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Chapter 1

Introduction

In nuclear magnetic resonance (NMR) spectroscopy, 129Xe is commonly used as a probe
to investigate different materials since its shielding constant is very sensitive to its envi-
ronment [1–5]. The property of particular interest in the present work is the temperature
dependence of the xenon chemical shift in an aqueous solution of xenon. At standard
pressure, the xenon chemical shift is found to have a maximum at 315.3 K and 311.1 K
for D2O and H2O solutions, respectively, while the well-known temperature of maximum
density occurs at 284.34 K for D2O and at 277.13 K for H2O [6]. The theoretical back-
ground behind the existence of the chemical shift maximum as well as the peculiar offset
found in its temperature is studied in this work.

The fact that NMR properties are very sensitive to the chemical environment makes
their precise theoretical evaluation from first principles very difficult. In the case of
an atom in a solution, the nuclear shielding is heavily influenced by the dynamics of the
surrounding solvent, which are in turn dictated by both the temperature and the potential
surface. This work approaches this problem by means of a molecular dynamics (MD)
simulation. In an MD simulation, the classical equations of motion are solved numerically
for the molecular system of interest to calculate the trajectories of the atoms. Extracting
momentary geometries at certain time intervals, calculating the nuclear shielding for them
with quantum-chemical (QC) methods and then averaging over them has been one of
the more successful ways of recreating the gas-to-liquid shifts of water when compared
to, for instance, continuum models that treat the solvent as a surrounding dielectric
medium [7]. Unfortunately, this kind of approach leaves little room for interpreting the
result in terms of well-defined structural and dynamic properties of the system. Therefore,
a semianalytical model, in which the water around the xenon atom is interpreted to form
a shell of uniform density, was also used to see if there could be found a qualitative way
to explain the phenomenon.

The MD simulation used in this work was performed using the AMOEBA (atomic
multipole optimized energetics for biomolecular applications) polarisable force field [8],
which has the benefit of being able to reproduce the existence of the temperature of the
density maximum of liquid water. However, the fact that the simulated maximum occurs
at 290 K [9] suggests that the temperature-dependent data extracted from the simulation
trajectory must be considered accurate in the qualitative sense only. The water-water
interactions of the AMOEBA force field were used as such in the simulation, but the Xe –
H2O potential was customised by fitting to first-principles calculations of the Xe – H2O
dimer.

In the second chapter, a description of the basic principles behind both the molec-
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ular dynamics simulation and the quantum-chemical methods used in the present work
is provided. Also, the AMOEBA force field is described in detail. Even though a lot
of the material in the molecular dynamics section overlaps the content of my bachelor’s
thesis [10], some of the information is repeated in the present work for the sake of com-
pleteness. The third chapter gives more specific details on how the MD simulation and
the QC computations were carried out in the system of intrigue. Also, the semianalytical
cavity model for the xenon chemical shift is introduced and explained. Finally, in the
fourth chapter, the results of the described methods are reported and discussed.

3



Chapter 2

Theory

2.1 Molecular dynamics

2.1.1 General theory

This section uses the book Understanding Molecular Simulation: From Algorithms to
Applications by Frenkel and Smit [11] as a general reference.

Newton equation of motion with many atoms

Molecular dynamics simulation is used to solve the many-body problem that arises, for
instance, when modeling a liquid in which the macroscopic properties are due to a huge
number of interacting particles. Because of this, solving the Newton equations of motion
is not possible to do analytically, which calls for the use of numerical methods.

Let the simulation consist of N atoms and let the position of particle i be represented
by vector ri. According to Newton’s second law, for every particle i at time t

mi
d2ri(t)

dt2
= Fi(t), (2.1)

where mi the mass of atom i and Fi = −∇Ui, where Ui is the potential energy of the
particle, is the force acting upon it. Using the Taylor series expansion, for a small time
interval ∆t, the position at time t+ ∆t will become

ri(t+ ∆t) = ri(t) +
dri(t)

dt
∆t+

1

2

d2ri(t)

dt2
∆t2 +

1

6

d3ri(t)

dt3
∆t3 + · · · (2.2)

and, accordingly, at time t−∆t,

ri(t−∆t) = ri(t)−
dri(t)

dt
∆t+

1

2

d2ri(t)

dt2
∆t2 − 1

6

d3ri(t)

dt3
∆t3 + · · · , (2.3)

which will result via Eq. (2.1) in

ri(t+ ∆t) ≈ 2ri(t)− ri(t−∆t) +
Fi(t)

mi

∆t2, (2.4)

the so-called Verlet integration method, which is one of the most widely used integration
schemes for MD. The method also serves as a starting point for many more complicated
integration algorithms.
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As an MD simulation uses a finite ∆t, it is an inevitable fact that, sooner or later, the
predicted trajectories of the molecules will differ radically from the real ones. However,
the purpose of an MD simulation is not to actually predict the exact trajectories but to
produce statistical information about the system in question. Therefore, when choosing
∆t, it’s enough to make it small compared to the correlation times of the quantities
relevant to the simulation, such as the total energy of the system [12]. Usually ∆t is
chosen to be somewhere around a femtosecond in atomistic simulations.

The integration algorithm used in the present work is the Beeman integration
method [13], which is a predictor-corrector method. In these kind of methods, the in-
tegration consists of two parts. Firstly, the predictor part, where the distances ri, their
derivatives and some of their higher derivatives (the acceleration at least) are estimated
at time the t + ∆t in a similar manner as described above. After that the forces acting
on the particles are calculated at the new coordinates, which leads to the acceleration
through Eq. (2.1). Naturally, this gives a result different from the one acquired in the
predictor part. The corrector part of the integration uses the difference between the two
accelerations

∆r
(2)
i = r

(2)
i,corrected − r

(2)
i,predicted (2.5)

in order to estimate a correction to the predicted positions and their derivatives. The
superscript (n) denotes the nth derivative of the position. The corrected values are

r
(n)
i,corrected = r

(n)
i,predicted + wn∆r

(2)
i , (2.6)

where the weights wn depend on the algorithm in use. They are usually chosen as a
compromise between the accuracy, speed and stability of the method, stability in this
case meaning, for instance, the ability to conserve the total energy of the system. For
the Beeman algorithm, the predictor part produces trajectories identical with the Verlet
integration method but the velocities are computed more accurately. Correctors exist
only for the coordinates and velocities, not for any higher order derivatives.

Periodic boundary conditions

In an MD simulation the number of atoms is typically 10 ≤ N ≤ 100000, which is little
compared to the actual number. This is problematic because when using, e.g., a cubic
simulation box, a significant portion of the molecules lie near the boundaries of the box,
which is not a desired setup when studying, for example, a bulk liquid. A widely used
solution to this conundrum is the use of so-called periodic boundary conditions. In this
approach the simulation box is considered a unit cell for a periodic lattice spanning all
directions, illustrated in Fig. 2.1.

Molecular dynamics in constant temperature and pressure

The easiest kind of MD simulation to consider is one of constant total energy and volume,
for the laws of motion keep the total energy of the system constant, at least within the
accuracy of the integration and force evaluation algorithms. When considering a system in
a constant temperature, however, the contact with the thermal bath must be implemented
somehow. One deterministic way of doing so is the use of the Nosé-Hoover thermostat [14,
15]. The thermostat extends the Hamiltonian of the system with a new variable s so that
it becomes

HNosé =
N∑
i=1

p2
i

2mi

+ U({ri}) +
ξ2Q

2
+ 3N

ln s

β
, (2.7)
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Figure 2.1: Visualisation of the periodic boundary conditions. The figure conforms to
the minimum image convention, i.e., the distance between the particles is taken to be
the shortest among the possible periodic images. The forces acting on a certain atom are
depicted with arrows. The dashed circle represents the cutoff distance of the atom.

where ξ = sps/Q, β = 1/kBT and Q is a fictional mass associated with s. It can be
shown that, with this kind of inclusion, all the expectation values of quantities that
depend only on the atomic positions or momenta will follow the canonical distribution.
This distribution will come about regardless of the choice of Q but its magnitude will
determine how quickly the system will react to fluctuations in temperature. A small Q,
for example, corresponds to small inertia of the heat bath and will cause a swift response
to a change in temperature.

In order to implement a coupling to a pressure bath, the side length of the simulation
box must be interpreted as a dynamic variable. The Berendsen barostat [16, 17], which
was used in the present work, carries this out by scaling the coordinates and the box
length with respect to the center at every time step by a factor

µ =

[
1− κ∆t

τP
(P0 − P )

]1/3

, (2.8)

where κ is the compressibility of the substance at constant temperature, P is the momen-
tary pressure, P0 is the desired constant pressure and τP is a time constant depicting the
strength of the coupling.
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Multipole expansion

The typical way of treating the electric field induced by an atom in MD is the multipole
expansion. The potential V of a charge distribution localized around r can be expressed
as a sum1

V (r) =
1

4πε0

∞∑
n=0

1

rn+1

∫
(r′)nPn(cos θ′)ρ(r′) dr′, (2.9)

where θ′ is the angle between vectors r and r′, ρ is the charge density function and Pn is
a Legendre polynomial2 of order n [18]. The first term integral in the expansion

q =

∫
ρ(r′) dr′ (2.10)

is clearly the total charge. The integral in the second term can be written in the form∫
r′ cos θ′ρ(r′) dr′ =

1

r

∫
r · r′ρ(r′) dr′ =

r · µ
r

, (2.11)

where
µ =

∫
r′ρ(r′) dr′ (2.12)

is the dipole moment. The third integral is∫
(r′)2 1

2
(3 cos2 θ′ − 1)ρ(r′) dr′ =

rTQr

2r2
, (2.13)

where Q is the quadrupole moment tensor, defined as

Qij =

∫
[3r′ir

′
j − (r′)2δij]ρ(r′) dr′. (2.14)

Similar procedure can be continued and the fourth term would involve an octupole mo-
ment, for example. The more localized the charge distribution is, the swifter the sum (2.9)
converges. When it comes to MD, the quadrupole moment is usually as far as one needs
to go.

Even if all of the static multipoles of an atom are zero, as is the case with noble gas
atoms, the electric field caused by the permanent multipoles in other atoms will distort
its otherwise isotropic charge distribution. Typically, only the dipole moment needs to be
considered for the purposes of MD. In the first-order approximation, the induced dipole
moment for atom i is

µind
i = αiE i (2.15)

where αi is its static dipolar polarisability and E i is the electric field around the atom.
Polarisability is a tensor in general, but it can be replaced with a single number in the case
of initially isotropic charge distribution. This approach serves as a practical approximation
in the case of molecules, as well. Polarisability volume is defined as αi/4πε0 and the term
is used interchangeably with polarisability in this work [19].

1
∫
. . . dr denotes a three-dimensional integration over all space.

