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Abstract

Landau’s Fermi liquid theory is a seminal work in the field of many-body theories.
It employs the concept of quasiparticles to describe the dynamics of a mass of
interacting fermions, in this case liquid 3He. Fermi liquid theory predicts the
existence of new collective excitation modes called zero sound, the presence of
which can be probed by measuring the acoustic impedance of the liquid.

In this Master’s thesis a simple outline of the ideas behind Fermi liquid theory
is given. Then, starting from the linearized Landau transport equation, an expres-
sion for the transverse acoustic impedance of a 3He film is derived. The acoustic
impedance is then calculated using numerical methods. Along with the numerical
model itself, some results of these calculations are then presented and analyzed.
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Chapter 1

Introduction

Superfluidity of 4He was discovered in 1937 by Pyotr Kapitsa, John F. Allen and
Don Misener [1, 2]. Soviet physicist Lev Landau was among those who first set
out to explain this new phenomenon. In 1941 Landau advanced a theory that
very successfully described the properties of liquid 4He [3]. As a continuation
of this work, he decided to also formulate a theory for the other stable isotope
of helium, 3He which was expected to necessarily behave in ways fundamentally
different from 4He. This second theory, called Fermi liquid theory because 3He
atoms are fermions, was presented in 1956 [4]. Even though formulated with liquid
3He in mind, Fermi liquid theory has since proven to have significance beyond this
original purpose. For example, a complete understanding of superconductivity
and other properties of metals requires treating conduction electrons as a Fermi
liquid. Landau’s quantum liquid theories can in some ways be regarded as the
foundation of quantum mechanical description of macroscopic bodies.

The modeling of an interacting many-body system is a notoriously complex
problem that is often encountered in physics. Theories that attempt to solve this
problem are called many-body theories. Their general approach is to disregard
the dynamics of individual particles and instead concentrate on their collective
behaviour. Fermi liquid theory deals with a system consisting of a mass of in-
teracting fermions at low temperature. Under these conditions both quantum
mechanical degeneracy and particle interactions play a major role.
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At the core of Fermi liquid theory is Landau’s realization that, in the case of
fermions, the many-body problem is greatly simplified at low temperatures where
degeneracy is significant. This is achieved by using the concept of quasiparticles,
elementary particle-like excitations of the entire system that behave in a much
simpler manner than the actual particles. [5, 6, 7]

The objective of this thesis is to calculate the transverse or shear acoustic
impedance of a film of 3He under varying conditions when the film is excited by
an oscillating surface. This is done by solving the linearized Landau transport
equation using numerical methods. The motivation behind this is that the value
of the acoustic impedance is related to the presence of zero sound, a collective
mode that travels in Fermi liquid.

The thesis is organized in the following manner: In chapter 2, I describe the
basics of Fermi liquid theory and the phenomenon of zero sound. In chapter 3 an
expression for the transverse acoustic impedance is derived and an outline of the
numerical approach is given. Finally in chapter 4, some results of the simulation
are presented and studied.



Chapter 2

Fermi liquid theory

Fermions obey the Pauli exclusion principle. This means that no two fermions can
occupy the same quantum state. Accordingly, the distribution function npσ of a
state specified by momentum p and spin σ can only have values {0, 1}. In the
ground state of a free Fermi gas (a mass of noninteracting fermions), the single
particle states are filled starting from those with the lowest energy:

npσ =

1, p ≤ pF

0, p > pF
, (2.1)

where the momentum pF of the highest occupied state is called the Fermi momen-
tum. In momentum space, the ground state forms a sphere, known as the Fermi
sphere, with all states inside the sphere occupied and all those outside empty.
Any excited state of the system can be formed by adding particles outside the
Fermi sphere and removing them i.e., creating holes inside the Fermi sphere. If
the particle number is fixed, the number of particles outside the Fermi sphere must
naturally match the number of holes. Because of this, it is more convenient to
work in terms of the grand canonical ensemble familiar from statistical physics,
where the particle number is allowed to change.

Fermi liquid theory applies only when there exists a correspondence between
the states of the non-interacting and interacting systems. The way this is usually
stated in the literature is that by starting with some eigenstate of the free Fermi
gas, if one were to somehow slowly "turn on" the particle interactions, one would
generate an eigenstate of the interacting system. The presence of this correspon-
dence is the definition of a Fermi liquid. The point is that we can now characterize
the states in terms of the same distribution function npσ. The foundation of Fermi
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Figure 2.1: The initial and finals states of a two particle interaction.

liquid theory is the observation that even when interactions between the particles
are present, the system behaves in a way that is analogous to a free Fermi gas,
with the particles and holes replaced by collective excitations of the entire system.
These collective excitations are called quasiparticles.

A picture of what the Fermi liquid quasiparticles are can be gained by con-
sidering a single particle moving in an otherwise stationary fluid. The particle
interactions cause the surrounding fluid to move along with the particle, creating
a new ’dressed’ particle. There are as many of these new entities as there were
particles in the non-interacting system and we simply recognize them as the quasi-
particles. This description is a little misleading in the sense that it may give the
impression that each quasi-particle can be identified with a specific particle. This
is not the case. [8, 9]

Now we must understand how an interacting system could behave like a free
Fermi gas. We start by considering a situation illustrated in fig. 2.1a; a mass
of fermions in its ground state, except for a single particle added outside the
Fermi sphere. In the Hamiltonian of a mass of particles undergoing two-body
interactions, the interaction term is of the form

Ûint =
∑
p′qp

Up′qp â†p−q â†p′+q âp âp′ , (2.2)

where q is the amount of momentum exchanged between two particles. It is easy
to see that in a situation where q = 0 or q = p′−p the state remains unchanged.
In the first case, no interaction has actually taken place and in the second, two
indistinguishable particles have simply swapped momentums. For the final state to
be different from the initial state, it must consist of two particles outside the Fermi
surface, leaving a single unoccupied state p′ underneath as shown in fig. 2.1b. The
momenta of the two particles are then p−q and p′+q. Because all the states inside
the sphere are filled, the outsider can ’penetrate’ only to a depth of p−pf marked
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in the figure with a dashed line. The particle it interacts with must come from a
thin shell of this thickness. According to the Fermi golden rule, the probability
of a scattering event is proportional to the number of its possible final states, i.e.,
the volume of the shell. The Pauli exclusion principle is working to restrict the
rate of interaction and the system behaves in fashion similar to a free Fermi gas.
Excitations with low energies have relatively long lifetimes and it is justified to
treat them as quasiparticles. [10]

The quasiparticles exist in the vicinity of the Fermi surface and move with a
velocity

vF = pF
m∗

, (2.3)

where m∗ is the effective mass of a quasiparticle. The dispersion relation for a free
Fermi gas is

εp − εF = vF (p− pF ) = pF
m

(p− pF ). (2.4)

This cannot in its current form be applied to a Fermi liquid. Simply replacing
the mass m with the quasiparticle effective mass m∗ would lead to a violation of
Galilean invariance where laws of physics must remain the same regardless of the
frame of reference. This is corrected by adding a particle interaction term to the
dispersion relation:

εp − εF = pF
m∗

(p− pF ) + 1
V

∑
σ

∑
p
f(p,p′)(np − n(0)

p ). (2.5)

The particle interaction term may be expanded as a series of Legendre polynomials
(more on this later). Doing so results in the following relation between the particle
mass m and effective mass m∗:

m∗

m
= 1 + F s

1
3 (2.6)

where F s
1 is the first Landau parameter, a factor appearing in the Legendre poly-

nomial expansion. With F s
1 being positive, the effective mass is greater than the

particle mass. This seems sensible since the quasiparticles represent collective
excitations of the entire fluid. [8]



CHAPTER 2. FERMI LIQUID THEORY 6

2.1 Helium
Helium has nine known isotopes, two of which are stable, 3He and 4He. Of these
two, 3He is fermionic. Consiting of two protons and a neutron, the 3He nucleus
has a total spin of 1

2 .
4He on the other hand has two neutrons, which means that

the spins of the nuclear particles cancel out, leaving a total spin of zero. The
majority of helium found on earth is 4He, with only 0.000137% being 3He. This
is rare enough that when 3He research originally began, it was easier to harvest
it as the decay product of the hydrogen isotope tritium, rather than attempt to
separate it from 4He.

