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Chapter 1

Introduction

Titanium dioxide (TiO2) is a transition metal oxide that crystallizes in several
polymorphs. The most common ones found in nature are rutile, anatase and
brookite. The structures of these polymorphs are depicted in Figure 1.1.
TiO2 has applications in photoelectrochemical processes, e.g., in conversion
of sunlight to hydrogen fuel by the photocatalytic splitting of water [1], and
conversion of sunlight into electricity in "dye-sensitized solar cells" (DSSCs)
[2].

Figure 1.1: Unit cells of the three phases of TiO2: rutile (a), anatase (b),
brookite (c). [3]

The optical and electronic properties of TiO2 particles depend on their
size and geometrical structure [4]. For example, nanoclusters of size 200nm
are opaque and white making them ideal for use as a pigment. When the

2



size is decreased to 10nm, the clusters become transparent but retain their
ability to absorb ultraviolet (UV) light. This is why small clusters are useful
in sunscreens and UV-protectors. [5, 6]

When a photon is absorbed by a material, the energy of the photon is used
to excite an electron. In order for the excitation to be possible, there must
exist an unoccupied state at the appropriate energy. Therefore, absorption
can only happen at certain photon energies (or frequencies) depending on
the electronic structure of the material.

In semiconductors, excitons can play an important role in optical absorp-
tion. An exciton is a quasiparticle composed of an excited electron and the
positively charged hole left in the valence band. The electron and the hole
have opposite electrical charges and form a bound state through Coulomb
interaction. [7]

Density functional theory (DFT) provides means to study relatively large
systems based on quantum mechanics. Current computers can feasibly han-
dle systems containing up to a few hundred atoms. The goal of this the-
sis is to investigate how di�erent approximations and methods within DFT
perform when studying the anatase polymorph of TiO2. The e�ect of the
choice of the exchange-correlation functional on the calculated structural
and electronic properties of bulk anatase has been studied. In addition, the
performance of the time-dependent DFT and complex polarization propaga-
tor (CPP) methods in predicting the absorption spectrum in the case of a
(TiO2)8 nanocluster have been evaluated.
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Chapter 2

Density functional theory

Density functional theory (DFT) is an approach to solving the many-body
problem related to the electronic structure of matter. In this chapter I present
a compact explanation of DFT based on the books [8] and [9].

2.1 Background

According to quantum mechanics, all the information of a physical system
is contained within the wave function, which is obtained by solving the
Schrödinger equation. A molecule consists of nuclei and electrons, but be-
cause the nuclei are far more massive than the electrons, the positions of the
nuclei can be regarded as �xed. This is known as the Born-Oppenheimer ap-
proximation. The problem is then simpli�ed to solving the wave function of N
electrons moving in a potential caused by the nuclei. The time-independent
Schrödinger equation is

ĤΨ = EΨ, (2.1)

where Ĥ is the Hamiltonian operator, Ψ = Ψ(r1, r2, . . . , rN) is the total
wave function and E is the electronic energy. The coordinates ri stand for
the three spatial coordinates of the i'th electron. For a many electron sys-
tem, the Hamiltonian operator Ĥ consists of the kinetic energy operator T̂ ,
the electron-nucleus attraction energy operator V̂ , and the electron-electron
repulsion energy operator Û :

Ĥ = T̂ + V̂ + Û (2.2)

To simplify equations, atomic units are exploited throughout this thesis. In
these units, the mass of an electron me, the elementary charge e, the reduced
Planck's constant ~ and Coulomb's constant 1/(4πε0) are all set equal to 1.
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In these units, the individual components of the Hamiltonian 2.2 are

T̂ = −1

2

N∑
i=1

∇2
i , (2.3)

V̂ =
N∑
i=1

v(ri), (2.4)

and

Û =
N∑
i<j

1

|ri − rj|
, (2.5)

where ∇2
i is the Laplacian operator operating on the coordinates ri and v(r)

is the external potential caused by the nuclei.
The expectation value of energy in state Ψ is obtained by

