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ABSTRACT 

 

In the uplink channel of the 3GPP long term evolution (LTE) and LTE-

Advanced (LTE-A) systems, signal carrier frequency-division multiplexing 

access (SC-FDMA) transmission scheme is employed instead of orthogonal 

frequency-division multiplexing (OFDM) to reduce the peak-to-average power 

ratio (PAPR). However, compared to OFDM, SC-FDMA has lower channel 

throughput, since it suffers from inter-symbol interference (ISI). Multi-rate 

equalizer (MRE) is a novel low complexity and non-linear equalizer which can 

increase the channel throughput. 

The basic idea of the MRE is that it first decomposes the single ISI channel 

into two parallel sub-channels by employing multi-rate signal processing and 

successive interference cancellation (SIC). Then, this decomposition procedure 

can be executed recursively to further increase the number of sub-channels. The 

ISI decreases as the number of sub-channels increases. Meanwhile, since the 

MRE does not require pre-coding, it does not increase PAPR. The practical 

implementation of the MRE is not straightforward. An algorithm, which can 

recursively call each function block in the MRE and execute the entire 

decomposition processes is required. 

In this thesis, an algorithm is developed based on the construction pattern of 

the MRE to enable its realization. An LTE standard-compliant turbo code is 

simulated to evaluate the practical performance gains of the MRE concept. 

MATLAB is selected as the simulation environment. According to the 

simulation results, the channel throughput can be increased by employing the 

MRE together with LTE turbo code indeed. One time-invariant and one time-

varying channel model are employed. Three kinds of MRE with binary 

modulation are considered. Those are the MRE with two, four and eight sub-

channels. The increase in throughput is at least 25% and can reach 80% in 

highly frequency selective scenarios. 

 

 

Key words: SC-FDMA, uplink, equalization, multi-rate, signal processing, 

algorithm, simulation, throughput. 
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1. INTRODUCTION

When the radio signal propagates through a wireless channel, it is subjected to various
forms of distortions. In this thesis, two forms of those distortions are considered.
The first one is the additive white Gaussian noise (AWGN), which is introduced by
the inherent hardware of the receiver. The second one is the multi-path which causes
inter-symbol interference (ISI). ISI can be regarded as the transmitted signal being
convolved with the impulse response of the multi-path channel [42] [17].

In order to combat these impairments, many strategies have been invented. For ex-
ample, turbo code as a channel coding method provides an effective solution to combat
errors. Turbo codes are widely used in modern mobile communication systems, for in-
stance, in the Long Term Evolution (LTE) and LTE-Advanced (LTE-A) standards [30].
To combat ISI, an approach called pre-coding can be employed. In the LTE and LTE-
A standards, a pre-coding strategy named orthogonal frequency division multiplexing
(OFDM) has been employed. The OFDM transmission can eliminate ISI almost com-
pletely [12], since in OFDM, the transmitted symbols are modulate into sub-carriers
and each sub-carrier has narrow bandwidth, each symbol then observes a roughly fre-
quency flat channel.

However, one drawback of the OFDM is that it causes high peak-to-average power
ratio (PAPR). As a consequence, more power will be consumed at the transmitter [37].
Power is a very limited and precious resource in a mobile communication system, espe-
cially for the up-link connection. Therefore, in the up-link channel of LTE and LTE-A
system, another transmission scheme called single carrier frequency division multiple
access (SC-FDMA) is employed. One important feature of SC-FDMA scheme is that
it does not increase PAPR, thus it has better power efficiency [9] [33].

Although SC-FDMA transmission scheme has low PAPR, it decreases the chan-
nel throughput when compared to OFDM transmission scheme, since it suffers from
ISI. Recently, a novel equalization technology named multi-rate equalizer (MRE) has
been proposed [21]. The MRE has low complexity implementation and increases the
channel throughput at the same time [27]. Meanwhile, the MRE does not include any
pre-coding. Thus, it does not increase PAPR and it can be implemented in SC-FDMA
systems.

In this thesis work, the MRE is implemented and simulated with time-invariant chan-
nel and Rayleigh fading channel models. Furthermore, we only consider binary phase
shift keying (BPSK) with a fixed interleaver size. The performances are evaluated
by examining how much throughput can be increased by employing the MRE. The
simulation environment is built by using MATLAB R© software.

This thesis consists of eight chapters. Chapter 2 summarizes the LTE standard and
the SC-FDMA transmission scheme. Chapter 3 introduces turbo coding. It firstly gives
channel coding concept and the background of turbo code, then it presents the speci-
fications of the LTE standard turbo code. Chapter 4 firstly explains two conventional
linear equalization methods, then it introduces the theory of the MRE. The practical
implementation of the MRE is introduced in Chapter 5, which is followed by a compu-
tational complexity analysis. The simulation results are presented in chapter 6. Chapter
7 concludes this thesis and discusses the possible future works. Lastly, in Chapter 8,
the entire of this thesis work is summarized.
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2. UPLINK CHANNEL IN LTE

2.1. Introduction to LTE

LTE standard is established by 3rd Generation Partnership Project (3GPP) as the long
term evolution of the Universal Mobile Telecommunications System (UMTS) net-
works. LTE standard was first proposed by NTT DoCoMo of Japan in 2004 and
the studies of this new standard officially began in 2005. This standard is generally
regarded as the next generation of mobile communications which can be used to im-
plement 4G networks [13].

LTE standard is developed to achieve five main objectives. First one is to increase
down-link and up-link peak data rates. Second one is to satisfy the demand for scalable
bandwidth. The third one is to improve spectral efficiency continually. The fourth one
is to design the network in all IP structure and the last one is to implement the standard
based interface that can support a multitude of user types [13]. Due to these features,
LTE mobile networks are capable of increasing the peak data rate to 100Mbps in the
downlink channel and 86Mbps in the uplink channel. Furthermore, it can improve
spectral efficiency to 5bps/Hz for the down-link and 2.5bps/Hz for the up-link. The
cell edge performance (in terms of bit rate) is also improved with the reduction of
connection latency [2].

There are three main technical characteristics in the LTE standard. First one is the
OFDM transmission scheme is employed. This transmission scheme allocates trans-
mitted sequence into sub-carriers. Each sub-carrier operates in a certain frequency
which is orthogonal to others. OFDM enables high data bandwidth efficiency and pro-
viding a high tolerance to multi-path interference. In the up-link channel of LTE, SC-
FDMA is employed which can be considered as the discrete fourier transform (DFT)
pre-coded OFDM [38]. The second characteristic is the utilization of multi-input and
multi-output (MIMO) technique. The basic concept of MIMO is to use multiple trans-
mit antennas and multiple receive antennas to increase the performance. The typical
MIMO size includes 2 × 2, 4 × 2 and 4 × 4 antenna configurations. It is easy to add
further antennas in base station however in mobile station the number of antenna is
limited, since the antennae are needed to be placed at least a half wavelength apart
[4]. The third one is the implementation of system architecture evolution (SAE). In
SAE, one improvement is that a number of functions which is previously executed in
the core network have been transferred out to periphery. Therefore, it can provide a
much flatter form of network architecture and as a consequence, the latency time can
be reduced [1] [2].

In the practical implementation of LTE systems, the design goals is to provide a peak
data rate of at least 100 Mbps in the down-link and 50 Mbps in the up-link which are
operating in a bandwidth of 20 MHz. In other words, the bandwidth efficiency should
reach to 5 bit/s/Hz and 2.5 bit/s/Hz respectively. If the terminal station is stationary or
moving at a low speed of up to 15 km/h, the maximal performance should be achieved.
If the speeds of terminal station is up to 120 km/h a slight degradation is allowed.
However, the system should be able to manage terminals with speeds up to 350 km/h
or even 500 km/h for some frequency bands. The network coverage requirements in an
environment with no interference should approach to five kilometers. In the situation
of up to 30 kilometers, some degradation is acceptable. If the ranges are up to 100 km,
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can map the symbols into sub-carriers. The subcarrier mapping assigns DFT output
complex values as the amplitudes of some of the selected subcarriers. Basically, the
subcarrier mapping can be classified into two types: localized mapping and distributed
mapping. Sub-carrier mapping maps N -points DFT output symbols to M orthogonal
sub-carriers, where M is the number of sub-carriers, which is greater than N . After
this, a M -points IDFT process is performed which transforms the complex symbols
into time domain.

