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A B S T R A C T   

High-strength low alloy martensitic alloy steels are produced by quenching methods to achieve a martensitic microstructure. The carbon supersaturation of the 
martensitic structure serves as a driver for autotempering, which has advantageous effects on the physical properties of the steel and may take place even at very high 
cooling rates. So far, the precipitation kinetics during the quenching of low alloy martensitic steels have been modelled with by assuming no carbon loss due to 
diffusion from martensite into the inter-lath austenite, and the partitioning and diffusion has been modeled without considering the precipitation, although previous 
thermodynamic calculations show both precipitation and partitioning occur at similar rates, and thus should be modeled concurrently. In addition, the segregation of 
carbon to the dislocations needs to be taken in to account. The aim of this work was to develop such a coupled model that can predict these phenomena concurrently 
in the context of martensite formation during rapid quenching. By comparing the model predictions with experimental data on two steel grades austenized and 
subsequently quenched at two cooling rates (120 ◦C/s and 1000 ◦C/s), it was found that the calculated maximum radius of the precipitates as well as their number 
distributions were in good agreement with experimental observations. In further work, it is possible to extend the model to account also for more complex heat cycles.   

1. Introduction 

High strength low alloy martensitic alloy steels are a good candidate 
for providing lightweighting solutions to weight-critical applications. 
Therefore, this has implications in terms of carbon footprint reduction to 
help mitigate rise in global temperatures. Martensitic steels are pro-
duced by quenching methods from its high temperature austenitic state 
to achieve the desired high strength characteristics [1-3]. The rapid 
quenching heat treatment produces the lath-like martensitic micro-
structure. Also for low alloy steels, carbide precipitation occurs during 
quench on the account of high martensitic start temperatures. The for-
mation of fine precipitates and the stabilization of austenite near the lath 
boundaries due to carbon enrichment is thought to be a key factor for 
achieving ductile high strength steel [4]. Detailed quantitative under-
standing of the phenomena and numerical modeling provide important 
insights on the mechanisms that operate during the process. 

The carbon supersaturation of the martensitic structure provides the 
required driving force for the formation of carbides on defect sites such 
as dislocations and grain boundaries, because defect sites have higher 
free energy, which can be lowered by the formation of a precipitate. This 
phenomenon, which occurs during quenching, is called auto-tempering. 
Previous research indicates that martensite formation temperature as 
well as carbon and silicon content of the steel affect precipitation in 

martensite during quenching. In low carbon steels with alloying that 
results to high Ms temperatures, lath martensite usually forms during 
cooling and auto-tempering occurs [5-7]. For low carbon steels, that 
have high Ms temperature, cementite precipitation is observed 
[4,5,8,9], while for steels containing higher carbon content and lower 
Ms temperature [7] transition η carbides are observed to form during 
quenching. It was found in [10] that in medium carbon steels lower Si 
content yielded cementite precipitation and higher Si content caused η 
carbides to form within martensite laths. 

Auto-tempering has been shown to improve ductility and impact 
strength in steels [4,11,12]. The susceptibility for auto-tempering to 
occur during cooling has been quantitatively evaluated in [13] by 
analyzing diffusion distance of carbon in BCC iron during cooling. It was 
concluded that the rapid cooling with rate of 40 ◦C/s or more would be 
enough to suppress the auto tempering significantly so that the auto- 
tempering with this cooling rate corresponds to one hour holding in 
200 ◦C. However, it is also discussed in [13] that due to high dislocation 
density in martensite, cementite can precipitate in the dislocations and 
hence the auto-tempering cannot be fully prevented. In coherence with 
this discussion, it was observed in [14] that auto-tempering is significant 
even when the cooling rate is higher than 100 ◦C/s. The reason for the 
cementite formation, when such high cooling rates are applied, can be 
the existence of large number of sites where the cementite can nucleate 
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easily. Since the dislocation density in lath martensite is relatively high, 
ρD = 1015 1/m2 [15], and carbon has been observed to diffuse to the 
dislocations in the laths that have formed at high temperature [16,17], it 
is reasonable to consider that even during the rapid cooling at rates 100 
to 1000 ◦C/s, carbon diffusion distance reaches the nearby dislocations 
in the martensite lath [1]. Since, in general, precipitation on dislocations 
is energetically favorable in comparison to homogenous nucleation 
[18], the dislocations can act as nucleation sites for the cementite pre-
cipitates [16], which would explain the observation that auto-tempering 
also occurs at cooling rates exceeding 100 ◦C/s [14]. 

At the same time with the precipitation phenomena and formation of 
Cottrell atmospheres [19], carbon also diffuses from the martensite lath 
into the inter-lath austenite [20-22], which makes the austenite more 
stable against martensite formation. This is called the partitioning pro-
cess. Since partitioning and diffusion affect the precipitation phenomena 
due to change of local carbon concentration and vice versa (due to 
removal of carbon from the matrix by the precipitates), it is important to 
be able to model the different phenomena concurrently. Quantitative 
modelling and understanding the kinetics and thermodynamics of these 
processes is also helpful in the design of new steel grades and also in its 
implementation in online steel property prediction. 

Precipitation has been modeled earlier with applying the 
Kampmann-Wagner theory [23,24]. Also, a numerical mean field pre-
cipitation model has been constructed for modeling of phase trans-
formation and precipitation during intercritical annealing, cooling and 
isothermal holding [25], which can be used for calculating mean num-
ber, radius and volume fraction of precipitates in phases. Closely con-
nected to the topic of the current study, the recent previous research 
focusing on precipitate nucleation and growth in martensite during the 
quench showed that the precipitation and the partitioning kinetics in 
low alloy martensitic steels can be satisfactorily modeled with Thermo- 
Calc modules DICTRA and TC-Prisma [1,8]. However, the major limi-
tation in those studies was that the TC-Prisma assumed that there was no 
carbon loss due to diffusion from martensite into the inter-lath austenite. 
Similarly, the studies considering partitioning and diffusion have not 
previously taken simultaneously occurring precipitation in to account. 
Therefore, there is a need to develop a coupled diffusion and precipi-
tation model which can then be extended to handle more complex heat 
treatment cycles. 