According to classical physics, when a liquid is cooled, at some point the in-
teratomic forces overcome the thermal motion of the atoms and the liquid goes
through a phase transition to a solid state. The two known exceptions to this rule
are the stable isotopes of helium. As a result of weak Van der Waals forces com-
bined with the low mass of helium atoms, in normal pressure 3He and 4He remain
liquid even at absolute zero temperature. Essentially helium exits the domain of
classical physics before it gets a change to solidify.

The fact that helium remains in a liquid state even at absolute zero temperature
leads to some unique properties. At low temperatures the quantum nature of
the fluid particles become prominent. The most famous property arising from
this quantum nature is superfluidity, a state where liquid helium flows without
any viscosity. Superfluidity of 4He can be explained as a result of Bose-Einstein
condensation; at low temperatures the bosonic 4He atoms enter the lowest available
energy state en masse and their behaviour becomes coherent. Originally it was
thought that only 4He would have a superfluid state, but this assumption later
proved false. 3He will also become superfluid, but the temperature required for
this to happen is much lower than for 4He, because 3He atoms must first pair up
to form composite bosons. The superfluid state of 3He however falls outside the
scope of Fermi liquid theory and this thesis. At temperatures where Fermi liquid
theory is applicable there exists another unique phenomenon, namely that of zero
sound. [5, 7, 11]
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2.2 Zero sound
Certain sound modes exist in Fermi liquid that are found nowhere else. Normal
hydrodynamic, or first sound waves travel in Fermi liquid if the sound frequency
is small in comparison to the rate of quasiparticle collisions. In other words, if
ωτ � 1 where ω is the sound frequency and τ ∼ T−2 a typical quasiparticle col-
lision time. Quasiparticle collisions are so frequent that they can restore local
thermodynamic equilibrium in the liquid and a liquid element with an increased
quasiparticle density will push on nearby elements via the collisions. The absorp-
tion of sound waves increases with ωτ . When ωτ ∼ 1, the quasiparticles will
not have time to relax in a single period of sound oscillation. As a result, local
thermodynamic equilibrium can no longer be restored and sound waves cease to
propagate.

However, increasing τ further to where ωτ � 1 gives rise to new modes, the
existence of which was predicted by Landau. These are called zero sound and
they are unique to Fermi liquid. A fluid element with an increased quasiparticle
density will drive neighboring elements through the effective field generated by
the quasiparticle interactions. In this way, sound-like oscillations can travel even
in the absence of collisions. This naturally will not happen in a free Fermi gas
where there are no interactions.

Different zero sound modes are characterized by the ways in which they deform
the Fermi surface. When the direction of sound propagation is fixed, the angu-
lar dependency of these deformations may be expanded as a series of spherical
harmonics. Modes corresponding to different values of quantum number m will
decouple. The mode with m = 0 is called longitudinal zero sound and can be
thought of as the collisionless counterpart to first sound. The mode with m = ±1
is spin independent and is called transverse zero sound. As the name implies, this
wave is polarized in the plane perpendicular to the direction of wave propagation
and can be though of as the collisionless analog to the hydrodynamic shear wave,
which famously dissipates very quickly. Whether or not transverse zero sound is
present has an effect on the acoustic impedance of Fermi liquid. For this reason
its existence can be probed by measuring the impedance. [7, 9]



Chapter 3

Acoustic impedance

The objective of this chapter is to derive an expression for the liquid 3He transverse
acoustic impedance. The derivation follows closely that found in references [12]
and [13]. In both of these articles the situation under consideration is that of
a half-space z > 0 filled with liquid 3He. The liquid is excited by transverse
oscillations of the surface at z = 0, polarized in the x-direction. This is a classic
setup in hydrodynamics. The derivation is done by developing the quasi-particle
transport equation into a form that is amendable to a solution and using the stress
tensor to actually calculate the acoustic impedance. Both of these articles then go
on to develop some kind of analytical solution to the problem. Since our approach
is numerical however, we follow them only as far as to have and expression for the
acoustic impedance.

At the end of this chapter we modify the equations given in [12] and [13] so
that they can be applied to a liquid film of finite thickness. Finally we give an
outline of the numerical approach to this problem and study some limiting cases
where an analytical solution is easily found.

3.1 Transport Equation
Near the Fermi surface, the quasiparticle distribution function and energy can be
written as

nk(r, t) = n0
k + δnk(r, t), (3.1)

εk(r, t) = ε0k + δεk(r, t), (3.2)

8
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where n0
k and ε0k are equilibrium values and deviations from the equilibrium are

represented by δnk and δεk. The deviations are assumed to be small and spin
independent. The function δnk has values {−1, 0, 1}, it can fill or empty a state,
or leave it unchanged. The energy and distribution deviations are linked via

δεk(r, t) = 1
V

∑
k′σ′

f(kσ,k′σ′)δnk′(r, t), (3.3)

where f(kσ,k′σ′) is the interaction energy between two quasiparticles and V the
volume of the system. The energy difference arising from the addition of a quasi-
particle is the kinetic energy and the sum of interaction energies with the other
quasiparticles.

A kinetic equation for the quasiparticles must be derived. We begin this by
writing out the total time derivative of the distribution function nk(r, t) where the
wave vector k(t) and position r(t) are both functions of time:

∂nk

∂t
+∇rnk · ṙ +∇knk · k̇ = 0.

This is a form of the continuity equation; the change in the number of particles
in some volume of phase-space must be equal to the flow of particles in and out
of that volume. Using one of Hamilton’s equations, k̇ = −1

~∇rĤ = −1
~∇rεk(r, t),

we can write this as

∂nk

∂t
+ v · ∇rnk −

1
~
∇knk · ∇rεk = 0.

Expressing nk and εk in terms of equilibrium values and deviations, and taking
into account that the former do not depend on position and time, we have

∂δnk

∂t
+ v · ∇rδnk −

1
~
∇k(n0

k + δnk) · ∇rδεk = 0.

Next, by dropping the one quadratic term and employing the derivative chain rule
in combination with the other Hamilton’s equation, ∇kn

0
k = ∂n0

k
∂εk
∇kεk = ~∂n

0
k

∂εk
v,

we arrive at what is called the linearized Landau transport equation:

∂δnk

∂t
+ v · ∇r

(
δnk −

∂n0
k

∂εk
δεk

)
= δIk(r, t), (3.4)

where we have added a new term δIk(r, t), the collision integral, a kind catch-all
for the rate of change in nk(r, t) caused by quasiparticle collisions (rare as they
may be). The quasiparticle collisions act to dampen sound waves in the Fermi
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liquid. It is common to write the collision integral using the single relaxation time
approximation:

δIk(r, t) = −δn
′
k
τ
, (3.5)

where τ is the quasiparticle relaxation time and δn′k represents deviation from a
local equilibrium distribution.

