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Abstract 

 

Manufacturing integrated circuits (ICs) is a complicated process, where even the smallest mistakes and impurities 

can cause defects to the final products. For that reason, the circuits are tested in multiple stages of the process. 

Statistical outlier detection can potentially be used in the testing to find defects that would escape the more 

conventional testing methods. Some outliers present themselves not as extremes in any one variable but as 

irregularities in the correlation structure of multiple variables. These are not possible to detect by studying only one 

variable. Instead multivariate outlier detection methods must be used.  

 

The aim of this thesis was to study those multivariate outlier detection methods to see which of them are the most 

applicable to use in high volume IC production tests.  The objective was to find effective and efficient ways to use 

multivariate outlier detection in the case company. The impact of the outlier removal on quality and costs was also 

one of the interests.  

 

The thesis is constructed from literature review on outlier detection and from practical experiment on several outlier 

detection methods. The literature review answers the research question on how statistical methods can be used to 

detect multivariate outliers. It also points out several ways in which multivariate outlier detection is used and can be 

used in high volume IC production. The experiment points out the differences in effectiveness and efficiency on 

several chosen outlier detection methods. It also showcases the impact that the outlier removal has on the process 

yield and quality costs.  

 

Findings of this study indicate that an outlier detection method based on principal component analysis was the most 

promising of the studied methods. A way to implement that method, or any one of the studied methods, in test flow 

is provided as a practical implication of the thesis.  

 

The scope of the thesis only includes the ways to detect the outliers. Recommended further action would be to try to 

link the found outliers to actual defects on the circuits. 
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Tiivistelmä 

 

Mikropiirien valmistaminen on monimutkainen prosessi, jossa pienetkin virheet tai epäpuhtaudet voivat aiheuttaa 

virheitä lopputuotteisiin. Tästä syystä mikropiirit testataan useaan otteeseen valmistusprosessin aikana. Tilastollisten 

poikkeamien havaitsemiseen käytettäviä menetelmiä voidaan käyttää tässä testauksessa löytämään virheitä, jotka 

jäisivät huomaamatta perinteisemmillä testausmenetelmillä. Jotkin poikkeamat eivät näyttäydy poikkeuksellisina 

arvoina pelkästään yhdessä muuttujassa vaan vasta usean muuttujan yhteisvaikutus on poikkeava. Näitä ei ole 

mahdollista havaita tutkimalla pelkästään yhtä muuttujaa kerrallaan. Sen sijaan on käytettävä monimuuttujien 

poikkeamiin erikoistuneita menetelmiä. 

 

Tämän opinnäytetyön tavoitteena oli tutkia näitä monimuuttujien poikkeamia löytäviä menetelmiä ja selvittää, mitkä 

niistä soveltuvat parhaiten suuren volyymin mikropiirien valmistuksen tuotantotestaukseen. Tavoitteena oli löytää 

taloudellisia ja tehokkaita keinoja käyttää näitä menetelmiä kohdeyrityksessä. Yksi mielenkiinnon kohteista oli myös 

näiden menetelmien vaikutukset laatuun ja kustannuksiin. 

 

Opinnäytetyö rakentuu kirjallisuuskatsauksesta poikkeamien havaitsemiseen sekä käytännön kokeesta, jossa 

useampaa poikkeamien havaitsemiseen käytettävää menetelmää tutkitaan. Kirjallisuuskatsaus vastaa 

tutkimuskysymykseen siitä, kuinka tilastollisia menetelmiä voidaan käyttää monimuuttuja poikkeamien 

havaitsemiseen.  Se myös esittää muutamia tapoja, miten näitä menetelmiä käytetään tai voidaan käyttää suuren 

volyymin mikropiirituotannossa. Käytännön koe puolestaan osoittaa muutaman menetelmän erot taloudellisuuden ja 

tehokkuuden osalta. Se myös näyttää minkälainen vaikutus poikkeamien poistamisella on prosessin saannille ja 

laatukustannuksille.  

 

Tämän tutkimuksen tulokset viittaavat, että pääkomponenttianalyysiin (Principal Component Analysis) perustuva 

poikkeamien havaitseminen olisi kaikista lupaavin tutkituista menetelmistä. Eräs tapa ottaa tämä menetelmä käyttöön 

tuotantotestauksessa esitellään yhtenä tämän tutkimuksen käytännöllisistä tuloksista.  

 

Tämän opinnäytetyön laajuuteen sopi ainoastaan keinot löytää tilastollisia poikkeamia. Suositeltava jatkotutkimus 

olisi etsiä mahdollinen yhteys näiden poikkeamien ja todellisten piireillä olevien vikojen välillä.  

Muita tietoja 

 



3 

CONTENTS  

ABSTRACT 

TIIVISTELMÄ 

CONTENTS 

NOTES AND ABBREVIATIONS 

1 Introduction .................................................................................................................... 6 

2 Outlier Detection ............................................................................................................ 9 

2.1 Outliers in statistical data ........................................................................................ 9 

2.1.1 Univariate outliers ....................................................................................... 11 

2.1.2 Multivariate outliers ..................................................................................... 12 

2.2 Outliers in data-mining ......................................................................................... 14 

2.3 Approaches for multivariate outlier detection ....................................................... 15 

2.3.1 Mahalanobis distance ................................................................................... 16 

2.3.2 Principal component analysis ...................................................................... 17 

2.3.3 Independent component analysis ................................................................. 21 

2.3.4 Linear regression ......................................................................................... 22 

2.3.5 Nearest neighbor approaches ....................................................................... 23 

3 Outlier detection methods in high volume IC production tests ................................... 24 

3.1 IC Production tests ................................................................................................ 24 

3.2 Outliers and quality ............................................................................................... 26 

3.3 Univariate methods ............................................................................................... 28 

3.4 Multivariate methods ............................................................................................ 31 

4 Outlier detection from the IC production data ............................................................. 35 

4.1 The data ................................................................................................................. 35 

4.1.1 Simulated contamination ............................................................................. 36 

4.2 Selecting the subsets of tests ................................................................................. 36 

4.3 Selecting the outlier detection methods ................................................................ 38 

4.4 Computing results ................................................................................................. 40 

4.4.1 Mahalanobis distance ................................................................................... 41 

4.4.2 Principal component analysis ...................................................................... 42 

4.4.3 Independent component analysis ................................................................. 43 

4.4.4 Linear Regression ........................................................................................ 44 

4.4.5 Distance to k nearest neighbor ..................................................................... 45 

5 Analysis of the results .................................................................................................. 46 

5.1 Test costs ............................................................................................................... 46 



4 

5.2 Outlier detection effectiveness .............................................................................. 47 

5.2.1 Effectiveness in the subgroups .................................................................... 49 

5.2.2 Test limits and effectiveness ........................................................................ 50 

5.3 Effectiveness on detecting simulated contamination ............................................ 51 

6 Discussion .................................................................................................................... 55 

6.1 Theoretical implications ........................................................................................ 56 

6.2 Managerial implications ........................................................................................ 58 

6.3 Critical evaluation of the research ......................................................................... 60 

7 Conclusions .................................................................................................................. 62 

References ....................................................................................................................... 64 

 



5 

NOTES AND ABBREVIATIONS 

ATE automatic test equipment 

DFT design for testability 

DPAT dynamic part average testing 

ED Euclidean distance 

ICA independent component analysis 

IC integrated circuit 

𝐼𝐷𝐷𝑄 Quiescent current 

IQR interquartile range 

kNN k nearest neighbor 

LS  least squares 

LSL lower specification limit 

MD Mahalanobis distance 

NNR nearest neighbor residual 

PAT part average testing 

PCA principal component analysis 

PC principal component 

PDF  probability density function 

PPM  parts per million 

𝑄𝑘 𝑘th quartile 

SPC statistical process control 

SPP statistical post processing 

TX transmitter 

USL upper specification limit 

 

 

 



6 

1 INTRODUCTION 

Manufacturing integrated circuits (ICs) is a complicated process, especially with today’s 

ever decreasing transistor sizes. With gate widths in the nanometer range, even the 

smallest impurities on the wafer can cause defects on the final product.  

For this reason, the ICs are tested for manufacturing defects, usually in multiple stages in 

the process. Multiple measurements are made from the circuits to separate the faulty 

devices from the good ones. Some of the tests are parametric, which means that there is 

variation on the results. The results from normal working devices cause variation that 

follows some distribution, for example, the results could be normally distributed. The 

defects on some faulty devices can however cause unexpected variation. For example a 

defect that is seen as a resistive short in some component can cause the current 

consumption to rise (Hao & McCluskey 1991), eventually resulting in abnormal test 

results. 

In statistics, those unexpected test results that seem to differ from the underlying 

distribution are called outliers. Outlier detection methods exist to find outliers for 

different reasons. In one hand, the outliers can distort the statistics collected and therefore 

it can be beneficial to remove them from analysis. On the other hand, the outliers itself 

can tell important information on some phenomenon. In the case of IC production, the 

outliers can tell information of the defects in a device.  

The semiconductor industry has for long used statistical methods for controlling the 

fabrication processes and for analyzing yield and reliability. Statistical methods such as 

outlier detection have recently become also part of the testing process. (O’Neill 2007) 

These methods continue the quality control work in the production and testing with the 

aim in improving quality by detecting failures early on and reducing costs by keeping the 

test time and yield loss at minimum. Statistical methods become particularly important 

when the complexity of the circuits increases and the transistor size decreases, as many 

of the defects then become harder and harder to detect with traditional means (Manhaeve 

2005).  