This study aimed to develop a new coupled model, which includes 
model described in [20,21] to describe the partitioning and diffusion 
and the model described in [26] for precipitate nucleation and growth. 
To account for the carbon segregation to dislocations, a new model has 
been constructed. The precipitation model employs classical nucleation 
theory [18] and the growth of the precipitates is based on [26,27]. The 
implemented partitioning and precipitation models were parameterized 
using data from Thermo-Calc software [28], and the implemented 
models were fully coupled so that the dynamic description of the 
occurring phenomena could be achieved. 

2. Experimental 

Steels A and B (see Table 1) were used for the experiments, as 
described in detail in the previous publication [8]. They were initially 
supplied as 12 mm hot rolled plates and the chemical compositions were 
determined using a GDOES analyser. Specimens were cut to cylinders (6 
mm diameter and 9 mm length) with their long axes being parallel to the 
main rolling direction. One set was heat-treated from 23 ◦C to 950 ◦C at 
a heat-up rate of 10 ◦C/s, austenitized for 2 min and then quenched at 

1000 ◦C/s using the Gleeble 3800 thermomechanical simulator. Another 
set were austenitized similarly but then cooled at the rate of 120 ◦C/s by 
thermal conduction into water-cooled aluminium jaw carriers of the 
Gleeble simulator. The martensitic start temperature was found to be 
435 ◦C for Steel A and 388 ◦C for Steel B specimens [8]. 

The samples were then cut at the thermo-couple welded position 
which was made at the middle of the long axes of the cylinders. The 
samples were then mounted into an epoxy resin and cured for 24 h. Cold 
mounting prevents additional tempering which could have occurred if 
hot-mounting procedures were deployed [14]. The samples were then 
ground and polished to obtain a mirror like finish after which etching 
was done using a 2% Nital solution. The Zeiss Sigma scanning electron 
microscope using the InLens secondary electron detector (accelerating 
voltage = 5 kV) was used to observe the microstructure. 

3. Mathematical model 

The current work is based on the previous studies on modeling 
partitioning and diffusion [20,21] and the studies on precipitation of 
cementite in the martensite [26,27]. The aim of the current study is to 
build a coupled diffusion and precipitation model that is capable of 
simulating the phenomena concurrently in the context of martensite lath 
formation during rapid quenching. To account for the carbon segrega-
tion to dislocations during quenching, a time dependent model was 
constructed. In the following subsections, we first review the theory of 
the implemented models, and then describe their numerical imple-
mentation, which allows for the coupling of the models. 

3.1. Partitioning and diffusion of carbon 

The diffusion and partitioning model is applied to describe the time 
dependent carbon diffusion immediately after formation of a martensite 
lath, shown in the schematic Fig. 1. Once the lath has formed, carbon in 
the newly formed martensite region starts to partition to the austenite 
side. The carbon is then transported by diffusion from the inner part of 
the martensite lath to the interfaces, which eventually leads (in addition 
to the carbon removed from the matrix by precipitation and segregation 
to Cottrell atmospheres) to the depletion of carbon in the martensite 

Table 1 
Chemical compositions of the steels in wt %. [8].  

Steel C Mn Si Cr Ni Ti V Al Fe 

A  0.126  1.66  0.72  0.27  0.038  0.027  0.047  0.054 Bal. 
B  0.223  1.26  0.42  0.25  0.044  0.019  0.043  0.058 Bal.  

Fig. 1. The simulated condition. Martensite lath has formed during cooling, 
and the carbon partitions from the newly formed martensite to the surrounding 

austenite, causing a flux f
→

of carbon from martensite to the austenite. Both 
coarse martensite lath (ΔL = 1μm) formed at the Ms temperature, as well as fine 
lath (ΔL = 0.1μm) formed at low temperature were studied. 
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region. Due to geometry of martensite, we consider the diffusion of 
carbon only in the width direction, as indicated in Fig. 1. 

Diffusion of carbon is calculated by solving the one-dimensional 
diffusion according to Ficḱs 2nd law, Eq. (1), using explicit finite dif-
ference approximation [21]: 

∂C
∂t

=
∂
∂x

(

D
∂C
∂x

)

(1) 

where D is the diffusion coefficient, C is the concentration of carbon, 
t is the time and x is the position. Since diffusion of carbon is much faster 
in martensite than in austenite, the diffusion needs to be defined sepa-
rately for the two phases. We used the diffusion coefficients [20] for the 
austenite and martensite regions, as described in Eq. (2).   

where Rg is the molar gas constant and T the absolute temperature. 
It is assumed that the carbon concentration at the martensite side of 

the interface immediately reaches the equilibrium concentration 
dictated by the carbon concentration at the austenite side. The interface 
is in the middle of the segment between the austenite and martensite 
nodes. Following [20,21], we applied Eq. (3) to describe the equilibrium 
carbon concentration on the martensite side of the interface as function 
of temperature and the carbon concentration of the austenite side. 

cα
int = cγ

intexp
[

A + BT + (C + DT)cγ
int

RgT

]

(3) 

where cα
int and cγ

int are the carbon contents in (wt %). We fitted the 
parameters A,B,C and D by the results obtained with Thermo-Calc ™ for 
equilibrium carbon concentrations in austenite and ferrite at different 
temperatures for 0.23C steel. 

The obtained parameters are presented in Table 2. 
The interface concentration of carbon on martensite side causes a 

flux of carbon from the inner part of the martensite region to the 
interface according to Ficḱs 1st law, fα = − D ∂C

∂x. Since the number of 
carbon atoms is conserved, the resulting flux to the austenite side, fγ, is 
equal to fα. 