E = 〈Ψ|Ĥ|Ψ〉 = 〈Ψ|T̂ + V̂ + Û |Ψ〉 . (2.6)

The energy is a functional of the wave function, and can be written as

E[Ψ] = 〈Ψ|T̂ |Ψ〉+ 〈Ψ|Û |Ψ〉+ 〈Ψ|V̂ |Ψ〉 = T [Ψ]+U [Ψ]+V [Ψ] = F [Ψ]+V [Ψ],
(2.7)

where square brackets denote functional dependency. The kinetic energy T
and electron-electron interaction energy U only depend on the number of
electrons N . Therefore, if we �x the number of electrons, the corresponding
functionals are the same regardless of other properties of the system under
study, e.g., the positions and charges of nuclei. For this reason, the function-
als T [Ψ] and U [Ψ] are called universal functionals, and are often collected
into one functional, F [Ψ], in DFT literature.

A very important quantity in DFT, as suggested by its name, is the
electron density n(r). It is obtained from the wave function by integrating
out all coordinates but one:

n(r) = N

∫
. . .

∫
|Ψ(r, r2, . . . , rN)|2 dr2 . . . drN . (2.8)

The conventional notation for the volume element is used: dri = dxidyidzi.
The multiple integral in Eq. 2.8 equals to the probability, that we �nd the
�rst electron in the volume element dr with the other N-1 electrons located
anywhere in space. However, since the wave function only changes sign when
the coordinates of two electrons are swapped (|Ψ|2 remains unchanged), the
probability to �nd any electron is simply N times the probability to �nd a
particular electron. An obvious property of the electron density is, that it
integrates to the number of electrons N:

N =

∫
n(r) dr. (2.9)
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2.2 Hohenberg-Kohn theorems

The fundamental idea behind DFT is to replace the basic quantity in quan-
tum mechanics, the wave function, with electron density. One motivation for
replacing the wave function is that it is cumbersome to work with because of
its dependence on 3N spatial plus N spin variables. In contrast, the electron
density is always a function of only three spatial variables regardless of the
number of electrons. It would seem that we are losing a lot of information
in replacing such a complex quantity with a much simpler one, but this is,
surprisingly, not the case. The two Hohenberg-Kohn (HK) theorems [10] are
a proof that the electron density is indeed a viable replacement for the wave
function.

The �rst HK theorem states that the external potential v(r) is uniquely
determined, within an additive constant, by the electron density n(r). Knowl-
edge of the electron density also implies knowledge of the total electron num-
ber by Eq. 2.9. Therefore, the Hamiltonian is entirely determined by the
electron density, and the Scrödinger equation could, in principle, be solved
for the wave function. Thus, the electron density is all that is needed to know
all properties of the system. In particular, the theorem proves the existence
of the energy functional

E[n] = F [n] + V [n]. (2.10)

The form of the V [n] functional is easy to �nd from the wave function de-
pendent form:

V [Ψ] = 〈Ψ|V̂ |Ψ〉 =

∫ ∫
. . .

∫ N∑
i=1

v(ri)|Ψ|2 dr1dr2 . . . drN (2.11)

=
1

N

∫ N∑
i=1

v(ri)n(ri) dri =

∫
v(r)n(r) dr = V [n]. (2.12)

However, the explicit form of F [n] is more problematic. In the kinetic energy
term, the Laplacian operator in between the wave function and its conjugate
prevents us from combining them to |Ψ|2. In the Coulomb repulsion term,
the denominator in the integrand depends on two sets of spatial coordinates.
This prevents us from integrating over N − 1 sets of spatial coordinates to
form the electron density.

The second HK theorem provides a variational principle analogous to the
one in the wave function theory. The theorem states: For a trial density
ñ(r), such that ñ(r) ≥ 0 and

∫
ñ(r)dr = N ,

E[n] ≤ E[ñ], (2.13)
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where n is the exact ground state density.

