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Abstract— We consider a multi-source status update system,1

where each source generates status update packets according to2

a Poisson process which are then served according to a generally3

distributed service time. For this multi-source M/G/1/1 queueing4

model, we consider a self-preemptive packet management policy5

and derive the moment generating functions (MGFs) of the age6

of information (AoI) and peak AoI of each source. According7

to the policy, an arriving fresh packet preempts the possible8

packet of the same source in the system. Furthermore, we derive9

the MGFs of the AoI and peak AoI for the globally preemptive10

and non-preemptive policies, for which only the average AoI and11

peak AoI have been derived earlier. Finally, we use the MGFs to12

derive the average AoI and peak AoI in a two-source M/G/1/113

queueing model under each policy. Numerical results show the14

effect of the service time distribution parameters on the average15

AoI. The results also highlight the importance of higher moments16

of the AoI.17

Index Terms— AoI, packet management, moment generating18

function (MGF), multi-source queueing model, M/G/1/1.19

I. INTRODUCTION20

T IMELY delivery of the status updates of various21

real-world physical processes plays a critical role in22

enabling the time-critical Internet of Things (IoT) applications.23

The age of information (AoI) was first introduced in the24

seminal work [2] as a destination-centric metric to measure the25

information freshness in status update systems. A status update26

packet contains the measured value of a monitored process27

and a time stamp representing the time at which the sample28

was generated. Due to wireless channel access, channel errors,29

fading, etc. communicating a status update packet through30

the network experiences a random delay. If at a time instant31

t, the most recently received status update packet contains32

the time stamp U(t), AoI is defined as the random process33
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Δ(t) = t − U(t). Thus, the AoI measures for each source 34

node the time elapsed since the last received status update 35

packet was generated at the source node. 36

The first queueing theoretic work on AoI is [3] where the 37

authors derived the average AoI for M/M/1, D/M/1, and M/D/1 38

first-come first-served (FCFS) queueing models. In [4], the 39

authors proposed peak AoI as an alternative metric to evaluate 40

the information freshness. The work in [5] was the first to 41

investigate the AoI in a multi-source setup in which the authors 42

derived an approximate expression for the average AoI in a 43

multi-source M/M/1 FCFS queueing model. 44

It has been shown that an appropriate packet management 45

policy – in the waiting queue or/and server – has a great 46

potential to improve the information freshness in status update 47

systems [6], [7]. The average AoI for an M/M/1 last-come 48

first-served (LCFS) queueing model with preemption was 49

analyzed in [6]. The average AoI and average peak AoI for 50

three packet management policies named M/M/1/1, M/M/1/2, 51

and M/M/1/2∗ were derived in [7]. The seminal work [8] 52

introduced the stochastic hybrid systems (SHS) technique to 53

calculate the average AoI. In [9], the authors extended the SHS 54

analysis to calculate the moment generating function (MGF) 55

of the AoI. The SHS technique has been used to analyze 56

the AoI in various queueing models [10], [11], [12], [13], 57

[14], [15], [16], [17], [18], [19] and in gossip networks [20], 58

[21]. The authors of [10] considered a multi-source queueing 59

model in which sources have different priorities and derived 60

the average AoI for two priority based packet management 61

policies. In [11], the author derived the average AoI for 62

a single-source status update system in which the updates 63

follow a route through a series of network nodes where 64

each node has an LCFS queue that supports preemption in 65

service. The work [12] derived the average AoI in a single- 66

source queueing model with multiple servers with preemption 67

in service. In [13], the authors derived the average AoI in 68

a multi-source LCFS queueing model with multiple servers 69

that employ global preemption in service. According to the 70

globally preemptive policy, the packets of different sources 71

can preempt each other. The work in [14] derived the average 72

AoI in a multi-source system under a self-preemptive packet 73

management policy and packet delivery errors. According to 74

the self-preemptive policy, when a packet arrives, the possible 75

packet of the same source in the system is replaced by the 76

fresh packet. The authors of [15], [16] derived the average 77

AoI for a multi-source M/M/1 queueing model under various 78

preemptive and non-preemptive packet management policies. 79

The work in [22] considered a multi-source M/M/1/1 queueing 80

model and studied the optimal generation rate of different 81
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sources to minimize the weighted average AoI under the82

