performance outcomes related to ACC. Here, the x-axis refers to the comparative methods for different gene expression data, and the y-axis indicates the
CC amounts.
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. MPMR [24]: Unsupervised feature selection based on the sub-
space learning, matrix factorization and minimum redundancy,
in which the objective function is as follows:

min
W,H≥0

∥X− XWH∥2F + λTr(WTXTXW1k×k), s.t. WTW = Ek,

where λ > 0 is the regularization parameter.
. RMFFS [25]: Unsupervised feature selection using the sub-
space learning, matrix factorization and the inner product
regularization, which solves the following problem:

min
W,H≥0

∥X− XWH∥2F + λ
(
Tr(1d×dWWT )− Tr(WWT )

)
,

where λ > 0 is the regularization parameter.
. SCFS [27]: Unsupervised feature selection using the adaptive
similarity learning and subspace clustering, which considers
the following objective function:

min
W,H
∥X− HHTX∥2F + λ∥XW− H∥2F + β∥W∥2,1, s.t. H ≥ 0,

HHT1n×n = 1n×n,

where λ, β > 0 are the regularization parameters.
. RNE [28]: Unsupervised feature selection via robust neigh-
borhood embedding, in which the objective function is as
follows:

min
H≥0
∥(En −WT )XH∥1, s.t. HTH = Ek,

where W is the weight matrix, ∥ · ∥1 is the L1-norm, and k is
the number of selected features.

8. DUFS [71]: Unsupervised feature selection via the pairwise
dependence of features, in which the objective function is as
follows:

min
W,B,G
∥WTX− BGT

∥
2
F + λ∥W∥2,1 + βTr(WTQW),

s.t. BTB = Ec, GTG = Ec, G ≥ 0.

where BG is a low-rank matrix factorization used for the
label matrix Y, Q is the dependency matrix, λ, β > 0 are
the regularization parameters, and c is the size of temporary
cluster.

9. LS-CAE [72]: Laplacian Score-regularized Concrete Autoen-
coder (CAE), which is a deep unsupervised feature selection
method.

Moreover, in the following results, the Baseline term mentions
the case where all of the initial features have been considered.

4.3. Experimental settings

There are quite a few parameters that are employed by the
proposed method DR-FS-MFMR and the other methods men-
tioned above. Some of these parameters are assumed to be a
8

constant value and others are tuned using the Grid Search ap-
proach. For the methods LS, RSR, SCFS, and RNE, the size of
the neighborhood is fixed as 5, and the width parameter corre-
sponding to the Gaussian function is considered as 1. As offered
in [23,24], the penalty parameter for the methods MFFS and
MPMR is set to 108. Moreover, the redundancy parameter for
MPMR is specified as 1. For RMFFS, the parameter associated
with the inner product regularization is varied from {10t , t =
, 1, . . . , 8}. For RSR, the sparsity parameter is tuned in {10t , t =
−3,−2, . . . , 2, 3}. For SCFS, the regularization parameters are
searched in {10t , t = −4,−2, 0, 2, 4}. For RNE, the settings men-
tioned in [28] are used, and in particular, the penalty parameter
is assumed to be equal to 103. The regularization parameters λ, β

of the DUFS method are searched in {10t , t = −6,−5, . . . , 5, 6}.
The settings related to the LS-CAE method are based on those
given in [72].1 For DR-FS-MFMR, the trade-off parameters α,
β and γ are coming from {10t , t = −3,−2, . . . , 2, 3}. The
number of selected features in each data is taken from {10t, t =
1, 2, . . . , 10}, and the number of iterations required for testing
convergence of each method is supposed to be 30. Furthermore,
the k-means algorithm is exploited to measure the efficiency
of a feature selection method in reducing the dimension of a
dataset. To be more specific, after conducting the feature selection
process, the set of selected features is delivered to k-means in
order to cluster samples. However, it is worth noticing that the k-
means performance is highly dependent on allocating appropriate
starting center points. For this reason, one way to deal with
this issue is to repeat k-means regularly for a given number
of iterations, for example 20 iterations. After this, the average
performance measures of the clustering process will be reported
as the final result.

