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Abstract

This research presents an application of extreme value theory to estimate the value at
risk of a market position particularly of the OMX Hex Index. There are many
approaches to computing value at risk alongside the extreme value method. One
fundamental problem the manager of risk face is “what is the optimal choice of value
at risk estimator that will best predict the risk?” This implies that choosing an approach
to best predict value at risk is challenging. This study proposed a method of estimating
value at risk using the two-dimensional inhomogeneous Poisson model. An extreme
value theory method that is based on the Peak Over Threshold (POT). The method takes
into consideration time varying parameters through some explanatory variables. The
study also shows how well theoretical model fit real financial data. The data used is the
daily log return of the OMX Hex Index from the period 1990 to 2014.
From the data we show empirically that the OMX Hex Index obeys a Fréchet
distribution. The explanatory variables for the study are GARCH volatilities, annual
trend and quarter dummies. The explanatory variables are all available at time t-1. With
the help of the fitted models we adopt the two-dimensional inhomogeneous Poisson
model approach to estimating value at risk over the two-dimensional homogeneous
Poisson model and other classical or traditional methods, and find that this better predict
value at risk estimates.

Keywords

Extreme Value theory, GARCH, Poisson Model, Risk Management, Value at Risk,
Volatility
Additional information

3
ACKNOWLEDGMENT
I would like to express my sincere gratitude to my supervisor Hannu Kahra, Professor
for the continuous support of my studies and master´s thesis, for his time,
encouragement and immense knowledge. His guidance helped me in all the time of
gathering of information and the writing of this thesis. I could not have imagined having
a better advisor and mentor for my master`s thesis.
Besides my advisor, I would like to thank Andy Collin (Ph.D.) and Professor Juha Pekka
for their encouragement and motivation.

4

CONTENTS
1

INTRODUCTION............................................................................................... 7

2

VALUE AT RISK ............................................................................................. 12
2.1 Understanding Value at Risk .................................................................. 12
2.2 Different Methods for Estimating VaR .................................................. 13
2.2.1 RiskMetrics ..................................................................................... 13
2.2.2 Econometric Approach to Value at Risk Estimation ...................... 14
2.3 Extreme Value Theory ............................................................................. 14
2.3.1 Gumbel Family ............................................................................... 16
2.3.2 Fréchet Family ................................................................................ 17
2.3.3 Weibull Family ............................................................................... 17
2.4 Two Approach .......................................................................................... 17
2.4.1 The Parametric Approach ............................................................... 17
2.4.2 Maximum-Likelihood Method........................................................ 18
2.4.3 Regression Method ......................................................................... 18
2.4.4 Nonparametric Approach ................................................................ 19
2.5 The Extreme Value Approach for Calculating the Value at Risk of a
Market Position…………………………………………………………21
2.6 Extreme Value Theory – The Peak Over Threshold Approach .......... 24
2.6.1 Value at Risk Calculation based on the Peak Over Threshold (POT)
........................................................................................................ 25
2.6.2 General Pareto Distribution ............................................................ 25
2.6.3 Expected Shortfall ........................................................................... 26
2.6.4 Use of Dynamic Models ................................................................. 26
2.7 Value at Risk and Derivatives ................................................................. 28
2.7.1 One Day Holding Period ................................................................. 28
2.7.2 Multiple Day Holding Period.......................................................... 28
2.8 MODEL CHECKING ............................................................................. 29

5
2.8.1 Mean Excess Function .................................................................... 29
2.8.2 Rate of Exceedance ........................................................................ 30
2.8.3 Excess Distribution ......................................................................... 31
2.8.4 Independence .................................................................................. 31
2.9 Multivariate Extreme Value Theory ...................................................... 31
2.9.1 Tail Dependence MEVT ................................................................. 32
2.9.2 Multivariate Threshold Exceedances .............................................. 32
2.9.3 Application of EVT to Financial Data ............................................ 33
3

DATA AND METHODOLOGY ..................................................................... 35
3.1 Data............................................................................................................ 35
3.2 Methodology ............................................................................................. 35

4

EMPIRIRCAL ANALYSIS ............................................................................. 37
4.1 The Case of a Long and Short Position .................................................. 37
4.2 Estimation of the Distribution of Extreme OMX Hex Index Returns 37
4.3 Value at Risk of Long and Short Position in the OMX Hex Index...... 39
4.3.1 Influence of the Frequency ............................................................. 40
4.3.2 Length of sub-period ....................................................................... 40
4.3.3 Serial dependence in the data .......................................................... 41
4.4 Comparing Extreme Value Theory and Traditional Methods ............ 43

5

CONCLUSION ................................................................................................. 50

REFERENCES ......................................................................................................... 52
APPENDIX ............................................................................................................... 57
Appendix 1: Time Series and Scatterplot Plot of OMX Hex Index Returns

6
List of Figures
Figure 1: Generalized extreme value densities ................................................................................. 16
Figure 2: Quantile-quantile plot of excess return of the OMX Hex Index. Threshold is 2.5% and a
long position is considered. .............................................................................................................. 29
Figure 3: Mean excess plot of the negative daily log return of the OMX Hex Index. ..................... 30

List of Tables
Table 1: Maximum-Likelihood Estimate of Extreme Value Distribution for Daily Log Returns of
OMX Helsinki Index observed over time-periods of increasing length: 1 week, 1 month, 1 quarter
and 1 year. ........................................................................................................................................ 37
Table 2: VaR of long and short positions in the OMX Hex Index computed using the extreme value
method.............................................................................................................................................. 38
Table 3: VaR of long and short positions in the OMX Hex Index computed using the extreme value
method.............................................................................................................................................. 39
Table 4: VaR of long and short positions in the OMX Hex Index computed using the extreme value
method and other traditional method. .............................................................................................. 42
Table 5: Expected shortfall (ES) of long and short positions in the Hex Index computed using monthly
maxima and minima method ............................................................................................................ 45
Table 6: Estimation the results of Two-Dimensional Homogeneous Poisson Model for the Hex Index
......................................................................................................................................................... 46
Table 7: VaR and Expected Shortfall from the results of Two-Dimensional Homogeneous Poisson
Model for the Hex Index .................................................................................................................. 47
Table 8: Estimation the results of Two-Dimensional Inhomogeneous Poisson Model for the OMX
Hex Index ......................................................................................................................................... 48
Table 9: Estimation VaR from the results of Two-Dimensional Inhomogeneous Poisson Model for
the OMX Hex Index ......................................................................................................................... 49

7
1

INTRODUCTION

Risk as defined by McNeil et al (2005) “any event or actions that may adversely affect
an organization`s ability to achieve its objectives and execute it strategies” or, “the
quantifiable likelihood of loss or less-than-expected returns”. There are many types of
financial risk notable operational risk, credit risk, market risk, model, and liquidity risk.
Market risk which is the interest of this research is the risk of variation in the value of a
financial position as a result of the variation in the value of underlying assets on which
the position depends. Some of the underlying assets include exchange rates, bond and
stock prices, commodity prices, etc. Managing financial risk should be considered a
serious business in all financial institutions. Some reasons include economic capital,
societal view and shareholders view. This is what Greenspan (2002) in his own words
said concerning managing risk: “Today, I would like to share with you some of the
evolving international finance issues that have so engaged us at the Federal Reserve
over the past year. I, particularly have been focusing on innovations in the management
of risk and some of the implication of those innovations for our global economic and
financial system….. The development of our paradigms for containing risk has
emphasized dispersion of risk to those willing, and presumably able, to bear it. If risk is
properly dispersed, shocks to the overall economic systems will better absorbed
financial stability”.
Artzner et al. (1999) proposed a list of properties that any good risk measure should
have. The list are made of four axioms. They call this risk measure coherent. A risk
measure can be called coherent if it obeys all the four axioms and has a convex cone as
part of it domain. (See Artzner et al. 1999, McNeil et al. 2005) for general exposition
on the coherent risk measure and the axioms. Measurement of market risk has become
a major concern for regulators and investors alike. This is due to the considerable
increased in the traded products of many financial institutions such as derivatives,
CFDs, Options and hedging. Another reason for the measurement of market risk is for
internal control. Financial institutions such as banks are now required to have an amount
of capital as a buffer against unfavorable market conditions. The Basel Committee
(2010) requires that at confident level of 99% over 10-day holding period, a bank must
have a risk capital enough offset losses on the bank´s trading. This amount is what is
commonly referred to as Value at Risk (VaR). Earlier on value at risk was used by banks
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as an internal management tool. It became widely known when J.P. Morgan announced
its RiskMetrics system. Jorion (1996) and Dowd (1998) took time to illustrate the
mathematics and statistical basis behind Value at risk. Value at risk is primary involved
with market risk but can be applied to other kind of risks. It is generally defined as “the
maximum loss over a target horizon such that there is a low pre-specified possibility
that the actual loss will be larger” Jorion (2011). Duffie and Pan (1997) explain value at
risk to be the loss in market value over the time period t that is exceeded with probability
1-p given a time period and confident interval p. Most financial institutions use 95%
confident level and one day holding period for internal risk control. . Risk management
incorporate two main ideas. The first, according to Markowitz (1992) is that “risk should
be measured at the top level of the institution or the portfolio”. Markowitz emphasized
the importance of measuring risk in a total portfolio context. This is because a
centralized system accurately accounts for the effect of diversification and hedging. The
second according to Markowitz is that risk should be measured on a ´forward-looking
basis´ employing current positions.
In financial markets extreme price movement conform to market adjustments in the
times of common time periods, and also during exceptional time periods, such as the
collapse of bond market or foreign exchange crises, and also the stock market crashes.
One can pay attention to extreme price movement during normal time periods
conforming to usual trading of financial markets and during highly volatile times
conforming to financial market crises. Greenspan (1995) expressed in a regulatory view
that “From the point of view of the risk manager, inappropriate use of the normal
distribution can lead to understatement of risk, which must be balanced against the
significant advantage of simplification. From the central bank`s corner, the
consequences are even more serious because of we often need to concentrate on the left
tail of the distribution in formulating lender-of-last-resort policies. Improving the
characterization of the distribution of extreme value is of paramount importance”.
Extreme value method covers market conditions from normal markets situations
considered by the actual value at risk approaches to financial catastrophe which are the
target of stress testing. Despite the fact that there have been many methods establishing
a relationship between value at risk and extremes yet none could be address with
correctly the distribution of tails. A parametric approach is needed to put extreme value
method into practice. The parametric method based on the extreme value theory help to
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figure out the value at risk of a position. The approach takes into consideration extreme
returns.
There have been different measurement of market risk that have been proposed in
literature. Artzner et al. (1997) proposed the use of expected shortfall i.e. the value
beyond the value at risk after showing that value at risk has numerous theoretical
shortcoming as a determinant of market risk. The expected shortfall estimate the
expected loss on condition that the loss exceed the value at risk. Embrechts et al. (1998)
use a semi-parametric approach to estimate the value at risk. They used the Hill´s
estimator to compute the tail index. Boudoukh et al. (1995) examine the distribution of
extreme returns by assuming the returns to be normal distribution.
In this paper, the interest of research lies with the tail estimation for the OMX Hex Index
return series. The type of return distribution considered is conditional distribution based
on the prevailing volatility. Financial time series is known to have a stochastic volatility.
See Bagen (1996). To observe stochastic volatility indicates that return series are not
independent as time goes on.
A manager of risk who desires to estimate the market risk of a known portfolio is
particularly concerned with the amount of loss caused by an inimical market movement
over the next trading day based on the prevailing volatility conditions. The manager´s
concern is in the tail distribution, which are also the focal point of this research. The
research takes both long and short position in the OMX Hex Index. Information of this
sort may be of importance to the risk manager who desire to carry out risk management
analysis and to be ready for any unforeseen financial catastrophe.
There are various approaches to estimating value at risk and expected shortfall. These
include: Econometric models which involves RiskMetrics, GARCH family (based on
volatility and the assumption of conditional normality), Peak-Over-Threshold (POT),
General Pareto Distribution (GPD), Empirical Quantile, Extreme Value Theory (EVT)
and a model of time varying parameters which takes into consideration some form of
explanation variables.
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The GARCH family classified under econometric model assume conditional normality.
They are used to estimate value at risk which shows the prevailing volatility condition.
A major flaw of this approach is that the conditional normality assumption does seem
to be difficult to fit for real data. See Danielsson and de Vries (1997b).
Using extreme value theory to estimate distribution of returns especially of financial
time series has been a major issue which has arose the interest of many authors. Namely
Danielsson and de Vries (1997b), Danielson et al. (1998), McNeil (1997), Login (1997),
Embrechts et al. (1998). Many of these authors assumed unconditional distribution of
returns in their papers. Login (1997) for instance use approaches based on limit theorem
for block maxima. A semi-parametric technique based on the Hill estimator of location
parameter was used by Danielsson and de Vries (1997). Embrechts et al. (1999)
proposed the used of parametric approach based on a threshold. Tsay (2010) proposed
the use of explanatory variables that are applicable prior to time t. This approach will be
used in this paper. Extreme value theory approaches give a parametric model for the
distribution of a tail and also based on statistical theory. Extreme value theory approach
for quantile estimation do not tend to generate value at risk estimates which indicate the
prevailing volatility conditions. McNeil and Frey (2000) believe this to be a major
weakness of any kind of value at risk estimation. In other to overcome the weakness of
the approaches, we assume the three parameters of the extreme value (shape, location
and scale) are all time varying and assign some explanatory variables to the parameters.
See chapter 3 for details.
A recent paper by Tsay (2010) discussed an approach similar to this research. He applied
a two-dimensional inhomogeneous Poisson model to a daily log returns of IBM stocks.
He took a long position and used five explanatory variable of which two were volatility
measures (to see whether market volatility has any effect on VaR).
Different approaches are used to estimate the value at risk. The estimates show that the
Peak-Over-threshold yield better value at risk and expected shortfall than the traditional
extreme value theory and other classical methods. Model checking indicates that this
approach need improvement. The estimate from two-dimensional inhomogeneous
Poisson model yield better value at risk estimates. This is in agreement with Tsay (2010)
who found out that the parameters for estimating the two-dimensional inhomogeneous
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Poisson model are “adaptive to the changes in market conditions”. Furthermore using
higher probability level such as 99.9% yield better value at risk results.
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2
2.1