globally preemptive and self-preemptive policies. In [17], the83

authors derived the MGF of the AoI for a multi-source M/M/184

queueing model under various packet management policies.85

The authors of [18] assumed that the status update packets86

received at the sink need further processing before being used87

and derived the MGF of the AoI for such a two-server tandem88

queueing system.89

Besides exponentially distributed service time and Pois-90

son process arrivals, AoI has also been studied under vari-91

ous arrival processes and service time distributions in both92

single-source and multi-source systems. In [23], the authors93

derived various approximations for the average AoI in a94

multi-source M/G/1 FCFS queueing model. The work in [24]95

derived the distribution of the AoI and peak AoI for the96

single-source PH/PH/1/1 and M/PH/1/2 queueing models.97

The authors of [25] analyzed the AoI in a single-source98

D/G/1 FCFS queueing model. The authors of [26] derived a99

closed-form expression for the average AoI of a single-source100

M/G/1/1 preemptive queueing model with hybrid automatic101

repeat request. The stationary distributions of the AoI and peak102

AoI of single-source M/G/1/1 and G/M/1/1 queueing models103

were derived in [27]. In [28], the authors derived a general for-104

mula for the stationary distribution of the AoI in single-source105

single-server queueing systems. The work in [29] considered a106

single-source LCFS queueing model where the packets arrive107

according to a Poisson process and the service time follows108

a gamma distribution. They derived the average AoI and109

average peak AoI for two packet management policies: LCFS110

with the globally preemptive and non-preemptive. According111

to the non-preemptive policy, when the server is busy, any112

arriving packet is blocked and cleared. The work in [30]113

and [31] derived the average AoI expression for a single-114

source G/G/1/1 queueing model under two packet management115

policies. The authors of [32] considered a multi-source M/G/1116

queueing system and optimized the arrival rates of each117

source to minimize the peak AoI. The work in [33] studied118

the age-upon-decisions in a single-source M/G/1/1 queueing119

system under the non-preemptive policy. The average AoI120

and average peak AoI for a multi-source M/G/1/1 queueing121

model under the globally preemptive policy were derived122

in [34]. In [35], the authors derived the average AoI for a123

queueing system with two classes of Poisson arrivals with124

different priorities under a general service time distribution.125

They assumed that the system can contain at most one packet126

and a newly arriving packet replaces the possible currently-127

in-service packet with the same or lower priority. The aver-128

age AoI and average peak AoI for a multi-source M/G/1/1129

queueing model under the non-preemptive policy were derived130

in [36].131

Besides the age analysis, numerous works have focused132

on devising AoI-optimal status updating control procedures.133

Indeed, the optimization of sampling times of each sensor,134

scheduling, resource management etc. plays a critical role in135

the performance of status update systems. The works [37],136

[38], [39], [40], [41], [42], [43], [44], [45], [46], [47], [48],137

[49] investigated the optimal sampling problem in status138

update systems, whereas the works [50], [51], [52], [53], [54]139

studied the optimal sampling problem with energy harvesting140

sources. A comprehensive literature review of recent works in 141

AoI can be found in [55]. 142

In this work, we consider a multi-source M/G/1/1 queueing 143

system and derive the MGFs of the AoI and peak AoI under 144

three packet management policies, namely, i) self-preemptive 145

policy [14], ii) globally preemptive policy [34], and iii) non- 146

preemptive policy [36]. The capacity of the system is one 147

packet (i.e., there is no waiting buffer). According to the 148

self-preemptive policy, when a packet arrives, the possible 149

packet of the same source in the system is replaced by the 150

fresh packet. According to the globally preemptive policy, 151

a new arriving packet preempts the possible packet in the 152

system regardless of its source index. According to the non- 153

preemptive policy, when the server is busy, any arriving packet 154

is blocked and cleared. By using the MGFs of the AoI and 155

peak AoI, the average AoI and average peak AoI in a two- 156

source M/G/1/1 queueing system under the three policies 157

are derived. The numerical results show that, depending on 158

the system parameters, the considered self-preemptive packet 159

management policy can outperform the globally preemptive 160

and non-preemptive policy proposed in [34] and [36], respec- 161

tively, from the perspective of average AoI. In addition, 162

they show the importance of higher moments of the AoI by 163

investigating the standard deviation of the AoI under each 164

policy. 165

The most related work to our paper is [56]. The authors 166

considered a multi-source status update system where packets 167

of each source are generated according to a Poisson process 168

and served according to a distinct phase-type distribution, i.e., 169

the service time distributions are different among the sources. 170

Packet errors are considered so that upon an unsuccessful 171

reception, the packet is re-transmitted with a certain proba- 172

bility. Using the theory of Markov fluid queues, they propose 173

a method to numerically obtain the exact distributions of the 174

AoI and peak AoI for each of the sources under a probabilis- 175

tically preemptive policy in the considered M/PH/1/1 queue. 176

According to the policy, a new packet arriving from source c 177

is allowed to preempt a packet from source c� in service with 178

a probability depending on c and c�. It is worth noting that 179

the self-preemptive, globally preemptive, and non-preemptive 180

policies are special cases of the probabilistically preemptive 181

policy. 182

The main differences between [56] and our paper are as 183

follows. On certain aspects, the framework in [56] is more 184

general than ours, which are 1) source-dependent service 185

times, 2) packet errors, 3) and re-transmissions. Namely, 186

the work [56] considers distinct (phase-type) service time 187

distributions among the sources, whereas in our model, the 188

same (general) service time distribution is considered for 189

all sources. Also, [56] incorporates packet errors and re- 190

transmissions, which are not studied in our paper. However, 191

the main distinctive results of our paper are the following. 192

While [56] obtains the distributions of the AoI and peak AoI 193

numerically, we provide the closed-form expressions of the 194

MGFs of the AoI and peak AoI. Furthermore, [56] considers 195

a phase-type distribution for serving the packets; we do not 196

restrict to any specific service time distribution, i.e., our results 197

are valid for any distribution. All these differences between the 198

works also lead to the use of different analytical tools. 199
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Fig. 1. Considered multi-source M/G/1/1 queueing system.