2.3 Thomas-Fermi model

The next step is to �nd an approximation to the functional F [n]. The
Thomas-Fermi (TF) model serves as a �rst approximation. The interac-
tion energy term is simply replaced by its classical part, the Coulomb energy
J [n]:

U [n] ≈ J [n] =

∫ ∫
n(r1)n(r2)

|r1 − r2|
dr1dr2. (2.14)

The kinetic energy is replaced by that of a non-interacting uniform electron
gas. The Thomas-Fermi kinetic energy is

TTF[n] = CF

∫
n(r)5/3 dr, (2.15)

where CF is a constant. Unfortunately, the performance of the TF model
is rather poor. For example, the model predicts that the total energy of
a molecule is always higher than that of separated constituent atoms. The
failure of the model is attributed to the poor approximation of kinetic energy.
A more accurate description of the kinetic energy can be obtained by the
method developed by Kohn and Sham. [11]

2.4 Kohn-Sham equations

The Kohn-Sham method introduces a non-interacting reference system. Its
Hamiltonian ĤS is obtained from the original one by removing the electron-
electron interaction term Û and replacing the external potential v with an-
other one, the e�ective potential vS:

ĤS =
N∑
i

(−1

2
∇2
i ) +

N∑
i

vS(ri). (2.16)

The e�ective potential vS is chosen in such a way that the ground state
density of the non-interacting system is exactly the same as for the real,
interacting system. The exact ground state wave function of the reference
system is a Slater determinant:

ΨS =
1√
N !

det{ψ1ψ2 . . . ψN}, (2.17)

7



where Kohn-Sham orbitals ψi are the N lowest eigenstates of the one-electron
non-interacting Hamiltonian:

ĥSψi = [−1

2
∇2 + vS(r)]ψi = εiψi. (2.18)

Because we now have access to orbitals, instead of just the density, the kinetic
energy of the non-interacting system can be calculated exactly:

TS[n] =
N∑
i

〈ψi|−
1

2
∇2|ψi〉 (2.19)

nS(r) =
N∑
i

|ψi(r)|2 = n(r). (2.20)

The non-interacting kinetic energy TS is not exactly equal to the true kinetic
energy T , but contains a (hopefully) small error. The functional F [n] can
now be written as a sum of the non-interacting kinetic energy TS, the classical
electron-electron repulsion energy J [n] and a remainder Exc[n] which consists
of the non-classical contributions to the potential energy and the di�erence
between the true kinetic energy T and the non-interacting kinetic energy TS:

F [n] = TS[n] + J [n] + Exc[n] (2.21)

Exc[n] = T [n]− TS[n] + U [n]− J [n]. (2.22)

If we knew the explicit form of the exchange-correlation functional Exc[n],
the Kohn-Sham method would be exact. Unfortunately, this is not the case,
and Exc[n] must be approximated. Many approximations have been devel-
oped with varying computational load and accuracy. A brief comparison of
di�erent exchange-correlation functionals is presented in the next section.

It can be shown that in order to have the non-interacting density equal
to the true ground state density, nS(r) = n(r), the potential vS needs to be

vS(r) = v(r) +
δJ [n]

δn(r)
+
δExc[n]

δn(r)
(2.23)

= v(r) +

∫
n(r′)

|r− r′|
dr′ + vxc(r). (2.24)

Because vS depends on the density n, the Kohn-Sham equations must be
solved self-consistently. The procedure begins by choosing a starting guess
for the density. The potential vS can then de�ned by Eq. 2.23 and inserted
to the one-electron equations 2.18. Solving the equations gives us the KS-
orbitals ψi, which are then used to obtain a new density via Eq. 2.20. At this
point the cycle begins again. The self-consistent cycle is repeated until the
new density di�ers by a su�ciently small amount compared to the previous
one.
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2.5 Exchange-correlation functionals

2.5.1 Local density approximation

The simplest approximation to the exchange-correlation functional is the
local density approximation (LDA). Like the Thomas-Fermi model, it is based
on the idea of a homogeneous electron gas. In the TF model the homogeneous
electron gas was used to obtain the kinetic energy. Now that most of the
kinetic energy is handled by the KS method, we can apply the homogeneous
electron gas on the exchange-correlation functional. In LDA the exchange-
correlation functional is expressed as

