
MNRAS 513, 4711–4728 (2022) https://doi.org/10.1093/mnras/stac1179 
Advance Access publication 2022 April 29 

An implementation of viscous pr essur e-for ce (‘soft-spher e’) model in 

REBOUND for local ring simulations 

A. E. Mondino-Llermanos ‹ and H. Salo 

Space Physics and Astronomy Research Unit, University of Oulu, Pentti Kaiteran katu 1, FI-90014 Oulu, Finland 

Accepted 2022 April 14. Received 2022 April 12; in original form 2021 November 1 

A B S T R A C T 

Numerical simulations are an essential tool for studying dynamics of dense, self-gravitating planetary rings. Here, we present a 
new implementation of a soft-sphere collision model into the parallel gravitational N -body code REBOUND. Specifically, our 
module is designed for simulations done in the local shearing sheet approximation, and includes a simple viscoelastic model for 
the contact forces between colliding particles. The soft-sphere treatment is particularly important in regimes where collisions 
cannot be treated as independent binary impacts, as is done in the hard-sphere method already implemented in the code. The 
new module is fully parallelized with MPI and it can be used in conjunction with the available gravity octree method, also fully 

parallelized, to perform self-gravitating simulations. We check the validity of our soft-sphere model by successfully reproducing 

the main steady-state properties of non-gravitating and self-gravitating systems reported in earlier literature. Moreo v er, we show 

that it gives realistic results also in the high optical depth and strong self-gravity regimes, where the hard-sphere method fails 
due to particle o v erlaps. In addition, we test the CPU-scaling and efficiency of the MPI-parallelization. The algorithm pro v es to 

retain much of the original REBOUND speed without sacrificing the accuracy of the results. Our new tool can thus be applied 

with confidence to planetary ring studies, such as those aimed at understanding the onset and evolution of viscous o v erstability 

in dense self-gravitating rings. 

Key words: methods: numerical – planets and satellites: dynamical evolution and stability – planets and satellites: rings. 

1

P
v  

t
o
u  

S  

s
i
c
l

 

f
g  

t
f
1  

c
2  

s
S
o  

(  

i

�

A

i  

2  

a
 

N
o  

u
1  

S  

L  

e
o  

O
t  

h
e
p
g  

p  

C
m

t
i
t

©
P

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/513/4/4711/6575940 by O
ulun yliopisto Laaket. kirjasto user on 23 February 2023
 I N T RO D U C T I O N  

lanetary rings are complex physical systems that possess a rich 
ariety of structures on a broad range of scales. Indeed, they are
he most accessible dynamical laboratory e x emplifying the physics 
f particle discs in the Universe. These ring systems, once thought 
nique to the planet of Saturn, exist around all giant planets of the
olar system. They consist of countless particles ranging in size from
pecks of dust to small moons, revolving around the central body 
n nearly circular, nearly co-planar orbits. Because of this highly 
oherent orbital configuration, even the weakest perturbation can 
ead to large observable effects. 

The dynamics of an unperturbed planetary ring is go v erned by
requent inelastic particle collisions and the shearing motion in the 
ravitational field of the planet. Due to the small velocity dispersion,
he self-gravity between particles is very important, leading to a 
ormation of trailing particle condensations [self-gravity w ak es (Salo 
992 )] and eventually to particle aggregates as the distance from the
entral body approaches the Roche distance (Karjalainen & Salo 
004 ). This fundamental role of self-gravity in planetary rings is
upported, for instance, by observational evidence in the case of 
aturn’s rings. While data from Cassini mission confirms presence 
f unresolved trailing w ak e structures throughout the A and B rings
Colwell et al. 2007 ; Hedman et al. 2007 ; Thomson et al. 2007 ),
ndirect evidence suggests an increased maximum size of particles 
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nnabella.MondinoLlermanos@oulu.fi
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n the A-ring (Showalter & Nicholson 1990 ; French & Nicholson
000 ) which might be accounted by the formation of a substantial
mount of semi-permanent particle groupings. 

Over the last five decades, extensive theoretical studies as well as
 -body simulations have been carried out to understand the dynamics 
f planetary rings, and to deduce the physical properties of the
nresolved individual ring particles (e.g. Goldreich & Tremaine 
978 ; Hameen-Anttila 1978 ; Schmit & Tscharnuter 1995 ; Salo,
chmidt & Spahn 2001 ; Schmidt et al. 2001 ; Schmidt & Salo 2003 ;
atter & Ogilvie 2008 ; Ballouz, Richardson & Morishima 2017 ,
tc.). Despite theoretical advances in the field, analytical models 
nly give a rough picture of the true nature of these particle rings.
ne reason is the number of simplifying assumptions necessary 

o o v ercome the model comple xity and obtain some mathematical
andle on the problem. Secondly, models fail to capture important 
ffects associated with some of the most fundamental physical 
rocesses. In particular, the realistic inclusion of collective self- 
ravity, which leads to the formation of gravitational w ak es and
article aggregates, is still out of the scope of analytical treatments.
onsequently, numerical simulations are indispensable to analyse 
any unusual ring features. 
In principle, numerical N -body simulations can consider the evolu- 

ion of a localized ensemble of ring particles, including gravitational 
nteractions and physical collisions without the need for approxima- 
ions. In practice, ho we ver, this poses a heavy computational demand, 
o that some approximations are still necessary when modelling 
oth internal processes. For the inclusion of self-gravity, a widely 
nown technique is the tree algorithm presented by Barnes & Hut
 1986 ) as an efficient tool for fast and reasonably accurate force

http://orcid.org/0000-0003-4576-2853
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Figure 1. Left: Schematic illustration of the computational cell (shaded area) 
with eight neighbouring image boxes used for calculation of gravitational 
interactions between particles. Filled symbols in the computational domain 
denote original particles and open symbols denote some of their correspond- 
ing images. Right: As an example of the new parallelization technique, the 
simulation box is partitioned into eight MPI-cores, of which four are coloured 
for illustration purposes. The regions surrounded by a box-outline of the same 
colour denote the virtual regions which are integrated by each of these cores 
during the update time interval d t update , including both actual particles of the 
core and ’ghost’ particles copied from adjacent cores. For the calculation of 
gravitational forces, the REBOUND domain decomposition in cubic cells 
is maintained: each cell corresponds to a main root of a hierarchical tree 
structure. 
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alculations. Other methods include the FFT in shearing coordinates
Salo 1995 ; Salo, Ohtsuki & Lewis 2018 ) and direct summation
ith special-purpose processors (Daisaka, Tanaka & Ida 2001 ). In

urn, collisions between ring particles are generally described using
wo main methods: (i) instantaneous velocity changes (hard-sphere
odel), and (ii) pressure forces affecting the particles during a finite

ime interval (soft-sphere model). Together with the collision model,
he efficient search for impact pairs crucially determines the speed
f collisional simulations. 
In this paper, we present our implementation of a soft-sphere colli-

ional method in the open-source parallel gravitational N -body code
EBOUND (Rein & Liu 2012 ) with an emphasis on the planetary

ing problem. The original REBOUND source treats collisions as
inary impacts between smooth inelastic hard-sphere particles. This
odel pro v es to work adequately for non-gravitating particles, as
ell as for gravitational systems with w ak e formation as long as a

pecial treatment is adopted for slow impacts (Wisdom & Tremaine
988 ; Salo 1995 ). Ho we ver, the hard-sphere model is not suited
or cases where gravitational sticking between particles leads to the
ormation of temporary aggregates, a rele v ant parameter regime for
nstance in the outer parts of Saturn’s main rings. In this regime,
he mere concept of independent individual collisions becomes

eaningless. Moreo v er, the omission of mechanical pressure forces
etween the colliding particles results in artificial particle o v erlaps
hich may lead to physically unrealistic results. An obvious solution

s to give up hard-sphere treatment and to explicitly include the
ressure forces affecting the particles during impacts, motivating our
ew approach. For self-gravity, we use the tree method implemented
n the original REBOUND. 

To facilitate simulations o v er a wide range of gravity regimes, as
equired to study planetary rings, we modify REBOUND’s treatment
f collisions following the soft-sphere approach developed for a
ingle processor use in Salo ( 1995 ). The impacts are calculated by
ncluding the visco-elastic forces between colliding particles: the
ressure forces during impact prevent artificial overlaps whereas
ealistic particle aggregates may form due to self-gravity. Since
mpacts are no longer independent, this method requires special
reatment in MPI environments near processor boundaries. With
areful optimization, the implemented soft-sphere method retains
uch of the original REBOUND speed without sacrificing the

ccuracy of earlier single processor codes. 
Before applying the code to realistic situations, comparison with

ell-known results in earlier literature is required for validation.
e first discuss, in Section 2 , the physical model of the system

o simulate. Then, in Section 3 we present our soft-sphere model
s implemented to REBOUND. The code performance is analysed
n Sections 4 and 5 , where we report the results of accuracy and
f ficiency tests, respecti vely, in order to check the validity and
easibility of our numerical model. Conclusions and perspectives
re presented in Section 6 . 

 PHYSICAL  M O D E L  

e begin by describing the series of equations that go v ern the
ynamics of a collection of interacting particles moving in the
ravitational field of a planet. The numerical method used to solve
hem is detailed subsequently in Section 3 . 

.1 Shearing sheet approximation 

ost recent studies of planetary ring dynamics treat the system
s azimuthally symmetric and study the ring evolution by detailed
NRAS 513, 4711–4728 (2022) 
nalysis of a local representative patch of the ring. This simplifying
ssumption was first introduced in the field by Wisdom & Tremaine
 1988 ) applying the shearing sheet approximation to the numerical
tudies of Saturn’s ring system. 

