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ABSTRACT 

Portable devices such as mobile phones have become thinner and smaller over the 

years. This development sets new challenges for the camera industry. Consumers are 

looking for high quality cameras with versatile features. Modern manufacturing 

technology and powerful signal processors make it possible to produce a small-sized 

multi-aperture camera with good image quality. Such a camera is worthy alternative 

to traditional Bayer matrix camera. 

In this master’s thesis, an image processing algorithm is designed and 

implemented for a four-aperture camera. The camera consists of four separate 

camera units, each having dedicated optics and color filter. Each camera unit has a 

slightly different viewpoint, which causes parallax error between the captured 

images. This error has to be corrected before the individual images are combined 

into a single RGB image. In practice, corresponding pixels are searched from each 

image using graph cuts method and mutual information similarity measure. 

Implemented algorithm also utilizes a trifocal tensor, which allows images to be 

processed together, instead of matching each image pair independently. Matching of 

corresponding pixels produces a disparity map (depth map) that is used to modify 

the input images. Moreover, the depth map was used for synthetic refocusing, which 

aims to change the image focus after capturing. 

The algorithm was evaluated by visually inspecting the quality of the output 

images. Images were also compared against the reference images captured by the 

same test camera system. The results show that the overall quality of the fused images 

is near the reference images. Closer inspection reveals small color errors, typically 

found near the object borders. Most of the errors are caused by the fact that some of 

the pixels are not visible in all images. Promising results were obtained when depth 

map was used for post-capture refocusing. Since the quality of the effect highly 

depends on the depth map, the above-mentioned visibility problem causes small 

errors to the refocused image. Future improvements, such as occlusion handling and 

sub-pixel accuracy would significantly increase the quality of fused and refocused 

images. 
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Mustaniemi J. (2014) Kuvafuusioalgoritmi moniaukkokameraan. Oulun yliopisto, 
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TIIVISTELMÄ 

Kannettavat laitteet kuten matkapuhelimet ovat tulleet vuosi vuodelta 

pienemmiksi ja ohuemmiksi. Kyseinen kehitys on tuonut myös lisää haasteita 

kamerateollisuudelle. Kuluttajat odottavat kameralta hyvää kuvanlaatua ja 

monipuolisia kuvausominaisuuksia. Nykyaikaiset valmistustekniikat ja 

tehokkaat signaaliprosessorit mahdollistavat pienikokoisen sekä hyvälaatuisen 

moniaukkokameran toteuttamisen. Kamera on varteenotettava vaihtoehto 

tavanomaiselle Bayer-matriisikameralle. 

Tässä diplomityössä on tarkoitus suunnitella ja toteuttaa 

kuvankäsittelyalgoritmi neliaukkokameraan. Kamera koostuu neljästä erillisestä 

kamerayksiköstä, joilla kullakin on oma optiikkansa sekä värisuodatin. Koska 

jokaisella kamerayksiköllä on hieman erilainen kuvakulma, aiheutuu kuvien 

välille parallaksivirhettä. Tämä virhe tulee korjata, ennen kuin yksittäiset kuvat 

yhdistetään yhdeksi värikuvaksi. Käytännössä tämä tarkoittaa sitä, että 

jokaisesta kuvasta etsitään toisiaan vastaavat kuvapisteet. Apuna tähän 

käytetään graph cuts -menetelmää sekä keskinäisinformaatiota. Algoritmi 

käyttää hyväkseen myös trifokaalista tensoria, joka mahdollistaa useamman 

kuvan sovittamisen yhtäaikaisesti sen sijaan, että jokainen kuvapari sovitettaisiin 

erikseen. Vastinpisteiden sovittaminen tuottaa dispariteettikartan 

(syvyyskartta), minkä perusteella syötekuvia muokataan. Syvyyskarttaa 

käytetään myös kuvan synteettiseen uudelleen tarkennukseen, minkä 

tarkoituksena on muuttaa kuvan tarkennusta kuvan ottamisen jälkeen. 

Algoritmin suorituskykyä arvioitiin tarkastelemalla tuloskuvien visuaalista 

laatua. Kuvia verrattiin myös referenssikuviin, jotka otettiin samalla 

testikamerajärjestelmällä. Tulokset osoittavat, että fuusioitujen kuvien laatu on 

lähellä referenssikuvien laatua. Lähempi tarkastelu paljastaa pieniä värivirheitä, 

jotka sijaitsevat tyypillisesti kuvassa näkyvien kohteiden reunoilla. Suurin osa 

virheistä aiheutuu siitä, että kaikki kuvapisteet eivät ole näkyvillä jokaisessa 

kuvassa. Lupaavia tuloksia saatiin myös kun syvyyskarttaa käytettiin 

synteettiseen uudelleen tarkennukseen. Koska efektin laatu riippuu voimakkaasti 

syvyyskartasta, edellä mainittu katvealueongelma aiheuttaa pieniä virheitä 

tuloskuvaan. Lukuisat jatkokehitysmahdollisuudet, kuten katvealueiden 

käsittely ja alipikselitarkkuus parantaisivat huomattavasti sekä fuusioitujen että 

uudelleen tarkennettujen kuvien laatua. 

 

Avainsanat: stereosovitus, graph cuts, keskinäisinformaatio, trifokaalinen 

tensori 
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1. INTRODUCTION 
 

Photography has become increasingly popular since digital cameras arrived to the 

market. Especially the mobile phone cameras have improved considerably over the 

years. Mobile phones have also become thinner and smaller, which sets new challenges 

for the camera industry. The camera should be small enough to be included into a 

mobile phone. The image quality is naturally an important aspect for many of the users. 

It may also be desirable that the camera is versatile and has useful new features. All 

things considered, the camera should not be too expensive to manufacture.  

Modern manufacturing technology and powerful signal processors make it possible 

to produce a small-sized multi-aperture camera with good image quality. Multi-

aperture camera refers to an imaging device, which comprises more than one camera 

unit. Typically, each unit has dedicated optics and color filter. It is also common that 

each unit measures a different region of visible color spectrum. The main goal is to 

combine the individual images into a single RGB image. 

Multi-aperture camera has several advantages compared to traditional Bayer matrix 

camera. The height of the optics can be reduced by using multiple sensors or dividing 

sensor area to smaller sub sensors. Additionally, the color crosstalk can be eliminated 

since each camera is only sensitive to a single spectral color. This also simplifies the 

design of an individual camera unit because the chromatic aberration does not 

complicate the optics design.  Furthermore, the use of multiple cameras allows depth 

information to be extracted. This information may be useful in applications such as 

synthetic refocusing. [1] 

Even though multi-aperture cameras are rarely used in mobile phones, there are 

already several patents of such systems [2, 3, 4]. Some of the largest mobile phone 

companies have also patented their variations of multi-aperture cameras [5, 6, 7]. 

Probably the most complete implementations of multi-aperture camera modules come 

from Pelican Imaging [1] and LinX Imaging [8]. 

The main problem of multi-aperture camera is caused by the fact that each camera 

unit has a slightly different viewpoint. This results to misalignment of images that need 

to be corrected before the images can be properly combined. In practice, the problem 

is solved by finding the corresponding pixels in each image. The process is known as 

stereo matching. In this work, images are captured with different color filters. This 

further complicates the matching process since corresponding pixels may have 

completely different intensities. 

In this master’s thesis, an image fusion algorithm is developed for a four-aperture 

camera. The hypothetical camera consists of four separate camera units. Three of the 

units are equipped with different color filters so that each unit measures either red, 

green or blue light. The fourth camera is optional and it may be equipped with 

additional filter. Implemented stereo matching algorithm uses mutual information as a 

similarity measure and graph-cuts method for disparity estimation. Trifocal tensor was 

also implemented in order to increase the robustness of matching. It allows images to 

be processed together, instead of matching each image pair independently.  Moreover, 

the synthetic refocusing was studied and tested. The idea was to use the depth map 

generated by the image fusion algorithm for post-capture refocusing.  

Since the actual four-aperture camera did not exist during the work, the input 

images were captured using a test camera system. Each input image represents a 

specific color channel, extracted from the original RGB images. The performance of 

the image fusion algorithm was evaluated by visually inspecting the quality of the 
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fused images. Output images were also compared against the reference images 

captured by the same test camera system. 

The structure of this master’s thesis is as follows. First in Chapter 2, the multi-

aperture imaging is investigated and the concept of four-aperture camera is presented. 

The advantages of the multi-aperture imaging are also examined. Chapter 3 focuses on 

stereo matching, which forms the basis to image fusion. First, the stereo 

correspondence problem is defined. Two-view stereo geometry is then introduced and 

extended to third view using the trifocal tensor. Common similarity measures are 

examined and compared with each other. Stereo matching algorithms are then 

classified into local and global methods. The graph-cuts, which is one of the global 

methods, is studied in more detailed. Chapter 4 investigates how depth information 

can be used for post-capture refocusing. In Chapter 5, the image fusion algorithm is 

proposed for the four-aperture camera. In addition, method for synthetic refocusing is 

presented. The experimental results are evaluated in Chapter 6. In the last chapters, the 

work is discussed and summarized. 
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2. MULTI-APERTURE IMAGING 
 

Most digital cameras use a single image sensor that is equipped with a Bayer filter 

matrix. An alternative solution is to construct a multi-aperture camera that uses more 

than one camera unit. Typically, each unit measures a different region of visible color 

spectrum. The camera produces several sub-images, which are combined into a single 

RGB image by an image fusion algorithm. The multi-aperture camera has potential to 

improve image quality over the traditional single-lens cameras. At the same time, the 

size of the camera can be reduced. 

The main problem of multi-aperture camera is caused by the fact that each camera 

unit has a slightly different viewpoint. The parallax error arising from the distances of 

the lenses is taken into account when fusing the images. In practice, this means finding 

the corresponding pixels in each image. The process is known as stereo matching and 

it forms the basis to image fusion. If images are captured using different color filters, 

their visual appearance can be quite different. This will further complicate the 

matching of corresponding pixels. 

In this chapter, the work related to multi-aperture cameras is reviewed. Since the 

actual four-aperture camera does not exist, only the concept of the four-aperture 

camera is presented. The last section investigates what are the potential advantages of 

multi-aperture imaging. 

2.1. Multi-Aperture Cameras 

A three-CCD camera is a successful implementation of multi-sensor camera. The 

camera itself is significantly different from the multi-aperture camera because three-

CCD camera has only one aperture. However, the image is formed by measuring 

different wavelengths of light separately. The four-aperture camera, which is presented 

in Section 2.2 is based on similar idea. Three-CCD camera uses three separate CCDs, 

one for each primary color. Light coming into the lens is split by a trichroic prism that 

directs different colors to their respective CCDs. In general, such cameras provide 

superior image quality compared to single-CCD cameras. The improved image quality 

is achieved via enhanced resolution and lower noise. [9, 10] 

LinX Imaging has successfully developed small-sized multi-aperture cameras for 

mobile devices. Camera modules have two, three or four cameras and they come in 

various configurations and sizes. Modules are constructed using different combination 

of color and monochrome cameras. The height of the camera module is nearly half of 

typical mobile phone camera module. The camera performs well in comparison to 

modern smartphones. Based on technology presentation in [8], captured images have 

higher dynamic range, lower noise levels and better color accuracy over the traditional 

mobile phone cameras. Depth information from the scene is captured via stereo 

matching. This information can be used in applications such as synthetic refocusing, 

which is discussed in Chapter 4. 

PiCam (Pelican Imaging Camera-Array) is another example of working multi-

aperture camera, which design reminds the four-aperture camera [1]. Camera module 

consists of 4 × 4 array of cameras, each having dedicated optics and color filter. 

Thickness of the camera module is under 3 mm, which makes it possible to include 

such a module into the modern smartphone. The camera module produces 8-megapixel 

still images, records high definition videos and captures depth information via stereo 
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matching. The image quality is comparable to existing smartphone cameras. The 

parallax error is detected using a sum of absolute differences (SAD) as a cost metric. 

Costs are calculated between images obtained with similar color filters.  

2.2. Concept of Four-aperture Camera 

Figure 1 shows an example of the image sensing arrangement of the four-aperture 

camera. This particular system comprises of an image sensor, a lens assembly, an 

aperture plate and a combination of color filters. The system captures an image and 

converts it into electrical form. In the next sections, the purpose of each component is 

explained. The presentation is based on the patent [5]. 

Most digital cameras use either CCD (Charge-Coupled Device) or CMOS 

(Complementary Metal-Oxide Semiconductor) image sensors. A similar sensor could 

be used in four-aperture camera. The sensor area is divided into four sub-sensors so 

that each lens produces a separate image to the sensor. The sensor is sensitive to light 

and it produces an electric signal when exposed to light. However, the sensor cannot 

distinguish different colors from each other. Therefore, the sensor as such produces 

only black and white images. To obtain color images one solution is to use a 

combination of red, green and blue filters. 

In traditional single-lens cameras, a Bayer filter matrix is commonly used to create 

color images. Four-aperture camera uses a different approach. Instead of having a 

separate color filter for each pixel in the image sensor, each lens has dedicated color 

filter. Three of the four lenses are equipped with red, green and blue filters. As a result, 

each sub-sensor measures a specific region of visible color spectrum. The color image 

is formed by combining these images into a single RGB image. 

The fourth camera unit is optional since RGB image can be produced by using three 

primary colors. Nevertheless, it may be used to improve the quality of the final image 

and to increase the robustness of matching. The amount of light that is passed to the 

lens is controlled by the aperture plate. For example, if the fourth camera unit has 

larger aperture compared to other units it increases the light sensitivity of the camera. 

This will result to larger dynamic range since more details are found in otherwise dark 

areas of the images. On the other hand, the fourth camera unit can be equipped with 

special filter such as Bayer filter matrix, infrared or polarization filter. 