Initially, the carbon was assumed to be uniformly distributed and the 
concentration in the martensite was assumed to be the same as the 
austenite concentration prior to the martensite lath formation. Different 
sizes ΔL of the martensite laths, which were formed at different tem-
peratures, were studied with the numerical model. We focused on the 
two cases for both of the steels: a coarse lath (1 μm) formed at the Ms 
temperature, and a fine lath (0.1 μm) formed at lower temperature. For 
both cases, the total simulated region was 1.4 µm. From the results 
shown in Figs. 10, 11, 12 and 13, it is clear that at regions near the 
simulation boundaries the concentration distribution is fully flat, hence 
the carbon was not transported by diffusion to these regions during the 

simulation time. This shows that the simulated region was sufficiently 
large for the studied cooling rates and lath sizes. 

3.2. Time dependent formation of Cottrell atmospheres 

Formation of Cottrell atmospheres on the dislocations has been 
earlier considered by Dai [29] by removing the carbon contained in the 
atmospheres, from the soluble concentration instantaneously as 
described by Eq. (4). 

x*
0 = x0 − π

(
d
2

)2

xDisρD (4) 

Table 2 
The parameters of Eq. (3), obtained by fitting to the results calculated with 
Thermo-Calc ™.  

A 
[J/mol] 

B 
[J/(mol K)] 

C 
[J /(mol wt.%) ] 

D 
[J/(mol K wt.%)] 

− 2.4582× 104  − 6.1135 − 1.4787× 103  1.4248  

Fig. 2. The growth of the Cottrell atmospheres around a dislocation segment was calculated by numerically solving Eqs. (5) and (6).  

D =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

2 × 10− 5exp
(

−
140000

RgT

)

for austenite

2 × 10− 6exp
(

−
10115

T

)

× exp
{

0.5898
[

1 +
2
π arctan

(

1.48985 −
15309

T

)]}

for martensite
(2)   
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where x*
0 is the soluble molar fraction of carbon where the carbon 

contained in the Cottrell atmospheres has been removed, x0 is the 
original molar fraction, d is the diameter of the Cottrell atmosphere, 
xDis = 8 at% [29,30] is the molar fraction of carbon contained in the 

Cottrell atmosphere, and ρD =
(

0.012+3.68c2/3
0

)
× 1015m− 2 is the 

dislocation density, which can be estimated as function of the initial 
carbon concentration of the steel in wt %, c0. In ref. [29] the time 
dependence of the formation of the Cottrell atmospheres was not 
considered, as that study was focused on partitioning, precipitation and 
diffusion during partitioning step of quench and partitioning process. 
However, when considering the concurrent operation of partitioning, 
diffusion, precipitation and Cottrell atmosphere formation during the 
rapid quench, it is worthwhile to include the time dependence of the 
Cottrell atmosphere formation in to the simulations. 

To model the time dependent formation of the Cottrell atmosphere 
around a single isolated dislocation line, the atmosphere is considered as 
a cylindrical region with radius rC surrounding the straight dislocation 
line in martensite. For simplicity, the cylindrical region is assumed to 
contain uniform molar fraction of carbon, xDis. The carbon concentration 
at the matrix side of the interface to the cylindrical region is assumed to 
be zero, as the carbon atoms are assumed to move to the cylindrical 
region as soon as they reach the interface, and no carbon flux is assumed 
to occur from the Cottrell atmosphere to the matrix. The carbon is 
transported from the matrix to the cylindrical region by diffusion, and 
the radius of the cylindrical region grows as function of the local flux of 

carbon from the matrix, f
→

= − Dα∇C. Initially rC = 0 and when rC 
reached the experimentally observed size (7 nm /2), the Cottrell atmo-
sphere was considered to be fully formed. 

Mathematically, the diffusion of carbon from matrix to the cylin-
drical region is modeled by solving the diffusion equation (Fick’s 2nd 
law), Eq. (5), in cylindrical coordinates. 

∂C
∂t

= ∇⋅(Dα∇C) (5) 

The axis of the cylinder was aligned with the dislocation line and the 
concentration field varied only in the radial direction, hence the prob-
lem was reduced to time dependent 1-dimensional diffusion in cylin-
drical coordinates. The equation was solved using explicit finite 
difference approximation. 

Since the amount of carbon added to the cylindrical region during a 
time step equals the flux of carbon from the matrix, and the concen-
tration on the matrix side of the cylindrical region is assumed as zero, 
drC(CC − 0) = − Dα|∇C|dt, where CC is the carbon concentration in the 

Cottrell atmosphere. Since the system is axisymmetric |∇C| = ∂C
∂r . The 

growth of the cylindrical region is described by Eq. (6) similar to growth 
of precipitates described in [18]. 

drC

dt
=

Dα

CC − 0
∂C
∂r

(6) 

The growth of the cylindrical region centered at the dislocation core, 
which is located at the origin, is depicted in Fig. 2. The movement of the 
boundary was calculated using Eq. (6). When the boundary position 
exceeded a node point position, that node was changed to an interface 
node. The simulation domain length was 0.1 μm and it was divided in to 
900 segments separated by the node points. 

The time required for the Cottrell atmosphere formation was esti-
mated as the time required for the radius rC to grow from zero to the 
experimentally observed size, rmax = 7 nm/2 [29,30]. The formation 
time was determined at different temperatures and matrix carbon con-
centrations. Since the growth rate is proportional to the diffusion coef-
ficient and the concentration gradient ∂C

∂x is proportional to the matrix 
carbon concentration, a likely candidate for the functional form 
describing the time required for the Cottrell atmosphere formation 
τC(C0,T) at different temperatures T and far field matrix concentrations 
C0 is given by Eq. (7). 

τC(T,C0) =
D(Tref )C0,ref

D(T)C0
τC(D(Tref ),C0,ref ) (7) 

where D(Tref ) is the diffusion coefficient at certain chosen reference 
temperature Tref , C0,ref is a certain reference far field matrix carbon 
concentration, τC(D(Tref ),C0,ref ) is the formation time at the reference 
temperature and reference concentration, D(T) is the diffusion coeffi-
cient at temperature T. The reference temperature was chosen as Tref =

388◦C and C0,ref = 0.23 wt% carbon. For these values, τC
(
D
(
Tref

)
,

C0,ref
)
= 0.104ms. It was checked by conducting several calculations 

with varying both T and C that the equation (7) provides a good estimate 
for the time required for the cylindrical region to grow to the experi-
mentally observed Cottrell atmosphere size. The comparison between 
the predicted values given by Eq. (7) and the numerical simulations is 
shown in Fig. 3. 