Following the self-similarity assumption, we consider a small co-
o ving re gion within the ring (see the left-hand panel of Fig. 1 ).
he patch mo v es in a circular orbit at a distance a from the planet
ith a mean angular frequency � = 

√ 

GM/a 3 , where the planet
ass is denoted by M and G is the gravitational constant. The

articles contained in the region evolve in a co-rotating frame under
he linearized Hill’s equations of motion, 

¨ − 2 �ẏ + 

(
κ2 − 4 �2 

)
x = F x , 

ÿ + 2 �ẋ = F y , 

z̈ + �2 
z z = F z , (1) 

here x , y , and z denote the radial, azimuthal, and vertical coordinate
n the local right-handed Cartesian coordinate system whose origin
s located at the centre of the patch. For a central point mass, the
pic yclic frequenc y κ and the v ertical frequenc y �z are both identical
o �. The � F is the additional acceleration due to particle self-gravity
nd, in the case of soft-sphere particles, impacts. For the motion of
 test particle ( � F = 0) around a central point mass, equations ( 1 )
escribe epicycles with the guiding centre drifting in azimuthal
irection at the velocity − 3 

2 �x. The same applies to particle orbits
etween impacts in non-gravitating simulations. Ho we ver, in case of
trong self-gravity, the orbits deviate from simple epicycles. 

The simulated patch has an infinite extent in the direction perpen-
icular to the equatorial plane and a rectangular cross-section in the
lane. We denote the radial length of the simulation box by L x and the
zimuthal length by L y . Both extents are small compared to the orbital

art/stac1179_f1.eps
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istance to the planet, but large compared to the mean-free path of
he particles inside the patch. In the case of fully self-consistent self-
ravity both L x and L y must exceed at least a factor of a few times
he typical scale of self-gravity structures. 

Periodic boundary conditions are used in the planar directions to 
reat the rapid leaving of the particles from the region due to the
ystematic velocity shear. This choice follows from the invariance 
f equations ( 1 ) under the shear transformation and is equi v alent to
magining that the studied patch is surrounded by identical copies on 
ll sides (see left-hand panel of Fig. 1 ). Hence, whenever a particle
entre leaves the central patch, one of its images enters the region
n the opposite face. If the exit crossing occurs in the inner or
uter radial boundary, the azimuthal velocity of the entering image 
article differs from the one of the leaving one by the amount of
eplerian shear ± 3 

2 �L x . Also, its azimuthal coordinate is modified 
o account for the different shear rate of the image box. The replicas
f the simulation region ensure the realistic treatment of impacts for
he particles near the boundaries: particles in the central patch can 
ollide with image particles at the boundaries. Furthermore, for the 
elf-gravitating experiments, the gravitational effects of the images 
re felt. 

.2 Interparticle forces 

ing particles interact with each other through two physical processes 
hat together with the Keplerian shear motion determine the dynamics 
f the system. First, through dissipative collisions when they come 
nto contact. Secondly, they are affected by the gravitational field of
he others. 

.2.1 Collisions 

e treat ring particles as smooth inelastic soft-spheres. This means 
hat impacts are resolved by explicitly adding pressure forces to the 
ystem that affect the colliding particle pair for a finite time interval,
he impact duration. 

Following Salo ( 1995 ), a pair of colliding particles in contact with
ach other feels a linear visco-elastic reaction force, 

� 
 

imp 
N ( α) = ( k 1 α + k 2 ̇α) � e , when α > 0 , 

= 0 , when α ≤ 0 , (2) 

here α denotes the penetration depth (small compared to the radius 
f particles) during impact and � e is the unit vector in the direction
oining the particle pair. Here, the first term takes care of reversing the
ormal component of relative velocity during the impact while the 
econd term introduces dissipation. Thus, the relative acceleration is 
etermined by � F 

imp 
N ( α) = −m eff α̈, where m eff is the reduced mass

f the impact pair. In free space, this equation has a solution of an
xponentially damped oscillation (impact starts at t = 0 when α = 

), 

α = 

α̇(0) 

ω 

exp ( −ω d t ) sin ( ωt ) , (3) 

here the modified harmonic frequency ω and the damping rate ω d 

re 

ω = 

√ 

ω 

2 
0 − ω 

2 
d and ω d = 

1 

2 

k 2 

m eff 
, (4) 

ith ω 0 = 

√ 

k 1 /m eff being the undamped frequency. The duration of 
he impact and the coefficient of restitution are 

T imp = 

π

ω 

and ε = 

α̇
(
T imp 

)

α̇(0) 
= exp 

(
−π

ω d 

ω 

)
. (5) 
 or conv enience, we denote 

T dur = 

π

ω 0 
(6) 

s an approximation of T imp . The approximation used for the impact
uration follows from the relation between the frequencies 

ω 

ω 0 
= 

−π/ ln ε

1 + ( π/ ln ε) 2 
(7) 

hich at ε ≥ 0.1 differs from unity by less than 20 per cent . The
dvantages of this idealized linear model are that the impact duration
s independent of the pre-impact velocity, and the constants k 1 and
 2 are easily tied to the desired approximated duration of the impact
 dur and the coefficient of normal restitution ε through, 

k 1 

m eff 
= ω 

2 
0 = 

π2 

T 2 dur 

and 

k 2 

m eff 
= 

2 ω 0 √ 

( π/ ln ε) 2 + 1 
= 

2 π

T dur 

√ 

( π/ ln ε) 2 + 1 
(8) 

see Salo 1995 ; Salo et al. 2018 , for details). On the limit
 dur / T orb → 0, where T orb = 2 π / � is the orbital period, the binary
ollision outcome is identical to that obtained by treating the impact
s an instantaneous velocity change. To speed up the calculations, a
seful trick is to use impact duration which is substantially longer
han that of actual physical impacts in rings (several minutes instead
f a fraction of a second). Ho we ver, the duration must still be short
ompared to the orbital period: in practice we use T dur / T orb = 1/800
see Appendix A ). In this case, the average penetration during the
mpact is typically of the order of 0.001 particle radii. 

.2.2 Self-gravity 

he gravitational force e x erted on to a simulated particle with index
 by the other ( N − 1)-bodies in the ring is, 

� F 

sg = 

N−1 ∑ 

j= 0 

Gm j (| � r j − � r i | 2 + b 2 
)3 / 2 

(� r j − � r i 
)
, (9) 

here m j and � r j are the mass and position of particle j , respectively.
he gravitational softening parameter b is set to zero, unless 
therwise noted, as particles possess a physical size that prevents 
he sum in equation ( 9 ) from reaching a singularity. 

In principle, the summation for � F 

sg in equation ( 9 ) should be done
or all other existing particles besides i -particle, but in practice we
eed a cut-off of self-gravity due to the finite size of the patch with
hich the dynamics o v er the entire extent of the ring is studied. 

 N U M E R I C A L  C O D E  

o evolve the ring particles we adapt the N -body code REBOUND
Rein & Liu 2012 ). In what follows, we briefly describe the main
echnical features of this code that make it suitable for this project,
ut we refer the reader to the cited original article for a fuller
resentation. Extensions and modifications to the code, necessary 
o impro v e the treatment of collisions, are discussed in detail in the
emaining sections. 

.1 Summary of REBOUND code 

EBOUND is a very flexible and highly modular open-source code 
hich can be customized to efficiently solve many problems in astro-
hysics. In particular, REBOUND has four important advantages for 
MNRAS 513, 4711–4728 (2022) 
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ur study of shearing discs. First, it provides an efficient integrator
or the evolution of Hill’s approximation of the equation of mo-
ion, called Symplectic Epicycle Integrator (SEI; Rein & Tremaine
011 ). Secondly, it supports shear-periodic boundary conditions
hich together with SEI integrator are the necessary ingredients for

imulations to be done in the shearing sheet approximation. Besides,
n implementation of the Barnes & Hut ( 1986 ) octree algorithm for
he calculation of self-gravity is available. Lastly, all tree modules
re fully parallelized with MPI. 

To shortly describe, SEI is a mixed-variable symplectic, time-
eversible and second-order accurate integrator. This algorithm is
ell suited for integrating Hill’s equations of motion, where there are
elocity-dependent (Coriolis) forces. In particular, SEI is designed
or systems, like the planetary rings, in which the particle motion
an be regarded as a perturbed epicycle. The integration step follows
 Drift-Kick-Drift scheme meaning that the set of equations is split
nto three pieces that can be solved trivially in isolation, one after
he other. During the first drift sub-step, particle trajectories evolve
nder the influence of the central gravitational potential for half a
ime-step. Then, during the kick sub-step, trajectories are advanced
nder the influence of the small-scale interparticle forces present in
he system for a full time-step. Finally, the trajectories are followed
gain for half a time step under the influence of the central potential.
his approach is appropriate for the implementation of our soft-
phere model, as the collisional pressure forces can be included as
dditional forces taken into account during the kick sub-step. 