VALUE AT RISK
Understanding Value at Risk

Value at risk (VaR) is well thought out to be a traditional measure of market risks.
Financial institutions worldwide have and continue to use to use measure to estimate
market risks and other type of risks. The VaR of a market position is a single estimates
of an amount that endeavor to summarize the risk of that position. VaR is defined as the
worst expected loss of the position over a given period of time, at a given confident level
(Login, 2001). Jorion (2011) define VaR as maximum loss over a target horizon such
that there is minimal pre-stated possibility that the actual loss will be larger. From the
notion of a regulatory agency, VaR can be defined as the minimal loss under unusual
conditions. Regulatory agency can use VaR to set margin requirements as well as
financial organization to weigh up their risk. Sourcing from Tsay (2010), Value at risk
is define in statistical term as p=Pr [F (ҽ) ≥ VaR] = 1 – Pr [F (ҽ) < VaR assuming ∆V
(ҽ) is the change in value of the primary of the financial standpoint from time t + ҽ. Ҽ
is the financial standpoint or position for the next time scope and F (ҽ) is the related loss
function. Deducing from the definition, the probability that the financial institution
would encounter a loss equivalent or larger than VaR over the time sphere ҽ is p.
According to Tsay (2010), estimating VaR in real life entails number of factors:
1. A known probability p, for instance p = 0.05 for risk management and for
stress testing a known probability of 0.001.
2. Regulatory agency might set the time frame ҽ, for instance 1 day for market
risk or 21 days and 2 or 5 years for credit risk.
3. The time frame and the frequency of the required data might not be equal. For
market risk daily observations are used.
4. The Cumulative Distribution Function (CDF)
5. The number of the financial position.
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2.2

Different Methods for Estimating VaR

2.2.1 RiskMetrics
The RiskMetrics methodology was built by J.P. Morgan (1995) to carry out VaR
computation. RiskMetrics in it elementary form presumes that the continuously
compounded daily return of a portfolio pursue a conditional normal distribution.
RiskMetrics assumed that given logarithm return rt and an information set obtainable at
time t-1 with Ft-1 then, rt | Ft-1 ~ N (μt, 𝑣𝑎𝑟𝑡 ), where μt = 0 is the conditional mean and
𝑣𝑎𝑟𝑡 = αvart-1 + (1-α) r2t-1, 0 <α<1 is the conditional variance of log return. The value of
α is between 0.9 and 1. It has average value of 0.94. Given a tail probability of 1% and
1 day horizon, RiskMetrics define value at risk for a portfolio as: VaR = Amount of
position * 2.326σt+1. For a D-day horizon RiskMetrics calculate value at risk as: VaR
(D) = Amount of position * 2.326√D σt+1, where D = time horizon. Again the VaR
estimated by RiskMetrics match up to the probability of observing an unfavorable daily
move equal to 5% ( equal to the probability of return not more than the VaR equal to
95%. In RiskMetrics, the link between the probability and the VaR is realized with
normal distribution. A benefit of RiskMetrics is it straightforwardness. Also it is simple
to understand and to put into operation. A disadvantage of the RiskMetrics is that return
series are not normally distributed, this is because a greater part of observations may
possibly be fat tails leading to an underestimate of an appropriate VaR for portfolios.
The multiple position of the RiskMetrics is assumed to be following a random-walk of
the IGARCH (1, 1) model. For a multiple position the total value at risk of an investor
is

𝑉𝑎𝑅 = √∑𝑘ℎ=1 𝑉𝑎𝑅ℎ2 + 2 ∑𝑘ℎ<𝑖 𝜌ℎ𝑖 𝑉𝑎𝑅ℎ 𝑉𝑎𝑅𝑖 ,

Where 𝜌ℎ𝑖 is the cross-correlation coefficient between returns of the h th and i th
instruments. The 𝑉𝑎𝑅ℎ is the value at risk of the i th instrument. One key note is to
assume that the normal distribution of the logarithm returns of assets associate in the
portfolio has a mean zero and covariance matrix ∑𝑡+1. This shows that the logarithm
return of the portfolio has a variance is finite and zero mean.
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2.2.2 Econometric Approach to Value at Risk Estimation
Bollerslev et al. (1992) suggested models for volatility dynamics such as the ARCH and
GARCH family. Others such as shepherd (1996) proposed volatility model known as
stochastic volatility models and Muller et al. (1997) – the HARCH process. GARCH
model in VaR estimation takes into consideration serial autocorrelation (Engle, 2004).
One can estimate quantile for VaR calculation with GARCH – model by first assuming
that the innovation distribution Ԑt is Gaussian. 𝑟𝑡 (1) + 2.326 𝜎𝑡 (1) is an example of the
estimation for 99% quantile under Gaussian distribution. GARCH – type model with
Gaussian distribution can be fixed by maximum likelihood. The mean and volatility can
be approximate using 1 – step – ahead forecasts. Another approach is when one assumes
that the innovations Ԑt have a normalized student – t distribution with v d.f (degree of
freedom). The quantile becomes 𝑟𝑡 (1) + 𝑡 𝑣 (1-p) 𝜎𝑡 (1). 𝑡 𝑣 (1-p) is the (1-p) th quantile
of a normalized student – t distribution with v d.f (Tsay, 2010; McNeil, 2000). The
means and volatility equation of the return series is
𝑟𝑛 = Ω0 + ∑𝑘ℎ=1 Ωℎ 𝑟𝑛−1 + 𝑎𝑛 − ∑𝑝𝑏 Θ𝑏 𝑎𝑛−𝑏 ,

(2.1)

𝑎𝑛 = 𝜎𝑛 𝜀𝑛 ,
2
2
𝜎𝑡2 = 𝛼0 + ∑𝑣ℎ=1 𝛼ℎ 𝑎𝑛−1
+ ∑𝑤
𝑏 𝛽𝑏 𝜎𝑛−𝑏 .

2.3

(2.2)

Extreme Value Theory

Extreme Value Theory (EVT) is a theory in the field of probability. It studies the
distribution of extreme occurrences of a given distribution function. Fisher and Tippett
(1928) and Gnedenko (1943) set the foundation of the extreme value theory. They
proved that the distribution of the extreme values of an independent identical
distribution sample from a cumulative distribution function can converge when rescaled
to one out of three possible distributions. EVT can be used to model extreme risks by
observing the behavior of the return distribution at the tails (Tsay, 2010).
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Tsay (2010) discussed the nitty- gritty of extreme value theory techniques. Let assume
that the return 𝑟𝑡 has a range [Ɩ, ú]. Also that 𝑟𝑡 has a cumulative distribution function
F(x) and are serially independent. We have Ɩ = ∞ and ú = ∞ for log returns. This implies
that the cumulative distribution function 𝑟𝑚 which we represent as 𝐹𝑚,𝑚 (x), is given by
𝐹𝑚,𝑚 (x) = Pr [r (m) ≤ x]
= Pr (r1 ≤ x, r2 ≤x... 𝑟𝑚 ≤x) (maximum)
= ∏𝑚
𝑖=1 Pr(𝑟𝑖 ≤ ×) (independence)
=∏𝑚
𝑖=1 F(x) = [F(x)] ͫ

(2.3)

The function, 𝐹𝑚,𝑚 (x) reduces to a degenerated form as m approaches infinity and
therefore is of no importance, practically. Extreme value theory works well when two
sequences {βm} and {αm} are known. The parameter {βm} is a location series and {αm}
is a series known as scale factors. When αm > 0, and as m approaches infinity, the
distribution 𝑟𝑚 = (𝑟𝑚 - βm) / αm a nondegenerate distribution. The limiting distribution
of the transformed minimum return, 𝑟𝑚 which is given by
exp[ −( 1 + 𝜉𝑦) exp −1/𝜉] 𝑖𝑓 𝜉 ≠ 0
F*(y) = {
exp[ − exp(−𝑦 )]
𝑖𝑓 𝜉 = 0