Detecting outliers in the IC production test results has therefore become an essential task 

in keeping the quality high. The simplest method for that is looking at the extreme ends 
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of the distribution of the results. Too small or too large test results differentiate from the 

general distribution of results and are outliers. The task becomes more difficult when the 

aim is to catch multivariate outliers. A multivariate outlier may not be an extreme value 

in any one variable, but the composite effect of the variables is unexpected.  

Various methods for multivariate outlier detection exist. The purpose of this study is to 

evaluate those methods on the context of IC production to find ones that are most 

applicable to use with the IC production tests. On the other hand, the purpose is also to 

study those applicable methods and their effect on the outgoing quality rate, yield and 

quality costs of the process. The purpose of this study is fulfilled when it provides an 

answer for the following research problem. 

Research problem: 

How to use multivariate outlier detection methods in an effective and efficient way in high 

volume IC production tests? 

Three research questions are constructed to guide the research and to split the research 

problem into more manageable parts.  

Research questions: 

1. How statistical methods can be used for detecting outliers? 

2. Which multivariate outlier screening methods are most applicable for high 

volume IC production? 

3. What impact multivariate outlier removal has on the process yield, quality costs 

and outgoing quality rate? 

The answer to the first research question is found through a literature review on existing 

scientific papers, publications, industry guidelines and books on outlier detection and on 

outlier detection in the context of IC production. The literature review also partially 

answers the second research question. That answer is complemented with an experiment, 

in which multiple outlier detection methods are used to detect abnormalities from 

production test results.  
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The third research question is also answered with the results from the experiment. The 

yield loss from each of the methods is gathered, as well as other quality costs. The effect 

on outgoing quality rate is answered with results from previous studies and comparing 

them to results of this experiment. After conducting the literature review and the 

experiment, I can provide a practical solution on how methods of outlier detection can be 

implemented to IC production test flow with minimal costs. I will also be able to provide 

recommendations on which methods will be the most feasible for these purposes. 
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2 OUTLIER DETECTION 

Outlier detection is used to detect and, when needed, to remove anomalous observations 

from data. The sources for outliers in data can be multiple. They can be measurement 

errors, changes in systems, contamination or noise, fraudulent behavior or anything else 

that is not consistent with the general body of the data. Common for the sources of outliers 

is that they come from a different generating mechanism than the rest of the data. Hawkins 

(1980) defines an outlier as “an observation which deviates so much from the other 

observations as to arouse suspicions that it was generated by a different mechanism”. 

Barnett and Lewis (1984) use a more general definition. According to them an outlier is 

“an observation (or subset of observations) which appears to be inconsistent with the 

remainder of that set of data”. Other definitions for outlier have been proposed, but at 

least for now no universally agreed definition exists.  

An outlier would be easy to define intuitively as observation that is somehow surprising 

in the context of the other observations. With observations of only one variable this would 

mean surprisingly high or low values. With multivariate observations, the surprise 

element can also come from the relationships between the variables. For example, let’s 

consider observations of heights and weights of humans. A height of 180cm and a weight 

of 40kg would not be surprising separately, but if the measures are from the same person, 

that is clearly not normal.  

Detecting outliers is important for two reasons. Firstly, outliers can greatly affect the 

statistics that can be gathered from the data and therefore removing them from analysis 

improves the results. Second reason to be interested in outliers is that they are unique. 

The existence of outlier can tell the statistician information that the rest of the data would 

not. Examples of applications utilizing outlier detection methods include fraud detection, 

intrusion detection, fault diagnosis, medical condition monitoring, detecting unexpected 

entries in databases and many others (Hodge & Austin 2004).  

2.1 Outliers in statistical data 

From the outlier definition, that the outliers are so different from the data set that they 

arouse suspicion of being generated by some other mechanism, couple of conclusions can 

be made. Firstly, it suggests that outliers are extreme observations. They are the 
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observations that are the furthest away from the expected location of an observation. 

Secondly, because outliers might be generated by some other generating mechanism than 

the main distribution, they might be contaminants. Suppose that all but few observations 

in a dataset come from distribution F and couple of observations come from distribution 

G that has its mean shifted upward from F. The observations from G are then 

contaminants to F and they might appear as extreme values to F but they also may fall 

inside it. (Barnett & Lewis 1984) In Figure 1(a), the extremes of distribution F are 

marked. Only the lowest extreme 𝑥(1) appears to be outlier, while the upper extreme 𝑥(𝑛) 

is inside the distribution. In Figure 1(b), there is contamination from distribution G. Some 

of that contamination may fall inside F, but for example the marked point 𝑥(𝑛−1) is clearly 

outlier to F. 

 

Figure 1. Examples of extremes, contaminants and outliers. 

 

The difference between extremes, contaminants and outliers is therefore important in 

statistical outlier detection. Outliers are always extremes, but not all extremes are outliers. 

Similarly, contaminants need not to be outliers or extremes, but outliers are possible 

manifestations of contamination. (Barnett & Lewis 1984) 

Extremes, as potential candidates for outlier, are easy to detect from one variable. They 

are the smallest and largest values. When the variable is multidimensional, finding the 

extremes or outliers becomes a little bit trickier. In multivariate data, an observation that 

is not extreme on any of the original variables can still be an outlier because it does not 

fit with the correlation structure of the remainder of the data (Jolliffe 2002 p.232). 

Because of this difference, the methods of outlier detection are somewhat different 
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between univariate and multivariate data. In the next chapters, those two cases are 

discussed separately. 

2.1.1 Univariate outliers 

Two kinds of statistical procedures for handling univariate outliers can be identified from 

the literature. The first is to test the outlier with the aim to determine if it should be 

rejected or retained. Barnett & Lewis (1984) call these approaches discordancy tests. The 

discordancy tests are performed from the sample extremes to determine if their 

extremeness is surprising enough to declare them outliers. If that is the case, the 

discordancy test implies that it is not reasonable to believe that the outlying observation 

comes from the assumed statistical model. Second kind of statistical procedures expect 

some amount of outliers in the data but aim to get reliable statistics from it nevertheless. 

This is called accommodation of outliers, and it includes procedures for interpreting the 

data that are robust against the outliers. (Barnett & Lewis 1984) 

When the interest is on the outliers rather than the general body of observations, the 

discordancy tests are the proper approach. However, accommodation procedures might 

be useful in estimating the distribution model of the data for the discordancy test. Then 

the choice of appropriate discordancy test depends on the distribution, the knowledge of 

the distribution parameters, number of expected outliers and the type of expected outliers. 

(Acuna & Rodriguez 2004) 

There is a difference on the outlier detection methods between single-step and sequential 

procedures. Single-step procedures identify all outliers at once whereas sequential 

procedures identify and eliminate one outlier at a time until no more outliers can be 

identified. (Ben-Gal 2005) Perhaps the simplest single-step outlier detection method for 

univariate data is the boxplot with Tukey’s (1977) fences as limits. The boxplot highlights 

the interquartile range, 𝐼𝑄𝑅 = 𝑄3 − 𝑄1, where 𝑄𝑘 is the 𝑘th quartile of the data.  Outliers 

are observations below 𝑄1 − 1,5(𝐼𝑄𝑅) or above 𝑄3 + 1,5(𝐼𝑄𝑅) and they are highlighted 

in the boxplot as individual points. (Acuna & Rodriguez 2004) Figure 2 shows 50 

observations with three identified outliers plotted first as individual points and then as 

boxplot. 
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Figure 2. 50 random observations with three outliers detected with the boxplot. 

 

 

Grubbs’ method (extreme studentized deviate) is one of the earliest outlier detection 

algorithms. It calculates a Z value which is the difference between the mean value for the 

variable and the observation divided by the standard deviation of the variable. The mean 

and standard deviation are calculated from all observations. The Z value is then compared 

with some significance level to decide if the observation is outlying or not. (Grubbs 

1969)(Hodge & Austin 2004) 

2.1.2 Multivariate outliers 

In the large literature on the detection of outliers, there appears to be more on the 

univariate case than on the multivariate case. The focus has, however, been shifting 

towards the multivariate.  

As mentioned earlier, an outlier must be somehow extreme from the general body of 

observations. One way to decide on what this extremeness is, is to adopt some sub-

ordering principle that expresses the extremeness of observations. In other words, the 

multivariate observation is transformed to a scalar quantity, an outlierness value, which 
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can then be treated as univariate case. Extreme values in that new scalar quantity would 

then be good candidates for outlier. (Barnett & Lewis 1984, p. 244) The benefit of using 

that scalar quantity is that the outlierness values of observations can be compared to each 

other. Maybe the most common example of that approach is to calculate each 

observation’s distance to the mean of observations and look for the most extreme 

distances.   

In order to be able to calculate the outlierness value, the location and shape of the 

multivariate data has to be estimated. Most common statistics for multivariate data 

analysis are the distribution mean for location and variance-covariance for the shape 

(Rousseeuw & Leory 1987). However, when the data is contaminated, there is a 

possibility that the resulting estimates are not correct. According to Rocke & Woodruff 

(1996) most known methods of estimating the shape and location will break down when 

the fraction of outliers exceeds
1

𝑝+1
, where 𝑝 is the dimension of the data. In very high 

dimensions, even a small fraction of outliers can therefore result in bad estimates.  