 

 

Figure 1. Image sensing arrangement of the four-aperture camera. 
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The electric signal produced by the image sensing arrangement is directed to analog-

to-digital converter. The signal is then digitized and taken to a signal processor. The 

signal processor creates an image file from the raw image data. The four-aperture 

camera may further have an image and work memory for storing the finished images 

and program data. User interface such as keyboard or touchscreen can be used to give 

input to the camera. 

2.3. Advantages of Multi-aperture Imaging 

Multi-aperture camera has several advantages compared to conventional single-

aperture camera. The size of the camera is one of the most important aspects when 

designing a camera. Especially the thickness of the camera is closely related to the 

image quality the camera produces. Cameras with larger image sensors typically 

produce better images. However, the increase in sensor size will also increase the 

height of the optics. This is particularly problematic in smartphone and compact 

cameras in which low-profile cameras are needed. Multi-aperture camera solves this 

problem by using a combination of smaller sensors, each having dedicated optics with 

reduced optical height. Alternatively, the original sensor area can be divided into 

smaller sub-sensors as described in Section 2.2. [5] 

Single-aperture cameras are typically equipped with Bayer filter matrix. This means 

that adjacent pixels capture the light intensity of different color bands. The problem 

with this approach is that the colors in neighboring pixels may interact with each other. 

This phenomenon is known as crosstalk. The most noticeable consequence of crosstalk 

is a desaturation of color. The phenomenon is expected to become more severe as the 

image resolution continues to increase and the pixel sensors are more densely backed 

together. In multi-aperture cameras, this problem is avoided since each sensor is only 

measuring a single spectral color. [1, 11] 

Chromatic aberration is a type of distortion in which a lens failures to focus different 

colors to the same point on the image sensor. This occurs because lens material refracts 

different wavelengths of light at different angles. The effect can be seen as colored and 

blurred edges especially along boundaries that separate dark and bright parts of the 

image. Typically, it requires great efforts to design a well-corrected lens that brings all 

colors in the same focus. The lenses in the multi-aperture camera can be much simpler 

since chromatic aberration does not complicate the optics design. In addition, a simpler 

design usually means lower manufacturing costs. [1, 12] 

Mobile phone cameras are usually equipped with a fixed-focus lens and a small 

aperture. For this reason, they generally produce images in which all subjects are in 

focus no matter what is their distance from the camera. Compared to traditional 

camera, the multi-aperture camera can acquire depth information via stereo matching. 

This information can be used for synthetic refocusing which aims to change the image 

focus after capturing. Moreover, depth information may be used in various other 

applications such as background removal and replacement, sizing of objects, depth 

based color effects and 3D scanning of objects [8].  
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3. STEREO MATCHING 
 

Stereo vision is a widely studied topic in the field of computer vision. It is motivated 

by the human vision system, which can perceive depth properties of a scene. Since 

depth perception is one of the powerful abilities of the human visual system, it is easy 

to realize that stereo vision has potential in many application areas. Some examples 

include three-dimensional scene reconstruction, view synthesis, robot navigation and 

entertainment. [13] 

The purpose of this chapter is to introduce the main principles of stereo matching. 

First, the stereo correspondence problem is defined in detail, followed by the 

introduction of a simple stereo system. Two-view stereo system is then extended to 

three views, which presents the concept of trifocal tensor. Some common similarity 

measures are then reviewed and compared with each other. In the Section 3.6, stereo 

matching methods are classified into local and global methods. The graph-cuts method 

is described in more detail in the last section. 

3.1. Stereo Correspondence Problem 

The human visual system receives depth cues by observing the same scene with both 

eyes. In the similar way, stereo vision aims to obtain depth information from the 

images captured from different point of views. This involves solving one of the 

fundamental problems in stereo vision, named correspondence problem. Stereo 

correspondence problem can be defined as determining which parts of one image 

correspond to which parts in another image.  Solving this problem is called stereo 

matching. [13] 

The result of stereo matching is typically represented by a disparity map. Disparity 

refers to the difference in coordinates of corresponding pixels within two stereo 

images. Figure 2 shows a pair of stereo images and disparities computed for every 

pixel. The intensities in disparity map represent the coordinate difference between 

corresponding image points. It can be noted from the disparity map that disparity 

values are related to depth values. Objects which are closer to the camera have larger 

disparity values and therefore brighter colors in the disparity map. The disparity map 

is sometimes called a depth map because of the close relation of depth and disparity. 

 

 
Figure 2. A pair of stereo images and computed disparities. 

 

It is often difficult to determine, which point in the left image corresponds to which 

point in the right image. For example, a uniform image region may match to multiple 

locations in another image. The opposite problem is that some parts of the scene may 
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not be visible in both images. A region in the image, which has no counterpart in the 

other image, is called an occlusion. It is also common to presume that scene intensities 

are similar in all views. This assumption is often violated, in the presence of 

radiometric differences such as noise, specularities and reflections. Similar problems 

may arise when images are captured using different camera settings or if cameras are 

equipped with different color filters. In order to measure the similarity of image 

locations, one will have to calculate a matching cost between locations. This topic is 

studied later in Section 3.5. 

3.2. Simple Stereo System 

Disparity has to be defined for every pixel in the image in order to obtain a dense 

disparity or depth map. Finding correspondences by searching through the whole 

image area would require a huge number of computations. Fortunately, the epipolar 

geometry provides a very strong constraint to find correspondences between stereo 

images. It allows matching to be restricted to certain image areas, which greatly 

reduces the computational complexity and ambiguity of the problem. [13] 

Figure 3 shows the general configuration of a stereo vision system. It consists of 

two identical cameras 𝐂 and 𝐂′, which capture the left and right images of a scene. The 

baseline is the distance between the camera origins. A three-dimensional point 𝐗 on 

the surface of an object is projected onto the image planes of the cameras. Two-

dimensional points 𝐱 and 𝐱′  are the projections of point 𝐗 on the left and right image 

planes. As mentioned in the previous section, the correspondence problem is to find 

these points between stereo images. 

From the figure below, it is possible to identify three points: 𝐂, 𝐂′ and 𝐗. These 

points form a three-dimensional epipolar plane, which intersects the two image planes. 

The intersection lines are called epipolar lines 𝐥 and 𝐥′. The epipolar geometry between 

two views simplifies the correspondence problem because a point in one image has its 

conjugate point on an epipolar line in the other image. 

 

 

Figure 3. Geometric model of a stereo system. 
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This means that it is possible to search the matching point only on the epipolar line, 

instead of searching all areas in another image plane. For example, the epipolar 

constraint states that point 𝐱′ in the right image that matches point 𝐱 in the left image 

lies somewhere on the epipolar line 𝐥′. It can be seen from the figure that both epipolar 

lines pass through epipoles 𝐞 and 𝐞′. This is true for all the epipolar lines since every 

line passing through epipole is an epipolar line. [13] 

Once the locations of points 𝐱 and 𝐱′ are determined, disparity 𝐝 can be computed 

as a difference between these coordinates. The disparity is a two dimensional vector 

which specifies the coordinate difference in horizontal and vertical directions. If the 

two cameras are carefully aligned, so that their Y-axis and Z-axis are parallel, there is 

no disparity in the direction of Y-axis. This simplifies the problem because 

corresponding image points are located in the same horizontal lines. However, it is 

difficult to align the cameras perfectly. An alternative approach is to use process called 

image rectification. 

3.3. Image Rectification 

Perfect camera alignment is often difficult and impractical. Image rectification is a 

transformation, which projects images from different views to a common image plane. 

This process transforms all epipolar lines in stereo images parallel to horizontal image 

axis. The rectified images can be considered as images that were capture using parallel 

stereo cameras. This means that the corresponding image points are always in the same 

horizontal lines. [13] 

3.4. Three-view Camera System 

Stereo system that was presented in the previous section consisted of two cameras. 

Using more than two views can improve the quality of the disparity map. Robustness 

against noise increases when matching costs from multiple views are combined. 

Ambiguity of the matching decreases and false matches are more likely to be 

eliminated. Arranging cameras to have both horizontal and vertical baselines can 

resolve ambiguities that are common in two-view case. For example, matching a pixel 

that is located on the edge, parallel to baseline. Moreover, a multiple-view camera 

system can provide a lot of valuable information in case of occlusions. Point can be 

occluded in one of the views but matching may still be possible using the views in 

which point is visible. 

3.4.1. Trifocal Tensor 

In the case of two views, a fundamental matrix is often defined to relate the geometry 

of a stereo pair. For three views, this role is played by the trifocal tensor. Trifocal 

tensor encapsulates all the geometric relations among three views. It only depends on 

the motion between the views and internal parameters of the cameras. Trifocal tensor 

is expressed by a set of three 3 × 3 matrices 𝓣𝑖 = [𝓣1, 𝓣2, 𝓣3] defined uniquely by 

the camera matrices of the views. 
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Trifocal tensor allows images to be processed together, instead of matching each image 

pair independently. In practice, one can use the tensor to transfer point from a 

correspondences in two views to the corresponding point in a third view. Similarly, a 

line in one view can be computed from two corresponding lines in two other views. In 

this work, the use of trifocal tensor is limited to points. [14] 

Figure 4 shows a camera system that consists of three cameras centered at 𝐂, 𝐂′,  
and 𝐂′′. A three-dimensional point 𝐗 is projected to the image planes of the cameras. 

The projection forms a set of corresponding image points 𝐱, 𝐱′ and 𝐱′′. Assuming that 

points are in homogenous coordinates, the mapping from 3D point 𝐗 = (𝑋, 𝑌, 𝑍, 1)T 

to 2D image point 𝐱 = (𝑥, 𝑦, 1)T is given by: 

𝑚 (
𝑥
𝑦
1

) =  𝐏 (

𝑋
𝑌
𝑍
1

) , 

 

(1) 

where 𝐏 = 𝐊[𝐑|𝐭] is 3 × 4 camera projection matrix. The nonzero scale factor 𝑚 

results from the observation that any 3D point on the ray connecting 𝐱 and 𝐗 will 

project to the same image point 𝐱. Camera calibration matrix 𝐊 contains the internal 

camera parameters. The rotation matrix 𝐑 and translation vector 𝐭 are called external 

parameters. They describe the camera’s pose with respect to the world coordinate 

system. 

If the cameras are un-calibrated, the internal and external camera parameters are 

unknown. Even in such case, it is still possible to transfer point correspondences across 

the views. Assuming that the world origin is at the first camera, the three camera 

matrices can be defined as: 

 

𝐏 =  [𝐈 | 𝟎],      𝐏′ =  [𝐀 | 𝐞′],      𝐏′′ =  [𝐁 | 𝐞′′], (2) 

 

where I is 3 × 3 identity matrix. 𝐀 and 𝐁 are 3 × 3 matrices defining the homographies 

from the first to the second and third cameras. Vectors 𝐞′ and 𝐞′′ are the epipoles in 

views two and three respectively, arising from the first camera. The relation between 

the trifocal tensor 𝓣𝑖 = [𝓣1, 𝓣2, 𝓣3]  and the camera matrices can be written as: 

 

𝓣𝑖 =  𝐚𝑖𝐞′′T − 𝐞′𝐛𝑖
T. 

 

(3) 

Vectors 𝐚𝑖 and 𝐛𝑖 are the columns of the respective camera matrices for 𝑖 = 1, … ,3. 

Assuming that the trifocal tensor is known, one can retrieve the epipoles from the 

tensor. Epipoles are those that satisfy the following equations: 

 

𝐞′T[𝐮1, 𝐮2, 𝐮3] = 𝟎,          𝐞′′T[𝐯1, 𝐯2, 𝐯3] = 𝟎, 
 

(4) 

where 𝐮𝑖 and 𝐯𝑖 are the left and right null-vectors of the tensor. In other words: 

 

𝐮𝑖
T𝓣𝑖 = 𝟎T,           𝓣𝑖𝐯𝑖 = 𝟎. 

 

(5) 

The trifocal tensor can be easily constructed from the camera matrices using the 

Equation (3). However, the tensor can also be estimated directly from the point 

correspondences alone, without having to know the camera parameters. This topic is 
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discussed in Section 3.4.4. The relationship between the trifocal tensor and the image 

coordinates is given by: 

 

𝑥𝑖(𝑥′𝑗𝑥′′𝑘𝓣𝑖
33 −  𝑥′′𝑘𝓣𝑖

𝑗3
− 𝑥′𝑗𝓣𝑖

3𝑘 + 𝓣𝑖
𝑗𝑘

) =  0, 
 

(6) 

where 𝓣𝑖
𝑗𝑘

 is the (𝑗, 𝑘) entry of submatrix 𝓣𝑖 of the tensor. Point in the first image is 

denoted 𝐱 = (𝑥1, 𝑥2, 𝑥3)T. Similar notation is used for the points 𝐱′ and 𝐱′′ in the 

second and third view. The previous formula uses the usual summation convention for 

tensors. This means that if any index is repeated as upper and lower index in a term, it 

implies a summation over the range of index values. In the previous equation, the four 

different choices of 𝑗, 𝑘 = 1,2 give four different equations for each point 

correspondence. Since every correspondence gives four different equations, at least 

seven correspondences are needed in order to estimate the 27 elements of the tensor. 

 

 

Figure 4. A three-view geometry and point transfer. 