(2.4)

For y <-1/ 𝜉 if 𝜉 < 0 and y > -1 / 𝜉 if 𝜉 > 0 where the superscript * signifies maximum.
The tail behavior of the limiting distribution is run by the shape parameter (𝜉). The tail
index of the distribution is α= 1/ 𝜉. Feller (1971) shows that the tail index value is stable
under time – aggregation. According to the tail index value, there are three types of
extreme value distribution that are distinguished (Gnedenko, 1943):
 Type 1: 𝜉 = 0, the Gumbel distribution. The cumulative density function is
F*(y) = exp [- exp (-y)], - ∞ < y < ∞

(2.5)
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 Type 2: 𝜉 > 0, the Fréchet distribution. The cumulative density function is
exp[ −( 1 + 𝜉𝑦) exp −1/𝜉] 𝑖𝑓 𝑦 > −1/𝜉,
F*(y) = {
0
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(2.6)

 Type 3: 𝜉 < 0, the Weibull distribution. The cumulative density function is
exp[ −( 1 + 𝜉𝑦) exp −1/𝜉] 𝑖𝑓 𝑦 < −1/𝜉,
F*(y) = {
1
𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(2.7)

Figure 1: Generalized extreme value densities

2.3.1 Gumbel Family
The Gumbel family is made up of slender- tailed distributions. These include normal
and lognormal distributions.
1

− –1

𝜉
exp[−(1 + 𝜉𝑦)−1/𝜉 ] 𝑖𝑓 𝜉 ≠ 0,
F*(y) = { (1 + 𝜉𝑦)
exp[−𝑦 − exp(−𝑦)]
𝑖𝑓 𝜉 = 0

(2.8)
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The above equation when differentiated leads to the probability density function (pdf)
of the generalized limiting distribution Eq. (2.2). It should be noted that −∞ < y<∞
for 𝜉 = 0, and y < -1 / 𝜉 for 𝜉 < 0, and y > -1/ 𝜉 for𝜉 > 0. A discrete mixtures of normal
distributions involving a mixture of a diffusion jump process lead to a Gumbel
distribution for the extremes because they all have thin tails (Leadbetter et al., 1983).
2.3.2 Fréchet Family
The Fréchet distribution is reached for fat-tailed distributions of returns these include
student-t and stable Paretian distributions. The fatness of the tail is a direct relative of
the tail index. The shape parameter and the number of degrees of freedom of a studentt distribution correspond to each. It also corresponds to the characteristics exponent of
a stable distribution. The Fréchet extreme value distribution is of great importance to
finance, since most financial series are fat-tailed. Financial series displaced asymptotic
distribution of extremes which is of the Fréchet type. If returns follow an ARCH
process, then the minimum has a Fréchet distribution De Haan et al. (1989).
2.3.3 Weibull Family
When the distribution of returns has no tail then the Weibull distribution is obtained,
that is, there is no observation beyond a given threshold at tail end of the distribution.
Login (1997a) explained that the volatility of the process of returns (ARCH process) is
influenced mainly by the extremes.
2.4

Two Approach

2.4.1 The Parametric Approach
The extreme value distribution of maxima of independence and identical distributions
random variables as proposed by Jenkinson (1955) follow a unitary framework. The
parametric approach involve estimating the parameters 𝜉, αm, and βm by assuming that
realized extremes are taken from the asymptotic distribution of extremes which contain
the three parameters. According to Tsay (2010) there are two approaches. They are
maximum-likelihood and regression methods.
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2.4.2 Maximum-Likelihood Method
We assume that the generalized extreme value distribution is followed by the sub-period
maxima { 𝑟𝑚 , j} such that the pdf of 𝑥𝑗 = (𝑟𝑚 , j - βm)/ αm. The probability density becomes
F(𝑟𝑚 ,j)=
1

{ αm
1

𝛼𝑚

−

[[1 + 𝜉𝑚 (𝑟𝑚,𝑗− 𝛽𝑚 )] ]
exp[−

𝑟𝑚,𝑗− 𝛽𝑚
𝛼𝑚

1+ 𝜉𝑚
𝜉𝑚

− exp(−

exp [ −(1 + 𝜉𝛼𝑚𝑚 (𝑟𝑚,𝑗− 𝛽𝑚 )

𝑟𝑚,𝑗− 𝛽𝑚
𝛼𝑚

)]

−

1
𝜉𝑚

] 𝑖𝑓 𝜉𝑚 ≠ 0
𝑖𝑓 𝜉𝑚 = 0

Where 1 + 𝜉𝑚 (𝑟𝑚,𝑗− 𝛽𝑚 )/ αm > 0 if𝜉𝑚 ≠ 0. The subscript m is added to 𝜉 to demonstrate
that the shape parameter estimate depends on the preference of m. The likelihood
function of the sub-period maxima underlining the independent assumption is
ℓ (𝑟𝑚 , 1 .......................𝑟𝑚 , k | 𝜉𝑚 , αm, βm) = ∏𝑘
𝑗=1 f( 𝑟𝑚 , j).
The maximum-likelihood estimates of 𝜉𝑚 , αm, and βm can be obtained by the used of
nonlinear estimation procedures (Tiago de Oliveira, 1973). The estimates, under proper
assumptions are asymptotically normal, unbiased and of minimum variance (Embrechts
et al., 1997).
2.4.3 Regression Method
𝑘
The regression method presumes that {𝑟𝑚,𝑗 } 𝑗=1
is a random variable from the

generalized extreme value distribution. It also makes good use of properties of order
𝑘
statistics (Gumbel, 1958). The order statistics of the subperiod maxima {𝑟𝑚,𝑗 } 𝑗=1
can

be designate as
𝑟𝑚 (1) ≤ 𝑟𝑚 (2) ≤ rm (3) ............... ≤ 𝑟𝑚

(k).

Employing the properties of order statistics describe in Cox and Hinkley (1974), we
have
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𝑗

Q {𝐹 ∗ [𝑟𝑚,𝑗 ]} =𝑘+1 , j = 1... k

(2.9)

When 𝜉 ≠ 0 we have

F* [𝑟m,j] = exp[− (1 + 𝜉

𝑚

1

𝑟𝑚,𝑗 −𝛽𝑚
𝛼𝑚

(2.10)

) exp(− 𝜉 )].
𝑚

Equating (2.9) and (2.10) together we have,

𝑗
𝑘+1

1

= = exp[− (1 + 𝜉

𝑚

𝑟𝑚,𝑗 −𝛽𝑚
𝛼𝑚

) exp(− 𝜉 )],
𝑚

j = 1,........ k.

Taking natural log of two times, the equation becomes

𝑗

In[−𝐼𝑛 ( 𝑘+1 )] =

−1
𝜉𝑚

𝐼𝑛 (1 + 𝜉

𝑚

𝑟𝑚,𝑗 −𝛽𝑚

) + ∋𝑗 ,

j = 1... k.

(2.11)

𝛼𝑚

Where ∋𝑗 is the deviation between two previous quantities and not serially correlated.
When 𝜉 = 0, the regression decreases to
𝑗

In [- In (𝑘+1)] =

−1
𝛼𝑚

𝑟𝑚,𝑗 +

𝛽𝑚
𝛼𝑚

+ ∋𝑗

j= 1... k.

𝑗

The values In [- In (𝑘+1)] are plotted against the known values of ordered extremes 𝑟𝑚 .
The curvature tells of the type of distribution. A straight line depicts Gumbel
distribution, a concave curve tells of a Fréchet distribution, and a convex curve depicts
a Weibull distribution. Gumbel (1958) gives the confident interval for the graphs.
2.4.4 Nonparametric Approach
Nonparametric approach can be used to approximate the shape parameter ξ. it must not
be assumed that the annotation of extreme follows precisely the asymptotic distribution

20
Pickands (1975) and Hill (1975). The approach is known as the Hill estimator and
Pickands estimator. Jansen and De Vries (1991) claim that the estimators may be more
effective than maximum likelihood estimators. For example, without considering
subsamples, we connote the order statistics of the samples as
𝑟𝑎 ≤ 𝑟𝑏 ≤ 𝑟𝑐 ≤ ................. ≤ 𝑟𝑁
The Pickands estimator of the shape parameter is defined as

1

𝑟(𝑇−𝑣+1) + 𝑟(𝑇−2𝑣+1)

𝜉𝑃𝑖𝑐𝑘𝑎𝑛𝑑𝑠 (𝑣) = 𝐼𝑛 (2) 𝐼𝑛 (𝑟

(𝑇−2𝑣+1) −𝑟(𝑇−4𝑣+1)

),𝑣 ≤

𝑇

(2.12)

4

The Hill estimator of the shape parameter 𝜉 is also defined as
1

𝜉𝐻𝑖𝑙𝑙 (𝑣) = 𝑣 ∑𝑣𝑗[𝐼𝑛(𝑟(𝑇−𝑗+1) ) − 𝐼𝑛(𝑟(𝑇−𝑣) )],

(2.13)

Where (v) is a positive integer. It is used to signify that the estimators depend on v. The
selection of v varies between Pickands and Hill estimators. Pickands’ estimator is
suitable accordant if v increases at a reliable swift pace with T being the sample size
(Dekkers and De Haan, 1989). The normalized Pickands’ statistics that is, v1/2
[𝜉𝑃𝑖𝑐𝑘𝑎𝑛𝑑𝑠 (𝑣) - 𝜉] is distributed asymptotically normal. It has a mean a zero mean and
(22𝜉+1 + 1)

variance 𝜉 2 [2(2𝜉 − 1)𝐼𝑛 (2)]2 . The Pickands’ estimator is applicable to all three types of
distribution. The Hill estimator is relevant to the Fréchet distribution only i.e. 𝜉 = 0.
The Hill estimator in such a condition is more operative than the Pickands’ estimator.
The Hill estimator is said to be consistent (Mason, 1982). Goodie and smith (1987) show
that the normalized Hill estimator i.e. √𝑣[𝜉𝐻𝑖𝑙𝑙 (𝑣) − 𝜉]is asymptotically normally
dispensed. It has a zero mean and variance𝜉 2 . Practically the Hill estimator 𝜉𝐻𝑖𝑙𝑙 (𝑣) can
be plotted against v. Zivot and Wang (2003) show that extreme quantiles of the returns
can be realized from the estimated tail index 𝛼 = 1⁄ 𝜉

𝐻𝑖𝑙𝑙 (𝑣)

.
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2.5

The Extreme Value Approach for Calculating the Value at Risk of a Market
Position.

