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Abstract

Recent experiments have been made with 3He immersed in a new type of
aerogel, where the aerogel strands are directed along roughly the same direc-
tion at macroscopic length scale. We propose a simple theoretical model of
this so called nematically ordered aerogel, and study it numerically using the
Ginzburg-Landau theory of superfluidity. Numerical simulations show that
there are three different stable superfluid phases, A-like phase, B-like phase
and polar phase. We determine the symmetries of these phases, and present
phase diagrams for the model with different boundary conditions and pa-
rameters. We also try adding randomness to the model. A notable result
is that the normal-superfluid transition is always from the normal phase to
the polar phase. A comparison between the experiments and the simula-
tions shows that the model cannot explain the experiments quantitatively,
but there is a qualitative match.
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1 Introduction
3He is one of the most exciting things the nature has to offer us. It provides
a playground for both experimentalists and theorists to examine the pecu-
liarities of many-body quantum systems. One noticeable feature of 3He, as
well as the other stable isotope of helium, 4He, is that it stays liquid right
down to the absolute zero at low pressures (below ≈ 34 bar for 3He). This
is unlike any other known substance[1].

At temperatures well below the Fermi temperature, ≈ 1 K, but higher
than about 3 mK, 3He can be described with the Fermi liquid theory, a phe-
nomenological theory introduced by Landau in 1956. For original papers of
Landau in Russian, see Refs. [2, 3]. For a good discussion about Fermi liquid
theory, see Refs. [4, 5, 6]. For a full quantum field theoretical discussion, see
Ref. [7]. In 1972 it was observed by Lee, Osheroff and Richardson [8] that
somewhere near 3 mK 3He undergoes a phase transition into a superfluid
phase. At first they thought that this new phase was a phase of solid 3He,
but later experiments showed [9] that it was indeed liquid 3He. At pressures
higher than ≈ 21 bar there are two phase transitions when cooling down,
first into A phase and then into B phase. If magnetic field is applied, then
a third phase, called A1 phase, is observed. Therefore, not only does there
exist a superfluid phase of 3He, as there does of 4He, but there exist many
different superfluid phases. This makes the superfluidity of 3He fascinating.

Interestingly, much of the theory of superfluidity was developed before
there was any experimental evidence of superfluidity. After the BCS theory
was introduced by Bardeen, Cooper and Schrieffer in 1957 [10] to explain
superconductivity from a microscopic point of view, it was asked if the
same theory could also describe liquid 3He. This turned out to be the
case, although some modifications were needed, as is discussed in section
2.1. In 1961, Anderson and Morel proposed a state [11], later called ABM
state or Anderson-Brinkman-Morel state, which could describe a superfluid
phase of 3He. After the experimental discovery of new phases, this state
was identified to describe the A phase. In 1963, Balian and Werthamer
[12] showed that in weak-coupling limit one state is lowest in energy at all
temperatures. This state was later called BW state, or Balian-Werthamer
state. This state was later identified to describe the B phase.

Before the BCS theory, there was already a phenomenological theory
of superconductivity, introduced by Lev Landau and Vitaly Ginzburg in
1950 [13], called the Ginzburg-Landau theory. Like the BCS theory, the
Ginzburg-Landau theory can also be extended from the superconductivity
to superfluidity in 3He.

For a really thorough discussion of both experimental and theoretical
properties of 3He, see Refs. [1, 14, 15].

The main interest of this thesis is that how do impurities or surfaces
affect superfluidity. Plenty of work has been done both experimentally and
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theoretically to understand how 3He behaves in confined spaces, for example
between two closely separated plates [1, 16] and in narrow cylinders [1, 17,
18]. For some time there has been an interest to study 3He in silica aerogel.
Silica aerogel is a very porous material made from silicon dioxide, with usual
porosity around 95%− 99%. It is an ideal material to introduce impurities
into 3He. Why do we want to have impurities in 3He anyway? After all, one
of the interesting properties of 3He is that it is extremely pure. It is because
there might be some properties that do not show up in extremely pure sample
of 3He, but only when there are impurities present. The first experiments
with silica aerogel were done in 1995 by Porto and Parpia [19]. Since then
more experiments have been made and theoretical models suggested [20]. A
good introductory discussion about aerogel effects can be found in [14].

Recently experiment has been made with different kind of aerogel [21].
This so called nematically ordered aerogel is made of Al2O3 ·H2O, and it
consists of strands which are oriented along the same direction on a macro-
scopic length scale, see Figure 1. This is unlike the normal silica aerogel
where the strands are oriented isotropically. An interesting result from the
experiment was the possibility of the polar phase at low pressures. This is
supported by calculations in stretched aerogel [22].

Figure 1: Scanning electron microscope photo of nematically ordered aerogel
strands. Strands are clearly oriented roughly in the same direction. They
are not, however, smooth at the surface. Thus the model system is highly
idealised. The photo is taken from Ref. [21].

In this thesis we study if we can use Ginzburg-Landau theory of super-
fluidity and a simple model of nematically ordered aerogel to explain the
experimental phase diagram of 3He in nematically ordered aerogel, at least
qualitatively. The experimental phase diagram is presented in Figure 2.

The model is as follows. We assume that the aerogel strands are infinitely
long and straight posts, all pointing in the z-direction. The cross section of
a post in the xy-plane is a square with a side length d. The cross sectional
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Figure 2: Experimental phase diagram of 3He in nematically ordered aero-
gel, obtained on cooling from the normal phase. LTP stands for low pressure
phase and ESP stands for equal spin pairing. At high pressures the LTP
phase is similar to the bulk B phase. At high pressures the ESP phase is sim-
ilar to an inhomogeneous ABM phase, the so called Larkin-Imry-Ma (LIM)
state. Two crosses are points where a certain parameter, K, describing the
ESP phase is 1. At higher temperatures K > 1 and at lower temperatures
K < 1. For pure polar state K = 4/3, while for LIM state K = 0.5. This
could indicate the existence of polar phase near Tc. Figure is taken from
Ref. [21].

squares form a square lattice in the xy-plane with a lattice constant L.
Figure 3 shows a part of the 2D projection of posts in the xy-plane. The
square formed by the dashed lines in Figure 3 represent a unit cell of the
square lattice.

This model is highly idealised, but possesses the main characteristic of
nematically ordered aerogel, which is the high anisotropicity of the aerogel
strands, i.e. the strands all point roughly in the same direction.

Similar model has been studied by Wiman and Sauls [23], but using
only weak-coupling parameters, which can be used at low pressures. They
concentrated on the effect of varying L and d. We are, on the other hand,
interested in what happens with fixed geometry when changing both tem-
perature and pressure.

This thesis is organized as follows. In Section 2 we present basic the-
ory behind superfluidity. We introduce the order parameter using the BCS
theory and then introduce the Ginzburg-Landau theory which is the basis
of the numerical calculations. In Section 3 we introduce numerical methods
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Figure 3: The projection of the model system in the xy-plane. The dashed
line presents the unit cell of the lattice used in numerical calculations. L is
the lattice constant and d is the thickness of the posts.

needed in energy minimisation. In Section 4 we discuss symmetries of su-
perfluid phases. We present the phases obtained from numerical simulations
and classify them according to their symmetries. In Section 5 we present
results from the numerical simulations. In Section 6 we discuss the results
and compare them to the experimental results.
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2 Theory of superfluidity
In this section we shall discuss theory behind superfluidity. First we intro-
duce the microscopic theory of superfluidity, the so called BCS theory. After
this we introduce the Ginzburg-Landau theory, which is the basis of our nu-
merical calculations. The BCS theory is discussed in References [1, 24, 25] .
The Ginzburg-Landau theory is discussed in References [1, 26] for 3He and
in [24, 25] for superconductivity.

2.1 BCS theory

BCS theory is a microscopic theory of superfluidity. It was first introduced
by Bardeen, Cooper and Schrieffer [10] to describe superconductivity in
metals. The key idea in BCS theory is the formation of Cooper pairs. Cooper
noticed that two electrons outside filled Fermi sea interacting only with
each other would form a bound state under an arbitrary weak attractive
interaction [27] (the so called Cooper problem). This idea led to BCS ground
state, where electrons are paired. Because 3He-atoms are fermions with spin
1
2 , as are electrons, this theory can also be used to describe superfluidity in
3He.

The difference between superconducting electrons in metal and 3He-
atoms is the form of the Cooper pair wave function. Because both electrons
and 3He-atoms are fermions, the pair wave function has to be antisymmetric
with respect to change of particles in both cases. There are, however, two
possibilities. The total spin s of the pair can be either 0 (spin singlet) or 1
(spin triplet). If the pair is in spin singlet state, the spin part of the wave
function is odd, which means that the spatial part of the wave function has
to be even. This means that the orbital angular momentum l of the pair
has to be even integer (l = 0, 2, 4, . . .). If the pair is in spin triplet state, the
spin part of the wave function is even, so that the spatial part of the wave
function is odd, and thus l is an odd integer (l = 1, 3, 5, . . .).