In order to eliminate the inter block interference almost completely, the cyclic prefix
(CP) is added. The CP actually can be considered as a guard time between symbols.
The length of CP is chosen larger than the expected delay spread. Furthermore, CP
converts linear convolution occurring in a frequency-selective multipath channel into
circular convolution, which is equivalent to multiplication in DFT domain. This ap-
proach allows for simple frequency-domain processing, such as channel estimation
and equalization. At the final stage of the transmitter, the parrel digital sequences are
converted to serial analog sequence by employing parallel to serial (P/S) and digital-
to-analog converter (DAC).

At the receiver side, the inverse procedures of the transmitter side are implemented.
Firstly, the received signal is converted to a lower frequency and then it is sampled
by using analog-to-digital converter (ADC). Next, the CP is removed. After removing
CP, the receiver transforms the sequence into frequency domain by using M-points
DFT. Then, the sub-carrier de-mapping and N-points IDFT processes are employed
sequentially.

Despite SC-FDMA transmission has lower PAPR, it has a performance loss when
compared it to OFDM transmission. In OFDM transmission, each sub-carrier has a
narrow bandwidth and it is modulated by different symbol. Thus, in the frequency
selective channel, each symbol observes a roughly frequency flat channel. However,
in SC-FDMA transmission, a group of sub-carriers are modulated by the same sym-
bol. Therefore, the bandwidth of each symbol has a relatively wider bandwidth and it
cannot be assumed as frequency flat. This frequency selectivity causes ISI. As a con-
sequence, in SC-FDMA transmission, an equalizer is needed to combat the ISI [26]
[19].
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3. CHANNEL CODING AND MODULATION

This chapter first introduces channel coding strategy that is used in this thesis work
and the decoding algorithm associated with this code. Then it explains the modulation
process in the transmitter and receiver. The wireless communication channel suffers
form various channel impairments such as additive noise which can make the commu-
nication unreliable. The purpose of channel coding is to make the transmission robust
enough against these channel impairments by adding redundancy to the transmitted
signal [7]. Although adding redundancy reduces the communication rate, channel cod-
ing is an essential part of every communication system since it makes communication
more reliable.

There are two kinds of strategies for channel coding [41]. The first one is named
forward error correction (FEC). This channel coding strategy detects errors and cor-
rects them at the receiver side by exploiting the redundancy in the transmitted signal.
FEC approach does not need a feedback channel, hence it can be employed in latency-
critical systems. The second strategy is called backward error correction (BEC) or
automatic repeat-request (ARQ). In this channel coding strategy, the receiver detects
the errors and requests a retransmission. Obviously, ARQ strategy needs a feedback
channel, therefore it may not be suitable for latency-critical applications. However, it
might be advantageous in bandwidth-critical systems.

Channel coding can also be classified into block codes and convolutional codes with
respect to the employed code. Block codes can be considered as memoryless codes
which operate on a block-by-block basis. The block encoder takes blocks of v data-
bits first and then generates r coded-bits per each block. The ratio v/r specifies the
rate of the code. On the other hand, convolutional codes are codes with memory, they
operate on a bit-by-bit basis. Each convolutional encoder contains a shift-register of
a certain length. The outputs of the convolutional encoder is produced by a linear
combination of the bits stored in this shift-register. The convolutional codes can be
specified by triplets (r, v, i), where the definition of r and v is the same as the block
codes and i represents the length of the shift-register. The Viterbi algorithm can be
utilized to decode convolutional codes efficiently [39] [36].

In addition to the two classes of channel codes that are mentioned in the previous
paragraph, a third class is the channel codes that are described by graphical models.
This class of channel codes includes low-density parity-check (LDPC) codes [25] and
concatenated codes which can get quite close to the Shannon limit. Codes on graphs
have efficient decoding algorithms by using instances of sum-product (belief propaga-
tion) algorithm.

Before the digital signal is transmitted through wireless channel, it is needed to be
converted to analog signal. This process is called modulation. There are many modu-
lation schemes for digital signals, such as phase-shift keying (PSK), frequency-shift
keying (FSK), and quadrature amplitude modulation (QAM). Different modulation
schemes can provide different modulation rates and error performance, higher mod-
ulation rates can increase the transmission rate at the cost of increased complexity and
reduced performance. Corresponding demodulation process is needed to be employed
at the receiver side to recover the digital signal [34].

This chapter is organized as follows. Section 3.1 briefly summarizes the channel
coding schemes employed in the LTE standard. Then, it firstly provides a more detailed
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introduction to turbo code in general and the specific turbo code employed in LTE in
particular. Then it introduces the turbo decoder. In Section 3.2, the modulation process
in LTE standard is explained.

3.1. Channel Coding in LTE

LTE as a next generation mobile communication standard requires a robust channel
coding scheme to combat noise and enhance the reliability of the high speed data trans-
mission. LTE standard proposes two kinds of channel codes, tail biting convolutional
code and turbo code [3].

Tail biting convolutional codes are special convolutional codes in which the initial
and final states of the trellis are the same but not necessarily zero. The advantage of
this code is that it has a low latency. As a consequence, it is suitable for latency-critical
communications, for instance, the voice communication [20].

Turbo code employs an iterative decoding scheme which can significantly enhance
the coding performance. However, turbo code may not be reasonable for latency-
critical communications, since iterative decoding scheme increases the latency. Based
on these features, turbo code may be suitable for the applications that are power and
bandwidth critical but latency-tolerable, such as data communication. In this thesis
work, we implement turbo code, since the coding gain is more important for the mul-
tirate equalizer.

Turbo codes were first introduced by Berrou and Glavieux [8]. Since then, this code
has aroused huge interest of researchers and scientists, due to its outstanding perfor-
mance and practical decoding available. Many categories of turbo codes have been
invented, such as parallel concatenated turbo codes, serial concatenated turbo codes,
and repeat-accumulate codes. Turbo codes are widely utilized in modern wireless
communication systems, such as LTE and LTE-A.

Basically, turbo encoder consists of two or more recursive systematic convolutional
(RSC) encoders, which are parallel or serially connected to each other via internal
interleavers. The encoding rate is R = 1/3 when two RSC encoders are used, and
it can be changed by puncturing. Turbo decoder consists of two or more soft-input
soft-output (SISO) decoders. Each SISO decoder employs Bahl, Cocke, Jelinek, and
Raviv (BCJR) decoding algorithm. It also contains a feedback loop, which is used to
execute iterative decoding process. The bit error rate (BER) performance of the turbo
code improves with increasing the number of iterations. This decoding technique will
be discussed specifically in Section 3.1.3.

3.1.1. Turbo Encoder

A turbo encoder can be constructed in different types by using different concatenation
methods, such as serial concatenated turbo encoder and parallel concatenated turbo
encoder. A simple example of turbo encoder is illustrated in Figure 2. This turbo
encoder includes two identical RSC encoders, which are parallel-concatenated to each
other via an internal interleaver. It has one input information sequence xn of length
N and three output sequences. Thus, its encoding rate R = 1/3. x(1)n , x(2)n , and x(3)n
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Quadratic Polynomial Permutation Interleaver

The internal interleaver which is employed in the LTE standard is a QPP interleaver
[3]. The interleave order of this QPP interleaver can be defined by a quadratic func-
tion. To be specific, if the index of the input information sequence and the index of
the output sequence are denoted by (x0, x1, x3, · · · , xK−1) and (xI0, x

I
1, x

I
3, · · · , xIK−1)

respectively, the relationship between the input information sequence and the output
sequence can be expressed as

xIn = xQ(n), n = 0, 1, · · · , (N − 1). (7)

Q(n) in the equation above is defined as

Q(n) , (f1 · n+ f2 · n2) mod N, (8)

where f1 and f2 are two interleaver parameters that depend on the size of the input
information sequence. The specific values of f1 and f2 are given in [3 Table 5.1.3-3].
The symbol mod in equation (8) denotes the modulo operation.