Regarding the octree algorithm for gravity calculation, the idea
ehind the method is straightforward: distant particles contribute to
he gravitational force less than those nearby. By grouping particles
ierarchically, one can separate particles in being far or near from
ny target particle. The total mass and the centre of mass of a
roup of particles which are far away can then be used as an
pproximation when calculating their contribution to long-range
ra vitational force. Contrib utions from individual particles are only
onsidered when they are nearby. The parameter determining the
esolution of particle grouping is the opening angle 	 , which in our
imulations is set to 	 = 0.25. A small value of 	 ensures a good
esolution of the scattering caused by nearby encounters. We use
he implemented octree method to calculate self-gravity with some

inor modifications which will be detailed later in this section. 
Finally, concerning the parallelization of the octree algorithm with
PI, this makes use of a static decomposition of the computational

omain into cubic cells and a distributed essential tree. Each of
he cubic cells corresponds to a main root of a hierarchical tree
tructure (see right-hand panel of Fig. 1 ). When MPI is enabled,
he total number root cells are distributed equally among the MPI
odes, which prepare the local branches of the essential trees that
ould be accessed by each of the other nodes during the self-gravity
alculation. This efficient parallelisation is the main driver for our
ew soft-sphere code development and, therefore, we seek to retain
t when making changes to the original code. 

.1.1 Treatment of collisions 

he original REBOUND can use the parallelized Barnes and Hut
ctree to handle collision detection besides self-gravity calculation.
ut it also supports several other collision detection modules, among
hich we underline one based on a plane-sweep algorithm. This

lgorithm was implemented in earlier versions of the code and was
lready used to study the small-scale dynamics of Saturn’s rings (see
ein & Latter 2013 ). Regardless of the selected module, the high
NRAS 513, 4711–4728 (2022) 
peed of the previous collisional REBOUND simulations has been
chieved with an approximative treatment of impacts: collisions are
etected only after they have occurred by detecting particle overlaps
tree method) or by approximating the particle paths by straight
ines within the time-step to detect collisions (plane-sweep method).
he influence of collisions is then added by reversing the velocity
ectors of the colliding particles, treating collisions as independent
nstantaneous impacts between rigid spheres. Indeed, such a hard-
phere method works quite well as long as the impacts can be treated
s separate binary interactions. Ho we v er, it pro v es inadequate for
any of the simulations discussed here, particularly in strong self-

ravity regimes, and is therefore the main module to be modified. 

.2 Collision resolution 

e modify REBOUND’s resolution of collision following the force
odel approach used in Salo ( 1995 ). As described abo v e, the impacts

re calculated by including the viscoelastic forces between colliding
articles for the finite duration of the collision. The actual numerical
mplementation of the model is quite straightforward in a scheme
uch as the SEI integrator. The collisions, previously resolved at
he end of the drift-kick-drift step, are now solved prior to the kick
ub-step, where the evolution of the particles is followed under the
nfluence of the calculated impact forces and other forces applied to
he system (e.g. self-gravity; see Fig. 2 ). This rearrangement of the
ntegration time-step has the advantage that the tree structures need
nly be updated once per time-step (pre-kick), contrary to the double
pdate in the original scheme (pre-kick, for self-gravity calculation,
nd middle of drift sub-step, for collision detection). Ho we ver, the
ain issue to o v ercome is the slo wdo wn of integration due to the

mall time-step needed to resolve soft-sphere collisions. Therefore,
e provide an alternative logical structure of the integration step

hat, together with a new collision detection mechanism, impro v es
he efficiency without sacrificing the accuracy of the soft-sphere

ethod. 

.3 New multitime-step method 

ince the particle motion is integrated through the impact, the integra-
ion time-step needs to be a small fraction of impact duration T dur ,
hich in itself increases substantially the CPU-time consumption

pent in advancing the particles, even if the trick of prolonged
mpact duration is utilized. Nevertheless, in practice other parts of
he calculation, such as the construction/update of the tree structure
nd the intercore information passing, are more time consuming per
tep than the time integration. Therefore, we can retain much of the
riginal speed of REBOUND by converting the code to a multitime-
tep code. The original time step is now re-called d t update and we
aintain some of its functions such as updating the tree structure for

alculating self-gravity. For its part, smaller time-step d t < d t update 

akes care of detecting and solving collisions, as well as integrating
he equations of motion. This decoupling of tasks into two time-
teps, one multiple of the other, makes it necessary to re-examine the
reatment of self-gravity o v er the interval d t update . 

.3.1 Self-gravity specific considerations 

nder the new logical scheme the self-gravity is calculated only when
he tree structure is updated, so we need an approximation for the
elf-gravity between updates. Following the treatment of self-gravity
escribed in Karjalainen & Salo ( 2004 ), the force � F 

sg is expressed
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(a) (b)

'DRIFT'

'KICK'

'DRIFT'

Figure 2. Schematic outline of a full REBOUND step when using SEI integrator in (a) original version and (b) our implementation. Functions that are only 
part of our implementation are shaded in grey. Other colour shadings aim to facilitate a visual comparison between time-step schemes. 
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y its Taylor series around the last update time. Thus, at each t γ =
d t update , where γ is an integer, the accelerations as well as their rates
f change are determined via tree. Then, during the update interval 
 t γ , t γ + 1 ), the self-gravity is approximated as 

� F 

sg ( t) = 

� F 

sg | t γ + 

�̇ F 

sg | t γ ( t − t γ ) . (10) 

e emphasize that in the abo v e multistep method it is very important
hat self-gravity is not treated as constant in integrations between 
pdates: as shown in Karjalainen & Salo ( 2004 ) (see their appendix)
he use of constant force o v er d t update , while working reasonably
ell for the self-gravity w ak es, w ould f ail to describe correctly

elf-gravity aggregates, as there would be a secular energy gain 
y the aggregates proportional to d t update ; they also demonstrated 
hat a simple linear Taylor series correction is sufficient to cure the
roblem (energy error becomes proportional to dt 3 update , which is fully 
egligible). 
Concerning the construction of the self-gravity via tree, we 
odified the calculation by taking into account gravity only from 

articles/cells within a specified limiting distance. The reason is that 
he original method, using all particles within the chosen number of
eplicas, leads to non-zero net forces even in the case of homogeneous
ystems. Namely, consider a uniform disc and a particle located 
t the y = L y /2 line of the central calculation region: since there
re less particles in the positi ve relati ve y -direction compared to
e gativ e direction, the particle will feel a ne gativ e net gravity F 

sg 
y .

oreo v er, the e xcess force depends on the x -location, leading to
 gradient in the net force; as time passes and the regions shear
ith respect to each other, the direction of this gradient may vary.
his asymmetry manifests as a small extra density structure near 

he origin of the region, becoming visible if a time-averaged density
eld of the system is examined. Although not significant in practice,

his asymmetry of forces can be reduced by using a larger number
f replicas. Ho we ver, this is computationally costly, and an easier
olution which we adopt is to limit the force contributions to a
ymmetric region around each particle. 

.4 Collision detection 

ince the tree structure is not updated at every d t , the original tree
lgorithm loses its functionality to detect collisions. Consequently, 
n alternative method for finding impacts, similar to the sweep- 
lane algorithm, is used. For each particle a list of possible colliding
artners is constructed, and updated every d t update by sweeping the
MNRAS 513, 4711–4728 (2022) 
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1 The arbitrary choice of v crit is an order of magnitude smaller than the actual 
value selected by Wisdom and Tremaine. As we discuss later in the section, 
although it modifies the results somewhat, it is not decisive for solving the 
failures of the hard-sphere model. 
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ing patch after first sorting the particles in the x -direction. This list
ollects those ring particle pairs residing within a threshold distance
 list , for which a collision is potentially possibly between update
imes. This threshold distance is dynamically updated based on the
aximum pre-update distance from which a collision has actually

aken place during previous d t update steps. Then, at each time-step d t
he search of colliding pairs is limited to particle pairs on the list. For
 v erlapping pairs, the impact forces are added to the equations of
otion, and all particles are integrated through time-step d t . 

.5 Treatment of core-boundaries in MPI environment 

nder the soft-sphere model, the impacts are not longer treated as
ndependent but may affect the future collisions during d t update , before
he tree structure is reconstructed. Therefore our new method requires
pecial treatment in MPI environment when particles are divided
mong different processor nodes. To calculate impacts correctly
ear a node boundary, each node needs information not only of
he particles assigned to it, but also those in adjacent nodes near
oundaries, as they may interact with the particles in the node of
nterest during the update interval. 

To facilitate the correct treatment of impacts in MPI environment,
ach node receives at the update time information of particles in
djacent nodes close to its borders (see the right-hand panel of
ig. 1 ). The size of the communicated regions L edge is dynamically
pdated according to L edge = 2( l list + 2 r ). Each node then takes
are of the integration of its own particles, as well as of these ‘ghost’
articles that were communicated to it from other nodes. The particles
elonging to the node may collide among themselves and with the
host particles, and the mutual collisions between ghost particles are
lso taken care of. Of course, near the outer limits of the ghost regions,
ome ghost–ghost impacts are missing. Ho we ver, if the ghost region
s sufficiently wide, the errors due to the missing impacts have no time
o propagate to the actual particles before the next update. Indeed,
he sole reason for the inclusion of the ghost particles is to ensure the
orrect calculation of impacts for the actual particles near the node
orders without the need of intercore communication at each d t : at
he new update time-step the ghost copies are discarded, and the cycle
egins again with an update followed by a new communication of
nformation between nodes. Naturally, there is some loss of accuracy
epending on how e xtensiv e the zones copied from adjacent nodes
re: wider zones make sure that calculations are more accurate but
his means also more CPU time. With careful optimization, the new
lgorithm is able to retain much of the original REBOUND speed
ithout sacrificing the accuracy of the earlier single processor soft-

phere code. 

.6 Time-step logic 

s discussed abo v e, the code inte gration time-step scheme has
ndergone several modifications. In Fig. 2 , we schematically outline
 full time-step of the original REBOUND and its counterpart, with
ur implementation. It is worth noting that in the final version of
he code, the user can easily switch from one scheme to another
epending on their problem requirements. 