Experiments have shown that in conventional superconductors the pairs
form in state s = 0, l = 0, while in superfluid 3He the pairs form in state
s = 1, l = 1. This means that superconductivity can be described with one
complex parameter, because the state sz = 0, lz = 0 is the only possible
state of the pair. On the other hand, nine complex parameters are needed to
describe superfluid 3He, because the possible states for pair are sz = −1, 0, 1,
lz = −1, 0, 1 and general state is a linear combination of these,

|Ψ〉 =
1∑

sz=−1

1∑
lz=−1

Csz ,lz |sz, lz〉. (2.1)

An important concept in BCS theory is the gap parameter ∆αβ(k), where
α and β are spin indices, α, β =↑, ↓. It describes the energy spectrum of
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elementary excitations,

Ekα =

(~2k2

2m∗ − µ
)

+
∑
β

∆αβ(k)∆∗αβ(k)

 1
2

, (2.2)

where m∗ is the effective mass of 3He atom, and µ is the chemical potential.
If Cooper pairs form in a spin singlet state, the gap parameter is anti-

symmetric,

∆(k) =
(

0 ∆(k)
−∆(k) 0

)
. (2.3)

If Cooper pairs form in a spin triplet state, the gap parameter is symmetric,
and can be written in form

∆(k) =
(
−dx(k) + idy(k) dz(k)

dz(k) dx(k) + idy(k)

)
, (2.4)

where d(k) is a vector in spin-space.
If vector k is restricted near the Fermi surface, then d(k) depends only

on the direction k̂ = k/|k| of k. Thus d(k) can be written in terms of
spherical harmonics,

dν(k) =
∞∑
l=0

l∑
m=−l

Cνl,mY
m
l (k̂). (2.5)

In most cases it is necessary to take into account only one value of l. As
already mentioned, experiments have shown that conventional superconduc-
tors can be described with l = 0, also called an s-wave pairing, which is the
simplest case. Superfluid 3He, on the other hand, cannot be described with
s-wave pairing. Instead, it can be described with l = 1, also called a p-wave
pairing. Using the fact that only l = 1 is important we have

dν(k) =
1∑

m=−1
Cν1,mY

m
1 (k̂)

= Cν1,−1Y
−1

1 (k̂) + Cν1,0Y
0

1 (k̂) + Cν1,1Y
1

1 (k̂)

= Cν1,−1
1
2

√
3

2π sin θk̂e−iφk̂ + Cν1,0
1
2

√
3
π

cos θk̂ − C
ν
1,1

1
2

√
3

2π sin θk̂eiφk̂ ,

= 1
2

√
3

2π
[√

2Cν1,0 cos θk̂

+ sin θk̂

(
(Cν1,−1 − Cν1,1) cosφk̂ − i(Cν1,−1 + Cν1,1) sinφk̂

)]
: = Aν1 sin θk̂ cosφk̂ +Aν2 sin θk̂ sinφk̂ +Aν3 cos θk̂

= Aν1 · k̂x +Aν2 · k̂y +Aν3 · k̂z
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=
3∑
i=1

Aνi · k̂i, (2.6)

where θk̂ is the polar angle in k̂-space, φk̂ is the azimuthal angle in k̂-space,
and k̂i = k̂ · êi with êi being the usual cartesian basis vectors in k̂-space.
Equation 2.6 can also be written in vector form,

d(k) = Ak̂. (2.7)

If ∆(k) is known, important thermodynamic quantities, such as specific
heat, can be calculated. Because the matrix A completely determines ∆(k),
is is enough to concentrate on A. In fact, A is perhaps the most common
order parameter used in Ginzburg-Landau theory of superfluidity. Because
A is a 3 × 3 complex valued matrix, it means that 18 real numbers are
needed to fully describe A. This reflects the fact that 18 real numbers are
needed to describe the Cooper pair wave function.

In the above, we have assumed that the space is homogeneous and
isotropic, that is, there is no spatial or directional dependence in any vari-
able. The situation we are interested in is, on the contrary, quite different.
Because of the periodic confinement, the order parameter will vary in space.
This can be taken into account in the so called quasiclassical theory of 3He
[28], but it is really quite complicated. The easier way is to use a dif-
ferent approach, the Ginzburg-Landau theory. The drawback of using the
Ginzburg-Landau theory is that it is only applicable in the vicinity of the
critical temperature Tc. The quasiclassical theory could be used at lower
temperatures.

2.2 Ginzburg-Landau theory

In general, when a system undergoes a phase transition, the symmetry of the
system changes. A standard example is the phase transition in ferromagnetic
substance at the Curie point. Above Curie temperature the system has no
net magnetization, 〈m〉 = 0. When cooling down, suddenly at the Curie
temperature the net magnetization starts to increase, 〈m〉 6= 0. This means
that the system is no longer rotationally invariant, except around 〈m〉. Thus
the symmetry of the system has reduced. The net magnetization 〈m〉 can be
used as an order parameter of the system. Above the critical temperature
it is zero, while below the critical temperature it is non-zero. An order
parameter thus tells when a phase transition occurs.

Phase transitions can be divided in two classes [29, 30]. In first-order (or
discontinuous) phase transition the order parameter has a discontinuity at
the critical temperature. In second-order (or continuous) phase transition
the order parameter is continuous at the critical temperature. Second-order
phase transitions can be described with Landau’s theory of phase transitions
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[31, 32]. Because of the continuity of the order parameter, the free energy
can be expanded in powers of the order parameter and its gradient near
the critical temperature. The physical order parameter can be obtained by
minimising the free energy.

Phase transition from normal state to superfluid state in 3He is a second-
order transition. Thus Landau’s theory can be used to describe it. This is
what is done in Ginzburg-Landau theory. It should be noted, however, that
the Ginzburg-Landau theory is not purely phenomenological. It can also be
derived from BCS theory near the critical temperature.

2.2.1 Free energy

As noted before, the order parameter used in Ginzburg-Landau theory is
the matrix A defined in (2.7). The Ginzburg-Landau free energy can be
written in form

F = Fb + Fk + FD + FZ + F ′Z =
∫
V
d3r
{
fb + fk + fD + fZ + f ′Z

}
, (2.8)

where V is the region in space we are interested in. Let us go through what
these terms are.

The first term, fb, is the bulk free energy. It contains terms up to fourth
order in A which are invariant in rotations in spin space and in orbital space
and in gauge transformation. Written explicitly,

fb = −α(T ) Tr
(
AA†

)
+ β1

∣∣∣Tr
(
AAT

)∣∣∣2 + β2
[
Tr
(
AA†

)]2
+ β3 Tr

(
AATA∗A†

)
+ β4 Tr

(
AA†AA†

)
+ β5 Tr

(
AA†A∗AT

)
.

(2.9)

The parameters α(T ), βi can be derived from the BCS theory in the so
called weak-coupling limit. They are given by α(T ) = N(0)

3 (1− T
Tc

), βWC
3 =

7ζ(3)
120π2

N(0)
(kBTc)2 , −2βWC

1 = βWC
2 = βWC

3 = βWC
4 = −βWC

5 . Here N(0) = m∗kF
2π2~2

is the density of states at the Fermi surface, m∗ is the effective mass, kF
is the Fermi wavelength, and Tc is the superfluid transition temperature in
bulk 3He.

There is, however, a flaw with the weak-coupling beta-parameters. The
problem is that using these values the BW state, which describes the B phase
is always lower in energy than the ABM state, which describes the A phase.
This means that the B phase would always be the the equilibrium phase.
This is clearly in contradiction to experiments, because the A phase has
been observed. Therefore the beta-parameters must be modified somehow.
The corrections to the weak-coupling values are called the strong-coupling
corrections. The beta-parameters can now be written in form βi = βWC

i +
∆βi. The strong-coupling corrections ∆βi are pressure-dependent. We use
the Sauls-Serene values of the strong-coupling corrections [33].
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The second term, fk, is kinetic energy, or gradient energy, term. It takes
into account the change in free energy caused by spatial inhomogeneities in
order parameter. It contains terms up to second order in spatial derivatives
of A which are also invariant in spin and orbital space rotations and in gauge
transformation. Thus

fk = K1∂iAµi∂jA
∗
µj +K2∂iAµj∂iA

∗
µj +K3∂iAµj∂jA

∗
µi. (2.10)

The parameters K1, K2 and K3 are equal in the weak coupling theory. We
shall therefore assume that K1 = K2 = K3 =: K = 7ζ(3)

240 N(0)
(

~vF
πkBTc

)2
,

where vF is the Fermi velocity. Hence

fk = K
[
∂iAµi∂jA

∗
µj + ∂iAµj∂iA

∗
µj + ∂iAµj∂jA

∗
µi

]
. (2.11)

The third term, fD, is the dipole-dipole energy term. It is the interaction
energy between spin space and orbit space. It is given by

fD = gD

[
|Tr (A)|2 + Tr (AA∗)− 2

3 Tr
(
AA†

)]
. (2.12)

The constant gD can be obtained from the measured longitudinal NMR
frequencies in bulk 3He. The fourth and the fifth terms are due to external
magnetic field, h,

fZ = gZh ·AA† · h
f ′Z = ig′ZεκµνhκAµiA∗νi.

(2.13)

The coefficient gZ can be calculated in the weak-coupling limit, and g′Z can
be obtained from measuring the A1 transition temperature in magnetic field.