4.4. Evaluation metrics for comparison

In order to provide an accurate assessment for the perfor-
mance of an unsupervised dimensionality reduction method, two
most prevalent measures are [73]: Clustering Accuracy (ACC) and
Normalized Mutual Information (NMI). Here, it should be high-
lighted that the greater the value of ACC or NMI is, the more one
can expect a feature selection method to be more successful in
reducing the data dimension by selecting more effective features.

The measure ACC is indicated by the following relation:

ACC =
1
n

n∑
i=1

δ(ci,map(c̃i)), (25)

n which the number of samples, the true label for each sample,
nd the predicted label are denoted by n, ci, and c̃i, respectively.

1 The code of the LS-CAE method is available at https://github.com/jsvir/lscae.

https://github.com/jsvir/lscae
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Table 2
The best performance results of the comparative feature selection methods that are related to the ACC measure (ACC% ± std%). Each parenthesis refers to the number
of optimal features that are ultimately selected by a method.
Dataset Baseline LS MFFS RSR MPMR RMFFS

CNS 53.33 ± 1.45 58.66 ± 1.02 (80) 61.75 ± 2.78 (50) 66.66 ± 0.00 (40) 61.66 ± 0.00 (70) 63.33 ± 0.00 (60)
Colon 78.54 ± 6.95 60.00 ± 9.38 (90) 74.19 ± 0.29 (10) 83.87 ± 0.04 (50) 74.21 ± 2.91 (90) 83.87 ± 0.43 (40)
DLBCL 59.57 ± 1.23 57.44 ± 0.72 (40) 85.10 ± 0.14 (40) 83.61 ± 1.96 (10) 87.23 ± 0.14 (70) 89.36 ± 0.00 (30)
GLiOMA 44.00 ± 0.00 44.00 ± 0.00 (10) 48.50 ± 2.66 (80) 48.10 ± 2.29 (60) 46.40 ± 0.97 (30) 49.80 ± 5.30 (30)
Lymphoma 57.96 ± 4.55 55.78 ± 1.86 (80) 56.19 ± 2.77 (90) 61.14 ± 3.15 (30) 57.81 ± 3.53 (90) 57.34 ± 3.99 (70)
TOX_171 41.25 ± 0.72 40.35 ± 0.72 (10) 42.13 ± 0.13 (90) 49.12 ± 1.43 (90) 41.49 ± 1.65 (60) 49.64 ± 1.59 (20)
Leukemia 31.94 ± 0.01 29.16 ± 0.00 (10) 25.00 ± 0.00 (80) 31.94 ± 0.08 (20) 23.61 ± 0.01 (30) 31.94 ± 0.02 (20)
Prostate-GE 57.84 ± 0.00 60.78 ± 0.01 (10) 61.76 ± 0.00 (50) 64.70 ± 0.01 (10) 62.84 ± 1.38 (60) 62.34 ± 0.03 (20)
CCLE 83.67 ± 0.03 83.67 ± 0.03 (100) 88.19 ± 1.03 (10) 85.71 ± 1.03 (20) 88.30 ± 2.65 (60) 90.33 ± 1.49 (60)

Dataset SCFS RNE DUFS LS-CAE DR-FS-MFMR (Ours)

CNS 63.16 ± 0.74 (10) 58.33 ± 0.00 (40) 62.51 ± 02 (60) 66.10 ± 21 (40) 68.10 ± 0.03 (40)
Colon 87.09 ± 0.02 (40) 74.19 ± 0.01 (40) 81.42 ± 49 (40) 84.51 ± 06 (60) 88.06 ± 0.11 (40)
DLBCL 89.78 ± 0.03 (30) 85.95 ± 0.07 (60) 85.81 ± 32 (90) 87.32 ± 24 (70) 91.59 ± 0.47 (70)
GLiOMA 50.00 ± 0.00 (70) 47.10 ± 2.19 (20) 48.82 ± 05 (50) 51.17 ± 19 (60) 54.00 ± 0.13 (30)
Lymphoma 60.28 ± 4.15 (90) 60.72 ± 4.34 (40) 57.23 ± 16 (90) 58.85 ± 31 (50) 61.71 ± 3.39 (90)
TOX_171 52.63 ± 0.07 (90) 51.69 ± 0.48 (40) 50.81 ± 23 (70) 55.32 ± 11 (90) 59.32 ± 1.40 (80)
Leukemia 31.94 ± 0.05 (40) 31.94 ± 0.02 (70) 35.92 ± 34 (40) 30.21 ± 41 (60) 31.94 ± 0.72 (10)
Prostate-GE 63.74 ± 0.03 (20) 62.64 ± 0.03 (40) 63.23 ± 24 (40) 69.73 ± 04 (40) 68.62 ± 0.03 (10)
CCLE 84.25 ± 0.03 (70) 83.09 ± 0.00 (50) 85.72 ± 15 (70) 87.39 ± 55 (60) 91.54 ± 0.00 (100)
Table 3
The best performance results of the comparative feature selection methods that are related to the NMI measure (NMI% ± std%). Each parenthesis refers to the
umber of optimal features that are ultimately selected by a method.
Dataset Baseline LS MFFS RSR MPMR RMFFS