 TEST  PROBLEM:  PLANETA RY  R I N G S  

n order to assess the reliability and accuracy of the developed
lgorithm we analyse the local steady-state achieved by represen-
ative series of simulations. The results are compared with those
btained using the original REBOUND hard-sphere treatment of
NRAS 513, 4711–4728 (2022) 
articles, and the octree implementation for the search of collisions
nless otherwise indicated. Note that the instantaneous impact model
ncluded in REBOUND adopts the same method as Wisdom &
remaine ( 1988 ) for the treatment of slow impacts: in all impacts
here the perpendicular component of impact velocity falls below
 critical value v crit , ε is set to unity. We have taken this critical
elocity to be 0.001 r �, unless otherwise indicated. 1 Besides the
omparison between collisional models, the choice of simulated
arameters allows us also to check the validity of our simulations by
omparison with previous results reported in the literature. 

.1 Quantities extracted from simulations 

o characterize the dynamical behaviour of a system we mainly
se its shear viscosity as this is a comprehensive test of both self-
ravity and collisions. Additionally, other important steady-state
roperties such as kinematic temperature and collision frequency,
re extracted from simulations. In turn, to detect where hard-sphere
ethod fails, we use the filling factor to indicate the presence of

rtificially o v erlapping particles in an y re gion of the ring patch. 

.1.1 Pr essur e tensor and velocity dispersion 

ne of the most important properties of differential rotating rings
s the rate of angular momentum transport across them. Several
echanisms contribute to the flow of momentum in a particle ring: 

(i) Transport along the random motion of particles between
uccessive impacts (local flux). 

(ii) During impacts, o v er the physical distance between particles
collisional, or non-local flux). 

(iii) Self-gravitational torques e x erted on particles by mass inho-
ogenities (gravitational flux). 

The first two modes of transfer are connected to mutual impacts
etween finite-sized particles in dense systems, while the last one
rise from the particle–particle gravity interactions. As summarized
n Salo et al. ( 2018 ), after averaging over vertical direction these
ontributions can be expressed as 

P 

local 
αβ = 

1 

L x L y 

∑ 

i 

( c α) i 
(
mc β

)
i 
, (11) 

 

coll 
αβ = 

1 

L x L y 

1 

� T 

∑ 

coll 

( ( r α) > 

− ( r α) < 

) 
(
m � c β

)
> 

, (12) 

 

grav 
αβ = 

1 

L x L y 

∑ 

i 

∑ 

j 
( r α ) j > ( r α ) i 

−Gm i m j 

(
( r α) j − ( r α) i 

) ((
r β
)

j 
− (

r β
)

i 

)

| � r j − � r i | 3 , (13) 

here � r = ( r 1 , r 2 , r 3 ) = ( x , y , z ) and � c denote the particle’s position
nd random velocity around the mean flo w, respecti vely. Here, P αβ

ndicates the amount of β-component of momentum transferred in
-direction. We restrict our attention to the case of a Keplerian
hear profile such that ( c 1 , c 2 , c 3 ) = 

(
ẋ , ẏ + 

3 
2 �x, ̇z 

)
. The sum is

 v er all particles in the case of the local pressure components. For
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he collisional components, the summation is o v er all the pairwise
mpacts that occur during the interval time � T . For each of these
inary collisions, subscripts < and > mean the particle with the 
nterior and exterior radial coordinate, respectively, and ( m � c β ) > 

is
he change of the β-component of momentum of the exterior particle. 
n the case of the gravity contributions, the summation of i is done
or all the particles in the simulation patch and that of j is done for all
articles with ( r α) j > ( r α) i in the original and image boxes, limiting
o particles whose distance to the particle i is less than a previously
stablished cut-off of self-gravity. 

Special consideration must be taken when calculating non-local 
ontributions for the case of force-method impact calculation. Due 
o the finite duration of each impact, the exchange of momentum 

etween the colliding pair occurs smoothly throughout this period of 
ime, after which the total β-momentum change in the collision can 
e written as an integral of differential changes. This gradual change 
an be discretized and its contribution to the sum of equation ( 12 )
dded at each time step d t until the collision ends. 

Let us further introduce, in terms of the non-gravitating pressure 
ensor components ˆ P = 

ˆ P 

local + 

ˆ P 

coll , the velocity dispersion c to 
haracterize the kinematic ‘temperature’ of the system as 

c 2 = 

1 

3 

tr 
(

ˆ P 

local 
)

σ
, (14) 

here σ = 

∑ 

i m i /( L x L y ) is the surface density of the simulation
egion. Similarly, we define the ef fecti ve velocity dispersion c eff as 

c 2 eff = 

1 

3 

tr 
(

ˆ P 

local + 

ˆ P 

coll 
)

σ
. (15) 

otice that the ef fecti v e v elocity dispersion deviates from the
tandard velocity dispersion as it includes also the effect of non- 
ocal pressure. 2 

.1.2 Shear viscosity 

n interesting dynamical quantity to describe the equilibrium or 
uasi-equilibrium state reached by a particle ring is the shear 
iscosity ν, related to the radial flow of tangential momentum. This
uantifies the system’s resistance to shear stresses and therefore 
epends on both self-gravity and collisions. 
Follo wing the deri v ation of the viscosity expression from Daisaka

t al. ( 2001 ), three components can be identified: the local, colli-
ional, and gravitational viscosity, which are related to the different 
echanisms that contribute to the angular momentum flux in the 

irection perpendicular to the orbital flow. The total viscosity ν total is 
hen given by the sum of these three components, readily evaluated 
rom ν = (2 �/3 σ ) P 12 and defined as 

νlocal = 

2 

3 �
∑ 

i m i 

∑ 

i 

m i ̇x i ̇y r,i , (16) 

νcoll = 

2 

3 �
∑ 

i m i 

1 

� T 

∑ 

coll 

( x > 

− x < 

) ( m � ̇y r ) > 

, (17) 

νgrav = 

−2 G 

3 �
∑ 

i m i 

∑ 

i 

∑ 

j 
x j >x i 

m i m j 

(
x j − x i 

) (
y j − y i 

)

| � r j − � r i | 3 , (18) 
 In the non-gravitating case, the particle mass is set to unity, so equa- 
ion ( 14 ) reads as c 2 = tr 

(〈 c αc β 〉 )/ 3, while equation ( 15 ) becomes c 2 eff = 

r 
(〈 c αc β + 

∑ 

coll |� r α | (� c β
)
> 

/ � T 〉 )/ 3 where the averages are taken over 
he N particles in the system, during time interval � T . 

(  

f
p

3

t

here, for simplicity, ẏ r,i = ẏ i + ( 3 / 2 ) �x i is the tangential veloc- 
ty with respect to local mean velocity. Sums and subscripts in
quations ( 16 )–( 18 ) follow the same rules as in the corresponding
ontributions to pressure tensor components. 

.1.3 Filling factor 

illing factor denotes the proportion of volume occupied by particles 
nd can be defined through 

F F ( z, A ) = 

∑ 

i a i ( z) 

A 

, (19) 

here a i ( z) denotes the area of particle i cut by the plane-parallel
o the ring-plane at height z and within a given area A included in
hat plane. In a realistic system, particles do not o v erlap and the
alue of FF has an upper bound below unity: for identical spheres

 F max = π/ 
(

3 
√ 

2 
)

≈ 0 . 74. 

Our main interest here is on the filling factor as an indication of
rtificial particle groups, resulting from the failure of hard-sphere 
ethod to account for impact pressure forces. Hence, we compute 

he value of FF (0) in different sub-areas of the mid-plane of the ring
atch, suspected to be misbehaving. Usually when problems arise in 
ard-sphere method, FF obtains values well in excess of that at the
aximum close-packing limit. 3 

.2 Comparing non-gravitating simulations 

e start by testing the validity on the simplest case of identical, non-
ravitating particles. In this scenario, the particle ring attains a local
quilibrium determined by the optical depth τ and the coefficient of 
estitution ε. 

We perform a first set of experiments varying τ with a constant
oefficient of restitution ε = 0.5. To account for collisions at the edge
f the computational domain, this is surrounded by eight image boxes
entred at the ring plane (as is shown in the left-hand panel of Fig. 1 ).
he initial x and y coordinates of the particles are chosen at random,
niformly distributed across the ring patch. The vertical distribution 
s taken to be Gaussian with an adjustable variance to ensure
articles do not initially o v erlap ev en in v ery dense systems. The
nitial velocities are also randomly chosen with a normal distribution 
ith a standard deviation of the order r �, which is slightly lower

han the equilibrium random v elocities. Re gardless of the choice of
nitial conditions, the spatial dimensions, and the duration of the 
imulations are sufficiently large to smooth out any dependence 
n them. Once the steady state is established, we compute with
egular time intervals several properties over a few tens of orbital
eriods. We then proceed to analyse the average values of these 
uantities. 
Fig. 3 shows the resulting averaged total viscosity as a function

f optical depth, together with results obtained from the same set
f simulations performed with the original hard-sphere treatment. 
he results are in good agreement with those obtained using the

nstantaneous impact method and moreo v er, with previous well- 
ested results. At low τ , the viscosity is slightly lower in our soft-
phere simulations due to the selected constant impact duration 
see Appendix A ). The largest deviations are seen in some values
rom Wisdom and Tremaine, probably reflecting the fact that these 
ioneering simulations used only N = 50 ring particles. 
MNRAS 513, 4711–4728 (2022) 