3.4.2. Point Transfer 

Trifocal tensor can be used to transfer points between the views. Probably the simplest 

way to transfer points is to find the least squares solution of the system of linear 

equations. One can form the equations based on Equation (6) and solve it with singular 

value decomposition (SVD). Instead of solving an over-determined linear system, an 

alternative method is to transfer points via homography. The key idea of point transfer 

is shown in Figure 4. Given a pair of correspondences 𝐱 and 𝐱′ in the first and second 

views, the corresponding point 𝐱′′ in the third view is defined by: 

 

𝑥′′𝑘 = 𝑥𝑖𝑙𝑗
′𝓣𝑖

𝑗𝑘
 , (7) 

 

where 𝐥′ = (𝑙1
′ , 𝑙2

′ , 𝑙3
′ )T is a line passing through point 𝐱′ in the second view. The line 

𝐥′ and the second camera center 𝐂′ form a plane that intersects with the ray from the 

first camera. The point 𝐱′′ is defined by projecting the intersection 𝐗 on the third view.  
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First, the fundamental matrix F21 is computed using the trifocal tensor. It describes the 

relationships between the image points in first and second view. Fundamental matrix 

can be computed using the formula: 

 

𝐅21 = [𝐞′]×[𝓣1, 𝓣2, 𝓣3]𝐞′′, (8) 

 

where [𝐞′]× is a skew-symmetric matrix. It is formed from the epipole 

𝐞′ = (𝑒1
′ , 𝑒2

′ , 𝑒3
′ )T as follows: 

 

[𝐞′]× = [

0 −𝑒3
′ 𝑒2

′

𝑒3
′ 0 −𝑒1

′

−𝑒2
′ 𝑒1

′ 0

] . (9) 

 

In the presence of noise, the pair of corresponding points 𝐱 and 𝐱′ will not form an 

exact match. In other words, the equation 𝐱′T𝐅21𝐱 = 0 is not satisfied exactly. 

Therefore, the pair of correspondences is first corrected using the fundamental matrix 

and optimal triangulation method. Details of the method can be found in [14]. The 

method will produce a pair of corrected points, denoted �̂� and �̂�′. As a result, the 

transferred point 𝐱′′ does not depend on how the line 𝐥′ is chosen. However, one should 

make sure that the chosen line is not the epipolar line corresponding to �̂�. In such case, 

the Equation (7) is zero and the point 𝐱′′ is undefined. It is always a good choice to 

select the line perpendicular to epipolar line 𝐥e
′ = 𝐅21�̂�. If this line is denoted 𝐥e

′ =
(𝑙1

′ , 𝑙2
′ , 𝑙3

′ )T and the point in the second image �̂�′ = (�̂�′1 , �̂�′2, 1)T, then the 

perpendicular line is 𝐥′ = (𝑙2
′ , −𝑙1

′ , −�̂�′1𝑙2
′ + �̂�′2𝑙1

′ )T. The transferred point is then 

calculated using the Equation (7), where the point 𝐱 is replaced with the corrected point 

�̂�. 

3.4.3. Feature Extraction and Matching 

As mentioned in the Section 3.4.1, at least seven corresponding points are needed to 

be able to estimate the trifocal tensor. Point-like features can be extracted from the 

images using techniques such as, Scale Invariant Feature Transform (SIFT) [15], 

Speeded Up Robust Features (SURF) [16] or Harris Corner Detector [17].  

The process of finding corresponding points can be divided into separate stages. 

The first step is keypoint extraction. The goal of this step is to detect interest points 

from source images in such a way that same region can be identified afterwards. Once 

the features have been detected, feature descriptor can be extracted. This process 

converts the neighborhood of each point into a feature vector, known as descriptor. 

Feature descriptors work as identifiers of their corresponding interest point. The last 

step finds corresponding points between images by looking for the most similar 

descriptors. This process is called matching. 

Matching may produce false correspondences, known as outliers. These points 

should not be used when estimating the tensor. In the case of parallel stereo 

configuration, a simple distance threshold may be sufficient to remove outliers [18]. 

For example, the match could be considered to be an outlier if the distance between 

the positions of the matches is higher that a certain threshold. Robust approaches, such 

as RANSAC (Random Sample Consensus) can be used to eliminate outliers in difficult 

situations. A modified RANSAC method is presented in Section 3.4.5. 
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3.4.4. Tensor Estimation 

Trifocal tensor 𝓣𝑖 can be calculated in various ways. Normalized linear method is one 

of simplest ones and it can be computed from a minimum of seven point 

correspondences. It is based on solving a set of linear equations. The problem with this 

method is that the computed tensor may not be geometrically valid. In other words, 

the tensor may not correspond to the three camera matrices 𝐏, 𝐏′ and 𝐏′′ according to 

Equation (3). As a solution, it is possible to use algebraic or geometric minimization 

to enforce the required geometrical constraints. In the next sections, an algebraic 

minimization method is described.  

Normalization 

All point coordinates have form of (𝑥, 𝑦, 1) in homogenous coordinates. According to 

Hartley [14], the linear algorithm does not perform well if coordinates 𝑥 and 𝑦 are 

much larger than 1. Therefore, a pre-normalization of the point coordinates is 

performed before the system of linear equations is formed and solved. Translation is 

applied to each image such that the centroid of the points is at the origin. Then, a 

scaling is applied so that the average root mean square (RMS) distance of the points 

from the origin is √2. For each image, the transformation matrix H is defined as 

follows: 

 

 
𝐇 =  [

𝑠 0 −𝑠𝑐𝑥

0 𝑠 −𝑠𝑐𝑦

0 0 1

] , (10) 

 

where 𝑐𝑥, 𝑐𝑦 is the centroid of the points. The scaling 𝑠 is given by: 

 

 
𝑠 =  

√2

√1
𝑛

∑ ((𝑥 − 𝑐𝑥 )2 + (𝑦 − 𝑐𝑦 )
2

)

  , (11) 

 

where 𝑛 is the number of correspondences. Points are normalized by multiplying them 

with the corresponding transformation matrix 𝐇. Consequently, it is necessary to de-

normalize the tensor in order it to work with original image coordinates. 

Linear Solution 

After normalization, an initial estimate of the tensor can be obtained by solving the 

system of linear equations 𝐀𝐭 = 𝟎. Vector t contains all the 27 unknown elements of 

the trifocal tensor. Matrix 𝐀 is determined by the correspondences and it is constructed 

based on Equation (6). In general form, the size of 𝐀 is 4𝑛 × 27, where 𝑛 is the number 

of correspondences. The objective is to minimize ‖𝐀𝐭‖ subject to the condition     
‖𝐭‖ = 1. In practice, one can compute the singular value decomposition (SVD) for 

𝐀 = 𝐔𝐃𝐕T, and then find the solution 𝐭 by extracting the last column of 𝐕. 
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Algebraic Minimization 

In order to find a geometrically valid trifocal tensor an algebraic minimization is 

performed. The first step is to retrieve epipoles from the initial tensor. The following 

is based on the Equations (4) and (5). For each submatrix of the tensor 𝓣𝑖 (𝑖 = 1, … ,3) 

unit vector 𝐯𝑖 is searched, which minimizes ‖ 𝓣𝑖𝐯𝑖‖. Solution 𝐯𝑖 is found with help of 

SVD as in previous section. Matrix 𝐕 is then formed from the three unit vectors  𝐯𝑖 so 

that the 𝑖-th row of 𝐕 is 𝐯𝑖
T. The epipole 𝐞′′ is then computed by minimizing ‖𝐕𝐞′′‖. 

Again, one will have to use SVD. The epipole 𝐞′ is computed in the same manner, 

using  𝓣𝑖
T instead of  𝓣𝑖. 

The next step is to determine the remaining elements of the camera matrices 𝐏′ and 

𝐏′′ from which the trifocal tensor can be calculated. The trifocal tensor may be 

expressed linearly in terms of remaining entries of the camera matrices 𝐚𝑖
𝑗
 and 𝐛𝑖

𝑘. The 

relationship can be expressed as 𝐭 = 𝐄𝐚, where E is the relationship matrix constructed 

using Equation (3). Vector 𝐭 represents the tensor and vector 𝐚 contains the remaining 

entries of the camera matrices. The goal is to minimize algebraic error ‖𝐀𝐭‖ =  ‖𝐀𝐄𝐚‖ 

over all choices of 𝐚 subject to the condition ‖𝐭‖ = ‖𝐄𝐚‖ = 1. The resulting trifocal 

tensor satisfies all constraints and minimizes the algebraic error, subject to the given 

choice of epipoles. 

3.4.5. Robust Estimation with RANSAC 

The tensor estimation algorithm presented in the previous section does not consider 

the fact that some of the correspondences may be falsely matched. If these outlier 

points are used in the tensor estimation, the tensor may give inaccurate results when 

transferring points across the views. In this section, a modified RANSAC method is 

introduced to remove the outliers. Method was originally presented in [19].  

The main steps of the modified RANSAC algorithm are shown below. Steps are 

iteratively repeated until sufficiently many points have been classified into inliers. At 

each iteration, a candidate tensor is estimated with normalized linear algorithm. The 

final tensor is estimated with algebraic minimization algorithm, using only the inlier 

points. 

  

1. Extract candidate correspondences using the modified RANSAC sampling 

method. Then compute a candidate tensor with the normalized linear 

algorithm.  

2. Reproject all the correspondences in the first and second view to the third 

view using the candidate tensor and point transfer. 

3. Count the number of inliers. Point is considered inlier if the distance between 

the reprojection and the detected point is below a certain threshold (e.g. 2 

pixels). 

4. If the number of inliers is smaller than the predefined threshold 𝑇, then repeat 

the above steps. Otherwise, re-estimate the tensor with algebraic 

minimization algorithm and terminate. Note that only the inliers are used in 

the estimation. 
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As stated in Section 3.4.3, corresponding points are matched by looking for the most 

similar feature descriptors. The modified RANSAC algorithm takes advantage of the 

fact that matches with similar feature descriptors are more likely to be inliers. Potential 

matches are sorted in descending order so that matches with most similar descriptors 

become first. This way matches more likely to be inliers are tested prior to others. 

Standard RANSAC algorithm extracts random samples uniformly from the set of all 

potential correspondences. In contrast, the modified RANSAC algorithm uses semi-

random sampling method. Samples are selected from a subset of matches 𝑁𝑚, where 

𝑚 is the size of the subset. The size of the subset is gradually increased at each 

iteration. It can be recalled from the previous section that the normalized linear 

algorithm requires at least seven corresponding points. Therefore, the initial subset 

contains seven top-ranked matches. If the current subset is 𝑁𝑚 = (𝑛1, 𝑛2, … , 𝑛𝑚), then 

the next subset will be  𝑁𝑚+1 = (𝑛1, 𝑛2, … , 𝑛𝑚, 𝑛𝑚+1). The correspondence 𝑛𝑚+1 that 

was added to the subset is selected as part of the new sample set. The remaining six 

samples are chosen randomly from 𝑁𝑚. 

3.5. Similarity Measures 

As discussed in the Chapter 3.1, the main problem in stereo matching is to find 

corresponding points from the images. This calls for a way to measure the similarity 

of image locations. A similarity measure, also known as matching cost, can be 

computed between pair of pixels or between groups of pixels. It is typically computed 

at each pixel for all candidate disparities in a given disparity range. Depending on the 

matching cost, the disparity value that minimizes or maximizes the similarity measure 

represents the best match. 

3.5.1. Sum of Absolute and Squared Differences 

The simplest way to measure, whether two pixels are similar is to compute their 

absolute intensity difference (AD). An alternative approach is to use window-based 

method such as sum of absolute differences (SAD) or sum of squared differences 

(SSD). Instead of comparing individual pixel intensities, the idea is to sum intensity 

differences over a fixed sized window. At first, a small template window is cropped 

around the interest point in the base image 𝐼1. The window is then moved and 

differences between the template window and target window in image 𝐼2 are computed 

for each disparity value. The lowest sum indicates that the corresponding window is 

the most similar to the template window. The formulas for SAD and SSD can be 

written as: 

   

 SAD(𝐩, 𝐝) =  ∑ |𝐼1(𝐪) −  𝐼2(𝐪 − 𝐝)| ,

𝐪ϵN𝐩

 (12) 

 

 SSD(𝐩, 𝐝) =  ∑ (𝐼1(𝐪) −  𝐼2(𝐪 − 𝐝))2,

𝐪ϵN𝐩

 (13) 
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where 𝐩 is the pixel in the image 𝐼1 for which the cost value is calculated and 𝐝 is the 

disparity. N𝐩 is a set of pixels representing the window and 𝐪 is a pixel inside this 

window. It can be seen that the SSD is almost the same as the SAD except that the 

pixel differences are squared. However, in the presence of image noise, the SAD may 

be more robust against outliers within the window as it penalizes mismatches less than 

SSD. [20] 

Images with brightness or contrast differences are usually difficult for SAD and 

SSD similarity measures. This derives from the fact that pixel intensities are directly 

compared to each other. A constant offset of pixel values can be compensated by using 

zero-mean versions of SAD and SSD. The formulas for the zero-mean sum of absolute 

differences (ZSAD) and zero-mean sum of squared differences (ZSSD) are the same 

as above except that the mean intensity of the window is subtracted from each intensity 

value. In the following formulas, 𝐼1̅(𝐩) and 𝐼2̅(𝐩 − 𝐝) are the mean intensities of 

template and target windows. [20] 

 

 
ZSAD(𝐩, 𝐝) =  ∑ |𝐼1(𝐪) − 𝐼1̅(𝐩) −  𝐼2(𝐪 − 𝐝) + 𝐼2̅(𝐩 − 𝐝)| 

𝐪ϵN𝐩

 (14) 

 

 
ZSSD(𝐩, 𝐝) =  ∑ (𝐼1(𝐪) − 𝐼1̅(𝐩) − 𝐼2(𝐪 − 𝐝) + 𝐼2̅(𝐩 − 𝐝))

2
 

𝐪ϵN𝐩

 (15) 

 

3.5.2. Normalized Cross-Correlation 

Cross-correlation (CC) is another window-based similarity measure. The matching 

cost is computed for window pairs similarly as described in the previous section. 

Contrary to SAD and SSD measures, the maximum correlation value represents the 

best correspondence. The formulation of CC is given as: 

 

 

CC(𝐩, 𝐝) =  ∑ 𝐼1(𝐪) ∙ 𝐼2(𝐪 − 𝐝) ,

𝐪ϵN𝐩

 (16) 

 

where 𝐩 is the pixel in the image 𝐼1 for which the cost value is calculated and 𝐝 is the 

disparity. N𝐩 is a set of pixels representing the window and 𝐪 is a pixel inside this 

window. There are several drawbacks in using Equation (16) for template matching. 