For the coupled simulations, a rapid calculation for the formation of 
the Cottrell atmosphere is required, since solving the Eqs. (5) and (6) for 
every node point and for each time step would lead to prohibitively high 
computation times. To calculate the approximate formation time when 
both temperature and the matrix carbon concentration were changing, 
the Cottrell atmosphere was assumed to be formed when 

∫ t
0

dt
τC

= 1, and 
the molar fraction contained in the Cottrell atmospheres was estimated 
by using Eq. (8). 

xC = π
(

d
2

)2

xDisρ
∫ t

0

dt
τC

when
∫ t

0

dt
τC

≤ 1

and

xC = π
(

d
2

)2

xDisρ when
∫ t

0

dt
τC

> 1

(8) 

Accordingly, for each time step when 
∫ t

0
dt
τC
≤ 1, the molar fraction 

1
τC

π
(

d
2

)2xDisρdt was removed from the soluble carbon to account for the 
time dependent formation of the Cottrell atmospheres. Using this 
calculation instead of instantaneously removing the molar fraction of 
carbon contained in the Cottrell atmospheres, the dynamical evolution 
of the system consisting of partitioning, diffusion, precipitation and the 
formation of the Cottrell atmospheres can be calculated for the rapid 
quenching process. 

3.3. Precipitation of cementite 

The precipitation model was implemented on the equations 

Fig. 3. Comparison of prediction of Cottrell atmosphere formation time using 
Eq. (7) to the numerically simulated formation time (by solving Eq. (5) and (6)) 
for different overall carbon concentrations ranging from C0 to 0.3C0 and tem-
peratures T0 to T0-80◦ C. τ0 = τC

(
D
(
Tref

)
,C0,ref

)
. 
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presented in [26]. The nucleation rate was calculated using classical 
nucleation theory. We estimated the nucleation site density based on the 
dislocation density of martensite. The ratio of driving force for precip-
itate nucleation on the dislocations to the same quantity in the absence 
of dislocations was used as fitting parameter in the model, and its value 
was determined by making comparison to the available experimental 
data. As discussed in [29], the carbon that is segregated in the Cottrell 
atmospheres is considered to be stable and not diffuse to the cementite, 
since experimental APT studies have shown that the amount of carbon in 
the Cottrell atmospheres does not vary much during quench and parti-
tioning processes, and numerical simulations seem to indirectly support 
this condition. 

No precipitation was assumed to occur in the austenite region, since 
calculations in [31] for similar steel composition and relevant temper-
ature show that silicon concentration of more than 0.4 wt% diminishes 
the carbide formation tendency in carbon supersaturated austenite for 
time scales less than 10 s, which is relevant for the current study. For 
longer time scales, also precipitation within the austenite should be 
taken in to account. 

Since the precipitation in the martensite is expected to occur at 
dislocations [13,16], the heterogeneous nucleation site density Nhet was 
evaluated using the dislocation density ρD, which is given in the units of 

number/area. If each unit cell in the martensite lath containing a 
dislocation line acts as a nucleation site, the nucleation site density can 
be evaluated as Nhet = ρD/a, where a is the ferrite lattice parameter. 
Based on the classical nucleation theory, nucleation rate of cementite 
can be calculated using Eq. (9). 

J = exp
(
−

τ
t

)
NhetZβexp

(

−
ΔG*

kT

)

(9) 

where the incubation time τ = 1/(2Zβ) [29]. According to [26], the 
product of the Zeldovich factor Z and the attachment rate of atoms to the 
nucleus, β, can be approximated as Zβ = DMX/a2, where DM is the 
diffusion coefficient in martensite, X is the local molar fraction of soluble 
carbon in martensite, and a the martensite lattice parameter. For 
simplicity, the cementite were assumed as spherical particles. Then the 
critical radius R* = − 2γ/ΔGV and the corresponding critical nucleation 
energy ΔG* = ξ16πγ3/(3ΔG2

V), where ΔGV is the driving force for 
nucleation, the interfacial energy γ = 0.27J/m2 between the cementite 
particle and martensite [8], and ξ the correction factor which accounts 
for the heterogenous nucleation. The correction factor ξ is used as a 
fitting parameter in the current study. For homogenous nucleation ξ = 1 
and for heterogenous nucleation 0 < ξ < 1, hence this parameter can be 
interpreted as ratio of driving force of precipitate nucleation on the 
dislocations to the same quantity in the absence of dislocations. The 
value of the parameter ξ = 0.117 was determined by conducting nu-
merical simulations with different values and comparing the result to 
the available experimental data. 

The nucleation driving force is evaluated from Eq. (10) [26]. 

ΔGV =
RgT
Vp

[

Xpln(Xe/X)+
(
1 − Xp

)
ln
(

1 − Xe

1 − X

)]

(10) 

Where Vp is the molar volume of precipitate, X is the local molar 
fraction obtained from the diffusion calculation, Xp = 0.25 is the carbon 
molar fraction in the cementite precipitate and Xe is the temperature 
dependent equilibrium carbon molar fraction on the matrix side of the 
precipitate/matrix interface which was obtained from Thermo-Calc 
calculation, shown in Fig. 4. 

The growth/dissolution rate of the spherical particle with a radius R 
is calculated using Eq. (11), which includes the Gibbs-Thomson effect 
[26]. 

Fig. 4. Equilibrium carbon molar fraction Xe on the matrix side of the pre-
cipitate/matrix interface, obtained from Thermo-Calc calculation [28]. 

Fig. 5. Overall flowchart describing the operation of the implemented numerical software. Partitioning and diffusion calculation are performed every time-step, Δt =
5 × 10− 7 s. Precipitation calculation is performed with intervals Δtprec = 2.5 × 10− 5 s. The partitioning and diffusion as well as precipitation are further described in 
Fig. 6 and 7. 
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Fig. 6. Flowchart describing the partitioning and diffusion calculation for one time-step. The loop runs through all the simulation node points as the index i goes 
through the node numbers from 1 to imax. 