The location and shape estimation is furthermore complicated if there are multiple outliers 

or clusters of outliers because they can induce masking and swamping effects. According 

to Acuna and Rodriguez (2004), an outlier masks another one close to it if the latter can 

be considered outlier only by itself but not alongside the first one. Masking of outliers 

happens when a group of outliers skew the mean and covariance matrix towards 

themselves, reducing their distance to the mean. On the other hand, an outlier swamps 

other observation if the latter can only be considered outlying under the presence of the 

first one. Swamping is also result of outliers skewing the mean and covariance estimates. 

This time resulting in too large distance to the mean for otherwise good points. (Acuna & 

Rodriguez 2004) 

After the shape and location of the data have been estimated and the new scalar quantity 

from the data have been calculated, the last step in this multivariate outlier detection 

process would be to decide how extreme the distance or another measure of outlierness 

have to be to be considered an outlier. One way to approach this problem is so-called 

outlier region. Davies and Gather (1993) define the 𝛼 outlier region for normal 

distribution 𝑁(𝜇, 𝜎2) as 

𝑜𝑢𝑡(𝛼, 𝜇, 𝜎2) = {𝑥: |𝑥 − 𝜇| > 𝑧1−
𝛼

2𝜎
}, 
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where 𝑧𝑞 is the 𝑞 quantile of the 𝑁(0,1) distribution. In other words, an observation 

belongs to the outlier region if the probability of it being in the 𝑞 quantile of the 

distribution is smaller than 𝛼.  

The idea of outlier region can be generalized also to other types of distributions. So when 

the extremeness of observations is estimated for example by its squared Mahalanobis 

distance 𝑑2, which should follow the 𝑥𝑘
2 distribution with 𝑘 degrees of freedom 

(McLachlan 1999), the 𝛼 outlier region would be defined as 

𝑜𝑢𝑡(𝛼, 𝑘) = {𝑑2: 𝑑2 > 𝑧1−𝛼}, 

where 𝑧𝑞 is the 𝑞 quantile of the 𝑥𝑘
2 distribution. For any other types of distribution, an 𝛼 

outlier is any observation outside the 1 − 𝛼 probability range of that distribution. 

The statistical multivariate outlier detection process can then be summarized to three 

steps: 

1. Estimate the location and shape of the data. 

2. Form a new scalar quantity based on the location and shape. This is usually some 

sort of distance between the mean and the observation. 

3. Define the outlier region based on the distribution of that new scalar quantity. 

2.2 Outliers in data-mining  

In addition to the above-mentioned statistical outliers, outliers is also an important field 

of study in data mining. Contrary to the statistical methods, data-mining related methods 

are often non-parametric and don’t need to assume an underlying generating model for 

the data. (Ben-Gal 2005) These methods are designed for large high-dimensional 

databases. Most notable class of methods are probably distance-based methods, clustering 

methods and spatial methods. 

Distance-based methods for outlier detection first proposed by Knorr and Ng (1997, 1998) 

define an observation as outlier if at least a fraction 𝛽 of the observations in the dataset 

are further than 𝑟 from it. Shortcomings of those methods lie in the difficulty of deciding 

the parameters 𝛽 and 𝑟 as well as the computing power needed in estimating the distances 
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between data points. Distance-based methods are also subjects to the so-called curse of 

dimensionality. It has been proved that as the dimensionality increases, the distance to 

the nearest point approaches the distance to the farthest point (Goldstein et al. 1999).  

Data clustering is an unsupervised classification task where observations are classified 

into groups (clusters) so that observations within a cluster are more similar to each other 

than they are to observations belonging to another cluster (Jain et al. 1999). While 

clustering methods’ main objective is the classification, they can also be utilized in outlier 

detection by for example considering clusters of small sizes or clusters of one as outliers. 

(Ben-Gal 2005) 

Closely related to clustering are spatial methods. A spatial outlier is a spatially referenced 

object whose non-spatial values are significantly different from the values of its 

neighborhood (Lu et al. 2003). A spatial outlier would not necessarily stand out from the 

general population but instead it stands out from the objects closest to it. Spatial outlier 

detection is often used in fields where the spatial information plays important role. 

Examples include ecology, geographic information systems, transportation, climatology, 

location-based services public health and public safety (Ben-Gal 2005). Special mention 

must be made for IC production where the spatial information of dice in the wafer can be 

used to detect outliers (Daasch et al. 2000). 

On top of the before mentioned classes of outlier detection methods Hodge and Austin 

(2004) recognize two classes of methods that are slightly more complicated, neural 

networks and machine learning. Hybrid methods, on the other hand are a combination of 

statistical methods, neural networks or machine learning algorithms. These methods 

include both supervised as well as unsupervised approaches. One advantage of machine 

learning based methods is that they are also applicable for categorical data unlike most of 

the other methods (Hodge & Austin 2004).  

2.3 Approaches for multivariate outlier detection 

Diving deeper into the field of statistical multivariate outlier detection, some of the 

methods are next introduced in detail.  
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2.3.1 Mahalanobis distance 

The Mahalanobis distance (MD) is a well-known generalization of distance in a 

multidimensional space that accounts for correlation between the variables. The MD from 

observation to the estimated center of the data can be used to evaluate the extremeness of 

an observation and furthermore as an outlier criteria (Rousseeuw & Leroy 1987, p. 223) 

(Hadi 1992).  

For n observations in a p-dimensional data set, let 𝑥 be the sample mean vector and let V 

be the sample covariance matrix, 

𝑉 =
1

𝑛−1
∑ (𝑥𝑖 − 𝑥)(𝑥𝑖 − 𝑥)𝑇𝑛

𝑖=1 . 

Then the Mahalanobis distance is 

𝐷𝑖 =  √(𝑥𝑖 − 𝑥)𝑇𝑉−1(𝑥𝑖 − 𝑥) 

for 𝑖 = 1, … , 𝑛. (Penny & Jolliffe 2001) Comparing this metric for the traditional 

Euclidean distance (ED), the advantages of taking the covariance matrix in the equation 

are clear. In Figure 3 the simulated data of two variables is plotted together with, on the 

left side, circles representing equal EDs towards the center and, on the right, with ellipses 

representing equal MDs to the center. The effect of the covariance matrix can be seen 

clearly. Points that lie outside the correlation structure of the data have high MD whereas 

ED is not able to point them out.  

 

Figure 3. Plot of the simulated data for two variables together with circles representing 

the equal Euclidean distances to the center and ellipses representing equal Mahalanobis 

distances to the center. 
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With large number of variables, there is a possibility that they contain redundant or very 

highly correlated information. This so-called multicollinearity can lead to singular or near 

singular covariance matrix that cannot be inverted (Maesschalck et al. 2000) and 

Mahalanobis distance can therefore not be calculated.  

Two problems with using the Mahalanobis distance as measure of extremeness in 

detecting outliers is the effects known as outlier masking and swamping. Small clusters 

of outliers will attract the mean inflating the covariance matrix towards them. This can 

lead to the outliers having small values for MD (masking) and some other observations 

which belong to the underlying pattern of the data having high values for MD 

(swamping). These problems arise from the fact that the mean 𝑥 and the covariance matrix 

𝑉 are sensible to the outliers in the data. In other words they are not robust. (Hadi 1992) 

One way to avoid the swamping and masking problems is to use more robust estimators 

for the location and shape. Hadi (1992) suggest replacing the mean vector with a vector 

of medians and using covariance matrix calculated from the subset of observations having 

the smallest Mahalanobis distance. Penny and Jolliffe (2001) replace the 𝑉 with robust 

covariance matrix calculated using the medians instead of means which gives less weight 

to observations that are distant to the center. Other robust measures include the minimum 

covariance determinant and the minimum volume ellipsoid (Rousseeuw 1985; 

Rousseeuw & Leory 1987, p. 258). 

2.3.2 Principal component analysis 

Principal component analysis (PCA) is quite probably the best known technique of 

multivariate analysis. First introduced by Pearson (1901) and later developed and named 

by Hotelling (1933), it has been around for some time. Because of the complex 

computation needed to perform PCA, its widespread use only started after the 

advancement of electronic computers. (Jolliffe 2002) The goal of PCA is to extract the 

most important information from observations described by several dependent and often 

inter-correlated variables. This information is then expressed as a new set of variables 

called principal components (PCs). (Abdi & Williams 2010) 

This goal of PCA is achieved by reducing the dimensionality of the data. The PCs are 

ordered so that the first PCs contain most of the variation present in all of the original 
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values and the last PCs the least if any. These last insignificant PCs can then be dropped 

from the analysis without losing much of the original information. (Jolliffe 2002, p. 2) 

In Figure 4, 100 observations of two highly correlated variables x1 and x2 are plotted in 

a scatterplot. The same observations transformed to principal components pc1 and pc2 

are plotted in Figure 5. As can be seen, the first PC has greater variation than either of the 

original variables and also much greater variation than the second principal component. 

Thus dropping the second principal component would still retain the most of the 

information in the data.  

 

Figure 4. Plot of 100 observations of two variables x1 and x2. 
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Figure 5. Plot of the 100 observations from Figure 4 with respect to their principal 

components pc1 and pc2. 