 Note that the small penetrations allowed by the soft-sphere method yield 
otally negligible enhancement of filling factors of realistic aggregates. 
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Figure 3. Total viscosity as a function of optical depth in non-gravitating 
particle ring systems with ε = 0.5. Solid and dashed curves show the current 
simulations performed with our new soft-sphere method, compared with the 
hard-sphere method implemented in REBOUND. 
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Figure 4. Steady state quantities as a function of the optical depth in non- 
gravitating simulations with ε = 0.5. Curves with symbols correspond to 
the time average values resulting from each collision method, while shadows 
indicate the standard deviation around these values. The effective thickness 
is defined by H = 

√ 

12 〈 z 2 〉 , which is the thickness of a homogeneous slab 
of particles which would have the same vertical dispersion as the observed 
distribution. 
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We then proceed to compare other quantities shown in Fig. 4 . Once
ore, we observe an excellent agreement between the two collisional
ethods, except for slightly smaller velocity dispersion and vertical

hickness in small τ soft-sphere simulations corresponding to the
imilarly smaller viscosity in Fig. 3 . Ho we ver, with the soft-sphere
ethod a considerably smaller impact frequency is obtained as the

ptical depth of the system increases. This dif ference follo ws from
he fact that, whereas in the hard-sphere method sliding particle pairs
xperience numerous small jumps, each sliding impact is counted just
nce with the soft-sphere method. 
So far, the o v erall comparison seems to validate the accuracy of

he soft-sphere implementation in systems with low to intermediate-
igh optical depths, while showing no significant difference in
he rele v ant physical properties due to the collision model used.
o we ver, if one advances to even higher optical depths, discrepancies
etween the soft-sphere and hard-sphere methods become evident.
o illustrate, Fig. 5 exhibits some outcomes from simulations with
= 20 using both collision treatments. The snapshots reveal a

uite different spatial distribution of the particles, especially in
he vertical direction where hard-sphere system shows a single-
eaked distribution whereas soft-spheres are almost uniformly dis-
ributed. The o v erconcentration of hard-sphere particles in the central
lane strongly suggests the existence of o v erlaps in this region.
 or v erification, we calculate the central filling factor within an
rbitrary area of the ring patch (red square in the figure). Indeed,
e find a completely unrealistic filling factor FF (0) = 1.27, which

mplies that particles o v erlap in the hard-sphere system. Moreo v er,
 non-random concentration of particles to linear streaks formed
y o v erlapping particles is noticeable in the zoomed-in region.
n contrast, the soft-sphere method ensures that the particles do
ot o v erlap ev en in e xtreme cases like this one, al w ays having
F (0) below close-packing limit. Accordingly, the difference in
ehaviour also translates into discrepancies in other steady state
roperties, such as viscosity or temperature (both indicated in the 
gure). 
NRAS 513, 4711–4728 (2022) 
For the hard-sphere method we analyse whether using larger v crit or
maller time-step would help to remo v e the o v erlaps. Fig. 6 illustrates
esults from these simulations. The upper panel of the figure shows
hat increasing v crit by a factor of 10 does not have a large effect
n the evolution of the system and the steady-state properties are
ractically the same as in Fig. 5 . Similarly, in the lower panel, one
bserves that using a two times smaller time-step, while helpful,
oes not completely prevent particle overlaps. Certainly, an even

art/stac1179_f3.eps
art/stac1179_f4.eps
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Figure 5. Simulation snapshots of non-gravitating simulations with τ = 20 and ε = 0.5 comparing hard-sphere (upper row) and soft-sphere (lower row) 
treatments. In the right-hand panels, the projection of the system to xy and xz planes are shown, together with the histogram of the vertical particle locations. 
The central panel shows the disposition of the particle’s centres intersecting the mid-plane of the ring. Meanwhile, right-hand panel exhibits a zoomed-in view 

of the small square region in red. There, we also display with darker shading the multiple overlaps of particles in the plane. The values of some steady state 
quantities are also provided in this panel. 
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maller time-step would alleviate the problem of artificial o v erlaps 
t τ = 20. Ho we ver, the issue will appear again when increasing the
ptical depth. In practice this means that hard-sphere method cannot 
e reliably used at high optical depths. 
Lastly, we analyse an alternative method to remo v e particle 

 v erlaps in the hard-sphere model adopted by Richardson ( 1994 ):
olliding particles with non-zero penetration distance are artificially 
isplaced outward along the line connecting their centers. The 
riginal version of REBOUND provides a routine that corrects the 
osition of colliders when solving the impacts. 4 Fig. 7 illustrates 
esults from a high optical depth simulation using this routine. At 
= 20, beyond the range studied by Richardson, this approach 

ives much better results in terms of a v oiding particle o v erlapping
ompared to the other hard-sphere tricks tested in Fig. 6 . Ho we ver,
ompared to results from the soft-sphere method, some extra overlap 
s present causing the computed central filling factor to increase 
y 25 per cent . Moreo v er, both the geometrical height of the ring
atch and the velocity dispersion of its constituent particles are 
uite distinct from the values obtained by soft-sphere runs. In fact, 
 is almost halved compared to the soft-sphere value in all the
ard-sphere approaches studied. The problems using the position 
orrection method becomes more severe if self-gravity between 
articles is included. In particular, for systems in which particle 
 The routine is presented in an example problem file located at http://github 
com/hannorein/rebound/examples/shearing \ sheet\ 2 , written by Akihiko 
ujii. 

g

v  

(  

v  
ggregates are formed, these aggregates have completely unrealistic 
roperties, thereby affecting the subsequent evolution of the system 

see Appendix B ). Therefore, we do not further analyse this method
hen studying self-gravity simulations. 

.3 Comparing self-gravitating simulations 

e now turn to the analysis of simulations with identical, gravitating
articles. When self-gravity is included, the system evolves towards 
 quasi-equilibrium state characterized by the continuous emergence 
f elongated transient density enhancements. The radial separation 
etween these w ak e structures, formed via the combined action of
elf-gravity and shear, is approximately of the order of the Toomre
ritical wavelength λcr (Toomre 1964 ; Salo 1992 ). In this setting,
ne gravity-related parameter, besides the optical depth and the 
oefficient of restitution, is required to characterize the behaviour 
f a system. A convenient choice is the r h parameter, used in our
imulations and, defined as the ratio of the Hill radius for a pair
f identical particles o v er the sum of their physical radii. Previous
imulations have indicated that the w ak e structure starts to become
vident for intermediate τ > 0.5 when r h � 0.6. On the other hand
eyond r h > 1.19 the system rapidly forms aggregates bound by
ravity. 
We perform three series of simulations: (i) simulations with 

 arious v alues of optical depths for fixed r h = 0.675 and ε = 0.4,
ii) those for fixed r h = 0.82 and ε = 0.5, and (iii) simulations with
 arious v alues of the ratio r h for fixed τ = 0.5 and ε = 0.5. These
MNRAS 513, 4711–4728 (2022) 
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Figure 6. Simulation snapshots of non-gravitating hard-sphere simulations 
with τ = 20 and ε = 0.5 similar to the hard-sphere simulation in Fig. 5 [ v crit = 

0.001 r �, d t = 0.001 [orb]], but using a larger critical velocity v crit (upper 
panel) and shorter time-step d t (bottom panel). The main plot shows the 
projection of the system in the xy and xz planes, together with the histogram 

of the vertical particle locations. Meanwhile, the upper-right corner plot 
displays a zoomed-in view of the small square region in red. There, the 
multiple o v erlaps of particles in the plane are indicated by darker shading. 
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Figure 7. Simulation snapshot of a non-gravitating hard-sphere simulation 
with τ = 20 and ε = 0.5, similar to the hard-sphere simulation in Fig. 5 
[ v crit = 0.001 r �, d t = 0.001 [orb]], but correcting the positions of colliding 
particles when resolving the impacts. The display of the results corresponds 
to the configuration in Fig. 6 . 
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5 Comparison of simulations with different-sized calculation regions indicates 
that the strength of w ak es is fully developed only if a sufficiently large 
area is simulated, say 8 λcr × 8 λcr (see fig. 16.6 of Salo et al. 2018 ). 
Otherwise, the smaller the simulated area, the more the gravitational viscosity 
is underestimated. 
6 These o v erlaps in hard-sphere method are not necessarily due to failed 
impact detections, but result from the fact that contact pairs in rest with each 
other can occasionally have a net acceleration toward each other since the 
impact pressure forces are not included: particles therefore end up o v erlapping 
on the next step, even when Wisdom & Tremaine ( 1988 ) trick of sliding- 
impacts is applied. Similarly, the participation of more than two particles in 
the impact can lead to a ne gativ e post-collision relative velocity of the pair 
and, consequently, to an o v erlap of the particles in the next step. 
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ases are selected to allow comparison with previously published
esults. As a general condition, in all runs the radial and tangential
imensions of the computational area are fixed to 5 λcr × 5 λcr , unless
therwise noticed. Two image boxes are used in each direction of the
ing plane in order to extend the region of gravity forces calculation
round each particle and the limiting gravity distance is set to 1.5 L y .
n vertical dimension no image regions are needed as the vertical
hickness of the system H < < 5 λcr . Once more, the systems evolve
ong enough to establish a quasi-equilibrium state. Thereafter, the
iscosity components are computed regularly over tens of orbital
eriods and their average values are analysed by comparison with
ell-kno wn results. Like wise, se veral simulations of sets (ii) and

iii) are also performed with the original REBOUND hard-sphere
reatment to compare results. 