Fig. 7. Flowchart describing the precipitation calculation for one precipitation time-step, Δtp. The loops run through all the simulation node points as the index i goes 
through the node numbers from 1 to imax. 
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dR
dt

=
D
R

{
X − Xeexp

[
2γVp/(RgTR)

]

Xp − Xeexp[2γVp/(RgTR)]

}

(11) 

During one precipitation simulation time-step Δtp, the nucleation 
rate J and the growth rate of the particle are assumed as constants. The 
average radius of the particles that are nucleated during the time step 
are then calculated as R = R* + dR

dt
Δtp
2 . The size distribution of the 

cementite particles is stored in the memory, so that their subsequent 
growth can be calculated. 

The growth of the previously nucleated precipitates is calculated 
explicitly in the current model using Eq. (11). This yields the time 
evolution of the size-number distribution of the particles. The extended 
volume (i.e. the total volume occupied by the precipitates without tak-
ing impingement in to account) of all the precipitates is then obtained as 
Ve =

∑
iNi4πR3

i /3 where Ni is the number of precipitates nucleated at 
timestep i and Ri is the average radius of those precipitates. The sum-
mation includes all of the precipitation simulation timesteps where the 
nucleation rate has been non-negligible (J ≥ 1(m3s)− 1). To account for 
the possibility that in case of the transformed volume fraction would 
become large enough, so that some of the precipitates could impinge, the 
real transformed volume is calculated by applying the Austin-Rickett 

equation, d(Vreal/V)
dt =

(
1 −

( Vreal
V
) )2dVe

dt ⇔ Vreal
V = 1 −

(
1 + Ve

V
)− 1, which pro-

vides better description for diffusion controlled reaction than usual 
Avrami fit [32]. 

When the cementite precipitates nucleate and grow, they remove 
carbon from the matrix, and if they start to dissolve, the carbon con-
centration in the matrix is increased. In the model, the number of moles 
removed from / added to the system during time-step, Δnc,p, is calcu-
lated by considering the change in the number of moles of carbon in the 
volume of 1 m3, using Eq. (12). 

Δnc,p = xc,pΔnp = xc,pΔVreal/Vm,p (12) 

where xc,p = 0.25 is the molar fraction of carbon in cementite, Δnp is 
the total change in the moles of atoms belonging to the precipitates, and 
Vm,p is the molar volume of cementite precipitate. Since the real trans-
formed volume is expressed in cubic meters, the corresponding change 
in the carbon concentration in moles/m3 is then obtained by dividing 
Δnc,p by a cubic meter, i.e. ΔCc =

Δnc,p
1m3 . 

3.4. Numerical implementation of the coupled model 

The operation of the developed numerical code is depicted in Figs. 5, 

6 and 7. The model was developed in MATLAB programming language 
[33]. 

The simulation domain was uniformly divided into segments with 
width Δx = 3 nm, and the carbon concentration at the end points of each 
segment (i.e. the node points) was calculated by solving the diffusion 
equation (Eq. (1)) with explicit finite difference method. For the diffu-
sion and partitioning calculations, a very short time-step was required, 
since partitioning of carbon from martensite to austenite causes high 
concentration gradient near the martensite-austenite interface espe-
cially in the beginning of the simulation. However, for the precipitation 
calculation, the stability of the algorithm did not require such short 
time-step. Because in the current approach the size-number distribution 
of the precipitates was explicitly calculated by storing the number and 
size of precipitates nucleated at each precipitation time-step and their 
subsequent growth at each simulation node position, the precipitation 
time-step determines the sizes of the arrays used for storing this infor-
mation, and also has decisive effect on the calculation time. Since it was 
not necessary to consider shorter time-steps for the precipitation 
calculation (changing the time-step length did not alter the results), a 
longer time-step was chosen for the precipitation calculation. 

In the beginning of the simulation, the initial carbon concentration 
was defined, as well as the nodes belonging to the initial austenite and 
martensite regions. In the simulation time loop, partitioning and diffu-
sion are calculated for each time step, with time interval Δt = 5 × 10− 7 

s. It was checked that changing the time interval had no discernible 
effect on the results. In fact, using ten times higher simulation time- 
step, Δt = 5× 10− 6, and the precipitation time-step, Δtp = 2.5× 10− 4, 
caused only negligible difference to the results, apart from the rapid 
segregation of carbon to Cottrell atmospheres which occurred in the 
beginning of the simulation. To simulate the Cottrell atmosphere for-
mation, the short time-step needed to be used in the beginning of the 
simulation. 

New precipitates are generated at each martensite simulation node 
depending on the local carbon concentration and the temperature of the 
system according to Eq. (9). It is approximated that JΔtprec stable nuclei 
with critical radius R* are formed during time step, and during that time 
step, the radius of the nucleated precipitates grow to size R* + dR

dt
Δtprec

2 , 
which is an average value corresponding to constant growth and 
nucleation rate during the precipitation timestep. Since silicon di-
minishes the cementite precipitation in austenite [31] and precipitation 
was not observed in the austenite, the energy barrier for precipitation in 
austenite was set sufficiently high to prevent the precipitate formation in 
austenite during the quenching simulation. 

Fig. 8. a) Steel A, quenched at 120 ◦C/s, b) Steel A, quenched at 1000 ◦C/s.  
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In order to calculate the evolution of the size-number distribution of 
the existing precipitates at each node point for the next time step, the 
size-number distribution of precipitates for each node at current time-
step t was stored to memory. The growth of each precipitate can then be 
calculated using Eq. (13), so that the radius of the NR(x, t) precipitates of 
size R(x, t) at location x and time instant t change to. 

R(x, t +Δt) = R(x, t)+
dR
dt

Δtprec (13) 

for the next time step, where the time derivative dR
dt is obtained from 

Eq. (11). For each node position, the local precipitated amount of carbon 
was removed from the soluble concentration. 