The bulk energy and the gradient energy terms are the most important
contributions to the free energy. We shall thus drop the other three terms
and consider only the free energy

F = Fb + Fk =
∫
V
d3r
{
fb + fk

}
. (2.14)

with fb and fk given by equations (2.9) and (2.11).

2.2.2 Ginzburg-Landau equations

To obtain the physical order parameter, the free energy (2.14) must be mini-
mized in V w.r.t. A. This is done using the standard methods of calculus of
variations, see for example [34]. This procedure leads to Ginzburg-Landau
equations

K
[
(2∂j∂lAµl + ∂i∂iAµj

]
−
[
− α(T )A + 2β1 Tr

(
AAT

)
A∗ + 2β2 Tr

(
AA†

)
A

+ 2β3AATA∗ + 2β4AA†A + 2β5A∗A†A
]
µj

= 0,

(2.15)
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which must be solved in V . In fact, the Ginzburg-Landau equations are
nothing but the familiar Euler-Lagrange equations of analytical mechanics
[35] of the free energy functional. These equations are coupled and nonlinear,
so analytical methods are pretty much out of the question, and numerical
methods are needed to solve them.

2.2.3 Two dimensions

Let us assume that the order parameter has the same periodicity as the
lattice of square posts have, namely, L. Furthermore, because the posts are
uniform in the z-direction, let us assume that the order parameter doesn’t
depend on the z-coordinate. In this case the integral in the free energy
expression (2.14) can be simplified. First, the integral over z gives just the
height of the system. Secondly, the integral in the xy-plane is reduced to
integral over one unit cell times the number of unit cells. Thus the free
energy is

F = C

∫ L

0

∫ L

0
dxdy

{
fb + fk

}
, (2.16)

where C is number of unit cells times the height of the system. It is there-
fore enough to minimize the free energy in one unit cell. Because only the
relative magnitude of the free energy is important, the constant C can be
left out. Not only is the integral itself easier than in full 3D-problem, but
also the gradient energy part is a bit easier. Translational invariance in the
z-direction implies ∂3Aµi = 0, which simplifies the gradient energy density
(2.11).

The Ginzburg-Landau equations can now be written as

K
[
3∂2

1Aµ1 + ∂2
2Aµ1 + 2∂1∂2Aµ2

]
− Γ(A)µ1 = 0

K
[
3∂2

2Aµ2 + ∂2
1Aµ2 + 2∂1∂2Aµ1

]
− Γ(A)µ2 = 0

K
[
∂2

1Aµ3 + ∂2
2Aµ3

]
− Γ(A)µ3 = 0

Γ(A) = −α(T )A + 2β1 Tr
(
AAT

)
A∗ + 2β2 Tr

(
AA†

)
A

+ 2β3AATA∗ + 2β4AA†A + 2β5A∗A†A.

(2.17)

2.2.4 Boundary conditions

The problem is now in a mathematical form. We have to minimise the
two dimensional free energy (2.16) in a unit cell of the square lattice, or,
equivalently solve the two dimensional Ginzburg-Landau equations (2.17) in
a unit cell of the square lattice. There is, however, something missing. As
usual, when solving differential equations, either initial conditions or bound-
ary conditions, or both, are needed. The Ginzburg-Landau equations are
independent of time, so we only need to specify some boundary conditions.
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There are, in fact, two different boundary conditions that are needed.
First, we need to specify the boundary conditions at the outer surface of the
computational region. Because we assume an infinite lattice of posts, we
also assume that the solution is periodic, with the same periodicity as the
lattice. Therefore we set periodic boundary conditions at the outer surface
of the unit cell. That is,

A (x, y = 0) = A (x, y = L) ∀ 0 ≤ x ≤ L
A (x = 0, y) = A (x = L, y) ∀ 0 ≤ y ≤ L (2.18)

In addition to this, we need to somehow introduce the posts to the calcu-
lations. This is done by specifying a boundary condition at the surface of
the post. In most of the calculations we assume that the order parameter
vanishes at the surface of the post, that is,

A
∣∣
post = 0. (2.19)

We also tried a different boundary condition. It is introduced in section 5.5,
because it is only used there.
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3 Numerical methods
In this section we discuss two methods to numerically minimise the Ginzburg-
Landau free energy (2.14) introduced in the previous section. Before doing
this, it is necessary to formulate the problem in terms of dimensionless vari-
ables, so that it becomes more suitable for computers.

3.1 Dimensionless units

Although we could choose to express all the variables in arbitrary units, e.g.
in SI units, it is more convenient to use a particular choice of units. First of
all, these units simplify expressions a bit by making some constants unities.
But more importantly, when expressed in these units, most of the variables
are close to unity, which is convenient when using computers. In this way
the accuracy is better maintained.

We denote the dimensionless variables with tilde, and define

A = ∆BÃ
r = ξ(T )r̃.

(3.1)

Here ∆B is B-phase gap, defined by ∆2
B = α(T )

6β12+2β345
, with notation βij :=

βi+βj etc., and ξ(T ) =
√

K
α(T ) is the Ginzburg-Landau coherence length (βi,

K and α(T ) are the constants defined in energy densities (2.9) and (2.11)).
It follows from (3.1) that

∂i = ∂̃i
ξ(T )

d3r = ξ3(T )d3r̃,

(3.2)

and thus the bulk free energy density becomes

fb = −α(T )∆2
B Tr

(
ÃÃ†

)
+ ∆4

B

[
β1
∣∣∣Tr

(
ÃÃT

)∣∣∣2 + β2
[
Tr
(
ÃÃ†

)]2
+ β3 Tr

(
ÃÃTÃ∗Ã†

)
+ β4 Tr

(
ÃÃ†ÃÃ†

)
+ β5 Tr

(
ÃÃ†Ã∗ÃT

) ]
,

(3.3)

the gradient free energy density becomes

fk = K∆2
B

ξ2(T )
[
∂̃iÃµi∂̃jÃ

∗
µj + ∂̃iÃµj ∂̃iÃ

∗
µj + ∂̃iÃµj ∂̃jÃ

∗
µi

]
, (3.4)

and the total free energy becomes

F =
∫
ξ3(T )d3r̃

{
fb + fk

}
. (3.5)
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We now define dimensionless free energy F̃ as

F̃ = F

α(T )∆2
Bξ

3(T )
=
∫
d3r̃
{
f̃b + f̃k

}
, (3.6)

where

f̃b = fb
α(T )∆2

B

= −Tr
(
ÃÃ†

)
+ ∆2

B

α(T )

[
β1
∣∣∣Tr

(
ÃÃT

)∣∣∣2 + β2
[
Tr
(
ÃÃ†

)]2
+ β3 Tr

(
ÃÃTÃ∗Ã†

)
+ β4 Tr

(
ÃÃ†ÃÃ†

)
+ β5 Tr

(
ÃÃ†Ã∗ÃT

) ]

= −Tr
(
ÃÃ†

)
+ 1

6β12 + 2β345

[
β1
∣∣∣Tr

(
ÃÃT

)∣∣∣2 + β2
[
Tr
(
ÃÃ†

)]2
+ β3 Tr

(
ÃÃTÃ∗Ã†

)
+ β4 Tr

(
ÃÃ†ÃÃ†

)
+ β5 Tr

(
ÃÃ†Ã∗ÃT

) ]

= −Tr
(
ÃÃ†

)
+ 1

2

[
β̃1
∣∣∣Tr

(
ÃÃT

)∣∣∣2 + β̃2
[
Tr
(
ÃÃ†

)]2
+ β̃3 Tr

(
ÃÃTÃ∗Ã†

)
+ β̃4 Tr

(
ÃÃ†ÃÃ†

)
+ β̃5 Tr

(
ÃÃ†Ã∗ÃT

) ]
,

(3.7)

where β̃i = βi
3β12+β345

, and

f̃k = fk
α(T )∆2

B

= K

α(T )ξ2(T )
[
∂̃iÃµi∂̃jÃ

∗
µj + ∂̃iÃµj ∂̃iÃ

∗
µj + ∂̃iÃµj ∂̃jÃ

∗
µi

]
= ∂̃iÃµi∂̃jÃ

∗
µj + ∂̃iÃµj ∂̃iÃ

∗
µj + ∂̃iÃµj ∂̃jÃ

∗
µi.

(3.8)

Now the minimisation of Ginzburg-Landau free energy is equivalent to
minimising the dimensionless free energy (3.6).

The dimensionless Ginzburg-Landau equations are

2∂̃j ∂̃lÃµl + ∂̃i∂̃iÃµj −
[
− Ã + β̃1 Tr

(
ÃÃT

)
Ã∗ + β̃2 Tr

(
ÃÃ†

)
Ã

+ β̃3ÃÃTÃ∗ + β̃4ÃÃ†Ã + β̃5Ã∗Ã†Ã
]
µj

= 0,
(3.9)

or, in short
G̃
(
Ã, ∂̃iÃ, x, y

)
= 0. (3.10)

In two dimension the free energy is

F̃ = C̃

∫ L̃

0

∫ L̃

0
dx̃dỹ

{
f̃b + f̃k

}
, (3.11)
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where C̃ is a constant and L̃ is the lattice constant in coherence lengths,
and the Ginzburg-Landau equations are

3∂̃1
2
Ãµ1 + ∂̃2

2
Ãµ1 + 2∂̃1∂̃2Ãµ2 − Γ̃(Ã)µ1 = 0,

∂̃1
2
Ãµ2 + 3∂̃2

2
Ãµ2 + 2∂̃1∂̃2Ãµ1 − Γ̃(Ã)µ2 = 0,

∂̃1
2
Ãµ3 + ∂̃2

2
Ãµ3 − Γ̃(Ã)µ3 = 0,

Γ̃(Ã) = −Ã + β̃1 Tr
(
ÃÃT

)
Ã∗ + β̃2 Tr

(
ÃÃ†

)
Ã

+ β̃3ÃÃTÃ∗ + β̃4ÃÃ†Ã + β̃5Ã∗Ã†Ã.