.3.1 Simulations with varied τ

irst, we discuss the results of simulation sets (i) and (ii). The total
iscosity together with its separate contributions obtained from our
oft-sphere particle simulations as well as results from two previous
umerical studies are plotted in Fig. 8 . They show an excellent
greement in spite of very different gravity calculation method.
o we ver, at large τ , the computed gravitational and local viscosity
iffer slightly from that reported by both Daisaka et al. ( 2001 ) and
alo et al. ( 2018 ). For the case r h = 0.675, our νgrav and ν local values
NRAS 513, 4711–4728 (2022) 
re somewhat lower than those of Daisaka et al., whereas in the
ase r h = 0.82, our simulations return slightly higher νgrav values
han those of Salo et al. These differences are most likely due to
he different sizes of the computational area used in each of the
tudies. 5 It is also worth noting that in the case r h = 0.675, the
easured viscosity at optical depths greater than unity also depends

n whether the system has developed viscous o v erstability or not.
his, in turn, depends on the radial size of the calculation region and

he duration of the simulations (see Salo et al. 2001 ). 
As for the non-gravitating case, we repeat the runs using a hard-

phere collisional model. For r h = 0.82, the resulting ν total is also
lotted in right frame of Fig. 8 (open red diamond markers). At low
ptical depths, the hard-sphere results seem to agree well with those
re viously discussed. Ho we ver, at intermediate τ , the system starts
o behave incorrectly. A close inspection of the particle trajectories
eveals that the deviations relate to increasingly severe particle
 v erlaps. 6 

P article o v erlaps may cause at least two types of problems,
epending on whether or not gravitational softening is included.
n the absence of softening, the o v erlapping particles e xperience
rtificially large mutual acceleration, which leads to o v erheating of
he system. While the peaks in the acceleration and the resulting
ncrease in velocity dispersion are easily cut away by using gravity
oftening (we use b = 0.1 r in our hard-sphere simulations) this
oes not remo v e the o v erlaps themselv es. Such o v erlaps mean
rtificial local o v erdensities, and the e xtra gravitational attraction
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Figure 8. Viscosity components as a function of optical depth for sets (i) [ r h = 0.675, ε = 0.4, left-hand panel] and (ii) [ r h = 0.82, ε = 0.5, right-hand panel] 
of self-gravitating particle rings. The drop of viscosity in the hard-sphere method (red symbols) at τ > 0.7 relates to a collapse to artificial particle aggregates; 
the grey symbols correspond to hard-sphere particle simulations with a halved time-step (d t = 0.0005 [orb] instead of 0.001 [orb]). 
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7 The source files used were the same as in the work Rein & Latter ( 2013 ) 
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rom such o v erdensities, ev en if initially very mild, soon leads
o a runaway growth of unph ysical aggreg ates, which eventually 
ominate the system dynamics. Fig. 9 shows snapshots of different 
imulations from set (ii). In particular, top second frame in the top
ow corresponds to the misbehaving hard-sphere simulation with 
= 0.6 in Fig. 8 . It is observed that the system has collapsed into

wo particle clumps. These aggregates are completely artificial, as 
videnced by their unrealistically high volume filling factor (here 
1.07, the value indicated in the snapshot zoom), indicating that 
hey consist of multiply overlapping particles. Compared to realistic 
oft-sphere simulation (lowermost row) the viscosity is drastically 
maller as the clumps are inefficient in e x erting gravitational torques.

In hard-sphere method artificial o v erlaps can be alleviated, but 
ever completely a v oided, by using a smaller and smaller time-step,
hen self-gravity gets stronger. To illustrate this partial remedy, 
e carry out a second set of hard-sphere particle simulations using
 two times smaller time-step for τ � 0.6 (d t = 0.0005 [orb]
nstead of 0.001 [orb]; open grey diamond markers in Fig. 8 ). The

isbehaviour at τ = 0.6 disappears and the system shows no traces 
f generating large o v erlapping clusters (see snapshot in the second
ow of Fig. 9 ). However, when increasing the optical depth to τ =
.8, the system again forms artificial aggregates. Last panel of middle 
ow in Fig. 9 displays a snapshot of this simulation, along with the
alculated central filling factor within the formed aggregate (33.84). 
or completeness, the bottom row of the figure corresponds to the 
napshots of the simulations performed with our implementation of 
he soft-sphere method, showing no sign of aggregate formation for 
hese simulation parameter values. 

.3.2 Simulations with varied r h 

 final test is carried out varying the r h parameter. Fig. 10 shows the
iscosity values obtained from our soft-sphere particle simulations 
f set (iii) together with previously reported values. Once more, we 
nd good agreement with the results of both Daisaka et al. ( 2001 )
nd Salo et al. ( 2018 ). By contrast, in case of treating particles as
ard-spheres, the problem of artificial o v erlaps described for series (i)
nd (ii) appears once again when r h � 0.9, the system forming non-
h ysical aggreg ates with unrealistic filling factors. This incorrect 
ehaviour of hard-sphere systems results in a drop of their total
iscosities (see the red dashed curve in Fig. 10 ). Note that the total
iscosity also drops in soft-sphere simulations once r h � 1.2. This is
lso related to the formation of aggregates, but these aggregates have
hysically realistic volume filling factors close to that corresponding 
o close-packing of particles. 

Our simulations with increasing τ showed that shortening the 
ime step delays the occurrence of o v erlapping pairs in hard-sphere
imulations, presumably because the impacts are detected closer to 
he actual contact time. Hence, we proceed to examine whether a

ore accurate collision search algorithm could help to o v ercome
he problem. Fig. 11 collects snapshots of simulations run with 
wo different hard-sphere collision detection methods compared to 
ur soft-sphere method. Top row corresponds to runs employing a 
lane-sweep algorithm available in an early version of REBOUND. 7 

eanwhile, middle and bottom rows belong to the models we have
een discussing abo v e. We observ e that hard-sphere models with
 time-step d t ≥ 0.002 [orb] lead to the generation of aggregates
lready at r h = 0.9, even in the case where collisions are sought by
pproximating the particle trajectories within the time-step. The high 
olume filling factor inside these clumps evidence their unphysical 
ature (see Fig. 12 ). Clearly, they develope in regimes where self-
ravity is not yet strong enough to generate real aggregates, which
equires r h > 1.19 (Karjalainen & Salo 2004 ). On the other hand,
e do not observe any trace of artificial aggregate formation in

oft-sphere particle simulations. Instead, only beyond r h > 1.19 
ggregates consisting of non-overlapping particles in contact start 
o form, as evidenced by the calculated central filling factor values
n their interior (left-hand panel of Fig. 12 ). 
MNRAS 513, 4711–4728 (2022) 
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Figure 9. Simulation snapshots from r h = 0.82 runs in Fig. 8 . The number of simulation particles increases with the optical depth of the system, with N = 

6938, 11 990, 19 039, and 28 421 corresponding to τ = 0.5, 0.6, 0.7, and 0.8, respectively. Two upper rows correspond to hard-sphere simulations. Values on top 
of each plot indicate the time-step in orbital periods used for the integration of the system. Note that for soft-sphere particle runs two time steps are indicated: 
d t update and d t . Subpanel in top right frames correspond to a zoom-in on the formed aggregate. Value in red indicates the central filling factor measured from the 
marked circular region. 

Figure 10. Viscosity components as a function of r h parameter for set (iii) 
[ τ = 0.5, ε = 0.5] of self-gravitating particle ring systems. 
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 CPU  SCALI NG  

bo v e we have shown that our new soft-sphere implementation is
ble to treat correctly cases where earlier hard-sphere implemen-
ations fail. Another important aspect to take into account when
 v aluating a code and the feasibility of its use for the study of real
ynamical systems is the computational cost required to integrate a
iven time interval. Here, we briefly address this issue by measuring
he scaling of the developed algorithm and the efficiency of its
arallelization, but a more comprehensive analysis will be presented
ogether with the release of the public version of the code. 

The simulation parameters in this section have been chosen to
ie in the region where both soft and hard-sphere collision models
i ve v alid results ( r h < 0.82 for τ = 0.5). Simulations are integrated
or at least 200 d t update , one orbital period if d t update = 0.005 [orb]
s considered. Then, the total CPU-time consumption is used to
ompute the average number of time-steps performed per second.
ll scaling tests have been performed on the University of Oulu
ataja1 cluster node, which consists of four dual 12-core Intel Xeon
old 6126 processors. 

.1 Comparison of collisional models 

e start by e v aluating the scaling of the developed algorithm in a
ingle-processor set-up as the problem size varies. In Appendix C , we
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Figure 11. Simulation snapshots from runs with various r h parameter values, using different methods of collision detection and resolution. The size of the 
computational domain corresponds to 10 λcr × 10 λcr , except in the simulations with r h = 1.15, where it is 8 λcr × 8 λcr , and r h = 1.2, in which case the patch 
size is 6 λcr × 6 λcr . For each r h parameter the particle number corresponds to N = 16 175, 27 754, 98 338, 133 746, and 97 699. The runs are e xtended o v er a 
few tens of orbital periods. Values on top of each plot correspond to the time-step in orbital periods used for the integration of the system. Note that for runs 
with our soft-sphere code, two time-steps are indicated: d t update and d t . 