Puncturing Process

Puncturing is a process that is employed in turbo encoder to increase the coding rate
R [10]. In order to specify the puncturing process, a matrix P is first defined to denote
the puncturing pattern

P ,


p1,1 p1,2 · · · p1,B
p2,1 p2,2 · · · p2,B

...
... . . . ...

pG,1 pG,2 · · · pG,B

 , (9)

where B indicates the period length of the discarding process and G denotes the num-
ber of output sequences of the turbo encoder. The elements of the matrix pg,b ∈ {0, 1},
where g = 1, 2, · · · , G and b = 1, 2, · · · , B. If pg,b is equal to 1, it represents this bit
is retained and if pn0,b is equal to 0, it means this bit is discarded.

For instance, if the encoding rate of the LTE turbo encoder need to be increased
to R = 1/2, the puncturing block can be implemented which contains a puncturing
pattern like

P =

 1 1
0 1
1 0

 , (10)

where in this puncturing pattern G = 3 and B = 2. Table 1 shows some other punc-
turing patterns in the LTE standard.

3.1.3. Turbo Decoder

A turbo decoder is depicted in Figure 4 [8] [43]. Basically, it consists of two identical
decoders DEC1 and DEC2 which are connected through a feedback loop and a hard-
decision block.
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Table 1. Puncturing pattern and corresponding coding rate.

P Coding rate

 1 1
0 1
1 0

 3
5

 1 1 1
0 1 1
1 1 0

 3
7

 1 1 1 1
0 0 0 1
1 0 1 0

 4
7

The symbols x̃(1)n , x̃(2)n , and x̃(3)n in Figure 4 represent the soft information corre-
sponding to the systematic sequence, first parity sequence, and second parity sequence
respectively. DEC1 and DEC2 are SISO decoders which employ the BCJR algorithm.
The hard-decision block finally decides the fixed value of the estimated information
sequence x̂n.

Iterative decoding process can be explained as follows. Initially, there is no feed-
back extrinsic information wn. Therefore DEC1 first receives two soft information
sequences x̃(1)n , x̃(2)n and outputs the first Log-likelihood ratio (LLR) Λ̃1(xn). Next,
Λ̃1(xn) is passed through a QPP interleaver, then it is accompanied with x̃(3)n and sup-
plied to the second decoder DEC2. The sequence x̃(3)n actually improves the accuracy
of the LLR Λ̃1(xn). Then to generate the extrinsic information sequence of the first
iteration wn, it is needed to extract the interleaved Λ̃1(xn) from Λ̃2(xn). In the second
iteration, the receiver inputs the sequence x̃(1)n and x̃(2)n again, then the decoder utilize
wn to further improve the LLR performance by extracting wn from x̃

(1)
n and Λ̃1(xn),

then it can generate the extrinsic information sequence for the second iteration. The
decoding iterations can be continued until decoder converges or a fixed number of
iterations are reached.

BCJR Decoding Algorithm

The decoding algorithm which is implemented in DEC1 and DEC2 is the BCJR algo-
rithm. Basically, this decoder receives two soft input sequences for the data and parity
bits, then it produces soft output sequence in LLR form for the data bits only. The
calculation of the LLR information is based on the encoder’s state transition graph.
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Figure 5. 8-state transition diagram.

After the decoder calculates all the state transition probabilities and stores them, the
forward recursion metric and backward recursion metric can be calculated recursively
as

αn(s) = αn−1(s
′) · γn(s′, s), n = 1, 2, 3, · · · , N, (13)

βn(s) = βn+1(s
′) · γn(s′, s), n = 1, 2, 3, · · · , N, (14)

where αn(s) denotes the forward recursion metric and βn(s) is the backward recursion
metric.

While computing the forward recursion metric by using (13), it is assumed that the
initial state is 000, hence α0(000) is 1 and α0(s) is 0 for other states. Since trellis
termination is not implemented in this thesis, βN(s′) is taken as 1/8 for all eight states.

In the final step, the decoder calculates and outputs the LLR information sequence
by using

Λ̃(xn) = log

∑
s

1−→s′
αn−1(s

′) · γn(s′, s) · βn(s)∑
s

0−→s′
αn−1(s′) · γn(s′, s) · βn(s)

, n = 1, 2, 3, · · · , N . (15)

Λ̃(xn) denotes the output soft sequence of the first decoder DEC1, which contains
the LLR information for the information sequence xn. s i−→ s′ denotes the state transi-
tions corresponding to the input bit i and i ∈ (1, 0). Therefore, if Λ̃(xn)>0, the n-th bit
in xn can be decided to be 1, if Λ̃(dn)<0, then this bit can be decided to be 0.

BCJR algorithm can be summarized as follows:

1. Initialize the value of α0(000) = 1 and βN(s′) = 1
8
.

2. As soon as the transmitted signal is received, compute γn(s′, s), forward proba-
bility metric αn(s), and backward probability metric βn(s).

3. Calculate output LLR by using (15).
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Extrinsic Information

From the the state transition probability which is calculated in (12), we can see it
contains two parts of probabilities which come from the soft feedback information and
two soft input sequences respectively. Then it is viable to expand (15) into two parts

Λ̃(xn) = wn + log

∑
s

1−→s′
γ1(x̃n, s

′, s)αn−1(s
′)βn(s)∑

s
0−→s′

γ0(x̃n, s′, s)αn−1(s′)βn(s)
, n = 1, 2, 3, · · · , N, (16)

where γ1(x̃n, s′, s) and γ0(x̃n, s′, s) denote the state transition probabilities which are
computed from the two soft input sequence only. Then En can be defined by

En ,

∑
s

1−→s′
γ1(x̃n, s

′, s)αn−1(s
′)βn(s)∑

s
0−→s′

γ0(x̃n, s′, s)αn−1(s′)βn(s)
. (17)

The parameter En in (17) can be reckoned as the part of the redundant information
that is introduced by the DEC1, which is called the extrinsic information. Actually,
the extrinsic information is the crucial part of the information that can improve the
accuracy of the output LLR.

An interleaver is needed to be implemented between DEC1 and DEC2 to spread the
residual errors that come from DEC1. Since there is an interleaver between two RSC
encoder, the extrinsic information from DEC1 is less correlated with x̃(3)n . So, DEC2
can decode it and associates with x̃(3)n which provides decoding gain. Then, Λ̃2(xn) is
more accurate than Λ̃1(xn).

Due to the interleaver between DEC1 and DEC2, the extrinsic information from
DEC2, which is denoted by wn, is less correlated to x̃

(1)
n and x̃

(2)
n . So, wn can be

fed back to DEC1 to improve its decoding performance. This fact inspires us that this
decoding process can be executed several times and constantly improve the final output
LLR.

Log-BCJR Algorithm

In practical implementation of the turbo decoder, the probability values computed dur-
ing the BCJR algorithm may decrease significantly, especially with the increasing
number of the iterations. The extremely small probability values can cause numeri-
cal underflow problem. To avoid this problem, log-BCJR algorithm can be employed
[11] [6]. The basic idea of this algorithm is to take logarithm of the probability metric.
Therefore, the extreme values can be converted to large absolute values. This process
can eliminate the numerical underflow problem.

Since the log arithmetic is employed, the multiplications in the algorithm are needed
to be changed to addition as in

log(A ·B) , log(A) + log(B), (18)

the addition can be performed in log domain as follows

log(A+B) , log[(max[A,B]) · ( A
max[A,B]

+ B
max[A,B]

)]

= log(max[A,B]) + log( A
max[A,B]

+ B
max[A,B]

),
(19)
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where max[A,B] is the maximum value of A and B.
To simplify the calculation process, (19) can be approximately expressed as

log(A+B) ≈ log(max[A,B]), (20)

since the term log( A
max[A,B]

+ B
max[A,B]

) is small. Then the final calculation of LLR
information can be presented by

Λ̃(xn) =
∑
b=1

[αn−1(s
′) + γn(s′, s) + βn(s)]

−
∑
b=0

[αn−1(s
′) + γn(s′, s) + βn(s)], n = 1, 2, 3, · · · , N . (21)

This approximate version of the BCJR algorithm is called the Max-log-BCJR algo-
rithm.