CNS 1.17 ± 0.00 2.44 ± 0.45 (90) 2.93 ± 0.45 (100) 8.51 ± 0.00 (30) 1.60 ± 0.80 (30) 9.35 ± 0.08 (50)
Colon 27.35 ± 9.96 7.27 ± 1.23 (100) 24.30 ± 0.14 (100) 33.32 ± 0.15 (50) 21.08 ± 0.54 (40) 33.55 ± 0.04 (60)
DLBCL 2.93 ± 1.09 2.04 ± 0.45 (40) 39.45 ± 0.00 (40) 48.74 ± 4.05 (10) 48.46 ± 0.72 (70) 55.50 ± 0.65 (30)
GLiOMA 17.94 ± 0.69 18.67 ± 0.29 (50) 23.69 ± 2.07 (80) 29.91 ± 1.54 (80) 25.24 ± 2.08 (30) 29.81 ± 1.46 (30)
Lymphoma 69.55 ± 3.41 67.27 ± 1.44 (80) 63.47 ± 3.03 (60) 68.70 ± 3.05 (90) 67.13 ± 3.12 (90) 65.19 ± 2.29 (80)
TOX_171 13.54 ± 0.23 11.68 ± 1.97 (90) 12.82 ± 1.52 (80) 31.35 ± 0.80 (20) 16.22 ± 1.89 (60) 24.60 ± 0.41 (20)
Leukemia 21.47 ± 0.00 12.71 ± 0.08 (80) 66.56 ± 0.06 (80) 48.80 ± 0.04 (30) 62.07 ± 0.03 (30) 80.05 ± 0.01 (70)
Prostate-GE 1.85 ± 0.03 5.28 ± 0.06 (10) 5.29 ± 0.03 (50) 8.83 ± 0.06 (70) 7.74 ± 1.28 (60) 7.48 ± 0.03 (20)
CCLE 11.53 ± 0.01 11.53 ± 0.04 (100) 12.58 ± 0.07 (20) 13.08 ± 0.09 (100) 10.63 ± 0.05 (100) 13.78 ± 0.02 (100)

Dataset SCFS RNE DUFS LS-CAE DR-FS-MFMR (Ours)

CNS 3.27 ± 0.00 (10) 2.29 ± 0.00 (50) 7.66 ± 0.07 (30) 11.32 ± 0.31 (40) 16.29 ± 0.01 (30)
Colon 42.95 ± 0.00 (40) 21.52 ± 0.07 (40) 31.83 ± 0.58 (40) 41.26 ± 1.37 (60) 48.79 ± 0.12 (40)
DLBCL 61.58 ± 3.46 (30) 41.80 ± 4.83 (60) 57.41 ± 0.14 (70) 59.19 ± 0.23 (80) 65.76 ± 0.10 (70)
GLiOMA 28.27 ± 1.70 (70) 25.84 ± 4.20 (20) 29.83 ± 0.50 (80) 32.76 ± 0.12 (60) 38.69 ± 0.03 (90)
Lymphoma 69.21 ± 2.82 (90) 66.81 ± 2.74 (100) 65.51 ± 1.52 (40) 67.32 ± 0.87 (50) 70.30 ± 1.32 (80)
TOX_171 33.74 ± 0.54 (70) 26.78 ± 0.08 (40) 29.63 ± 0.20 (90) 30.98 ± 0.93 (70) 34.53 ± 1.43 (20)
Leukemia 55.24 ± 0.01 (70) 43.32 ± 0.13 (20) 49.14 ± 0.77 (70) 78.63 ± 0.73 (90) 89.92 ± 0.43 (50)
Prostate-GE 9.25 ± 0.03 (40) 6.98 ± 0.31 (40) 8.83 ± 0.68 (50) 11.89 ± 0.45 (50) 14.85 ± 0.13 (10)
CCLE 11.82 ± 0.04 (70) 8.45 ± 0.03 (40) 11.13 ± 0.17 (100) 12.79 ± 0.50 (70) 14.57 ± 0.02 (100)
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Moreover, the mapping function map(·) is used to examine the
atch between the true labels and predicted ones, in which the