A. Contributions200

The main contributions of this paper are summarized as201

follows:202

• We consider a self-preemptive packet management policy203

for a multi-source M/G/1/1 queueing system and derive204

the MGFs of the AoI and peak AoI under the policy.205

• As an extension of [34] and [36], where only the average206

AoI and peak AoI were derived, we derive the MGFs of207

the AoI and peak AoI under the globally preemptive and208

non-preemptive packet management policies.209

• By using the MGFs of the AoI and peak AoI, we derive210

the average AoI and average peak AoI in a two-source211

M/G/1/1 queueing system under the self-preemptive,212

globally preemptive, and non-preemptive policies.213

• We numerically investigate the standard deviation of the214

AoI under the policies and show that the average AoI215

is not sufficient to rigorously evaluate the information216

freshness of a status update system for a given packet217

management policy.218

B. Organization219

The paper is organized as follows. The system model and220

summary of the main results are presented in Section II.221

Calculation of the MGFs of the AoI and peak AoI is presented222

in Section III. Numerical results are presented in Section IV.223

Finally, concluding remarks are made in Section V.224

II. SYSTEM MODEL AND MAIN RESULTS225

We consider a status update system consisting of a set of226

independent sources denoted by C = {1, . . . , C}, one server,227

and one sink, as depicted in Fig. 1. Each source is assigned228

to send status information about a random process to the229

sink. Status updates are transmitted as packets, containing the230

measured value of the monitored process and a time stamp rep-231

resenting the time when the sample was generated. We assume232

that the packets of source c ∈ C are generated according to233

the Poisson process with the rate λc. Since packets of each234

source are generated according to a Poisson process and the235

sources are independent, the packet generation in the system236

follows the Poisson process with rate λ =
∑

c′∈C λc′ . The237

server serves the packets according to a generally distributed238

service time with rate μ. We assume that the service times239

of packets are independent and identically distributed (i.i.d.)240

random variables following a general distribution. Finally,241

we consider that the capacity of the system is one (i.e., there242

is no waiting buffer) and thus, the considered setup is referred243

to as a multi-source M/G/1/1 queueing system.244

A. Packet Management Policies 245

In this paper, we study the following three packet manage- 246

ment policies: 247

1) Self-Preemptive Policy [14]: According to this policy, 248

a new arriving packet preempts the possible packet of the same 249

source in the system. Whenever the new arriving packet finds 250

a packet of another source under service, the arriving packet 251

is blocked and cleared. 252

2) Globally Preemptive Policy [34]: According to this 253

policy, a new arriving packet preempts the possible packet 254

in the system regardless of its source index. 255

3) Non-Preemptive Policy [36]: According to this policy, 256

when the server is busy at the arrival instant of a packet, the 257

arriving packet is blocked and cleared. 258

B. AoI Definition 259

For each source, the AoI at the sink is defined as the time 260

elapsed since the last successfully received packet was gener- 261

ated. Formally, let tc,i denote the time instant at which the ith 262

delivered status update packet of source c was generated, and 263

let t�c,i denote the time instant at which this packet arrives at 264

the sink. Let t̄c,i denote the generation time of the ith packet of 265

source c that does not complete service because of the packet 266

management policy (i.e., the packet is either preempted by 267

another packet or it is blocked and cleared). Evolution of the 268

AoI in a two-source system under the self-preemptive packet 269

management policy is illustrated in Fig. 2. 270

At a time instant τ , the index of the most recently received 271

packet of source c is given by 272

Nc(τ) = max{i� | t�c,i′ ≤ τ}, (1) 273

and the time stamp of the most recently received packet of 274

source c is Uc(τ) = tc,Nc(τ). The AoI of source c at the sink 275

is defined as the random process δc(t) = t − Uc(t). 276

Let the random variable 277

Yc,i = t�c,i+1 − t�c,i (2) 278

represent the ith interdeparture time of source c, i.e., the time 279

elapsed between the departures of ith and i + 1th (delivered) 280

packets from source c. From here onwards, we refer to the 281

ith delivered packet from source c simply as “packet c, i”. 282

Moreover, let the random variable 283

Tc,i = t�c,i − tc,i (3) 284

represent the system time of packet c, i, i.e., the duration this 285

(delivered) packet spends in the system. 286

One of the most commonly used metrics for evaluating the 287

AoI of a source is the peak AoI [4]. The peak AoI of source 288

c at the sink is defined as the value of the AoI immediately 289

before receiving an update packet. Accordingly, the peak AoI 290

concerning the ith successfully received packet of source c, 291

denoted by Ac,i (see Fig. 2 for the self-preemptive policy), 292

is given by 293

Ac,i = Yc,i−1 + Tc,i−1. (4) 294

We assume that the considered status update system is 295

stationary so that Tc,i =st Tc, Yc,i =st Yc, and Ac,i =st Ac, ∀i, 296
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Fig. 2. Example of the evolution of the AoI of source 1 in a two-source system under the self-preemptive packet management policy. The first packet of
source 1 is generated at time instant t1,1 and this packet is delivered to the sink at time instant t′1,1. The first packet of source 2 arrives at the system at
time instant t̄2,1 ; however, because the server is serving a source 1 packet, the arrived source 2 packet is blocked and cleared. At time instant t̄1,1, a source
1 packet arrives at the empty system and starts the service; however, this packet is replaced by the new packet of source 1 arriving at time instant t1,2 .

where =st means stochastically identical (i.e., they have an297

identical marginal distribution).298

Next, the main results of the paper are presented. The results299

are valid for any service time distribution under the three300

packet management policies.301

C. Summary of the Main Results302

The MGFs of the AoI and peak AoI of source c in a303

multi-source M/G/1/1 queueing system under each of the three304

packet management policies are given by the following three305

theorems; the proofs of Theorems 1, 2, and 3 are presented in306

Section III.307

Let S be the random variable representing the service time308

of any packet in the system.309

Theorem 1: The MGFs of the AoI and peak AoI of310

source c under the self-preemptive packet management pol-311

icy, denoted by M̄δc(s) and M̄Ac(s), respectively, are given312

as313

M̄δc(s) =
MS(s − λc)(M̄Yc(s) − 1)

sLλcM̄
�
Yc

(0)
, (5)314

M̄Ac(s) =
MS(s − λc)M̄Yc(s)

Lλc

,315

where Lλc = E[e−λcS ], MS(s − λc) = E[e(s−λc)S ] is the316

MGF of the service time S at s − λc, M̄Yc(s) is the MGF317

of the interdeparture time Yc under the policy, which is given318

as319

M̄Yc(s)320

=
ac(s)MS(s − λc)

(1 − āc(s))
(

1 − ∑
c′∈C\{c}

ac′(s)MS(s − λc′)
1 − āc′(s)

) , (6)321

where322

ac(s) =
λc

λ − s
, āc(s) =

λc(1 − MS(s − λc))
λc − s

, (7)323

and M̄ �
Yc

(0) is the first derivative of the MGF of Yc under the 324

policy, evaluated at s = 0, i.e., 325

M̄ �
Yc

(0) =
d(M̄Yc(s))

ds

∣∣∣
s=0

. 326

Theorem 2: The MGFs of the AoI and peak AoI of source 327

c under the globally preemptive packet management policy, 328

denoted by M̂δc(s) and M̂Ac(s), respectively, are given as 329

M̂δc(s) =
λcMS(s − λ)

λcMS(s − λ) − s
, (8) 330

M̂Ac(s) =
λcM

2
S(s − λ)

Lλ(λcMS(s − λ) − s)
. 331

Theorem 3: The MGFs of the AoI and peak AoI of source c 332

under the non-preemptive packet management policy, denoted 333

by M̃δc(s) and M̃Ac(s), respectively, are given as 334

M̃δc(s) =
λcMS(s)(s + λ(MS(s) − 1))

s(λ/μ + 1)(λ − s − (λ − λc)MS(s))
, (9) 335

M̃Ac(s) =
λcM

2
S(s)

λ − s − (λ − λc)MS(s)
. 336

Remark 1: The mth moment of the AoI (peak AoI) is 337

derived by calculating the mth derivative of the MGF of the 338

AoI (peak AoI) when s → 0. For instance, considering the 339

self-preemptive packet management policy, the mth moment 340

of the AoI and peak AoI are given as 341

Δ̄m
c =

dm(M̄δc(s))
dsm

∣∣∣
s=0

, (10) 342

Ām
c =

dm(M̄Ac(s))
dsm

∣∣∣
s=0

. 343

In the next three corollaries, by using Theorems 1, 2, and 3 344

and Remark 1, we derive the average AoI and average peak 345

AoI of source 1 in a two-source M/G/1/1 queueing model 346

under each of the three packet management polices. 347

Corollary 1: The average AoI and average peak AoI of 348

source 1 in a two-source M/G/1/1 queueing model under the 349
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self-preemptive packet management policy are given as350

Δ̄1351

=
L2

λ1
(λ(1 − Lλ2) − λ1λ2L

�
λ2

) + L2
λ2

(λ2(1 − Lλ1)) − Ψ
λ1λ2Lλ1Lλ2(Lλ1 + Lλ2 − Lλ1Lλ2)

,352

353

Ā1 =
Lλ1 + Lλ2 − Lλ1Lλ2 + λ1Lλ2L

�
λ1

λ1Lλ1Lλ2

,354

where Ψ = λ1λ2Lλ1L
�
λ1

+ Lλ1Lλ2λ2(1 + λ1L
�
λ1

) and L�
λc

=355

E[Se−λcS ].356

Remark 2: The average AoI under the self-preemptive357

policy, presented in Corollary 1, generalizes the existing358

results in [26] and [14]. Specifically, when confining to a359

single-source case by letting λ2 → 0 , the average AoI360

becomes equal to that of the single-source M/G/1/1 queueing361

model with preemption derived in [26]. Moreover, when we362

consider an exponentially distributed service time, the average363

AoI expression coincides with that of the multi-source M/M/1/1364

queueing model with preemption derived in [14].365

Corollary 2: The average AoI and average peak AoI of366

source 1 in a two-source M/G/1/1 queueing model under the367

globally preemptive packet management policy are given as368

Δ̂1 =
1

λ1Lλ
,369

Â1(s) =
1 + λ1L

�
λ

λ1Lλ
.370

Corollary 3: The average AoI and average peak AoI of371

source 1 in a two-source M/G/1/1 queueing model under the372

non-preemptive packet management policy are given as373

Δ̃1 =
λ + μ

λ1μ
+

λμE[S2]
2(λ + μ)