Login (1996) proposed eight steps to value at risk calculation.
1. Decide on the frequency of returns f. The preferred frequency should pertain to
the measure of liquidity and risk of the position. The frequency should be fairly
high for the reason that during short periods extreme prices tend to change in the
financial markets (Kindleberger, 1998). For a liquid position, low frequency
returns may not be appropriate for the reason that the risk profile could change
swiftly. Because extreme value theory is naturally asymptotic the selection of
low frequency tells of a smaller number of observations which could have a
negative effect on the analysis. Stoll and Whaley (1990) and Lo and MacKinlay
(1990) made some adjustment to take care of problems of unusual trading
concerning assets of illiquid positions. Regulators such as Basel committee
(1996) may impose the selection of frequency. They may for e.g. recommend a
holding period of 10 days.
2. Develop the history of the time series of returns on the position 𝑟𝑡 . A univariate
time series is used for a complete accumulated position.
3. Decide the length of the period of selection of minimal returns T. The length of
period of selection of minimal returns has to be determined for a known
frequency. The selection period must appease a statistical constraint i.e. it has
to be lengthy enough to meet the state of application of extreme value theory.
4. Choose the minimal returns 𝑍𝑚 . The period the database envelops is separated
into non-overlapping sub-periods. Each sub-period contains m observations of
return of frequency. The minimal return is chosen for every sub-period. Taking
into consideration the first m observations of returns 𝑟1,𝑟2 ,𝑟3 ,....,𝑟𝑚 , the lowest
observation 𝑍𝑚,1 is taken. Again another minimum 𝑍𝑚,2 is taken from the next
observations of returns rm+1, rm+2,...., rm2. From mM returns observation, a time
series (𝑍𝑚 ) j=1, M with M observations of returns achieved. Login (1996) noted
that for a database containing M observation of daily returns for a frequency of
basic returns for a selection period of minimal returns containing m basic returns,
the number of minimal returns M is equal to the integer part of m observations.
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5. Calculate approximately the parameters of the distribution of minimal returns.
The parameters α, β and 𝜉 are estimated from the M observations of minimal
returns already selected.
6. Goodness-of-fit test of the distribution of minimal returns. Does point 5 above
characterize the statistical behaviour of known minimal returns? The ordered
minimal returns of the test developed by Sherman (1957) is (W’m,j)j=1,M: W’m,1
´
≤ W’m,2 ≤ ⋯ ≤ 𝑊𝑛,𝑚
. The statistic is calculated as follows: φM =
𝑀

asymp

∑𝑗=0 |FWm

asymp
〈W′m,j+1 〉 − FWm
〈W′m,j 〉 −

1
M+1

asymp
|, where FWm 〈W′m,0 〉 = 0

asymp
and FWm 〈W′m,M+1 〉 = 1. The variable φM has a mean of (M/M+1)M+1 and a

variance of (2e-5)/e2 M), e is relatively equal to 2.72. The variable φM can be
explained to be a metric distance over the class of distributions. φM is
asymptotically distributed. When φM equals a low value it shows that the
estimated and known distributions are close to each other. It also shows that the
behaviour of extremes is well characterized by extremes value theory.
Reciprocally, when φM is high it shows that estimated and known distributions
are distant from each other. It also shows that the extreme value theory does not
fit the data.
7. Choose the probability 𝑝𝑒𝑥𝑡𝑟𝑒𝑚𝑒 of a minimal return not more than the value at
risk. The extreme value theory uses the probability that is correlated to a
minimal return rather than using probability that correlated to a basic return. This
is because there is no model with hypothetical bedrock that allows a connection
between the value at risk and the probability of returns not surpassing or
exceeding the value at risk. The selection of the value of probability is random.
Nevertheless there are also several factors that can guide the selection. For
instance, the Basel committee (1996) charges a value for probability to be 99%,
financial institutions and shareholders come to terms on the degree of risk.
8. Calculate the Value at Risk of the position. The Value at risk of the position is
calculated using the asymptotic distribution of minimum returns calculated
previously. The model contains the frequency rf and the basic number of returns
m, the parameters αm, βm , 𝑎𝑛𝑑 𝜉𝑚 , and also the probability pextreme of not
exceeding the value at risk. For a completely accumulated position, the value at
risk expressed as one hundredth of the value of the position is acquired from the
calculated asymptotic distribution of minimal returns:
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𝑉𝑎𝑅 = −𝛽𝑚 + 𝛼𝑚
[1 − (−𝐼𝑛(𝑝𝑒𝑥𝑡𝑟𝑒𝑚𝑒 ))𝜀 ].
𝜀

(2.14)

According Login (2000), the assessment method used to estimate the value at risk
of a market position requires the construction of the past returns of the entire
position. For complex positions containing numerous assets or with time-changing
compositions, it may take a longer period to rebuild the past returns of the position
and re-estimate the asymptotic distribution of minimal returns every time the value
at risk of the position has to be computed. That is why it may be more efficient to
decompose the position on some degree of number of risk factors (such as interest
rates, stock indexes and commodity prices) and compute the value at risk of the
position in a straightforward approach with a risk-aggregation formula.
Tsay (2010) also demonstrated how extreme value theory can be used to calculate
value at risk. He assumed that there are M known assets returns ready in the sample
period. The sample period is divided into q sub periods with length Ɩ in a way that
M = qƖ. Assuming M = qƖ + K where k is equal or less than 1 and less than Ɩ. The
initial k known variables in the samples is discarded. One can obtain the quantile of
a known probability of GEV (Generalized Extreme Value) by letting

−

1 − p△

Where 1 +

𝜉𝑚 (𝑟𝑚 Δ − 𝛽𝑚 )
exp{− [1 +
]
𝛼𝑚
=
𝑟𝑚 Δ − 𝛽𝑚
exp[− exp( −
)]
{
αm

𝜉𝑚 (𝑟𝑚 Δ −𝛽𝑚 )
αm

1
𝜉𝑚

}

𝑖𝑓 𝜉𝑚 ≠ 0,
𝑖𝑓 𝜉𝑚 = 0

> 0 if𝑖𝑓 𝜉𝑚 ≠ 0. The equation can be written as

𝜉𝑚 (𝑟𝑚 Δ −𝛽𝑚 )

−

1
𝜉𝑚

− [1 +
]
𝑖𝑓 𝜉𝑚 ≠ 0,
𝛼𝑚
ln(1 − p△ ) = {
𝑟 Δ −𝛽
− exp( − 𝑚 α 𝑚)] 𝑖𝑓 𝜉𝑚 = 0
m

The quantile then becomes
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𝑟𝑚∆

={

𝛽𝑚 −

𝛼𝑚
𝜉𝑚

{1 − ln(1 − p△ )]−𝜉𝑚

𝛽𝑚 − 𝛼𝑚 ln[− ln(1 − p△ )]

𝑖𝑓 𝜉𝑚 ≠0
}
𝑖𝑓 𝜉𝑚 =0

(2.15)

PΔ is a small upper tail probability that indicates the potential loss 𝑟 Δ − (1 − 𝑝Δ )𝑡ℎ
quantile of the subperiod maxima under the limiting generalized extreme value
distribution.
For a log return the VaR of a market position is
𝛼

𝑉𝑎𝑅 = {

𝛽𝑚 − 𝜉𝑚 {1 − [−𝑛ln(1 − 𝑝)]−𝜉𝑚
𝑚

𝛽𝑚 − 𝛼𝑚 ln[−𝑛 ln(1 − 𝑝)]

𝑖𝑓 𝜉𝑚 ≠0
}
𝑖𝑓 𝜉𝑚 =0

(2.16)

Where m is the length of the sub-period.
Tsay (2010) summarize the approach of extreme value theory application to VaR
calculation as:
1. Choose the length of the sub-period m to obtain sub-period maxima {𝑟𝑚,𝑗 },
where j= 1,.....q, and q = [N/M]
2. Get the maximum-likelihood estimates αm, βm and 𝜉𝑚 .
3. Examine the sufficiency of the fitted model.
4. If the model is sufficient put in equation (2.16) to estimate value at risk.

2.6

Extreme Value Theory – The Peak Over Threshold Approach (POT)
The above mentioned methodology to VaR estimation using extreme value theory
come across some complications. First, selection of sub-period length m is not
visibly defined. Second, the method is unconditional and therefore, does not take
into deliberation properties of explanatory variables. An advance method to extreme
value theory has been proposed by Davidson and Smith (1990) and Smith (1989) to
deal with these complications. Rather than focusing on extremes, the new method
emphasis on exceedances of the measurement over a high threshold and the times
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upon which the exceedances occur. This new approach is knows as Peak over
thresholds (POT).
POT does not require the selection of a sub-period length m. POT have need of
threshold η. The selection of diverse threshold η leads to diverse estimate of shape
parameter k and hence the tail index 1/ 𝜉.

2.6.1 Value at Risk Calculation based on the Peak Over Threshold (POT)
Tsay (2010) provides the distribution that, given an upper tail probability q, the (1p) th quantile of the log return rt is
𝛼
{1 − [−𝐵 𝑙𝑛(1 − 𝑝)]−𝜉 }
𝜉
𝑉𝑎𝑅 = {
𝛽 − 𝛼 ln[−𝐵 𝑙𝑛(1 − 𝑝)]
𝛽−

𝑖𝑓𝜉 ≠ 0,

(2.17)

𝑖𝑓 𝜉 = 0,

Where B is the baseline time interval used in estimation that is the number of trading
days in a year (252). The challenge that one faces when using POT is what threshold
to use. Gilleland and Katz (2005), and Tsay (2010) present a graphical method to
deciding on threshold such as the mean excess function, and parameter estimates,
where the steadiness of the parameter estimates given an interval of possible
thresholds is employed as criterion. This is not the focus of this research.
2.6.2 General Pareto Distribution
This is an alternative to the POT. It can be used to estimate VaR given a threshold
η. It can be parameterized by the shape parameter and the scale parameter that is
∅(η) = 𝛼 + 𝜉(η − β).
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2.6.3 Expected Shortfall
Expected shortfall (ES) is described as the expected loss given that the VaR is
exceeded, Tsay (2010). Expected Shortfall is a useful risk measure. Tsay (2010)
provides the derivation of ES for a Gross Domestic Distribution. For a known tail
probability p, the ES is identified by
𝐸𝑆𝑔 =E (r|r>𝑉𝑎𝑅𝑔 ) =𝑉𝑎𝑅𝑔 +E(r-𝑉𝑎𝑅𝑔 |r>𝑉𝑎𝑅𝑔 )

(2.18)

Using Characteristics of General Pareto Distribution,

VaR g + E (r − VaR g | r > VaR g ) =

∅(η) + ξ(VaR g − η)
,
1−ξ

Given that 0 < ξ < 1. As a result

ESg =

VaR g ϕ(η) − ξ(η)
+
1−ξ
1−ξ

Where g = 1 – p.