unction δ(·, ·) is the discrete metric. On the other hand, the NMI
easure is characterized as:

MI(A,B) =
1

√
E(A)E(B)

∑
ci∈A,c̃j∈B

p(ci, c̃i) log
p(ci, c̃i)
p(ci)p(c̃i)

, (26)

here E(·) denotes the entropy function, and p(·, ·) indicates the
oint probability. In addition, A and B respectively refer to the
btained results from the true labels and clustering results. Here,
he amount of NMI, which is between 0 and 1, is an indicative
or the degree of compatibility between the clustering results and
ruth labels.

.5. Results and analysis

The aim of this section is to draw a comparison between the
ffectiveness of the proposed DR-FS-MFMR method and that of
he other comparative feature selection methods for the nine
ene expression datasets described in Table 1. In this regard, the
erformance results for the measures ACC and NMI are reported
9

n Tables 2 and 3, respectively. Furthermore, the bar charts asso-
iated with the ACC and NMI values are also displayed in Figs. 2
nd 3, respectively, in order to take a deeper look at the obtained
esults.

The ACC results given in Table 2 and Fig. 2 exhibit that DR-FS-
FMR works better than the other feature selection methods in
lmost all cases. Moreover, the LS-CAE method achieves the sec-
nd rank of performance compared to other methods in almost
ll cases. However, it should be highlighted that the DR-FS-
FMR method, along with some other methods such as RMFFS,
CFS, RSR, RNE, and LS-CAE, have almost the same efficiency as
he Baseline for the dataset Leukemia, and UDFS is superior to
he other methods in this case. Meanwhile, based on the NMI
umerical results given in Table 3 and Fig. 3, it is also observed
hat DR-FS-MFMR gains the highest level of performance among
he others. In addition, one of the methods RSR, RMFFS, SCFS,
UFS or LS-CAE, is in second place after DR-FS-MFMR. Moreover,
he average performance results over all nine gene expression
atasets are illustrated in Fig. 4 for the ACC and NMI measures. It
s revealed from this figure that DR-FS-MFMR surpasses the other
omparative methods in respect of both measures ACC and NMI.
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Fig. 3. Performance outcomes related to NMI. Here, the x-axis refers to the comparative methods for different gene expression data, and the y-axis indicates the

NMI amounts.
Fig. 4. Average performance results of the ACC and NMI measures that are obtained from all the nine gene expression datasets.
There are three major reasons for the favorable results ob-
ained from the proposed DR-FS-MFMR method. At first, dif-
erent from some previous feature selection methods, such as
FFS, MPMR, RNE and RMFFS, which use only the information
f the feature weight matrix, the mutual connection between the
eature weight matrix and the representation matrix has been
tilized by the representation learning in DR-FS-MFMR. Next, the
earning mechanism in our proposed framework is designed in
uch a way that not only the importance of various features in
he entire feature space is recognized, but also the role of selected
ubsets of features is closely monitored for the reconstruction
f the feature space. Thirdly, the inner product-based regulariza-
ions on the feature weight matrix and the representation matrix
an appropriately consider the local correlation information in
ubsets of selected features and the global correlation information
n the entire feature space. In such a manner, the joint advantage
f the representation learning and correlation information in
ur method can exploit the dependence among features in gene
xpression datasets. As a result, it can be concluded that the
roposed method is robust to the redundant and noisy features
nd will be successful in selecting the more salient features of a
ene expression dataset.
Finally, to show the effect that feature selection can have on

lustering, the curves of ACC and NMI in respect of the number
f selected features are presented in Figs. 5 and 6, respectively,
or all the comparative feature selection methods. Based on these
esults, it appears that the DR-FS-MFMR method can consistently
ehave better than the other comparative approaches.