The term ∂n0
k

∂εk
appearing in the transport equation is the energy derivative

of the Fermi distribution, essentially −δ(εk − εF ) (at low temperature the Fermi
distribution is a step function). Fermi liquid theory only applies in the case of
low lying excitations. In other words, δnk(r, t) should differ from zero only at the
Fermi surface and can be written as the product of ∂n0

k
∂εk

and some function that
depends on the direction of k, restricting the magnitude of k to be that of kF . By
also choosing the solutions we are looking for to have the form of plane waves with
harmonic time dependence eminating from the oscillating surface, we can write
the distribution function and collision term in the following form:

δnk(r, t) = ∂n0
k

∂εk
νk̂(z)e−iωt, (3.6)

δIk(r, t) = ∂n0
k

∂εk
δIk̂(z)e−iωt, (3.7)

where ω is the angular frequency of the oscillations of the wall at z = 0. Looking
at the relation between the distribution function and energy, it becomes apparent
that the energy deviation must also have the harmonic plane wave form δεk(r, t) =
δεk̂′(z)e−iωt. With the results we have gathered so far, the transport equation takes
on the form

− iωνk̂(z) + vF
∂

∂z

(
νk̂(z)− δεk̂(z)

)
= ∂Ik̂(z). (3.8)

So we have extracted from the distribution function the dependence on time and
the magnitude of k. It follows that for νk̂(z) the quasiparticle energy must depend
on the relative directions of k̂ and k̂′,

δεk̂(z) = −
∫ dΩ′

4π F (k̂ · k̂′)νk̂′(z). (3.9)



CHAPTER 3. ACOUSTIC IMPEDANCE 11

F (k̂ · k̂′) is the density of single-quasiparticle states multiplied by the spin sym-
metric part of f and may be expanded as a series of Legendre polynomials, of
which we keep only the first two:

F (k̂ · k̂′) = F1P1(k̂ · k̂′) + F2P2(k̂ · k̂′). (3.10)

Under these conditions, we have for the energy deviation

δεk̂(z) = −F1

∫ dΩ′
4π P1(k̂ · k̂′)νk̂′(z)− F2

∫ dΩ′
4π P2(k̂ · k̂′)νk̂′(z).

The two integrals appearing in the above equation can be evaluated in the following
manner. Firstly, the required Legendre polynomials are P1(x) = x and P2(x) =
1
2(3x2 − 1). Inner product between two unit vectors can be represented as

k̂ · k̂′ = cos γ = cos θ cos θ′ + sin θ sin θ′ cos (φ− φ′), (3.11)

where (θ, φ), (θ′, φ′) are the respective polar angles of the two vectors and γ the
angle between them. We will use the notation k̂x = sin θ cosφ and µ = k̂z = cos θ.
Also we replace z with a dimensionless variable ζ. The exact relation between
these two will become apparent later. After making the above substitutions, the
integrals may be written as

∫ dΩ′
4π P1(k̂ · k̂′)νk̂′(z) = 1

4 k̂x
∫ 1

−1
dµ(1− µ2)ν(µ, ζ) = 1

4 k̂xφ1(ζ), (3.12)∫ dΩ′
4π P2(k̂ · k̂′)νk̂′(z) = 3

4µk̂x
∫ 1

−1
dµµ(1− µ2)ν(µ, ζ) = 3

4µk̂xφ2(ζ). (3.13)

All this allows us to write the energy deviation as

δεk̂(z) = −1
4F1k̂xφ1(ζ)− 3

4F2µk̂xφ2(ζ). (3.14)

What is called a two-relaxation time approximation may now be used to write the
collision integral as

δIk̂(z) = −1
τ
ν ′k̂(z)−

∞∑
l=2

(2l + 1)
(

1
τl
− 1
τ

)∫ dΩ′
4π Pl(k̂ · k̂

′)ν ′k̂′(z) (3.15)

= −1
τ
ν ′k̂(z)− 5

τ

(
ξ2 − 1

)∫ dΩ′
4π P2(k̂ · k̂′)ν ′k̂′(z). (3.16)
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The sum term accounts for mass and momentum conservation. As before, we will
only use terms up to the second Landau parameter. This means that only the
first term of the sum appearing in the collision integral is included. We have also
introduced a new parameter ξ2 = τ/τ2. The function ν ′k̂(z), deviation from local
equilibrium is defined as

ν ′k̂(z) = νk̂(z)−
∫ dΩ′

4π
(
3P1(k̂ · k̂′)− F2P2(k̂ · k̂′)

)
νk̂′(z). (3.17)

Using the two integrals we evaluated previously, this is simply

ν ′k̂(z) = νk̂(z)− 3
4 k̂xφ1(ζ) + 3

4F2µk̂xφ2(ζ). (3.18)

With φ2(ζ) and φ1(ζ) depending only on the ζ coordinate, the integral appearing
in the collision term can be easily calculated. The collision term becomes

δIk̂(z) = −1
τ

(
νk̂(z)− 3

4 k̂xφ1(ζ)− 15µ
4 k̂x

(
1− (1 + 1

5F2)ξ2

)
φ2(ζ)

)
. (3.19)

Now we can substitute our results into the transport equation:

vF
∂

∂z

(
νk̂(z) + 1

4F1k̂xφ1(ζ) + 3
4F2µk̂xφ2(ζ)

)
− iωνk̂(z)

=− 1
τ

(
νk̂(z)− 3

4 k̂xφ1(ζ)− 15µ
4 k̂x

(
1− (1 + 1

5F2)ξ2

)
φ2(ζ)

)
.

Since the motion of the surface at z = 0 is polarized in the x direction, we can
write νk̂(z) = k̂xν(µ, ζ). Next we multiply by τ and divide by a = 1− iωτ to get

µ
∂

∂ζ

(
ν(µ, ζ) + 1

4F1φ1(ζ) + 3
4F2µφ2(ζ)

)
+ ν(µ, ζ)

− 3
4aφ1(ζ)− 15µ

4a

(
1− (1 + 1

5F2)ξ2

)
φ2(ζ) = 0,

(3.20)

where ζ = az/vF τ is the dimensionless z-coordinate. Our transport equation is
further simplified by writing it in terms of another distribution function ν̄(µ, ζ):

ν̄(µ, ζ) = ν(µ, ζ) + 1
4F1φ1(ζ) + 3

4µF2φ2(ζ), (3.21)
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for which we have

φ̄1(ζ) =
∫ 1

−1
dµ(1− µ2)ν̄(µ, ζ) = (1 + 1

3F1)ψ1(ζ),

φ̄2(ζ) =
∫ 1

−1
dµµ(1− µ2)ν̄(µ, ζ) = (1 + 1

5F2)ψ2(ζ).
(3.22)

Inserting these into (3.20), we get

µ
∂

∂ζ
ν̄(µ, ζ) + ν̄(µ, ζ)− 3

4bφ̄1(ζ)− 3
4cµφ̄2(ζ) = 0, (3.23)

where we have defined new parameters b and c:

b = 1/a+ F1/3
1 + F1/3 , c = F2

1 + F2/5
+ 5
a

(
1

1 + F2/5
− ξ2

)
. (3.24)

The transport equation is now in the form we desire. The next step is to use it to
calculate the acoustic impedance.
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3.2 Acoustic impedance
Ultimately we are trying to calculate the acoustic impedance, which is given by
the stress tensor:

Z = Πxz(ζ = 0)/u. (3.25)

Here u is the velocity amplitude of the oscillating wall and Π is the stress tensor,
which has the general form

Πij = 1
V

∑
kσ

~2kikj
m∗

(
δnk −

∂n0
k

∂εk
δεk

)
. (3.26)

where m∗ is the effective mass of the quasiparticles. With the help of (3.14) and
(3.21), this becomes

Πij = 1
V

∑
kσ

~2kikj
m∗

∂n0
k

∂εk
k̂xν̄(µ, ζ). (3.27)