The matching can fail if the image energy ∑ 𝐼1(𝐪)2 varies with position. For instance, 

the correlation between the template window and exactly matching target window may 

be less than the correlation between the template window and bright region. In 

addition, the Equation (16) is not invariant to changes in image amplitude such as those 

caused by variations in lightning conditions. It can also be noted that the range of 

correlation values is dependent on the size of the window. [21] 

Normalized cross-correlation (NCC) can overcome previously mentioned 

difficulties. It can compensate for local gain changes and it is statistically the optimal 

method for dealing with Gaussian noise. There is also zero-mean variant of NCC that 
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can compensate for differences in both gain and offset within the correlation window. 

The formulas for NCC and ZNCC are given as follows: 

 

 

NCC(𝐩, 𝐝) =  
∑ 𝐼1(𝐪) ∙ 𝐼2(𝐪 − 𝐝)𝐪ϵN𝐩

√∑ 𝐼1(𝐪)2
𝐪ϵN𝐩

∙ ∑ 𝐼2(𝐪 − 𝐝)2
𝐪ϵN𝐩

2

 , (17) 

 

 
ZNCC(𝐩, 𝐝) =  

∑ (𝐼1(𝐪) − 𝐼1̅(𝐩))𝐪ϵN𝐩
∙ (𝐼2(𝐪 − 𝐝) − 𝐼2̅(𝐩 − 𝐝))

√∑ (𝐼1(𝐪) − 𝐼1̅(𝐩))
2

𝐪ϵN𝐩
∙ ∑ (𝐼2(𝐪 − 𝐝) − 𝐼2̅(𝐩 − 𝐝))2

𝐪ϵN𝐩

2

, (18) 

 

where 𝐼1̅(𝐩) and 𝐼2̅(𝐩 − 𝐝) are the mean intensities of template and target windows. 

Modified normalized cross-correlation (MNCC) is also a commonly used variant of 

NCC [22]. It is an approximation of NCC and can be computed faster [20]. In some 

sources, Equation (18) is referred as normalized cross-correlation (NCC) instead of 

ZNCC [21]. 

3.5.3. Mutual Information 

Mutual information (MI) has been used as a similarity measure with local [23] and 

global [24] stereo matching methods. The main advantage of MI is its ability to handle 

complex radiometric relationships between images. For example, MI handles 

matching image 𝐼1 with the negative of image 𝐼2 as easily as simply matching 𝐼1 and 

𝐼2. Mutual information of images 𝐼1 and 𝐼2 can be defined using entropies: 

 

 𝑀𝐼𝐼1,𝐼2
=  𝐻𝐼1

+ 𝐻𝐼2
− 𝐻𝐼1,𝐼2

 , (19) 

 

where 𝐻𝐼1
and 𝐻𝐼2

 are the entropies of each image and 𝐻𝐼1,𝐼2
 is their joint entropy. The 

idea of using mutual information for stereo matching comes from the observation that 

joint entropy is low when images are well-aligned. It can be seen from (19) that mutual 

information increases when joint entropy is low. [23] 

In order to calculate the entropies in (19) one needs to estimate the probability 

distributions of underlying images. This can be done by using a simple histogram of 

corresponding image parts. First, the joint distribution 𝑃𝐼1,𝐼2
 is formed by binning the 

corresponding intensity pairs into a two-dimensional array. The marginal distributions 

𝑃𝐼1
 and 𝑃𝐼2

 are then obtained from the joint distribution by summing the corresponding 

rows and columns. The entropies are calculated as follows:  

 

 
𝐻𝐼 =  − ∫ 𝑃𝐼(𝑖) 𝑙𝑜𝑔 𝑃𝐼(𝑖)𝑑𝑖 ,

1

0

 (20) 

 

 
𝐻𝐼1,𝐼2

=  − ∫ ∫ 𝑃𝐼1,𝐼2
(𝑖1, 𝑖2) 𝑙𝑜𝑔 𝑃𝐼1,𝐼2

(𝑖1, 𝑖2)𝑑𝑖1𝑑𝑖2.
1

0

1

0

 

 

(21) 
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It is possible to apply mutual information to fixed-sized windows [23]. The process is 

similar as with other window-based matching costs. A window in the left image is 

compared to all candidate windows in the right image within a disparity range. The 

window that maximizes the mutual information is then chosen as the best match. The 

window-based approach suffers from the common limitations of fixed-sized windows, 

such as poor performance at discontinuities and in textureless regions. The main 

problem with fixed-sized windows is that small windows do not contain enough pixels 

for deriving meaningful probability distributions. The use of larger windows would 

increase the blurring of discontinuities. [25] 

To overcome the difficulties of window-based approach, Kim [24] used mutual 

information as a pixel-wise matching cost with global stereo matching method. The 

probability distribution is iteratively calculated over the whole image. Since the 

computation is based on the whole images, the probability distributions become very 

reliable. In order to use MI as a pixel-wise matching cost, the calculation of joint 

entropy 𝐻𝐼1,𝐼2
 is transformed into sum over pixels form:  

 

 𝐻𝐼1,𝐼2
=  ∑  

𝐩

ℎ𝐼1,𝐼2
(𝐼1(𝐩), 𝐼2(𝐩)) . (22) 

 
Mutual information matching costs are stored into cost matrix ℎ𝐼1,𝐼2

, which contains 

costs for each combination of pixel intensities 𝐼1(𝐩) and 𝐼2(𝐩). The calculation is 

visualized in the Figure 5. It should be noted that cost matrix is calculated iteratively 

using the disparity map from the previous iteration. First, pixels in the image 𝐼2 are 

remapped based on the current disparity map. The joint distribution 𝑃𝐼1,𝐼2
(𝑖1, 𝑖2) of 

corresponding intensities is then calculated between 𝐼1 and modified version of 𝐼2. The 

cost matrix is calculated using formula: 

 

ℎ𝐼1,𝐼2
(𝑖1, 𝑖2) = −

1

𝑛
𝑙𝑜 𝑔 (𝑃𝐼1,𝐼2

(𝑖1, 𝑖2) ⊗ 𝑔(𝑖1, 𝑖2)) ⊗ 𝑔(𝑖1, 𝑖2) , (23) 

 

where  𝑔(𝑖1, 𝑖2) is Gaussian kernel, which is convolved with the joint distribution. The 

number of all combinations of intensities is 𝑛. First iteration can use a random disparity 

map since even wrong disparities allow a good estimation of the joint distribution due 

to high number of pixels. Usually only a few number of iterations (e.g. 3 iterations) 

are needed until the method converges. [24] 

 

 

Figure 5. Iterative calculation of mutual information cost matrix ℎ𝐼1,𝐼2
. 

 

It is also possible to calculate MI using hierarchical approach.  The idea similar to 

iterative calculation except that the cost matrix is first calculated using lower resolution 
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images. Resolution is gradually increased until the full resolution is achieved. It has 

been shown that hierarchical calculation of pixel-wise MI (HMI) is calculated faster 

and is as accurate as an iterative calculation. [26] 

3.5.4. Comparison between Similarity Measures 

There are a number of different similarity measures that may be used in stereo 

matching. The choice of similarity measure depends on the characteristics of the 

camera system. For example, if there are no significant radiometric differences 

between the images then a simple cost, such as SAD may be sufficient. However, if 

such differences are present then more robust cost should be considered. Figure 6 

shows the difference between mutual information (MI) and absolute difference (AD) 

similarity measures. It should be noted that brightness and contrast of the right input 

image is synthetically altered. The absolute difference assumes constant intensities at 

matching image locations. This assumption is clearly violated resulting to highly 

erroneous disparity map. Mutual information performs reasonably well since it can 

model these complex relationships between image intensities. The main drawback is 

its higher computational cost. Disparity maps in Figure 6 have been computed using 

graph-cuts stereo algorithm. Graph-cuts method is presented in detail in Section 3.7. 

 

 

Figure 6. Comparison of similarity measures on images with radiometric differences. 

 

Hirschmuller and Scharstein evaluated 15 different matching costs on images with 

simulated and real radiometric differences [20]. Comparison was performed using 

local, semi-global and global stereo matching methods. The reason for this is that the 

performance of a matching cost may depend on the stereo method that uses it. For 

instance, Hierarchical Mutual information (HMI) performed better when used with 

global and semi-global methods than with local method. The conclusion of the 

evaluation was that Census Transform [27] gave the best and most robust overall 

performance on all test sets with all stereo algorithms. HMI gave slightly better results 

in case of low radiometric changes and for strong image noise. However, it showed 

problems on images with strong local radiometric differences such as caused by 

vignetting effect. The reason for the poor performance is that MI is based on the 

assumption of a complex but global radiometric transformation. Bilateral background 

subtraction (BilSub) and ZNCC were also tested. BilSub performed consistently well 

for low radiometric differences. Window-based ZNCC outperformed BilSub when 

strong radiometric differences were present. The downside of ZNCC was that it had 

highest error of all cost at discontinuities. Even though Census gave the best results in 

this evaluation, it is unlikely that it would perform as well on multi-spectral images. 

Census can tolerate all radiometric distortions that do not change the local ordering of 
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intensities. However, the order may not be preserved in the case of multispectral 

imaging.   

More recent evaluation in [28] reviewed 40 similarity measures. The focus of the 

evaluation was to investigate how different costs perform in near occlusion and 

discontinuity areas. One of the tested costs was smooth median powered deviation 

(SMPD2). It performed the best in near occlusion areas. Census was the best cost in 

near discontinuity areas. The evaluation also revealed that robust costs such as SMPD2 

had trouble handling the non-occluded areas. Mutual information was not part of the 

evaluation. 

Fookes [29] compared mutual information, SAD, ZSAD, SSD, ZSSD, NCC, 

ZNCC and Rank transform for window-based stereo matching. ZNCC and Rank 

transform were the best performing algorithms, particularly when radiometric 

differences were present. MI performed inferior compared to other similarity measures 

when there was no radiometric differences. However, MI was shown to be far superior 

in multi-spectral matching. Egnal [23] ended up getting similar results when he 

compared MI against modified NCC using multispectral image pairs. 

3.6. Disparity Estimation 

Stereo matching algorithms can be classified into two major categories: local and 

global methods. The main difference between these categories is that local methods 

aim to estimate disparities for each pixel separately. In other words, disparity of a pixel 

does not depend on the disparities in neighboring pixels. Global methods try to 

minimize a global cost function, which takes into account all matching costs within 

the image. Disparities are estimated for every pixel at the same time by using energy 

minimization techniques. There are also stereo matching methods, which have 

characteristics from both categories. Therefore, the exact classification to local and 

global methods is sometimes difficult. 

Many of the best ranking stereo matching algorithms in Middlebury evaluation 

website [30] are global methods. In general, global methods produce results that are 

more accurate. However, they are typically much slower than local algorithms. 

Therefore, local methods may be better suitable for real-time applications.  

3.6.1. Local Methods 

The general idea of the local stereo matching method was already presented in the 

Section 3.5.1. For each pixel in the image, the matching cost is aggregated over a 

support window. The disparity with lowest aggregated cost is then selected as the best 

match. In the case of SAD similarity measure, the aggregation means summing the 

pixel-wise costs (absolute differences) over a rectangular window. Aggregation step 

reduces the ambiguity of the matching. In addition, the discriminative power of a 

matching cost is also increased. 

The selection of appropriate window size is critical. The window should be large 

enough to contain enough intensity variations for reliable matching. This is particularly 

important in low-texture areas. Using too small window typically results to noisy 

disparity map whereas larger windows may cause undesired smoothening of 

discontinuities. Smoothening results from the assumption that all pixels in a support 

window have similar disparities. This is not true if the support window is located on 
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depth discontinuity. Usually, the choice of the window size is a tradeoff between 

increasing reliability in low-texture areas and decreasing the blurring of object 

boundaries. 

Several techniques have been proposed to address the problems of fixed-sized 

windows. Some methods aim to select an optimal support window from predefined set 

of windows [31]. It has also been suggested that the window size and shape could be 

selected adaptively depending on local variations of intensity and disparity [32]. 

Approach based on adaptive support-weights has given good results [33]. The idea is 

to adjust support-weights of the pixels in a given support window based on color 

similarity and geometric proximity. 

3.6.2. Global Methods 

Many of the computer vision problems can be expressed in terms of energy 

minimization. In the case of stereo matching, the goal is to assign disparity values for 

each pixel in such way that global energy function is minimized. Instead of computing 

disparity for of each pixel independently, global methods typically perform 

optimization process over the whole image. The idea is to construct a specialized graph 

for the energy function. The energy is minimized with max flow algorithm that finds 

the minimum cut on the graph. A standard form of the energy function is: 

 

 𝐸(𝑓) = 𝐸𝑑𝑎𝑡𝑎(𝑓) + 𝜆𝐸𝑠𝑚𝑜𝑜𝑡ℎ(𝑓) , (24) 

 

where 𝐸𝑑𝑎𝑡𝑎(𝑓) and 𝐸𝑠𝑚𝑜𝑜𝑡ℎ(𝑓) are the data and smoothness terms. Scale factor 𝜆 

controls the influence of the smoothness term. Data term measures how well the two 

images match when disparity configuration 𝑓 is used. It imposes a penalty for 

configurations that are inconsistent with the input images. Data term can be expressed 

as sum over all matching costs: 

 

 𝐸𝑑𝑎𝑡𝑎(𝑓) =  ∑ 𝐷𝐩(𝑓𝐩)

𝐩

 , 

 

(25) 

where 𝐷𝐩(𝑓𝐩) is the data cost of assigning disparity value 𝑓𝐩  for pixel 𝐩. In a simplest 

case, corresponding pixels are assumed to have similar intensities in both images. The 

cost would be higher for pairs of pixels, which differ in intensity. 