ELDA
xc [n] =

∫
n(r)εxc(n(r)) dr, (2.25)

where εxc(n(r)) is the exchange and correlation energy per particle of a uni-
form electron gas of density n. Now it becomes apparent why the approx-
imation is termed local. The exchange-correlation energy in each volume
element only depends on the electron density at that point. The quantity
εxc(n(r)) can be split into two parts:

εxc(n(r)) = εx(n(r)) + εc(n(r)). (2.26)

The exact analytical expression for the exchange part εx is known. An ex-
act form has not been found for the correlation part εc, but very accurate
approximations exist [12].

The advantage of the homogeneous electron gas model is that it is the
only system where the Exc functional is known accurately. In strictly theoret-
ical sense the local approximation is only justi�ed when the density is slowly
changing. However, although the densities in atoms and molecules are typi-
cally highly inhomogeneous, LDA still gives surprisingly good results. It has
been found, that LDA gives reasonably good results for equilibrium struc-
tures, harmonic frequencies and dipole moments in molecules.

2.5.2 Generalized gradient approximation

The natural �rst step to try to improve on the LDA functional is to include
the gradient∇n(r) in the de�nition of Exc. Since the gradient includes more
information about the surroundings, one would expect it to improve results
in systems of inhomogeneous electron density. We can also think of LDA as
the �rst term of a Taylor expansion and adding the second term gives the
generalized gradient approximation (GGA). The form of exchange-correlation
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energy that de�nes GGA is

EGGA
xc [n] =

∫
f(n(r),∇n(r)) dr. (2.27)

As with LDA, EGGA
xc is usually split into two parts corresponding to exchange

and correlation energies:

EGGA
xc = EGGA

x + EGGA
c . (2.28)

Unlike with LDA, where there is essentially only one correct exchange-
correlation functional, there are a plethora of GGA functionals to choose
from. GGA functionals are complex mathematical constructs chosen to ful-
�ll certain conditions as required by the theory. They often contain semiem-
pirical parameters �tted to a set of experimental data (e.g. G2). For these
reasons examining the actual mathematical forms of the functionals does not
assist in understanding the physics. The most popular GGA functional still
in use today is PBE [13] (Perdew, Burke, Ernzerhof).

2.5.3 Hybrid functionals

The idea of hybrid functionals comes from the fact that the exchange energy
of a Slater determinant can be calculated exactly. The non-interacting system
can be expressed as a Slater determinant, but the real system cannot. There
is still a way to utilize the exact exchange using a method called the adiabatic
connection. We connect the non-interacting system and the real system
smoothly by increasing a parameter λ from 0 to 1. This parameter describes
the strength of the electron-electron interaction. For each intermediate value
of λ, there is an imaginary system, where the interaction is not as strong as
in the real system, but the electron density is still equal to that of the real
system. It can be shown, that the exchange-correlation functional can then
be calculated by integrating the non-classical part of the interaction energy
over the parameter lambda:

Exc[n] =

∫ 1

0

(Uλ[n]− Jλ[n]) dλ. (2.29)

At λ = 0, there is no interaction, and the integrand in 2.29 only contains
the exchange contribution, which is known exactly. At λ = 1, we have
good approximations for the integrand from LDA and GGA schemes. The
intermediate values of the integrand, however, are not known. Thus, the
integral must be approximated.
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One of the most popular hybrid functionals is B3LYP [14, 15] (Becke,
3-parameter, Lee-Yang-Parr). It mixes exact exchange with elements from
LDA and GGA. It has three parameters that determine how each component
is weighted:

EB3LYP
xc = (1− a)ELDA

x + aEλ=0
xc + bEB88

x + cELYP
c + (1− c)ELDA

c . (2.30)

The parameters a, b and c were �tted to a set of experimental data.
Another popular hybrid functional is PBE0 [16], which does not include

any empirical parameters, but is solely based on theoretical grounds. In
PBE0, one fourth of the exchange contribution of the PBE functional is
replaced with exact exchange:

EPBE0
xc = EPBE

xc + 0.25(Eλ=0
xc − EPBE

x ). (2.31)

2.6 Time-dependent density functional theory

DFT enables us to study the geometric and electronic structure of a sys-
tem, but in order to study optical properties we need a time-dependent the-
ory. Time-dependent density functional theory (TDDFT) is an extension of
DFT, that considers a time-dependent external potential. The Hamiltonian
in TDDFT is of the form

Ĥ(t) = T̂ + V̂ (t) + Û , (2.32)

where T̂ and Û are as de�ned in 2.3 and 2.5, but the external potential is
now time-dependent. The potential V̂ (t) now contains an additional time-
dependent potential, e.g. a time-dependent electric or magnetic �eld, in
addition to the electron-nucleus interaction. The time evolution of the to-
tal wave function |Ψ(t)〉 is determined by the time-dependent Schrödinger
equation

Ĥ(t) |Ψ(t)〉 = i~
∂

∂t
|Ψ(t)〉 . (2.33)

TDDFT is based on the Runge-Gross (RG) theorem [17], which is a time-
dependent version of the �rst HK theorem. The RG theorem shows that
the single-particle potential v(r, t) uniquely determines the electron density
n(r, t).

The photoabsorption spectrum can then be obtained using the time-
propagation scheme. It begins by applying a very weak delta-function pulse
of an electric �eld at time zero written as

E(t) = εk0δ(t)
~
a0e

, (2.34)
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where ε is a perturbation strength parameter, k0 is the polarization direction
and a0 is the Bohr radius. The delta function excites the KS wave functions
in all possible frequencies at time zero and they are transformed into

ψ(t = 0+) = exp

(
i
ε

a0
k0 · r

)
ψ(t = 0−). (2.35)

The system is then evolved according to the time-dependent Schrödinger
equation 2.33. The dipole moment µ(t) is calculated from the electron den-
sity by the formula

µ(t) = −e
∫
n(r, t)r dr, (2.36)

from which the transition dipole moments can be extracted via Fourier trans-
form. [18, 19]

2.7 Complex polarizability propagator

When using a linear response function to describe electric polarizability in
molecules, we are restricted to the nonresonance region because linear re-
sponse functions diverge at the excitation energies of the system [20]. Linear
response theories do not take into account molecular collisions and the re-
laxation of excited states [21].

Molecular polarization is expressed as a perturbation expansion, where
the �rst three coe�cients are the linear polarizability and the �rst and
second-order hyperpolarizabilities. The imaginary part of linear polarizabil-
ity describes the absorption of photons. Using standard perturbation theory
we obtain the linear polarizability as a sum over the excited states of the
unperturbed system. When the photon energies are close to resonance fre-
quencies, the perturbations can no longer be considered small and perturba-
tion analysis is not valid anymore. This problem can be solved by adding
damping terms to the sum-over-states expression in the near-resonance re-
gion. Physically, these damping terms represent the �nite life-times of the
excited states and manifest as line broadenings of the absorption spectra.
[20]

2.8 Bethe-Salpeter equation

While TDDFT and CPP can be used to obtain absorption spectra, they do
not take into account the electron-hole interaction, i.e., excitonic e�ects, since
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DFT is e�ectively a single-particle theory. This is where the Bethe-Salpeter
equation (BSE) comes in.

BSE describes the bound state of two interacting Fermi-Dirac particles
relativistically. The wave function of the bound state depends on two time
variables, one for each of the particles. The constituents of a bound state
interact in�nitely many times. Using BSE, one can calculate the sum of all
the possible interactions between the two particles. [22]

13



Chapter 3

Simulations

All calculations were performed using the GPAW software. GPAW uses the
projector augmented wave (PAW) method [23, 24]. In GPAW, wave functions
can be described by real space grids, plane waves (PW) or linear combinations
of atomic orbitals (LCAO).