,374

Ã1(s) =
2λ1 + λ2 + μ

λ1μ
.375

It is worth noting that the results in Corollaries 2 and 3376

were previously derived in [34] and [36], respectively (without377

deriving the MGFs). Thus, our derived MGF expressions378

generalize the results in [34] and [36], i.e., besides the first379

moment, they can readily be used to derive higher moments380

of the AoI and peak AoI.381

III. DERIVATION OF THE MGFS OF THE382

AOI AND PEAK AOI383

In this section, we prove Theorems 1, 2, and 3. To prove the384

theorems, we first provide Lemma 1 which presents the MGF385

of the AoI of source c in the considered multi-source M/G/1/1386

queueing model as a function of the MGFs of the system time387

of source c, Tc, and interdeparture time of source c, Yc. It is388

worth noting that the presented MGF expression is valid for389

the self-preemptive, globally preemptive, and non-preemptive390

packet management policies.391

Lemma 1: The MGFs of the AoI and peak AoI of source392

c in a multi-source M/G/1/1 queueing model under the self-393

preemptive, globally preemptive, and non-preemptive packet394

management policies, denoted by Mδc(s) and MAc(s), respec-395

tively, can be expressed as396

Mδc(s) =
MTc(s)(MYc(s) − 1)

sE[Yc]
, (11)397

MAc(s) = MTc(s)MYc(s), (12) 398

where MTc(s) is the MGF of the system time of a delivered 399

packet of source c and MYc(s) is the MGF of the interde- 400

parture time of source c; these MGFs need to be determined 401

specifically for each packet management policy. 402

Proof: Let an informative packet refer to a successfully 403

delivered packet from source c; otherwise, the packet is termed 404

non-informative. By invoking the result in [28, Theorem 10] 405

and applying it in our considered multi-source M/G/1/1 queue- 406

ing system, if the following three conditions are satisfied 407

1) The arrival rate of the informative packets is positive 408

and finite; 409

2) The system is stable; 410

3) The marked point process {(t�c,i, Tc,i)}i=1,2,... is 411

ergodic; 412

then, the Laplace transform of the AoI of source c, Lδc(s), 413

is given as 414

Lδc(s) = λ̄c
LTc(s) − LAc(s)

s
, (13) 415

where λ̄c is the arrival rate of informative packets, LTc(s) 416

is the Laplace transform of the system time of any delivered 417

packet from source c, and LAc(s) is the Laplace transform 418

of the peak AoI of source c. Next, we verify the conditions 419

for the multi-source M/G/1/1 queueing model under the three 420

packet management policies. 421

Condition 1: Since the packets of source c, both informative 422

and non-informative, arrive according to the Poisson process 423

with rate λc, the mean arrival rate of informative packets 424

is finite. The assumption that the arrival rate of informative 425

packets is positive, i.e., λ̄c �= 0, is a reasonable assumption 426

for any well-behaving status update system, since otherwise 427

the AoI would go to infinity. 428

Condition 2: Since the capacity of the considered system is 429

one packet, i.e., there are no waiting rooms in the system, the 430

system is stable under the three packet management policies. 431

Moreover, since an informative packet refers to a successfully 432

delivered packet from source c and the system is stable, the 433

mean arrival rate of informative packets of source c, λ̄c, 434

is equal to the mean departure rate of the packets which is 435

calculated by limτ→∞
Nc(τ)

τ
, where Nc(τ) is the number of 436

delivered packets until time τ . 437

Condition 3: If we ignore the non-informative packets and 438

just observe the informative packets, the system can be con- 439

sidered as an FCFS queueing model serving (only) the infor- 440

mative packets. In addition, since the system is stable under 441

the three policies, according to [57, Sect. X, Proposition 1.3], 442

the system times of informative packets, {Tc,i}i=1,2,..., form 443

a regenerative process with a finite mean regeneration time. 444

Therefore, it can be verified that {(t�c,i, Tc,i)}i=1,2,··· is mixing 445

[58, Page 49], and consequently, it is ergodic. 446

The Laplace transform and the MGF of the AoI are inter- 447

related as 448

Mδc(s) = E[esδc ] = Lδc(−s) 449

(a)
= λ̄c

LAc(−s) − LTc(−s)
s

, (14) 450
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where (a) follows from (13). Similarly, for the MGF of the451

peak AoI of source c, MAc(s), we have MAc(s) = LAc(−s);452

and for the MGF of the system time of a delivered packet of453

source c, we have MTc(s) = LTc(−s). Accordingly, (14) can454

be written as455

Mδc(s) = λ̄c
MAc(s) − MTc(s)

s
. (15)456

As shown in (4), the peak AoI of source c can be presented as457

a summation of two independent random variables, Yc,i−1 and458

Tc,i−1. Applying basic features of an MGF for the independent459

random variables Yc,i−1 and Tc,i−1, the MGF of the peak AoI,460

MAc(s), is given as the product of the individual MGFs, i.e.,461

MAc(s) = MTc(s)MYc(s). (16)462

Since interdeparture times between consecutive packets of463

source c under each of the three policies are i.i.d., the number464

of delivered packets until time τ , Nc(τ), forms a renewal465

process. Thus, we have466

λ̄c = lim
τ→∞

Nc(τ)
τ

=
1

E[Yc]
. (17)467

Substituting (12) and (17) into (15) completes the proof of468

Lemma 1. �469

According to Lemma 1, the main challenge in calculating470

the MGFs of the AoI (see (11)) and peak AoI (see (12)) under471

each packet management policy reduces to deriving the MGF472

of the system time of source c, MTc(s), and the MGF of the473

interdeparture time of source c, MYc(s). Note that when we474

have MYc(s), we can easily derive E[Yc] (as will be shown in475

Remark 1).476

Next, we will derive the MGFs of the AoI and peak477

AoI under the self-preemptive, globally preemptive, and478

non-preemptive packet management policies.479

A. MGFs of AoI and Peak AoI Under the Self-Preemptive480

Packet Management Policy481

To derive the MGF of the system time of source c, we first482

derive the probability density function (PDF) of the system483

time, fTc(t), which is given by the following lemma.484

Lemma 2: The PDF of the system time of source c, fTc(t),485

is given by486

fTc(t) =
fS(t)e−λct

Lλc

. (18)487

Proof: The system time of a delivered packet from source488

c is equal to the service time of the packet. Let Xc be a489

random variable representing the interarrival time between two490

consecutive packets of source c. Thus, the distribution of Tc491

is given by Pr(Tc > t) = Pr(S > t | S < Xc). Hence, fTc(t)492

is calculated as493

fTc(t) = lim
ε→0

Pr(t < Tc < t + �)
�

494

= lim
ε→0

Pr(t < S < t + � | S < Xc)
�

495

= lim
ε→0

Pr(t < S < t + �)Pr(S < Xc | t < S < t + �)
�Pr(S < Xc)

496

=
fS(t)Pr(Xc > t)