3.2. Modulation in LTE

As introduced in Section 3.1.2, the two binary output sequences of LTE turbo encoder
x
(1)
n and x(u)n′ are needed to be modulated after the puncturing block. The LTE standard

basically provides three modulation schemes, which are quadrature phase shift keying
(QPSK), 16-level quadrature amplitude modulation (16QAM), and 64QAM.

At the receiver side, we need to implement a demodulator before the turbo decoder.
Since the turbo decoder employs BCJR decoding algorithm, as introduced in Section
3.1.3, the demodulator needs to provide the soft information sequences x̃(1)n , x̃(2)n , and
x̃
(3)
n .
Let r(1)l and r(u)l be the two sequences that are received, r(1)l is the received systematic

sequence and r(u)l denotes the received punctured parity sequence. Then, the posterior
probability of the transmitted symbols can be computed by using Bayes Theorem as in

Pm
(i)(l) = p(dm|r(i)(l)) =

1√
2πσ2

e−
1

2σ2
(r(i)(l)−dm)2 ,

l = 1, 2, · · · , L, m = 1, 2, · · · ,M, (22)

where the vector [d1, d2, · · · , dM ] denotes the constellation points of the modulation
process. Pm

(i)(l) denotes the posterior probability of the l-th symbol in r(i)l equal to dm.
The parameter i ∈ (1, u), if i = 1 this sequence refers to the systematic sequence and
if i = u then this sequence refers to the punctured parity sequence. The noise variance
is represented by σ2.

When the posterior probabilities for every modulated symbols are obtained, the next
step is to calculate the transmission probabilities for every uncoded bit. This computa-
tion can be handled by the marginalization sum which is shown below

p0(i)(n) =
∑

m={h}

Pm
(i)(l), p

1
(i)(n) =

∑
m={h′}

Pm
(i)(l), i ∈ (1, u), (23)
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where p0(i)(n) denotes the probability that the n-th bit in x(i)n is 0 and p1(i)(n) denotes

the probability that the n-th bit in x
(i)
n is 1. The indexes {h} and {h′} contain the

constellation points that are mapping from corresponding binary bits.
Finally, the soft information sequences in the LLR form can be calculated by

x̃(i)n = log(
p0(i)(n)

p1(i)(n)
) n = 1, 2, 3, · · · , N, (24)

where i ∈ (1, u). The punctured parity sequence x̃(u)n needs to be de-punctured to form
two soft parity sequences x̃(2)n and x̃(3)n . This process can be achieved by firstly parallel-
ing the series sequence x̃(u)n to the first punctured parity sequence and second punctured
parity sequence, then inserting 0 to the positions where the bits are punctured. This
leads to three soft sequences x̃(1)n , x̃(2)n , and x̃(3)n with full length.
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Furthermore, it is assumed that H(z), which is the z-transform of h[n], is perfectly
known at the receiver side. In order to simplify the introduction of the algorithm, it
is assumed that H(z) does not include any zeros but this assumption is not necessary
in practical simulations. At the transmitter side, it is assumed that only the statistical
distribution of the channel is known.

4.2. Conventional Equalizers

4.2.1. Nonlinear Equalizers

The optimal solution for the equalization problem in the ML sense is the Viterbi al-
gorithm [24]. As it is introduced in Section 3.1.3, the BCJR algorithm can also be
employed to form the BCJR equalizer [5]. The Viterbi equalizer aims to minimize the
error rate over the entire sequence, whereas the BCJR algorithm minimize the symbol
error rate. However, either the Viterbi or BCJR equalizer has a inevitably high compu-
tational complexity problem since the computation amount grows exponentially with
the length of time dispersion of the channel. In practice, this is a extremely huge
computation amount and it is difficult to implement.

To simplify the computational complexity and retain the performance in a level at
the same time, the DFE can be employed [35]. The basic idea of the DFE is to use
previous detector decisions to alleviate the ISI on current sequence. In other words,
the distortion of current sequence that is caused by previous sequence is subtracted by
employing the SIC. The DFE includes linear equalization criterion, therefore it can be
regarded as the combination of linear and nonlinear equalization.

The group detection (GD) is another feasible solution to alleviate ISI which is less
complex than maximum likelihood (ML) and maximum a posteriori (MAP) solutions
and has better performance than linear solutions [23]. The basic idea of the GD is
firstly to divide the transmitted symbols into overlapping groups and then project the
original detection problem onto the formed groups. Then, MIMO detectors can be
employed to solve the detection problem on the formed groups. There are various
projection and group formation approaches can be used in the GD.

4.2.2. Linear Equalizers

The linear equalizers have low computational complexity. Therefore, they are em-
ployed in various communication systems. The basic structure of linear equalizer is
shown in Figure 7 which basically consists of a linear transversal filter.

To explain the equalization process, firstly rewrite the channel model (25) as

y[n] =
L∑
l=0

h[l] · x[n− l] + w[n], (26)
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The ZF equalizer was first proposed by Lucky [31] and it has good performance in
certain circumstances, for example, in high signal-to-noise (SNR) case. However, it
also has some inherent disadvantages. The first one is the fact that even if the impulse
response of the channel has a finite length, the impulse response of the ZF equalizer
need to be infinitely long. The other one is although ZF equalizer cancels the ISI in
highly frequency selective channels, it enhances the noise power at the same time. This
problem is caused by compensating the null of the channel. In this case, term 1/H(z)
which is shown in (30) grows vary large and then the power of noise at the output
of equalizer boosts by a large factor. High power of noise can directly decrease the
performance of the receiver.

Minimum Mean Square Error Equalizer

The MMSE equalizer employs the mean square error (MSE) criterion to find the tap
weight coefficients c[j] which minimizes the value of mean square error, where error
is described as

ε[n] = x[n]− x̂[n]. (31)

Then the performance index for the MSE criterion, which is denoted by J , can be
computed by

J = E[|ε[n]|2]. (32)

As it is explained in [32], J is a quadratic function of the equalizer coefficient c[j].
To find the tap coefficients that can minimize the MSE, the orthogonality principle

in mean square estimation can be employed. Then, the coefficient c[j] are selected to
make ε[k] orthogonal to the signal sequence y∗[n − l] for −∞ < l < ∞. It can be
written as

E(ε[n] · y∗[n− l]) = 0,−∞ < l <∞. (33)

The result which is expressed in frequency domain is shown as

C(z) =
H∗(z−∗)

H(z)H∗(z−∗) +N0

, (34)

where ∗ denotes the conjugation conversion, N0 represents the noise spectral density.
Compared to the ZF equalizer, the problem of noise power boost that happens in highly
frequency selective case can be restricted effectively in MMSE equalizer.

4.3. Multirate Equalizer

Multirate equalization is a new transmission scheme which does not require any linear
pre-coding at the transmitter side. Therefore, this transmission technique does not
increase PAPR and it can be implemented in the SC-FDMA systems [21]. As it is
introduced in Chapter 2, SC-FDMA transmission scheme is employed in the uplink
of LTE and LTE-A systems to avoid the high PAPR problem. However, SC-FDMA
scheme suffers from capacity loss when compared to OFDM due to the non-ideality of
the equalizers employed in SC-FDMA. A level of capacity gains can be achieved by
implementing the MRE in SC-FDMA systems.
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H(−z) is the z-transform of h[n](−1)n. The output sequence of this filter is denoted
by q[n] and it can be expressed as

q[n] = hu[n] ∗ x[n] + h[n](−1)n ∗ w[n], (37)

where hu[n] = h[n] ∗ h[n](−1)n. Then, q[n] is down-sampled which is equivalent
extracting its even elements since every odd element of hu[n] are zero. Then, the
down-sampled sequence q0[n] whose length is halved can be written as

q0[n] = hu0 [n] ∗ x0[n] + w′[n], (38)

where hu0 [n] is the down-sampled hu[n]. x0[n] contains the even indexed elements of
x[n] and w′[n] represents the colored Gaussian noise.