(3.12)

3.2 Discretisation

In order to approximate derivatives in numerical calculations, the computa-
tional cell needs to be discretised. We use a simple square computational grid
with lattice constant h, see Figure 4. That is, the continuous coordinates x
and y are replaced by a discrete set of points xi = (i − 1)h, yj = (j − 1)h,
i, j = 1, . . . , N , where N is the number of points, chosen large enough so
that a desirable accuracy is obtained.

y

x

h

h

Figure 4: Discretised computational region. A square computational grid is
used. The distance between discretisation points is h, which can be varied.
h was always chosen to be smaller than half the side length of the posts.
Moreover, it was chosen so that d/2 = n ·h, where n is an integer. This was
done to make the programming easy.

Using these discrete coordinates, the derivatives of Ã at a point xi can
now be approximated as a linear combination of values of Ã at xi and at
the neighbouring points.

There are two different contexts where these approximations are used.
If the derivatives are integrated over the unit cell, e.g. when calculating the
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free energy, the accuracy may be increased by calculating the derivative at
a point between the discretised points, e.g. at (xi+ 1

2
, yj+ 1

2
). This is possible

because when integrating, one is not interested in the value of derivative at
one particular point (xi, yj), but rather the sum of values at all points. On
the other hand, when for example iterating in Newton’s iteration, the value
of the derivative at a certain point (xi, yj) is needed, and thus the above is
not possible. The same holds not only for derivatives of Ã, but also for the
value of Ã at a point.

The following approximations for derivatives at a point (xm, yn) =:
(m,n) were used (see for example [36]):

∂2
1Aµi(m,n) = 1

h2

[
Aµi(m+ 1, n)− 2Aµi(m,n) +Aµi(m− 1, n)

]
,

∂2
2Aµi(m,n) = 1

h2

[
Aµi(m,n+ 1)− 2Aµi(m,n) +Aµi(m,n− 1)

]
,

∂1∂2Aµi(m,n) = 1
4h2

[
Aµi(m+ 1, n+ 1)−Aµi(m+ 1, n− 1)

−Aµi(m− 1, n+ 1) +Aµi(m− 1, n− 1)
]
,

(3.13)

where Aµi(m,n) means the µ, i -component of the order parameter at point
(xm, yn) of the computational lattice.These can be verified easily using Tay-
lor series.

Plugging these approximations into the dimensionless Ginzburg-Landau
equations (3.9) we get a discretised version of equation (3.10), denoted by

G̃(Ã, xm, xn) ≡ G̃(Ã,m, n) = 0. (3.14)

The following approximations for integrals over the unit cell were used:

∫
d2r̃fb =

N−1∑
i=1

N−1∑
j=1

h2

4
{
fb(i, j) + fb(i+ 1, j) (3.15)

+ fb(i, j + 1) + fb(i+ 1, j + 1)
}
, (3.16)∫

d2r̃∂̃1Ãµk∂̃1Ã∗νl

=
N−1∑
i=1

N−1∑
j=1

1
2

{[
Ãµk(i+ 1, j)− Ãµk(i, j)

]
·
[
Ã∗νl(i+ 1, j)− Ã∗νl(i, j)

]
+
[
Ãµk(i+ 1, j + 1)− Ãµk(i, j + 1)

]
·
[
Ã∗νl(i+ 1, j + 1)− Ã∗νl(i, j + 1)

]}
,

(3.17)
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∫
d2r̃∂̃2Ãµk∂̃2Ã∗νl

=
N−1∑
i=1

N−1∑
j=1

1
2

{[
Ãµk(i, j + 1)− Ãµk(i, j)

]
·
[
Ã∗νl(i, j + 1)− Ã∗νl(i, j)

]
+
[
Ãµk(i+ 1, j + 1)− Ãµk(i+ 1, j)

]
·
[
Ã∗νl(i+ 1, j + 1)− Ã∗νl(i+ 1, j)

]}
,

(3.18)∫
d2r̃∂̃1Ãµk∂̃2Ã∗νl

=
N−1∑
i=1

N−1∑
j=1

1
4

{[
Ãµk(i+ 1, j) + Ãµk(i+ 1, j + 1)− Ãµk(i, j)− Ãµk(i, j + 1)

]
·
[
Ã∗νl(i, j + 1) + Ã∗νl(i+ 1, j + 1)− Ã∗νl(i, j)− Ã∗νl(i+ 1, j)

]}
,

(3.19)∫
d2r̃∂̃2Ãµk∂̃1Ã∗νl

=
N−1∑
i=1

N−1∑
j=1

1
4

{[
Ãµk(i, j + 1) + Ãµk(i+ 1, j + 1)− Ãµk(i, j)− Ãµk(i+ 1, j)

]
·
[
Ã∗νl(i+ 1, j) + Ã∗νl(i+ 1, j + 1)− Ã∗νl(i, j)− Ã∗νl(i, j + 1)

]}
. (3.20)

These approximations are taken from Ref. [37]. They can be obtained by
first calculating the value of the integrand at a point (xi+ 1

2
, yj+ 1

2
) by suitable

averaging, and then using trapezoidal rule of numerical integration (see e.g.
Ref. [38]).

3.3 Iterative methods

Now that the continuous problem has been transformed into a discrete prob-
lem, it is time to discuss how to solve it.

3.3.1 Newton’s method

The Newton’s method is based on the pointwise Newton’s iteration [26, 39]

Ã(k+1)(m,n) = Ã(k)(m,n)−
[
G̃′
(
Ã(k),m, n

)]−1
G̃
(
Ã(k),m, n

)
. (3.21)

Here G̃
(
Ã(k),m, n

)
is the left side of the discretised Ginzburg-Landau equa-

tions (3.14) evaluated at k:th iteration round value of Ã, denoted by Ã(k),
and at point (xm, yn). The prime in G̃′

(
Ã(k),m, n

)
means derivative with
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respect to Ã(k)(m,n). This formula is further simplified assuming that
G̃′ ≈ −1

c I, so

Ã(k+1)(m,n) = Ã(k)(m,n) + cG̃
(
Ã(k),m, n

)
, (3.22)

where c is a small, positive real number, which is chosen by trial and error
to get a fast convergence. To start the iteration, one has to make an initial
guess Ã(0). Different initial guesses lead to different solutions, so one has to
try out different options. Although the solution depends on the initial guess,
there are not many physically different solutions. That is to say, most of the
solutions are related by rotation. For the A-like phase, which is discussed
in section 4.3.2, an initial guess

Ã(0)(m,n) =

0 0 0
0 0 0
i i 1

 (3.23)

was used. For the B-like phase, discussed in section 4.3.3, an initial guess

Ã(0)(m,n) =

1 0 0
0 1 0
0 0 1

 (3.24)

was used. There was no need to use a separate initial guess for the polar
phase, discussed in section 4.3.1, because both initial guesses (3.23) and
(3.24) converged to polar phase when polar phase was the minimum energy
phase. Other initial guesses were also used. For example, the first guess for
the A-like phase was

Ã(0)(m,n) =

0 0 0
0 0 0
0 i 1

 , (3.25)

but we later noticed that using this the free energy was always higher than
when using (3.23). Some random initial guesses, where some or all of the
components were generated using random number generator, were also tried
to see if there was any yet unknown low energy phases. It turned out there
was not. Most of the order parameters obtained from a random initial guess
turned out to be just the order parameter of the A-like phase or the B-
like phase, multiplied with some rotation matrix. And the ones that were
not were always higher in energy than either the A-like phase or the B-like
phase, or usually both. If the relative magnitude of components in (3.23) or
in (3.24) were changed, the result of the iteration either remained unchanged
or was at most multiplied with a rotation matrix, thus giving a physically
same order parameter.

The speed of convergence of Newton’s method depends heavily on the
pressure and temperature. The lower the temperature and the higher the
pressure, the faster the iteration converges.
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3.3.2 Conjugate Gradient method

While the Newton’s method is very easy to program, it takes quite a lot of
iteration rounds, and therefore time, to converge. The conjugate gradient
method improves this quite substantially. The basic idea of the Conjugate
Gradient method is to reduce the energy minimisation to one dimensional
problem by deciding a suitable “search direction” for every iteration round.
A good detailed discussion of Conjugate Gradient method is found in [39].
Here we present the main ideas.