2.6.4 Use of Dynamic Models
In addition to Peak Over Threshold model for estimating VaR, Tsay (2010) and
Smith (2003) proposed the use of explanatory variables. They report that the
weakness of the primary EVT models is that they employ information from the
initial series and does not take into consideration information from explanatory
variables or dynamic models. To make use of the explanatory variables, one has to
assume or hypothesize that all parameters 𝛼, 𝛽 𝑎𝑛𝑑 𝜉 are time varying. Also, that
they are linear functions of the explanatory variables, (Tsay, 2010; Coles, 2001).
Volatility index is a good illustration of explanatory for an asset returns. Tsay (2010)
proposed that the explanatory variables should be known before time of evaluation
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T. Time dummies such as summer, quarters, trends, number of holidays, weekdays,
and measures of earlier periods of volatility indices such as GARCH. In particular,
when explanatory variables or dynamic models are obtainable, then
𝜉𝑡 = 𝜁0 + 𝜁1 𝜒1𝑡 + ⋯ + 𝜁𝑣 𝜒𝑣𝑡 ≡ 𝜁0 + 𝜁 ′ 𝜒𝑡 ,
ln(𝛼𝑡 ) = 𝜓0 + 𝜓1 𝜒1𝑡 + ⋯ + 𝜓𝑣 𝜒𝑣𝑡 ≡ 𝜓0 + 𝜓′ 𝜒𝑡,

(2.19)

𝛽𝑡 = 𝛿0 + 𝛿1 𝜒1𝑡 + ⋯ + 𝛿𝑣 𝜒𝑣𝑡 ≡ 𝛿0 + 𝛿 ′ 𝜒𝑡 .
If 𝜁 = 0, then the shape parameter 𝜉𝑡 =𝜁0 , which is time invariant. Similar procedure
applies to the scale and location parameters.
Inhomogeneous Poisson process occurs when 𝛼, 𝛽 𝑎𝑛𝑑 𝜉 are all time varying. The
intensity measure turns out to be

⨅=

𝐵2 − 𝐵1 𝜉𝑡 (𝑟 − 𝛽𝑡 −1⁄𝜉𝑡
+
]+ ,
𝐵
𝛼𝑡

(2.20)

The likelihood function of the exceeding times and returns {(𝑡𝑗 ,𝑟𝑡,𝑗 )} turn out to be
𝑀𝜂

1
1 𝑇
𝐿 = [∏ 𝑔(𝑟𝑡𝑗 ; 𝜉𝑡𝑗 , 𝛼𝑡𝑗 , 𝛽𝑡𝑖 )] 𝑒𝑥𝑝 [− ∫ 𝑆(𝜂; 𝜉𝑡 , 𝛼𝑡 , 𝛽𝑡 )𝑑𝑡],
𝐵
𝐵 0
𝑗=1

This reduces to
𝑀

1

1

𝜂
𝐿 = [∏𝑗=1
𝑔(𝑟𝑡𝑗 ; 𝜉𝑡𝑗 , 𝛼𝑡𝑗 , 𝛽𝑡𝑖 )] 𝑒𝑥𝑝 [− 𝐵 ∑𝑇𝑡=1 𝑆(𝜂; 𝜉𝑡 , 𝛼𝑡 , 𝛽𝑡 )],
𝐵

(2.21)

The baseline time interval B and the threshold 𝜂 can be computed by maximizing
the logarithm of the likelihood function.
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2.7

Value at Risk and Derivatives

The delta-gamma approach is used to estimate value at risk of positions with traditional
options not taking into consideration the linearity. Taking value at risk of positions in
complex options requires Monte Carlo simulation approach for computations. The
behaviour of the tail distribution is of major interest when one is discussing nonlinearity. Despite the challenge of carrying out extreme value easily, extreme value
theory help to formulate models to develop returns from the perspective of extreme
events. For instance, a fat tail distribution (GARCH process) comes to mind when the
Fréchet distribution is not rejected. A thin tail distribution (normal distribution) is
proposed when the Gumbel distribution is not rejected. Distributions with no tail would
be used to define extreme returns when the Weibull distribution is not rejected. One may
require a risk-neutral distribution to assess a position with derivatives. Unlike the
historical distribution where one need observe data to carry out analysis for extreme
value. Leadbetter et al. (1983) show that the risk-neutral distribution of extreme returns
distinguish itself from the historical distribution by the location parameter value when
the results of normal distribution is considered.
2.7.1 One Day Holding Period
The simple method of evaluating dynamic value at risk is to assume that the distribution
of interest is a normal distribution. One will need the next day return and volatility to
compute the dynamic measure. There are many methods for predicting the mean and
volatility of stochastic volatility models. Exponentially weighted moving average
(EWMA), RiskMetrics and GARCH are good examples. The issue with conditional
normality is that it tend to underestimate the dynamic measure. Empirical research
suggest that conditional distribution of volatility model are most of the time have heavy
tail when fit for real data than normal distribution. It is therefore necessary to apply it
random variables.
2.7.2 Multiple Day Holding Period
Assuming that at time t one wants to calculate the h-horizon value at risk of a log return
rt. The variable we are interested in is the h-horizon log return.
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The forecast origin is 𝑟𝑡 ℎ = 𝑟𝑡+1 + ⋯ + 𝑟𝑡+ℎ . The conditional mean and variance can
be forecast if the return follows a model of time series.
2.8

MODEL CHECKING

2.8.1 Mean Excess Function
Assume a threshold (𝜁0 ), presume that the excess function r-𝜁0 follow a general Pareto
distribution along with the parameter 𝜖 and 𝜑(𝜁0 ), given that 0 < 𝜖 <1. The mean excess
then becomes Α(𝑟 − 𝜁0 |𝑟 > 𝜁0 ) =

𝜑(𝜍0 )
1−𝜖

. 𝜁 > 𝜁0 , describe the mean excess function

as

𝑓(𝜁) = Α(𝑟 − 𝜁|𝑟 > 𝜁) =

𝜑(𝜁0 )+𝜖(𝜁−𝜁0 )
1−𝜖

.

Figure 2: Quantile-quantile plot of excess return of the OMX Hex Index. Threshold is 2.5% and a long position
is considered.
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Figure 3: Mean excess plot of the negative daily log return of the OMX Hex Index.

The plot above indicate that a threshold of more than 2.5 % is feasible for a long position.
2.8.2 Rate of Exceedance
Smith and Shivey (1995) recommended that one take a closer look at the time period
between successive exceedances. This is because for a univariate Poisson process the
time period between two successive events are exponentially distributed and
independent. Assuming the two-dimensional Poisson model is relevant for the period of
exceedance, then the time period between the jth and (j-1) th exceedances should pursue
an exponential distribution. Mathematically, let p0 = 0 then
𝑝

𝜈𝑝𝑗 = ∫𝑝 𝑗

𝑗−1

1
𝐵

𝑓(𝜍; 𝜉𝑥 , 𝛼𝑥 , 𝛽𝑥 )𝑑𝑥, j=1, 2…

Are assumed to be independent and identical distribution as an accepted exponential
distribution. To check the effectiveness of the iid accepted exponential distribution, we
need to take into account the time periods
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𝑝

1

𝑗
𝜈𝑝𝑗 = 𝐵 ∑𝑝=𝑝
𝑋 (𝜉𝑥 , 𝛼𝑥 , 𝛽𝑥 )
𝑗−1 +1

(2.22)

and use the quantile-quantile plot. The quantile-quantile plot would show a straight line
through the origin if the model is suitable.
2.8.3 Excess Distribution
The General Pareto Distribution (GPD) has with it the conditional distribution of excess
𝑦𝑝 = 𝑟𝑝 − 𝜍 above a threshold 𝜍. It has 𝜉𝑝 as the shape parameter and 𝜙𝑝 = 𝛼𝑝 + 𝜉𝑝 (𝜍 −
𝛽𝑝 as the scale parameter. This implies that the linkage between the GDP and the
accepted exponential distribution can be described as
𝑟𝜌𝑗 −𝜍

Η𝑝𝑗 = {

𝜙𝑝𝑗
1
𝜉𝑝𝑗

𝐼𝑛(1 + 𝜉𝑝𝑗

𝑟𝜌𝑗 −𝜍
𝜙𝑝𝑗

)+

𝑖𝑓 𝜉𝑝𝑗 ≠ 0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(2.23)

According to Smith (1999) if the model is suitable then Η𝑝𝑗 are independent and
exponentially distributed and has a mean of 1.
2.8.4 Independence
One has to check out the sample autocorrelation functions of 𝜈𝑝𝑗 and Η𝑝𝑗 after
explanatory variables have been used. This is an easy way to analyze the assumption of
independence. It is require that there be no serial correlation found in Η𝑝𝑗 and 𝜈𝑝𝑗 .
2.9

Multivariate Extreme Value Theory (MEVT)

A major point affecting extreme value theory is its univariate attribute. The notion of
maxima, and also that of excess threshold is establish on the presence of order relation.
Order relation help to build a multivariate extreme value theory than the case of
univariate. One difficulty is the relation of dependence structure of extremes in a
multivariate sequence. In spite of it difficulty the advantage of multivariate EVT is
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substantial. One reason is that there are many application of time series that are
multivariate in nature. Another reason is that there is the need to model accurately the
dependence structure. For example, when performing portfolio selection one can apply
multivariate extreme value theory. For mathematical detail of the theory, see ChavezDemoulin et al. (2005).
2.9.1 Tail Dependence MEVT
It is essential to examine the strength of the dependence between the tails of distinct
parameters of a distribution when examining the extremal characteristics of a
multivariate distribution. To define extremal dependence
Let R1, R2 be a random variables with CDFs f1 and f2. The coefficient of the upper tail
dependence of R1 and R2 is
(2.24)

Υ𝜐 = lim 𝑃(𝑅2 > 𝑓2 (𝜌)|𝑅1 > 𝑓1 (𝜌))

The coefficient of the upper tail dependence measures the conditional probability that
R2 exceed the 𝜌𝑡ℎ quantile, on condition that R1 also exceed the 𝜌𝑡ℎ as 𝜌 approaches 1.
Extremal dependence is essential therefore it must be taken into consideration. Bradley
and et al. (2004) show that employing multivariate extreme value models for asymptotic
dependent variables to asymptotic independent ones can overestimate portfolio risk.
2.9.2 Multivariate Threshold Exceedances
To fit a multivariate distribution to a data let 𝑄(𝑥) = 𝐶𝑛 (𝑄1 𝑥1 , … . , 𝑄𝑘 (𝑥𝑘 )), where 𝐶𝑛
is applicable parameter of extreme value copula. The mean of GDP that is use to
estimate the margin Qi, i=1... K, is of the form
1

𝑄𝑖 (𝑥𝑖 ) = 1 − 𝜗𝑖 (1 + 𝜉𝑖

𝑥𝑖 −∨𝑖 −𝜉
) 𝑖,
𝛽𝑖

𝑥𝑖 ≥ 𝑣𝑖 ,

𝑖 = 1, … , 𝑘.