Since the additive noise in q0[n] is colored, it needs to be whitened by a whitening
filter which has the transfer function F (z). The impulse response of F (z) which is
denoted by f [n], will be explained later. Now y0[n] can be expressed as

y0[n] = huw[n] ∗ x0[n] + w0[n], (39)

where huw[n] = f [n] ∗ hu0 [n] and w0[n] is the AWGN in first sub-channel. We further
assume that the whitening filter with minimum phase is selected and F (z) is scaled so
that the w0[n] has variance σ2.

Now, y0[n] can be regarded as the first received sub-sequence and next it is needed
to be detected. Since the sequence of x0[n] in (39) is still impaired by residual ISI, the
first step of the detector is to implement an equalizer to cancel the residual ISI. Then
the decoder outputs a sequence x̂0[n] as the detected sequence of the first sub-channel.

It is assumed that x̂0[n] is decoded correctly. Therefore, the interference which
caused by the first sub-sequence can be totally eliminated by implementing the SIC
approach. As it is shown in Figure 8, the output sequence of the SIC process p[n] can
be expressed as

p[n] = y[n]− ŷ[n], (40)

where ŷ[n] denotes the up-sampled x̂0[n] that goes through the channel H(z). Then,
we implement a matched filter which has a transfer function H∗(z−∗). The output
sequence r[n], then, can be written as

r[n] = hm[n] ∗ x′1[n] + h∗[−n] ∗ w[n], (41)

where hm[n] = h[n] ∗h∗[−n] and x′1[n] is exactly the same as x[n] but each of its even
indexed elements are zero. Next, r[n] is down-sampled which is equivalent to extract
odd indexed elements of x′1[n] and r1[n] can be expressed as

r1[n] = hm1 [n] ∗ x1[n] + w′[n], (42)

where hm1 [n] is the down-sampled hm[n]. x1[n] contains the even elements of x[n] and
w′[n] denotes the colored Gaussian noise.

As in the first sub-channel, the colored Gaussian noise w′[n] needs to be whitened
by using a whitening filter. It turns out that the whitening filters in the first and second
sub-channels are same, which will be proven later. Then, y1[n] is equal to

y1[n] = hmw [n] ∗ x1[n] + w1[n], (43)
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where hmw [n] = hm1 [n] ∗ f [n] and w1[n] denotes the AWGN of the second sub-channel.
Next, the sequence y1[n] is fed into the detector which includes an equalizer and de-
coder to generate the detected sequence of the second sub-channel x̂1[n].

Now we have a strategy to decompose one single channel into two sub-channels
which can be described by (39) and (43). The channel models of the first and second
sub-channels are derived from H(z) and the rates of the both sub-channels are halved.
The additive noise that observed in these two sub-channels are white and have the
variance of σ2.

4.3.2. Properties of Sub-channels

There are two important properties for the two sub-channels. First one is the fact that
the whitening filters for the first and second sub-channels are same. We can see that
the noise terms in (37) and (41) are convolved with h[n](−1)n and h∗[−n] respec-
tively. Therefore, the autocorrelation of the colored noise before down-sampling can
be written as

Ru[k] = h[n](−1)n ∗ h∗[−n](−1)n = h[n] ∗ h∗[−n](−1)n, (44)

Rd[k] = h∗[−n] ∗ (h∗[+n])∗ = h∗[−n] ∗ h[n], (45)

where Ru[k] and Rd[k] denote the autocorrelations of the coloured noise which are in
the first and second sub-channels respectively.

When (44) is compared to (45), we can see that the even elements ofRu[k] andRd[k]
are identical. Furthermore, the down-sampling process for the autocorrelation vector
is equivalent to extracting the even elements of Ru[k] and Rd[k]. So the down-sampled
colored noises of the first and second sub-channel have the same autocorrelation vector,
which is denoted byRw[k]. Therefore, we can conclude that the whitening filter for the
first and second sub-channels are same. We denote hw[n] to be the impulse response
of the whitening filter and it must satisfy

Rw[k] = hw[n] ∗ h∗w[−n]. (46)

The transfer function of the whitening filter F (z) is simply 1/Hw(z), where Hw(z) is
the z-transform of hw[n].

The second property of the two sub-channels is that the power of second sub-channel
is always equal to the power of original channel and it is greater than the power of first
sub-channel. Let us investigate the power of signal components in y[n], y0[n] and y1[n].
Firstly, let ps denote the power component of the original sequence y[n]. Then it can
be written as

ps =
L−1∑
l=0

|h[l]|2. (47)

For the sequence r[n] which is described in (41), since the ISI term is
hm[n] = h[n] ∗ h∗[−n], we can write

hm[0] =
L−1∑
l=0

|h[l]|2 = ps. (48)
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Then, after the down-sampling process, which is equivalent to extract the even el-
ements of hm[n], the element hm[0] is extracted. Therefore, for the down-sampled
sequence hm1 [n], we can obtain that

hm1 [0] = hm[0] = ps. (49)

Notice that the autocorrelation of the colored noise w′[n] which is Rd[k] actually
is the same as hm[n]. Thus, the down-sampled vector Rw[k] is the same as hm1 [n].
Therefore, according to (46), we can write

hm1 [n] = Rw[k] = hw[n] ∗ h∗w[−n]. (50)

Then, we can write

hm1 [0] =
L′−1∑
l=0

|hw[l]|2 =
L′−1∑
l=0

|h∗w[−l]|2 = ps, (51)

where L′ denotes the the length of hm1 [0] and

hmw [n] = hm1 [n] ∗ f [n]

= hw[n] ∗ h∗w[−n] ∗ f [n]

= (hw[n] ∗ f [n]) ∗ h∗w[−n]

= h∗w[−n], (52)

since the the whitening filter f [n] which has the transfer function 1/Hw(z).
Now, if we utilize p1s to denote the power of second sub-channel, we can write that

p1s =
L′−1∑
l=0

|hmw [l]|2 =
L′−1∑
l=0

|h∗w[−l]|2 = ps. (53)

Therefore, the power of the signal components in y1[n] and y[n] are equal.
As it is explained in [22], we know that the power component of the first sub-channel

is less than the original channel and the second sub-channel. Since the noise power is
the same, The SNR of the second sub-channel is higher than the first sub-channel.
It indicates an important fact that the performance of the second sub-channel will be
better than the first sub-channel.

4.3.3. Decomposition Into 2M Sub-channels

Recall that the two sub-channels synthesized in the previews section still need equal-
izers. Since we have a strategy to decompose the single channel into two parallel sub-
channels, we can consider using the same idea to further decompose these channels. In
order to conveniently represent the channel decomposition process, firstly, two opera-
tors U{.} and D{.} are defined to denote up-decomposition and down-decomposition
processes respectively, in other words

U{H(z)} , Hu
w(z), (54)
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5.2. Computational Complexity

This section investigates the computational complexity of the MRE. This computa-
tional complexity analysis excludes the complexity of the decoding procedures. It is
assumed that the length of the received sequence is N and the MRE contains 2M sub-
channels. The complexity of the MRE will be compared to the complexity of the linear
equalization. Linear equalization can be implemented in frequency domain by using
DFT and IDFT as long as a CP is transmitted. DFT and IDFT can be implemented
efficiently by by using fast Fourier transform (FFT) and inverse fast Fourier transform
(IFFT) algorithm respectively. If the equalization procedure is implemented in fre-
quency domain by employing FFT, then the computational complexity of the linear
equalization can be expressed as O(N log2N) [40].