First of all, it is helpful to think the free energy as a functional of two
arguments, Ã and Ã∗, F = F

[
Ã, Ã∗

]
. To minimise the free energy, we make

a line search. That is to say, we minimise the one-dimensional function

h(λ) = F
[
Ã + λD, Ã∗ + λD∗

]
(3.26)

with respect to real number λ, where Ã is the “starting point” and D is the
“search direction”. Because h is just a real function, its extrema are found
from the zeros of its derivatives. After a straightforward, though tedious,
calculation one finds that h is just a fourth order polynomial

h(λ) = aλ4 + bλ3 + cλ2 + dλ+ e. (3.27)

Here the coefficients a, b, c, d, e are real. They are given by integrals over the
region in space under consideration, and depend on Ã and D. The extrema
of h are found from a cubic equation

h′(λ) = 4aλ3 + 3bλ2 + 2cλ+ d = 0. (3.28)

This can be solved exactly using the known formula for cubic roots.
Thus far we haven’t discussed how D should be chosen. This is where

the conjugate gradient method comes to play. The CG method is pre-
sented in Algorithm 1. The function G = δF [Ã,Ã∗]

δÃ∗ is the negative of the
left hand side of equation (3.10), that is G = −G̃

(
Ã, ∂̃iÃ, x, y

)
. The

constant βk in Algorithm 1 is calculated using the Fletcher-Reeves choice
βk =

[
G(Ã(k)),G(Ã(k))

]
/
[
G(Ã(k−1)),G(Ã(k−1))

]
, where the scalar prod-

uct (•, •) is defined as(
A,B

)
=
∫
d3rTr

(
A(r)B†(r)

)
. (3.29)

For the measure of error we use
(
G,G

)
.

As in the case of the Newton’s method, one has to provide an initial
guess to start the iteration. The same initial conditions were used as with
Newton’s iteration, i.e. mainly (3.23) and (3.24). The same initial guess
seemed to converge to the same answer with both the Conjugate-Gradient
method and Newton’s method
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Algorithm 1 The conjugate gradient method.
1: D(0) = −G(Ã(0))
2: Perform a line search for h(λ) to find it’s positive minimum point λ̃
3: Ã(1) = Ã(0) + λ̃D(0)

4: for k = 1 to maximum number of iterations do
5: D(k) = −G(Ã(k)) + βkD(k−1)

6: Perform a line search for h(λ) to find it’s positive minimum point λ̃
7: Ã(k+1) = Ã(k) + λ̃D(k)

8: if error < tolerance then exit
9: end if

10: end for

Because the coefficients a, b, c, d, e, βk are quite complicated integrals, one
iteration round of the conjugate gradient method takes more time than in
the Newton’s method. Despite this the conjugate gradient method is quite
a lot faster, because the iteration converges much faster.
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4 Superfluid phases
In this section we shall discuss how different superfluid phases can be dis-
tinguished from each other by their symmetry properties. We start by dis-
cussing how the order parameter changes in different transformations. Then
we use these rules to determine the symmetries of different superfluid phases,
first the bulk phases, the A phase and the B phase, and then the phases ob-
tained from the numerical calculations in the model system.

4.1 Symmetry classification of superfluid phases

Different superfluid phases can be conveniently characterised by symmetries
of the order parameter. These symmetries can then be compared to the full
symmetry of the system, which is the symmetry of the system above the
critical temperature Tc. A thorough discussion of symmetry classification of
superfluid phases can be found from Refs. [1, 40].

The first thing to know is how does the order parameter A transform.
This can be figured out from the definition of A, equation (2.7). An or-
thogonal transformation R(S) in spin space transforms the spin space vector
d(k) as

d(k) R(S)
−−−→ d′(k) = R(S)d(k) = R(S)Ak̂ = A′k̂, (4.1)

and so the order parameter transforms as

A R(S)
−−−→ A′ = R(S)A. (4.2)

An orthogonal transformation R(L) in orbital space transforms the vector
k̂ as

k̂ R(L)
−−−→ k̂′ = R(L)k̂, (4.3)

and thus

d(k) R(L)
−−−→ d(k′) = Ak̂ = A

[
R(L)

]−1
k̂′ = A

[
R(L)

]T
k̂′ = A′k̂′. (4.4)

Hence the order parameter transforms as

A R(L)
−−−→ A′ = A

[
R(L)

]T
. (4.5)

Gauge transformation φ rotates the overall phase of the order parameter,

A φ−→ A′ = eiφA. (4.6)

Finally, time reversal T has an effect of complex conjugation [23],

A T−→ A′ = A∗. (4.7)
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Written in component form, equations (4.2) and (4.5) give a bit more
insight to transformation properties of A. We have

Aµi
R(S)
−−−→ A′µi = R(S)

µν Aνi

Aµi
R(L)
−−−→ A′µi = R

(L)
ij Aµj .

(4.8)

Thus, if the second index of Aµi is fixed, it transforms as a vector in
spin space. If, on the other hand, the first index is fixed, Aµi transforms as
a vector in orbital space. Hence the first index of Aµi can be referred to as
a spin index and the second index can be referred to as an orbital index or
k-space index or momentum index.

The above discussion holds if the order parameter does not depend on
position in space. If A is position-dependent, A = A (r), then equation
(4.5) has to be replaced by transformation law of a vector field,

A(r) R(L)
−−−→ A′(r) = A

([
R(L)

]T
r
) [

R(L)
]T
, (4.9)

or in component form

Aµi(r) R(L)
−−−→ A′µi(r) = R

(L)
ij Aµj

([
R(L)

]T
r
)
. (4.10)

The other transformations, (4.2),(4.6) and (4.7), do not affect the coordi-
nates, and so

A(r) R(S)
−−−→ A′(r) = R(S)A(r), (4.11)

A(r) φ−→ A′(r) = eiφA(r), (4.12)

A(r) T−→ A′(r) = A∗(r). (4.13)

4.2 Bulk phases

In bulk 3He the full symmetry group is

G = SO(3)L × SO(3)S × U(1)φ × T. (4.14)

Here SO(3) is the special orthogonal group, which is the group of rotations
in three-dimensional space. The lower indices L and S refer to momentum
space and spin space, respectively. The group U(1) is the group of complex
numbers with modulus 1, and it describes gauge transformations. T denotes
time reversal symmetry.

Two different superfluid phases are observed in bulk 3He in the absence
of magnetic field.
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4.2.1 The A-phase

The A-phase has an order parameter

A = ∆Ad̂ (m̂ + in̂) . (4.15)

Here d̂ is an arbitrary unit vector in spin space. m̂ and n̂ are arbitrary,
orthogonal unit vectors in orbital space, i.e. m̂ · n̂ = 0. ∆A is A-phase gap
given by ∆2

A = α
4β245

. It is also convenient to define unit vector l̂ = m̂ × n̂,
which is perpendicular to both m̂ and n̂. The dipole energy attains its
minimum when d̂ = ±̂l.

Which symmetries does the A-phase possess? A rotation in spin space
around d̂ clearly leaves A invariant. A rotation in orbital space around l̂ by
an angle θ has the effect

m̂
R(L)(̂l,θ)
−−−−−−→ m̂ cos θ + n̂ sin θ

n̂
R(L)(̂l,θ)
−−−−−−→ −m̂ sin θ + n̂ cos θ,

(4.16)

and so

m̂ + in̂
R(L)(̂l,θ)
−−−−−−→ m̂ (cos θ − i sin θ) + in̂ (cos θ − i sin θ) = e−iθ (m̂ + in̂) .

(4.17)
Thus the combination of a rotation around l̂ by an angle θ and a gauge
transformation

A θ−→ eiθA (4.18)

leaves A invariant. In addition to these, there is also a discrete symmetry(
d̂, m̂, n̂

)
→
(
−d̂,−m̂,−n̂

)
. (4.19)

The symmetry of the A-phase is thus U(1) × U(1) × Z2, where one of
the U(1) symmetries refers to a rotation in orbital space combined with a
gauge transformation, the other U(1) refers to a rotation in spin space and
Z2 refers to the discrete symmetry defined above.

4.2.2 The B-phase

The B-phase has an order parameter

A = ∆BeiφR (n̂, θ) , (4.20)

where R (n̂, θ) is a rotation matrix with axis n̂ and angle θ. ∆B is B-phase
gap given by ∆2

B = α
6β12+2β345

, with notation βij := βi + βj etc., and φ is
an arbitrary phase. The dipole energy term determines θ with cos(θ) = −1

4 ,
but leaves the axis n̂ arbitrary.
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Neither a rotation in spin space nor a rotation in orbital space alone
leave A invariant. Nevertheless, a rotation in orbital space, R(L) = R̃,
combined with a rotation in spin space, R(S) = R (n̂, θ) R̃R−1 (n̂, θ), is a
symmetry. Hence the symmetry of the B-phase can be written as SO(3)L+S,
a combined rotation in spin space and in orbital space.

4.3 Phases in confined space

The full symmetry of 3He in the confined geometry is reduced from the bulk
case. In spin space the symmetry group still remains the same, i.e. SO(3).
In orbital space the symmetry is determined by the symmetry of the unit cell
of the lattice of posts. Because the unit cell is a square, with translational
invariance in the z-direction, the symmetry group in orbital space is

4
m

2
m

2
m

1′. (4.21)

The notation used here is the international crystallographic notation or
Hermann-Mauguin notation [41]. Let us see explicitly what this notation
means.