3.1 Bulk anatase

The �rst goal was to �nd the best xc-functional for bulk anatase. The plan
was to �rst �nd suitable values for k-points and plane wave cuto� energies,
and then optimize the structure using di�erent xc-functionals. The tested
xc-functionals were LDA [25], PBE [13] and revPBE [26]. For bulk anatase,
I have used the plane wave mode of GPAW. Plane waves perform well for
crystalline structures because of their periodic nature.

3.1.1 Convergence of parameters

A DFT calculator such as GPAW has several computational approximations
that need to be tested to ensure for the results to be accurate. Usually a
compromise must be made between accuracy and computation time.

3.1.2 k-points

Many properties (e.g. total energy) are calculated by integration over the
wave vector k inside the Brillouin Zone. In numerical computation, inte-
gration is performed by summing over a set of points. The more points are
used, the more accurate the result is. A uniform mesh of points around
the Γ-point acquired from the Monkhorst-Pack [27] scheme was used. The
k-point sampling was tested for convergence of the total energy.
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The total energy of a unit cell of bulk anatase was calculated using di�er-
ent k-point samplings. The results are shown in Fig. 3.1. The z-direction was
tested individually, because the anatase unit cell is longer in the z-direction
than the x- and y-directions, which are equal. Because the dimensions in the
reciprocal lattice are inversely proportional to the dimensions in real space,
we need less k-points in the z-direction to achieve the same density and ac-
curacy as in the x- and y-directions. Based on the tests, a grid of 6× 6× 4
k-points was used for the rest of the simulations.

(a) (b)

(c)

Figure 3.1: Results of k-point sampling tests. In each plot, n is the varied
number of points in one or more directions and E is the total energy of a
unit cell. (a) First, to get a general idea of the amount of points required,
an n × n × n grid was tested with n ranging from 2 to 6. (b) Then, the
z-direction was tested individually, choosing 5 as the number of points in the
x- and y-directions. (c) Finally, the x- and y-directions were tested, keeping
the number of points in the z-direction �xed at 4.
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3.1.3 Plane wave cuto�

In plane wave mode, the wave functions are expanded in plane waves up
to a cuto� energy. With a higher cuto� energy comes higher accuracy, but
computation time and memory consumption are increased as well. The total
energy of an unrelaxed anatase unit cell was calculated using a range of
cuto� energies. The results of these calculations are plotted in 3.2. The
performance at 750 eV was deemed accurate enough, and this cuto� energy
was used for the rest of the calculations.

Figure 3.2: Total energy as a function of the plane wave cuto� energy.

3.1.4 Structure optimization

The performance of an exchange-correlation functional in a given system can
be tested by optimizing the structure and comparing the acquired struc-
tural properties with experimental results. Optimization of the bulk anatase
structure was performed by alternating two steps. First, the atom positions
inside the unit cell were optimized. Then, the dimensions of the unit cell,
i.e. the lattice constants, were optimized keeping the atom positions �xed.
These two steps were performed until the lattice constants did not change
signi�cantly between steps.

The structure of anatase is completely de�ned by three parameters: the
lattice constants a and c, and the oxygen fractional coordinate u [28]. The
convention is that a Ti-atom is at the origin and an O-atom is at (0, 0,
u). The internal parameter u was determined by measuring the Ti-O bond
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Table 3.1: Structural parameters of anatase. Lattice constants a and c, and
internal parameter u.

Method a(Å) error(%) c(Å) error(%) u error(%)
LDA 3.733 -1.30 9.544 0.44 0.206 -0.96
LDA Labat [28] 3.748 -0.90 9.495 -0.07 0.208 0.00
LDA Mohamad [3] 3.753 -0.77 9.428 -0.78 0.207 -0.48
PBE 3.807 0.66 9.671 1.78 0.207 -0.48
PBE Labat 3.802 0.53 9.774 2.86 0.205 -1.44
PBE Mohamad 3.811 0.77 9.631 1.36 0.208 0.00
revPBE 3.836 1.43 9.756 2.67 0.201 -3.37
Expt. [30] 3.782 9.502 0.208

length dax where both atoms lie along the z-axis. u was then calculated by
the formula

u =
dax
c
. (3.1)