4. Results and discussion 

Fig. 8 a) and b) show the micrographs of steel A which was quenched 
at 120 ◦C/s and 1000 ◦C/s respectively. The microstructure is a typical 
auto-tempered lath martensite. The carbides which formed during auto- 
tempering were identified as cementite [8,14,34] in coherence with [4]. 
The highly tempered coarse regions form first just under the Ms while 
the dark relatively untempered regions form during the last stages of 
quench [4,8,14,34]. The widths of the larger and the smaller laths in 
both samples were found to be about 1–5 μm and 100 nm respectively. 

For studying the partitioning, diffusion and precipitation phenomena 
on the same conditions as in [8], we focused on simulating a coarse lath 
(1 μm) formed at Ms temperature, and a fine lath (0.1 μm) formed at 
lower temperature where 90 % of the martensite has been formed [8]. 
These simulations were conducted for both of the steels and for two 
cooling rates (120 ◦C/s and 1000 ◦C/s). Table 3 describes the simulation 
cases that were studied. 

The numerical simulation results were compared to the available 
microscopy results from the previous studies [8]. The calculated results 
for the fine laths formed at low temperatures (simulation cases 2, 4, 6 
and 8) all showed that the precipitate formation was negligible, which is 
consistent with the microscopy observations. Since the precipitation 
occurred much more abundantly in the coarse laths, which formed at 
high temperature, these results are described in detail below. 

In general, the partitioning of carbon from the martensite to the 
austenite affected mostly the regions near the interfaces. Typical result 
which was similar to all of the simulated coarse (1 μm) laths is shown in 
Fig. 9 for first 25 ms of the simulation case 7. Fig. 9 a) and b) show that 
the formation of Cottrell atmospheres during the first 1 ms caused rapid 

Table 3 
Studied cases. The simulations were conducted for a coarse lath (1 μm) formed at 
Ms temperature and a fine lath (0.1 μm) formed at low temperature for both 
steels. Two different cooling rates were simulated, corresponding to experiments 
described in [8].  

Case Steel Cooling rate 
(◦C/s) 

Lath formation temperature 
(◦C) 

Lath size ΔL 
(μm) 

1 A 120 435 (Ms) 1 
2 A 120 300 0.1 
3 B 120 388 (Ms) 1 
4 B 120 290 0.1 
5 A 1000 435 (Ms) 1 
6 A 1000 300 0.1 
7 B 1000 388 (Ms) 1 
8 B 1000 290 0.1  

Fig. 9. a) The martensite regions near the interface were rapidly depleted of carbon due to the partitioning affecting the precipitation b). First 25 ms after formation 
of the martensite lath at 388 ◦C, cooling rate 1000 ◦C/s, steel B (0.23C) (simulation case 7). c) Normalized number of precipitates and d) cumulative extended volume 
of precipitates at t = 1 ms. The effect of incubation and formation of Cottrell atmospheres are indicated. The lines describe simulation snapshots at different times t. 
The inset in a) and b) shows magnification of the martensite region near the interface and common legend is shown in a). 

A. Pohjonen et al.                                                                                                                                                                                                                               



Computational Materials Science 209 (2022) 111413

9

drop in soluble carbon concentration, which lead to rapid decrease in 
nucleation rate of cementite, as shown in Fig. 9c) and d). The rapid 
depletion of carbon near the interfaces caused significantly less and 
smaller precipitate to form during the cooling. The simulated result after 
cooling to room temperature are shown later in Fig. 13. While the in-
cubation affects the nucleation rate to some extent at the similar time 
scale as the formation of Cottrell atmospheres, it’s effect on suppressing 
the nucleation rate before the Cottrell atmospheres were fully formed 

was quite small, as shown in Fig. 9 c) and d). On the other hand since the 
Cottrell atmospheres formed rapidly, the volume or number of pre-
cipitates that formed before the Cottrell atmosphere formation was 
completed was only a small fraction of the total number of precipitates 
that form during the whole cooling. This was true for all of the simulated 
cases where martensite lath was formed at Ms temperature. 

Fig. 10 shows the precipitates observed with a) SEM microscopy, b) a 
TEM image of a precipitate, and the corresponding numerical simulation 

Fig. 10. Steel A (0.12C), cooling rate 120 ◦C/s. a) SEM InLens secodary electron image b) TEM image of cementite precipitate. a) and b) are reproduced from [8]. 
Numerical simulations (c-f) of a 1 μm lath formed at 435 ◦C: c) carbon concentration, d) volume fraction and number density of precipitates, e) maximum precipitate 
radius as function of position f) precipitate size distributions at different distances from austenite martensite interface (0.5 μm center of the martensite lath, 0.0035 
μm next to of the interface). 
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results for simulation case 1: steel A (0.12C) cooled at 120 ◦C/s, where a 
1 μm size lath is assumed to have formed at Ms temperature (435 ◦C), 
after cooling to room temperature. It can be seen that the length scale of 
the observed precipitate (maximum dimensions 119 and 19 nm in length 
and width directions) shown in Fig. 10 b) is comparable to the simulated 
precipitate sizes shown in Fig. 10 e) and f). 