The first term, 4
m , means that there is a four-fold rotational symmetry

axis, in this case the z-axis. There is also a reflection symmetry through a
plane that is perpendicular to the z-axis, i.e. the xy-plane, which is indicated
by the m in the denominator.

The second and the third terms, both 2
m , mean that there are two sym-

metry axes perpendicular to the z-axis, which are independent of each other,
i.e. one is not obtained from the other by four-fold rotation around the z-
axis. In this case these are the x-axis and the x′-axis, which is obtained
from the x-axis by π

4 rotation around the x-axis, that is, the unit vector in
the direction of the x′-axis is x̂′ = 1√

2 (x̂ + ŷ). Because of the four-fold sym-
metry, also the y-axis and the y′-axis given by unit vector ŷ′ = 1√

2 (−x̂ + ŷ)
are symmetry axes. The notation 2

m means again that the axis has a two-
fold rotational symmetry, and that there is a reflection symmetry through
a plane perpendicular to that axis.

The last term, 1′, denotes one-fold rotational symmetry combined with
time reversal symmetry (the prime). That is, it is pure time reversal sym-
metry. When using this notation to classify different phases, we will neglect
the possible simultaneous gauge transformations that ought to be made with
rotations or reflections for them to really be symmetries, and think in terms
of quantum mechanics, where the overall phase does not affect measurable
quantities.

Because the matrix representations of the transformations described
above are needed to determine the symmetries of the phases, all the needed
transformation matrices are listed here for completeness. These can be found
for example from Ref. [42]
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The rotation matrices are

R
(

ẑ,+π

2

)
=

0 −1 0
1 0 0
0 0 1

 , (4.22)

R (x̂,+π) =

1 0 0
0 −1 0
0 0 −1

 , (4.23)

R
(
x̂′,+π

)
=

0 1 0
1 0 0
0 0 −1

 , (4.24)

R
(
ŷ′,+π

)
=

 0 −1 0
−1 0 0
0 0 −1

 , (4.25)

where the first argument in parenthesis denotes the unit vector along the
rotation axis and the second the angle of rotation in radians. The reflection
matrices are

(4.26)

Πẑ =

1 0 0
0 1 0
0 0 −1

 , (4.27)

Πŷ =

1 0 0
0 −1 0
0 0 1

 , (4.28)

Πŷ′ =

0 1 0
1 0 0
0 0 1

 , (4.29)

Πx̂′ =

 0 −1 0
−1 0 0
0 0 1

 , (4.30)

where the subscript denotes the normal to the plane about which the reflec-
tion is made, in keeping with the Hermann-Mauguin notation.

Using the numerical methods described in section 3, three different su-
perfluid phases were obtained, which were global minima of the Ginzburg-
Landau free energy at least with some values of temperature and pressure.
These will be described next.
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4.3.1 The polar phase

The polar phase has an order parameter

Ã =

0 0 0
0 0 0
0 0 a33(x, y)

 , (4.31)

where a33(x, y) is a real-valued function. Written a bit more generally,

Ãij = a33(x, y)d̂iẑj , (4.32)

where d̂ is an arbitrary unit vector and ẑ is the unit vector in the z-direction.
The function a33(x, y) possesses symmetries

a33(x, y) = a33(y, x) = a33(−x, y) = a33(x,−y). (4.33)

With these in hand, we can determine the symmetry group of the polar
phase.

What do the operations of the full symmetry group do to the order
parameter (4.32)? To answer this, we need equation (4.10) together with
the matrix expressions of the transformations given above. The general
transformation law (4.10) can be simplified to

Aµi(r) = a33(r)d̂µẑi
R(L)
−−−→R(L)

ij Aµj

([
R(L)

]T
r
)

= a33

([
R(L)

]T
r
)
d̂µR

(L)
ij ẑj .

(4.34)

The transformations yield

a33(x, y)d̂µẑi
R(ẑ,+π

2 )
−−−−−−→ a33 (y,−x) d̂µẑi, (4.35)

a33(x, y)d̂µẑi
R(x̂,+π)−−−−−→ a33 (x,−y) d̂µ [−ẑi] , (4.36)

a33(x, y)d̂µẑi
R(x̂′,+π)−−−−−−→ a33 (y, x) d̂µ [−ẑi] , (4.37)

a33(x, y)d̂µẑi
Πẑ−−→ a33 (x, y) d̂µ [−ẑi] , (4.38)

a33(x, y)d̂µẑi
Πŷ−−→ a33 (x,−y) d̂µẑi, (4.39)

a33(x, y)d̂µẑi
Πŷ′−−→ a33 (y, x) d̂µẑi. (4.40)

Using equation (4.33) we see that the polar phase is invariant under op-
erations

{
R
(
ẑ,+π

2
)
, eiπR (x̂,+π), eiπR

(
x̂′,+π

)
, eiπΠẑ, Πŷ, Πŷ′

}
. Because

a33(x, y) is real, time reversal is also a symmetry operation. Thus the orbital
symmetry group of the polar phase can be written as

4
m

2
m

2
m

1′, (4.41)
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which is the full symmetry.
The symmetry in spin space is reduced from the full symmetry. The

remaining symmetries are rotations around d̂ and rotations by π around
axis perpendicular to d̂.

4.3.2 The A-like phase

The A-like phase has an order parameter

Ã =

 0 0 0
0 0 0

a31(x, y) a32(x, y) a33(x, y)

 , (4.42)

where the function a33 is real and the functions a31, a32 are purely imaginary.
Written again a bit more generally,

Ãij = d̂i
(
a31(x, y)x̂j + a32(x, y)ŷj + a33(x, y)ẑj

)
= d̂i

(
a33(x, y)ẑj + i(=a31(x, y)x̂j + =a32(x, y)ŷj)

)
,

=: d̂i
(
mj(x, y) + inj(x, y)

) (4.43)

where d̂ is an arbitrary unit vector and x̂, ŷ and ẑ are unit vectors in the
direction of coordinate axes. We have also defined real orthogonal vectors

m = a33(x, y)ẑ (4.44)
n = =a31(x, y)x̂ + =a32(x, y)ŷ, (4.45)

so that the order parameter looks the same as in the bulk 3He-A. The
difference is that these vectors are not unit vectors, and they are position-
dependent. As in the case of bulk 3He-A, we can define vector

l = m× n
= a33(x, y) [−=a32(x, y)x̂ + =a31(x, y)ŷ] . (4.46)

In this case the vector l is confined to the xy-plane and is oriented roughly
diagonally.

Functions aij(x, y) have symmetries

a33(x, y) = a33(y, x) = a33(−x,−y) (4.47)
a31(x, y) = a31(−x,−y) (4.48)
a32(x, y) = a32(−x,−y) (4.49)
a31(x, y) = ±a32(y, x). (4.50)

The two possible signs in (4.50) are due to degeneracy. There are four states
with the same energy. These states have the vector l pointing in different
diagonal directions. Two states with l pointing in the y′-direction and in
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the −y′-direction, respectively, correspond to positive sign in (4.50). The
other two states with l pointing in the x′-direction and in the −x′-direction,
respectively, correspond to negative sign in (4.50).

Using again the transformation law (4.9), the transformations leading to
symmetries are

Ã R(ẑ,π)−−−−→

 0 0 0
0 0 0

−a31(−x,−y) −a32(−x,−y) a33(−x,−y)

 (4.51)

Ã
R(x̂′,π)
−−−−−→

 0 0 0
0 0 0

a32(y, x) a31(y, x) −a33(y, x)

 (4.52)

Ã
R(ŷ′,π)
−−−−−→

 0 0 0
0 0 0

−a32(−y,−x) −a31(−y,−x) −a33(−y,−x)

 (4.53)

Ã Πẑ−−→

 0 0 0
0 0 0

a31(x, y) a32(x, y) −a33(x, y)

 (4.54)

Ã
Πŷ′−−→

 0 0 0
0 0 0

a32(y, x) a31(y, x) a33(y, x)

 (4.55)

Ã Πx̂′−−→

 0 0 0
0 0 0

−a32(−y,−x) −a31(−y,−x) a33(−y,−x)

 . (4.56)

Depending on the sign in equation (4.50), the symmetry operations of
the A-like phase in orbital space are either

{
T · R (ẑ, π), eiπT · R

(
x̂′, π

)
,

eiπR
(
ŷ′, π

)
, eiπT · Πẑ, Πŷ′ , T · Πx̂′

}
or
{

T · R (ẑ, π), eiπR
(
x̂′, π

)
, eiπT ·

R
(
ŷ′, π

)
, eiπT ·Πẑ, T ·Πŷ′ , Πx̂′

}
.