 

The first PC is found by looking for linear function 𝑣1
𝑇𝑥 of the elements of 𝑥 that has the 

maximum variance. The 𝑥 being 𝑝-dimensional variable and 𝑣1 a vector of constants 

𝑣11, 𝑣12, … , 𝑣1𝑝 and therefore 

𝑣1
𝑇𝑥 = 𝑣11𝑥1 + 𝑣12𝑥2 + ⋯ + 𝑣1𝑝𝑥𝑝 = ∑ 𝑣1𝑗𝑥𝑗

𝑝
𝑗=1 . 

The next principal component then is found by looking for linear function 𝑣2
𝑇𝑥 which is 

uncorrelated with the first one and has maximum variance and so on. The total number 

of principal components that can be found is the number of dimensions 𝑝. (Jolliffe 2002, 

p. 2) The vectors 𝑣1, 𝑣2, … , 𝑣𝑝 can be found easily by finding the eigenvectors of the 

covariance matrix Σ of 𝑥 and sorting them by their eigenvalues 𝜆. Furthermore, if 𝑣𝑘 is 

chosen to have unit length, the 𝜆𝑘 will be equal to the variance of the principal component 

𝑘. (Jolliffe 2002, p. 4) 

To summarize the computing of principal components the following steps can be 

identified (Smith 2002): 

1. Calculate the covariance matrix or the sample covariance matrix; 

2. Find the eigenvectors and –values of the covariance matrix; 
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3. Sort eigenvectors based on their eigenvalues and 

4. Use the eigenvectors to convert original dataset to principal components. 

As a result, the original dataset is transformed to a new data set with the same size and 

dimensions but having principal components in place of the variables. Also acquired are 

the eigenvalues, which contain information of the spread of variation along the PCs. 

The simplest way to look for outliers in these principal components would be to treat each 

them separately as one-dimensional variable and apply one of the univariate outlier 

detection methods to each of them. According to Jolliffe (2002, p. 234-235) the first PCs 

would detect outliers that inflate the variances and covariance of the original variables. 

The last PCs on the other hand would find outliers that somehow violate the correlation 

structure. These outliers are interesting because they are not so apparent with respect to 

original variables and might leave unnoticed without the PCA. There is risk, however, 

with small sample sizes or sufficiently different outliers that the outliers influence the last 

PCs so much that they only reflect the position of the outliers rather than the structure of 

the data. (Jolliffe 2002, p. 234-235) 

Based on the amount of variation in the PCs, a difference can be made between significant 

and insignificant PCs, the latter being those which contain little information about the 

original data i.e. having insignificant amount of variation. Let 𝑞(< 𝑝) be the number of 

insignificant PCs. A new test statistic  

𝑑1𝑖
2 = ∑ 𝑧𝑖𝑘

2

𝑝

𝑘=𝑝−𝑞+1

 

can be calculated, where 𝑧𝑖𝑘 is the 𝑘th PC for the 𝑖th observation. (Jolliffe 2002, p. 237) 

The 𝑑1 statistics should work best with data where there is narrow range of variances on 

the insignificant PCs. If that is not the case, the second test statistic proposed by Jolliffe 

(2002, p. 237)  

𝑑2𝑖
2 =  ∑

𝑧𝑖𝑘
2

𝑙𝑘

𝑝
𝑘=𝑝−𝑞+1 , 

where 𝑙𝑘 is the variance of the 𝑘th sample PC, can be used. It should add more weight to 

the very last PCs with the smallest variation. The third of Jolliffe’s statistics, 
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𝑑3𝑖
2 = ∑ 𝑙𝑘𝑧𝑖𝑘

2𝑝
𝑘=1 , 

on the other hand emphasizes the PCs with the most variance. Final statistic that Jolliffe 

considers for outlier detection from the PCs is  

𝑑4𝑖
2 = max

𝑝−𝑞+1≤𝑘≤𝑝
|𝑧𝑖𝑘|, 

which should focus especially on outliers localized in any of the PCs. (Jolliffe 2002, p. 

237-239)  

The PCA is closely related to Mahalanobis distance. If the 𝑑2𝑖 statistic is calculated with 

all PCs, not just the insignificant ones, it becomes the Mahalanobis distance between the 

𝑖th observation and the sample mean. (Jolliffe 2002, p. 237-238)  

2.3.3 Independent component analysis 

Closely related to PCA is another method of multivariate analysis called independent 

component analysis (ICA). When PCA aims to find the components that maximize the 

variance, ICA’s goal is to find components that are statistically as independent from each 

other as possible. (Hyvärinen 1997, p. 2) 

Let 𝑥 be an observed 𝑚-dimensional vector and 𝑠 an 𝑛-dimensional random vector which 

components are mutually independent. And that 𝑥 is a product of linear mixing process 

𝑥 = 𝐴𝑠 

assuming that 𝑚 = 𝑛. The ICA algorithms try to then find the de-mixing matrix 𝑊 so 

that  

𝐴−1𝑥 = 𝑊𝑥 = 𝑠 

which can be used to recover the independent components in vector 𝑠. The independent 

components must be assumed to be non-Gaussian. (Hyvärinen 1997, p. 3) 

The independent components should represent the original sources of variation that is 

observed in 𝑥. The ICA can therefore be used for example to solve the cocktail party 
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problem where simultaneous speech signals picked up by several microphones have to be 

restored.  

In theory, the independent components could be used to detect outliers. However, ICA’s 

potential to find outliers have not yet been studied as thoroughly as for example PCA’s. 

The focus has been more on ICA algorithms that are robust against the outliers than on 

the actual detection of outliers (Hyvärinen 1997, p.18-19; Böhm et al. 2008; Meinecke et 

al. 2004). Baragona and Battaglia (2007) use ICA to find outliers in multivariate time 

series. Turakhia et al. (2005) utilize ICA with good results to screen defects from 𝐼𝐷𝐷𝑄 

measurements of integrated circuits by combining it with the spatial outlier detection 

method of nearest neighbor residual.  

2.3.4 Linear regression 

Linear regression aims to model the relationship between dependent variable 𝑦 and one 

or more explanatory variables 𝑥 by estimating a linear model 

𝑦𝑖 = 𝑥𝑖1𝜃1 + ⋯ + 𝑥𝑖𝑝𝜃𝑝 + 𝑒𝑖 for 𝑖 = 1, … , 𝑛, 

where 𝑛 is the sample size. The 𝑒𝑖 is normally distributed error term with mean at zero 

and unknown standard deviation. The model is build by estimating the vector of unknown 

parameters 𝜃. The common tool for that is called the least squares (LS) method which 

aims to minimize the sum of squares of the residuals 𝑟𝑖 which are the difference between 

estimated and observed values of dependent variable 𝑦. (Rousseeuw & Leroy 1987, p. 1-

2) 

Outlier diagnostic can be applied to the residuals to find observations that do not follow 

the assumed linear model. The problem with this approach is that the LS method aims 

already to minimize the residuals and the presence of outliers in the sample can very 

easily skew the model. This problem can be answered by using more robust methods to 

acquire the linear model or by removing the gross outliers in the sample before estimating 

the model. (Rousseeuw & Leroy 1987, p. 216) 
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2.3.5 Nearest neighbor approaches 

One way to transform the extremeness of multivariate observation to one scalar variable 

is to consider the ‘loneliness’ of the observation in relation to its neighbors. Intuitively, 

the points with large distance to their nearest neighbors would be good candidates for 

outliers. Knorr and Ng’s (1997) definition of distance-based outlier comes close to 

defining those points. They define a point 𝑝 to be “distance-based outlier with relation to 

parameters 𝑘 and 𝛽 if no more than 𝑘 points in the data set are at a distance of 𝛽 or less 

from 𝑝.” The problem with this definition is that it does not provide any ranking or 

measure of extremeness for the outliers. Also deciding on the proper values for 𝑘 and 𝛽 

can be a difficult task.  

Ramaswamy et al. (2000) propose a measure 𝐷𝑘(𝑝), which is the point 𝑝’s distance to 

it’s 𝑘th nearest neighbor. Points in sparse neighborhoods would then have larger values 

of 𝐷𝑘(𝑝) than points in dense neighborhoods. The extremeness of an observation and 

therefore the likeliness of it being an outlier increases as 𝐷𝑘(𝑝) increases. Algorithms for 

finding the distances of 𝑘 nearest neighbors are parts of most statistics packages and allow 

the use of different distance measures such as Euclidean distance or Mahalanobis 

distance.  

The nearest neighbor, as well as other distance-based measures, is unfortunately a subject 

to the so-called curse of dimensionality. As the dimensionality of the data increases, the 

distance to the nearest data point approaches the distance to the farthest data point. This 

effect, proven by Goldstein et al. (1999), can occur in as low as 10-15 dimensions.  
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3 OUTLIER DETECTION METHODS IN HIGH VOLUME 

IC PRODUCTION TESTS 

Statistical methods have been in use in the semiconductor industry for a long time in 

statistical process control (SPC) of the fabrication, in yield analytics, and in qualifying 

the reliability. Lately, statistical methods have started to be used also in classification of 

the chips to good or bad as they are tested. (O’Neill 2007) 

Some of these statistical methods relies in the concept of statistical outlier, which have 

been introduced in the previous chapters. The parts that differ significantly from the 

expected pattern of behavior are probably bad and should be rejected. The extreme 

difference of the outlier part can be caused by something unexpected, such as random 

defects, and therefore it can be rejected even if the measurements are all within 

specification limits. (O’Neill 2007)  

To understand why the outlier detection can be used to increase quality and reduce costs, 

the nature of defects in the integrated circuits is presented in the next subchapter as well 

as how those defects are traditionally found. After that, the outlier detection is taken into 

account and its effects on quality are assessed. Finally, some of the methods and practices 

for outlier detection currently in use in IC production are introduced alongside studies of 

potential new methods.  