The best results were obtained with the LDA and PBE functionals as shown
in Table 3.1. The values calculated with the revised PBE (revPBE) functional
are signi�cantly worse than the original PBE. Consequently, revPBE was
excluded from the following calculations. The overbinding of LDA is a known
problem. While GGAs (such as PBE) attempt to correct the overbinding,
the correction is generally too large, and we end up with too large bond
lengths. [29]

3.1.5 Density of states

The density of states (DOS) at energy E is de�ned by

ρ(E) =
∑
n

〈ψn|ψn〉 δ(E − En), (3.2)

where ψn and En are the eigenstates and energy eigenvalues, respectively.
The DOS is readily obtained by summing over the converged Kohn-Sham
eigenstates. The DOS plots are shown in Figure 3.3.

Using the DOS plots, one can read the band gaps, i.e., the energy di�er-
ence between the top of the valence band and the bottom of the conduction
band. I looked up the �rst non-zero values of DOS on both sides of the Fermi
level and calculated their di�erence to obtain the band gaps. The results are
shown in Table 3.2. The band gaps are underestimated without exception.
The failure of DFT in predicting band gaps is widely known [31].
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Figure 3.3: Density of states of bulk anatase optimized using LDA and PBE.
The energies around the fermi level Ef are shown. The values have been
calculated using a Gaussian broadening of width 0.5 eV.
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Table 3.2: Band gaps of bulk anatase.

Method Band gap (eV) Error (%)
LDA 2.20 -31.5
LDA Labat 1.96 -38.9
PBE 2.11 -34.3
PBE Labat 2.08 -35.2
PBE Mohamad 1.94 -39.6
Expt. 3.21

3.1.6 Comparison with other works

I have chosen two articles, where similar calculations have been performed on
anatase. The �rst one is by Labat et al [28]. They have used the VASP code
[32] which also utilizes the PAW method [23, 24]. A more dense k-point mesh
of 8× 8× 8 has been used, while the plane wave cuto� energy was lower,
only 40 Ry, or about 544 eV. Peculiarly, the experimental values for lattice
constants and the internal parameter do not agree with the cited paper [30]. I
have used the actual experimental values from the powder neutron di�raction
studies by Burdett et al. [30]. The experiment has been conducted in 15 K
temperature. Compared to standard room temperature experiments, these
low temperature values should provide a better �t to theoretically obtained
values, since the calculations assume a temperature of 0 K.

The second paper, by Mohamad et al. [3], has employed the WIEN2k code
where the atomic orbitals were expanded using basis functions of linearized
augmented plane wave plus local orbitals (LAPW+lo) [33]. They have used
a 13× 13× 13 k-point mesh, even denser than that of Labat et al.

My calculations for the structural parameters (Table 3.1) at the LDA
level are very close to but slightly worse than those calculated by Labat et
al. This might be due to insu�cient amount of cycles in relaxing the lattice
constants and atomic positions, since only three cycles were performed due
to time constraints. All parameters, except for the lattice constant c in my
calculation, were underestimated at the LDA level.

At the PBE level, the lattice constants are slightly overestimated, while
the parameter u is underestimated. In this case, my results for c and u are
closer to experiment than those of Labat et al., while only a small di�erence
is found in the value of a. With PBE, I performed �ve cycles of relaxing.
This supports the claim that number of cycles performed at the LDA level
were not enough to arrive at a result that is representative of the performance
of the functional.

Based on these calculations, nothing conclusive can be said about which
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of LDA and PBE functionals perform better in predicting the geometric
structure of bulk anatase.

3.2 Photoabsorption spectra of anatase nano-

clusters

In a material, the dielectric function (or permittivity) can be represented as
complex-valued:

ε(ω) = ε1(ω) + iε2(ω). (3.3)

The absorption at frequency ω is directly proportional to the imaginary
part ε2(ω) of the dielectric function. [34] The absorption spectrum has been
calculated using three di�erent methods: TDDFT, CPP and BSE.

The (TiO2)8 and (TiO2)2 nanocluster structures were provided by Sami
Auvinen [35]. The electronic structures of these clusters were calculated in
Ref. [35] and is therefore not addressed here.