Fig. 11 a) and b) show the precipitates observed with SEM for steel A 

(0.12C) cooled at 1000 ◦C/s, as well as the numerical simulation case 5: 
1 μm thick lath formed at Ms temperature (435 ◦C). As described in [8], 
a distinct precipitate free zone was observed near the boundaries, shown 
with the red arrows in b). The carbon distribution in Fig. 11 c) shows 
that the carbon concentration on the austenite side is higher, about 
twice in comparison to the slower cooling rate results (Fig. 10 c), as there 
was less time for carbon to diffuse in the high temperature in the 

Fig. 11. Steel A (0.12C), cooling rate 1000 ◦C/s. a) SEM InLens secodary electron image b) red arrows show precipitate depleted region. a) and b) are reproduced 
from [8]. Numerical simulation results (c-f) of a lath formed at 435 ◦C: c) carbon concentration, d) volume fraction and number density of precipitates, e) maximum 
precipitate radius as function of position, f) precipitate size distributions at different distances from austenite martensite interface (0.5 μm is in the center of the 
martensite lath, 0.0035 μm is in the immediate vicinity of the interface). (For interpretation of the references to colour in this figure legend, the reader is referred to 
the web version of this article.) 
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austenite region. Small amount of carbon stays in the solution in the lath 
region for 1000 ◦C/s cooling rate. The simulation results presented in d) 
also show that near the interfaces the volume fraction and number 
density of precipitates in martensite are very low in the immediate vi-
cinity (at distances 0.1 μm and less) of the interface, which is consistent 
with the finding described in [8] and shown in Fig. 11 b). Also the 
maximum size of the precipitate shown in e) is small near the interfaces. 
Fig. 11 f) shows that the peak of the size distribution of the precipitates is 

located at very small precipitate sizes (apart from rapidly decreasing 
line, which occurred due to the initial precipitation before the Cottrell 
atmospheres were fully formed). This is because during the very high 
cooling (1000 ◦C/s) the temperature dependent equilibrium volume 
fraction Xe in Eq. (10) diminished very quickly and this effect exceeded 
the lowering of the carbon concentration X. For this reason, the nucle-
ation rate increases during cooling as calculated from Eq. (9) and (10) 

Fig. 12. Steel B (0.23C), cooling rate 120 ◦C/s. a) SEM InLens secodary electron image b) TEM dark field image of cementite precipitate. a) and b) are reproduced 
from [8]. Numerical simulation results (c-f) of a lath formed at 388 ◦C: c) carbon concentration, d) volume fraction and number density of precipitates, e) maximum 
precipitate radius as function of position, f) precipitate size distributions at different distances from austenite martensite interface (0.5 μm is in the center of the 
martensite lath, 0.0035 μm is in the immediate vicinity of the interface). 
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until the carbon concentration has diminished to very low values, where 
the nucleation then rapidly stops. The size distribution shown in Fig. 11 
f) is also wider in the case of the higher cooling rate than for the lower 
cooling rate (Fig. 10 f) because the growth rate decreases during the 
rapid temperature drop. The maximum radius of the precipitate near the 
interface (Fig. 11 e) is about half of the radius calculated for the slower 
cooling (Fig. 10 e). By comparing the Fig. 10 d) and Fig. 11 d) it can be 
seen that for the higher cooling rate there are large number of fine 

precipitates that occupy smaller volume fraction than the coarser pre-
cipitates in the slower cooling rate case, which seems to be qualitatively 
consistent with the microscopy images shown in Fig. 8. 

Fig. 12 a) shows the precipitates observed with SEM microscopy, b) 
TEM dark field image of precipitates, and the corresponding numerical 
simulation results c)-f) for simulation case 3: steel B (0.23C) cooled at 
120 ◦C/s, where a 1 μm size lath is assumed to have formed at Ms 
temperature, 388 ◦C. Even though the formation temperature (Ms 

Fig. 13. Steel B (0.23C), cooling rate 1000 ◦C. a) SEM InLens secodary electron image b) TEM dark field image of cementite precipitate. a) and b) are reproduced 
from [8]. Numerical simulation results (c-f) of a lath formed at 388 ◦C: c) carbon concentration, d) volume fraction and number density of precipitates, e) maximum 
precipitate radius as function of position f) precipitate size distributions at different distances from austenite martensite interface (0.5 μm is in the center of the 
martensite lath, 0.0035 μm is in the immediate vicinity of the interface). 
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temperture) of the martensite lath in this case is lower than in the 
simulation case 1 (Fig. 10), the number of precipitates is higher because 
of higher carbon content. The carbon concentration on the austenite side 
of the interface becomes very high, as for this cooling rate the carbon has 
enough time to diffuse from the martensite to austenite and in this case 
there is more soluble carbon available in the martensite lath than in the 
studied low carbon steel. The size distribution (Fig. 12 f) of the pre-
cipitates and the maximum precipitate radius at different positions 
(Fig. 12 e) are comparable to the observed precipitate sizes shown in 
Fig. 12 b). This point is analyzed in detail later in the article. 

Fig. 13 a) and b) show the precipitates observed with SEM and TEM 
for steel B (0.23C) cooled at 1000 ◦C/s, as well as the corresponding 
numerical simulation case 7: 1 μm thick lath formed at Ms temperature 
(388 ◦C). As a result of a higher initial carbon concentration and rapid 
cooling rate, the numerical simulation indicates significantly larger 
carbon concentration remaining in solid solution in the martensite lath 
for this case than in other simulated cases of coarse laths formed at Ms 
temperatures (Figs. 10, 11, 12, simulation cases 1, 3 and 5). Although 
the number of precipitates for this 1000 ◦C/s cooling, shown in Fig. 13 
d), is almost twice as high in comparison to the slower cooling (120 ◦C/s, 
Fig. 12 d) for the same steel, the volume fraction occupied by the pre-
cipitates in the high cooling rate case is much lower, only about one 
sixth of the corresponding values for the slower cooling rate. This is 
because the maximum precipitate radius at different positions is smaller 
than in the slow cooling case. The Fig. 13 f) also shows that the calcu-
lated precipitate size distribution is wider and consists of smaller pre-
cipitates than in the slower cooling case (Fig. 12 f). These calculations 
are consistent with the microscopy results shown in Fig. 12 b) and 13b). 

The sizes of the observed precipitates shown in Fig. 13 b) are compa-
rable to the calculated precipitate sizes shown in Fig. 13 e) and f), as 
analyzed in detail below. 

In general, the higher cooling rate led to wider precipitate size dis-
tributions. This follows from the different changes of nucleation and 
growth rates when temperature drops and carbon is depleted by pre-
cipitation. For the rapid cooling rates there is more soluble carbon 
available in lower temperature, whereas the equilibrium molar fraction 
is lowered rapidly. For this reason, for the faster cooling rate, the 
nucleation rate calculated using Eq. (9) and (10) was higher when the 
steel temperature was lower. The growth rate diminished more rapidly 
than the nucleation rate. 