Pr(S < Xc)
(a)
=

fS(t)e−λct

Lλc

, (19)497

where (a) follows from the fact that i) the interarrival times of 498

the source c packets follow the exponential distribution with 499

parameter λc and thus, Pr(Xc > t) = 1 − FXc(t) = e−λct, 500

where FXc(t) is the cumulative distribution function (CDF) 501

of the interarrival time Xc and ii) Pr(S < Xc) is calculated 502

as 503

Pr(S < Xc) =
∫ ∞

0

Pr(S < Xc | Xc = t)fXc(t)dt 504

=
∫ ∞

0

Fs(t)λce
−λctdt

(b)
= Lλc , (20) 505

where Fs(t) is the CDF of the service time S, and (b) 506

follows from the fact that according to the feature of the 507

Laplace transform, for any function f(y), y ≥ 0, we have 508

[59, Sec. 13.5]: 509

L� y
0 f(b)db(s) =

Lf(y)(s)
s

, (21) 510

where Lf(y)(s) is the Laplace transform of f(y). � 511

Using Lemma 2, the MGF of the system time of source c, 512

M̄Tc(s) =
∫ ∞
0 estfTc(t)dt, is given as 513

M̄Tc(s) =
1

Lλc

∫ ∞

0

e(s−λc)tfS(t)dt 514

=
MS(s − λc)

Lλc

. (22) 515

The next step is to derive the MGF of the interdeparture 516

time Yc, M̄Yc(s), which is given by the following proposition. 517

Proposition 1: The MGF of the interdeparture time of 518

source c, M̄Yc(s), is given by 519

M̄Yc(s) 520

=
ac(s)MS(s − λc)

(1 − āc(s))
(

1 − ∑
c′∈C\{c}

ac′(s)MS(s − λc′)
1 − āc′(s)

) , (23) 521

where āc(s) and ac(s) were defined in (7). 522

Proof: The MGF of the interdeparture time of source c 523

packets is defined as M̄Yc(s) = E[esYc ]. To derive M̄Yc(s), 524

we need to first characterize Yc. To this end, Fig. 3 depicts a 525

semi-Markov chain that represents the different system occu- 526

pancy states (indicated by q’s) and their transition probabilities 527

(indicated by p’s) in relation to Yc, i.e., the dynamics of 528

the system occupancy of the C different sources’ packets in 529

relation to Yc. Thus, the graph captures all the probabilis- 530

tic queueuing-related events that constitute the interdeparture 531

time Yc, allowing us to derive Yc. 532

For the graph in Fig. 3, the C + 2 states {q0, q1, q2, . . . , 533

qC , q�0} are explained as follows. When a source c packet is 534

successfully delivered to the sink, the system goes to idle 535

state q0, where it waits for a new arrival from any source. 536

State qc′ , c� ∈ C, indicates that a source c� packet is under 537

service. State q�0 indicates that a packet of source c� ∈ C−c 538

is successfully delivered to the sink and the system becomes 539

empty, where C−c = C\{c}. From the graph, the interdeparture 540

time Yc is calculated by characterizing the required time to 541

start from state q0 and return to q0. Let X̄c = minc′∈C−c Xc′ ; 542

then, the transitions between the states are explained in the 543

following: 544
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Fig. 3. Semi-Markov chain corresponding to the interdeparture time of two
consecutive packets of source c under the self-preemptive policy, Yc.

1) q0 → qc′ , ∀c� ∈ C: The system is in the idle state545

q0 and a source c� packet arrives. This transition happens546

if the interarrival time of source c� packet, Xc′ , is shorter547

than the minimum interarrival time among all the other548

sources, X̄c′ . Thus, the transition occurs with probability549

pc′ = Pr(Xc′ < X̄c′). The sojourn time of the system550

in state q0 before this transition, denoted by ηc′ , has the551

distribution Pr(ηc′ > t) = Pr(Xc′ > t | Xc′ < X̄c′).552

2) qc′ → qc′ , ∀c� ∈ C: The system is in state qc′ ,553

i.e., serving a source c� packet, while a new source554

c� packet arrives and enters the system due to the555

self-preemptive packet management policy. This tran-556

sition happens with probability p�c′ = Pr(Xc′ < S).557

The sojourn time of the system in state qc′ before558

this transition, denoted by η�
c′ , has the distribution559

Pr(η�
c′ > t) = Pr(Xc′ > t | Xc′ < S).560

3) qc → q0: The system is in state qc and the source561

c packet completes service and is delivered to the562

sink. This transition happens with probability p̄c =563

Pr(S < Xc). The sojourn time of the system in state qc564

before this transition, denoted by η̄c, has the distribution565

Pr(η̄c > t) = Pr(S > t | S < Xc).566

4) qc′ → q�0, ∀c� ∈ C−c: The system is in state qc′ , ∀c� ∈567

C−c, and the source c� packet completes service and568

is delivered to the sink. This transition happens with569

probability p̄c′ = Pr(S < Xc′). The sojourn time of570

the system in state q�c′ before this transition has the571

distribution Pr(η̄c′ > t) = Pr(S > t | S < Xc′).572

5) q�0 → qc′ , ∀c� ∈ C: This transition is the same as573

transition q0 → qc′ .574

Next, we derive the transition probabilities and the sojourn575

time distributions.576

Lemma 3: The transition probabilities pc′ , p�c′ , and p̄c′ for577

all c� ∈ C are given as follows:578

pc′ =
λc′

λ
, p̄c′ = Lλc′ , p�c′ = 1 − Lλc′ . (24)579

Proof: Since X̄c′ is the minimum of independent expo-580

nentially distributed random variables Xj , j ∈ C−c′ , it follows581

the exponential distribution with parameter λ̄c′ =
∑

j∈C−c′
λj . 582

Thus, 583

pc′ = Pr(Xc′ < X̄c′) 584

=
∫ ∞

0

Pr(Xc′ < X̄c′ | X̄c′ = t)fX̄c′ (t)dt 585

=
∫ ∞

0

(1 − e−λc′ t)λ̄c′e
−λ̄c′ tdt =

λc′

λ
. (25) 586

The probability p̄c′ = Pr(S < Xc′) = Lλc′ was derived 587

in (20). In addition, we have p�c′ = Pr(Xc′ < S) = 1 − 588

Pr(Xc′ > S) = 1 − p̄c′ = 1 − Lλc′ . � 589

Lemma 4: The PDFs of the random variables ηc′ , η̄c′ , and 590

η�
c′ for all c� ∈ C are given as follows: 591

fηc′ (t) = λe−λt, 592

fη̄c′ (t) =
fs(t)e−λc′ t

Lλc′
, 593

fη′
c′

(t) =
λc′e

−λc′ t(1 − Fs(t))
1 − Lλc′

. (26) 594

Proof: We only prove the PDF of the random variable 595

ηc′ ; the other PDFs can be derived using the same approach. 596

The PDF of the random variable ηc′ is given as 597

fηc′ (t) 598

= lim
ε→0

Pr(t < ηc′ < t + �)
�

599

= lim
ε→0

Pr(t < Xc′ < t + � | Xc′ < X̄c′)
�

600

= lim
ε→0

Pr(t < Xc′ < t+�)Pr(Xc′ < X̄c′ | t < Xc′ < t+�)
�Pr(Xc′ < X̄c′)