.6. Statistical non-parametric test

The purpose of this section is to show a fair representation
rom the statistical significance perspective between our pro-
osed DR-FS-MFMR method against other comparison feature
election methods used in the numerical experiments. To achieve
10
Table 4
Results obtained by the Wilcoxon test between the proposed DR-FS-MFMR
method and the other methods for the ACC and NMI measures.
(a) The pairwise Wilcoxon test for the ACC measure.

Exact p-values Status

DR-FS-MFMR vs. Baseline 0.007812 Rejected
DR-FS-MFMR vs. LS 0.003906 Rejected
DR-FS-MFMR vs. MFFS 0.003906 Rejected
DR-FS-MFMR vs. RSR 0.007812 Rejected
DR-FS-MFMR vs. MPMR 0.003906 Rejected
DR-FS-MFMR vs. RMFFS 0.007812 Rejected
DR-FS-MFMR vs. SCFS 0.007812 Rejected
DR-FS-MFMR vs. RNE 0.007812 Rejected
DR-FS-MFMR vs. DUFS 0.007812 Rejected
DR-FS-MFMR vs. LS-CAE 0.007812 Rejected

(b) The pairwise Wilcoxon test for the NMI measure.

Exact p-values Status

DR-FS-MFMR vs. Baseline 0.003906 Rejected
DR-FS-MFMR vs. LS 0.003906 Rejected
DR-FS-MFMR vs. MFFS 0.003906 Rejected
DR-FS-MFMR vs. RSR 0.003906 Rejected
DR-FS-MFMR vs. MPMR 0.003906 Rejected
DR-FS-MFMR vs. RMFFS 0.003906 Rejected
DR-FS-MFMR vs. SCFS 0.003906 Rejected
DR-FS-MFMR vs. RNE 0.003906 Rejected
DR-FS-MFMR vs. DUFS 0.003906 Rejected
DR-FS-MFMR vs. LS-CAE 0.003906 Rejected

this goal, the statistical non-parametric Wilcoxon test [74] has
been utilized to conduct over the results obtained from ACC
and NMI. It is worthwhile to mention that the criterion exact
p-value ≤ 0.05 is supposed as the significant difference. In fact,
in performing the Wilcoxon test between our proposed DR-FS-
MFMR method and another method chosen for comparison, if the
obtained exact p-value ≤ 0.05, then the comparative method will
be rejected.

Table 4 presents the Wilcoxon test results for the ACC and NMI
measures, which are acquired based on the comparison between
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he proposed DR-FS-MFMR method and the other methods. This
able illustrates that after performing the pairwise Wilcoxon test
etween DR-FS-MFMR and all the comparison methods, the ob-
ained exact p-values are less than 0.05, which indicates the
ignificant level of difference between DR-FS-MFMR and the other
omparison feature selection methods, as well as the power of
R-FS-MFMR to reject them.
For more comprehensive display and further research, the

ummary of the Wilcoxon test for all the comparison methods in
erms of both the ACC and NMI measures is also listed in Table 5.
t should be noted that in this table, the upper diagonal of level
ignificance is based on α = 0.9, and the lower diagonal level
f significance is based on α = 0.95. As indicated in Table 5, it
an be inferred that the proposed DR-FS-MFMR method is able to
eject the other comparison feature selection methods in all cases
nd significantly outperforms them in terms of both the measures
CC and NMI.

.7. Convergence study

Algorithm 1 introduces a well-organized iterative framework

o update the feature weight matrix W and the representation R

11
atrix H. In addition, a convergence analysis was studied in Sec-
ion 3.4, during which it was proved that the objective function
f the proposed method DR-FS-MFMR has a descending behavior
n terms of each of the variables W and H. For a better under-
tanding of this issue, the convergence curve of the objective
unction of DR-FS-MFMR in terms of the number of iterations
s displayed in Fig. 7. It is crystal clear from this figure that not
nly is the value of the objective function on the decrease in all
atasets, but also the objective function is moving towards the
onvergence at a high speed. Hence, it can be perceived that the
stablished iterative algorithm brings a high executive potential
o DR-FS-MFMR.