3.1 IC Production tests 

Manufacturing integrated circuits (ICs or chips) is a complicated process with multiple 

steps that are prone to variation and defects. Dealing in the nanometer range, even the 

smallest dust particles or such effects as electron migration can cause the components 

inside ICs to change their behavior to the unexpected. When one IC can contain millions 

of transistors and other components, the unexpected behavior of one component is not so 

easily detected and can manifest itself as an erroneous output of the chip only in some 

very specialized cases.  

The thorough testing of ICs in the manufacturing process is therefore an important task 

with crucial effects on the costs and quality of the process. Catching the defects as early 

as possible in the process reduces the amount of value that would be added to those chips 
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in forms of testing, packaging, shipping and so on. The cost of accepting field returns is 

also excluded if the faulty chips are detected during the manufacturing process.  

The purpose of production tests is not to catch errors in the design of the chip. Rather, the 

goal is to catch any defects or irregularities caused by the manufacturing process itself. 

These defects can be material such as cracks in the silicon, crystal imperfection, surface 

impurities or ion migration. They can also be results of the process. Examples of 

processing variations that can lead to defects are oxide thickness, impurity density, 

diffusion depth dielectric constants, metal sheet resistance, missing contacts and dust. 

Time-dependent failures include dielectric breakdown and electron migration. Failures in 

the packaging can come from contact degradation or seal leakage. (Wang et al. 2006, p. 

623-624) 

The defects represent themselves as faults that cause the circuit to fail to perform in 

required manner. Unless the insides of the chip can be physically observed, the traditional 

way to catch defects and therefore faults is to get them to cause errors. Error in the context 

of IC production testing is defined as wrong output signal produced by defective circuit. 

The errors are found by applying set of input patters called test vectors and comparing 

the responses in the outputs to the known good responses. (Wang et al. 2006, p. 9-10) 

On top of the digital logic testing, where the output responses are objectively either 

correct or incorrect, many parametric test results are also collected from the devices. For 

example the gate propagation delay of the transistors can be approximated by measuring 

frequencies of certain modules of the device such as ring oscillators.  Another very 

popular parametric test is the quiescent current (𝐼𝐷𝐷𝑄) which is the circuits current 

consumption in quiescent state i.e. when no transistor is switching. The quiescent current 

is measured with multiple different input vectors to find cases where an activated defect 

causes increased leakage current on top of the background current. (Soden et al. 1992) 

Usually the ICs contain also analog parts on top of the digital from which different 

parametric test results can be gathered. 

The history of the IC production testing is interesting and highlights the influence of 

increasing complexity and decreasing size of the circuits. The first tests were purely 

functional and verified the operation of the device from its external pins. When the 

complexity grew, not all of the chips internal functions were accessible from the outside. 
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This lead to invention of scan chains that enabled the tester to control both the external 

pins and the internal state of the flip-flops. When it was noticed that the functional failures 

were due to internal defects, which could be modeled as logic faults, targetable with 

specific test patterns, structural testing started. New defect models were added which 

were not always noticeable by the binary output responses. This led to new response 

variables such as the 𝐼𝐷𝐷𝑄 and from that to defect-based testing. The latest evolution in 

IC production tests seems to be the statistical testing or adaptive tests, which bring 

statistical outlier detection and statistical process control in the process flow. (O’Neill 

2007) 

3.2 Outliers and quality 

A couple of concepts that are essential in the context of IC production tests and quality 

are process yield and reject rate. The yield is defined as  

𝑦𝑖𝑒𝑙𝑑 =
𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑎𝑐𝑐𝑒𝑝𝑡𝑎𝑏𝑙𝑒 𝑝𝑎𝑟𝑡𝑠

𝑡𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑎𝑟𝑡𝑠 𝑓𝑎𝑏𝑟𝑖𝑐𝑎𝑡𝑒𝑑
. 

Reject rate, which is sometimes also called defect level is  

𝑟𝑒𝑗𝑒𝑐𝑡 𝑟𝑎𝑡𝑒 =
𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑓𝑎𝑢𝑙𝑡𝑦 𝑝𝑎𝑟𝑡𝑠 𝑝𝑎𝑠𝑠𝑖𝑛𝑔 𝑡𝑒𝑠𝑡𝑠

𝑡𝑜𝑡𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑝𝑎𝑟𝑡𝑠 𝑝𝑎𝑠𝑠𝑖𝑛𝑔 𝑡𝑒𝑠𝑡𝑠
. 

The yield will never be perfect because some percentage of the chips is expected to be 

faulty from manufacturing defects. With good design for testability (DFT) and well-

designed tests, the reject rate, however, can become very small. It is therefore a good 

indication of the overall quality of the testing process and of reliability of the products. 

(Wang et al. 2006, p. 5) JEDEC Solid State Technology Association (2011) defines 

reliability as “the ability of a product to perform a required function at or below a stated 

failure rate for a given period of time.” They also give definition for quality, which is 

“conformance of a product to requirements, or perceived fitness for its intended use(s)”. 

Deciding a chip to be good, naturally involves making errors affecting both quality and 

costs. The first type of error appears when a faulty chip appears and is accepted as good. 

This false positive or type I error will result in decrease of quality and increase of costs 

when the device eventually fails in the field. The reject rate, therefore, comes directly 

from type I errors. Type II error or a false negative occurs when perfectly good chip fails 



27 

some of the tests and gets discarded. False negatives are sometimes called overkills and 

they will decrease the yield of the process, thus increasing the costs per chip. (O’Neill 

2007; Wang et al. 2006, p. 5) Table 1 depicts this classification of test results to true 

positives, true negatives, false positives and false negatives.   

Table 1. The classification of test results. 

 Is defective Passes tests Effects 

True Positive No Yes Increases Yield 

True Negative Yes No Decreases Yield 

False Positive 
(Type I error) 

Yes Yes Increases reject rate 

False Negative 
(Type II error) 

No No Causes yield loss 

 

The theory of statistical outlier detection can be applied to the parametric test results to 

decrease the number of type I errors. Specially, the benefit to use statistical outlier 

detection is that it can increase the defect detection sensitivity without any improvements 

in how the measurements are made. (O’Neill 2007) Outlier detection has therefore 

potential to increase the testing effectiveness with only very minor costs in efficiency. 

The risk for overkills is unfortunately always present when outlier detection is performed 

and it easily increases as more outliers are detected.  

Outlier detection aims to find parts that are different from the general population. 

Traditionally, bad parts are detected from the parametric measurements by comparing 

them to some fixed specification limits. With statistical outlier detection, bad parts are 

those, which are the most different from others. Parts that lie within specification limits 

can be rejected if they lie outside the expected distribution of the parametric 

measurements. (Polian et al. 2011) The reasoning behind this rejection lies on the outlier 

definition that the values of outliers come from different generating mechanism than the 

values of the inliers. The different generating mechanism then is a sign of defect or 

something else wrong with the device. Even when the outlier is not a result of defect, the 
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rejection of it is reasonable as it may perform differently than other chips or the values 

might slip outside of the specification later when the chip is stressed.  

3.3 Univariate methods 

In a process where the interest is in one variable, a defect is usually defined as a value 

that falls outside the specification limits. These are the upper specification limit (USL) 

and lower specification limit (LSL) and they are defined from the customer’s 

requirements. According to statistical process control’s (SPC) and six-sigma standard’s 

principles the process is controlled in mean and standard deviation. The six-sigma 

standard’s parameters 𝑐𝑝 and 𝑐𝑝𝑘 can be used to monitor if the process is in statistical 

control. The process capability is defined as 

𝑐𝑝 =
𝑈𝑆𝐿 − 𝐿𝑆𝐿

6𝜎
 

and the centralized process capability as 

𝑐𝑝𝑘 = min [
𝑈𝑆𝐿 − 𝑥

3𝜎
,
𝑥 − 𝐿𝑆𝐿

3𝜎
] 

where 𝑥 is the mean of the test values and 𝜎 is the standard deviation of test values. A 

process that is inside the six-sigma standard for quality, meaning that the USL and LSL 

are more than six standard deviations from the mean, has 𝑐𝑝 ≥ 2 and 𝑐𝑝𝑘 ≥ 1.67 resulting 

in at most 3.4 defective parts per million (ppm). (Oakland 2007, p. 357-358; Bergès et al. 

2015) 

In many fields, such as the automotive industry, the aim is in zero defects and the 3.4 ppm 

defect rate is therefore not enough. Another thing to consider is that when a chip is tested 

for multiple variables, all of the variables reaching the six sigma quality separately won’t 

necessarily mean that the process as a whole achieves it. So clearly the specification limits 

need to be accompanied with some tighter outlier detection criteria. 

The wide specification ranges can be tightened with part average testing (PAT) and 

dynamic PAT (DPAT) techniques as suggested by Automatic Electronics Council (2003). 