2P0(x) = 1, P1(x) = x, P2(x) =
1
2 (3x

2 − 1), etc.
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Analysing the simulation trajectory

An MD simulation will produce a series of instantaneous molecular geometries that, as
such, provide little information about the statistical properties of the system. Special
methods must therefore be used to analyze the resulting trajectory. For simple structural
properties, the radial distribution function (RDF) g(r) is a very informative property.
It depicts the probability of finding two particles at a distance r from each other with
respect to a uniformly random distribution, namely the ideal gas distribution.3 In an MD
simulation, the RDF can be defined more elaborately as

g(r) = lim
dr→0

Ndr(r)

4π(Npairs/V )r2 dr
, (2.16)

where V is the volume of the simulation box and Npairs is the number of possible unique
combinations of the two atoms to which the RDF is being calculated [20]. Ndr is the
average number of pairs whose distances from one another is between r and r+ dr and it
can be evaluated quite straightforwardly from the the geometries.

Another useful quality is the coordination number Z, which, for a liquid, is defined as
the average number of atoms within the first solvation shell of the atom. The radius of
the first solvation shell is defined as the distance to the first minimum of the RDF.

2.1.2 Interactions in the AMOEBA force field

Ref. [21] was used as a source in this section.
AMOEBA is a polarisable force field, i.e., a force field which calculates the electric

field resulting from polarisation explicitly at each time step. The potential energy U is
expressed as a sum

U = Ubond + Uangle + Ubθ + Uoop + Utorsion + UvdW + Uperm
ele + U ind

ele , (2.17)

where the terms Ubond, Uangle, Ubθ, Uoop and Utorsion depict intramolecular valence inter-
actions. UvdW, Uperm

ele and U ind
ele are the nonbonded contributions and they are the only

terms relevant for intermolecular interactions. The short-range valence interactions are
empirical functions of bond lengths and bond angles and they were left untouched in the
parameterisation of the present work.

Nonbonded interactions in the AMOEBA force field consist of the van der Waals
potential UvdW as well as the electrostatic potential due to, on the one hand, permanent
multipoles (Uperm

ele ) and, on the other hand, induced multipoles (U ind
ele ). The van der Waals

potential of AMOEBA between two atoms i and j is written in the form

UvdW(rij) = εij

(
1.07

ρij + 0.07

)7(
1.12

ρ7
ij + 0.12

− 2

)
, (2.18)

where
ρij = rij/R

0
ij, (2.19)

rij being the distance between the atoms,

εij =
4εiiεjj

(ε
1/2
ii + ε

1/2
jj )2

(2.20)

3For a uniformly random distribution, g(r) ≡ 1.
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and

R0
ij =

(R0
ii)

3 + (R0
jj)

3

(R0
ii)

2 + (R0
jj)

2
. (2.21)

R0
ii and εii are the distance and interaction strength parameters specific to atoms of type

i. R0
ii represents the distance in which the potential reaches its minimum and εii is the

depth of the said minimum. Permanent multipoles up to quadrupoles reside at each
atomic center and constitute a multipole vector for atom i as

MT
i = [qi, µix, µiy, µiz, Qixx, Qixy, Qixz, ..., Qizz], (2.22)

where qi is the charge of atom i, µi its dipole moment and Qi is its quadrupole moment
tensor. With the multipole vector, the energy of the interaction for atom i and j is

Uperm
elec (rij) = MT

i TijMj (2.23)

where4

Tij =



1 ∂
∂xj

∂
∂yj

∂
∂zj

· · ·
∂
∂xi

∂2

∂xi∂xj

∂2

∂xi∂yj

∂2

∂xi∂zj
· · ·

∂
∂yi

∂2

∂yi∂xj

∂2

∂yi∂yj

∂2

∂yi∂zj
· · ·

∂
∂zi

∂2

∂zi∂xj

∂2

∂zi∂yj

∂2

∂zi∂zj
· · ·

...
...

...
... . . .


(

1

rji

)
. (2.24)

Polarisation is treated via induced dipoles at the atomic centers. The induced dipole
moment is defined as in Eq. (2.15) where E i is the electric field produced by both all the
static multipoles in the atoms of other molecules and the induced dipoles in all of the
atoms, including the ones in the same molecule. However, the electric field E i depends
on the said dipoles as well, which means that Eq. (2.15) must be solved iteratively.

When rij is small enough, it becomes unphysical to represent the charge distribution of
the atom with multipoles in a single point. This causes the polarisation energy to diverge
at this limit, which is problematic when treating intramolecular polarisation. A damping
mechanism introduced by Thole [22] was used to avoid this so-called "polarisation catas-
trophe". In this mechanism one of the two point charges, it doesn’t matter which [22], in
each pairwise interaction of induced dipoles is replaced by a charge distribution, which in
AMOEBA has the form

ρ =
3a

4π
exp(−au3), (2.25)

where u = Rij/(αiαj)
1/6 and a is the dimensionless Thole factor. Because of this, the

elements of the matrix Tij are in these situations modified by a factor which depends on
the interaction type, given by Thole [22] for the point charge, and Ren et al. [8] for the
higher multipoles.

2.2 General quantum chemistry
The purpose of this section is to introduce the numerical methods that are used in the
present work to solve the Schrödinger equation for a system of molecules. Unless noted
otherwise, this section uses the book Molecular Quantum Mechanics by Atkins and Fried-
man as a reference [19].

4The factor 1/4πε0 is omitted.
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2.2.1 Born-Oppenheimer approximation

In general, the Schrödinger equation cannot be solved analytically, which calls for the
use of approximations. One of the most fundamental of these is the Born-Oppenheimer
approximation. The nuclei are very slow compared to the electrons due to their mass
difference, which makes it plausible to solve the Schrödinger equation for the electrons
alone, keeping the nuclei at set positions. The energy acquired by the Schrödinger equation
in this case will naturally depend on the coordinates of the nuclei, which determines the
potential energy surface of the system.

The equation to solve becomes

ĤΨ(r;R) = E(R)Ψ(r;R), (2.26)

Ĥ = − ~2

2me

Ne∑
i=1

∇2
i − j0

Ne∑
i=1

Nn∑
I=1

ZI
rIi

+
1

2
j0

Ne∑
i 6=j

1

rij
, (2.27)

where Ψ(r;R) is the wave function when the electron coordinates r are the variables and
the nuclei coordinatesR are fixed. E(R) is the energy corresponding to this configuration,
j0 = e2/4πε0, Ne and Nn are the total numbers of electrons and nuclei, correspondingly,
ZI is the atomic number of nucleus I, rIi is the distance between nucleus I and electron i
and rij is the distance between electrons i and j. When solving for the energy and many
other properties of a system consisting of multiple atoms from quantum mechanics alone,
as opposed to using experiments as a reference, usually the challenge lies in solving this
equation with sufficient accuracy.

2.2.2 Hartree-Fock

Hartree-Fock (HF) method approximates the many-electron wave function Ψ with a single
Slater determinant

Ψ(1, 2, . . . , Ne) =

(
1

Ne!

)1/2

∣∣∣∣∣∣∣∣∣∣
φ1(1) φ2(1) · · · φNe(1)

φ1(2) φ2(2) · · · φNe(2)
...

... . . . ...
φ1(Ne) φ2(Ne) · · · φNe(Ne)

∣∣∣∣∣∣∣∣∣∣
. (2.28)

The idea is to find spinorbitals φ1, φ2, . . .
5 that produce the minimum energy for the wave

function. Implementing some variational calculus, one can derive the so-called Hartree-
Fock equations6 for the molecular orbitals ψm

f̂1ψm(1) = εmψm(1), (2.29)

where
f̂1 = ĥ1 +

∑
m′

[2Ĵm′(1)− K̂m′(1)] (2.30)

Ĵm′(1)ψm(1) = j0

[∫
ψ∗m′(2)

1

r12

ψm′(2) dτ2

]
ψm(1) (2.31)

5Spinorbitals are the product of the molecular orbital ψm and the spin wave function in the case of
weak spin-orbit coupling.

6This form of the equations is only applicable to a closed-shell system.
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K̂m′(1)ψm(1) = j0

[∫
ψ∗m′(2)

1

r12

ψm(2) dτ2

]
ψm′(1) (2.32)

ĥ1 = − ~2

2me

∇2
1 − j0

Nn∑
I

ZI
rI1

. (2.33)

Here, ψm are the molecular orbitals, f̂1 is the Fock-operator, Ĵm is the Coulomb operator,
K̂m is the exchange operator, and ĥ1 is the one-electron Hamiltonian7 and εm the orbital
energy.

The optimal ψm can be found through iteration and for atoms, the results are the
atomic orbitals. When applying the HF procedure in a system of multiple atoms, however,
the numerical solution is most of the time too complicated. This calls for the use of a new
approach. If the molecular orbitals are depicted as linear combinations of atomic orbitals
(LCAO)

ψm =
No∑
o=1

comχo, (2.34)

where the χo are the atomic orbitals used as basis functions and No their total number,
then one can derive the so-called Roothaan equations:

No∑
o=1

Fo′ocom = εm

No∑
o=1

So′ocom, (2.35)

where
So′o =

∫
χ∗o′(1)χo(1) dτ1 (2.36)

and
Fo′o =

∫
χ∗o′(1)f1χo(1) dτ1. (2.37)

Through iteration, one can find the coefficients com that produce the minimum energy.
At the limit of an infinite basis, this energy is called the Hartree-Fock limit.

2.2.3 Post-Hartree-Fock methods

Eqs. (2.31) and (2.32) show that the molecular orbitals produced by Hartree-Fock expe-
rience the other electrons only through the averaged change in potential energy that they
cause. Because of this, the instantaneous interactions of the electrons remain ignored.
The inclusion of this so-called electron correlation is the improvement that post-Hartree-
Fock (pHF) methods focus on. The difference between the HF energy and the real energy
is called correlation energy.

The following pHF methods, i.e., the Møller-Plesset perturbation theory (MPBT)
and the coupled-cluster (CC) method, are so-called size-consistent in the limit of infinite
separation and size-extensive in the limit of infinite number of electrons. The lack of these
physical properties would cause an error that would increase with the size of the system,
which is a problem in many other pHF methods.

7Hamiltonian for one electron in the presence of the nuclei only.
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Møller-Plesset perturbation theory

The energy acquired by the HF method can be improved through perturbation theory.
In the so-called Møller-Plesset perturbation theory the unperturbed Hamiltonian is

Ĥ(0) = ĤHF =
Ne∑
i=1

f̂i, (2.38)

which means that the perturbation is

Ĥ(1) = Ĥ − ĤHF =
1

2
j0

∑
i 6=j

1

rij
−
∑
i,m

[2Ĵm(i)− K̂m(i)]. (2.39)

The HF energy EHF is the expectation value of H with the unperturbed HF wave function
so it’s a sum of the zeroth and first order energies E(0)

0 and E
(1)
0 . The second-order

correction is

E(2) =
∑
J 6=0

〈
Ψ0|Ĥ(1)|ΨJ

〉〈
ΨJ |Ĥ(1)|Ψ0

〉
E

(0)
0 − E

(0)
J

, (2.40)

and including it will result in the so-called MP2 energy. MP2 usually overestimates the
effect of electron correlation. When calculating the potential energy surface, this will
often cause the minimum to be too steep.