.8. Complexity analysis and running time comparison

In the following, the computational complexity of each feature
election method discussed in the experiments is presented in
able 6. It can be found from this table that the subspace learning-
ased methods, MFFS, MPMR, RMFFS, RNE, and our proposed
R-FS-MFMR, have O(d2) computational complexity. Moreover,
he computational complexity of other feature selection methods

3
SR, SCFS, and DUFS is O(d ), which indicates that these methods
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eed more computational complexity compared to the other
ethods mentioned above. It should be highlighted here that the
omputational complexity of the LS-CAE method is O(Bdk), which
s directly related to the batch size parameter B.

In the continuation of this section, the execution time of each
f the comparison feature selection methods used in the numer-
cal experiments is displayed in Fig. 8 in terms of the number of
elected features k = 100. It is clearly evident from this figure
hat the DUFS and LS-CAE methods require more running time in
omparison with other methods.

. Conclusion

Two of the most widespread strategies for feature selection
t the current time are the matrix factorization and subspace
earning. They can provide a way to look at data from different
iewpoints and to derive useful information from it. In this paper,
robust feature selection method on the basis of using both

he matrix factorization and subspace learning was introduced,
n which a feature weight matrix and a representation matrix
re utilized to carry out the feature selection process. Moreover,
 t

12
wo inner product-based regularizations were applied to capture
he local correlation information in subsets of selected features
nd the global correlation information in the entire feature space.
n effective algorithm was also implemented to deal with the
ptimization problem of the proposed model. A number of exper-
ments were conducted on a set of nine gene expression datasets
o confirm the potency and capability of the proposed method in
andling gene expression datasets.
In essence, the proposed method is a regularization-based

pproach whose main purpose is to utilize a series of information
mbedded in the feature space to select more efficient features.
s a future line of study and according to the perspective of
ata geometry, the manifold structure’s information can also be
promising tool to improve the results of this research.
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Fig. 7. Convergence curves of the objective function of DR-FS-MFMR in terms of the number of iterations.

Fig. 8. The running time (in seconds) comparison among different feature selection methods on nine datasets with respect to the number of selected features
k = 100.
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Table 5
Summary of the Wilcoxon test for all the comparison methods for the ACC and NMI measures, in which ‘‘•’’ shows that the method in the row rejects the method
f the column, and accordingly, ‘‘◦’’ indicates the method in the column rejects the method of the row. It should be here noted that the upper diagonal of level
ignificance is based on α = 0.9, and the lower diagonal level of significance is based on α = 0.95.
(a) Summary of the Wilcoxon test for the ACC measure.

Methods Baseline LS MFFS RSR MPMR RMFFS SCFS RNE DUFS LS-CAE DR-FS-MFMR (Ours)
Baseline – ◦ ◦ ◦ ◦ ◦ ◦ ◦
LS – ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
MFFS • – ◦ ◦ ◦ ◦ ◦ ◦
RSR • • – • ◦
MPMR – ◦ ◦ ◦ ◦
RMFFS • • • • – ◦
SCFS • • • – • ◦
RNE • ◦ – ◦ ◦
DUFS • • – ◦ ◦
LS-CAE • • • • • – ◦
DR-FS-MFMR (Ours) • • • • • • • • • • –

(b) Summary of the Wilcoxon test for the NMI measure.

Methods Baseline LS MFFS RSR MPMR RMFFS SCFS RNE DUFS LS-CAE DR-FS-MFMR (Ours)
Baseline – ◦ ◦ ◦ ◦ ◦ ◦
LS – ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦ ◦
MFFS • – ◦ ◦ ◦ ◦ ◦
RSR • • – • • ◦ ◦
MPMR – ◦ ◦ ◦ ◦
RMFFS • • • • – • ◦ ◦
SCFS • • – • ◦
RNE ◦ ◦ ◦ – ◦ ◦ ◦
DUFS • • • – ◦ ◦
LS-CAE • • • • • • • – ◦
DR-FS-MFMR (Ours) • • • • • • • • • • –
Table 6
The computational complexity for each feature selection
method. Here, it should be noted that n is the number of
samples, d is the number of features, k is the number of
selected features and B is the batch size.
Methods Computational complexity

LS O(d(n2
+ log(k)))

MFFS O(d2)
RSR O(d3)
MPMR O(d2)
RMFFS O(d2)
SCFS O(d3)
RNE O(d2)
DUFS O(d3)
LS-CAE O(Bdk)
DR-FS-MFMR (Ours) O(d2)
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