The PAT utilizes historical test data to set static PAT limits. The limits are  
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𝑆𝑡𝑎𝑡𝑖𝑐 𝑃𝐴𝑇 𝑙𝑖𝑚𝑖𝑡𝑠 = 𝑅𝑜𝑏𝑢𝑠𝑡 𝑀𝑒𝑎𝑛 ± 6 𝑅𝑜𝑏𝑢𝑠𝑡 𝑆𝑖𝑔𝑚𝑎 

where Robust Mean is the median of the historical test data and  

𝑅𝑜𝑏𝑢𝑠𝑡 𝑆𝑖𝑔𝑚𝑎 =
𝑄3−𝑄1

1.35
. 

The 𝑄1 is the first quartile of the historical test data and 𝑄3 the third quartile. The robust 

mean and sigma are used to accommodate for any outliers in the data. DPAT is calculated 

similarly, except that the data is gathered from the current lot of parts that have already 

passed the static limits. The DPAT needs therefore a way to store the results of the first 

test, fit static limits as well as an additional step after the first test where the DPAT limits 

are calculated and applied. (AE Council 2003) The idea behind PAT can be seen in Figure 

6 where outliers clearly separated from the main distribution are rejected with the PAT 

limits even though they are inside the specification limits. 

 

Figure 6. Graphical representation of part average test limits and outliers (adapted from 

AE Council 2003) 
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The PAT and similar univariate outlier detection methods can be enhanced if the variation 

of the measurements can be reduced in both healthy and faulty populations. When the 

variances are smaller, there is less overlapping of the good die population with the bad 

die population and more of the bad dice can be identified. Figure 7 expresses the effect 

of this variance reduction. The uncertain area, where parts can be either from good 

population or from the defective population, becomes smaller thus reducing yield loss 

and amount of customer returns. This variance reduction is possible for example by 

having an estimated model for good dice and calculating the residuals to that. The model 

can use information from the neighboring dice or from other measurements of the die. 

(Daasch & Madge 2005) 
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Figure 7. Idealized probability density functions (PDFs) for healthy and defective die 

populations before and after variance reduction. The gray area accounts for field returns 

on the left when faulty dice hide inside the good population and unnecessary yield loss 

on the right when healthy dice are incorrectly identified as defective. 

 

3.4 Multivariate methods 

Most of the multivariate outlier detection methods used in IC production are a form of 

variance reduction. The information from multiple variables is used to construct a new 
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variable where the difference between good and bad dice is more obvious. Good example 

of such a method is the Nearest Neighbor Residual (NNR) which uses the test results of 

the neighboring dice in the wafer to estimate the test result of the die under test. The actual 

result is subtracted from the estimate to get the residual value which will have smaller 

variation than the original values. This method was developed after the observation that 

a die will perform more similarly to its neighbors than other dice in the lot. (Daasch et al. 

2001) 

NNR is a Statistical Post-Processing (SPP) method meaning that it can only be performed 

after the data from the wafer have been collected. (Daasch et al. 2001) This means that in 

order to use NNR in improving the outlier detection in production tests, one extra step 

has to be added where the estimates and residuals are calculated and the decision made. 

This extra steps results in either a need to measure the devices again or a need for some 

way to store the results and match them with the corresponding devices. 

Outlier detection methods that are performed on the fly and do not need SPP give 

excellent value since they are basically free to implement. The only costs are in the form 

of added test time and the possible additional yield loss from type II errors. The 

drawbacks of the outlier detection performed on the tester compared to SPP is that it 

cannot use the  true distribution parameters of the data since they are still being collected. 

Instead, the parameters have to be estimated using for example earlier results. 

The 𝐼𝐷𝐷𝑄 measurements have been a subject of outlier detection methods since its 

invention because of its ability to detect defects not detectable by traditional stuck-at-fault 

tests and with relatively small number of test vectors. Theoretically, the 𝐼𝐷𝐷𝑄 should 

include the background current and any additional leakage current caused by defects. 

However, with ever-smaller transistor technologies the variation in the background 

current can exceed the defect leakage currents making them harder to detect. Multiple 

methods have been developed to address this problem, most notable of them being the 

∆𝐼𝐷𝐷𝑄 and current ratios (Miller 1999; Maxwell et al. 2000) 

Table 2 lists some of the most common outlier detection methods in IC production tests. 

Most of the methods have been developed for the 𝐼𝐷𝐷𝑄 tests but some of them are also 

usable with other test results. Miller (1999) introduced the ∆𝐼𝐷𝐷𝑄, which instead of 

looking for extreme values on each test vector, looks for extreme differences between the 
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test vectors. Similar is the concept of current ratio where the ratio of the maximum 𝐼𝐷𝐷𝑄 

to the minimum 𝐼𝐷𝐷𝑄 is calculated. This ratio should be similar for the defect-free chips 

and the chips with extreme current values are the outliers. (Maxwell et al. 2000) O’Neill 

(2008) used principal component analysis to detect outliers in 𝐼𝐷𝐷𝑄 measurements and 

other parametric tests with good results. Turakhia et al. (2005) used the independent 

component analysis (ICA) to find the sources of variation in 𝐼𝐷𝐷𝑄 measurements and 

combined that with NNR to find defective chips. Some of the simplest outlier detection 

method for two correlated test results is correlation testing where the extreme residuals 

of regression analysis are considered to be outliers (Fang et al. 2006). The Mahalanobis 

distance can be used for multivariate results to find the observations which differ most 

from the correlation structure of the data. Nakamura & Tanaka (2010) used it to predict 

defective chips from 𝐼𝐷𝐷𝑄 data. 

Table 2. IC production test multivariate outlier detection methods in literature 

Method SPP/ on-the-

fly 

Used with Reference 

NNR SPP 𝐼𝐷𝐷𝑄 or any parametric 

data  

Daasch et al. 2001 

Delta-IDDQ on-the-fly 𝐼𝐷𝐷𝑄  Miller 1999 

Current ratio on-the-fly 𝐼𝐷𝐷𝑄  Maxwell et al. 2000 

Correlation testing on-the-fly Any two correlative test 

results 

Fang et al. 2006 

PCA SPP / on-the-

fly 

𝐼𝐷𝐷𝑄  or other 

multivariate test results 

O’Neill 2008 

ICA SPP  𝐼𝐷𝐷𝑄  Turakhia et al. 2005 

MD SPP / on-the-

fly 

𝐼𝐷𝐷𝑄  or other 

multivariate test results 

Nakamura & 

Tanaka 2010 
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Besides 𝐼𝐷𝐷𝑄, depending on the type of IC, other multivariate test results can also be 

subjected to outlier analysis. O’Neill (2008) for example used the PCA-based outlier 

detection for variables consisting of 𝐼𝐷𝐷𝑄 average, two different supply voltage 

measurements and three different speed measurements. For ICs containing many identical 

or near-identical analog parts, the measurements from those can be subjected to 

multivariate outlier analysis. For example same parameter measured from different 

channels when available can be used. These tests would naturally focus on defects 

localized on these analog parts.  

When new outlier detection methods are implemented in the test flow, two decisions have 

to be made. The first one is the selection of a subset or subsets of tests that will be used. 

The second decision is which outlier model to apply for the subsets. These decisions can 

either be approached preemptively or reactively. In the reactive approach, known 

customer returns are used to select the relevant tests and to build the appropriate outlier 

models. Preemptive approach instead selects subset of tests based on for example the 

correlation of the tests or some other information and builds outlier models based on the 

nature of the tests. In both approaches, the final step is to select the model or models, 

which best detect outliers and apply them to the test flow. (Sumikawa et al. 2012)  

To summarize the multivariate outlier detection in IC production tests: firstly, the 

distinction between post processing methods and methods performed on the fly can be 

made. Another observation from the literature is that most of the methods are developed 

for the 𝐼𝐷𝐷𝑄 measurements and very little exists on multivariate outlier detection for other 

parameters.  Lastly, it must be noted that the selection of the tests tremendously affects 

the choice of outlier detection method.  
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4 OUTLIER DETECTION FROM THE IC PRODUCTION 

DATA 

The first research question was answered in chapter 2 and the second research question 

was partly answered in chapter 3. The purpose of the next chapters is to see how the 

aforementioned outlier detection methods will perform with real life production test data 

from a case company. This will complete the answer to the second research question. 

Further analysis of the methods will provide answer to the last research question.  

At first, the dataset used in this research is introduced as well as the subsets of it that were 

subjected to the outlier detection methods. After that, the outlier detection methods that 

were studied are introduced and the ways that they were applied to the test data are 

explained. Lastly, the result-collecting step of the study is covered and brief introduction 

to the results is made. The presentation and analysis of the results is then performed in 

chapter 5 and discussed in chapter 6. 

4.1 The data 

Nordic Semiconductor, a Norwegian semiconductor company developing ultra-low-

power integrated circuits for wireless communication, provided the data used in this 

research. The device, from which the dataset was collected, was one of the company’s 

mature products, with millions of chips produced already. Nordic Semiconductor is a 

fabless company and thus does not do the production of the chips itself. Nevertheless, 

quality is taken very seriously and the chips are subjected to extensive array of tests in 

multiple steps in the production process.  