Pixel-wise cost calculation can sometimes be quite ambiguous. It is common that 

incorrectly matched pixel gets lower matching cost because of the image noise, 

lightning variations, occlusions etc. In the real world, the changes in the scene will 

vary smoothly and therefore, neighboring pixels can be assumed to have similar 

disparities. This property is encoded by the smoothness term 𝐸𝑠𝑚𝑜𝑜𝑡ℎ(𝑓). The idea is 

to favor disparity configurations in which disparity varies smoothly among 

neighboring pixels. Smoothness term can be expressed by: 

 

𝐸𝑠𝑚𝑜𝑜𝑡ℎ(𝑓) =  ∑  𝑉{𝐩,𝐪}(𝑓𝐩, 𝑓𝐪)

𝐩,𝐪∈𝑁

 , (26) 
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where 𝑉{𝐩,𝐪}(𝑓𝐩, 𝑓𝐪) is the neighborhood interaction function. It assigns higher penalties 

for pairs of neighboring pixels if they have different disparities. It should also be noted 

that disparity can also change rapidly especially at object boundaries. Therefore, 𝑉{𝐩,𝐪} 

should be a robust function, which can preserve discontinuities. These functions are 

discussed in Section 3.7.4. 

3.7. Graph Cuts for Disparity Estimation 

The term “graph cuts” refers to a set of algorithms that employ min-cut and max-flow 

optimization techniques. Graph cuts techniques have been used for a number of 

computer vision problems. Some examples include stereo matching, image restoration 

and segmentation. They all attempt to assign labels to pixels based on noisy 

measurements. Depending on the application, these labels may be disparity values, 

intensities or segmentation regions. In either case, the goal is to find the best labelling 

for each pixel. This can be seen as an optimization problem, where the aim is to 

minimize the global energy function (24).  

First, a specialized graph is constructed for the energy function. The energy is then 

minimized with max-flow algorithm that finds the minimum cut on the graph. Several 

max-flow algorithms exists that can be used to solve labeling problems. Since the 

graph may easily contain tens of millions vertices, optimization is typically a time 

consuming process. Therefore, the efficiency of the algorithm plays an important role.  

3.7.1. Graph Definition 

Figure 7 shows an example of a simple graph 𝐺(𝑉, 𝐸) that can be used to minimize 

the energy function in (24). The graph corresponds to a small 2 × 3 image. It consists 

of a set of vertices 𝑉, which represent the pixels in the image. The vertices are 

connected to each other via weighted edges 𝐸. Thickness of the edge is related to the 

weight value. There are two terminal vertices known as source 𝑠 ∈ 𝑉 and sink 𝑡 ∈ 𝑉. 

In the context of stereo matching, terminals correspond to a set of disparities that can 

be assigned to pixels. In this example, each pixel has only two possible disparity 

values. 

Edges are classified into n-links and t-links. N-links are colored in black and they 

connect pairs of neighboring pixels. The weight of the n-link corresponds to a penalty 

for discontinuity between the pixels. Each weight is derived from the neighborhood 

interaction function 𝑉{𝐩,𝐪} (26). T-links are shown in red and blue and they connect 

pixels with terminals. The weight of the t-link represents the cost for assigning the 

corresponding disparity value to the pixel. Weights depend on the data cost 𝐷𝐩 (25). 

For some graph-based applications, it may be desired that edges can be directed. In 

such case, the weight for the edge (𝐩, 𝐪) can differ from the weight of the reverse edge 
(𝐪, 𝐩). [34] 
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Figure 7. A simple graph constructed for binary labeling problem. 

3.7.2. Min-Cut and Max-Flow Problem 

After the graph has been constructed, the next goal is to find a minimum cut among 

all possible cuts. The cut divides vertices into two separate subset in a way that 

terminals 𝑠 and 𝑡 are in separate subsets. A valid cut corresponds to one possible 

disparity configuration. In Figure 7, the dashed green line represents cut. The cut 

crosses some of the weighted edges in the graph. The cost of the cut is a sum of these 

weights and the minimum cut corresponds the cut with lowest cost. The problem can 

be solved by finding a maximum flow from the source 𝑠 to the sink 𝑡. 

Intuitively, a graph represents a network of pipes (edges). The source supplies water 

into the network and sink receives it. Each pipe has a specific capacity (weight) that is 

related to pipes diameter. The maximum flow is the maximum amount of water that 

can run through the network. The theorem of Ford and Fulkerson [35] states that a 

maximum flow will saturate some of the edges in the graph. Saturated edges will 

divide the vertices into two separate subsets corresponding to a minimum cut. In a 

network of pipes, these saturated edges correspond to pipes, which have reached their 

maximum capacity. These pipes are the weakest links in the network. [36] 

3.7.3. Maximum Flow Algorithms 

There are mainly two types of max-flow algorithms, which can solve minimum cut 

problems on directed weighted graphs with two terminals. Ford-Fulkerson style 

“augmenting paths” methods [35] and Goldberg-Tarjan style “push-relabel” methods 

[37]. 

The idea behind the Ford-Fulkerson method is that the flow is gradually increased 

until the maximum flow in the graph is achieved. At the beginning, the flow of the 

graph is zero. Algorithm finds a path from source to sink along which flow can be sent. 

Once the path has been found, the flow is augmented along this path. At least one of 

the edges in the path will saturate, meaning that no more flow can be directed along 

this path. Then, a new path is searched which allows more flow to be sent. The process 

is repeated until there are no more paths left that can be augmented. This means that 

maximum flow is reached and any path from source to sink will cross at least one 
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saturated edge. A typical augmenting path algorithm maintains a residual graph, which 

stores the residual capacities of all the edges. The residual capacity represents the 

amount of flow that can be further directed along the edge. The search for a new path 

is done on the current residual graph.  

The running time complexity of different augmenting path algorithms mostly 

depends on how the new paths are searched. For example, the Dinic algorithm [38] 

uses breadth-first search for finding the shortest paths from source to sink. It has an 

overall worst case running time of 𝑂(𝑛2𝑚), where 𝑛 is the number of vertices and 𝑚 

is the number of edges. 

In contrast to the Ford-Fulkerson method, the Push-Relabel algorithm does not 

construct a flow by finding complete paths from source to sink. It operates locally on 

a vertex at a time, inspecting only its neighbors. To be able to understand the algorithm, 

the concepts of excess flow and vertex height have to be defined. During the execution, 

some of the vertices receive more flow than they send forward. This means that the 

vertex is overflowing and it has excess flow. Vertices can store the excess flow and 

send it forward when needed. In addition to excess flow, the algorithm maintains a 

notion of height for each vertex. Initially, the height of the source is set to |𝑉|, which 

corresponds to the number of vertices in the graph. All other heights are set to zero. 

The push-relabel algorithms have two basic operations: push and relabel.  The 

algorithm starts by pushing flow down from the source so that all neighboring edges 

become saturated. Overflowing vertices attempt to push the excess flow toward the 

vertices with lower heights. Whenever overflowing vertex finds a saturated edge 

connected to vertex at the same height as itself, it increments its own height. This 

process is called relabeling and it allows vertices to get rid of the excess flow. The 

algorithm stops when there is no excess flow in any of the vertices. This typically 

means that some of the excess flow is eventually pushed back into the source. 

The efficiency of the push-relabel algorithm greatly depends on the order in which 

the push and relabel operations are performed. A generic push-relabel algorithm has a 

𝑂(𝑛2𝑚) worst case running time. Some of the algorithms in this class have a 

complexity of 𝑂(𝑛3). [36] 

3.7.4. Multi-Label Energy Minimization 

Ford-Fulkerson and push-relabel methods can be used to solve binary labeling 

problems. However, many of the computer vision problems, including the stereo 

correspondence problem involve multiple labels. The swap move and expansion move 

algorithms introduced by Boykov et al. [39] can efficiently solve such multi-label 

problems. These methods are able to find the local minimum of energy function (24). 

The idea is to transform multi-label optimization problem to a sequence of binary 

problems.  

The outline of the expansion move algorithm is shown in Figure 8. Algorithm 

iterates through every label 𝛼 in the set of all labels ℒ. Iteration step can be seen as 

binary labeling problem in which the goal is to find a labeling 𝑓 which is better than 

the current labeling 𝑓. Labeling is better if it decreases the global energy 𝐸(𝑓) < 𝐸(𝑓).  

New solution belongs to set of neighboring solutions, which are one expansion move 

away from the current labeling. Expansion move considers a set of pixels currently 

labeled as α. Other pixels are not part of this set and they are labeled �̅�. All pixels 

currently labeled as �̅� can change (expand) their label to 𝛼 or keep their current 
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labeling. Pixels that are already labeled as 𝛼 must keep their labels. As the name 

“expansion” suggests, only more pixels can be assigned to have label 𝛼. The expansion 

move is illustrated in Figure 9 (middle). 

The swap move algorithm is shown in Figure 8. As seen in the figure, its structure 

is quite similar to expansion move algorithm. Instead of performing iteration for every 

label, the algorithm considers every pair of labels 𝛼 and 𝛽. In each iteration, a new 

labeling 𝑓 is searched from a set of neighboring solutions, which are one swap move 

away from the current labeling 𝑓. Pixels that are labeled as 𝛼, can change (swap) their 

label to 𝛽 or keep their current label. Similarly, pixels labeled as 𝛽, can swap their 

label to 𝛼 or keep their current label. The swap move is illustrated in Figure 9 (right). 

It can be noted that areas labeled as 𝛾 are not affected by the swap move. 

 

 

Figure 8. Expansion-move and swap-move algorithms [39]. 

 

Going through every label (expansion move) or every pair of labels (swap move) is 

called a cycle. Both algorithms will stops after the first unsuccessful cycle, meaning 

that there is no labeling, which can decrease the energy. It is guaranteed that algorithms 

terminate in a finite number of cycles. In practice, the algorithm stops after few cycles 

and most of the improvements occur during the first cycle. 

The essential step in the previous algorithms is to finding labeling 𝑓 that minimizes 

𝐸 over all labelings within one move from 𝑓. This problem can be solved using a single 

minimum cut on two-terminal graph similar as in Figure 7. The graph is dynamically 

updated as the algorithm iterates. Depending on which algorithm is used, the terminal 

vertices are {𝛼, �̅�} (expansion move) or {𝛼, 𝛽} (swap move). The details of the 

minimum cut for the expansion move and swap move algorithms can be found in [39]. 

 

 
Figure 9. Example of possible expansion and swap moves. 
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Both algorithms can approximately minimize the energy 𝐸(𝑓) for an arbitrary finite 

set of labels ℒ. However, there are some limitations concerning the selection of 

smoothness term. In order to use expansion move algorithm, the interaction penalty 

𝑉{𝐩,𝐪} in (26) has to be metric. 𝑉{𝐩,𝐪} is considered to be metric if it satisfies the 

following three properties for labels 𝛼, 𝛽, 𝛾 ∈ ℒ: 

 

 𝑉(𝛼, 𝛽) = 0 ⟺ 𝛼 = 𝛽 

𝑉(𝛼, 𝛽) = 𝑉(𝛽, 𝛼) ≥ 0 

𝑉(𝛼, 𝛽) ≤ 𝑉(𝛼, 𝛾) + 𝑉(𝛾, 𝛽) 

(27) 

 

For example, the truncated absolute distance 𝑉(𝛼, 𝛽) = 𝑚𝑖𝑛 (𝐾, |𝛼 − 𝛽|) and Potts 

model 𝑉(𝛼, 𝛽) = 𝐾 ∙ 𝑇(𝛼 ≠ 𝛽) are metric interaction functions. 𝐾 is some constant 

and function 𝑇(∙) is 1 if its argument is true, otherwise 0. In case, the interaction 

penalty only satisfies the first two properties, then 𝑉 is considered a semi-metric. In 

such case, one cannot use the expansion-move algorithm. The truncated quadratic 

𝑉(𝛼, 𝛽) = 𝑚𝑖𝑛 (𝐾, |𝛼 − 𝛽|2) is an example of semi-metric penalty function. Based on 

the results in [40], the expansion-move algorithm produces better results than swap-

move algorithm. It can also be proven that the result is within a known factor of the 

global minimum of 𝐸 [39]. However, it may be justifiable to use swap-move algorithm 

if the semi-metric interaction function gives better results. 
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4. SYNTHETIC REFOCUSING 
 

One of the disadvantages of the camera phones is that they cannot capture images with 

shallow depth of field. Generally, they produce images in which all objects are in focus 

no matter what is their distance from the camera. The reason for this is that mobile 

phone cameras are typically equipped with a fixed-focus lens and a small aperture. 

Sometimes it is desirable that only the object of interest is in focus while the 

background is out of focus. This way, the background does not draw too much 

attention from the main subject. Typically, such an effect can be achieved with a 

single-lens reflex cameras (SLR) and compact system cameras. Recently, different 

solutions have been proposed that aim to change the image focus after capturing. User 

can typically select a point of focus by tapping a specific object in the image. It may 

also be possible to adjust the depth of field and the amount of blur that is added to 

image. 

4.1. Post-capture Refocusing on Mobile Phones 

Not long ago, Google released a new camera application for android devices. New 

feature called Lens Blur can simulate the shallow depth of field effect. Instead of 

capturing a single image, Lens Blur captures a series of images while the user moves 

the camera. Visual features are detected and tracked across the images. Camera’s 3D 

position and orientation is estimated using structure from motion techniques and 

bundle adjustment. Once the 3D pose of each image is known, a depth map is 

constructed using multi-view stereo algorithms. Lens Blur simulates the physical lens 

using thin lens approximation. Shallow depth of field effect can be achieved by 

blurring pixels by different amounts depending on the pixel’s depth, aperture and 

location relative to the focal plane. 