Coupled-cluster method

CC method uses the so-called cluster operator Ĉ, which is related to the real wave function
Ψ by

Ψ = eĈΨ0, (2.41)
where Ψ0 is the HF wave function. Let Ĉ1 be an operator that, when operating on Ψ0,
forms a linear combination of single-excitation Slater determinants, i.e.,

Ĉ1Ψ0 =
∑
a,p

tpaΨ
p
a. (2.42)

Accordingly, let Ĉ2 be the corresponding operator for double-excitation Slater determi-
nants,

Ĉ2Ψ0 =
∑
a,b,p,q

tpqabΨ
pq
ab, (2.43)

all the way up to ĈN where N is the total number of electrons. The coefficients tpa are
called single-excitation amplitudes, tpqab, correspondingly, double-excitation amplitudes and
so on. The cluster operator can be written as a sum

Ĉ = Ĉ1 + Ĉ2 + · · ·+ ĈN . (2.44)

When the expression for the cluster operator and Eq. (2.41) are substituted into the
Schrödinger equation, the amplitudes tpa, t

pq
ab, . . . can be solved iteratively.

Because of computational demands, the sum in Eq. (2.44) is commonly truncated to
include only the first two terms and this is referred to "coupled cluster with singles and
doubles" (CCSD). If, in addition, Ĉ3 is included via perturbation theory, it’s referred to as
"coupled cluster with singles, doubles and perturbative triples" [CCSD(T)]. Like MPBT,
CC is not a variational method in the sense that it will not result in a systematic upper
limit for the energy of the system. The CC energy can often be seen to oscillate around
the true energy as more of the excitations are taken into account.
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2.2.4 Density functional theory

The idea behind density functional theory is to express the properties of the system using
the electron probability density ρ. As proved by Hohenberg and Kohn [23], the electron
density and the ground state energy E have one-to-one correspondence, which makes it
possible to express the energy as a functional E[ρ]. It’s conventional to write the functional
as

E[ρ] = T [ρ] + Vee[ρ] +

∫
ρ(r)ν(r) dr, (2.45)

where

ν(r) = −j0

Nn∑
I

ZI
|r − rI |

(2.46)

is the interaction energy between the nuclei and an electron at location r and it’s called
the external potential. The first term on the right-hand side of Eq. (2.45) corresponds to
the kinetic energy and the second term is the electron-electron repulsion energy.

As DFT has only one three-dimensional function as opposed to a 3Ne-dimensional wave
function, with constraints guaranteeing antisymmetry, handling DFT computationally can
be a lot more straightforward. The density must conserve the total number of electrons,
i.e.,

Ne −
∫
ρ(r) dr = 0. (2.47)

Hohenberg-Kohn variational theory

The fundamental equation for DFT is acquired via the Hohenberg-Kohn variational the-
orem [23], which states that, for a trial electron density ρ′(r), the energy functional E[ρ′]
cannot be lower than the true ground-state energy. This means that the variation of the
true ground state energy functional must vanish:

δE[ρ] = 0. (2.48)

However, this formulation does not account for the fact that the functional is subject
to the constraint (2.47). This limitation can be tended by using the method of unde-
termined multipliers, in which the constraint (2.47) is varied and multiplied with µ, the
so-called Lagrange multiplier, and then added to Eq. (2.48). Because the right-hand side
of Eq. (2.47) is zero, this will not affect the right-hand side of Eq. (2.48), either, and will
result in

δ

{
E[ρ]− µ

∫
ρ(r) dr

}
= 0. (2.49)

Because the integral depends only on ρ and not any of its derivatives, the variation of the
energy is simply

δE[ρ] =

∫
δE[ρ]

δρ(r)
δρ(r) dr =

∫
µ δρ(r) dr (2.50)

from which, by comparison, the expression for µ can be found:

µ =
δE[ρ]

δρ(r)
= ν(r) +

δEHK[ρ]

δρ(r)
(2.51)

where EHK[ρ] = T [ρ] + Vee[ρ].

13



Kohn-Sham equations

Let a reference system consist of Ne non-interacting electrons in an external potential
νref(r) such that its electron density ρref(r) is the same as the true electron density. The
energy functional of the actual system can be written

E[ρ] = Tref [ρ] + J [ρ] +

∫
ρ(r)ν(r) dr + EXC[ρ], (2.52)

where
EXC[ρ] = T [ρ] + Vee[ρ]− (Tref [ρ] + J [ρ]) (2.53)

is the exchange-correlation energy. J [ρ] is the classical Coulombic electron-electron po-
tential energy

J [ρ] =
j0

2

∫
ρ(r1)ρ(r2)

|r1 − r2|
dr1dr2. (2.54)

If an effective potential νeff is defined

νeff(r) = ν(r) +
δJ [ρ]

δρ(r)
+ νXC, (2.55)

where
νXC =

δEXC[ρ]

δρ(r)
(2.56)

then Eq. (2.51) becomes

µ = νeff(r) +
δTref [ρ]

δρ(r)
. (2.57)

The expression for the variational derivative of the Coulombic potential energy can be
found in a similar fashion as in Eq. (2.50), which gives

δJ [ρ]

δρ(r)
= j0

∫
ρ(r2)

|r − r2|
dr2. (2.58)

Because the electrons in the reference system are non-interacting, the equation for µ in
the reference system would identical to one in Eq. (2.57) except that it would contain νref

instead of νeff . In other words, solving the electron density for a system of interacting
electrons is equivalent to solving it for a system of non-interacting electrons in an effec-
tive external potential νeff . Again, because the electrons are non-interacting, solving the
Schrödinger equation is straightforward. The exact ground-state wave function can be
represented by a Slater determinant

Ψ =

(
1

Ne!

)1/2

∣∣∣∣∣∣∣∣∣∣
φKS

1 (1) φKS
2 (1) · · · φKS

Ne
(1)

φKS
1 (2) φKS

2 (2) · · · φKS
Ne

(2)
...

... . . . ...
φKS

1 (Ne) φKS
2 (Ne) · · · φKS

Ne
(Ne)

∣∣∣∣∣∣∣∣∣∣
, (2.59)

where φKS
m are the Kohn-Sham spinorbitals, each of which is a product of the one-electron

Kohn-Sham orbital ψKS
m and the corresponding spin state wave function. The orbitals are

acquired by solving the so-called Kohn-Sham equation{
ĥ1 + j0

∫
ρ(r2)

|r1 − r2|
dr2 + νXC

}
ψKS
m (r1) = εKS

m ψKS
m (r1), (2.60)
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where h1 is, again, the one-electron Hamiltonian [24]. The electron density can be ex-
pressed in terms of the spinorbitals as

ρ(r) =
Ne∑
i=1

∣∣φKS
i (r)

∣∣2 . (2.61)

Local density approximation

The fundamental difficulty in DFT is determining the exchange-correlation energy func-
tional EXC. One of the simplest approaches to approximate it is the local density approx-
imation (LDA) [25]. If the electron density was uniform, i.e., the system under consider-
ation was a homogeneous electron gas, the exchange-correlation energy could simply be
written as

EXC[ρ] =

∫
ρ(r)εXC(ρ(r)) dr (2.62)

where εXC(ρ(r)) is the exchange-correlation energy per electron as a function of the uni-
form density. In this case Eq. (2.56) becomes

νXC = ρ(r)
dεXC(ρ(r))

dρ(r)
+ εXC(ρ(r)). (2.63)

In LDA, in every point r in space, νXC and εXC are taken to be the same as for the
homogeneous electron gas. However, though ρ(r) is taken to be constant in that point,
this value will be different for each r, hence the name "local density approximation". εXC

is typically expressed as an analytical function of the electron density, parameterised via
Monte Carlo simulations [26].

Generalised-gradient approximation

The exchange-correlation functional be further improved by using a more general form for
the integrand in Eq. (2.62). As the name suggests, the generalised-gradient approximation
(GGA) [27, 28] includes the gradient of the electron density in the functional, which has
the form

EGGA
XC [ρ] =

∫
f (ρ(r),∇ρ(r)) dr. (2.64)

The term f , like εXC, is an analytical function, but more elaborate schemes are required
to determine its exact form. One way to do it by comparison with the HF exchange-
correlation energy.

Hybrid functionals

The main characteristic of the so-called hybrid functionals is that EXC is treated as a
linear combination of the exact HF exchange energy and DFT exchange and correlation
functionals with varying coefficients. Using this kind of approach has been found to give
more accurate values for, for instance, atomisation energies, bond lengths and vibrational
frequencies of most molecules than the simpler functionals [29]. In the present study,
Becke’s "half-and-half" theory is used [30] with the Lee-Yang-Parr (LYP) correlation
functional [31], abbreviated BHandHLYP. The form of the exchange-correlation functional
is

EXC = 0.5 · EHF
X + 0.5 · (ELDA

X + ∆EB88
X ) + ELYP

C , (2.65)
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where EHF
X is the HF exchange energy, ELDA

X is the LDA exchange energy, ∆EB88
X is Becke’s

1988 correction functional to the LDA energy [28] and ELYP
C is the LYP correlation energy.

2.2.5 Basis sets

In order to describe the wave function perfectly, an infinite number of basis functions
χo are required. In practice, a finite number is always used and the choice will greatly
affect, not only how accurate the calculation is, but also how demanding the calculation
is computationally. For these reasons, the choice of the basis set is an important part of
first-principles calculations.

Gaussian-type orbitals

Gaussian-type orbitals (GTO) are of the form

gijk(r) = Nxiyjzke−αr
2

, (2.66)

where i, j and k are non-negative integers, N is the normalization constant and α is a
positive exponent. GTOs do not represent the true form of the orbitals as well as Slater-
type orbitals (STO) that are proportional to e−αr instead of e−αr2 . However, GTOs are
handy when computing systems with three or more atoms, for a product of two Gaussians
with different centers is another Gaussian, whose center lies at a point between the centers
of the two original Gaussians. This usually makes GTOs more cost-effective to evaluate.

The sum l = i + j + k defines the angular momentum type for the function. l = 1
corresponds to a p-type function, for example. If l for the target atom is higher than
necessitated by the elementary valence theory, the function is called a polarisation func-
tion. The inclusion of polarisation functions serves as a way of taking into account the
distortion of the atomic orbitals due to the presence of other atoms.

Contracted basis sets

As mentioned above, GTOs do not portray the orbitals as faithfully as the STOs. This
means that more GTOs are needed to reach the same precision. This problem can be
alleviated by the use of contracted basis sets. The atomic orbitals are represented as
linear combinations of the primitive GTOs in Eq. (2.66):

χo =
∑
i

doigi, (2.67)

where the constants doi are the contraction coefficients. They are chosen in such a way
that the new atomic orbitals describe the system better than the same number of primitive
Gaussians, which will reduce the amount of unknowns com to solve.

Correlation consistent basis sets

The correlation consistent (cc)8 basis sets are contracted basis sets that are designed to
recover the correlation energy of the electrons [32]. The cc split-valence basis sets9 are
labeled according to their size with letter combinations (from small to large) cc-pVDZ,

8Abbreviated with lowercase letters in order to avoid confusion with the coupled-cluster method.
9For the valence electrons only as opposed to all-electron basis sets.
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cc-pVTZ, cc-pVQZ, cc-pV5Z and cc-pV6Z (correlation consistent polarised Valence Dou-
ble/Triple/Quadruple/Quintuple/Sextuple Zeta). A step up in quality means the addition
of one new exponent to each basis function type as well as the addition of a new type of
polarisation function. The inclusion of extra diffuse functions is noted by attaching the
prefix "aug-" to the acronym (e.g., aug-cc-pVDZ), which means adding one function with
a smaller exponent for each angular momentum type. Since the diffuse functions extend
far from the nucleus, they are of importance for long-range interactions.