(2.25)

33
The maximum likelihood estimates of the parameters are measured with abridge data.
This implies that, assuming a high threshold will not hold because some parameters of
𝑥𝑖 will be bigger than others. The maximum likelihood function of the parameters will
be

𝐿𝑎 = 𝐿𝑎 (𝜉, 𝛽, 𝛼, 𝜗; 𝑥𝑎 ) =

𝛿 𝑦 𝑄(𝑥1 ,…,𝑥𝑘
𝛿𝑥1 …𝛿𝑥𝑦

|(𝑥1 , … , 𝑥𝑘 ) = (𝑥𝑗 , … . 𝑥𝑗,𝑦, 𝜐𝑦+1 … , 𝜐𝑘 (2.26)

2.9.3 Application of EVT to Financial Data
Authors such as Fama (1963, 1965) and Mandelbrot (1963, 1967) have questioned the
suitability of the use of the assumption of normality for financial time series. Empirical
evidence has pointed out many flaws when one uses the normal distribution to fit
financial data. The findings show that the normal distribution is thin tailed. A critical
examination of fat tailed distributions has been carried out with the intention of finding
an applicable distribution to fit financial data. See Rachev (ed) (2003). The subject of
study were student t distribution and stable law. The student t distributions in practice
link fat tails with the availability of variance.
The skewed versions of the student t distribution is known to take in to consideration
empirical findings of skewness in many financial time series. Stable laws on the other
hand as suggested by Mandelbrot is a relevant modelling technique that takes in to
account heavy tails and skewness. Studying the two distributions comparatively has
proven to be difficult. This is because the two distributions are not nested and rejecting
one of them for the other seem difficult to perceive.
Extreme value theory helps to compare the student t distribution and the stable law since
they both are used for heavy tail analysis.
Practically:


One can assume the distribution of data belong to the Fréchet distribution. Then
estimate the shape parameter of the distribution.
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Accept the stable law if the shape parameter is less than two, on the other hand
if the shape parameter is more than two, accept the student t distribution.

This extreme value theory method was applied first by Koedijk et al. (1990). His
research was to find out how much heavy-tailed are bilateral EMS foreign exchange
rates. He analyzed weekly data on spot exchange rates of 8 different currencies quoted
against the US dollar from 1971 to 1987. They find point estimates for the shape
parameter to be not more than two. They do not at 95% probability level reject the
hypothesis. The hypothesis that the shape parameter is more than two is rejected for few
exchange rates.
This approach is also use by Lux (2000) who made estimate of the tail index. His
objective was to obtain a clear cut conclusion about the finiteness of the second moment
of the German stock returns. He finds that there is evidence for heavy tail with finite
variance when one wants to use algorithms for endogenous choice of optimal cut-off.
Earlier research recorded different results though.
Vilasuso and Katz (2000) examined daily aggregate stock-market index returns for a
period of 18 years from different countries. Their formulated hypothesis is that returns
follow a stable distribution. They conclude that there is insufficient backing for the
assumption. The student t distribution and ARCH processes appears to be more reliable.
Login (2005) after applying the technique to logarithmic daily percentage returns on the
S&P500 index for a period of 50 years concludes that the student t distribution and
ARCH processes are not rejected, while rejecting the normal distribution and the stable
law.
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3

DATA AND METHODOLOGY

In this chapter, an in-depth account of the methodology used to analyze value at risk and
it models are presented. The first sector contain information about data and summary of
statistics used. The latter part contain information about the methodology and model
used.
3.1

Data

The data is taken from DataStream database1. The sample include 6,262 daily returns of
the NASDAQ OMX Hex Index. The data is from March 13, 1990 to March 13, 2014.
The raw data are converted to daily log returns for a nicer statistical property. The daily
log returns have a positive mean of 0.0242% and a standard deviation of 1.7112% which
is high. The return distribution is negatively skewed and pose excess kurtosis of 7.6704.
The distribution is a leptokurtic which suggest a deviation from the normal distribution.
The first-order autocorrelation though small (0.039) yet significantly positive. For
higher lags there are little of no serial correlation but at lag 1, there is the presence of
serial correlation which suggest an ARCH effect. The minimal value that is the daily
amount of fall in the OMX Hex index is -0.1740 and the maximal value that is the daily
amount of rise in the index is 0.1456.
3.2

Methodology

The minima and maxima returns chosen over non-overlap time span of different length,
from one week to one year are estimated first. The manner in which the parameter
estimates behaves is represented graphically in the appendix. Value at risk results for
holding period of one and ten days are estimated as stipulated by the Basel II market
risk frame work (2010). The value at risk corresponds to a probability level of (1-p) %
quantile of the log return. The expected shortfall of a position correspond to the mean
of the observed return that exceed the value at risk. The extreme value distribution is
generated from the extreme returns. The estimates of the shape, location and scale

1

Credit to Oulu Business School
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parameters are presented in chapter 4. Three conditional Gaussian methods are used; the
RiskMetrics, GARCH and the Student-t GARCH with v degree of freedom. They
describe the behavior of volatility at different times.
To estimate the results of the two-dimensional homogeneous Poisson Process, three
choice of thresholds are used. The parameters (𝜉𝑡 , 𝛽𝑡 , 𝛼 ) are assumed to be stationary
over time. The same choice of thresholds are used to estimate the two-dimensional
inhomogeneous Poisson model. The parameters (𝜉𝑡 , 𝛽𝑡 , 𝛼) are assumed to be time
varying. Three explanatory variables are formed to estimate the two-dimensional
inhomogeneous Poisson model results. They are:
1. V1t: an indicator variable to detect seasonal effects. V1t = 1 if seasonal effect is
true otherwise zero.
2.

V2t: an indicator variable for annual trend described as V2t = (year of time –
1991)/26. This variable is designed to observe any trend in the behaviour of
extreme returns of the OMX Hex Index.

3. An indicator variable based on GARCH (1, 1) model. This is apply to the mean
2
corrected return. V3t = 𝜎 where 𝜎 2 = -2.3324e-9 + 0.00535𝑎𝑡−1
+
2
0.9419𝜎𝑡−1
,

𝑟𝑡¤ = 𝑎𝑡 , 𝑎𝑡 = 𝜎𝑡 𝜀𝑡 , 𝜀𝑡 ~𝑁(0,1), where 𝜎 2 is the conditional variance.
The following linear equation is assumed when explanatory variable 𝑣𝑡 is available.
𝜉𝑡 = Γ0 + Γ1 𝑣1𝑡 + Γ2 𝑣2𝑡 + Γ3 𝑣3𝑡
𝛽𝑡 = 𝜚0 + 𝜚1 𝑣1𝑡 + 𝜚2 𝑣2𝑡 + 𝜚3 𝑣3𝑡
𝐼𝑛(𝛼𝑡 ) = 𝛿0 + 𝛿1 𝑣1𝑡 + 𝛿2 𝑣2𝑡 + 𝛿3 𝑣3𝑡
The same explanatory variables are used for all three parameters. Equation 2.16 is used
to estimate the value at risk.
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4
4.1

EMPIRIRCAL ANALYSIS
The Case of a Long and Short Position

The extreme value method given in this chapter is directly applied to the computation
of the value at risk of a long and short position in the OMX Helsinki Index. Estimation
results of the distribution of extreme return are presented first. Value at risks are then
calculated for different values of probability of an extreme return not exceeding the
Value at risks. The sensitivity of the value at risk results to the length of sub-period are
investigated. Also VaR results as a result of some explanatory variables are investigated.
Table 1: Maximum-Likelihood Estimate of Extreme Value Distribution for Daily Log Returns of OMX
Helsinki Index observed over time-periods of increasing length: 1 week, 1 month, 1 quarter and 1 year.

Parameters
Length of Subperiod

Scale α

Panel A
1 week (n = 5, q =1253)

Location β

Shape 𝜉

Minimal Returns
0.010(-)

0.009(-)

0.144(0.019)

1 month (n = 21, q =299 )

0.011(0.001)

0.019(0.001)

0.286(0.055)

1 quarter (n = 63, q =100)

0.013(0.001)

0.027(0.001)

0.322(0.089)

6 months (n = 126, q =50)

0.015(0.002)

0.031(0.002)

0.426(0.146)

1 year (n = 252, q = 25)

0.017(0.004)

0.041(0.004)

0.550(0.271)

Panel B

Maximal Returns

1 week (n = 5, q =1253)

0.010(-)

0.011(-)

0.070(0.016)

1 month (n = 21, q =299 )

0.011(-)

0.020(0.001)

0.168(0.043)

1 quarter (n = 63, q =100)

0.013(0.001)

0.028(0.002)

0.278(0.098)

6 months (n = 126, q =50)

0.015(0.002)

0.033(0.003)

0.262(0.149)

1 year (n = 252, q = 25)

0.018(0.004)

0.042(0.005)

0.194(0.235)

Standard errors are in parenthesis

4.2

Estimation of the Distribution of Extreme OMX Hex Index Returns

Table 1 shows the results of the parameters of extreme value distribution. Panel A shows
minimal returns and Panel B shows maximal returns. The maximum likelihood method
is use to estimate the scale, location and shape parameters. The figures in parenthesis
are standard errors of the parameters. Daily return are observed over time span of one
week to one year. The database consists of daily returns on the Hex Index over the period
March 1990 - March 2014 (6263). Daily returns are defined as logarithmic index price
changes. Figure 4 shows a QQ plot of residual and exponential distribution of selection
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period 21 days. The plot shows that the fit is good. In Panel A the scale parameter
increases from 0.010 to 0.017, implying that the negative extremes are more and more
dispersed, the location parameters increases from 0.009 to 0.041, indicating that the
mean size of negative extremes is bigger and bigger. The one year sub-period i.e. n =
252 have higher variability, this is because the number of sub-periods is comparatively
small. The shape parameter is between 0.144 and 0.550, showing that the distribution is
a Fréchet distribution. Overall, the likelihood ratio test indicates that the Fréchet
distribution is preferred above the Gumbel and the Weibull family.
The revision to the Basel II market risk frame work (2010) permits banks to consider
instantaneous price shock movement equivalent to 10 days (minimum) holding period.
The distribution of extreme returns of various holding period are estimated.
Table 2: VaR of long and short positions in the OMX Hex Index computed using the extreme value method.

Parameters
Prob. Of not exceeding VaR

1 month

1 quarter

90 %

11.22

8.07

95 %

18.31

13.99

99 %
99.9 %

40.92
97.66

33.81
87.30

90 %

11.81

8.80

95 %

19.62

14.92

99 %

41.22

34.22

99.9 %

83.89

81.83

(A) Long Position

(B) Short Position

One day holding period is considered.

Table 2 present the VaR of positions in the OMX Hex Index calculated using the
extreme value method for different values of probability not exceeding the VaR, as
shown in column one. Panel A indicate the value at risk of long position attained using
the estimated distribution of minimal returns. Panel B indicate the value at risk of short
position attained using the estimated distribution of maximal returns. A position of
€1000 is assumed to be held for the value at risk. One day holding period is considered.
Extreme returns of time period 1 month and 1 quarter are selected. The time period do
not overlap.
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Table 3: VaR of long and short positions in the OMX Hex Index computed using the extreme value method.

Parameters
Prob. Of not exceeding VaR

1 month

1 quarter

90 %

21.70

16.94

95 %

35.39

29.41

99 %

79.11

71.03

99.9 %

188.82

183.43

90 %

17.39

16.68

95 %

28.88

28.26

99 %

60.67

64.86

99.9 %

123.48

155.08

(A) Long Position

(B) Short Position

Ten day holding period is considered.