The effect of including the Cottrell atmosphere formation was tested 
by conducting simulations with and without including it in the model. In 
both cases the parameter ξ was fitted to produce correct order of 
magnitude for the precipitated size and number distributions. When 
Cottrell atmosphere formation was not included in the simulations, it 
was found that much higher carbon concentration would be predicted 
on the martensite-austenite interface. In contrast, when the formation of 
Cottrell atmospheres was included in the model, the carbon concentra-
tion on the interface was lower, which seems to resemble closer the 
experimental APT studies conducted on the topic [35]. Also, the Cottrell 
atmospheres have been observed in quenched condition for similar steel 
in [16]. For these reasons, it seems that it is necessary to include the 
Cottrell atmosphere formation in the coupled model in the similar way 
as was done in [29]. In the current model the time dependence of the 
formation was considered. Although the drop in nucleation rate is huge, 
one order of magnitude, the nucleation has only very little time to occur 

Fig. 14. To determine the approximate number density of precipitates from the TEM microscopy images, the sites that could be identified as precipitates with most 
certainty were calculated. a) 1 μm × 1 μm area selected from Fig. 12 (simulation case 3). b) the precipitates identified from the image and included in the calculation. 
c) 0.5 μm × 0.5 μm area selected from the Fig. 13 (simulation case 7). d) precipitates identified and included in calculation. 
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before the Cottrell atmospheres are formed, and for this reason the total 
volume fraction of those precipitates, that are nucleated before the 
Cottrell atmospheres are formed, is only few percentages of the total 
volume fraction. 

To make an order of magnitude comparison of the available TEM 
microscopy images to the calculated number density the steel B (0.23C), 
the number density of precipitates was determined for both cooling 
rates. The TEM sample thickness can range from 100 to 200 nm. For the 
calculation, the value 150 nm was assumed. The number of precipitates 
that could be distinguished with most certainty from the TEM micro-
scopy images was calculated. The Fig. 14 shows the analyzed TEM im-
ages and the sites that were included in the calculation. 

The number density of the precipitates was calculated for both 
simulation cases. In the TEM image shown in Fig. 14 a), corresponding 
to the simulation case 5 (0.23 steel, cooling rate 120 ◦C/s), the number 
of precipitates in the 1 μm × 1 μm area, and assumed 150 nm thick TEM 
sample thickness was 27. The corresponding number of precipitates in (1 
μm)3 volume is then 27 × 1000 nm / 150 nm = 180, hence the number 
density of precipitates for this case is 180 / (1 μm)3, which is comparable 
to the number density of the precipitates obtained from the calculations, 
shown in Fig. 12 d). Similarly, for the TEM image shown in Fig. 14 c), 
corresponding to the simulation case 7 (0.23 steel, cooling rate 1000 ◦C/ 
s), the number of precipitates in the 0.5 μm × 0.5 μm area is 17. 
Therefore the approximate value for the number of precipitates in 
(1μm)

3 volume can be calculated as 17 × 4 × 1000 nm / 150 nm = 453, 
which is comparable to the calculated number density of precipitates 
shown in Fig. 13 d). 

In the future, the described method can be adjusted to simulate 
similar phenomena in other contexts where partitioning, diffusion and 
precipitation occur simultaneously, such as in [36], where a clear need 
for this kind of models was found. The models presented in this study 
can also in future be adjusted to receive input from the thermal path 
which is calculated using heat transfer, conduction and phase trans-
formation models [3,37-39]. Such scheme provides an useful tool for 
optimizing cooling conditions so that desired microstructure can be 
achieved [40]. 

5. Conclusions 

This work aimed at developing a coupled model that can predict 
partitioning, diffusion and precipitation phenomena concurrently in the 
context of martensite formation during rapid quenching. The model was 
applied to describe evolution of the system during cooling after forma-
tion of a martensite lath where carbon partitions to the austenite and 
cementite precipitates in the martensite. The carbon concentration at 
the node points was calculated by solving the diffusion equation with 
explicit finite difference method, in similar way as in [20,21]. The 
Cottrell atmosphere formation was modeled by calculating the time 
required for carbon to diffuse to dislocation core at different tempera-
tures and far field matrix concentrations. New precipitates were 
assumed to nucleate at dislocations in the martensite regions according 
to classical nucleation theory. The growth of the precipitates was 
calculated using the theory presented in [26] which includes the Gibbs- 
Thomson effect. The model was implemented in MATLAB programming 
language. 

The model predictions were compared to experimental data on two 
steel grades austenized and subsequently quenched at two cooling rates 
(120 ◦C and 1000 ◦C) using a Gleeble 3800 thermomechanical simu-
lator. The calculated maximum radius of the precipitates was found to 
be in good agreement with the sizes of precipitates observed in SEM and 
TEM figures. The calculated number distributions were also well com-
parable to the available microscopy observations. The effect of 
increasing cooling rate on the size and number distributions was 
consistent with the observations. The higher cooling rate resulted in 
larger number of smaller precipitates and wider precipitates size 

distributions because growth rate decreased more rapidly than nucle-
ation rate when temperature was lowered. For the 0.12C steel cooled at 
1000 ◦C/s, the nucleation rate was even first increasing before the 
overall carbon concentration was diminished, resulting in a distribution 
containing very large number of fine precipitates. The experimental 
observations that the small martensite laths formed at low temperatures 
contain almost no precipitates [8] is also consistent with the model 
calculations. The observations of coarsest precipitates forming at the 
center of the martensite [4] and precipitate free regions near the 
martensite austenite interfaces [4,8] were reproduced in the simula-
tions. It can be concluded that despite its relative simplicity, the model is 
capable of capturing the essential features in the dynamical partitioning, 
diffusion, Cottrell atmosphere formation and precipitation phenomena 
in martensite lath which forms during quenching. In further work, it is 
possible to extend the model to account also for more complex heat 
cycles. 
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