The benefit from using cc basis sets is the possibility for basis-set extrapolation for
they are geared for systematic approach towards the limit of an infinite basis set. This
makes it possible to estimate the said limit, even if the calculations were carried out with
only two or three (aug)-cc-pVnZ -type basis sets [32].

Basis-set superposition error

The potential energy between two molecules is calculated

Vdim = Edim − E1 − E2, (2.68)

where Edim is the total energy of the dimer and E1 and E2 are the energies of the separate
molecules. This is an example of a situation when the so-called basis-set superposition
error becomes significant and requires treatment. If, in the calculations of the single
molecular energies, the basis set is defined only for that molecule, there will an error due
to the fact that the basis is smaller than for the dimer. This error can be treated with
counterpoise correction, i.e., by including the basis functions of the other molecule as well
in the calculation of the separate molecules.

2.3 Determination of NMR properties
In this section, the theory behind the determination of NMR parameters via electronic
wave function, as well as some computational aspects behind it, are discussed [7].

2.3.1 Nuclear spin Hamiltonian

The effective nuclear spin Hamiltonian for an NMR experiment can in general be written
as10

Ĥ = −
∑
I

γI~BT (1− σI)ÎI +
1

2

∑
I 6=J

γIγJ~2ÎTI (DIJ +KIJ)ÎJ , (2.69)

where B is the external magnetic field and γI , ÎI and σI are the magnetogyric ratio, the
nuclear spin operator and the shielding tensor for nucleus I, respectively.11 The magnetic
moment of a nucleus can be written as

MI = γI~ÎI . (2.70)

DIJ is the direct dipolar coupling tensor andKIJ is the reduced indirect spin-spin coupling
tensor. In rapidly rotating molecules, the rotational averaging makes the contribution

10Superscript T denotes a transpose, 1 is the 3× 3 identity matrix.
11For nuclei whose spin is more than 1/2, the Hamiltonian also contains term corresponding to

quadrupole coupling, which has been omitted in Eq. (2.69).
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from the direct dipolar coupling vanish entirely, and both the shielding tensor and the
indirect spin-spin coupling tensor can be replaced with scalar quantities

σI =
1

3
TrσI , KIJ =

1

3
TrKIJ , (2.71)

the nuclear shielding constant and the reduced nuclear spin-spin coupling constant, re-
spectively. The chemical shift δ is defined by means of the shielding constant and in the
present work the form

δI =
σref − σI
1− σref

(2.72)

is used. Here σref is usually the shielding of nucleus I in an appointed system of reference.
In the present study, the free xenon atom was used.

The fact that the magnitude of the NMR interactions is very small, allows interpreting
them as perturbations to the electronic energy. The electronic energy can be expanded
around zero magnetic field and zero magnetic moments, to the second order, as

E(B,M ) = E0 +
1

2
BTE(20)B +

∑
I

BTE
(11)
I MI +

1

2

∑
I 6=J

MT
I E

(02)
IJ MJ , (2.73)

where the derivatives of the energy are denoted with tensors

E(20) =
d2E(B,M )

dB2

∣∣∣∣
B=0,M=0

(2.74)

E
(11)
I =

d2E(B,M )

dB dMI

∣∣∣∣
B=0,M=0

(2.75)

E
(02)
IJ =

d2E(B,M )

dMI dMJ

∣∣∣∣
B=0,M=0

, (2.76)

where the notation

d2f

du dv
=


d2f

dux dvx

d2f
dux dvy

d2f
dux dvz

d2f
duy dvx

d2f
duy dvy

d2f
duy dvz

d2f
duz dvx

d2f
duz dvy

d2f
duz dvz

 (2.77)

is used. In Eqs. (2.74-2.76), all of the magnetic moments are denoted collectively as M .
The equation contains no first-order terms since they disappear in closed-shell systems.
By comparing with Eq. (2.69), it can be seen that

σI = E
(11)
I + 1 (2.78)

KIJ = E
(02)
IJ −DIJ , (2.79)

i.e., the evaluation of the shielding constant and the coupling constant can be reduced to
discussing the energy derivatives related to the electronic wave function.
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2.3.2 Ramsey’s expression for the nuclear shielding

The nonrelativistic Hamiltonian in the presence of an external magnetic field can be
written as12

Ĥ(B,M ) =
1

2

∑
i

π2
i −

∑
i

mi ·Btot(ri)−
∑
iI

ZI
riI

+
1

2

∑
i 6=j

1

rij

+
1

2

∑
I 6=J

ZIZJ
RIJ

−
∑
I

MI ·Btot(RI) +
∑
I>J

MT
I DIJMJ ,

(2.80)

where mi are the spin magnetic moments of the electrons and

πi = −i∇i +Atot(ri) (2.81)

is the kinetic momentum operator combined with the vector potential Atot of the magnetic
field. The vector potential A′ for a general magnetic field B′ is defined only by the
requirement of satisfying

∇×A′ = B′. (2.82)

The superscripts "tot" in the magnetic field and the vector potential denote the fact that
they consist of not only the external magnetic field B but also the contribution arising
from the magnetic moments of the nuclei, i.e.,

Atot = AO +
∑
I

AI (2.83)

Btot = B +
∑
I

BI , (2.84)

where subscripts I denote the individual nuclei. AO is the vector potential for the homo-
geneous external field B and it can be expressed as

AO =
1

2
B × (r −O), (2.85)

where O denotes the so-called gauge origin, a point in space that can be arbitrarily
chosen when defining the vector potential of the field. Though the choice of the gauge
origin does not matter when using an exact wave function, in approximate wave functions
gauge invariance may become an issue, which is discussed more in section 2.3.4. The
vector potential for the nuclei can be written as

AI(ri) = α2MI × riI
r3
iI

, (2.86)

where α is the fine-structure constant. Using the approach discussed above, the so-called
Ramsey’s expressions can be derived for the shielding tensor and the indirect spin-spin
coupling tensor by expressing the energy derivatives with respect to the Hamiltonian using
the second-order time-independent perturbation theory. For shielding, the expression is

σI =
〈

0
∣∣∣ĥdia

BI

∣∣∣ 0〉− 2
∑
nS 6=0

〈
0
∣∣∣ĥoz

B

∣∣∣nS〉〈nS ∣∣∣(ĥpso
I )T

∣∣∣ 0〉
EnS
− E0

, (2.87)

12In atomic units.
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where

ĥdia
BI =

α2

2

∑
i

(riO · riI)1− riIrTiO
r3
iI

(2.88)

ĥoz
B =

1

2

∑
i

ˆ̀
iO (2.89)

ĥpso
I = α2

∑
i

ˆ̀
iI

r3
iI

. (2.90)

Operator ˆ̀
iI is the angular momentum operator for electron i, i.e.,

ˆ̀
iI = −iriI ×∇i, (2.91)

and |nS〉 describes a singlet state.
The terms on the right-hand side of Eq. (2.87) are the diamagnetic part and the

paramagnetic part, respectively. Typically, the diamagnetic part is dominant and results
in a positive shielding constant in most cases and it corresponds to the expectation value
of the unperturbed ground state. The paramagnetic part consists of a summation over
all the singlet states and it is specified by the orbital motion of the electrons.

2.3.3 Variational perturbation theory

Though Ramsey’s expression provides qualitative interpretation for the origin of the
shielding, it is not very practical from a computational perspective since it requires in-
formation about the excited singlet states. Eq. (2.78) states that the shielding can be
treated as a second-order derivative of the ground-state energy, which gives an opportu-
nity to treat the problem using the so-called variational perturbation theory.

The electronic energy E can be denoted E(B,M ;λ) in which the parameter λ de-
scribes all the parameters other than B or M that contribute to it. The ground-state
energy can be expressed as

E(B,M ) = E(B,M ;λ∗), (2.92)

where λ∗ corresponds to a set of parameters in which the energy is at its minimum. The
variational principle states that

∂E(B,M ;λ)

∂λ

∣∣∣∣
λ=λ∗

= 0 (2.93)

for an arbitrary B and M . When the derivative E(11) is evaluated while keeping this in
mind, the expression for the nuclear shielding can be found to be

σI = 1 +

[
∂2E(B,M ;λ)

∂B∂MI

+
∂2E(B,M ;λ)

∂MI∂λ

∂λ

∂B

]∣∣∣∣
λ=λ∗,B=0,M=0

, (2.94)

if the differentiation with respect to the magnetic moment is performed first. The first
term inside the brackets corresponds to the explicit second-order dependence of the elec-
tronic energy onMK andB and it can be determined straightforwardly from the Hamilto-
nian. The second term contains also implicit dependence on the magnetic field B, i.e., the
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dependence that arises due to the change in the wave function as the magnetic field varies.
The derivative ∂λ/∂B is the first-order response of the wave function with respect to the
external magnetic field. Determining the shielding is straightforward after the response
has been evaluated. Even though this method requires a fully variational wave function,
this procedure can be implemented, with slight modifications, in the nonvariational case
as well.

It’s worth noting that an expression for the shielding can be also derived by differen-
tiating first with respect to B and then with MK . However, this will result in responses
of the form ∂λ/∂MK , i.e., the responses would have to be evaluated for each nucleus
separately. This is why the expression in Eq. (2.94) is more common.

2.3.4 Gauge invariance

The choice of the gauge origin O in the expression for the vector potential of the external
magnetic field in Eq. (2.85) does not have any effect on any observable property of the
system. This physical requirement of gauge invariance is necessarily fulfilled by exact wave
functions. With approximate wave functions, however, the gauge invariance is impossible
to implement exactly. If the system consists of only one atom, the natural gauge origin
is the atomic center for, as it turns out, the wave function is correct to the first order in
the magnetic field B in that case. The same effect can be accomplished in molecules for
a general gauge origin O by introducing a phase factor to the atomic orbitals χo, which
will be transformed to

ωo(r) = exp

(
−1

2
i[B × (RI −O)] · r

)
χo(r), (2.95)

where RI is the location of the nucleus. The benefit of this form is that it can be used
for systems of multiple atoms, as well. The resulting atomic orbitals are called gauge-
including atomic orbitals (GIAO) [33, 34].

2.4 Relativistic effects
So far, the energy and the nuclear shielding have been discussed only nonrelativistically
(NR). Due to the heaviness of the xenon atom, the core electrons can have very high
velocities, which means that relativity has to be treated somehow for accurate results.
Here, a brief summary of the relativistic methods used in this study is provided, namely the
effective core potential (ECP) and the zeroth-order regular approximation (ZORA) [32].