If a function g(k) differs from zero only on the Fermi surface, the sum over the k
and σ states may be written as [14]

1
V

∑
kσ
g(k) = 2N(0) 1

4π

∫ 2π

0
dφ
∫ 1

−1
dµ
∫
dεg(k), (3.28)

where µ = cos θ and N(0) = m∗kF/2π2~2 is the density of states on the Fermi
surface. With this notion in mind and with the help of (3.22), the xz component
of the stress tensor becomes simply

Πxz(ζ) = −1
4
k3
F

π2

∫ 1

−1
dµµ(1− µ2)ν̄(µ, ζ) = −3

4nφ̄2(ζ). (3.29)

where n = k3
F/3π2 is the number density of particles.
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3.3 Application to a liquid film
For our purposes, the equations originally derived by Flowers and Richardson in
references [12] and [13] require a slight modification. Instead of a half-space z > 0
filled with liquid, we are considering a liquid film. To accommodate this, we place a
specularly reflecting liquid surface at z = d. This allows us to replace the complex
valued coordinate ζ with a the real η = z/d. In other words ζ = hη, where

h = ad

vF τ
= d

vF τ
− iωd

vF
=
[
ξ2d

vF τ

]
1
ξ2
− i

[
ωd

vF (1 + F1/3)

]
(1 + F1/3). (3.30)

The latter form is written in order to highlight the dimensionless quantities
inside the square brackets. These will be considered as independent parameters
in the actual calculations:

Ω = ωd

vF (1 + F1/3) ,
l

d
= vF τ

ξ2d
, (3.31)

where l is the mean free path.
The distribution function is proportional to pFu, where pF is the Fermi mo-

mentum and u is the velocity amplitude of the oscillating surface at z = 0. For
convenience we will factor out pFu by defining an effective distribution function
ν̄e = −ν̄/pFu. The transport equation now becomes

µ

h

∂

∂η
ν̄e(µ, η) + ν̄e(µ, η) = 3

4bφ̄
e
1(η) + 3

4cµφ̄
e
2(η). (3.32)

We then allow the oscillating surface at η = 0 to also be partially specularly
reflective, with a specularity parameter s. The problem is now confined to (µ, η)-
space with −1 ≤ µ ≤ 1 and 0 ≤ η ≤ 1. The boundary conditions corresponding
to all this are

ν̄e(µ > 0, η = 0) = sν̄e(−µ, η = 0) + 1− s, (3.33)
ν̄e(µ > 0, η = 1) = ν̄e(−µ, η = 1). (3.34)
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Now we have to solve ν̄e(µ, η) from the transport equation.

∂

∂η
ν̄e(µ, η)e

h
µ
η = 3

4
h

µ
e
h
µ
η[bφ̄e1(η) + cµφ̄e2(η)]. (3.35)

We simply integrate on both sides from η0 to η and get

ν̄e(µ, η)e
h
µ
η − ν̄e(µ, η0)e

h
µ
η0 = 3

4
h

µ

∫ η

η0
e
h
µ
η′

[bφ̄e1(η′) + cµφ̄e2(η′)]dη′. (3.36)

Thus we have arrived at the following group of integral equations:

ν̄e(µ, η) = exp
(
h

µ
(η0 − η)

)
ν̄e(µ, η0) + 3

4
h

µ

∫ η

η0
exp

(
h

µ
(η′ − η)

)
[bφ̄e1(η′) + cµφ̄e2(η′)]dη′,

(3.37)

φ̄e1(η) =
∫ 1

−1
dµ(1− µ2)ν̄e(µ, η), (3.38)

φ̄e2(η) =
∫ 1

−1
dµµ(1− µ2)ν̄e(µ, η). (3.39)

Our next task is to attempt to calculate these numerically.
In terms of our effective quantities, it is convenient to calculate the acoustic

impedance in the following dimensionless form:

Z

pFn
= 3

4 φ̄
e
2(0). (3.40)
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(a) emphasis on µ = 0 (b) equidistant spacing (c) Gaussian quadrature

Figure 3.1: Different schemes for the discretization of (µ, η)-space.

3.4 Outline of the numerical approach
Search for the numerical solution begins with the discretization of (µ, η)- space.
The η-axis is divided into segments of equal length so that ηj = j/n where j =
0, 1, ..., n. Different discretization schemes may be employed for the µ-axis. In
general we will approximate integrals over µ with

∫ 1

−1
f(µ)dµ ≈

m∑
i=1

wif(µi). (3.41)

Weights wi and values µi are selected using either Gaussian quadrature or the
trapezoidal method. Under certain circumstances the fluctuations in the quasi-
particle distribution tend to localize around µ = 0, so it seems reasonable that
selecting a discretization that gives better definition in this area could improve
the accuracy. In practice it is very difficult to tell if this is the case however. We
always use an even number m of µi values in order to hop over the µ = 0 point
which could require special treatment.

For integration over η we use a slightly more sophisticated method. We con-
sider integration over each pair of neighboring points individually:

∫ η

η0
eαη

′
f(η′)dη′ ≈ w1f(η0) + w2f(η),

w1 = 1
α2(η − η0) [eαη − (1 + α(η − η0))eαη0 ],

w2 = 1
α2(η − η0) [eαη0 − (1 + α(η − η0))eαη].

(3.42)

where α = h/µ. This method may allow better accuracy in case the exponential
factor in (3.37) varies rapidly.



CHAPTER 3. ACOUSTIC IMPEDANCE 18

Ν self-dependence ΝHΦL dependence

ΦHΝL dependence Φ self-dependence,

always zero

Figure 3.2: Schematic of the D matrix.

The discrete versions of the integral equations (3.37), (3.38) and (3.39) provide
a network of linear dependencies between the different values of ν(µi, ηj), φ1(ηj)
and φ2(ηj). We now form a vector Ψ that holds all these values in the following
fashion:

Ψ = (ν(µ1, η1), ..., ν(µm, νn);φ1(η1), ..., φ1(ηn);φ2(η1), ..., φ2(ηn)). (3.43)

The length of this vector is d = m ∗ n + 2m. The network of linear dependencies
may now be represented as a matrix D of dimension d× d shown in fig. 3.2. If we
now take some values we call Ψold, we may use D to calculate a new set of values
Ψnew:

Ψnew = DΨold +B, (3.44)

where the vector B arises from the partial specularity term 1− s in the boundary
condition at the oscillating wall. By realizing that the new and old values should
be the same, Ψnew = Ψold we can solve for Ψ:

Ψ = (I −D)−1B. (3.45)

The task is now to first assemble the D matrix and then find its inverse. Once
this is done we can calculate Ψ and pick out the element that corresponds to φe2(0).
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This value will then be used to calculate the acoustic impedance itself. While the
dimension d× d of D may be very large, the entire matrix only has 7m ∗ n− 4m
elements that can be non-zero. Sparse matrix methods are used for inverting D.

Numerical simulations generally run into trouble when the order of magni-
tude of different variables being used vary greatly. Ideally you would wish for all
numbers used to be of the order of unity. In our task the main source for this
inconvenience is the variable h which may be written as

h = 1
ξ2

(
l

d

)−1

− iΩ(1 + F1/3). (3.46)

It is clear that at the limit of both small Ω and small l/d the real part of this
number is much greater than the imaginary part. Alternatively, if both of these
parameters are very large, the imaginary part will be much greater. This can
be alleviated to a point by using a finer lattice, but soon we run into hardware
limitations. Not being entirely familiar with the Matlab mldevide-operator, it is
hard to know exactly what is going on, but there is a point in the matrix inversion
that requires so much memory that a desktop PC can no longer handle it.
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3.5 Limiting cases
In this section we look at two limiting cases of the transport equation that have
analytical solutions. These will serve as something the numerical results can be
compared to.