Figure 12. Zoom-in on aggregates formed in the simulations of Fig. 11 . Top right value in red corresponds to the central filling factor measured from the 
circular region marked on each snapshot. 

c
u
O
c

t  

o  

a
m

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/513/4/4711/6575940 by O
ulun yliopisto Laaket. kirjasto user on 23 February 2023
ollected several scaling tests from both collision detection methods 
sed so far, close-pair list (soft-sphere) and octree (hard-sphere). 
verall, the collision detection method we use in our soft-sphere 

alculation (Section 3.4 ) has a very different scaling behaviour than 
he original tree algorithm. Instead, its scaling is closer to that
f the sweep-plane method as both rely on scanning the system
long the radial direction to find either collisions (in sweep-plane 
odule) or close-pairs (in our module). Consequently, our soft- 
MNRAS 513, 4711–4728 (2022) 
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M

Figure 13. Strong (left-hand panel) and weak (right-hand panel) scaling tests of self-gravitating simulations using the soft-sphere collisional model. All 
simulations are done with r h = 0.75, τ = 0.5, and ε = 0.5. Strong scaling: constant problem size, varying number of nodes. Each set of simulations corresponds 
to a single problem with a fixed square box size, L x = L y = 8.783, 17.566, 35.131, and 70.262 [ λcr ]. Weak scaling: constant problem size per node. Each set of 
simulations corresponds to a problem with a variable square box size. For reference, single-processor simulations correspond to L x = 8.783, 17.566, and 2.4848 
[ λcr ]. 
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phere algorithm can be even faster than the hard-sphere tree method
or non-gravitational simulations if the problem size varies only in
ne direction. 
In self-gravitating simulations, on the other hand, particles’ mutual

ravity is included using a tree algorithm, regardless of the selected
ollision model. We find then that, although the hard-sphere model
s slightly faster in most instances, the scaling of both models as a
unction of particle number is quite similar if not the same, depending
n the configuration of the problem (see Appendix C ). Thus, the
hoice of the soft-sphere model enables us to obtain reliable results
 v er a wide range of self-gravity regimes without compromising
uch of the original computational time. Ho we ver, our main interest

s to follow the large-scale evolution of dense systems o v er a fairly
arge range of conditions. In this respect, an efficient parallelization
ecomes essential. 

.2 Strong scaling 

e continue by measuring the parallel strong scaling of different
xperiments. Namely, we study how the overall CPU time-scales
ith the number of processors for fixed-size problems (i.e. fixed

otal number of particles). 
We performed series of self-gravitating soft-sphere particle sim-

lations employing the tree algorithm together with the newly
mplemented collision model. The results of simulations using
 = 12.5k, 50k, 200k, and 800k particles, and accordingly larger

quare-shaped regions, are plotted in left-hand panel of Fig. 13 . One
an see that for a small number of processors the scaling is linear
n all cases. Ho we ver, when the number of particles per processor
s small, the speed is reduced: this is seen in the upper right corner
f the plot. As the number of processors increases for a fixed total
alculation region, so does the fraction of the ghost region which
eeds to be copied by the nodes to handle collisions at their respective
hysical boundaries. When the fraction of area is abo v e a critical
alue, the performance drops as the increase in communication time
nd calculation o v erheads e xceeds the gain in computation time due
o more processors. The threshold corresponds to a critical amount
f particles per node, N cr ∼ 700, common to all simulations shown
n left-hand panel of Fig. 13 . Remarkably, the growth of the essential
NRAS 513, 4711–4728 (2022) 
ree which needs to be copied to neighbouring nodes for gravity
alculation does not have a significant influence on the critical value,
nlike in the original code. 
The results show an efficient parallelization which enables the

tilisation of 32 processor cores with 800 000 particles. The average
umber of time-steps per second calculated from a 30 orbital period
un (6000 d t update ), where fully developed w ak e structures are present
n the system, is about the same as that computed for a one-orbit run
200 d t update ). So then, for instance, evolving 100 orbital periods using
 t update = 0.005 [orb] for this 70 λcr × 70 λcr system would take about
0 clock h instead of 20 d as it would be in a serial run. 

.3 Weak scaling 

e also perform weak scaling tests on different experiments, that
s, we measure the total CPU time as a function of the number of
rocessors for fixed numbers of particles per processor. 
The results of simulations using N pp = 12.5k, 50k, and 100k

articles per processor, and thereby larger square-shaped regions, are
lotted in the right-hand panel of Fig. 13 . As the number of processors
ncreases, so does the total size of the square-shaped computational
omain. One can see that the runtime for a simulation scales as
og( N pp k ), with k being the number of processors, in agreement with
he scaling of hard-sphere problems (see the weak scaling test done
y Rein & Liu 2012 ). In our implementation, the increased problem
ize has almost no effect on the communication per processor for
he collision detection algorithm, as only direct neighbours need to
e copied on each node. Furthermore, between consecutive updates,
he number of close-pairs to be e v aluated per processor does not
hange. In contrast, the runtime and communication for the gravity
alculation does increase logarithmically with the total number of
articles N pp k . 
As a final test, we study the scaling of simulations with a

onstant number of particles per processor when the increase in the
umber of processors is handled by increasing the radial size of the
omputational domain and keeping the azimuthal size fixed. Thus,
he original square box integrated in a single processor becomes very
longated for a large number of processors. Our main moti v ation
ehind this test is to validate the developed tool for subsequently
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Figure 14. Scaling tests of self-gravitating simulations using the soft-sphere 
collisional model. All simulations are done with r h = 0.75, τ = 0.5, and ε = 

0.5. Similar to the weak scaling test in Fig. 13 (right), except now each set of 
simulations corresponds to a problem with a variable radial size and constant 
azimuthal width. As the number of processors increase, so does the radial 
length of the problem. 
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onducting a study of viscous o v erstability in self-gravitating ring 
ystems. For this purpose, it is of utmost importance to efficiently 
erform radially very extended simulations so as to cover the length- 
cales o v er which o v erstable density variations occur. The results
f simulations using, again, N pp = 12.5k, 50k, and 100k particles 
er processor, are plotted in Fig. 14 . As in the square-box case,
he runtime and communication for gravity computation is the one 
ncreasing with the number of processors. Here, as the computational 
omain becomes more elongated, the number of total independent 
oot trees increases proportionally to k . Ho we ver, each processor
eeds less information from the new root trees on more distant 
rocessors. As a result one can see that simulations scale roughly as
 

0.25 , which is in practice nearly indistinguishable from the scaling 
ith the square-shaped box. 
These results show that soft-sphere REBOUND’s scaling is quite 

ood, and give us confidence in its capability for conducting different 
tudies in the field of planetary rings. 

 C O N C L U S I O N S  A N D  PERSPECTIVES  

e have implemented a novel soft-sphere method in the N -body code
EBOUND. In particular, the implementation has been designed 

or simulations done in the shearing sheet approximation. The soft- 
phere method allows for the modelling of partially inelastic impacts 
ith a given coefficient of normal restitution by including a simple 

inear model for the visco-elastic forces between colliding particles. 
o account for the compression phase undergone by particles at 
ontact, the colliding particles are allowed to o v erlap for a pre-
stablished time interval, during which they are subjected to a 
estoring harmonic force that works to oppose the compression, and 
o a viscous damping force that dissipates part of the stored energy. As
ong as the impact duration is shorter than about 1/400–1/800 orbital 
eriods, the results for isolated binary impacts are indistinguishable 
rom hard-spheres with instantaneous impacts. Several modifications 
o the original code REBOUND have been introduced to improve 
he computational speed of simulations using this model, such 
s the conversion to a multi-time-step scheme (impacts resolved 
ith shorter steps compared to self-gravity) and consequently a 
ew collision detection method has been added. Furthermore, the 
omputation time is optimised by updating the parallelization that 
s part of the REBOUND functionality. This update includes the 
mplementation of a new communication module for the collision 
etection algorithm, whereby each processor receives information 
f particles located near the borders of its own domain. By taking
are of these ‘ghost’ particles, all particle impacts can be found 
fficiently. 

We performed validation tests of the numerical code and the im-
lementation of the soft-sphere method by reproducing successfully 
he collisional steady-state properties of planetary ring systems. 
 series of well-known relations between some ring properties 

 c , ν, FF ) and parameters involved in these systems allows us to
est whether our code gives results that are consistent with those
elations. Further comparisons are done including the presence of 
elf-gravity, proving the ability of the code to reproduce the behaviour
f planetary ring systems in a wide range of parameters. Most
f the performed simulations were also carried out with the hard-
phere method already implemented in the code REBOUND. This 
llo wed to sho w the benefits of the soft-sphere model especially
n regimes where collisions cannot be treated as independent or 
nstantaneous. Unlike the hard-sphere model, soft-sphere method 
ro v ed to correctly handle very dense non-gravitating systems ( τ ∼
0), where particles’ small mean free path increases the statistical 
robability of multiple collisions. It also demonstrates a proper 
andling of self-gravitating systems with strong self-gravity w ak es 
n verge of collapsing into gravitational aggregates ( r h � 0.82 for
= 0.5). Finally, it succeeds in evolving correctly semi-permanent 

ggregates, keeping their physical properties at realistic values ( r h �
.2). 
To complete the validation of the code, we analyse the scaling

f the algorithm developed for collision detection as well as the
fficiency of its parallelization. Our algorithm pro v es to retain
uch of the original REBOUND speed in both the integration 

f colliding and self-gravitating systems, without sacrificing the 
ccuracy with which it reproduces the dynamics of the problem. 
n fact, our algorithm may even be more beneficial than the tree
ethod in non-gravitational simulations if the problem size varies 

n only one dimension. As for MPI parallelization, we find that
he computational time of a problem drops practically linearly with 
he number of processors, while maintaining the precision of the 
imulation outcomes. Thus, the code becomes advantageous for 
imulating dense self-gravitating systems, as accurate results can 
e obtained efficiently. Furthermore, we find that the problem can 
e extended by using more processors, without a major increase in
he computational time. Thus, by co v ering a larger ring area, larger
cale dynamic structures can be studied. 