While ago, Nokia introduced a refocusing feature, which can produce images 

similar to Google’s Lens Blur. The feature known as Lumia Refocus captures multiple 

images with different focus points. Images are aligned and fused to together to make 

a single image. In the process, a depth map is created, which can later be used to change 

the image focus. Additionally, one can use depth based filtering. For example, it is 

possible to desaturate the background while keeping the original colors in objects that 

are in focus. Samsung and Sony have also presented their versions of post-capture 

refocusing applications. They both use techniques similar to Lumia Refocus. However, 

their features are more limited, mainly because the user cannot freely decide in which 

part of the image to focus. 

All refocusing methods so far have been based on single camera. If multiple 

cameras are used, depth map can be acquired via stereo matching. With such an 

approach, no extra delay is added to image capturing process. HTC One M8 uses dual 

camera in order to sense depth information. A feature called UFocus uses this 

information to simulate shallow depth of field. As discussed in Section 2.1, Pelican 

Imaging and LinX Imaging have also developed similar multi-aperture cameras, which 

can be used for post-capture refocusing. However, these are not found in any of the 

current smart phones. 
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4.2. From Disparity to Depth 

Disparity values relate to depth values via simple geometry. Figure 10 shows a stereo 

system, which consists of two identical cameras 𝐂 and 𝐂′. As usually, points 𝐱 and 𝐱′  
are the projections of point 𝐗 on the left and right image planes. The baseline 𝑏 is the 

distance between the camera origins and 𝑓 is the focal length. In this example, cameras 

are perfectly aligned, so that their X-axes are collinear and their Y-axis and Z-axis are 

parallel. The Y-axis is perpendicular to the page and is not needed in the following 

derivations.  

 

 
Figure 10. Geometry for a simple stereo system. 

 

From the Figure 10, one can identify similar triangles and form equations: 

 
𝑧

𝑓
=

𝑥

𝑥1
 , (28) 

 
𝑧

𝑓
=

𝑥 − 𝑏

𝑥2
 . (29) 

 

After a few manipulations the solution is obtained for the coordinate 𝑧 of the point 𝐗: 

 

𝑧 =
𝑓𝑏

𝑥1 − 𝑥2
=

𝑓𝑏

𝑑
 . (30) 

 

It can be seen from the previous equation that depth is inversely proportional to 

disparity. Based on Equation (30) and Figure (10), there exists a tradeoff between 

scene coverage and error in computing depth. In case the baseline is short, a small error 

in disparity will propagate to larger error in the computed depth of the 3D point. 

Accuracy of the depth computation can be improved by increasing the baseline. 

However, a wider baseline would increase the disparity search range, resulting to 

higher computational cost. Mismatches and occlusions would also be more likely. 
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4.3. Physical Model of Depth-of-Field Effect 

When an image is captured with a camera, light rays from a point in 3D space pass 

through a lens. Light rays focus onto an image plane, which is at given distance behind 

the lens. The situation is illustrated in Figure 11. If an object is at a certain distance 

from the camera, the light rays will converge to an exact point in the image plane. As 

a result, the object will appear sharp in the captured image. In case the object is too 

close or too far from the camera, the light rays will converge behind or front of the 

image plane. The diffusion of the light rays throughout a region of the image causes 

the object to appear blurred. This region is typically modeled as a circle and is called 

the circle of confusion (CoC). Other shapes are possible as well since the shape of the 

region depends on the shape of the aperture (diaphragm). Diaphragm has a direct 

relation with the appearance of the out-of-focus areas in the image. In photography, 

this effect is known as Bokeh. 

Even if the point in the scene does not project to an exact point in the image plane, 

the point may still be considered to be in focus. One can consider the point to be in 

focus as long as the diameter of the circle of confusion is below a certain threshold 𝐶𝑇. 

The range of distance from the camera for which an object is considered to be in focus 

is called the depth of field (DOF). [41] 

 

 

Figure 11. A thin lens model. 

 

When the focal plane is at 𝑍𝑈 and the threshold 𝐶𝑇 is defined, one can compute the 

depth of field using the formulas: 

 

 𝐷𝑂𝐹 =  [𝑍𝑁 , 𝑍𝐹],  

 

𝑍𝑁 =
𝑓2𝑍𝑈

𝐶𝑇𝑁(𝑍𝑈 − 𝑓) + 𝑓2
 , (31) 

 

𝑍𝐹 =
𝑓2𝑍𝑈

𝐶𝑇𝑁(𝑍𝑈 − 𝑓) − 𝑓2
 ,  

 

where 𝑍𝑁 is the nearest depth plane in which object appears to be in focus. Similarly, 

objects that are not farther than 𝑍𝐹 are considered to be in focus. Focal length 𝑓 is the 

distance between the lens and the focal point F. All light rays that arrive to the lens 

parallel to horizontal axis proceed towards the focal point. N is the camera’s f-number, 

which depends on the ratio of the focal length and aperture. Derivation of the above 

equations can be found in [41]. 
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As previously mentioned, in case the point is located outside of the DOF, then the 

corresponding pixel will appear blurred in the image. The amount of blur depends on 

the point’s distance from the camera sensor. Size of the circle of confusion of pixel 𝐩 

can be computed using the following formula: 

 

𝐶𝐩 =
(𝑧𝐩

′ − 𝑧𝑈
′ )𝑓/𝑁

𝑧𝐩
′

 . (32) 

 

In the previous equation, 𝑧𝐩
′  is the behind lens distance of the point. The distance 

between the image plane and the lens is denoted 𝑧𝑈
′ . Figure 11 shows the relationship 

between the focal length, the object distance to the camera 𝑍𝑈 and the objects image 

behind the lens distance 𝑧𝑈
′ . Based on the physical model of the thin lens, behind the 

lens distance can be written as: 

 

𝑧′𝑈 =
𝑓/𝑍𝑈

𝑍𝑈 − 𝑓
 . (33) 

 

4.4. Depth-of-Field Rendering 

The out-of-focus effect can be modeled by blurring the points in the image based on 

their circle of confusion. Points with larger circle of confusion should be blurred more 

than points with smaller circle of confusion. The correct amount of blur can be 

computed using Equation (32). Blur can be applied to the image by convolving the 

image with a blur kernel. For example, one could use a Gaussian point spread function 

as a blur kernel and adjust the spread based on the diameter of the circle of confusion 

[41]. 

In case the point is inside the depth of field range, the point should not be blurred. 

Objects that are in focus should also have sharp edges. To avoid blurring of the edges, 

one can adaptively change the support of the blur kernel based on the depth of 

neighboring pixels [41].  
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5. IMPLEMENTATION 
 

The main problem of four-aperture camera is caused by the fact that each camera unit 

has a slightly different viewpoint. This causes parallax error that has to be corrected 

before the individual images can be combined into a single RGB image. In this chapter, 

an image fusion algorithm is proposed for the four-aperture camera. Implemented 

algorithm is strongly based on stereo matching that was discussed in Chapter 3. 

Algorithm uses mutual information as a similarity measure and graph-cuts method for 

disparity estimation. Trifocal tensor was also implemented.  

In addition to image fusion algorithm, a simple interactive refocusing method is 

proposed in Section 5.2. Refocusing algorithm aims to produce a realistic depth of 

field effect based on the depth map generated by the image fusion algorithm. User can 

freely select the point of focus by simply clicking the image. One can also change the 

depth of field and the amount of blur that is added to the image. Implementation is 

based on the theory in Chapter 4. The image fusion algorithm and the refocusing 

algorithm were both written in C++.  Algorithms employ the Open Source Computer 

Vision Library (OpenCV). 

5.1. Image Fusion Algorithm 

The functionality of the image fusion algorithm is divided into three steps. The steps 

are pre-processing, disparity map calculation and post-processing.  

5.1.1. Pre-Processing 

Certain pre-processing steps are needed because the characteristics of the test camera 

system differ from the real four-aperture camera. Pre-processing includes the 

rectification of input images, trifocal tensor calculation and separation of color 

channels. Steps are illustrated in Figure 12. Not all of these steps would be necessary 

if the images were captured with real four-aperture camera. 

When capturing the input images, it is difficult ensure that camera movement is 

purely horizontal or vertical. Image rectification is a good alternative to perfect camera 

alignment. By rectifying image pair 𝐼1 and 𝐼2, it can be guaranteed that the 

corresponding image points are located in the same horizontal lines. This is essential 

because correspondences between the first and second images are only searched from 

these lines. Other images were not rectified because the algorithm implements trifocal 

tensor. Because the relative position of the cameras is unknown, the rectification 

transformations are calculated from a set of corresponding image points. A detailed 

description of the rectification process can be found in [13]. 

The calculation of trifocal tensor is based on the theory presented in Section 3.4. 

Corresponding points which are needed for the tensor calculation are extracted from 

the RGB input images using Scale Invariant Feature Transform (SIFT). Points are then 

matched based on their feature descriptors. Because it cannot be guaranteed that these 

points are matched correctly, modified RANSAC algorithm is used for tensor 

estimation. For each test scene, two trifocal tensors have to be defined. First tensor 

𝓣𝐼1,𝐼2,𝐼3
 is calculated for the images 𝐼1, 𝐼2 and 𝐼3. With help of this tensor, it is possible 

to transfer a pair of corresponding points in images 𝐼1 and 𝐼2 to the image 𝐼3. Similarly, 

a second tensor 𝓣𝐼1,𝐼2,𝐼4
 is defined for the images 𝐼1, 𝐼2, and 𝐼4. With this tensor points 
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can be transferred to the image 𝐼4. Because camera positions are not fixed, tensors have 

to be calculated for each image set separately. 

 

 
Figure 12. Pre-processing steps of the image fusion algorithm. 

 

The last step consists of splitting the 24-bit RGB images to separate color channels. 

As an output, each color component is presented with 8-bit image. For this 

implementation, it was chosen that 𝐼1 corresponds the image captured with green color 

filter. Images 𝐼2 and 𝐼3 correspond to red and blue filtered images as illustrated in 

Figure 12. The fourth image is used as a luminance image. Luminance values are 

computed by weighting each color component as follows: 

 

 𝐿𝑢𝑚𝑖𝑛𝑎𝑛𝑐𝑒 =  0.299 ∗ 𝑅 + 0.587 ∗ 𝐺 + 0.114 ∗ 𝐵 . (34) 

 

5.1.2. Disparity Map Calculation 

Disparity calculation starts from initial disparity map 𝑓, which is updated as the 

algorithm iterates. Based on the results in Chapter 6, only few iterations (e.g. 3) are 

needed since the method converges rather quickly. Initial disparity map is required by 

the iterative mutual information cost calculation that was presented in Section 3.5.3. 

Disparities in the map represent the horizontal pixel shifts between images 𝐼1 and 𝐼2. 

In general, disparities are integer values and the size of the map is the same as the size 

of the input images. Initially, all disparities vary randomly between minimum disparity 

and maximum disparity. By default, the minimum disparity is zero and the maximum 

disparity is given as an input to the algorithm. Main steps of the disparity map 

calculation are shown below. 

 

1. Define the initial disparity map. 

2. Iterate approximately three times: 

2.1. Remap images 𝐼2, 𝐼3 and 𝐼4 based on the current disparity map. 

2.2. Compute the mutual information cost arrays ℎ𝐼1,𝐼2
, ℎ𝐼1,𝐼3

 and  ℎ𝐼1,𝐼4
   

using   remapped images. 

2.3. Compute the data cost 𝐷𝑀𝐼  for each pixel and with all possible 

disparity values using the cost arrays and original images. 

2.4. Fill the graph with data and smoothness costs. 

2.5. Find new disparity map by minimizing the global energy. 
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The green channel image 𝐼1 is selected as a reference image and it will stay unchanged 

the whole execution time. Cost calculation requires that pixels in the images 𝐼2, 𝐼3 and 

𝐼4 are remapped based on the current disparity map. Whereas image 𝐼2 can be directly 

remapped using the disparity map, trifocal tensors 𝓣𝐼1,𝐼2,𝐼3
 and 𝓣𝐼1,𝐼2,𝐼4

 are needed to 

remap images 𝐼3 and 𝐼4. Let assume that there is a point 𝐱 = (𝑥, 𝑦) in the first image 

and its disparity 𝑓𝐱 is known. Then a set of corresponding points in other images can 

be defined as follows: 

 
𝐱′ = (𝑥 − 𝑓𝐱, 𝑦),  

 𝐱′′ = 𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟𝑃𝑜𝑖𝑛𝑡(𝐱, 𝐱′, 𝓣𝐼1,𝐼2,𝐼3
), (35) 

 𝐱′′′ = 𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟𝑃𝑜𝑖𝑛𝑡(𝐱, 𝐱′, 𝓣𝐼1,𝐼2,𝐼4
). 

 
 

Given a pair of corresponding points 𝐱 and 𝐱′, the function 𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟𝑃𝑜𝑖𝑛𝑡 computes 

the corresponding point in images 𝐼3 and 𝐼4. Point transfer is based on the theory in 

Section 3.4.2. It should be noted than when a point is transferred using a trifocal tensor, 

the new coordinates are not exact integer values. In other words, the point does not 

correspond to any particular pixel. Pixel intensity is computed from neighboring pixels 

using bilinear interpolation. All images are then remapped using formulas: 

 

𝐼2̅(𝑥, 𝑦) = 𝐼2(𝐱′),  

𝐼3̅(𝑥, 𝑦) = 𝐼3(𝐱′′), (36) 

𝐼4̅(𝑥, 𝑦) = 𝐼4(𝐱′′′), 
 

 

where 𝐼�̅� is the remapped version of the image 𝐼𝑖. After remapping, the corresponding 

pixels should be at the same location in all images. However, occlusions and false 

matches can cause double mappings. This means that the same pixel in the original 

image may be mapped more than once. In case the transferred point is located outside 

the image, the pixel will get value of zero in the remapped image. These areas are 

removed later in the post-processing. 