Thus the orbital space symmetry group of the A-like phase is

2
m

2′

m′
2′

m′
. (4.57)

4.3.3 The B-like phase

The B-like phase has an order parameter

Ã =

a11(x, y) a12(x, y) 0
a21(x, y) a22(x, y) 0

0 0 a33(x, y)

 , (4.58)

where all the functions aij(x, y) are real.
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Functions aij(x, y) have symmetries

a11(x, y) = a11(−x, y) = a11(x,−y) (4.59)
a22(x, y) = a22(−x, y) = a22(x,−y) (4.60)
a12(x, y) = −a12(−x, y) = −a12(x,−y) (4.61)
a21(x, y) = −a21(−x, y) = −a21(x,−y) (4.62)
a33(x, y) = a33(y, x) = a33(−x, y) = a33(x,−y) (4.63)
a11(x, y) = a22(y, x) (4.64)
a12(x, y) = a21(y, x). (4.65)

Differing from the polar phase and the A-like phase, the symmetry op-
erations of the B-like phase are combined operations in spin space and in
orbital phase, thus resembling the bulk B-phase. Combining equations (4.9)
and (4.11) we get

A(r) R(L+S)
−−−−→ A′(r) = R(S)A

([
R(L)

]T
r
) [

R(L)
]T
, (4.66)

and with R(S) = R(L) = R this becomes

A(r) R(L+S)
−−−−→ RA

(
RT r

)
RT , (4.67)

leading to following transformation properties of the B-like phase:

Ã
R(ẑ,π2 )
−−−−→

 a22(y,−x) −a21(y,−x) 0
−a12(y,−x) a11(y,−x) 0

0 0 a33(y,−x)

 (4.68)

Ã R(x̂,π)−−−−→

 a11(x,−y) −a12(x,−y) 0
−a21(x,−y) a22(x,−y) 0

0 0 a33(x,−y)

 (4.69)

Ã
R(x̂′,π)
−−−−−→

a22(y, x) a21(y, x) 0
a12(y, x) a11(y, x) 0

0 0 a33(y, x)

 (4.70)

Ã Πẑ−−→

a11(x, y) a12(x, y) 0
a21(x, y) a22(x, y) 0

0 0 a33(x, y)

 (4.71)

Ã
Πŷ−−→

 a11(x,−y) −a12(x,−y) 0
−a21(x,−y) a22(x,−y) 0

0 0 a33(x,−y)

 (4.72)

Ã
Πŷ′−−→

a22(y, x) a21(y, x) 0
a12(y, x) a11(y, x) 0

0 0 a33(y, x)

 . (4.73)
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All the above transformations are symmetries. Furthermore, because all
the functions aij(x, y) are real, time reversal is also a symmetry operation.
Thus the symmetry group of the B-like phase is

4
m

2
m

2
m

1′, (4.74)

with operations done simultaneously in spin space and in orbital space.
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5 Results
In this section we shall present the results of simulations. In addition to the
basic setup, we have studied how the phase diagram changes if we change
some things in the systems. These include adding temperature dependence
to the beta parameters, adding some randomness to the post size and place-
ment, and changing the boundary condition on the surface of the posts.
Finally, we shall compare the theoretical results with the experimental ones.

The numerical calculations, described in section 3, were implemented
using Fortran 90. The graphics were created using gnuplot.

The numerical values of all the parameters needed in the calculations
can be found in [43].

5.1 Order parameter components

The spatial variations of different phases in the unit cell are presented in
Figures 5, 6, 7. The lattice constant is L = 200 nm, and the side length
of the posts is d = 40 nm. Temperature and pressure are chosen from the
region where the phase is a minimum energy phase.

Figure 5 shows the only non-zero component of the polar phase order pa-
rameter (4.32) at temperature T = 0.955Tc and pressure p = 20 bar. Figure
6 shows the five non-zero components of the B-like phase order parameter
(4.58) at temperature T = 0.7Tc and pressure p = 20 bar. Figure 7 shows
the three non-zero components of the A-like phase order parameter (4.43)
at temperature T = 0.9Tc and pressure p = 20 bar.

Apart from the B-like phase components 12 and 21, all the components
behave somewhat similarly. They increase from zero at the surface of the
post to near maximum, which is located at or near the centre of the unit
cell, in a length scale that depends on temperature. In the example Figures
5, 6 and 7, this length is ≈ 50 nm, give or take a few nanometres, depending
on how near the maximum value the component is required to increase. The
B-like phase components 12 and 21 are different than the other components
in that they ‘oscillate’, that is, they change sign in the unit cell. The average
of both 12 and 21 components over the unit cell vanishes.

The l-vector defined for the A-like phase in (4.46) is shown in Figure 8.
It points, on average, in the y′-direction. It is deflected from this direction
near posts and also near boundaries of the unit cell. In the middle of the cell
it points exactly in the y′-direction. As already discussed in section 4.3.2,
this is one of the four possible degenerate states, every one of which has l
pointing diagonally.
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Figure 5: Non-zero components of the order parameter for the polar phase
for L = 200 nm, d = 40 nm, T = 0.955Tc, p = 20 bar.

5.2 Phase Diagram

The main interest in this research was the phase diagram. It is presented
in Figure 9, with L = 200 nm, d = 40 nm. The phase boundary between
the A-like and B-like phases was obtained by equating the corresponding
free energies. This was done by fixing the pressure and using bisection
method to find the transition temperature. The phase boundary between
the normal phase and the polar phase was obtained from the magnitude of
the 33-component of the order parameter. The critical value was taken to
be, quite arbitrarily, 10−3. The search was again done by fixing pressure
and using bisection method to find the transition temperature. The phase
boundary between the polar phase and the A-like phase was obtained from
the magnitude of the 31-component of the order parameter. The critical
value was also taken to be 10−3, and the search was again done by using the
bisection method.

The phase diagram shows that there is a transition from normal phase
to polar phase at all pressures from 0 bar to 30 bar. At zero pressure only
polar phase and B-like phase are present so that there is no transition from
polar phase to A-like phase. At pressures p ' 27 bar only polar phase and
A-like phase are present so that there is no transition from A-like phase to
B-like phase. At intermediate pressures all the phases are present.

We tried also different values for L and d. While keeping L fixed, increas-
ing of d moved the phase boundaries towards lower temperatures, especially
at low pressures. The same effect was obtained by keeping d fixed and
decreasing L.
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5.3 Effect of temperature dependence of beta parameters

One noticeable feature of the phase diagram (9) is the absence of B-like
phase at high pressures. This can be avoided by making the strong-coupling
corrections to the beta parameters temperature dependent. So far the beta
parameters have been of the form βi = βWC

i + ∆βi, where βWC
i are the

weak-coupling parameters and ∆βi are the strong-coupling corrections. The
corrections depend only on pressure, not on temperature. We can make the
corrections dependent on temperature by expanding them also in tempera-
ture using first order Taylor expansion at the critical temperature. Thus we
have βi = βWC

i + T
Tc

∆βi. This correction gives a correct shape for the bulk
3He at high pressures.

We have calculated the phase diagram using these beta parameters and
the same geometry as above, i.e. L = 200 nm, d = 40 nm. It is presented
in Figure 10. Practically the only effect of the temperature dependent cor-
rection is the appearance of the B-like phase at the high pressures.

5.4 Effects of randomness

Real nematically ordered aerogel is not, of course, a perfect square lattice
of square posts in 2D. One way to to make the situation more realistic, but
still remain in 2D, is to randomly displace the posts from the square lattice
and also randomly change the sizes of the posts. We used a computational
region of 8×8 unit cells from the original square lattice with lattice constant
L = 200, that is, an area of 1600 nm × 1600 nm. Then, using a random
number generator, randomly displaced the posts from their original places
both in x- and y-directions and randomly changed the sizes of the posts. We
used periodic boundary conditions on the outer edge of the computational
region. We also tried removing some posts to create further inhomogeneities.
It should be noted that the randomness breaks all the symmetries, so the
symmetry classification of the phases can not be used any more.

Figure 11 shows the phase diagram for a random configuration of posts
with all 8 × 8 posts used. The critical temperature at p = 0 bar is about
0.74Tc, which is considerably higher than the corresponding value for the pe-
riodic array of posts, which is about 0.60Tc. It is still, however, significantly
lower than the experimental value of about 0.91Tc.

Figure 12 shows the phase diagram for the same random configuration
of post as in Figure 11, but with some posts removed to create some further
inhomogeneities. This has the result that the critical temperature at zero
pressure is nearly the same as in the experiment. However, the whole phase
diagram is shifted towards higher temperatures too much to resemble the
experimental phase diagram.

Figure 13 shows the same configuration as in Figures 11 and 12, but
with different posts removed. The effect is similar to the case of Figure 12.
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All the transitions are shifted towards higher temperatures.

5.5 Effects of boundary conditions

One noticeable difference between the experiments and the calculated phase
diagrams so far is that the critical temperature, i.e. the transition tempera-
ture from the normal phase to the superfluid phase, at low pressures is much
higher in the experimental phase diagram than in the numerically obtained
ones. If we change the geometry so that the critical temperatures match
at zero pressure, then the other parts of the phase diagrams don’t resemble
each other. This behaviour can be explained by assuming that there are
randomly placed larger open regions in the aerogel, and that the size of
these open regions depend on pressure. This pressure dependence could be
caused by the manufacturing process of the aerogel.

There is also a simpler explanation, as we shall see. Thus far we have
assumed that the order parameter vanishes at the surface of the post. This
is not necessarily the case. Following Ambegaokar, deGennes and Rainer
[44], we used the following boundary conditions, which we call the AGR
boundary conditions. Let n̂ be a unit vector normal to the boundary, and
let z be measured along n̂ so that z = 0 at the boundary. Let m̂ be a unit
vector orthogonal to n̂. Then Aµjn̂j(z = 0) = 0 and Aµjm̂j(z = −bT ) = 0
for all m̂ orthogonal to n̂. Here bT = 0.54ξ0 is an extrapolation length.
Because ξ0 is pressure-dependent, so is bT . It ranges from 41.7 nm at 0 bar
to 9.1 nm at 30 bar. For polar phase this boundary condition effectively just
changes the size of the posts, having just the effect that would explain the
behaviour of the experiments.