3.5.1 Ballistic limit

Η

Μ-1 0 1

11

00

Figure 3.3: Diagram of the path in (µ, η)-space that is traversed. Identical calcula-
tions must be completed for points on both the left(purple) and right(green) sides
of the µ = 0 -divider. The arrows indicate the direction of particle propagation.

The ballistic limit is achieved when the quasiparticles do not encounter each
other as they travel between the vibrating plane and the surface of the liquid, ie.
when their mean free path goes to infinity, l

d
→ ∞. Starting from the equation

for ν̄e(µ, η):

ν̄e(µ, η) = e
h
µ

(η0−η)ν̄e(µ, η0) + 3
4
h

µ

∫ η

η0
e
h
µ

(η′−η)[bφ̄e1(η′) + µcφ̄e2(η′)]dη′. (3.47)

Besides just taking the limit l
d
→∞, we also set both F1 and F2 to zero to simplify

the calculation. Now b and c both go to zero as well. Equation for ν(µ, η) reduces
to

ν(µ, η) = e
h
µ

(η0−η)ν(µ, η0). (3.48)
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Boundary conditions remain as they were:

ν(µ > 0, η = 0) = sν(−µ, η = 0) + 1− s, (3.49)
ν(µ, η = 1) = ν(−µ, η = 1). (3.50)

Solution can be obtained by employing the boundary conditions and equation
(3.48) to traverse a circuit in (µ, η)-space. This will result in an equation for
ν(µ, η) as a function of itself, from which it can then be solved. The circuit can
be thought of as a backwards walk, moving clockwise in fig. 3.3. Choosing a point
from the right side of the µ = 0 divider, η0 = 0 and µ > 0:

ν(µ, η) = e−
h
µ
ην(µ, 0) equation (3.48), η0 = 0

= e−
h
µ
η(s ν(−µ, 0) + 1− s) boundary condition (3.49)

= e−
h
µ
η(s e−

h
µν(−µ, 1) + 1− s) eq. (3.48), η = 0, η0 = 1

= e−
h
µ
η(s e−

h
µν(µ, 1) + 1− s) boundary condition (3.50)

= e−
h
µ
η(s e−

h
µ e

h
µ

(η−1)ν(µ, η) + 1− s) eq. (3.48), η = 1, η0 = η

= s e−
2h
µ ν(µ, η) + (1− s)e−

h
µ
η.

Solving from this we get

ν(µ, η) = (1− s)e−
h
µ
η

1− s e−
2h
µ

. (3.51)

Next we find a solution for µ < 0.

ν(µ, η) = e
h
µ

(1−η)ν(µ, 1) equation (3.48), η0 = 1

= e
h
µ

(1−η)ν(−µ, 1) boundary condition (3.50)

= e
h
µ

(1−η) e
h
µν(−µ, 0) eq. (3.48), η = 1, η0 = 0

= e
h
µ

(2−η)(s ν(µ, 0) + 1− s) boundary condition (3.49)

= e
h
µ

(2−η)(s e
h
µ
ην(µ, η) + 1− s) eq. (3.48), η = 0, η0 = η

= s e
2h
µ ν(µ, η) + (1− s)e

h
µ

(2−η).
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Solving for ν(µ, η) we get

ν(µ, η) = (1− s)e
h
µ

(2−η)

1− s e
2h
µ

= (s− 1)e−
h
µ
η

s− e−
2h
µ

. (3.52)

The acoustic impedance is Z
pFn

= 3
4 φ̄

e
2(0). For simplicity we also set the specularity

coefficient s to zero. So for s = 0 and η = 0 we have

µ < 0 : ν(µ, η) = e−
2h
µ ,

µ > 0 : ν(µ, η) = 1.

φ̄e2(0) =
∫ 1

−1
dµ µ(1− µ2)ν̄e(µ, 0)

=
∫ 0

−1
dµ µ(1− µ2)e−

2h
µ +

∫ 1

0
dµ µ(1− µ2)

=
∫ 0

−1
dµ µ(1− µ2)e−

2h
µ + 1

4 .

The analytical solution of the first term is too complex to write here but rest
assured it exists.

3.5.2 Hydrodynamic limit

For the hydrodynamic limit, we forego the transport equation entirely and instead
simply solve the Navier-Stokes equation under corresponding circumstances. The
velocity only depends on time and the distance from the oscillating plane. We use
an ansatz of the following form

v = v(z, t) = V0e
−iωtV (z). (3.53)

Requiring that the top boundary of the fluid layer is a free surface and that at the
plane-liquid interface the liquid moves along with the oscillations, the boundary
conditions become

R[v(0, t)] = V0 cosωt, ∂v(z, t)
∂z

∣∣∣∣∣
z=d

= 0, (3.54)
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or in other words

V (0) = 1, ∂V (z)
∂z

∣∣∣∣∣
z=d

= 0. (3.55)

Assuming that the liquid is uniform and with the velocity depending only on time
and the z-coordinate, the Navier-Stokes equation reduces to

∂v(z, t)
∂t

= ν
∂2v(z, t)
∂z2 (3.56)

→ −iωV0e
−iωtV (z) = νV0e

−iωt∂
2V (z)
∂z2 (3.57)

→ ∂2V (z)
∂z2 + i

ω

ν
V (z) = 0. (3.58)

The characteristic equation has the roots

r = ±
√
−iω
ν

= ±(1− i)
√
ω

2ν = ±(1− i)1
δ
. (3.59)

where δ =
√

2ν
ω

is the penetration depth and ν is the kinematic viscosity. We are
looking for a solution of the form

V (z) = Ae(1−i)z/δ +Be−(1−i)z/δ. (3.60)

Taking the derivative of this we get

∂V (z)
∂z

= (1− i)
δ

Ae(1−i)z/δ − (1− i)
δ

Be−(1−i)z/δ. (3.61)

Next we employ the boundary conditions:

∂V (z)
∂z

∣∣∣∣∣
z=d

= (1− i)
δ

(
Ae(1−i)d/δ −Be−(1−i)d/δ

)
= 0 → B = Ae2(1−i)d/δ

V (0) = A+ Ae2(1−i)d/δ = 1 → A = 1
1 + e2(1−i)d/δ

So finally we have

V (z) = e(1−i)z/δ

1 + e2(1−i)d/δ + e−(1−i)z/δ

1 + e2(1−i)d/δ e
2(1−i)d/δ. (3.62)
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Next step in finding the acoustic impedance is to calculate the force the liquid is
subjected to by the oscillating plane. We are looking for a force tangential to the
plane that points in the direction of the oscillation. Selecting this direction to be
x and with the normal vector of the bottom surface of the fluid mass pointing in
the negative z-direction, we have

Fi = σijnj → Fx = −σxz = −µ∂vx
∂z

= −µV0e
−iωt∂V (z)

∂z

= −µV0e
−iωt1− i

δ

(
e(1−i)z/δ

1 + e2(1−i)d/δ −
e−(1−i)z/δ

1 + e2(1−i)d/δ e
2(1−i)d/δ

)
,

where µ = ρν is the dynamic viscosity. At the oscillating plane ie. when z = 0
this becomes

F (z = 0) = −µV0

δ
(1− i)1− e2(1−i)d/δ

1 + e2(1−i)d/δ e
−iωt = µV0

δ
(1− i)1− e−2(1−i)d/δ

1 + e−2(1−i)d/δ e
−iωt.