2.4.1 Effective core potential

Because the fully relativistic treatment requiring all-electron calculations is not computa-
tionally very efficient, reducing the calculation back to the NR level would be convenient.
The effective core potential (ECP)13 approach makes use of the fact that the relativistic
effects concern mostly the core electrons and replaces a certain number of them with an
effective potential. The so-called norm-conserving potentials are fitted so that the solution
of the Schrödinger equation produces the same valence orbitals as the fully relativistic
calculation.14 The so-called energy-consistent potentials, on the other hand, are adjusted

13Also called pseudopotential (PP).
14Technically, pseudo-orbitals formed by removing the nodal structure of the real orbitals near the core.
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to the total energies of the system. The ECP used for the xenon in the present work,
ECP28MDF [35], is of the latter type. The ECP approach is reliable for calculating the
potential energy surface of xenon with water, since only the valence electrons are impor-
tant for the interaction. However, it cannot be relied on when calculating, for instance,
the heavy-atom nuclear shielding, which depends also on the core electrons themselves.
Furthermore, the ECP approach can account only for the scalar-relativistic (SR) part of
the relativistic effects, not the spin-orbit (SO) part.

2.4.2 Zeroth-order regular approximation

In relativistic quantum mechanics, the time-independent Schrödinger equation is replaced
by its relativistic counterpart, the time-independent Dirac equation

ĤDΨD = EΨD, (2.96)

where, in atomic units,
ĤD = cα · p̂+ βc2 + V (2.97)

and β, as well as the components of vector α (αx, αy and αz) are 4×4 matrices, p̂ is the
linear momentum operator and V is potential energy. α and β can be written in terms
of 2× 2 Pauli spin matrices and identity matrices as

αx,y,z =

(
0 σx,y,z

σx,y,z 0

)
; β =

(
1 0

0 −1

)
. (2.98)

The wave function ΨD has four components and can be written as

ΨD =


ΨLα

ΨLβ

ΨSα

ΨSβ

 , (2.99)

where L and S refer to the so-called large and small components of the wave function,
respectively, and α and β refer to the spin. Writing the α and β matrices explicitly and
shifting the zero of the energy by mc2 (m = 1) allows splitting the equation into

c(σs · p̂)ΨS + VΨL = EΨL (2.100)
c(σs · p̂)ΨL + (−2c2 + V )ΨS = EΨS, (2.101)

where the spin matrices are denoted collectively σs = (σx,σy,σz) and ΨL and ΨS are
two-component functions

ΨL =

(
ΨLα

ΨLβ

)
ΨS =

(
ΨSα

ΨSβ

)
. (2.102)

This will lead to equations[
c2(σs · p̂)(2c2 − V )−1K(σs · p̂) + V

]
ΨL = EΨL (2.103)

ΨS = K
σs · p̂

2c
ΨL, (2.104)
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where

K =

(
1− V − E

2c2

)−1

=
2c2

2c2 − V

(
1 +

E

2c2 − V

)−1

. (2.105)

The nonrelativistic limit (c → ∞) leads to the Schrödinger equation. In the zeroth-
order regular approximation (ZORA) method, the relativistic corrections are obtained by
approximating

(
1 + E

2c2−V

)
≈ 1 in Eq. (2.105), which results in [36][

V +
1

2
Kp̂2 +

1

2
p̂ · ([p̂K]× p̂)

]
ΨL = EΨL, (2.106)

where
K =

1

1− V/2c2
. (2.107)

Omitting the last term on the left-hand side of Eq. (2.106), the spin-orbit (SO) interaction,
results in the scalar-relativistic ZORA (SR-ZORA) approach, whereas its inclusion is
referred to as the SO-ZORA method.

The approximation E/(2c2 − V ) ≈ 0 is justified in regions where V is small when
compared to E. Therefore, ZORA is a good approximation for valence orbitals and outer
core orbitals, even for heavy atoms [36]. However, for a very large E, such as the innermost
electrons in very heavy atoms, the error is substantial. Moreover, it is not invariant with
respect to energy scale, which can be seen by the term of V instead of (V − E) in the
expression for K.
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Chapter 3

Calculations

3.1 First-principles calculation of the xenon-water po-
tential energy

Xe–H2O interactions in the AMOEBA force field were parameterised with ab initio po-
tential surface calculations for the dimer at the HF, MP2, CCSD and CCSD(T) levels
of theory with Molpro quantum chemistry package [37–40]. For xenon, ECP was used,
replacing 28 innermost electrons (ECP28MDF by Peterson et al. [35]). The energies of the
dimer were computed with five different water molecule orientations, depicted in Fig. 3.1.
The calculations were carried out with Xe–O distances 3.4 Å to 5.6 Å with the interval of
0.2 Å and 5.6 Å to 8.0 Å with the interval of 0.4 Å. The water molecules were in all cases
in the AMOEBA equilibrium geometry, i.e., the O–H bond length was 0.9572 Å and the
H–O–H bond angle was 108.5◦. The basis sets for oxygen and hydrogen were of the aug-
cc-pVnZ type [41]. Pseudopotential valence-only basis sets of type aug-cc-pVnZ-PP [35]
were used for xenon. Counterpoise correction was used in all the calculations.
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Figure 3.1: Orientations of the water molecule with respect to the xenon atom in the
potential energy calculations of the Xe–H2O dimer. In G1, G2 and G5, all atoms are
coplanar. In G3 and G4, the water dipole vector is tilted 45◦.
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First, the basis sets aug-cc-pVDZ(-PP) were used and the energies were calculated with
the HF and MP2 levels of theory. After that, they were carried out with at the CCSD
level with the same basis sets. The basis sets were then systematically improved up to
aug-cc-pv5Z(-PP). In addition, a basis set expansion center was added halfway between
the xenon and the oxygen. The exponents for the primitive basis functions located at
the center were chosen to be 0.9, 0.3 and 0.1 for the s and p orbitals, 0.6 and 0.2 for the
d and f orbitals and 0.35 for the g orbital [42, 43]. In the final CCSD calculation, the
basis sets for oxygen and hydrogen were set to aug-cc-pV6Z. For xenon, the largest basis
set available was the aug-cc-pV5Z. Therefore, additional diffuse primitive basis functions
were added to s-, p-, d-, f -, g- and h-shells. The first exponent was chosen to be one
third of the most diffuse exponent for that angular momentum type in the basis set, the
second a third of that and so on. Finally, the calculation was repeated at the CCSD(T)
level with these basis sets.

It’s worth noting here that the static polarisability volume of 4.000 Å3 for the xenon
atom was also computed at the same level of theory (CCSD(T), ECP and aug-cc-pV5Z-
PP basis) with the Gaussian software [44]. However, because the value acquired was
only used in the force field parameterisation schemes that were not used in the actual
production simulation, the computational aspects are not discussed further. Polarisability
can nevertheless be acquired as a derivative of the total energy, in a manner similar to
the case of nuclear shielding.

3.2 Parameterisation of the xenon-water pair potential
Xenon atom is neutral and spherical. Then, it can interact with water molecules only
through the van der Waals interaction and the induction, parameterised by polarisability,
in the AMOEBA force field. The corresponding force field parameters were least-squares
fitted to the best interaction energy curve that was calculated from first principles. Five
different parameterisation schemes were attempted:

1. The AMOEBA van der Waals parameters Rii and ε were fitted for xenon.1

2. Both the van der Waals parameters and the xenon polarisability αi were fitted.

3. In addition to the previous parameters, the Thole factor a was fitted for xenon as
well.

4. The xenon-oxygen and the xenon-hydrogen van der Waals potential energies were
expressed as

UvdW(rij) =
∑
n

Cn
rnij

(3.1)

instead of the AMOEBA characteristic form. The coefficients Cn were the fitted
parameters and they were, naturally, different for Xe – H and Xe – O interactions.
The xenon polarisability was maintained constant.

5. The xenon van der Waals potential was again of the form (3.1) and the polarisability
and the Thole factor were fitted, as well.

1Eqs. (2.18)-(2.21).
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The form of the potential in Eq. (3.1) was used only to be able to conveniently make a
good fit to the QC data and the coefficients, therefore, bear no physical significance.

First, only the even integers were used in the sum (3.1), starting with n = 6. More
terms were added until the fit would no longer improve, which was at n = 12. If the
fit was not good enough at that point, also the odd values of n between 7 and 11 were
included.

As mentioned in the previous section, the xenon polarisability volume of 4.000Å3

(experimental value acquired by Kumar and Meath being 4.025Å3 [45]) was used in the
fitting schemes where the polarisability was not optimized. In schemes where the Thole
factor was not optimized, the AMOEBA default value of a = 0.390 was used.

The van der Waals potential of the form (3.1) proved problematic due to the fact that
the coefficients were not restrained in any way, which would cause the potential to wobble
at large distances. As a bit rickety solution to this, different coefficients were used when
the Xe – O or Xe – H distances were more than 4.8 Å. For the Xe – H potential, the
best fit also had the problem of approaching minus infinity at small separation, which was
fixed by using yet another function for distances smaller than 2.6 Å, using only exponents
6 and 12. In both of the fixes discussed, two of the coefficients were determined by the
condition that the potential and its first derivative (and as a result, the forces on atoms)
were continuous.2

The polarisability tended to ascend to values much larger than what is physically
plausible in the fits 2, 3 and 5. In the fits 3 and 5, the Thole factor had this tendency
as well. This was problematic since the induction energy iteration would not converge at
small distances if either of these quantities were too high. Therefore, the maximum values
for the xenon polarisability and Thole factor were restricted to 10.5 Å3 and 0.6, respec-
tively, as these values were the highest tested values that did not cause the simulation
to crash. The fact that the physical interpretation for the polarisability parameter had,
obviously, to be abandoned in order to reproduce the QC data, will be further discussed
in section 4.1.

3.3 Molecular dynamics simulation
The MD simulations were performed using the Tinker molecular modeling package [8, 46]
with one xenon atom and 255 water molecules. There were 10 simulations in total, each
corresponding to one of the temperatures 278 K, 288 K, ..., 368 K. The parameters
acquired by fit 5 of the previous section were used for the Xe – O and Xe – H interactions.
The parameters for water-only interactions were adopted from the AMOEBA defaults.
The Beeman integration algorithm [13] was used to calculate the molecular trajectories
and the time step was 0.5 fs. The simulations were of the isothermal-isobaric type and
the Berendsen barostat [16, 17] was used to accomplish the constant pressure of 1 atm
with τ = 2.0 ps, κ = 0.000046 bar−1.3 The simulation was first stabilised by running
the simulation with the Bussi-Parrinello thermostat algorithm [47] for 18 ps. After that,
the chained Nosé-Hoover by Martyna et al. [48] was used as the thermostat algorithm for
the actual simulation for a duration of 3 ns. The Bussi-Parrinello algorithm was used for
the stabilisation because it produced a stable temperature faster than the Nosé-Hoover
algorithm.

2Both of the coefficients of the Xe – H potential at small distances were therefore determined by this
condition.