It should be, however, borne in mind that this boundary condition is
derived in the case where helium fills the half space z > 0, with an infinite
boundary at z ≤ 0. Thus it probably should be modified to take into account
the finite sizes of the posts, especially at low pressures, when bT is larger
than the side length of the posts.

The spatial variation of the polar phase, with L = 200 nm, d = 40 nm,
T = 0.92Tc and p = 10 bar, is shown in Figure 14. The figure shows that
the order parameter doesn’t vanish at the surface of the post.

Although the spatial variation of the phases are modified by the bound-
ary condition, the symmetries don’t change. That is, all the symmetry
classifications made in Section 4 still hold.

The phase diagram for L = 200 nm, d = 40 nm is shown in Figure 15.
The critical temperature follows remarkably well the experimental results,
but at low pressures the Polar-A transition and the A-B transition happen
at much lower temperatures than in the experiments.
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5.6 Discussion

Now that we have both theoretical (see Sections 4 and 5) and experimental
(see [21] and Figure 2) data at our hands, we can compare them.

Let us first recall some properties of the experimental phases, and sug-
gestions made in Ref. [21] to explain these, so that we can compare the
experimental phases with the theoretical phases, at least superficially. The
LTP phase resembles the bulk B-phase at high pressures, but differs from
it at low pressures. The low pressure behaviour could be explained with
B-phase order parameter with polar distortion. This order parameter is of
the form

Ã = R

b 0 0
0 b 0
0 0 a

 , (5.1)

when averaged over distances much larger than the coherence length ξ. Here
a and b are positive, and R is a pure B phase rotation matrix. The ESP
phase resembles the polar phase at low pressures, and at high pressures it
is more like the A phase with polar distortion, i.e. the order parameter is of
the form

Ãij = d̂i
(
bŷj + aẑj

)
, (5.2)

when the x-axis is chosen to be in the direction where gap is minimal, i.e.
in the direction of l. Here a and b are positive.

Let us consider the basic model without any modifications. We have a
periodic 2D square lattice of square posts in the xy-plane, and we assume
that the order parameter vanishes at the surfaces of posts. In Section 4 we
saw that there are three different superfluid phases in this geometry, and we
determined their symmetries. The phase diagram for this geometry, along
with the experimental phase diagram, is presented in Figure 9.

The B-like phase order parameter (4.58) is of the same form as the
suggested LTP order parameter (5.1), because the average of Ã12 and Ã21
over the unit cell vanishes, and the average of Ã11 is equal to the average of
Ã22 because of the symmetry. The A-like phase order parameter (4.43) is of
the same form as the ESP phase order parameter (5.2), if we average over
the unit cell and rotate the x-axis along the average of l, which is along the
diagonal of the unit cell.

From the theoretical phase diagram we see that the superfluid transition
is always from the normal phase to the polar phase. At high pressures the
temperature region where the polar phase is stable is quite narrow, but
when lowering the pressure it gets wider, while the A-like phase behaves
oppositely. At high pressures there is a wide temperature region where the
A-like phase is stable, but when lowering the pressure it gets narrower. This
is in accordance with the experiments where the ESP phase behaves more
like the polar phase at low pressures, but at high pressures it behaves more
like the ABM phase with polar distortion.
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The amount of polar distortion, described by parameters a and b in
equations (5.1) and (5.2), is presented in Table 1 for the B-like phase and
the A-like phase. The values are obtained by averaging the order parameters
over the unit cell. It is clear form Table 1 that the amount of polar distortion
varies considerably when the pressure changes. Thus it is not a surprise that
properties of the phases are different at low pressures than at high pressures.

There are two major differences between the experimental phase diagram
and the theoretical phase diagram. One is that the critical temperature at
low pressures is considerably lower in the theoretical model than in the ex-
periments. The other is that the B-like phase is not stable at high pressures
in theoretical model.

Let us next consider if the tweaks made to the basic model in Section 5
have any desirable effects. Letting the beta parameters vary in temperature
solves the absence of the B-like phase at high pressures, but it doesn’t affect
the low temperature behaviour.

Using random configuration posts increases the critical temperature, but
at the same time the transition curves get closer together. That is, all
the transitions now happen at too high temperature compared with the
experiments.

The AGR boundary condition seems to give a good match between the
experimental and theoretical critical temperatures. Still, the transitions
from the polar phase to the A-like phase and from the A-like phase to the
B-like phase happen at much lower temperatures at low pressures than in
the experiments.

Finally, the best match with the experiments is obtained when using
temperature-dependent beta parameters together with the AGR boundary
condition in a square lattice of square posts.
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T/Tc p/bar a b b/a

0.7 5 0.7978 0.4725 0.5923
0.7 20 0.9125 0.8006 0.9774

(a) The parameters a and b defined in equation (5.1), and their ratio, for the B-like
phase.

T/Tc p/bar a b b/a

0.8 5 0.7257 0.00313 0.0043
0.8 30 1.085 0.5081 0.4683

(b) The parameters a and b defined in equation (5.2), and their ratio, for the A-like
phase.

Table 1: The parameters that describe the polar distortion of the LTP and
the ESP phases, calculated for the basic model. The values are obtained
by averaging the order parameter of the B-like phase and the A-like phase,
respectively, over the unit cell.
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Figure 6: Non-zero components of the order parameter for the B-like phase
for L = 200 nm, d = 40 nm, T = 0.7Tc, p = 20 bar.
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Figure 7: Non-zero components of the order parameter for the A-like phase
for L = 200 nm, d = 40 nm, T = 0.9Tc, p = 20 bar.
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Figure 8: Vector l(x, y) for the A-like phase plotted on top of a33(x, y) for
L = 200 nm, d = 40 nm, T = 0.9Tc, p = 20 bar.
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Figure 9: The phase diagram for L = 200 nm, d = 40 nm (coloured lines).
The black points are experimental results.
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Figure 10: The phase diagram for L = 200 nm, d = 40 nm, using
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are experimental results, and the black dashed line is the A-B transition line
with temperature-independent betas.
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Figure 11: (Top) Phase diagram for random configuration of posts shown
in the bottom figure (coloured points). The black points are experimental
results. (Bottom) The 33-component of the phase that is similar to the
B-like phase in the periodic array of posts. The posts are shown as black
squares.
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Figure 12: (Top) Phase diagram for random configuration of posts shown
in the bottom figure (coloured points). The black points are experimental
results. (Bottom) The 33-component of the phase that is similar to the
B-like phase in the periodic array of posts. The posts are shown as black
squares.
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Figure 13: (Top) Phase diagram for random configuration of posts shown
in the bottom figure(coloured points). The black points are experimental
results. (Bottom) The 33-component of the phase that is similar to the
B-like phase in the periodic array of posts. The posts are shown as black
squares.
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Figure 14: Non-zero components of the order parameter for the polar phase
for L = 200 nm, d = 40 nm, T = 0.92Tc, p = 10 bar, using AGR boundary
conditions.
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Figure 15: The phase diagram for L = 200 nm, d = 40 nm, using AGR
boundary conditions (coloured points). The leftmost blue dots represent the
transition from the A-like phase to the B-like phase without the temperature-
dependent betas, while the rightmost blue dots represent the same transition
with the temperature-dependent betas. The black points are experimental
results.
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6 Conclusions
The purpose of this thesis was to study if we could explain the experimen-
tal results of 3He in nematically ordered aerogel theoretically. We proposed
a simple model of nematically ordered aerogel, where the aerogel strands
are infinitely long in the z-direction. The cross-section of each post is a
square, and the squares form a square lattice in the xy-plane. We studied
this model using the Ginzburg-Landau theory. Because of the complexity
of the Ginzburg-Landau theory, we needed to rely on numerical methods.
We found three different superfluid phases, and determined their symme-
tries. We also presented the theoretical phase diagram. We proposed various
tweaks to the basic model, and presented the phase diagrams of each such
model. Finally, we compared the theoretical results with the experimental
results.

Let us summarise the results. The model system explains the experi-
mental phase diagram qualitatively, though not quantitatively, if we identify
LTP phase with B-like phase and the ESP phase with the polar phase at low
pressures and with the A-like phase at high pressures. The closest match
between the experimental and the theoretical phase diagrams is obtained
when using temperature-dependent beta parameters and the AGR bound-
ary condition, see Figure 15. An interesting fact is that the polar phase is
stable at all pressures.

It has to be borne in mind that the model we used was perhaps the most
simple model of nematically ordered aerogel. Real aerogel is not smooth
and perfect, and thus a 2D model may not be enough to explain completely
the phase diagram. The other source of error is the theory we used. As
mentioned earlier, the Ginzburg-Landau theory is only applicable near the
critical temperature. Thus the results obtained at low temperatures may
not hold, and the quasiclassical theory should be used.

To obtain further information between theory and experiments, theo-
retical NMR spectra of different phases should be calculated. Then one
could compare the theoretical and experimental spectra, and thus properly
identify the phases.
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