3.2.1 TDDFT and CPP

In the TDDFT calculations, dielectric functions were calculated with the
polarization direction of the perturbation to electric �eld (Eq. 2.34) in each
of the x, y and z directions. The strength of the perturbation was ε = 10−3

in all cases. The absorption spectrum was formed by taking an average of
the three values. The time interval was 16 attoseconds and the total time
16 femtoseconds. The grid-mode of the GPAW calculator was used with
88× 88× 92 grid points, and the xc-functional was PBE.

For comparison, CPP was also used to �nd the absorption spectrum.
GPAW does not have an implementation of CPP, but another software, called
DALTON [36], does. CPP calculates the complex-valued polarizability. Sim-
ilar to the dielectric function, the imaginary part of polarizability is also pro-
portional to absorption. [20] The units of the results from DALTON were
not easily obtainable, so the values were simply normalized by an arbitrary
factor in order to get a plot which can easily be compared with the one cal-
culated from TDDFT. In addition to PBE, the hybrid functionals PBE0 [16]
and B3LYP [14, 15] were also used with CPP.

Results from TDDFT and CPP have been plotted in a single graph in
Figure 3.4. The two plots that used PBE (i.e. CPP(PBE) and TDDFT)
seem to have similar structures. Most of the peaks are in same positions, but
their relative heights are di�erent. The plots from hybrid functionals di�er
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signi�cantly from the PBE plots. They only show one distinct peak in the
calculated region, and the onset of absorption is at a higher energy than at
the PBE level.

Figure 3.4: Photoabsorption spectra of (TiO2)8 nanocluster calculated using
TDDFT and CPP. The xc-functional used with TDDFT was PBE. The CPP
calculations have been arbitrarily scaled, so the heights of the plots cannot
be compared with the TDDFT plot.

3.2.2 BSE

In GPAW, the BSE calculation can only be performed in PW mode. For a
�nite system, we need to add a su�cient layer of vacuum in each direction
to avoid overlapping of wave functions between adjacent cells. Introducing
the vacuum, however, vastly increases the memory requirement of the calcu-
lation. Because of this limitation, I could only study (TiO2)2, the smallest
cluster available, and had to use a vacuum layer only 3 Å wide.

The absorption spectrum extracted from the BSE calculation along with
a TDDFT plot of the same cluster are presented in Fig. 3.5. The energy of
the �rst peak is signi�cantly below the value of the band gap, which suggests
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that an exciton state is involved. However, the amplitude of the peak is
suspiciously low (≈ 10−7), and the excitonic e�ect might not be detectable
in experiments.

Figure 3.5: Photoabsorption spectra of (TiO2)2 using BSE and TDDFT.
Note the extreme di�erence in the scales of the Im ε -axes.
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Chapter 4

Discussion and conclusions

The results concerning bulk anatase are in agreement with previous works.
The LDA and PBE functionals predict the geometric structure with good
accuracy, but fail in producing the electronic structure correctly.

From the photoabsorption spectra we learned that hybrid functionals pre-
dict the onset of absorption at a higher energy than PBE. Since the band
gap is underestimated by PBE in bulk anatase, this might also be the case
with the (TiO2)8 nanocluster. Thus, the higher onset of absorption might
indicate that the hybrid functionals give better resuts for the band gap.

The original goal of my project was to determine if excitonic e�ects play a
signi�cant role in the optical properties of TiO2 nanoclusters. The plan was
to use the BSE module of GPAW to calculate the photoabsorption spectra of
TiO2 nanoclusters and compare them with corresponding spectra that were
calculated without accounting for excitons. In practice, however, I have found
that the computational resources required by current BSE implementation
in GPAW are too high to enable the study of even the smallest TiO2 cluster.
The BSE module of GPAW requires the ground state Hamiltonian matrix
to be diagonalized. This process is very time consuming, especially in the
case of a cluster, where the system needs to be surrounded by vacuum. My
conclusion is that using the module for isolated molecules is not practical.
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