3See section 2.1.1 for details of the parameters.
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3.4 Computation of the nuclear shielding
The simulation trajectory was sampled for momentary configurations (snapshots) every
2125 steps (1.0625 ps). From these snapshots, geometries for Xe(H2O)n clusters were
extracted in such a way that the water molecules that were included had a hydrogen or
oxygen within 5.5 Å from the xenon.4 The nuclear shielding was calculated for these
geometries with Turbomole [49] and Dalton [50] codes using the BHandHLYP hybrid
density functional [30] with GIAOs with basis sets def-TZVP [51] for oxygen and hydrogen.
For xenon, an uncontracted (27s25p21d4f) basis set by Hanni [52], modified by Lantto
to have four f -type functions instead of one [53], was used.5

Due to the computational cost, the calculation was nonrelativistic, which naturally
produces an error in the shielding. Therefore, in order to estimate the magnitude of the
error, the shielding calculation was also performed relativistically for selected two snap-
shots for each temperature. One of the snapshots was chosen completely randomly and the
other was always the configuration of least energy among the extracted snapshots. The rel-
ativistic computation was carried out using the SO-ZORA approach [55–58] with the Am-
sterdam density functional (ADF) code [59, 60]. The shielding tensor calculation [61, 62]
used finite Gaussian nuclear model [63]. The basis sets used Slater-type orbitals and they
were all-electron jcpl for xenon and TZP for oxygen and hydrogen [64].

3.5 NMR force field
One way of determining the total xenon chemical shift in a general Xe(H2O)n cluster is to
approximate it as a sum of pairwise contribution from individual water molecules. This
approach is also useful for the purposes of the semianalytical cavity model. For these
reasons, a binary chemical shift function δpair(d) has to be defined.6 Similarly as for the
modified van der Waals potential in the MD simulation, the binary chemical shift function
in the present work was expressed as

δpair(d) =
∑
n

δn/d
n, (3.2)

where the coefficients δn were acquired by fitting. The data to which the coefficients were
fitted was determined in two distinct ways:

1. Pairwise-additive chemical shift (PCS) approach: the chemical shift was computed
directly for Xe – H2O dimers with the same nonrelativistic level of theory as for the
MD snapshot clusters.

2. Effective pair chemical shift approach (EPCS): the chemical shift function was fitted
by interpreting the QC chemical shift of the Xe(H2O)n clusters7 as a sum of pairwise
contributions from each water molecule.

Obviously, to determine what kind of water molecule geometries to use in parameter-
ising the cavity model, information is needed about the most probable water molecule

4Typically, the clusters contained 20 to 30 water molecules.
5The basis was originally developed for the purpose of determining the magnetic properties of 129Xe

in a van der Waals complex with a rubidium atom [54].
6d is the Xe–O distance.
7This comprised all of the truncated cluster snapshots that were used in the QC shielding calculation.
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Figure 3.2: The distribution of the angles between the water dipole vector and the Xe–O
direction calculated from the MD simulation trajectory for temperatures 278 K, 328 K
and 368 K with a bin size of 1.8◦. The distribution for an ideal, random orientational
distribution is also included for comparison.

orientations around xenon. To accomplish this, the angle between the water dipole mo-
ment vector and the Xe – O direction was determined for each Xe – H2O pair in all of
the saved simulation geometries.8 The water molecules included in the calculation were
within the first solvation shell, i.e., their distance from the xenon were 5.55 Å at maxi-
mum. The resulting angular distributions for three selected temperatures can be seen in
Fig. 3.2 along with an even distribution for comparison. Even though there exist anoma-
lies when compared to a random distribution, all of the possible angles are still present
in the histogram. In other words, choosing just a single orientation when calculating the
potential and the chemical shift for the Xe – H2O dimer will not accurately describe the
system, because all of the other orientations are very much present as well. Therefore, the
binary chemical shift data to which the coefficients δn were fitted in the PCS approach,
was determined somewhat arbitrarily as

δdata
pair (d) =

δ1(d) + δ2(d) + 1
2
[δ31(d) + δ32(d)]

3
, (3.3)

where δi [not to be confused with the coefficients in Eq. (3.2)], refers to the geometry Pi
in Fig. 3.3. The orientations Pi were chosen in such a way that the Xe – O direction was
in all cases along one of the principal axes of the moment of inertia tensor of the water
molecule and the total chemical shift was their average value. The geometries δ31 and δ32

have different weights for they correspond to the same principal axis and the chemical
shift for that axis was interpreted to be their average. The used Xe – O distances ranged
from 2.6 Å to 5.6 Å at intervals of 0.2 Å and from 5.6 Å to 8.0 Å at intervals of 0.4 Å.

8Every tenth geometry was saved in the simulation.
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Figure 3.3: Orientations of the water molecule with respect to the xenon atom in cal-
culation of the pairwise potential and chemical shift data for the semianalytical cavity
model.

3.6 Semianalytical model of the water cavity
In order to have a more tangible interpretation for the interaction between the xenon
atom and the surrounding water, a semianalytical approach was used in which the xenon
atom was enclosed in a spherical shell thought of consisting of an even distribution of
water molecules, illustrated in Fig. 3.4. The xenon atom is considered to be moving
inside the cavity, as dictated by the potential energy as a function of the instantaneous
displacement r from the center.

r

Xe
R

d

θ

Figure 3.4: Illustration of the semianalytical water cavity model. Displacement of xenon
from the center is r while its distance to the shell wall with a given angle θ is d. The
radius of the sphere is R.
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The probability density of a certain displacement r at a given temperature T is dictated
by the Boltzmann distribution:

p(r, T ) =
e−V (r,T )/kT r2∫ rmax

0
e−V (r,T )/kT r2 dr

, (3.4)

where V (r, T ) is the potential energy. The expectation value of the chemical shift is then
given by

δ(T ) =

∫ rmax

0

δcav(r, T )p(r, T ) dr, (3.5)

where δcav(r, T ) is the instantaneous chemical shift of the xenon atom due to the water
cavity. Theoretically, the integration limit rmax should be the cavity radius R, but due
to the abrupt increase of the potential energy function near that limit, the value rmax =
1.5 Å was used instead, for at that point the probability density was in all cases already
sufficiently close to zero.

3.6.1 Cavity radius and local water density

The cavity radius R was determined using the radial distribution functions (RDF) of the
Xe–H2O distances in the MD simulation, which were computed using the VMD code [65].
The RDFs are plotted in Fig. 3.5 along with the binary chemical shift functions, which
will be discussed in more detail later on. The radius of the water cavity was determined
somewhat arbitrarily as the expectation value of the Xe–H2O distances up to the first
minimum in the RDF, i.e.,

R(T ) =

∫ r1
0
dg(d, T ) dd∫ r1

0
g(d, T ) dd

, (3.6)

where r1 = 5.5 Å is the approximate distance to the first minimum, d is the Xe–O distance
and g(d, T ) is the RDF. The surface number density of the water molecules was calculated
as

ρS(T ) =
Z(T )

4πR(T )2
(3.7)

where Z(T ) is the coordination number of the water molecules around xenon, i.e., the
expectation value of the number of water molecules whose distance from the xenon is r1

at maximum. Z can be computed using the RDF as

Z(T ) = 4πρ(T )

∫ r1

0

g(s, T )s2 ds, (3.8)

where ρ(T ) = N/V (T ) = 255/L(T )3 is the average number density of the water molecules
in the simulation box of average side length L(T ). As was the case for the RDF, the
coordination number was also determined with the VMD code.

3.6.2 Potential energy and chemical shift in the cavity

Assuming that the chemical shift and the Xe – H2O potential energy are pairwise additive,
they can be determined from the potential energy and the chemical shift curves calculated
for the Xe – H2O dimer in the following way. Let Apair be either one of these qualities,
expressed for the Xe – H2O dimer in the form

Apair(d) =
∑
n

An
dn
, (3.9)
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where d is the distance between the xenon atom and the water molecule. In the cavity
model, d corresponds to the distance between the xenon and the cavity wall, as depicted
in Fig. 3.4. Through the cosine rule, the distance can be written as

d =
√
R2 + r2 − 2rR cos θ (3.10)

and therefore, the total value of the quantity can be integrated in spherical coordinates
as

Atotal(r, R, T ) = ρS(T )
∑
n

AnR
2

∫ 2π

0

dφ

∫ π

0

sin θ dθ

(R2 + r2 − 2rR cos θ)n/2

≡ ρS(T )
∑
n

AnIn(r, R),
(3.11)
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where

In(r, R) = R2

∫ 2π

0

dφ

∫ π

0

sin θ dθ

(R2 + r2 − 2rR cos θ)n/2

= 2π
R

r

(r −R)2(r +R)n − (R− r)n(r +R)2

(n− 2)(R2 − r2)n
,

(3.12)

provided that n > 2. Because the NMR force fields introduced in Section 3.5 have the
form (3.9) and the potential can also be expressed so, i.e.,

Vpair(d) =
∑
n

Vn/d
n, (3.13)

the total potential energy and the chemical shift can be expressed as

V (r, T ) = ρS(T )
∑
n

VnIn(r, R(T )) (3.14)

and
δcav(r, T ) = ρS(T )

∑
n

δnIn(r, R(T )). (3.15)

Therefore, the expectation value (3.5) can be written as

δ(T ) = ρS(T )K(T ), (3.16)

where
K(T ) =

∑
n

δn

∫ rmax

0

In(r, R(T ))p(r, T ) dr. (3.17)

The potential energy data used to fit Vpair(d) was determined in a similar manner as
the PCS chemical shift function, namely

V data
pair (d) =

V1(d) + V2(d) + 1
2
[V31(d) + V32(d)]

3
, (3.18)

where, again, the term Vi corresponds to the geometry Pi in Fig. 3.3. The potential energy
for the individual geometries was calculated using the AMOEBA potential energy which
was previously fitted to the QC results. The data points used in the fit ranged between
2.0 Å and 7.0 Å with an interval of 0.1 Å.

3.6.3 Interpretation

The benefit of expressing the total chemical shift as a product of the form (3.16) is the
fact that the surface density ρS(T ) corresponds directly to the local water density around
the xenon atom. In other words, the interesting quality of the temperature dependence,
namely the offset in the temperature of maximum chemical shift when compared to the
temperature of maximum density, can be directly attributed to the term K(T ). Since the
binary chemical shift function is the same in each temperature, the changes that occur
in K(T ) can be interpreted to be due to collision energetics of the water molecules with
xenon.
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Chapter 4

Results and Discussion

4.1 Potential energy fitting
The fitted values for the acquired force-field parameters are listed in Table 4.1 along with
the root mean square (RMS) error for each fit. The coefficients for the custom van der
Waals potential functions in the fits 4 and 5 can be seen in Tables 4.2 and 4.3, respectively.
The potential energy curves for the different fitting schemes along with the QC results
can be seen in Fig. 4.1.

The deep potential well of G5
1 can be seen to be the most problematic property to

reproduce since, in the schemes 1–4, the fit differs by more than 0.1 kcal/mol at the lowest
point. Only the fitting scheme 5, which used not only a modified van der Waals potential
but also polarisability and Thole factor as parameters, does portray the well accurately.
However, the acquired polarisability in the scheme was 10.5 Å3, the largest value allowed.
As this suggests, a better fit could have been achieved by allowing the polarisability to
be higher, which would cause the simulation to eventually crash due to the divergence of
the induction energy. Furthermore, the value is larger than the physical value (4.00Å3)
by more than a factor of two. In other words, any physical interpretation for the fitting
parameters has to be abandoned. For AMOEBA, this is not unheard of [66–69]. In
Ref. [66], for instance, parameterising the Ni2+ ion charge along with polarisability was
required and the polarisability acquired this way was also much too high when compared
to the physical value.