The table above present the VaR of positions in the Hex Index calculated using the
extreme value method for different values of probability not exceeding the VaR, as
shown in column one. Panel A indicate the value at risk of long position attained using
the estimated distribution of minimal returns. Panel B indicate the value at risk of short
position attained using the estimated distribution of maximal returns. A position of
€1000 is assumed to be held for the value at risk. Ten days holding period is considered.
Extreme returns of time period 1 month and 1 quarter are selected. The time period do
not overlap.
4.3

Value at Risk of Long and Short Position in the OMX Hex Index

Table 2 and Table 3 shows the empirical results of value at risk of the Hex Index for a
long position (Panel A) and for a short position (Panel B). 1 and 10 days holding period
are considered. Two different time length are chosen for the extreme returns. They are
1 month and 1 quarter. The estimate of the probability of an extreme return not
exceeding the value at risk falls between 90% and 99% inclusive. The different
probability values were chosen to give a hint of the form of the expected loss beyond
the value at risk.
Consider a holding period of 1 day and maximal returns chosen on a monthly basis, the
VaR is equal to €11.81 for a short position of €1000 and for a probability of 90%. This
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implies that, there is a 10% chance that the position loses more than €11.82 in a trading
section over a month. Again consider a holding period of 1 day and both minimal and
maximal returns chosen on a quarterly basis, the VaR is equal to €87.30 and €81.83
respectively for a position of €1000 (long and short) and for a probability of 99.9%. This
implies that there is a 0.1% chance that both positions loses more than €87.30 and €81.83
in a trading day. The results also show that a value at risk increases with a higher
probability of extreme returns not exceeding the value at risk. For instance, a 95%
percent probability gives a value at risk €11.22 for a monthly basis and €8.07 for a
quarterly basis in a one day horizon holding a long position. Furthermore, a 99.9%
probability gives a value at risk of €97.66 for a monthly basis and €87.30 for quarterly
basis in a one day horizon holding a long position. A higher probability level signifies
a higher value at risk.
4.3.1 Influence of the Frequency
Table 4.2 and 4.3 results show that value at risk numbers calculated from 10 day holding
period are always higher than the value at risk calculated for 1 day holding period. To
be able to calculate the regulatory capital requirement, value at risk figures calculated
conformable to the shorter holding periods than 10 days horizons have to be mount up
to 10 days multiplied by the square root of the time factor. Considering a long position
and a probability of 99%, in a 1 day holding period return, the value at risk will mount
up to €106.92 i.e. (√10 *33.81) which is greatly higher than the value at risk calculated
with 10 days horizon (€71.03). The difference indicate that the scaling factor the Basel
committee proposed may be too high.
4.3.2 Length of sub-period
The value at risk can be calculated from the distribution of extreme returns chosen over
a different length of sub-periods. Login (2000) noted that, the probability value, because
it depends on the length of sub-period has to be adjusted. Compare the value at risk
results obtained for extreme value theory over a quarter and those over a month chosen
over various time period. The 95% probability figure used in the cause of extreme
returns chosen over a quarter conform to a probability number of 98.31% (=0.95

21⁄
63 )

for extreme returns chosen over a month. According to Login (2001) this is a simple
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rule for the adjustment of the probability. Using the results from table 4.3, panel B the
value at risk for holding a short position are €28.26 for a sub-period of a quarter. The
value is not statistically different from the value at risk value obtained with a sub-period
of a month (€28.88). The other value at risk numbers indicate that the extreme value
method appears to be robust to the choice of the length of the sub-period.
4.3.3 Serial dependence in the data
Extremal index allows one to describe or model the relationship between the dependence
framework of the data and the behaviour of extremes. Login (2000) suggest that when
the case of a strong dependence is registered the equation 𝑃𝑒𝑥𝑡 =(𝑃𝑚 )∅ should be used
that is when the probability of extreme return not beyond the value at risk is determined
from the underlying probability not beyond the value at risk. Assume ∅ is equal to 72%
and for a long position selected over a month, the equation 𝑃𝑒𝑥𝑡 =(𝑃𝑚 )∅ turns to
0.900.72=0.9269. The value at risk is €14.27 compared to €11.22 obtained when we
assumed weak dependence. Again, using ∅ equal to 84% for a long positon and 10 day
horizon selected over a month, the corrected probability of extreme is equal to 91.53%
(= 0.900.84 ). The value at risk is equal to €24.76 compared to €21.70 obtained when we
assumed dependence. From economic point of view the difference between the value at
risk figures may be significant. This results agree with Login (2000) that sourcing for
supplementary capital is costly for financial institutions.

42
Table 4: VaR of long and short positions in the OMX Hex Index computed using the extreme value method
and other traditional method.

Probability of exceeding VaR
Method

95%

99%

99.9%

RiskMetrics

16.00

22.63

30.06

GARCH (Gaussian)

17.69

25.23

33.69

GARCH (Student)

16.94

28.63

50.51

Extreme value(tradition)

18.31

40.92

97.66

Empirical Quantile

26.51

48.30

88.76

RiskMetrics

16.00

22.63

30.07

GARCH (Gaussian)

18.74

26.29

34.75

GARCH (Student)

17.94

26.62

51.51

Extreme value(tradition)

19.62

41.22

83.90

Empirical Quantile

26.40

48.83

84.47

(A) Long Position

(B) Short Position

5 degree of freedom is considered for the student GARCH

Table 4 gives the value at risk of positions in the OMX Hex Index calculated using
different methods as shown in the first column. Panel A indicate the value at risk of long
position and Panel B indicate the value at risk of short position. Five statistical models
are studied and they are RiskMetrics, Gaussian GARCH, student GARCH with v degree
of freedom, Extreme value and Empirical Quantile. The position of €1000 is assumed
to be held for the value at risk. Only 1 day holding period is considered. The probability
not exceeding the value at risk taken into consideration are 95%, 99% and 99%. The
data consist of 6263 observations and from a period of March 1990 to March 2014.
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4.4

Comparing Extreme Value Theory and Traditional Methods

The value at risk obtained from the used of extreme value method for both long and
short positions is compared with the value at risk obtained from the classical method.
Both methods are assumed to be weak independence. Four different classical methods
are taken into account:
RiskMetrics – which assumes that the continuously compounded daily returns of a
portfolio follows a normal distribution. A simple model under the RiskMetrics is
2
2
𝜇𝑡 =0, 𝑟𝑡 =𝑎𝑡 , 𝜎𝑡2 = 𝛼𝜎𝑡−1
+ (1 − 𝛼)𝑟𝑡−1,
1 > 𝛼 > 0. 𝜇𝑡 is the conditional mean and 𝜎𝑡2

is the conditional variance. The fitted model is
2
2
𝜎𝑡2 = 0.961𝜎𝑡−1
+ (1 − 0.961)𝜎𝑡−1
and the one step ahead volatility forecast is

2
(1) = 0.0097.
𝜎̃6262

GARCH (Gaussian) – GARCH (1, 1) is considered. A model for the GARCH is given
2
2
as 𝑟𝑡 = ∅0 + ∅𝑟𝑡−1 + 𝑎𝑡 − ∅1 𝑎𝑡−1 for the mean and 𝜎𝑡2 = 𝛼0+ 𝛼1 𝑎𝑡−1
+ 𝛽1 𝜎𝑡−1
for

conditional variance, 𝑎𝑡 = 𝜎𝑡 𝜖𝑡 . The parameter 𝛼1 shows the persistence in volatility of
the squared standard error and 𝛽1 measures the persistence in volatility of the lagged
variance. The fitted model is

𝑟𝑡 =

−0.000529 − 3.453𝑟𝑡−2 + 𝑎𝑡

2
and 𝜎𝑡2 = 0.0000014 + 0.0542𝑎𝑡−1
+

2
0.941𝜎𝑡−1
. The 1-step-ahead forecast from the model is

2
(1) = 0.0110743.
𝑟̃6262 (1) = −0.00053 and 𝜎̃6262

GARCH with v degree of freedom – consider the standard Gaussian noise (𝜖𝑡 ) to be a
standard student –t distribution and has 5 degree of freedom. The fitted model is given
as
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𝑟𝑡 = −0.000499 − 3.545𝑟𝑡−2 + 𝑎𝑡 ,

where 𝑎𝑡 = 𝜎𝑡 𝜖𝑡 ,

and 𝜎𝑡2 = 0.00000107 +

2
2
0.0657𝑎𝑡−1
+ 0.933𝜎𝑡−1
. The 1-step-ahead forecast from the model is 𝑟̃6262 (1) =
2
(1) = 0.01107415.
−0.00050 and 𝜎̃6262

Empirical Quantile- this is based on the assumption that the distribution of return 𝑟𝑡 in
the prediction period and the sample period are alike. Consider a long position (table
4.5), the value at risk estimates of RiskMetrics are €16 for 0.05 probability, €22.63 for
a 0.01 probability and €30.06 for a probability level of 0.001.
The value at risk of the lower probability 0.05 is closed to that of the extreme value
(€18.31) of the same probability. The 0.01 and 0.001 probability value under estimate
the value at risk when compared to the extreme value, of €40.92 and €97.66 respectively.
The value at risk estimates based on the Gaussian GARCH and the GARCH (student)
with 5 degree of freedom is €17.69 and €16.94 respectively for a probability of 95%.
The difference between these figures and that of the extreme value number for the same
probability is insignificant. The higher probability levels show much significance
between the GARCH family and the extreme value. The GARCH will produce a high
value at risk in the period of high probability notable after a market shock. Because of
unanticipated shifts in market conditions conditional methods are exposed to event risks.
In the case of the extreme value method the events risks is remarkably reduced. The
value risk numbers for the extreme value are smaller compared to that of the Empirical
Quantile for a short position. The extreme value generate €19.62 for probability level
95%, €41.22 for probability level of 99% and €83.90 for probability level of 99.9%. The
value at risk of the Empirical Quantile on the other hand are €26.40, €48.83 and €84.47
respectively for the same probability levels and for a short position. The value at risk
for the extreme value seems not to be adequate. This is because of the choice of
probability. Another reason is that statistical testing do not the independent assumption
of daily log returns. Furthermore, the use of sub-period maxima ignore the case of
volatility clustering in the daily log returns.
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Table 5: Expected shortfall (ES) of long and short positions in the Hex Index computed using monthly maxima
and minima method.

95 %

ES − VaR
VaR

99 %

ES − VaR
VaR

99.9 %

ES − VaR
VaR

RiskMetrics

20.07

25.44

25.93

14.58

32.76

8.98

GARCH (Gaussian)

22.31

26.12

28.99

14.90

36.76

9.11

GARCH (Student)

24.52

44.75

38.04

32.87

64.54

27.78

Empirical Quantile

41.06

54.89

66.65

37.99

114.70

29.17

RiskMetrics

20.07

25.43

25.93

14.58

32.76

8.95

GARCH (Gaussian)

23.37

24.71

30.05

14.30

37.82

8.83

GARCH (Student)

25.51

42.20

39.04

46.66

65.54

27.23

Empirical Quantile

39.88

51.06

62.79

28.59

98.91

17.09

Methods
(A) Long Position

(B) Short Position

There are not enough information to compute estimates for extreme values.