Firstly, the computational complexity of the decomposition of channel DFT H[k] is
analyzed. As it is explained in Section 5.1.2, if the MRE has 2M sub-channels, the
total number of function blocks FFTchannel that are needed in the decomposition can
be calculated by

Nf = 2M−1 + 2M−2 + · · ·+ 1, (65)

where Nf denotes the total numbers. In each FFTchannel block, we need employ one
IFFT and one FFT processes to calculate the DFT of the transfer function of whitening
filter by using cepstrum approach. Since the computational complexity of the FFT and
IFFT processes is O(N log2N), the computational complexity of all the FFT and IFFT
processes that in FFTchannel can be calculated by

Ch
f = 2 · 2M−1 · N

2M
log2(

N

2M
) + 2 · 2M−2 · N

2M−1 log2(
N

2M−1 )

+ · · ·+ 2 · N
2

log2(
N

2
)

= N(log2N −M) +N(log2N −M + 1) + · · ·+N(log2N − 1)

= N [M log2N − (1 + 2 + · · ·+M)], (66)

where Ch
f denotes the computational complexity of the FFT and IFFT processes in the

decomposition of channel H(z). The computational complexity Ch
f can also repre-

sented by O(.) as
Ch

f = O(N ·M log2N). (67)

Notice that besides the FFT and IFFT processes, there are multiplication processes
in each FFTchannel block, as they are expressed in (58) and (59). If we assume the
length of input sequence is N , then each FFTchannel block contains two vector’s mul-
tiplications with of length N and two vector’s multiplications with of length N/2. If
we use Ch

m to denotes the computational complexity of these multiplications, it can be
written as

Ch
m = 2 · ( N

2M−1 +
N

2M
) + 2 · ( N

2M−2 +
N

2M−1 ) + · · ·+ 2 · (N +
N

2
)

= 3N(
1

2M−1 +
1

2M−2 + · · ·+ 1)

= 3N(2− 1

2M−1 )

. = O(N). (68)
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Next, we investigate the computational complexity of decomposition of the received
sequence. Since the decomposition procedure is implemented in frequency domain but
the decoding process is implemented in time domain, the MRE needs to employ IFFT
operation before the decoding process and employ FFT operation after the decoding
block. Therefore, we can conclude that the MRE needs to execute 2M+1 times FFT
and IFFT operation and its computational complexity can be written as

Cr
f = 2M+1 · N

2M
log2

N

2M

= 2N(log2

N

2M
)

= 2N(log2N −M), (69)

where Cr
f denotes the computational complexity of the FFT and IFFT processes in the

decomposition of received sequence. Cr
f can be modified in O(.) notation

Cr
f = O(N log2N). (70)

Now, we investigate the computational complexity of remaining multiplications in
the decomposition of received sequence. The number of up-decomposition procedures
and down-decomposition procedures in the MRE can be expressed by

Nu = Nd = 2M−1 + 2M−2 + · · ·+ 1, (71)

whereNu andNd represent the number of up-decomposition and down-decomposition
procedures respectively. As it is shown in Figure 15 and Figure 16, we can conclude
that there are 2 vector’s multiplications in up-decomposition procedure and 3 vector’s
multiplications in down-decomposition procedure. if we assume the length of the input
sequence is N , then the up-decomposition procedure includes one multiplication of
length N and one multiplication of length N/2, the down-decomposition procedure
includes two multiplications of length N and one multiplication of length N/2. Then,
the computational complexity of the up-decomposition procedures which is denoted
by Cr

u can be written as

Cr
u = 2M−1 · ( N

2M−1 +
N

2M
) + 2M−2 · ( N

2M−2 +
N

2M−1 ) + · · ·+ 3

2
N

= M · 3

2
N, (72)

and the computational complexity of the down-decomposition procedures which is
represented by Cr

d can be expressed as

Cr
d = 2M−1 · ( N

2M−1 +
N

2M−1 +
N

2M
) + 2M−2 · ( N

2M−2 +
N

2M−2 +
N

2M−1 )

+ · · ·+ 5

2
N

= M · 5

2
N . (73)

If we use Cr
m to denote the total computational complexity of the up and down-

decomposition procedures, then we can written it as

Cr
m = Cr

u + Cr
d = M · 4N = O(MN). (74)
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Now, we can conclude that the computational complexity of the MRE is dominated
by FFT and IFFT operations which mentioned above. Hence, the overall computa-
tional complexity is O(MN log2N). Since M is relatively small, this computational
complexity is in the order of linear equalizers.
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6. IMPLEMENTATION AND SIMULATION RESULTS

This chapter is organized as follows. Section 6.1 introduces the simulation environ-
ment and parameters. Then, the simulation results are presented and analysed in Sec-
tion 6.2.

In this thesis work, MATLAB is selected to implement the simulation environment.
MATLAB is widely used for technical computing, since it is a high level programming
language which is very convenient to edit. Furthermore, it can interface with other
programming languages, including C, C++, Java. However, one drawback of MAT-
LAB is that the simulation speed is relatively slow when compared to the low level
programming languages.

In Chapters 3 and 4, the LTE standard turbo code and the MRE are introduced re-
spectively. In this chapter, they will be considered together and simulated. In these
simulations, the MRE is used to combat ISI and the turbo code is used to correct er-
rors. As it is claimed in Chapter 1, the MRE can provide a 5 dB gain if the received
signal can be correctly decoded. Thus, we expect a level of performance gains when
the MRE and LTE standard turbo code are combined.

In this thesis work, the performance of ZF equalizer is considered as a bench-
mark. The reason why MMSE equalizer is not selected is that when the sequence goes
through the pre-filter H(−z), as it is introduced in Section 4.3.1, it nulls the interfer-
ence due to the odd indexed symbols of the input sequence are zero, which is similar
to the zero forcing criterion. Therefore, when we seek a benchmark performance, the
performance of ZF equalizer is fairer than that of the MMSE equalizer. Moreover, it is
explained in [21] that the performance of the first sub-channel is equivalent to the ZF
equalizer. Therefore, in these simulations, the performance of the first sub-channel is
regarded as the benchmark.

The throughput gain of the MRE is evaluated by examining how much channel
throughput can be increased when compared to the ZF equalizer. As it is introduced in
Chapter 3, the coding rate of turbo code can be changed by puncturing. The original
coding rate is 1/3. Its performance decreases as the coding rate increases. Thus, we
can change the coding rate of different sub-channels by puncturing. The purpose of
simulations is to find the appropriate coding rates for each sub-channel such that their
BER performance is close to the performance of the ZF equalizer, and then to examine
how much throughput can be increased by employing the MRE.

6.1. Simulation Environment and Parameters

6.1.1. Transmitted Signal

To clarify the simulation environment and parameters, we first introduce the specifica-
tion of the transmitted signal. Firstly, we assume that the transmitted signal is produced
by multiplexing 2M independently encoded and modulated sub-sequences. A random
binary source is used as the data source for each sub-sequence. The generated sub-
sequence is divided into blocks of length 1024. This transmitter is depicted in Figure
27, where q = 2M , x′i[n] represents the i-th encoded and modulated sub-sequence and
xt[n] denotes the final transmitted sequence.
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During the multiplexing processes, the odd sub-sequence which in a pair inserts
its symbols to the even indexed of the multiplexed sub-sequence, and the even sub-
sequence which in a pair inputs its symbols to odd indexed of the multiplexed sub-
sequence. This operation can be described as

x[2n] = xo[n], n = 0, 2, 3, · · · , N − 1, (78)
x[2n+ 1] = xe[n], n = 0, 2, 3, · · · , N − 1, (79)

where x[n] denotes the multiplexed sub-sequence, xo[n] and xe[n] represent the odd
and even sub-sequence respectively.

Since the coding rate of each sub-channel might be different, number of modulated
symbols per data block might be different. Therefore, the rate of consumed blocks by
the multiplexer must be adjusted so that the symbol-rate at each input of the multiplexer
is the same. Let us take the MRE with two sub-channels as an example. In the first
case, let the coding rate in both sub-channels be the same of 1/3 and let us sent Nb

blocks of information in each sub-channel. Then, after the encoding and modulation
processes, the number of symbols in first and second sub-sequence can be denoted by

N1
1 (xt[n]) = N2

1 (xt[n]) = 3×Nb × 1024, (80)

where N1
1 (xt[n]) and N2

1 (xt[n]) denote the number of symbols in first and second sub-
channel respectively. They can be multiplexed together to form a transmitted sequence
has 6Nb × 1024 symbols. In the second case, let us increase the coding rate that in
the second sub-channel to 1/2. Then we should sent 3

2
× Nb blocks of information in

this sub-channel. So that after the encoding and modulation processes, the number of
symbols in first sub-sequence N1

2 (xt[n]) and in second sub-sequence N2
2 (xt[n]) can be

denoted by
N1

2 (xt[n]) = 3×Nb × 1024, (81)

N2
2 (xt[n]) = 2× 3

2
×Nb × 1024 = 3×Nb × 1024, (82)

and they can be multiplexed together to form a transmitted sequence which has 6Nb ×
1024 symbols. As we can see in the second case, although we sent more information
blocks in the second sub-channel, N1

2 (xt[n]) is equal to N2
2 (xt[n]) and the length of

the transmitted sequence in these two cases are the same.