1See Fig. 3.1.
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Table 4.1: Parameters resulting from the different fitting schemes of the Xe – H2O poten-
tial, along with the RMS error for each fit. R0, ε, α and a are the AMOEBA force field
parameters for the xenon atom as described in the section 2.1.2.

Fitting schemea R0(Å3) ε (kcal/mol) α(Å3) a RMS (kcal/mol)
1: vdW 4.15 2.362 4.00b 0.390b 0.934
2: vdW + pol 4.22 0.630 7.38 0.390b 0.902
3: vdW + pol + Thole 4.28 0.551 9.74 0.600 0.732
4: vdWf c c 4.00b 0.390b 0.790
5: vdWf + pol + Thole d d 10.50 0.422 0.543
a vdW = AMOEBA van der Waals potential, vdWf = modified van der Waals potential,

pol = polarisability, Thole = the Thole charge distribution parameter.
b Values fixed to the defaults mentioned in Section 3.2.
c The coefficients used in the van der Waals function can be found in Table 4.2.
d The coefficients used in the van der Waals function can be found in Table 4.3.

Table 4.2: Coefficients Cn (kcal/mol · Ån) for the Xe− H2O potential energy function
obtained for the van der Waals interaction in fitting scheme 4.

n Xe-O Xe-H
6 1310689.71 -218214.476
7 -35429966.6 4937545.52
8 396196927 -46027048.0
9 -2340855590 225206026
10 7690972840 -609301598
11 -13309291700 864388166
12 9477377670 -502548480

Table 4.3: Coefficients Cn (kcal/mol · Ån) for the Xe− H2O potential energy function
obtained for the van der Waals interaction in fitting scheme 5.

Xe-O Xe-H
n r < 4.8Å r > 4.8Å r < 2.6Å 2.6Å < r < 4.8Å r > 4.8Å

6 801555.018 4876.79102 24.7660805302 -222292.216 -696.652497
7 -20773611.3 - - 4966925.83 -
8 225279395 -275293.311 - -45687194.5 452.836189
9 -1302803650 - - 220688180 -
10 4218217740 4079268.19 - -590226520 102193.118
11 -7227315890 - - 829217086 -
12 5112459130 -16232604.1 125052.162836 -478390319 -340001.857
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Figure 4.1: Fits of the Xe− H2O potential to the ab initio calculations (QC) with the
following parameters adjusted. 1: AMOEBA van der Waals parameters; 2: van der Waals
and polarisability; 3: van der Waals, polarisability and Thole parameters; 4: coefficients
Cn in the van der Waals potential of Eq. (3.1); 5: polarisability, Thole factor and the
coefficients Cn. The labels G1, G2, ... correspond to the orientations shown in Fig. 3.1.

35



4.2 Xenon chemical shift

4.2.1 QC simulation snapshots

The average nonrelativistic xenon chemical shifts that were computed from the snapshots
extracted from the MD simulations are listed in Table 4.4 and the temperature dependence
is plotted in Fig. 4.2. General features of the chemical shift for various computational
methods as well as the experimental values for H2O and D2O are shown in Table 4.5.

Fig. 4.2 shows immediately that the maximum of the chemical shift is reproduced by
the QC averaging. With the nonrelativistic treatment, however, its overall magnitude
remains approximately 40 ppm lower than the experimental values. This difference can
to a large degree be explained by the nonrelativistic treatment and the incompleteness of
the basis set, which is to be shown in the next section. The temperature of the maximum
lies at 334.7 K, while the experimental values are 311.13 K and 315.33 K for H2O and
D2O, respectively. In other words, the QC averaged maximum temperature is 24.6 K
or 19.4 K higher than what is found experimentally. This is not surprising since for the
original AMOEBA water model (H2O), the temperature of maximum density is 13 K or
6 K higher when compared to real H2O or D2O, respectively [9]. The AMOEBA water
density also changes faster as a function of temperature than the real water density [9],
which explains the steeper chemical shift slope in this case.

The classical simulation of H2O behaves more like D2O than H2O. The physical dif-
ference between H2O and D2O can be attributed to purely quantum-mechanical isotope
effects, which cannot be reproduced in a classical simulation. Due to the heaviness of
deuterium, D2O solution is the more classical system and, therefore, expected to have
properties similar to a classical simulation.

Table 4.4: Number of simulation snapshots and the computed average 129Xe chemical
shifts [nonrelativistic DFT(BHandHLYP) calculation with basis set def-TZVP for O and
H and 27s25p21d4f for Xe] at several temperatures, along with the standard error of
mean (SEM), statistical inefficiency s [70] and the estimated statistical error ∆δ. The
error was calculated as ∆δ =

√
s ·∆δSEM [70].

T (K) N δ(ppm) ∆δSEM(ppm) s ∆δ(ppm)
278 2706 136.0 0.7 4.5 1.5
288 2685 139.8 0.8 2.2 1.1
298 2687 142.7 0.8 2.5 1.2
308 2687 144.7 0.8 1.8 1.1
318 2686 145.5 0.8 1.2 0.9
328 2686 146.5 0.9 1.3 1.0
338 2687 146.1 0.9 1.3 1.0
348 2686 146.8 0.9 1.0 0.9
358 2686 144.9 0.9 1.0 0.9
368 2684 143.1 0.9 1.2 1.0
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Figure 4.2: Calculated 129Xe chemical shift in an aqueous solution of atomic Xe as a
function of temperature. Results from methods 1-8 (please refer to Table 4.5) and NMR
experiments in normal (H2O) and heavy water (D2O) [71]. For methods 3-5, only the
least-squares fit is plotted.
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Table 4.5: Experimental and computational values of the maximum value δmax of the
129Xe chemical shift in aqueous solution of atomic Xe, the temperature Tmax at which it
occurs and the "curvature" aδ of the chemical shift, obtained with different methods. The
parameters δmax, Tmax and aδ were determined by fitting the shift vs. temperature data
to a quadratic polynomial δ(T ) = δmax − aδ(T − Tmax)2.

Methoda δmax (ppm) Tmax (K)b aδ

(
10−3ppm

K2

)
Experimental (H2O) 190.573 ± 0.001c 311.13 ± 0.13c 1.4409 ± 0.013c

Experimental (D2O) 186.707 ± 0.014c 315.33 ± 0.14c 1.6029 ± 0.018c

1. QC 146.7 ± 0.2c 334.7 ± 1.0c 3.3 ± 0.2c

2. QC + reld 191.4 ± 0.2c 334.7 ± 1.0c 3.3 ± 0.2c

3. NMRff(PCS) 183.1 ± 0.4c 299 ± 4c 3.0 ± 0.4c

4. NMRff(EPCS) 145.6 ± 0.4c 313 ± 2c 2.6 ± 0.4c

5. NMRff(EPCS) + reld 190.3 ± 0.4c 313 ± 2c 2.6 ± 0.4c

6. Cavity (PCS) 162.1 295.3 1.73
7. Cavity (EPCS) 106.3 310.4 0.97
8. Cavity (EPCS) + reld 151.0 310.4 0.97

a 1: Nonrelativistic QC snapshot calculations; 2: QC snapshot calculations with
a posteriori relativistic correction; 3: NMR force field calculation from the MD
snapshots in a pairwise-additive manner using the PCS approach; 4: NMR force field
calculation with the EPCS approach; 5: NMR force field calculation with the EPCS
approach with a posteriori relativistic correction; 6: The semianalytical cavity model
with the PCS approach and 7: with the EPCS approach; 8: Cavity model with the
EPCS approach with a posteriori relativistic correction.

b The density maximum of the AMOEBA water model occurs at 290 K for a classical
MD simulation [9]. The experimental density maximum occurs at 277.13 K and
284.34 K for H2O and D2O, respectively [6].

c The statistical error acquired by the least-squares fit.
d Relativistic offset as described in section 4.2.1.

Relativistic corrections

Table 4.6 lists the relativistic ADF chemical shift of xenon in the twenty chosen example
snapshots. On average, the relativistic effects add (30.3±5.9) ppm2 to the nonrelativistic
results with the jcpl/TZP basis set. Furthermore, the improvement of basis set alone
from 27s25p21d4f/def-TZVP to jcpl/TZP adds (14.4±3.0) ppm to the chemical shift and
when both effects are taken into account, the difference is (44.7±7.0) ppm. Therefore,
the total effect of the basis set/relativistic contributions was estimated by implementing a
systematic offset off +44.7 ppm at each temperature. Fig. 4.2 shows that this brings the
overall magnitude of the chemical shift based on the QC calculations on MD snapshots
to the same level as the experiment.

2Average ± standard deviation (STD).
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Table 4.6: Results in ppm for the relativistic (SR and ZORA) and nonrelativistic (NR)
ADF calculations for the 129Xe chemical shift for twenty selected MD snapshots through-
out the simulation of the aqueous solution of atomic xenon at different temperatures. T
represents the temperature of the trajectory from which the snapshot was taken, either
the configuration of minimum energy (Min. en.) or randomly chosen (Rand.). The aver-
age value and the standard deviation (STD) are also represented for the chemical shifts
at each level of theory.a

T Snapshot NR-TM NR-ADF SR-ZORA SO-ZORA ∆NR
b ∆rel

c ∆NR+rel
d

278 Min. en. 76.8 87.8 102.6 109.2 11.0 21.5 32.5
288 Min. en. 137.4 155.6 177.4 185.3 18.2 29.7 47.9
298 Min. en. 146.7 162.2 182.9 190.5 15.5 28.3 43.8
308 Min. en. 173.3 182.6 211.5 222.7 9.3 40.1 49.5
318 Min. en. 141.3 158.6 179.7 188.4 17.3 29.8 47.1
328 Min. en. 123.8 137.4 156.4 164.2 13.6 26.8 40.4
338 Min. en. 79.7 97.6 112.3 117.8 17.9 20.2 38.1
348 Min. en. 132.2 146.2 168.0 177.6 14.0 31.3 45.3
358 Min. en. 156.5 175.3 200.5 211.9 18.8 36.5 55.3
368 Min. en. 246.5 261.9 295.3 304.9 15.4 42.9 58.4
278 Rand. 165.0 179.9 203.4 212.9 14.9 33.1 47.9
288 Rand. 203.2 217.7 243.4 252.6 14.4 34.9 49.4
298 Rand. 167.9 176.0 196.1 203.2 8.1 27.2 35.2
308 Rand. 123.7 138.7 158.3 166.6 15.0 27.9 42.9
318 Rand. 200.4 213.8 239.5 249.9 13.4 36.1 49.6
328 Rand. 134.3 150.5 173.2 182.3 16.2 31.8 48.0
338 Rand. 131.2 148.6 169.3 178.0 17.4 29.4 46.8
348 Rand. 155.7 170.3 191.0 197.9 14.6 27.6 42.3
358 Rand. 163.6 177.5 199.8 208.7 13.9 31.2 45.1
368 Rand. 97.2 105.7 120.1 125.8 8.6 20.0 28.6

Average 147.8 162.2 184.0 192.5 14.4 30.3 44.7
STD 39.7 39.9 44.0 45.1 3.0 5.9 7.0

a NR-TM: nonrelativistic Turbomole/Dalton-calculated shifts used for the snapshots.
NR-ADF: nonrelativistic ADF.
SR-ZORA: scalar-relativistic (SR) part of the ZORA results.
SO-ZORA: both the SR and spin–orbit (SO) parts included at the ZORA level.

b Difference between NR-ADF and NR-TM.
c Difference between SO-ZORA and NR-ADF.
d Difference between SO-ZORA and NR-TM.
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4.2.2 NMR force field

The NMR force field coefficients δn [Eq. (3.2)] for both the PCS and EPCS parameteri-
sations can be seen in Table 4.7. The chemical shifts were calculated at each simulation
temperature in a binary pairwise-additive manner with both approaches using the same
snapshots as for the QC calculations and the resulting plot can be seen in Fig. 4.2. The
EPCS approach gives expectedly the same overall magnitude of the chemical shift as the
QC calculations, while the PCS chemical shift is approximately 40 ppm higher. This
means that the xenon chemical shift in the liquid water environment cannot be treated
quantitatively with a strictly pairwise-additive chemical shift function. However, the im-
portant feature of the temperature dependence, namely the existence of a maximum, is
accomplished by both approaches, which suggests that treating the total chemical shift
as a sum of pairwise contributions between xenon and water molecules can be used qual-
itatively to explain the phenomenon.