Table 5 shows the empirical results of Expected Shortfall (ES), that is values beyond
the value at risk in the OMX Hex Index using different methods. Panel A shows
expected shortfall computed for a long position and panel B shows the expected shortfall
computed for short positions. The ratio ES-VaR/VaR is calculated to standardize the
results. A value closed to zero indicates that the expected shortfall are clustered near the
value at risk. A value significant from zero indicates that the expected shortfall are far
from the value at risk.
From the table it can be seen that the expected shortfall values widens as the probability
level increases. The disparity is as a results of the way the tail distribution is shaped. For
instance, RiskMetrics, under 95% probability level, the estimates is €20.07. For
GARCH (student) the estimate is €24.52 for the same probability level (Panel A). The
estimate for the RiskMetrics under the 99% probability level is €25.93. For the GARCH
(student) under the same probability the estimate is €38.04. The estimates for the 99.9%
are €32.76 for RiskMetrics and €64.54 for the GARCH (student). It can be seen that the
estimates show a greater disparity.

46
Under the RiskMetrics, the difference between the expected and the value at risk (ES –
VaR) in absolute terms decreases from €4.07 (20.07 – 16) at the 95% probability level
to €2.7 (32.76 – 30.06) at the 99.9% probability level. Under the student GARCH, the
difference between the ES-VaR increases from €7.58 (24.52 – 16.94) at the 95%
probability level to €14.03 (64.54 – 50.51) at the 99.9% probability level. The expected
shortfall estimates under the RiskMetrics tend to converge near the value at risk. The
expected shortfall estimates under the student GARCH tends to deviate from the value
at risk. This is in line with the theory above. Apart from the absolute terms, the ratio
ES-VaR/VaR can also be considered. The value of RiskMetrics and student GARCH
under 95% probability levels are 14.58% and 32.87% respectively. For a probability
level 99.9%, the ratio are 8.98% and 27.78% respectively. From the table Empirical
Quantile which has no specific distribution has higher ratios. RiskMetrics and Gaussian
GARCH which assume a normal distribution have low ratios compared to the Empirical
Quantile. The RiskMetrics and the Gaussian GARCH decline swiftly towards zero,
implying that an approach assuming a normal distribution would underestimate both the
value at risk and Expected shortfall. The students GARCH have higher ratios. This is
due to the degree of freedom. As the degree of freedom increases the ratio (ESVaR/VaR) approaches zero. One should take into account the degree of freedom when
computing both value at risk and expected shortfall from the student GARCH method.
Table 6: Estimation the results of Two-Dimensional Homogeneous Poisson Model for the Hex Index

Parameters
Threshold

Exceedance

Shape

Scale

Location

2.0 %

539

0.131(0.030)

0.008(0.001)

– 0.005(0.002)

2.5 %

355

0.132(0.034)

0.009(0.001)

– 0.005(0.002)

3.0 %

232

0.108(0.039)

0.009(0.001)

– 0.008(0.004)

2.0 %

528

0.075(0.031)

0.001(0.001)

– 0.007(0.002)

2.5 %

349

0.066(0.035)

0.010(0.001)

– 0.008(0.003)

3.0 %

237

0.092(0.038)

0.009(0.001)

– 0.005(0.003)

(A) Long Position

(B) Short Position

Standard errors are in parenthesis

The table above gives the estimate of three parameters of the two-dimensional Poisson
process selected for the choice of three threshold. Estimation results are given for the
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distribution of minimal daily log returns (Panel A) and for the distribution of maximal
daily log returns (Panel B). The parameters (scale, location, and shape) are estimated
for three choices of threshold. The data consist of daily log returns of the OMX Hex
Index from March, 1990 to March 2014 made up of 6262 observations. The baseline
time span is 252 trading days in a year. The second column shows the number of
exceeding times for the given thresholds. This implies that the chance of dropping 2.0%,
2.5% and 3.0% in a day for the OMX Hex Index will occur with a probability of 8.6%
(539/6262), 5.7% and 3.7% respectively holding a long position. The parameter
estimates are used to calculate value at risk. Model checking (figure 5) indicate that for
2.5% threshold there was a minor deviation from the straight line this implies that there
is room for improvement.
Table 7: VaR and Expected Shortfall from the results of Two-Dimensional
Homogeneous Poisson Model for the Hex Index.
Probability of not exceeding the VaR
Threshold

Exc.

95%

99%

99.9%

2.0 %

539

26.61

49.17

90.96

2.5 %

355

26.57

49.15

91.09

3.0 %

232

25.92

49.45

91.07

2.0 %

539

41.10

67.06

115.14

2.5 %

355

41.08

67.11

115.49

3.0 %

232

40.93

67.03

113.95

2.0 %

528

26.40

47.75

83.35

2.5 %

349

26.37

47.86

82.90

3.0 %

237

26.59

47.54

83.45

2.0 %

528

39.89

62.97

101.21

2.5 %

349

39.92

62.94

100.47

3.0 %

237

39.89

62.96

102.52

(A) Long Position

Expected shortfall

(B) Short Position

Expected shortfall

Exc. = Exceedances
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Table 7 shows the empirical results of value at risk positions in the OMX Hex Index
based on the Two Dimensional homogeneous Poisson Model. Column 1 and 2 show the
threshold and exceedance while column 3 shows the probability of not exceeding the
value at risk. Panel A shows the value at risk computed for long positions as well as
expected shortfall. Panel B shows the value at risk computed for positions and it
expected shortfall. Only one day holding period is considered. The value at risk
compared to the extreme value method (traditional).
The value at risk based on the Two-Dimensional Homogeneous Poisson model are more
reliable than those presented by the extreme value method. The extreme method is
sensitive to the choice of the selection period or the sub-period.

Table 8: Estimation the results of Two-Dimensional Inhomogeneous Poisson Model for the OMX Hex Index.

Shape

Scale

Location

Threshold 2.0 %
Intercept

0.012

0.142

0.017

Coefficient of X1t

0.160(0.030)

0.015(0.001)

- 0.068(0.002)

Coefficient of X2t

0.124(0.031)

0.011(0.001)

-0.005(0.002)

Coefficient of X3t

0.129(0.030)

0.009(0.008)

-0.005(0.002)

Threshold 2.5 %
Constant

0.0123

0.0144

0.0192

Coefficient of X1t

0.177(0.034)

0.014(0.001)

-0.005(0.002)

Coefficient of X2t

0.141(0.034)

0.0104(0.001)

- 0.004(0.002)

Coefficient of X3t

0.135(0.034)

0.008(0.001)

-0.004(0.002)

Threshold 3.0 %
Constant

0.0129

0.0167

0.0212

Coefficient of X1t

0.144(0.036)

0.016(0.002)

-0.009(0.003)

Coefficient of X2t

0.088(0.039)

0.013(0.002)

-0.010(0.004)

Coefficient of X3t

0.137(0.037)

0.008(0.001)

-0.004(0.003)

Standard error of the parameters are in parenthesis.
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The table gives the estimates of the three parameters of the Two-Dimensional
Inhomogeneous Poisson Model selected for the choice of three threshold. Estimation
results are given for the distribution of minimal daily log returns. The parameters (scale,
location and shape) are estimated for the three choices of the thresholds. The data
consist of the mean corrected returns of the OMX Hex Index from the 1990 to March
2014 made up of 6262 observations. The parameter estimates are used to calculate the
value at risk. The estimates from the table shows that a proper measure of volatility is
crucial as the shape and scale parameters depend on it. The location in absolute value
increases with decreasing threshold indicating that the mean amount of negative
extremes is huge. The intensity of all the parameters depends on the yearly trend.
Table 9: Estimation VaR from the results of Two-Dimensional Inhomogeneous Poisson Model for the OMX
Hex Index.

Probability
Threshold

95 %

99 %

99.9 %

2.0 %

35.89

56.87

97.17

2.5 %

38.71

59.84

94.40

3.0 %

31.20

85.98

113.51

Long position is considered.

Table 9 shows the empirical results of value at risk positions in the OMX Hex Index
based on the Two Dimensional Inhomogeneous Poisson Model. Column 1 shows the
threshold while column 2 shows the probability of not exceeding the value at risk. A
long position is considered. Only one day holding period is considered. The value at risk
is compared to the Two-Dimensional Poisson Process.
The value at risk based on the Two-Dimensional Inhomogeneous Poisson model are
more reliable and adequate than those presented by the Two-Dimensional
Homogeneous Poisson Model based on the above results and the model checking. See
appendix.
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18 CONCLUSION
The research is concerned with the estimate of the models of market risks particularly
of value at risk and expected shortfall. Extreme value theory based on exceedances and
thresholds, and also one that takes on some form of explanatory variables are used to
estimate the value at risk. The methods are used to compare with other traditional
methods for tail estimation of the OMX Hex Index. The distribution of minima and
maxima returns is determined as the lowest and highest daily log return over a given
time period. The main findings of the research can be summarize as follows:
1. The distribution of log returns of the OMX Hex Index is a Fréchet distribution.
The distribution deviate to the right for maxima and to the left for minima returns
but takes on the same form of shape.
2. Risk that relates to extreme event are underestimated when the assumption of
normality is taken into account.
3. Value at risk does not depict the true situation at hand. Managers of risk should
be mindful of it limitation.
4. A pragmatic way to deal with limitation of expected shortfall is to introduce
measures such as operational ceiling that is amount of terms of contracts, stop
loss, etc.
5.

Value at risk should be computed with a high probability level. For instance, a
99.9% probability level exceptionally display the magnitude of extreme events
influencing market positions.

6. Extreme value method is sensitive to the choice of sub-period length.
7. Extreme value method centre on extreme events. The event risk is of major
interest.
8. Lower holding period seem to underestimate the value at risk. Financial
institutions should take into account the length of holding period returns when
computing VaR and expected shortfall.
9. Using explanatory variables seem to better estimate value at risk than the other
approaches described in the research. This is because the result of the parameters
estimates as a results of the explanatory variables are able to adjust to current
market conditions.
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No risk manager should think that extreme value theory alone will solve all risk
management problems. We propose further research into extreme value theory for
proper risk management.
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APPENDIX
Data for all plot is from March 13, 1990 to March 13, 2014.

Figure 3 Time plot of daily log return of OMX Hex Index.
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Figure 4 Scatterplot of Hill estimator for daily log return of OMX Hex Index. The
returns are positive.

Figure 5 Scatterplot of Hill estimator for daily log return of OMX Hex Index. The
returns are negative.
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Figure 6 Residual plot from general extreme value distribution to daily log returns of
OMX Hex Index with selection period of 21days. A long position is considered.

Figure 7 Residual plot from general extreme value distribution to daily log returns of
OMX Hex Index with selection period of 21days. A long position is considered.
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Figure 8 QQ plot for GDP fit to daily negative log return returns of OMX Hex Index

Figure 9 Sample autocorrelation functions for daily log return of the OMX Hex Index.
Returns are negative.