After the fabrication of the circuits in the silicon wafers, they arrive at the testing facility 

where they are subjected to extensive production testing to catch the defective dice. The 

testing starts with the automatic testing equipment (ATE) feeding in the test vectors and 

reading out the results. The ATE can also process the results and write something back to 

the circuit’s internal memory if needed. As a wafer can contain thousands of ICs, the ATE 

performs these operations in parallel for multiple dice. Based on the results from the ATE 

and any possible SPP modules, a wafer map is made which has the binning information 

of each die based on its position on the wafer. That map is used to discard defective dice, 



36 

when the dice are cut from the wafer and packaged. After packaging, the chips are once 

more fed to a tester, which performs some more extensive tests on them.  

The dataset used in this research are from the final tests and it contains the results of 

190114 chips. Smaller sample of 1000 observations of that data is used to estimate the 

distribution parameters used in some of the outlier detection methods. In actual 

production, this estimation could be done from results of the first lots or it could be done 

alongside the characterization of the chips.  

4.1.1 Simulated contamination 

In order to be able to better evaluate the effectiveness of the outlier detection methods 

even in the absence of outliers in the production data, some contaminated test results were 

added to the dataset. Two kinds of contamination were added to model the different 

sources of possible defects on the circuits. The model for first type of contamination was 

multivariate normal 

𝑁(𝜇, 𝑘 ∗ Σ) 

where 𝜇 is the mean vector and Σ is the covariance matrix of the part of the results that is 

believed to have no outliers. A scalar 𝑘 is used to inflate the covariance matrix thus 

making the contaminated results more likely to fall further from the center of the data. 

This contamination is supposed to model outliers caused by the natural variation in the 

process. The second type of contamination were constructed similarly but instead of 

covariance, only the variance of each test result was used resulting in data where the 

variables are independent. This type of contamination supposedly models a situation 

where a defect interferes with the correlation structure between variables, resulting in 

unexpected behavior.  

4.2 Selecting the subsets of tests 

A decision had to me made in selecting appropriate subset of test results that would later 

be subjected for the outlier detection methods. As mentioned in Sumikawa et al. (2012), 

if known customer returns are available this selection can be done reactively by selecting 

the tests based on those customer returns. In this research, however, no such information 

was available and the test selection is done preemptively. Several criterions were used in 
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the preemptive test selection process. The criterions and reasoning behind them are listed 

below. 

 The tests used should be parametric. This is a requirement for most of the outlier 

detection methods.  

 The tests should be able to cover large number of defects or alternatively tell about 

the general characteristics of the chip. Current consumptions and 𝐼𝐷𝐷𝑄 are 

examples of test that would be affected by many different defects whereas 

frequencies of oscillators on the chip tell about the character (speed) of the chip. 

The outlier detection methods can use these characteristics to predict values of 

other variables and there find inconsistencies.  

 The subset of tests should have multiple strong correlations between the tests. 

That way a possible defect will more likely affect some variables in contrast to 

values predicted by other variables (O’Neill 2008).   

From the vast number of tests, 18 tests meeting the first two criterions were handpicked 

to further selection. From these tests, three subgroups of tests were formed which fulfilled 

the third criterion. That was done with a computer algorithm which analyzed the tests and 

formed subgroups with maximum amount of correlation between the tests.  

In addition to these subgroups, the one subgroup containing all the handpicked tests were 

also added to the analysis. The data also contained multi-dimensional 𝐼𝐷𝐷𝑄 variable which 

naturally formed one subgroup. As the device was a wireless transmitter-receiver, two 

interesting subgroups could be formed from the output powers and current consumptions 

of the multiple different transmitter (TX) channels. Table 3 lists all the chosen subgroups 

of tests and the types of variable in each subgroup.  

Table 3. The selected subgroups of tests. 

Subgroup name Number of 
variables 

Type of variables 

𝐼𝐷𝐷𝑄-vectors 9 𝐼𝐷𝐷𝑄 currents 

TX output power 6 Output powers of the TX channels 

TX current consumption 6 Current consumptions of the TX channels 

Correlated variables 1 7 One 𝐼𝐷𝐷𝑄 vector, currents, frequencies, one TX 

channel current and output power 
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Correlated variables 2 6 Currents, frequencies, reference voltage 

Correlated variables 3 5 Currents, frequencies 

All hand-picked variables 18 Currents, frequencies, reference voltage, 𝐼𝐷𝐷𝑄, 

output power 

 

4.3 Selecting the outlier detection methods 

In the literature, there are hundreds of multivariate outlier detection methods. Most of the 

statistical methods use Mahalanobis distance or a variation of it, or utilize PCA in some 

way. Naturally, those two were chosen to be included in this experiment. On top of 

statistical methods, outlier detection methods exist on the field of data mining. Examples 

of methods used there are machine learning and neural networks. For practical reasons, 

those methods were left out of this research. First of all, the implementation of them 

would have been very complex and secondly there is virtually no existing research on 

them in IC production, which questions their applicability.  

The main criterion for selecting which method to use was practicality. The methods 

should be able to be performed on the tester, no complicated SPP modules were 

considered. Also for the sake of practicality, the methods should be fairly easy to 

implement and should require little understanding of statistics to use. At the end of this 

research, I want to be able to deliver simple instructions to the production test site on what 

should be added to the test flow in order to use these methods.  
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Figure 8. Structure of the execution of outlier detection methods. The methods are 

initialized in the training stage where the needed parameters and limits for outlierness 

score are calculated. The outlier detection can then be performed just like any other test 

on the tester.  

 

For that reason, all the methods chosen follow similar execution structure depicted in 

Figure 8. First, the method is trained with small sample of results to get the distribution 

parameters or other information needed. Then in the actual testing flow, these parameters 

and the test results are used to calculate a new variable. I will call that variable an 

outlierness score. This score is then compared to a limit set in the training phase. The 

benefit of using outlierness score instead of hard pass/fail classification is that it is easy 

to adjust if needed. This outlierness score is similar to the outlier region approach of 

Davies and Gather (1993). For some of the methods, multiple different outlierness scores 

were considered. Table 4 lists all the methods chosen for this experiment, the parameters 

that need to be found in the training phase and the outlierness scores used.  
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Table 4. Outlier methods, the needed parameters from training phase and the outlierness 

scores for each. 

Method What is needed to use Outlierness score 

Mahalanobis 
Distance 

Means, medians, covariance matrix Squared MD, Robust MD 
squared 

Principal 
Component 

Analysis 

Mean, eigenvectors and eigenvalues 
of covariance matrix, number of 
insignificant PCs 

Distance to mean (for each 
component), scores based on 
number of insignificant PCs 

Independent 
Component 

Analysis  

De-mixing matrix Sum of squared values of 
independent components 

Linear Regression Linear model parameters Residuals to estimated values 

K Nearest 
Neighbor 

Positions of all points of the training 
lot 

(Mahalanobis) distance to 5th 
nearest neighbor in the training 
lot 

 

4.4 Computing results 

The results were collected following the structure depicted in Figure 8 for each method 

and for each subgroup of tests. All the methods were implemented in Python from scratch 

or using existing statistical packages, namely Scikit-learn (Pedregosa et al. 2011) and 

SciPy (Jones et al. 2001). The following procedure was repeated for each method and 

subgroup: 

1. Method training: Sample of parts passing the specification limits are used to find 

the distribution parameters. The outlierness score is then calculated for this sample 

and the distribution of the scores is used to set limits for the score. Four different 

limits for different confidence intervals are set.  

2. Method application: The program goes through each of the devices, calculates the 

outlierness score and compares that to the limit. Outlierness score and the decision 

are stored for analysis later on. 



41 

The limits for the outlierness scores were set on the following way. First, the training data 

outlierness scores were used to estimate the type and shape of the distribution. The fit of 

the distribution was checked visually. Then limits were set on values that corresponded 

to 5𝜎, 6𝜎, 7𝜎 and 8𝜎 probabilities of the standard normal distribution. That way, the limits 

of different methods were comparable.  

On top of the outlierness score, the time needed for calculating the score is also stored. 

This is essential in evaluating the costs of each method since the test time is main 

contributor to the costs.  

The training stage, calculating the outlierness score and setting the limits differ between 

each of the methods. There are also special considerations that need to be addressed for 

some of the methods. For that reason, each of the methods and their implementations are 

next explained in detail.  

4.4.1 Mahalanobis distance 

The sample mean vector 𝑥 is needed to calculate the MD. For robust MD the vector of 

medians �̃� is used instead. With these, the covariance matrix can be estimated from the 

training data as 

Σ =  
1

𝑛−1
∑ (𝑥𝑖 − 𝑥)(𝑥𝑖 − 𝑥)𝑇𝑛

𝑖=1 , 

where 𝑥𝑖 is the 𝑖th of 𝑛 observations.  

With Mahalanobis distance, the outlierness score is either the squared distance 

𝐷𝑖
2 =  (𝑥𝑖 − 𝑥)𝑇Σ−1(𝑥𝑖 − 𝑥) 

or the squared robust distance where the sample means are replaced with sample medians.  

The squared Mahalanobis distances seem to follow very closely the F-distribution as 

speculated by McLachlan (1999). The limits for outlierness scores were therefore set 

based on that notion.  
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4.4.2 Principal component analysis 

Principal component analysis is conducted as it is explained in chapter 2.3.2. In the 

training phase, the covariance matrix is used to find its eigenvectors and the 

corresponding eigenvalues. The PCA scores described by Jolliffe (2002, p. 237) also 

needed the distinction between significant and insignificant PCs. Any PC, whose 

variation amounted to less than 1% of the total variance, was considered to be 

insignificant. Other cutoff values for the insignificant PCs were considered and the value 

at 1% of variance was chosen after the notion that it was small enough to be considered 

insignificant and that there was no difference in the number of insignificant PCs with 

slightly larger or smaller cutoff values. 