6.1.2. Channel Model

ISI channel is modeled as a white-noise discrete-time filter. Two impulse response
models are simulated in this thesis work. First one is the time-invariant ISI channel
and the other one is the Rayleigh fading channel. The time-invariant ISI channel model
which is used in this simulation has the transfer function

H(z) = 0.9 + 2.1z−1 + 0.9z−2. (83)

The Rayleigh fading channel model has the power delay profile specified as Pedestrian
B in 3GPP. The parameters of this power delay profile is presented in Table 2.
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Table 2. Power delay profile of the Pedestrian B channel.

Sampling period (ns) 30

Path delays (ns) [0 200 800 1200 2300 3700]

Path powers (dB) [0 -0.9 -4.9 -8 -7.8 -23.9]

6.2. Simulation Results

6.2.1. One Code Rate

The results for the same code rate over all sub-channels are presented in this section.
Basically, there are two reasons to simulate the MRE in same coding rate. The first one
is to compare the performance of each sub-channel, which can help us to determine
the appropriate coding rate. The second one is the results can help us to observe error
propagation effects that occurs between each sub-channel. The coding rate then is 1/3
for all sub-channels.

Firstly, we simulate the MRE in the time-invariant channel model. In this case,
we sent 50 blocks in each sub-channel. In Figure 30, the performance of the MRE
which has two sub-channels in time-invariant ISI channel model is presented. The
performance of first sub-channel is 1.5 dB worse than the second sub-channel. This is
caused by the fact that the power of second sub-channel is greater than the power of
first sub-channel, as explained in Section 4.3.2.

For the purpose of comparison, we simulate the MRE which has four sub-channels
and assume these four sub-sequences are all correctly decoded. This MRE also is
in time-invariant channel model. The result is shown in Figure 31. As this figure is
shown, the first sub-channel has the worst performance, followed by the second sub-
channel. The performance of fourth sub-channel is slightly better than that of third
sub-channel.

Figure 32 illustrates the performance of the MRE which has four sub-channels in
the time-invariant ISI channel model. Firstly, compared to Figure 31, we can notice
that the performance of fourth sub-channel now is much worse than the third sub-
channel, despite the power of third sub-channel is less than the fourth sub-channel.
This fact indicates the decoding errors which are accumulated from first, second and
third sub-channels are dominated the performance of fourth sub-channel. Then, we
can see that the BER performance is not only affected by the channel power, the error
accumulation can also affect it. Secondly, the result shows that the performance gap
between first sub-channel and second sub-channel is narrowed when compared to the
two sub-channel case. This fact can be explained by the frequency spectrum of second
sub-channel is now more flat. Therefore, the performance of second sub-channel which
is in four sub-channel case is degraded.
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Figure 30. BER performance of MRE with two sub-channels in the time-invariant ISI
channel model with coding rate 1/3 for all sub-channels.
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Figure 31. BER performance of the MRE with correct past decision assumption in the
time-invariant ISI channel model with coding rate 1/3 for all sub-channels.
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Figure 32. BER performance of the MRE with four sub-channels in the time-invariant
ISI channel model with coding rate 1/3 for all sub-channels.

The result of the MRE which has eight sub-channels in the time-invariant ISI channel
model is depicted in Figure 33. As it is shown in Figure 33, the first and second sub-
channels has the worst performance and they are quite close to each other. This fact
indicates that in the eight sub-channel case, the frequency spectrum of second sub-
channel becomes more flat than that in four sub-channels case. Actually, we can see
that the performance gaps between first to fourth sub-channels also is narrowed when
compared to them in fourth sub-channel case. This means the frequency spectrums of
second to fourth sub-channels in eight sub-channel case are all more flat than that in
four sub-channel case.

Secondly, we simulate the MRE in Rayleigh fading channel. In this case, the number
of blocks in each sub-channel are summarized in Table 3. We present the simulation
results of the MRE which has two sub-channels in the Rayleigh fading channel model
in Figure 34. In order to obtain statistically significant result. As it is shown in Figure
34, the performance of first sub-channel is still worse than the second sub-channel. The
general performance is decreased and the performance gap between first and second
sub-channel is increased when compared to Figure 30.

The result of the MRE which has four sub-channels in the Rayleigh fading chan-
nel model is illustrated in Figure 35. We can find that the first sub-channel still has
the worst performance followed by the performance of third sub-channel. The perfor-
mance of second and fourth sub-channels are the best and they are very close. Notice
that when compared to Figure 32, one interesting point is that the second worse per-
formance is the third sub-channel instead of second sub-channel.
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Figure 33. BER performance of the MRE with eight sub-channels in the time-invariant
ISI channel model with coding rate 1/3 for all sub-channels.

Table 3. Number of blocks in each sub-channel.

MRE with 2 sub-channels 6000 blocks in each sub-channel

MRE with 4 sub-channels 1800 blocks in each sub-channel

MRE with 8 sub-channels 1200 blocks in each sub-channel



53

−5 0 5 10 15 20 25 30
10

−3

10
−2

10
−1

10
0

SNR (dB)

B
E

R

 

 

channel 1
channel 2

Figure 34. BER performance of the MRE with two sub-channels in the Rayleigh fading
channel model with coding rate 1/3 for all sub-channels.
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Figure 35. BER performance of the MRE with four sub-channels in the Rayleigh
fading channel model with coding rate 1/3 for all sub-channels.
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Figure 36. BER performance of the MRE with eight sub-channels in the Rayleigh
fading channel model with coding rate 1/3 for all sub-channels.

Figure 36 shows the performance of the MRE which has eight sub-channels in
the Rayleigh fading channel model. As this figure illustrates, the performance of
first sub-channel has the worst performance, followed by the fifth sub-channel. The
performance of second and sixth sub-channel, third and seventh sub-channel, fourth
and eighth sub-channel are quite close to each other. The performance of these sub-
channels are in accordance with their channel power.

6.2.2. Different Code Rate Over Sub-channels

As it is explained at the beginning of this chapter, the performance of the MRE is
evaluated by calculating how much throughput can be increased by changing coding
rate so that the performances of each sub-channel becomes close to the ZF equalizer
(the performance of ZF equalizer is equivalent to the performance of first sub-channel).
The coding rate is changed by puncturing. The appropriate coding rate is determined
by simulating every possible cases until find the most proper one.

Firstly, we simulate the MRE in time-invariant channel model. Figure 37 illustrates
the performance of the MRE which has two sub-channels in the time-invariant ISI
channel model. In this case, the coding rate for first sub-channel is 1/3, for the sec-
ond sub-channel the coding rate is increased to 1/2 and its puncturing pattern P1/2 is
shown in (75). As it is shown in this Figure 37, since the coding rate is increased,
the performance of second sub-channel is decreased nearly 2 dB and close to the per-
formance of ZF equalizer. In this case, we can transmit with an average rate of (1/2
+1/3)/2=5/12. Thus, the MRE can achieve 25% more throughput than the comparable
linear equalizer.
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Figure 37. BER performance of the MRE with two sub-channels in the time-invariant
ISI channel model with coding rate 1/3 for first sub-channel and 1/2 for second sub-
channel.

Figure 38 presents the performance of the MRE which has four sub-channels in
the time-invariant ISI channel model. In this case, the coding rate is 1/3 for the first
sub-channel and 1/2 for the rest three sub-channels. As this figure is shown, the per-
formance of second, third and fourth sub-channels are decreased and they are close to
the performance of ZF equalizer. We can transmit with an average rate of 11/24, then
the throughput gain is 37.5%.