(3.63)
Since v(z = 0, t) = V0e

−iωt and µ
δ

= ρωδ
2 , we get for the impedance

Z = F

v
= ρωδ

2 (1− i)1− e−2(1−i)d/δ

1 + e−2(1−i)d/δ . (3.64)

The penetration depth is related to the mean free path through δ = d
√

2l
5Ωd .



Chapter 4

Results

In this chapter I present some results of my numerical calculations. The main
focus of this work has been on developing the numerical model itself and results
presented here mainly serve to demonstrate that it works. I’m somewhat hindered
by the paradox of choice; the vastness of the parameter space involved makes it
difficult to decide exactly what to calculate. This also means the results of the
calculations are yet to be fully analyzed. In the figures presented here the acoustic
impedance is always plotted as a function the scaled mean free path l/d and the
other parameters are kept constant. The parameters appear in the calculations as
follows:

h = 1
ξ2

(
l

d

)−1

− iΩ(1 + F1/3), (4.1)

where F1 is the first Landau parameter, ξ2 = τ
τ2

the relaxation time parameter
and Ω the frequency parameter.

a =
(
l

d

)
hξ2. (4.2)

b = 1/a+ F1/3
1 + F1/3 , c = F2

1 + F2/5
+ 5
a

(
1

1 + F2/5
− ξ2

)
, (4.3)

where F2 is the second Landau parameter. Appropriate values for these parameters
are gathered from references [12] and [13]. In addition to all this we have the
specularity parameter s that affects one of the boundary conditions:

ν̄e(µ > 0, η = 0) = sν̄e(−µ, η = 0) + 1− s. (4.4)

25
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The term 1 − s appearing in the boundary condition makes up all the non-zero
elements of the B vector in Ψ = (I − D)−1B, so it serves to scale the acoustic
impedance by a factor of 1− s.

In the following figures the real and imaginary parts of the impedance are
symbolized by Z ′ and Z ′′ respectively, so that

Z = Z ′ + iZ ′′. (4.5)

The real and imaginary parts of the impedance may be plotted separately as
functions of l/d or they may be plotted against each other in a parametric plot.
In addition to this the plots can be done in two different dimensionless units,
(Z ′′/pFn, Z ′/pFn) or (Z ′′/pFnΩ, Z ′/pFnΩ). In the parametric plots the results
may be compared to the two limiting cases that have analytical solutions, the
hydrodynamic limit and the ballistic limit. Additionally there is the rigid body
limit Z ′′/pFn = −Ω, where as the name implies the whole liquid film moves as a
rigid body in phase with the oscillating wall. We expect always that Z ′′/pFn ≥ −Ω
or alternatively Z ′′/pFnΩ ≥ −1. At the rigid body limit there should not be any
energy dissipation, so we also expect that the resistive part of the impedance Z ′

should be zero.
The first three figures illustrate the different ways of plotting the data. In 4.1

the real and imaginary parts of impedance are plotted as functions of l/d. Units
Z/pFn are used in 4.1a and 4.1b while Z/pFnΩ are used in 4.1c and 4.1d. Fig-
ures 4.2 and 4.3 display the alternate parametric plots. The hydrodynamic limit
can only be drawn in the latter figure where it is independent of Ω.
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(a) real part (b) imaginary part

(c) real part scaled with Ω (d) imaginary part scaled with Ω

Figure 4.1: Real and imaginary parts of the acoustic impedance plotted as func-
tions of scaled mean free path l/d on a logarithmic scale. Parameter values used
are F1 = 0, F2 = 0, ξ2 = 1 and s = 0. The different curves are plotted with
varying values of Ω. In the lower figures the curves are also scaled with 1/Ω. The
motivation behind doing this scaling will become more apparent when Z ′ and Z ′′

are plotted against each other as a parametric plot. At the limit of high l/d the
results approach the ballistic limit. In the above figures this can be seen as the
curves flattening out to straight horizontal lines.
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Figure 4.2: Parametric plot of the real and imaginary parts of the impedance
plotted against each other with different values of Ω. Parameter values used are
F1 = 0, F2 = 0, ξ2 = 1 and s = 0. The solid black spiral is the ballistic limit. All
the curves should end on this limit of infinite l/d. As Ω gets smaller the curves
begin to collapse towards the origin, making this scaling more suitable for plotting
curves with large Ω.
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Figure 4.3: Same as the previous plot, except this time the impedance curves are
scaled by their respective value of Ω. Parameter values used are F1 = 0, F2 = 0,
ξ2 = 1 and s = 0. The solid black curve is the ballistic limit and the dashed black
curve is the hydrodynamic limit. This figure shows how at the limit of low l/d the
results match those given by hydrodynamic theory and as l/d becomes large, the
curves approach the ballistic limit. The lower Ω is, the higher l/d need to be for
the behaviour to deviate from hydrodynamic theory. This scaling is best suited
for curves with small Ω.
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(a) real part (b) imaginary part

Figure 4.4: The effect of the first Landau parameter F1 and specularity parameter
s when Ω = 0.01. F1 = 0 for solid lines and F1 = 5.4 for dashed lines. Other
parameter values used are F2 = 0 and ξ2 = 1. The influence of F1 begins at around
the same point l/d ≈ 10 regardless of the value of s.

Perhaps the original motivation behind this work was to study the effect of
the first Landau parameter F1 at low frequency e.g. Ω = 10−4. While a frequency
this low can be used in the numerical program, it does not work with very small
values of l/d, which is necessary for making parametric plots that start at the
origin. Instead we’ve used Ω = 0.01. These results are presented in figures 4.4
and 4.5 where the effect of both F1 and the specularity parameter s are studied.
It is interesting to note that even for a relatively low frequency the first Landau
parameter still has an effect. The area in the parametric plot 4.5 where the curves
deviate from the hydrodynamic behaviour and dive towards the ballistic limit is
the domain of F1 and zero sound. Increasing s seems to amplify the relative effect
of F1.

Figure 4.6 displays how the effect of the second Landau parameter F2 is dimin-
ished as Ω becomes small. This is very different from the way F1 behaves. The
motivation behind this was to show that for a very low frequency e.g. Ω = 10−4,
it would not be necessary to consider changes in F2.
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Figure 4.5: A parametric plot of the effect of the first Landau parameter F1 and
specularity parameter s when Ω = 0.01. F1 = 0 for solid lines and F1 = 5.4 for
dashed lines. Other parameter values used are F2 = 0 and ξ2 = 1. The red s = 0
curve adheres strongly to the results of hydrodynamic theory as is expected for
small Ω. This curve is also the only one that should really end on the ballistic
limit, since the ballistic limit is calculated for s = 0.
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Figure 4.6: Dimishing effect of the second Landau parameter F2. F2 = 0 for solid
lines and F2 = 1 for dashed lines. Other parameter values used are F1 = 0, ξ2 = 1
and s = 0. As Ω gets smaller the effect of F2 disappears.
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(a) real part (b) imaginary part

Figure 4.7: Effect of the first Landau parameter F1 and the relaxation time pa-
rameter ξ2. ξ2 = 1 for solid lines and ξ2 = 0.35 for dashed lines. Other parameter
values used are Ω = 5, F2 = 0 and s = 0.

Figures 4.7 and 4.8 study the effect of the relaxation time parameter ξ2. This
was done using a fixed value for Ω while altering F1. Previously we have been
using ξ2 = 1 for all the calculations, which should effectively be the same as using
a single relaxation time approximation since by doing so we remove the sum term
from equation (3.15). We see that changing ξ2 does not have much of an effect
when l/d is either very small or very large. This seems sensible, since a difference
in relaxation times should not matter when collisions are either very frequent or
don’t happen at all.