601

=
(1 − FX̄c′ (t))fXc′ (t)

Pr(Xc′ < X̄c′)
= λe−λt. (27) 602

� 603

To reiterate, according to Fig. 3, the interdeparture time 604

between two consecutive packets from source c is equal to the 605

total sojourn time experienced by the system between starting 606

from q0 and returning to q0. That is, this total sojourn time con- 607

sists of a summation of the individual sojourn times – which 608

are specific to each state and its related transitions – for all 609

possible paths {q0, . . . , q0}. Thus, random variable Yc can be 610

characterized by the sojourn time random variables ηc′ , η̄c′ , 611

and η�
c′ for all c� ∈ C, and their numbers of occurrences, which 612

are denoted by kc′ , k̄c′ , and k�
c′ , respectively. Consequently, 613

Yc can be presented as 614

Yc =
∑

c′∈C kc′ηc′ +
∑

c′∈C k̄c′ η̄c′ +
∑

c′∈C k�
c′η

�
c′ . (28) 615

Having defined Yc in (28), we proceed to derive the 616

MGF M̄Yc(s) = E[esYc ]. Let Kc′ , K̄c′, and K �
c′ denote the 617

random variables representing the numbers of occurrences 618

of random variables ηc′ , η̄c′ , and η�
c′ , respectively. Then, 619

using (28), the MGF of Yc is given by (29), as shown at 620

the bottom of the next page, where equality (a) follows 621

because i) random variables ηc′ , η̄c′ , and η�
c′ for all c� ∈ C 622

are independent, and ii) because of the independence of 623

paths, Pr
(
(K1, · · · , KC , K̄1, · · · , K̄C , K �

1, · · · , K �
C) = 624

(k1, · · · , kC , k̄1, · · · , k̄C , k�
1, · · · , k�

C)
)

is equal to the 625

summation of the probabilities of all the possible 626
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paths corresponding to the occurrence combination627

(k1, · · · , kC , k̄1, · · · , k̄C , k�
1, · · · , k�

C), which is given by628

the term629

C∏
c′=1

p
kc′
c′

C∏
c′=1

p̄
k̄c′
c′

C∏
c′=1

p�c′
k′

c′Q(k1,· · ·, kC , k̄1,· · ·, k̄C , k�
1,· · ·, k�

C),630

where Q(k1, · · · , kC , k̄1, · · · , k̄C , k�
1, · · · , k�

C) is the631

number of paths with the occurrence combination632

(k1, · · · , kC , k̄1, · · · , k̄C , k�
1, · · · , k�

C).633

In the following remark, the values of E[esηc′ ], E[esη̄c′ ],634

and E[esη′
c′ ] for all c� ∈ C are given.635

Remark 3: By using the PDFs presented in Lemma 4,636

we have637

E[esηc′ ] =
λ

λ − s
,638

E[esη̄c′ ] =
MS(s − λc′)

Lλc′
,639

E[esη′
c′ ] =

λc′(1 − MS(s − λc′))
(λc′ − s)(1 − Lλc′ )

. (30)640

What remains in deriving M̄Yc(s) given by the641

right-hand side of equality (a) of (29) are: i) the642

calculation of Q(k1, · · · , kC , k̄1, · · · , k̄C , k�
1, · · · , k�

C),643

i.e., the number of paths with the occurrence combination644

(k1, · · · , kC , k̄1, · · · , k̄C , k�
1, · · · , k�

C), and ii) calculation of645

the summation over the different occurrence combinations.646

While a direct analytical solution seems difficult, we cope647

with this challenge through the following lemma, providing648

an effective tool for the remaining calculation.649

Lemma 5: Consider a directed graph G = (V , E) consist-650

ing of a set V of V nodes, a set E of E edges, an algebraic651

label ev′→v̄ on each edge e ∈ E from node v� to v̄, and a node652

u ∈ V with no incoming edges. Let the transfer function H(v)653

denote the weighted sum over all paths from u to v where the654

weight of each path is the product of its edge labels. Then, the655

transfer functions H(v), ∀v ∈ V , are calculated by solving656

the following system of linear equations:657 ⎧⎨
⎩

H(u) = 1
H(v) =

∑
v′∈E

ev′→vH(v�), u �= v. (31)658

Proof: See [60, Sec. 6.4]. �659

We adopt Lemma 5 to calculate M̄Yc(s) as follows. We form660

the directed graph G = (V , E) by defining its set of nodes V ,661

the directed edges E of weights ev′→v̄ , and the transfer func- 662

tions of each node, H(v), v ∈ V , so that the right-hand side 663

of equality (a) in (29) becomes equal to the transfer function 664

of a node v̄ ∈ V , H(v̄). That is, we seek for the relation 665

M̄Yc(s) = H(v̄). The formation of such graph G can readily 666

be understood by perceiving its high similarity to the structure 667

of the semi-Markov chain – a directed graph – in Fig. 3, 668

which was used to characterize Yc through paths {q0, . . . , q0}. 669

In order to define the node u ∈ V with no incoming edges, 670

we remove the incoming links of q0, thus representing the node 671

u, and as a countermeasure, we introduce a virtual node q̄0 to 672

account for the system state after completing the service of a 673

source c packet. Finally, observing the factors that represent 674

the edge weights on the right-hand side of equality (a) in (29), 675

we depict the directed graph G in Fig. 4. According to this 676

graph, M̄Yc(s) is given by the transfer function from node q0 to 677

node q̄0, H(q̄0). In other words, we have M̄Yc(s) = H(q̄0), 678

which now leads us to solve for H(q̄0) based on (31). 679

The system of linear equations in (31) corresponding to the 680

graph in Fig. 4 is given as 681

H(q0) = 1, 682

H(q�0) =
∑

c′∈C−c

p̄c′E[esη̄c′ ]H(qc′), 683

H(q̄0) = p̄cE[esη̄c ]H(qc) 684

H(qc′) = pc′E[esηc′ ]H(q0) + p�c′E[esη′
c′ ]H(qc′) 685

+ pc′E[esηc′ ]H(q�0), ∀c� ∈ C. (32) 686

By solving the system of linear equations in (32), H(q̄0) is 687

given as 688

H(q̄0) 689

=
pcE[esηc ]p̄cE[esη̄c ]

(
1 − p�cE[esη′

c ]
)(

1 − ∑
c′∈C−c

pc′E[esηc′ ]p̄c′E[esη̄c′ ]
1 − p�c′E[esη′

c′ ]