Mutual information data costs arrays are then calculated using the remapped 

images. Calculation is based on the theory in Section 3.5.3. By following the same 

notation, cost arrays are: 

 ℎ𝐼1,𝐼2
(𝐼1(𝐱), 𝐼2(𝐱′)),  

ℎ𝐼1,𝐼3
(𝐼1(𝐱), 𝐼3(𝐱′′)), (37) 

 ℎ𝐼1,𝐼4
(𝐼1(𝐱), 𝐼4(𝐱′′′)). 

 
 

Since pixel intensities 𝐼(𝐱) = 𝑖 can vary between 0 and 255, each cost array has size 

of 256 x 256. The data term is formed by combining the three individual cost arrays. 

After simplifying the notation in (37), the data cost of assigning disparity 𝑓𝐱  for pixel 

𝐱 can be defined as follows: 

𝐷𝑀𝐼(𝐱, 𝑓𝐱) =  ℎ𝐼1,𝐼2
(𝑖1, 𝑖2) + ℎ𝐼1,𝐼3

(𝑖1, 𝑖3) + ℎ𝐼1,𝐼4
(𝑖1, 𝑖4). (38) 

 

The algorithm employs the multi-label optimization library developed by Veksler et 

al. [34, 39, 42]. The size of the graph depends on the image size and the number of 

possible disparities. The graph is constructed in such way that each node connects to 

four neighbors.  
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The next step is to fill the graph with data and smoothness costs. For every point 𝐱 and 

with all possible disparity values 𝑓𝐱 = [0, disparity max], the corresponding points 

are searched from other images using Equations (35). As previously, the pixel 

intensities 𝐼3(𝐱′′) and 𝐼4(𝐱′′′) have to be interpolated from neighboring pixels. It 

should be noted that this step uses original images instead of remapped ones. Once the 

corresponding pixel intensities are calculated, data cost is assigned for each node using 

Equation (38). Ideally, the correct disparity assignment would get the lowest cost. 

Smoothness cost is given as an input to the algorithm. Three different choices of 

smoothness costs are Potts model, truncated absolute distance and truncated quadratic 

distance. These were introduced in Section 3.7.4. For example, if truncated absolute 

distance 𝑉(𝛼, 𝛽) = 𝑚𝑖𝑛 (𝐾, |𝛼 − 𝛽|) is used, parameter 𝐾 has to be specified. As seen 

in Equation (24), it is also possible to control the influence of the smoothness cost with 

a scale factor λ. 

In order to obtain new disparities, the global energy has to be minimized. One can 

use either the expansion move algorithm or the swap move algorithm. It can be recalled 

from Section 3.7.4 that if one wishes to use semi-metric smoothness term, expansion 

move algorithm cannot be used for the energy minimization.  

Algorithm repeats the above steps until there are no more iterations left. Final 

disparity map is obtained after the last iteration. Based on the final disparity map, 

images 𝐼2, 𝐼3 and 𝐼4 are once more remapped using Equation (36). This ensures that the 

most recent disparity map is used to align the images. Now that corresponding pixels 

have been matched, an RGB image is constructed by simply combining the images 

𝐼1, 𝐼2 and 𝐼3. In this implementation, the luminance image 𝐼4 is not used when forming 

the final image. 

5.1.3. Post-Processing 

Pixels that are located near the borders of the image may not be visible in all the 

images.  As mentioned in previous section, if a point is transferred to the outside of 

the image, then its value in the remapped image is set to zero. These areas need to be 

removed from the final image. One can simply use the worst-case assumption and crop 

the border pixels based on maximum disparity parameter.  

Other post-processing steps were not implemented because of the characteristics of 

the test camera system. However, a real four-aperture camera would probably benefit 

from operations such as white balancing, brightness adjustment, noise reduction and 

sharpening. 

5.2. Synthetic Refocusing Algorithm 

Physical model of the depth of field effect was presented in Section 4.3. The effect 

depends on the camera’s f-number, focal length, as well as the objects distance from 

the camera. Points in the scene are projected onto the image plane of the camera. The 

amount of blur that is added to each pixel depends on how far the original point is from 

the focal plane. Even though the general idea is the same, this implementation uses a 

simpler design. Algorithm does not consider the camera’s f-number, focal length or 

the baseline. 

According to Equation (30), the depth of a pixel is inversely proportional to its 

disparity. From now on, the disparity map is referred to as depth map. First, the user 
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defines the focal plane 𝑍𝑈  by clicking the original image. Based on the cursors 

location, the corresponding depth value is extracted from the depth map. Value 𝑍𝑈 can 

be any integer value found from the depth map. As the theory suggests, points that are 

further from the focal plane should be blurred more than other points. On the other 

hand, if the point is located on the focal plane then the corresponding pixel should not 

be blurred. The amount of blur for pixel 𝐩 can be defined by modifying the circle of 

confusion formula in Equation (32): 

 

𝐶𝐩 = |𝑓𝐩 − 𝑍𝑈| ∙ 𝐴 ,  (39) 

 

where 𝑓𝐩 is depth of pixel 𝐩 in the depth map and variable 𝐴 is the aperture size. If the 

depth of pixel is the same as the depth of focal plane, then the amount of blur will be 

zero. Aperture size 𝐴 depends on the focal length and f-number of the camera. In this 

implementation, the value does not represent the real size of the aperture since focal 

length and f-number are not specified. Aperture size is merely a hypothetical value, 

which controls the depth of field. As with real camera, a large value will result to 

shallow depth of field. 

After computing the blur values for every pixel in the image, the blur filter is 

applied. The algorithm employs the implementation in [43]. It blurs the fused image 

based on the given filtering mask. In this case, the mask is formed using the values 

from the previous step. Furthermore, the implementation [43] allows specifying the 

shape of the aperture (diaphragm) and the size of the filtering kernel. This 

implementation uses nearly circular diaphragm that has nine sides. With such 

diaphragm, small points that are out-of-focus will appear as nine sided polygons. The 

effect is most apparent if points are bright in otherwise dark image. Size of the filtering 

kernel affects the overall blurriness of the image. A larger kernel will add more blur to 

the areas, which are already blurred. 
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6. EXPERIMENTAL RESULTS 
 

Since the actual four-aperture camera did not exist during the work, the performance 

of the image fusion algorithm was evaluated using a test camera system. The most 

important evaluation criterion was visual quality of the output images. Fused images 

were compared against the original RGB images captured by the test system. The 

purpose of this comparison is to find the essential weaknesses of image fusion 

algorithm. Test setup clearly reveals the color errors caused by incorrect matching of 

pixels. However, many of the advantages of real four-aperture camera cannot be seen 

with this test setup because the input images were captured with a traditional Bayer 

matrix camera. 

In addition to image fusion, the post-capture refocusing was also tested. Images 

were refocused to either foreground or background. Evaluation was performed using 

the fused images as well as the depth maps generated by the image fusion algorithm. 

Visual quality of the depth of field effect was the most important evaluation criterion. 

Attention was also given to depth map quality since the quality of the depth of field 

effect highly depends on it.  

6.1. Camera Setup and Capturing Process 

Input images were captured with Fujifilm FinePix F50fd compact camera. Camera 

settings were chosen so that the entire image would appear as sharp as possible. In 

other words, a large depth of field was preferred. The camera was moved between the 

shots as illustrated in Figure 13. The baseline was approximately 12 mm for each pair 

of horizontal and vertical camera positions. The movement was restricted to be either 

horizontal or vertical. In practice, it is extremely difficult to move cameras precisely. 

Therefore, the green channel image (reference) and the red channel image were 

rectified after capturing. Other images were not rectified since the algorithm utilizes 

trifocal tensor. 

 

 

Figure 13. Image-capturing positions and the order of color channels. 
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A real four-aperture camera would use a combination of red, green and blue color 

filters. To simulate the presence of different color filters, the RGB images produced 

by the test camera were split to separate color channels. In each of the three camera 

positions, one of the channels was chosen. The order of color channels is shown in 

Figure 13. Image produced by the fourth camera was used as a luminance image. It 

was created by converting the original RGB image to grayscale. 

6.2. Test Scenes 

The performance of image fusion algorithm was evaluated using two different data 

sets. Figure 14 shows the test scenes used in the evaluation. Reference images were 

captured by the bottom left camera according to Figure 13. Test scenes were 

constructed in such way that the objects in the scene were at different distances from 

the camera. Such configuration clearly reveals possible errors due to occlusions and 

incorrect matching of pixels. In addition, it was possible to use the same image sets to 

test post-capture refocusing.  

 

 

Figure 14. Reference images from tea and flowers data sets. 

 

Original size of the images was 4000 x 3000 pixels. Images were resized because of 

the extremely large resolution. The sizes of the input images are presented in Table 1. 

For example, each input image of tea data set has an image size of 1000x745 pixels. If 

such input images were captured with a real four-aperture camera, the fused image 

would be comparable to 2000x1490 pixels image produced by the traditional the Bayer 

matrix camera. The minimum and maximum disparities shown in Table 1 were 

manually defined from the resized images.  

 

 

Table 1. Properties of tests scenes 

Test scene Image size 

(pixels) 

Minimum 

disparity (pixels) 

Maximum 

disparity (pixels) 

Tea 1000x745 5 40 

Flowers 1150x860 8 20 
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6.3. Evaluation of Image Fusion 

Before going into the actual results, it may be a good idea to demonstrate why image 

fusion algorithm is needed. Figure 15 shows an image obtained without correcting the 

parallax error arising from the different capturing positions. The image is constructed 

by simply combining the red, green and blue channel in Figure 13. As can be seen, the 

resulting image has very poor quality. 

 

 

 

Figure 15. Result without the parallax correction. 

6.3.1. Parameters of Image Fusion Algorithm 

Five parameters have to be defined for the image fusion algorithm. The first one is the 

maximum disparity value in horizontal direction. Maximum disparity depends on the 

baseline of the cameras, focal length, pixel size and the distance to closes object in the 

scene. Maximum disparity has to be set sufficiently high so that disparity search range 

covers all possible disparity values. The used maximum disparities are listed in Table 

2. It can be noted that the minimum disparity was set to zero for both test scenes. 

Smoothness cost is another important parameter that has to be defined. After testing 

several different costs with varying parameters, truncated absolute distance was 

chosen as it gave the best overall results. It can be noted from Table 2 that the 

parameters were kept same for both test scenes. The effects of different smoothness 

costs are discussed in more detail in the next section. 

Image fusion algorithm iteratively enhances the disparity map. The number of 

iterations was set to three for both test scenes. It was considered a good compromise 

in terms of image quality and computational time. According to the experiments, using 

more than three iterations does not noticeably improve the quality of the disparity map 
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or fused images. One could use even fewer than three iterations and achieve almost as 

good results since most of the improvements happen during the first iteration. 

At each iteration, the global energy is minimized with expansion move or swap 

move algorithm. The expansion move algorithm was chosen since it was faster and 

gave slightly better results than the swap move algorithm. Both algorithms are 

guaranteed to terminate in a finite number of cycles, as discussed in Section 3.7.4. In 

practice, most of the improvements occur during the first cycle. Therefore, it may not 

be necessary to run the algorithm until the convergence. As will be discussed later, 

good results were obtained on both data sets even when only few cycles were used. 

However, the main evaluation was performed without limiting the number of cycles. 

 

 

Table 2. Parameters used in testing. 

Test 

scene 

Maximum 

disparity 

(pixels) 

Smoothness 

truncated 

linear (𝛌, 𝐊) 

Iterations Energy 

minimization 

algorithm 

Cycles 

Tea 40 2, 23 3 Expansion convergence 

Flowers 20 2, 23 3 Expansion convergence 

 

6.3.2. Output of Image Fusion 

The tea scene is probably easier of the two data sets. The scene contains clearly 

distinguishable objects, which are at different distances from the camera. Occlusions 

are not severe since adjacent objects have similar depths. Some of the objects are very 

close to the camera, which is why the disparity search range is larger than in the flower 

data set. The scene also contains text, which may potentially cause noticeable color 

artifacts in case the matching fails.  

Figure 16 shows the output of the image fusion algorithm for the tea dataset. The 

output image is compared against the original RGB image captured by the bottom left 

camera. The fused image has good overall quality when compared to the reference 

image in Figure 17. Algorithm handles the repetitive texture and uniform image areas 

well because of the global optimization. A closer inspection reveals small inaccuracies 

caused by incorrect matching, occlusions and reflections. In general, the errors are 

most visible around high contrast edges. These errors can be found by observing the 

difference image in Figure 18. Difference image was created by taking the absolute 

difference between the fused image and reference image. Images were first converted 

to grayscale. Thresholding was also performed in order to make differences more 

visible. Pixel is colored white in the difference image if its value is larger that 10. 
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Figure 16. Result of image fusion for tea dataset. 

 

 

Figure 17. Reference image for tea dataset. 
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The disparity map used for matching is presented in Figure 18. It can be noted that 

even though the image fusion is based on the disparity map, the errors in the disparity 

map do not necessarily propagate to the fused image. For example, the tea container 

on the right should have sharp edges. The edges in the disparity map are quite rough. 

However, there are barely any mistakes in the corresponding areas in the fused image. 

 

 
Figure 18. Disparity map and difference image for tea dataset. 

 

Figure 19 shows a smaller image patch chosen for the closer inspection. It can be seen 

that the gray strip in pineapple tea box has slightly changed its color. In fact, the strip 

has a chrome coating, which makes it extremely reflective. Errors caused by the 

reflections are difficult to avoid completely since even the correct matching may result 

to unexpected color artifacts. More errors are found around high contrast edges and in 

texted regions. It is likely that some of them are caused by the fact that disparities are 

not estimated in sub-pixel accuracy.  

 

 
Figure 19. Details from the tea dataset (fused, reference, difference). 