With both force field parameterisations, the temperature of the maximum is signifi-
cantly lower than the QC calculations predict, even with the EPCS approach, despite the
fact that it was parameterised with the very same data. This proves that the pairwise-
additive treatment has its limitations and that the beyond-binary interactions can have
a significant role in the location of the chemical shift maximum. The fact that the PCS
chemical shift is apparently more successful when compared to the experimental values
is due to the cancellation of two errors, namely the neglect of nonbinary intermolecular
interactions (which are implicitly included in the EPCS approach) as well as relativis-
tic effects. However, when the systematic relativistic offset of 44.7 ppm is added to the
EPCS results, its agreement with experiment is better than with the PCS parameterisa-
tion. Morever, Fig. 4.2 shows that it gives a chemical shift curve almost identical to the
experimental data for H2O. However, this bears no real significance since the "parent"
data of the parameterisations is the QC snapshot data, which should remain as the point
of reference.

Table 4.7: Coefficients δn for the chemical shift functions used in both the NMR force
field analysis of the MD snapshots and the semianalytical cavity model, as well as the pair
potential coefficients Vn used only in the semianalytical cavity model. PCS and EPCS
stand for binary and effective pair chemical shift function, respectively

δn(ppm · Ån)

n Vn(kcal/mol · Ån) PCS EPCS
6 509813.157 -42300792.126 331491127
7 -14192000.4 1276710522.22 -10918170100
8 166263818 -16547206266.3 155848618000
9 -1074024180 120446322075.0 -1258224540000
10 4179852730 -539607787650.0 6282948000000
11 -10045391900 1527147215620 -19876027800000
12 14613195300 -2671464021010 38920341400000
13 -11816774200 2644810217460 -43157292300000
14 4083563200 -1135749395950 20761184000000
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The inaccuracy of the xenon chemical shift when using a strictly binary pairwise-
additive chemical shift function has been encountered before in Xen clusters [72]. In
Ref. [72], a similar effective pair chemical shift function as in the present case was used for
Xe–Xe interactions as the purely binary chemical shift function was found to overestimate
the total chemical shift increasingly with the cluster size.

The pair chemical shift functions are plotted in Fig. 3.5 as functions of Xe – O distance.
The PCS approach can be seen to have larger values throughout the Xe – O distances that
lie within the first solvation shell, i.e., the region around the first peak of the RDF. This
difference is maximally 8 ppm and it explains the large gap between the total chemical
shifts resulting from the PCS and EPCS parameterisations. Table 4.5 shows that there
is also a 14 K difference in the temperatures at the chemical shift maxima Tmax between
the two parameterisations. This shows that Tmax is very sensitive to subtle changes in
the pair chemical shift function, which can also be seen in the case of the semianalytical
cavity model, as shown below.

4.2.3 Semianalytical cavity model.

In Fig. 4.3, the cavity radius R and the coordination number Z are plotted as functions
of temperature. The coordination decreases with temperature and it drops from 22.0 at
278 K to 20.5 at 368 K. The overall magnitude of the coordination number is consistent
with the value of 21.5 obtained by Schnitker and Geiger [73] who used the ST2 water
model [74] at the temperature of 295 K and pressure of 1.03 atm. The cavity radius, on
the other hand, does not change much and its values only differ by maximally 0.02 Å.
However, it does have a shallow minimum at 292 K, close to the density maximum of the
AMOEBA water at 290 K [9].

The coordination number was expressed as

Z(T ) = Z0 − aZ(T − Tmax
Z )2, (4.1)

for the purposes of the semianalytical cavity model, where Z0 = 21.989, Tmax
Z = 260.56 K

and aZ = 0.000126697 K−2. Z0, Tmax
Z and aZ were determined by least-squares fitting to

the MD data. In a similar fashion, the cavity radius was

R(T ) = R0 + aR(T − Tmin
R )2, (4.2)

where R0 = 4.2675 Å, aR = 3.57311 · 10−6 Å/K2 and Tmin
R = 292.34 K.

The probability density p and the xenon chemical shift function δcav are displayed in
Fig. 4.4 as functions of distance from the cavity center r. The xenon chemical shift in-
creases monotonically as a function of r due to the sharp increase in the binary chemical
shift function at small distance to the water molecule. The probability density has a max-
imum at around r = 0.6 Å and, with increasing temperature, it decreases in magnitude
and its location shifts to a higher value of r. p drops to zero at around r = 1.2 Å at all
temperatures, which justifies the choice of the integration limit rmax = 1.5 Å.

Eq. (3.5) was used to calculate the total chemical shift at the temperature interval
of interest and the results are plotted in Fig. 4.2. Even though the temperatures of
the maximum are approximately the same when compared to the corresponding values
calculated straightforwardly with the NMR force field method described above, the overall
magnitude of the chemical shift is 10 – 20 ppm lower with the PCS parameterisation and
30 – 40 ppm lower with the EPCS parameterisation. Even if the relativistic 44.7 ppm
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Figure 4.3: Coordination number Z of the xenon atom and the cavity radius of R in the
semianalytical cavity model, as functions of temperature, along with the fitted quadratic
polynomials [Eqs. (4.1) and (4.2)]. Z and R were calculated from the MD simulation
trajectory as described by Eqs. (3.8) and (3.6), respectively.

offset is added to the EPCS parameterisation, the magnitude of the chemical shift remains
more than 30 ppm lower than the experimental values. The most probable cause for this
is the rather arbitrary way that the cavity radius R was defined; changing the integration
limit r1 in Eq. (3.6) can have abrupt changes in the overall magnitude of the chemical
shift. If r1 = 4.9 Å, for example, it would result in Tmax = 334, 7 K, δmax = 187.3 ppm
and aδ = 1.80 ·10−3 ppm/K2 for the EPCS chemical shift with the relativistic offset, which
is comparable to the result given by the QC results with the relativistic correction. This
also proves that the relative flatness of the chemical shift curve when compared to the
corresponding NMR force field result can be attributed to the selection of R. This can be
explained by the fact that RDF reaches its maximum at around distance 3.9 Å which is
less than the cavity radius R ≈ 4.2 Å. When the temperature rises, larger displacements
r become increasingly probable for the xenon atom, but due to the fact that the cavity
wall is bit further away in the semianalytical model than the MD data would suggest, the
changes are not as abrupt.

As was explained in Section 3.6.2, the semianalytical cavity model represents the total
chemical shift as a product of two factors, namely the surface number density ρS(T ) of the
water molecules at the cavity surface and the interaction factor K(T ). These quantities
are plotted individually as functions of temperature in Fig. 4.5, as well as the resulting
chemical shift functions. Not surprisingly, the surface density ρS behaves in a similar
fashion as the coordination number, i.e., decreasing nonlinearly with temperature, since
the cavity radius R varies very little. The function K(T ), on the other hand, is an ascend-
ing function in both the PCS and EPCS approaches. For the EPCS parameterisation, K
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Figure 4.4: Probability density p and chemical shift δcav of xenon in the qualitative cavity
model, described by Eqs. (3.4) and (3.15), respectively, as functions of the distance from
the center, calculated at temperatures 278 K, 328 K and 368 K.

behaves mostly linearly but for the PCS parameterisation, K has a maximum at 357 K.
In both cases, multiplying the surface density ρS with K results in a function whose
maximum value lies at a temperature higher than the temperature of the extrapolated
maximum of the surface density (267 K).

Fig 4.5 shows that with the cavity model, the chemical shift function resulting from
the EPCS parameterisation has a higher temperature of maximum chemical shift than
the PCS parameterisation but a smaller curvature. Both of these facts can be attributed
to the overall difference in magnitude between the functions K with the two approaches.
The fact that the PCS K has inherent curvature makes the PCS chemical shift function
even sharper.
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Chapter 5

Conclusions

The temperature dependence of the chemical shift of a xenon atom in an aqueous solution
was qualitatively reproduced in this thesis in three distinct ways. Firstly, by calculating
the chemical shift quantum-chemically for a number of snapshots from an MD simulation
trajectory and then averaging them specifically for ten different temperatures. Secondly,
by calculating the chemical shift pairwise-additively from the MD simulation geometries
with the NMR force field approach. Third, by interpreting the water around the xenon
atom as a spherical shell consisting of an even distribution of water molecules and finding
the temperature dependence in terms of the local water density around xenon and the
binary xenon-water interaction function. All approaches are able to reproduce the most
distinct feature of the chemical shift, a maximum for the chemical shift that is at higher
temperature than the corresponding temperature of maximum density of pure water.

The QC snapshot averaging predicts a temperature of maximum chemical shift that
is a lot higher than the experiment suggests, in keeping with the higher temperature of
maximum density of the AMOEBA water. If a posteriori relativistic offset is added, the
overall magnitude of the chemical shift is reproduced. The NMR force field approach
produces the maximum at temperatures closer to the experimental value and, with EPCS
parameterisation with the relativistic offset, reproduces the experimental chemical shift
curve most accurately.

The semianalytical cavity model provides a qualitative way of understanding the dif-
ference in the temperatures of maximum density and maximum chemical shift. The total
chemical shift can be interpreted as a product of two terms: the local water density
around the xenon atom and an interaction term consisting of the binary xenon-water
chemical shift function and the collision energetics. The latter term ascends with temper-
ature and multiplication with the decreasing density causes the shift in the maximum. In
most liquid environments, the xenon chemical shift is a decreasing function of tempera-
ture [75, 76], portraying the linear temperature dependence of the liquid density. In prin-
ciple, the chemical shift could have a maximum in liquids other than water as well, since
the maximum would occur even if the decrease is linear as long as the contribution of the
collision energetics increases with temperature. However, no maximum can be observed
in most other liquids. A possible explanation for this is that water is special because
the location of the maximum happens to be within the temperature range of its liquid
phase; if this is not the case for most other liquids, then the absence of the maximum is
accounted for.
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