) . 690

(33) 691

Finally, substituting the probabilities pc′ , p�c′ , and p̄c′ 692

given in Lemma 3 and the values of E[esηc′ ], E[esη′
c′ ], and 693

E[esη̄c′ ] given in Remark 3 into (33) results in the MGF 694

of the interdeparture time of source c, M̄Yc(s), as given in 695

Proposition 1. � 696

Finally, substituting the MGF of the system time of source 697

c derived in (22) and the MGF of the interdeparture time 698

of source c derived in (23) into (11) results in the MGF of 699

the AoI under the self-preemptive policy, M̄δc(s), given in 700

M̄Yc(s) = E[esYc ] = E
[
E[esYc | (K1, · · · , KC , K̄1, · · · , K̄C , K �

1, · · · , K �
C) = (k1, · · · , kC , k̄1, · · · , k̄C , k�

1, · · · , k�
C)]

]
=

∑
k1,··· ,kC ,k̄1,··· ,k̄C ,k′

1,··· ,k′
C

E
[
es(
�

c′∈C kc′ηc′+
�

c′∈C k̄c′ η̄c′+
�

c′∈C k′
c′η

′
c′ )

]

Pr
(
(K1, · · · , KC , K̄1, · · · , K̄C , K �

1, · · · , K �
C) = (k1, · · · , kC , k̄1, · · · , k̄C , k�

1, · · · , k�
C)

)
(a)
=

∑
k1,··· ,kC ,k̄1,··· ,k̄C ,k′

1,··· ,k′
C

C∏
c′=1

E[esηc′ ]kc′
C∏

c′=1

E[esη̄c′ ]k̄c′
C∏

c′=1

E[esη′
c′ ]k

′
c′

C∏
c′=1

p
kc′
c′

C∏
c′=1

p̄
k̄c′
c′

C∏
c′=1

p�c′
k′

c′ Q(k1, · · · , kC , k̄1, · · · , k̄C , k�
1, · · · , k�

C), (29)
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Fig. 4. Directed graph to calculate the MGF of the interdeparture time under
the self-preemptive policy.

Theorem 1. In addition, substituting (22) and (23) into (12)701

results in the MGF of the peak AoI under the self-preemptive702

policy, M̄Ac(s), given in Theorem 1.703

B. MGFs of AoI and Peak AoI Under the Globally704

Preemptive and Non-Preemptive Policies705

For the globally preemptive policy, Lemmas 2 and 3 in [34]706

provide the MGFs of the system time of source c, M̂Tc(s), and707

the interdeparture time of source c, M̂Yc , respectively, which708

are given as709

M̂Tc(s) =
MS(s − λ)

Lλ
,710

M̂Yc(s) =
λcMS(s − λ)

λcMS(s − λ) − s
. (34)711

Substituting M̂Tc(s) and M̂Yc(s) in (34) into (11) results in712

the MGF of the AoI under the globally preemptive policy,713

M̂δc(s), given in Theorem 2. Substituting (34) into (12) results714

in the MGF of the peak AoI of source c under the globally715

preemptive policy, M̂Ac(s), given in Theorem 2.716

Under the non-preemptive policy, the system time of a deliv-717

ered packet is equal to the service time of the packet. Thus, the718

MGF of the system time of source c under the non-preemptive719

policy is given by M̃Tc(s) = MS(s). Equation (13) in [36]720

provides the MGF of the interdeparture time of source c under721

the non-preemptive policy, M̃Yc(s), which is given as722

M̃Yc(s) =
λcMS(s)

λ − s − (λ − λc)MS(s)
. (35)723

Substituting M̃Tc(s) = MS(s) and M̃Yc(s) in (35) into (11)724

results in the MGF of the AoI under the non-preemptive policy,725

M̃δc(s), given in Theorem 3. Substituting M̃Tc(s) = MS(s)726

and M̃Yc(s) in (35) into (12) results in the MGF of the peak727

AoI of source c under the non-preemptive policy, M̃Ac(s),728

given in Theorem 3.729

Fig. 5. Contours of achievable average AoI pairs under the gamma
distribution for the different sets of parameters with μ = 1.

IV. NUMERICAL RESULTS 730

In this section, we use Corollaries 1, 2, and 3 to validate the 731

derived results for the average AoI under the self-preemptive 732

packet management policy in a two-source system and com- 733

pare the performance of the three policies in terms of the 734
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Fig. 6. Contours of achievable average AoI pairs under the Pareto distribution
for the different sets of parameters with μ = 1.

average AoI and sum average AoI. In addition, using the735

MGFs of the AoI derived in Theorems 1, 2, and 3, we inves-736

tigate the standard deviation of the AoI to assess the variation737

of the AoI around the mean.738

We investigate two service time distributions: i) gamma739

distribution and ii) Pareto distribution.740

Fig. 7. Average AoI of source 1 and its standard deviation (σ) as a function
of λ1 under the gamma distribution.

• The PDF of a random variable S following a gamma dis- 741

tribution is defined as fS(t) =
βκtκ−1 exp(−βt)

Γ(γ)
, t > 0, 742

for parameters γ > 0 and β > 0, where Γ(γ) 743

is the gamma function at γ. The service rate is 744

μ = 1/E[S] = β/γ. 745

• The PDF of a random variable S following a Pareto 746

distribution is defined as fS(t) =
αωα

tα+1
, for t ∈ [ω,∞] 747

and parameters ω > 0 and α > 2. The service rate is 748

μ =
α − 1
αω

. 749

To investigate the effect of distributional properties of the 750

service time on the average AoI under each policy, we use the 751

squared coefficient of variation (SCoV) of the service time S, 752

defined as Φ2 = σ2μ2 [61, Page 39], where σ2 is the variance 753

of the service time. The SCoV plays a key role in analyzing 754

the benefits of preemption in queueing, as will be detailed 755

in the next section. The SCoV of the gamma distribution is 756

given as Φ2
gamma =

1
γ

and the SCoV of the Pareto distribution 757

is given as Φ2
Pareto =

1
α(α − 2)

. 758
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Fig. 8. Sum average AoI under gamma and Pareto distributions with λ = 0.5.

In all the figures, we have λ = λ1 + λ2 = 1. Next, we inves-759

tigate the contours of achievable average AoI pairs, standard760

deviation of the AoI, the sum average AoI, and the effect of761

the number of sources on the AoI under each policy.762

A. Contours of Achievable Average AoI Pairs763

Fig. 5 illustrates the contours of achievable average AoI764

pairs (Δ1, Δ2) for the considered self-preemptive, glob-765

ally preemptive, and the non-preemptive policies under the766

gamma distribution with service rate μ = 1 for the para-767

meters γ = β = 0.5, γ = β = 1.7, and γ = β = 3. Recall768

that increasing γ makes the gamma distribution to have a769

smaller SCoV, Φ2
gamma =

1
γ

. For the parameters γ = β = 0.5,770

the globally preemptive policy outperforms the others and the771

non-preemptive is the worst policy (Fig. 5a); for the parame-772

ters γ = β = 1.7, the self-preemptive policy outperforms the773

others and the non-preemptive is the worst policy (Fig. 5b);774

and for the parameters γ = β = 3, the non-preemptive policy775

outperforms the others and the globally preemptive policy776

is the worst one (Fig. 5c). In addition, we can see that the777

simulated curve for the self-preemptive policy matches with778

the derived expression in Corollary 1 (Fig. 5a).779

Fig. 9. Sum average AoI as a function of λ1.