We continue to simulate the MRE which has eight sub-channels in the time-invariant
ISI channel model. The performance curves is depicted in Figure 39. In this case, the
coding rate in the first sub-channel is 1/3, for the second sub-channel the coding rate
is 8/21 and the rest six sub-channels operate in the coding rate of 1/2. The puncturing
pattern P8/21 is presented in (76). As we can see, the performance of second to eight
sub-channel are close to the ZF equalizer. In this case, we can transmit with an average
rate of 13/28, then the throughput gain is 39.3%.

Now, we use the same evaluation method to investigate the performance of the MRE
operates in Rayleigh fading channel. Figure 40 shows the results of the MRE which
has two sub-channels in the Rayleigh fading channel model. To find the appropriate
coding rate for the second sub-channel which can make its performance close to the
ZF equalizer, the coding rate of second sub-channel is increased. The coding rate
is difficult to increase after it reaches to 2/3. However, if the second sub-channel
operates in the coding rate of 2/3, there still exist large performance gap between first
and second sub-channels, as it is shown in Figure 40. When compared to Figure 34,
the performance of second sub-channel is almost 5 to 6 dB worse. This situation
indicates that other approaches are needed to further increase the coding rate of second
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Figure 38. BER performance of the MRE with four sub-channels in the time-invariant
ISI channel model with coding rate 1/3 for first sub-channel and 1/2 for rest of three
sub-channel.
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Figure 39. BER performance of MRE with eight sub-channels in the time-invariant
ISI channel model with coding rate 1/3 for first sub-channel, 8/21 for the second sub-
channel and 1/2 for rest of six sub-channel.
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Figure 40. BER performance of the MRE with two sub-channels in Rayleigh fad-
ing channel model with coding rate 1/3 for first sub-channel and 2/3 for second sub-
channel.

sub-channel, such as using 16QAM or higher modulation schemes. If the modulation
scheme does not change and the coding rate is 2/3 for the second sub-channel, then the
average transmission rate is 1/2. Thus, the throughput increase can achieve 50%. The
puncturing pattern of the coding rate of 2/3 is given in (77)

In this simulation, the curves in the high SNR segment is unstable, due to only
1200 blocks are simulated. Since in Rayleigh fading case, the simulation time will be
increased consistently. Simulating 1200 blocks takes more than one week by using
MATLAB. The result will be better if longer information sequences are send.

Figure 41 shows the performance of the MRE which has four sub-channels in the
Rayleigh fading channel model. The coding rate for the first sub-channel is 1/3, and for
the second and fourth sub-channels are 2/3. In the third sub-channel, the coding rate is
chosen 1/2. In this case, the average transmission rate is 13/24. Then, throughput gain
is 62.5%

Figure 42 illustrates the BER performance of the MRE which has eight sub-channels
in the Rayleigh fading channel model. The coding rate is 1/3 for the first sub-channel
and it is increased to 1/2 for the fifth sub-channel. For the rest of the six sub-channels,
the coding rate is 2/3. Now, we can transmit with an average rate of 29/48. Then the
throughput gain is 81.25%.
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Figure 41. BER performance of the MRE with four sub-channels in Rayleigh fading
channel model with coding rate 1/3 for first sub-channel, 1/2 for the third sub-channel,
2/3 for second and fourth sub-channel.

−5 0 5 10 15 20 25
10

−3

10
−2

10
−1

10
0

SNR (dB)

B
E

R

 

 
channel 1
channel 2
channel 3
channel 4
channel 5
channel 6
channel 7
channel 8

Figure 42. BER performance of the MRE with eight sub-channels in Rayleigh fading
channel model with coding rate 1/3 for first sub-channel, 1/2 for the fifth sub-channel,
2/3 for the rest of six sub-channel.
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7. DISCUSSION

In this thesis work, the performance of the MRE with turbo codes is been evaluated.
Since the power source is very limited in the up-link of LTE, SC-FDMA transmis-
sion scheme is employed due to its PAPR properties. However, the throughput of
SC-FDMA transmission scheme is decreased when compared to OFDM transmission
scheme, dur to ISI effect. The MRE as a new approach for the equalization problem is
expected to introduce throughput gains in SC-FDMA transmission.

Although the computational complexity of the MRE is low and the theory of the
MRE is relatively simple, the implementation of the MRE in practice is difficult. In
theory, the function blocks in the MRE operate recursively and its operation order is
intuitive. However, in practice, the functional blocks in the MRE need to be called in
a certain order. The algorithm which can realize this calling order is still needed to be
developed.

According to the simulation results which are presented in Chapter 6, we can con-
clude that the MRE can indeed increase the throughput. In the time-invariant ISI chan-
nel, the increasing rate of the throughput is 25%, 37.5% and 39.3% for the two, four
and eight sub-channels cases respectively. However, we can observe that the gain in
throughput saturates as the number of sub-channels increases. In the Rayleigh fad-
ing channel, we can notice that the increase in the rate of throughout is remarkable.
In the two, four and eight sub-channel cases, the increase in the throughput is 50%,
62.5% and 81.25%, respectively. These rates can be expected to increase further, since
saturation has not been observed yet.

There are some limitations in this thesis work, which can also be regarded as the
future work. The first one is the limitation in the number of sub-channels. Since
the working time is limited, we only simulated the number of sub-channels until 8.
However, the cases that the MRE with 16 sub-channels is also worth investigating,
in order to obtain a comprehensive assessment of the MRE. The second one is the
encoding rate limitation. Since increasing the encoding rate by puncturing is difficult
to raise after the it reaches to 2/3, the performance gap is still large as it is discussed
in Chapter 6. The rate can be further increased by using different modulation schemes
for each sub-channel. The third one is the usage of other channel models. Only one
fixed channel model and one fading channel model are simulated in this thesis work.
However, there are still several important channel models which can be employed, and
it can help us to understand the MRE better.

This thesis work can also be extended to the following topics. Firstly, we can employ
extrinsic information transfer charts as a better analysis technique than simulation.
Secondly, this work can also inspire us to design the Low-density parity-check codes
for ISI channels and to design a joint adaptive modulation and coding methods for ISI
channels [21].
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8. SUMMARY

The objective of this thesis was to evaluate the performance of the MRE with LTE
standard turbo code. In the up-link channel of LTE and LTE-A standards, SC-FDMA
is employed to avoid the high PAPR problem which occurs in OFDM. However, the
transmission throughput of SC-FDMA is decreased when compared to OFDM. The
non-linear MRE has better performance than the conventional linear equalizers and has
low computational complexity at the same time. Therefore, some gains are expected
by employing the MRE that combines with LTE standard turbo code.

In the MRE, by employing the multi-rate signal processing and the SIC process,
the single ISI channel can be decomposed into two sub-channels. These two sub-
channels can be further decomposed into 2M sub-channels by recursively executing the
decomposition procedure. The ISI can be alleviated as M increases. The performance
of the channel coding strategy is important to the MRE, since the detection errors
are accumulated and affect the performance of the latter sub-channels. In this thesis
work, the practical LTE standard turbo code is selected for the channel coding. One
challenge is to implement the MRE in practice, since the function blocks which are
in the MRE are needed to be called in a certain order. A new algorithm which can
execute the calling order of the MRE is developed in this thesis work. This algorithm
is implemented based on the construction pattern of the MRE.

The simulation environment is created by using MATLAB. One time-invariant and
one time-varying channel model are employed. The modulation scheme is BPSK.
Three kinds of MRE are considered, which are the MRE with two, four and eight
sub-channels.

The simulation results show that the channel throughput can be increased by em-
ploying the MRE indeed. In the time-invariant channel model, the increasing rate of
the channel throughput is 25%, 37.5% and 39.3% for the two sub-channels case, four
sub-channels case and eight sub-channels case respectively. In the Pedestrian B chan-
nel model, the increase in the rate of throughput is 50%, 62.5% and 81.25% for the
two sub-channels case, four sub-channels case and eight sub-channels case respec-
tively. The rate of the channel throughput in the Pedestrian B channel model could be
further increased by using higher level modulation schemes.
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