Finally figures 4.9 and 4.10 illustrate the effect of F1 when Ω is large. Unlike
in the case of small Ω, the first Landau parameter F1 takes hold very quickly. In
fact, changing the value of Ω seems to move the point on the l/d-axis where the
influence of F1 begins so that increasing Ω by an order of magnitude, decrease the
value of l/d by an order of magnitude. This can be verified by comparing results
in figures 4.4 and 4.9. This is not entirely surprising when we consider one of the
ways how l/d and Ω appear in the equations:

a = 1− i l
d

Ωξ2(1 + F1/3). (4.6)
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Figure 4.8: Effect of the first Landau parameter F1 and the relaxation time pa-
rameter ξ2. ξ2 = 1 for solid lines and ξ2 = 0.35 for dashed lines. Other parameter
values used are Ω = 5, F2 = 0 and s = 0.
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(a) real part (b) imaginary part

Figure 4.9: Effect of the first Landau parameter F1 when Ω is large. F1 = 0 for
solid lines and F1 = 5.4 for dashed lines. Other parameter values used are F2 = 0,
ξ2 = 1 and s = 0.
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Figure 4.10: Effect of the first Landau parameter F1 when Ω is large. F1 = 0 for
solid lines and F1 = 5.4 for dashed lines. Other parameter values used are F2 = 0,
ξ2 = 1 and s = 0. Some of the F1 = 0 lines do not appear to end on the ballistic
limit as was expected. This is likely due to numerical error caused by not using a
fine enough lattice.



Chapter 5

Conclusion

In this thesis I have presented a numerical model for calculating the transverse
acoustic impedance of a Fermi liquid film for a wide range of parameter values.
The results given by this model conform to both the results of hydrodynamic
theory and the limit of infinite mean free path i.e. the ballistic limit. In addition
to this, the model seems generally well behaved. The next step in this work would
be to do a more full depth analysis of the results given by the model and possibly
compare them to experiments done with 3He.

Future research on this topic could include a more sophisticated model for the
partially specular reflections coming off the oscillating wall. In reality the surface
of even an apparently smooth object is constructed from a collection of microfacets
that are not perfectly parallel with the surface itself. This makes reflections appear
blurred instead of perfectly sharp. Something like this could be implemented in
the model by using more elegant boundary conditions.
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Appendix A

Matlab Functions

In this appendix are presented the Matlab functions that were written for this
thesis. There are three; firstly a function that finds the locations of possible non-
zero elements of the D matrix for a given lattice. These locations only depend
on the lattice size, hence it’s convenient to have a function that finds them, after
which they can be fed to a second function that actually calculates the values of
the non-zero elements and constructs the D matrix. Lastly, there is a separate
function that does the matrix inversion.

A.1 Seek.m
This function finds the possible non-zero elements of D and then saves their loca-
tions into two vectors Di and Dj.

function [Di, Dj] = seek(m, n)
% Function seeks the coordinates of non-zero matrix elements.
% The coordinates depend mostly on the size of the matrix.

d = m*n;

nonzmax = 7*n*m - 4*m;
Di = zeros(nonzmax, 1);
Dj = zeros(nonzmax, 1);

[i_f, j_f] = init_ij(d, n);
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p = 1;

% U-L: Construction of the upper left segment of D. The assembly of the
% different segments is done separately in three individual loops for
% ease of programming.

disp(’START’);

for k = 1:d
if k<=d/2

for l = 1:d
if j_f(k)==j_f(l)-1 && i_f(k)==i_f(l)

Di(p, 1) = k;
Dj(p, 1) = l;
p = p+1;

elseif j_f(k)==n && j_f(l)==n &&
i_f(k)==m+1-i_f(l)

Di(p, 1) = k;
Dj(p, 1) = l;
p = p+1;

end
end

else
for l = 1:d

if j_f(k)==j_f(l)+1 && i_f(k)==i_f(l)
Di(p, 1) = k;
Dj(p, 1) = l;

p = p+1;
elseif j_f(k)==1 && j_f(l)==1 &&

i_f(k)==m+1-i_f(l)
Di(p, 1) = k;
Dj(p, 1) = l;
p = p+1;

end
end

end
end
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% U-R; Construction of the upper right segment of D:

for k = 1:d
if k<=d/2

for l = 1:2*n
if l<=n

if j_f(k)~=n && j_f(k)==j_f(l)
Di(p, 1) = k;
Dj(p, 1) = l+d;

p = p+1;
elseif j_f(k)~=n && j_f(k)==j_f(l)-1

Di(p, 1) = k;
Dj(p, 1) = l+d;

p = p+1;
end

else
if j_f(k)~=n && j_f(k)==j_f(l)

Di(p, 1) = k;
Dj(p, 1) = l+d;

p = p+1;
elseif j_f(k)~=n && j_f(k)==j_f(l)-1

Di(p, 1) = k;
Dj(p, 1) = l+d;

p = p+1;
end

end
end

else
for l = 1:2*n

if l<=n
if j_f(k)~=1 && j_f(k)==j_f(l)

Di(p, 1) = k;
Dj(p, 1) = l+d;

p = p+1;
elseif j_f(k)~=1 && j_f(k)==j_f(l)+1

Di(p, 1) = k;
Dj(p, 1) = l+d;
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p = p+1;
end

else
if j_f(k)~=1 && j_f(k)==j_f(l)

Di(p, 1) = k;
Dj(p, 1) = l+d;

p = p+1;
elseif j_f(k)~=1 && j_f(k)==j_f(l)+1

Di(p, 1) = k;
Dj(p, 1) = l+d;

p = p+1;
end

end
end

end
end

% L-L; Construction of the lower left segment of D:

for k = 1:2*n
if k<=n

for l = 1:d
if j_f(k)==j_f(l)

Di(p, 1) = k+d;
Dj(p, 1) = l;

p = p+1;
end

end
else

for l = 1:d
if j_f(k)==j_f(l)

Di(p, 1) = k+d;
Dj(p, 1) = l;

p = p+1;
end

end
end

end
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function [i_f, j_f] = init_ij(d, n)
% Initialize values for i_f and i_j into vectors.
k_vector = 0:(d+2*n-1);
i_f = 1 + (k_vector - mod(k_vector, n))/n;
j_f = 1 + mod(k_vector, n);

A.2 populate.m
This function constructs the D matrix and the B vector. It loads vectors Di and
Dj that hold pre-calculated locations of non-zero matrix elements and computes
their values.

function [D, B] = populate(m, n, Di, Dj, ld, OMEGA)

global h b c; % Global variables.

F1 = 5.4;
F2 = 0;
xi2 = 1;
s = 0;

d = m*n;

[mu, w, eta] = init_muweta(n, m);
[i_f, j_f] = init_ij(d, n);

h = 1/(ld*xi2)-1i*(OMEGA*(1+F1/3));
a = h*xi2*ld;
b = (1/a+F1/3)/(1+F1/3);
c = F2/(1+F2/5)+(5/a)*(1/(1+F2/5)-xi2);

nonzmax = 7*d - 4*m;
DS = zeros(nonzmax, 1);

for p = 1:d
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if Di(p)<=d/2
if j_f(Di(p))==j_f(Dj(p))-1 && i_f(Di(p))==i_f(Dj(p))

DS(p, 1) = nu_nu(mu(i_f(Di(p))), eta(j_f(Di(p))),
eta(j_f(Di(p))+1));

elseif j_f(Di(p))==n && j_f(Dj(p))==n &&
i_f(Di(p))==m+1-i_f(Dj(p))

DS(p, 1) = 1;
end

else
if j_f(Di(p))==j_f(Dj(p))+1 && i_f(Di(p))==i_f(Dj(p))