 

The advantages of using trifocal tensor and four different views are best demonstrated 

with depth maps. The left most depth map in Figure 20 is generated using only one 

pair of stereo images. In this example, the green channel was matched to red channel. 

It can be concluded that matching each image pair separately is not a very robust 

approach. The image on the middle is matched using green, red and blue color 

channels. Trifocal tensor was also used in the matching. Depth map is significantly 

better and it would produce much better image if used in image fusion. The third image 

uses all four input images including the luminance image. It further improves the depth 

map and therefore produces the best fused image.  
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Figure 20. Depth maps generated using two, three and four views. 

  

 

The result of image fusion for flower dataset is shown in Figure 21. The first glance 

does not reveal any major color errors when compared to the reference image in Figure 

22. In contrast to the tea dataset, the flower scene contains shapes that are more 

complex and depths of adjacent objects vary significantly. For example, the orange 

flower is much closer to the camera than the objects on the background. As a result, 

the errors caused by occlusion are more visible especially on the left side of the orange 

flower. Since the occlusion handling is not implemented, the algorithms behavior is 

unpredictable in occluded areas. 

 

 

 

Figure 21. Result of image fusion for flower dataset. 
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Figure 22. Reference image for flower dataset. 

 

The disparity map in Figure 23 reveals that small details such as narrow branches have 

been lost because of the over smoothening. At least some of these details could have 

been saved by limiting the amount of smoothening. However, this typically increases 

noise in the other regions in the disparity map. More errors can be seen in Figure 24. 

These errors are caused by occlusions and over smoothening. For example, the small 

branch on the left is not entirely visible in the disparity map. As with tea data set, the 

errors in the disparity map do not necessarily propagate to the fused image. For 

example the flower pot on the left. There is clearly a mistake in the disparity map. 

However, the corresponding area in the fused image seems perfectly fine.  

 

 
Figure 23. Disparity map and difference image for flower dataset. 
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Figure 23. Details from the flower dataset (fused, reference, difference). 

 

As a comparison, Figure 24 demonstrates the disparity map estimation on grayscale 

images. The disparity map on the left is same as before. In this example, each of the 

original RGB images was converted to grayscale. Therefore, the corresponding pixels 

will have similar intensity values in every input image. Since the problem is now much 

simpler, the algorithm produces significantly better disparity map. Potts model (K=5) 

was selected as smoothness cost. It should be noted that it is not possible to match 

images in this way if real four-aperture camera is used.  

 

 

Figure 24. Comparison between disparity maps. 

6.3.3. Computational Time 

Computational time highly depends on the image size and the maximum disparity. 

Chosen optimization method, the number of iterations and cycles also affects to the 

execution time. All tests were performed with a desktop PC that has Intel Core i5 3.20 

GHz CPU and 8 GB of RAM. Optimization is clearly the most time consuming 

process. Whereas total optimization time typically takes couple of minutes, the mutual 

information matching cost is computed in less than 30 milliseconds.  Table 3 

summarizes the optimization times for swap move and expansion move algorithms. 

Each test was repeated three times and the average time was computed.  

From the Table 3, it can be noted that the expansion move algorithm is clearly faster 

than the swap move algorithm. However, the execution times are still far from what is 

needed for practical application. Execution times can be reduced significantly by 

limiting the number of iterations and cycles. Based on experiments, it is possible to 

use two iterations instead of three without noticeable difference in image quality. 
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Moreover, there is no significant reduction in image quality if the number of cycles is 

limited to one. After these changes, the execution time for the tea dataset reduces from 

173 seconds to 25 seconds assuming that expansion move algorithm is used. 

Correspondingly, the execution time of the flower scene reduces from 108 seconds to 

14 seconds. Even though the changes did not reduce the image quality on these 

datasets, this may not be the case for other scenes. There also exists number of other 

performance improvements that could be added to algorithm. These methods are 

discussed in Section 7.2. 

 

Optimization times for swap move and expansion move algorithms 

 

Swap move 

Test scene Iteration 1 

(s) 

Iteration 2 

(s) 

Iteration 3 

(s) 

Total time 

(s) 

Tea 202 199 166 567 

Flowers 98 44 47 189 

 

 

Expansion move 

Test scene 
Iteration 1 

(s) 

Iteration 2 

(s) 

Iteration 3 

(s) 

Total time 

(s) 

Tea 72 44 57 173 

Flowers 42 30 33 108 

 

 

6.4. Evaluation of Synthetic Refocusing 

In this section, the refocusing algorithm is evaluated using the output images from the 

image fusion algorithm. Input images are all-in-focus images, which are modified 

based on the disparity map. The goal is to generate as realistic depth of field effect as 

possible. In practice, a point of focus is first selected by clicking the image. The depth 

of field and the amount of blur is then adjusted accordingly.  

6.4.1. Output of Refocusing 

The result of refocusing algorithm for tea dataset is shown in Figure 25. The foremost 

object in the scene was selected as a point of focus. Quality of the depth of field effect 

is surprisingly good since the disparity map is quite accurate.  There are no severe 

occlusions either. Similar results were obtained in Figure 26, in which the focus was 

on the white background. 

The refocusing ability depends on the resolution of the disparity map. In this 

implementation, disparities were not estimated in sub-pixel accuracy. Consequently, 

smooth surfaces may have sudden changes in disparity, in case the surface is not 

parallel to the camera. This is known as staircase effect and it is clearly visible in the 

previous disparity map. For example, one can notice the effect by looking at the bottom 

region of the disparity map of the tea dataset. In this case, there were no visible artifacts  
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Figure 25. Foreground in focus. 

 

 

Figure 26. Background in focus. 
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resulting from the staircase effect. However, a careless refocusing may result to 

unrealistic blurring of smooth surfaces. 

The result of refocusing for flower scene is shown in Figure 27. The orange flower, 

which is the foremost object, was selected as point of focus. Overall quality of the 

depth of field effect is quite good. However, occlusions cause errors to the disparity 

map. Some of these errors are also visible in the refocused image. For instance, one 

can see the unrealistic blurring near the edges of the violet flower on the top of the 

image. As mentioned previously, some of the small details in the disparity map have 

been lost because of the over smoothening. Consequently, the blurring is accidently 

applied to the some of these regions in the image. Better results were obtained in Figure 

28, in which the focus was on the background. Occlusions did not cause any notable 

problems, unlike in previous image. In fact, some of the original errors that were 

caused by the image fusion algorithm were masked by the blurring filter.  

 

 

 

Figure 27. Foreground in focus. 
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Figure 28. Background in focus. 
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7. DISCUSSION 

7.1. Test System Performance 

The main problem with the used test setup is that it does not show all the advantages 

of the actual four-aperture camera. Test images were captured with a single-lens Bayer 

matrix camera. As discussed in Section 2.3, such camera may suffer from chromatic 

aberration and cross-talk problems. These problems could have been avoided if real 

four-aperture camera had been used in testing. It should also be noted that Bayer filter 

cameras interpolate the missing color information from neighboring pixels. Therefore, 

the actual spatial resolution of the input images is lower compared to images captured 

with four-aperture camera. Subsequently, the resolution of the fused image is also 

lower. On the other hand, this was not a problem with current test setup since 

evaluation was focused on matching performance rather than improvements in image 

quality. 

Instead of using Bayer filter camera, one could use a monochrome camera equipped 

with different color filters. Such approach would eliminate the cross-talk and 

interpolation problems. However, it would be more difficult to evaluate the pure 

matching performance with such test setup. One would also have to use a different 

camera to capture the reference images.  

The used camera setup had relatively large baseline of 12 millimeters. Large 

baseline increases the range of observed disparities and the accuracy of the depth 

estimation. However, a large disparity search range makes it more difficult to find 

corresponding image points. Consequently, this can increase the number of matching 

errors. It can also be speculated that the resulting errors may generally be more visible 

since erroneous disparities can be farther away from the correct ones.  

The objects in the test scenes were really close to the camera, which further 

increased the disparity range. This kind of setup was good for testing because it clearly 

revealed the errors in matching process. However, the algorithm needs to be tested 

with more diverse test scenes and with different lightning conditions. It would also be 

interesting to see how the algorithm performs on distant landscape scenes. Such a 

scene should result to zero disparity map. 

7.2. Algorithm Performance and Future Improvements 

Evaluation showed that the overall quality of the fused images is near the reference 

images. Graph-cut performs well with the mutual information similarity measure. The 

benefits of global optimization are most visible in uniform and repetitive texture areas. 

Depth discontinuities are also fairly well preserved. 

Most of the errors were found near the object borders. These errors are caused by 

the fact that some pixels are not visible in all the images. Detection and handling of 

occluded pixels would significantly increase the quality of the output images. A simple 

way to detect occlusion and false matches is to perform disparity calculation in both 

directions. That is, matching the left image to the right and then the other way around. 

This will yield two slightly different disparity maps in which inconsistent disparities 

represent occlusions or false matches. Alternatively, it is possible to detect occlusion 

by encoding the visibility constraint directly into the global energy function [44]. After 

occlusion detection, values have to be assigned for the occluded pixels. Since the 
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actual color values are not detected by all the cameras, the missing values have to be 

estimated. One could try to interpolate color values from the neighboring pixels that 

are visible. 

The implemented algorithm does not estimate disparities at sub-pixel level. This 

will lead to small inaccuracies as seen in the previous chapter. Moreover, the sub-pixel 

accuracy would be beneficial for the post-capture refocusing. There exist graph-based 

methods that estimate disparities at sub-pixel level [45, 46]. Downside is that they are 

computationally more expensive. 

This particular implementation uses red, green and blue color filters in order to 

perceive scene colors. Some digital cameras use Bayer pattern that consists of cyan, 

magenta and yellow filters. Similarly, one could construct a four-aperture camera that 

has cyan, magenta and yellow color filters.  

As seen in the previous chapter, the robustness of matching increases when multiple 

views are used. Based on this idea, it would be justifiable to add more cameras to the 

system. A few extra cameras would also solve the occlusion problem. Cameras and 

color filters could be arranged so that occluded areas are sample by at least one of the 

cameras of each spectral color. With such system, one could match images that are 

captured with similar color filters. This would simplify the matching problem because 

corresponding pixels would have similar intensities. 

The computational time of the image fusion algorithm was also measured. Even 

though the running times are only suggestive, it is safe to say that the algorithm does 

not meet the time constraints of real four-aperture camera. Global optimization of large 

images is generally a time consuming process. Relatively large disparity range also 

increases the running time.  

As mentioned in Section 3.5.3, the mutual information data costs can be calculated 

hierarchically for lower resolution images. Such approach would significantly 

decrease the running time of the algorithm. In addition, other energy minimization 

methods exist that have reported to be faster than the one used in this implementation 

[47]. One could also use methods that aim to reduce the size of the graph [48]. They 

are based on the idea that not all nodes in the graph are useful for the energy 

minimization. On the other hand, images usually contain uniform regions in which the 

correct disparities are somewhat irrelevant. Further performance improvement could 

be achieved by taking advantage of this property. However, the post-capture 

refocusing still requires that disparities are calculated for every pixel. 
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8. CONCLUSION 
 

In this master’s thesis, an image fusion algorithm was designed and implemented for 

a four-aperture camera. Algorithm takes account the parallax error, arising from 

different capturing positions of individual camera units. After parallax correction, sub-

images are combined into a single RGB image. Mutual information was chosen as 

similarity measure because it was considered suitable for multispectral image 

matching. Disparities were estimated with graph-cut method since it has proven a 

powerful tool for variety of stereo matching problems. Algorithm also utilizes trifocal 

tensor, which allows images to be processed together instead of matching each image 

pair separately. In addition, a synthetic refocusing method was proposed. It uses the 

depth map from image fusion algorithm to change the image focus after capturing. 

Image fusion algorithm was evaluated by visually inspecting the quality of the 

output images. The main problem with the used test setup was that it did not show all 

the advantages of the actual four-aperture camera. However, the test setup permit a 

useful comparison between fused and reference images. The evaluation showed that 

the overall quality of the fused images is near the reference images. Graph cut method 

handles the repetitive texture and uniform image areas well. At the same time, depth 

discontinuities remain reasonable sharp. Most of the time, mutual information is able 

to match images even when the corresponding pixels have completely different 

intensities. Based on the experiments, the robustness of matching can be increased by 

using three views and trifocal tensor. Moreover, the additional fourth view and trifocal 

tensor will further improve the matching performance. 

Closer inspection of the fused images reveals small color errors, typically found 

near the object borders. Most of the errors are caused by the fact that some pixels are 

not visible in all images. Another source of problems is that disparities are not 

estimated in sub-pixel level. This causes small inaccuracies to the disparity map and 

therefore to the fused image. Future improvements, such as occlusion handling and 

sub-pixel accuracy would significantly increase the quality of fused images. 

Computational complexity is one of the biggest challenges of image fusion. It is 

safe to say that the current algorithm does not meet the time constraints of a real four-

aperture camera. Global optimization of large images is generally a time consuming 

process. However, a number of improvements exists that would significantly decrease 

the running time of the algorithm. 

When evaluating the refocusing algorithm the visual quality of the depth of field 

effect was the most important evaluation criterion. Evaluation showed that an 

impressive depth of field effect can be generated using the depth map from the image 

fusion algorithm. Since the quality of the effect highly depends on the depth map, the 

above-mentioned occlusion problem causes small errors to the refocused image. 

Refocusing algorithm would also benefit from the sub-pixel accuracy. Currently, a 

careless refocusing may result to unrealistic blurring of smooth surfaces. 

Based on promising test results and various possibilities to improve the image 

fusion algorithm, further research and development of the algorithm is desirable. The 

four-aperture camera has potential to become a serious competitor to the traditional 

Bayer matrix cameras in portable devices. Besides the improved image quality, the 

four-aperture camera offers new depth-based features, making mobile photography 

more versatile. 
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