Fig. 6 illustrates the contours of achievable average AoI 780

pairs (Δ1, Δ2) for the packet management policies under 781

the Pareto distribution with μ = 10 for the sets of para- 782

meters (α = 2.4, ω = 0.0583), (α = 2.7, ω = 0.630), and 783

(α = 4, ω = 0.750). Note that increasing α makes the Pareto 784

distribution to have a smaller SCoV, Φ2
Pareto =

1
α(α − 2)

. 785

Similar to the observations made for the gamma distribution, 786

for the parameters (α = 2.4, ω = 0.0583), the globally pre- 787

emptive policy outperforms the others and the non-preemptive 788

policy is the worst one (Fig. 6a); for the parameters 789

(α = 2.7, ω = 0.630), the self-preemptive policy outperforms 790

the others and the non-preemptive policy is the worst one 791

(Fig. 6b); and for the parameters (α = 4, ω = 0.750), the 792

non-preemptive policy outperforms the others and the globally 793

preemptive policy is the worst one (Fig. 6c). 794

Figs. 5 and 6 show that by fixing the mean service time 795

and adjusting the set of parameters so that the SCoV becomes 796

greater than 1 (Φ2 > 1), i.e., γ = β = 0.5 for the gamma 797

distribution and (α = 2.4, ω = 0.0583) for the Pareto distri- 798

bution, the globally preemptive policy is the best policy. This 799

is due to the fact that when Φ2 > 1, the average service 800

time of a new arriving packet is smaller than the average 801
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Fig. 10. Average AoI of source 1 under the gamma distribution for the
different sets of parameters with λ = 1 and μ = 1.

residual service time of the packet in service [61, Page 39] 802

and [56, Sec. V.B]. In other words, for Φ2 > 1, a new arriving 803

packet is not only fresher than the packet in service but also 804

it requires, on average, a shorter time to be served; hence, 805

(global) preemption is indisputably beneficial. However, the 806

case is not this clear for Φ2 < 1. Namely, while an arriving 807

packet is fresher than the packet in service, it requires, on the 808

average, longer time to be served, and thus, there is a trade-off 809

between the self-preemption and blocking. As it can be seen, 810

when Φ2 < 1 is sufficiently small (e.g., the cases γ = β = 3 811

for the gamma distribution and (α = 4, ω = 0.750) for the 812

Pareto distribution), the non-preemptive policy is the best one. 813

This is expected because retaining to serve the current, albeit 814

already slightly staled, packet with significantly shorter service 815

time leads to the lowest AoI. Interestingly, when Φ2 < 1 is 816

only slightly lower than 1 (e.g., the cases γ = β = 1.7 for the 817

gamma distribution and (α = 2.7, ω = 0.630) for the Pareto 818

distribution), the self-preemptive policy, which is a partially 819

preemptive policy, is the best one. 820

B. Standard Deviation of the AoI 821

Fig. 7 depicts the average AoI of source 1 and its standard 822

deviation (σ) as a function of λ1 under the gamma distribution1
823

with parameters γ = 2, β = 1, μ = 0.5 (Fig. 7a) and 824

γ = 2, β = 4, μ = 2 (Fig. 7b). The standard deviation 825

measures the dispersion of the values of the AoI relative to 826

its mean; we show this by the curves Δ1 + σ and Δ1 − σ. 827

The figure exemplifies that the standard deviation of the AoI 828

might have a large value even though the average AoI remains 829

low. For example, while the average AoI performance of the 830

non-preemptive policy is inferior to the other two policies for 831

smaller arrival rates (around λ1 < 0.62), the non-preemptive 832

policy results in the least variation of the AoI around its mean 833

for all arrival rates. This demonstrates that the average AoI 834

does not provide complete characterization for the information 835

freshness and thus, higher moments of the AoI need to taken 836

into account when designing and evaluating a reliable status 837

update system. Indeed, besides the requirement of a low 838

average AoI value, maintaining low variation of the AoI values 839

is crucial for time-critical applications. 840

C. Sum Average AoI 841

Fig. 8a depicts the sum average AoI, Δ1 + Δ2, under 842

the gamma distribution as a function of parameter γ with 843

β = 1. Fig. 8b depicts the sum average AoI under the Pareto 844

distribution as a function of parameter α with ω = 1. Fig. 9a 845

illustrates the sum average AoI under the gamma distribution 846

with (γ = 2, β = 4), and Fig. 9b illustrates the sum average 847

AoI under the Pareto distribution with (α = 2.2, ω = 1). Sim- 848

ilar to the observations made above, Figs. 8 and 9 exemplify 849

that we can find a parametrization of the gamma and Pareto 850

distributed service times so that each of the three policies, 851

in turn, outperforms the others. 852

1It is worth noting that since the MGF of the Pareto distribution does not
exist, the standard deviation of the AoI under the Pareto distribution cannot
be derived.
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D. Effect of the Number of Sources853

Here, we study the impact of having different numbers of854

sources C ∈ {1, 2, . . . , 10} in the system. Fig. 10 depicts the855

average AoI of source 1 under the gamma distribution for the856

different sets of parameters γ and β with λ = 1 and μ = 1.857

We consider equal arrival rates, i.e., λc = λ/C, ∀c ∈ C, and858

plot the average AoI of source 1; the average AoI of the other859

sources is the same. The figure shows a general trend that860

for all the policies, the average AoI of source 1 increases861

when the number of sources increases. This is because the862

server’s serving power is shared among a higher number863

of sources, resulting in the increased average AoI of each864

individual source. Interestingly, we can see that the relative865

performance of the policies depends both on the parameters866

of the gamma distribution and on the number of sources. For867

example, by observing the case γ = β = 1.5 in Fig. 10b, when868

the system contains at most three sources (i.e., C ∈ {1, 2, 3}),869

the self-preemptive policy is the best policy, whereas when870

there are at least four sources (i.e., C ≥ 4), the non-preemptive871

policy is the best one.872

V. CONCLUSION873

We derived the MGFs of the AoI and peak AoI in a874

multi-source M/G/1/1 queueing model under the considered875

self-preemptive packet management policy and the globally876

preemptive and non-preemptive policies studied earlier. Using877

the derived MGFs, we derived the average AoI and average878

peak AoI in a two-source M/G/1/1 queueing system under879

the three packet management policies. The numerical results880

showed that, depending on the system parameters, i.e., the881

packet arrival rates and the distribution of the service time,882

each policy can outperform the others. In addition, by visualiz-883

ing the standard deviation of the AoI, the results demonstrated884

that the average AoI falls short in thoroughly characterizing885

the information freshness so that higher moments of the AoI886

need to be taken into account for the design of reliable status887

update systems.888

An interesting future work would be to extend the conducted889

AoI analysis to the system that has one waiting room for each890

source and where an arriving packet of a source replaces the891

possible older packet of the same source waiting in the queue.892
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