DS(p, 1) = nu_nu(mu(i_f(Di(p))), eta(j_f(Di(p))),
eta(j_f(Di(p))-1));

elseif j_f(Di(p))==1 && j_f(Dj(p))==1 &&
i_f(Di(p))==m+1-i_f(Dj(p))

DS(p, 1) = s;
end

end
end

% U-R; Construction of the upper right segment of D:

for p = (d+1):(5*d-4*m)
if Di(p)<=d/2

if Dj(p)<=d+n
if j_f(Di(p))~=n && j_f(Di(p))==j_f(Dj(p))

DS(p, 1) = nu_phi1(mu(i_f(Di(p))), eta(j_f(Di(p))),
eta(j_f(Di(p))+1));

elseif j_f(Di(p))~=n && j_f(Di(p))==j_f(Dj(p))-1
DS(p, 1) = nu_phi1_0(mu(i_f(Di(p))), eta(j_f(Di(p))),

eta(j_f(Di(p))+1));
end

else
if j_f(Di(p))~=n && j_f(Di(p))==j_f(Dj(p))

DS(p, 1) = nu_phi2(mu(i_f(Di(p))), eta(j_f(Di(p))),
eta(j_f(Di(p))+1));

elseif j_f(Di(p))~=n && j_f(Di(p))==j_f(Dj(p))-1
DS(p, 1) = nu_phi2_0(mu(i_f(Di(p))),

eta(j_f(Di(p))), eta(j_f(Di(p))+1));
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end
end

else
if Dj(p)<=d+n

if j_f(Di(p))~=1 && j_f(Di(p))==j_f(Dj(p))
DS(p, 1) = nu_phi1(mu(i_f(Di(p))),

eta(j_f(Di(p))), eta(j_f(Di(p))-1));
elseif j_f(Di(p))~=1 && j_f(Di(p))==j_f(Dj(p))+1

DS(p, 1) = nu_phi1_0(mu(i_f(Di(p))),
eta(j_f(Di(p))), eta(j_f(Di(p))-1));

end
else

if j_f(Di(p))~=1 && j_f(Di(p))==j_f(Dj(p))
DS(p, 1) = nu_phi2(mu(i_f(Di(p))),

eta(j_f(Di(p))), eta(j_f(Di(p))-1));
elseif j_f(Di(p))~=1 && j_f(Di(p))==j_f(Dj(p))+1

DS(p, 1) = nu_phi2_0(mu(i_f(Di(p))),
eta(j_f(Di(p))), eta(j_f(Di(p))-1));

end
end

end
end

% L-L; Construction of the lower left segment of D:

for p = (5*d-4*m+1):(7*d-4*m)
if Di(p)<=d+n

if j_f(Di(p))==j_f(Dj(p))
DS(p, 1) = phi1_nu(mu(i_f(Dj(p))), w(i_f(Dj(p))));

end
else

if j_f(Di(p))==j_f(Dj(p))
DS(p, 1) = phi2_nu(mu(i_f(Dj(p))), w(i_f(Dj(p))));

end
end

end
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D = speye(d+2*n, d+2*n) - sparse(Di, Dj, DS, d+2*n, d+2*n, nonzmax);

% Consturction of B vector:

BS = zeros(m/2, 1);
Bi = zeros(m/2, 1);
Bj = ones(m/2, 1);

p = 1;

for k = (d/2+1):d
if j_f(k)==1

BS(p, 1) = 1-s;
Bi(p, 1) = k;
p = p+1;

end
end

B = sparse(Bi, Bj, BS, d+2*n, 1, m/2);

% Subfunctions:

function [mu, w, eta] = init_muweta(n, m)
% Initialize vectors mu, w and eta.
[mu, w] = lgwt(m, -1, 1);
eta = linspace(0, 1, n);

function [i_f, j_f] = init_ij(d, n)
% Initialize values for i_f and i_j into vectors.
k_vector = 0:(d+2*n-1);
i_f = 1 + (k_vector - mod(k_vector, n))/n;
j_f = 1 + mod(k_vector, n);

function phi1_nu = phi1_nu(mu, w)
% Multiplier phi1_nu.
phi1_nu = w*(1-mu^2);
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function phi2_nu = phi2_nu(mu, w)
% Multiplier phi2_nu.
phi2_nu = w*mu*(1-mu^2);

function nu_nu = nu_nu(mu, eta, eta0)
% Multiplier nu_nu.
global h;
nu_nu = exp(h*(eta0 - eta)/mu);

function nu_phi1_0 = nu_phi1_0(mu, eta, eta0)
% Multiplier nu_phi1_0
global h b;
nu_phi1_0 = (3/4)*(h/mu)*exp((h/mu)*(eta0-eta))*we1(mu, eta, eta0)*b;

function nu_phi2_0 = nu_phi2_0(mu, eta, eta0)
% Multiplier nu_phi2_0
global h c;
nu_phi2_0 = (3/4)*h*exp((h/mu)*(eta0-eta))*we1(mu, eta, eta0)*c;

function nu_phi1 = nu_phi1(mu, eta, eta0)
% Multiplier nu_phi1
global h b;
nu_phi1 = (3/4)*(h/mu)*exp((h/mu)*(eta0-eta))*we2(mu, eta, eta0)*b;

function nu_phi2 = nu_phi2(mu, eta, eta0)
% Multiplier nu_phi2
global h c;
nu_phi2 = (3/4)*h*exp((h/mu)*(eta0-eta))*we2(mu, eta, eta0)*c;

function we1 = we1(mu, eta, eta0)
% Weight we1 for integration
global h;
we1 =

(exp((h/mu)*(eta-eta0))-1-(h/mu)*(eta-eta0))/((h/mu)^2*(eta-eta0));

function we2 = we2(mu, eta, eta0)
% Weight we2 for integration
global h;
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we2 =
(1-(1-(h/mu)*(eta-eta0))*exp((h/mu)*(eta-eta0)))/((h/mu)^2*(eta-eta0));

A.3 fastloop.m
This function is a simple loop that calls function populate.m and gets the con-
structed D matrix and B vector in return. It then does the actual matrix inversion
and calculates a value for the acoustic impedance. The loop structure does this
repeatedly while varying some variables in order to produce a curve or a set of
curves.

function[output, scaled] = fastloop(savefile)
% Function for solving DX = B and extracting phi2(0)
% with multiple values of ld.

% Variables m and n determine the accuracy of the simulation and
% lenght of processing time.
m=500;
n=1000;

OMEGA = 5;
F1 = [0.4, 5.4, 11];
h = length(F1);

ldmin = 0.001;
ldmax = 1000;
steps = 150;

A = 0:steps;

G = ldmax*exp(-log(ldmin)*(A/steps-1)-log(ldmax)*((steps-A)/steps));

output = [G’, zeros(steps+1, h)];
scaled = [G’, zeros(steps+1, h)];

d=n*m;
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% Here we can either call function seek.m or load vectors Di and Dj if
% they have been pre-calculated.
%[Di, Dj] = seek(m, n);
load(’seekm500n1000.mat’);

for j = 1:h
for k = 1:(steps+1)

disp(k);
[D, B] = populate(m, n, Di, Dj, G(k), OMEGA, F1(j));
Psi = D\B;
output(k, j+1) = (3/4)*Psi(d+n+1);
scaled(k, j+1) = (3/4)*(Psi(d+n+1)/OMEGA);
save(savefile, ’output’);

end
end

% Get rid of possible NaN’s at the start of curves
output(isnan(output)) = 0;
scaled(isnan(scaled)) = 0;

% Add origin to curves
output = [zeros(1, h+1); output];
scaled = [zeros(1, h+1); scaled];

save(savefile, ’output’);
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