The experiments we have performed are intended to validate the 
se of our method in the study of planetary rings. Currently, the
ode is being used to study the formation and evolution of viscous
 v erstability in ring systems and to determine the effect of self-
ravity on this phenomenon, important for interpreting the radial 
tructures observed in Saturn’s A and B rings. 

Finally, it is expected that this implementation will prove to be a
seful tool for numerical simulations in fields involving the study of
he small-scale dynamics of flattened discs. During the development 
f this implementation, an effort has been made to keep the code as
eneral as possible, making it easy to revert to its original version.
his also means that it would be relatively straightforward to apply

urther modifications to the model in the future, such as the including
dditional forces, e.g. surface friction and adhesion, or enabling 
he particle coefficient of restitution to be dependent on the impact
elocity. Although the final production version of the algorithm we 
MNRAS 513, 4711–4728 (2022) 
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Figure A1. Total viscosity in soft-sphere method simulations from Fig. 3 
using different impact duration T dur . Results with instantaneous impact 
method are indicated by the horizontal lines. Dashed red line corresponds 
to the T dur value used in Fig. 3 . 
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all SoftIS (Soft-sphere Impact Simulations) is still being written,
t is anticipated that the code will include different binary output
outines specific to the study of particle systems with differential
otation. 

C K N OW L E D G E M E N T S  

e thank the re vie wer K eiji Ohtsuki for very useful comments
nd suggestions. We acknowledge funding by the Academy of
inland (HS) and V ̈ais ̈al ̈a Foundation (AML). We also would

ike to acknowledge the usage of open-source code REBOUND
 https://github.com/hannorein/rebound ). 

ATA  AVAILABILITY  

he data underlying this article will be shared on reasonable request
o the corresponding author. 

E FERENCES  

allouz R.-L., Richardson D. C., Morishima R., 2017, AJ , 153, 146 
arnes J., Hut P., 1986, Nature , 324, 446 
olwell J. E., Esposito L. W., Srem ̌cevi ́c M., Stewart G. R., McClintock W.

E., 2007, Icarus , 190, 127 
aisaka H., Tanaka H., Ida S., 2001, Icarus , 154, 296 
rench R. G., Nicholson P. D., 2000, Icarus , 145, 502 
oldreich P., Tremaine S. D., 1978, Icarus , 34, 227 
ameen-Anttila K. A., 1978, Ap&SS , 58, 477 
edman M. M., Nicholson P. D., Salo H., Wallis B. D., Buratti B. J., Baines

K. H., Brown R. H., Clark R. N., 2007, AJ , 133, 2624 
arjalainen R., Salo H., 2004, Icarus , 172, 328 
atter H. N., Ogilvie G. I., 2008, Icarus , 195, 725 
ein H., Latter H. N., 2013, MNRAS , 431, 145 
ein H., Liu S. F., 2012, A&A , 537, A128 
ein H., Tremaine S., 2011, MNRAS , 415, 3168 
ichardson D. C., 1994, MNRAS , 269, 493 
alo H., 1992, Icarus , 96, 85 
alo H., 1995, Icarus , 117, 287 
alo H., Schmidt J., Spahn F., 2001, Icarus , 153, 295 
alo H., Ohtsuki K., Lewis M. C., 2018, Computer Simulations of Planetary

Rings. Cambridge University Press, p. 434 
chmidt J., Salo H., 2003, Phys. Rev. Lett. , 90, 061102 
chmidt J., Salo H., Spahn F., Petzschmann O., 2001, Icarus , 153, 316 
chmit U., Tscharnuter W. M., 1995, Icarus , 115, 304 
howalter M. R., Nicholson P. D., 1990, Icarus , 87, 285 
homson F. S., Marouf E. A., Tyler G. L., French R. G., Rappoport N. J.,

2007, Geophys. Res. Lett. , 34, L24203 
oomre A., 1964, ApJ , 139, 1217 
isdom J., Tremaine S., 1988, AJ , 95, 925 

PPENDIX  A :  SPRING  C O N S TA N T  

E P E N D E N C Y  

hen treating the impacts in terms of pressure forces, the steady-
tate properties of a particle ring system depend to some degree on the
pring constant of the restoring harmonic force. In our implemented
odel, this constant is tied to the adopted impact duration time T dur .

n the limit T dur → 0, the system is expected to behave similarly to
ard-sphere collision system (see fig. 16.4 in Salo et al. 2018 ). We test
his intermodel relationship with REBOUND, using different values
f T dur for our implemented soft-sphere method and comparing the re-
ults with those obtained with the original hard-sphere particle model.
NRAS 513, 4711–4728 (2022) 
Fig. A1 shows the total viscosity and radial velocity dispersion
s a function of T dur for systems with τ = 0.1, 0.5, and 1.0. It is
oticeable how the steady-state values approach the corresponding
ard-sphere values as the impact duration shortens. Red dashed
ine marks the selected T dur value for simulations in Fig. 3 and for
ther soft-sphere simulations of our study, T dur = 0.00125 T orb . We
bserve that is adequate for intermediate optical depths (results differ
rom asymptotic limit by less than 0.45 per cent), but it appears
o be a bit large for systems with low τ (difference to T dur → 0
s ≈ 5 per cent). 

PPENDI X  B:  C O M PA R I S O N  O F  AG G R E G ATE  

ROPERTIES  

n ring systems where the self-gravity is sufficiently strong compared
o the tidal field of the central body, particles may collapse into
ggregates. Here, we present results of simulated ring patches
t distances from the main body within the regime where stable
ggre gates ev entually form. In terms of the parameter r h , the sum of
article radii normalized by their mutual Hill radius, this corresponds
o systems with r h > 1.19. 

Fig. B1 shows snapshots of simulations with τ = 0.5, ε = 0.5, and
 h = 1.2, using two different methods to describe the collisions: (i)
nstantaneous velocity changes along with position corrections of the
olliders, and (ii) pressure forces affecting the particles during a finite
ime interval. We observed in both cases, the formation of aggregates
ut their properties are quite different. In particular, the central filling
actor of aggregates using the hard-sphere method reaches unrealistic
 alues, e videncing large particle o v erlaps within them. Conversely,
he soft-sphere method exhibits realistic results that correspond to
ggregates formed by particles in contact. 
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igure B1. Simulation snapshot from runs beyond the limit of semi- 
ermanent accretion ( r h > 1.19) at time t = 50 [orb], using different methods
f collision detection and resolution. Hard-sphere model corrects the positions 
f colliding particles in a similar manner to Richardson ( 1994 ). Values on
op of each plot corresponds to the time step in orbital periods used for the
ntegration of the system. Note that for runs with our soft-sphere model, two
ime-steps are indicated: d t update and d t . 

PPENDIX  C :  C O M PA R I S O N  O F  COLLISI ONA L  

O D E L S  

he collision detection methods discussed in the paper have very 
ifferent scaling behaviour from each other. This makes each of them 

ore suitable for certain problems. Here, we illustrate the scalings 
f our soft-sphere method and the hard-sphere tree model, using the 
igure C1. Scalings of the octree (hard-sphere) and close pairs list (soft-sphere) a
ll simulations are done with τ = 1.64 and ε = 0.5. Left-hand panel: varying the 
anel: Varying the radial size of the simulation box while keeping a constant azimu
ame two configurations with no self-gravity which w as emplo yed in
ein & Liu ( 2012 ). We also analyse the scalings of both collisional
odels using similar configurations but with self-gravity. All the 

imulations reported in this Appendix are made in single-processor 
etting. 

First, we concentrate on the analysis of non-gravitating experi- 
ents. We plot the average number of time-steps d t update per second

s a function of the problem size in Fig. C1 . In the simulations used
n the left-hand panel, we vary the size of the computational domain
hile keeping the aspect ratio constant. In accordance with the results 
f Rein and Liu, the tree method scales as N log( N ). Meanwhile, the
lose-pair list algorithm scales as N 

1.25 . This scaling differs from
hat N 

1.50 measured by Rein and Liu for the sweep-plane algorithm
hich our algorithm resembles. The difference is due to the number
f particles in the azimuthal direction taken into account during the
earch for collisions. While the sweep-plane module scans the entire 
zimuthal extension of the simulation patch, our model is limited by
he threshold distance l list . 

For the simulations used in the right-hand panel of Fig. C1 ,
e instead vary the radial size of the computational domain while
eeping the azimuthal size fixed. Thus, the aspect ratio changes and
he box becomes more and more elongated as the number of particles
ncreases. Like measured in Rein and Liu, the tree code scales as N 

2 

or large N . The close-pair algorithm, on the other hand, scales as
 in accordance with the scaling of the sweep-plane method. From

his test case, it is shown that the close-pair method can be faster
or non-gravitating simulations if the problem size varies only in one
irection. 
We next analyse how the scalings are modified when using 

he tree gravity module for self-gravity calculation. We perform 

imulations with r h = 0.61. Fig. C2 , shows the results along with
he best-fitting function for each model. Note that when the problem
ize varies keeping the aspect ratio constant (left-hand panel), the 
caling of both models is quite similar, the hard-sphere model being
bout a factor 3–7 faster. Ho we ver, in the case where the problem
ize varies only in one direction (right-hand panel), both models 
ntegrate, at large N , the same amount of d t update time-steps per 
econd. 
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Figure C2. Scalings of the octree (hard-sphere) and close pairs list (soft-sphere) algorithm as a function of particle number using self-gravitating simulations. 
All simulations are done with r h = 0.61, τ = 0.5, and ε = 0.5. Left-hand panel: varying the size of the simulation box while keeping a constant aspect ratio. 
Right-hand panel: Varying the radial size of the simulation box while keeping a constant azimuthal width. 
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