Using the eigenvectors, each new observation is transformed to its principal components 

with equation 

𝑦𝑖𝑘 = 𝑣𝑘  ∙ 𝑥𝑖, 

where 𝑣𝑘 is the 𝑘th eigenvector and 𝑥𝑖 the observation. 𝑦𝑖𝑘 is then the value of 𝑘th 

principal component of that observation. Using that equation, each principal component 

for the observations are found. 

Three different outlierness scores are then calculated from the PCA. The simplest one is 

to look at each of the PCs separately and treat them as 𝑘 separate outlierness scores. That 

approach needs both upper and lower limit for the values. The two other outlierness scores 

are adopted from Jolliffe (2002, p. 237). His scores are designed to focus on deviations 

in the most insignificant PCs and they are 

𝑑1𝑖
2 = ∑ 𝑧𝑖𝑘

2𝑝
𝑘=𝑝−𝑞+1   

and 

𝑑2𝑖
2 =  ∑

𝑧𝑖𝑘
2

𝑙𝑘

𝑝
𝑘=𝑝−𝑞+1 , 

where 𝑝 is the number of components, 𝑞 is the number of insignificant components, 𝑧𝑘 is 

the centered value of the 𝑘th principal component and 𝑙𝑘 is the eigenvalue of the 𝑘th 

principal component.  
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Setting the limits for the first approach where the PCs are treated separately was done 

based on an assumption that the values of the PCs would be normally distributed. The 

limits was then set 5, 6, 7 and 8 standard deviations from the mean. The other two scores 

were found to follow gamma distribution and the parameters for that were estimated from 

the training population after which the limits could be set.  

4.4.3 Independent component analysis 

For estimating the independent components, the fastICA algorithm developed by 

Hyvärinen & Oja (2000) was used. Implementation of the fastICA algorithm is available 

in scikit-learn package for Python (Pedregosa et al. 2011). The algorithm is first trained 

with the training dataset to acquire the de-mixing matrix 𝑊. Multiplying the observations 

with this de-mixing matrix restores them to the independent components. These 

independent components should represent the original sources of variation in the data. In 

my approach, I assumed that the number of these sources, and therefore the number of 

independent components, equals the number of variables in the original data.  

No existing model for using the ICA alone in outlier detection was found in literature that 

I could have applied.  Instead, I decided to use the sum of squared value of each 

independent component as the outlierness score. Examining the components I found that 

no difference between significant and insignificant components could be made unlike 

with PCA. The variation in each component was in the same range. The outliers were 

easily detected as extreme values in one or multiple components. Example of visual 

outlier detection from ICA can be seen in Figure 9. The sum of squared independent 

component values should therefore point out those extreme deviations in any of the 

components.  

Like the PCA scores, the ICA score was found to follow approximately the gamma 

distribution. The limits were therefore set based on the gamma distribution.  
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Figure 9. Independent component values of the 𝑰𝑫𝑫𝑸 sample with three outliers. In 

horizontal axis are the observations and in the vertical axis the values of the 

components. Two outliers can be seen with the same source in component 4. This 

suggest that they are caused by similar defects. The third outlier comes from component 

1.  

4.4.4 Linear Regression 

In the linear regression approach, the value of one of the variables was estimated from 

the values of the other variables with a linear model. The residual value of this estimate 

from the actual value then acts as a metric of outlierness. The model naturally is greatly 

affected on which variable is chosen as dependent variable and which are the explanatory 

variables. In this experiment, the variable with the most total correlation with the other 

variables were chosen as dependent variable. 

The model was constructed from the training data using linear least squares approach. In 

that approach the linear model is fitted so that the sum of squared residuals are minimized. 

It is therefore important that the training data does not contain any gross outliers since the 

outliers will have unnecessarily great impact on the model. In our approach, only parts 

already passing the specification limits were used, so no gross outliers should be present.  
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The residual values were approximately normally distributed. As so, the outlier 

classification was done with limits 5, 6, 7 and 8 standard deviations from zero.  

4.4.5 Distance to k nearest neighbor  

The k nearest neighbor approach proposed by Ramaswamy et al. (2000) was used to find 

density-based outliers. The outlierness score in this case is the points distance to the 𝑘th 

nearest point. Multiple different measures for distance could be used. In this experiment, 

the Mahalanobis distance between the points were used as it accounts for the correlation 

between variables. The value for 𝑘 is also up for debate. I chose the 𝑘 to be 5 after 

experimenting with multiple values and getting the best results with that. Lower value for 

𝑘 would leave small groups of outliers unnoticed while a large 𝑘 decreases the sensitivity 

of the method.  

The training phase of this method consist of storing the values of all the observations in 

training data. In execution of this method then, the distances to the observations of the 

training data are calculated and the 𝑘th nearest is chosen to represent the outlierness. 

Naturally this kind of comparison would be very computationally heavy. Luckily, 

different algorithms have been developed so that only the plausible distances have to be 

computed and compared.  

As the method was set to use the Mahalanobis distance as the measure of the distance, 

the distribution of the results were similar as with MD. The outlierness scores followed 

the F-distribution, and after it was fitted to the data, the limit could be set accordingly.  
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5 ANALYSIS OF THE RESULTS 

5.1 Test costs 

The purpose of this research was to evaluate both the effectiveness and efficiency of the 

outlier detection methods. The effectiveness is answered in how well the methods pick 

outliers, but to evaluate the efficiency we have to look at where the costs in production 

tests come from. 

If development costs are not included, the cost of adding new tests to the automatic testing 

equipment comes almost entirely from the time that is needed to perform the tests. The 

capacity of the ATE is limited and tests that take a long time to complete slow down the 

throughput of the testing, thus increasing the costs. Typically, one test completes in 

micro- or milliseconds and the total time to test one chip is in seconds.  

The times to perform the different outlier detection methods on the tester were estimated 

by measuring the time that they took to complete on my workstation. I ran all the methods 

on server with an Intel E2697v3 CPU  running at 2.6 GHz and with 512 GB of RAM. 

That might differ from the resources that are available at the ATE but the results should 

give good indication of the time costs of the methods.  

Figure 10 visualizes the results of the analysis. The analysis was performed multiple times 

for each method with increasing number of variables. The method most affected by that 

increase in dimensionality was the k Nearest Neighbor method. The reason for that is 

obvious since the method has to calculate the Mahalanobis distance between multiple 

observations and each of these calculations takes just a little bit longer time as the 

dimensionality increases. For rest of the methods, the dimensionality of the variables is 

not an important factor to the test costs. Mahalanobis distance seems to be the most costly 

of them in the terms of test time while the ICA is the least costly. The differences between 

these methods are so small, however, that I suspect it just being a matter in the level of 

optimization. The test times for all of the methods are also relatively small, under a 

millisecond, which is a good indication on the applicability of them.  
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Figure 10. Test times in milliseconds per number of variables in the analysis. As can be 

seen, the test costs rise linearly as the dimensionality increases, but the rise is negligible 

for most of the methods.  

5.2 Outlier detection effectiveness 

The results were collected from seven subgroup of tests with eight different metrics of 

outlierness. The outlier detection effectiveness can therefore be examined from multiple 

viewpoints. First is the total effectiveness of each method across all subgroups of tests. 

Second approach is the effectiveness in each method-subgroup pair.  

Before evaluating the effectiveness of the methods, a metric for the effectiveness must be 

set. The natural choice would be the number of outliers found. The more outliers a method 

is able to detect, the more efficient it is. The problem with that metric is, however, that 

the methods picking up most outliers would likely also have the most false negatives (also 

called type II errors or overkills). On the other hand, the interest in this experiment was 

on the unique outliers, the parts, which could not be detected with the specification limits 

or other traditional tests currently in place. The unique outlier population can contain both 

actually defective chips and false negatives and there is no way to tell those apart in the 

scope of this research. An assumption was therefore made that the unique outliers, while 
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not necessary defective, pose at least a reliability threat and should be discarded. That 

assumption allows me to use the number of unique outliers found as a metric for the 

effectiveness of a method.  

Table 5 lists the results of the analysis performed on all tests. Total outliers marks the 

number of outliers found in the data with the method. Most of these outliers were already 

classified as defective by the specification limits, ∆𝐼𝐷𝐷𝑄, stuck-at-fault-tests or by some 

other test. Total unique outliers –column marks the outliers, which were unique to that 

method. They passed all the normal tests but were deemed unacceptable by outlier 

detection. Removing them would result in additional yield loss. It can be seen that the 

PCA and ICA methods ultimately find the most outliers and the most unique outliers, 

making them the overall most effective outlier detection methods. However, it is possible 

that some of these unique outliers are false negatives. If that were the case, the high 

additional yield loss associated with these methods would be harder to justify.  

Table 5. Outliers and unique outliers found from all subgroup of tests with each method. 

Limits was set at 6-sigma level. The table also describes the effect of outlier removal 

in yield loss in parts per million (PPM). 

Method Total 
outliers 

Total unique 
outliers 

Total additional yield 
loss (PPM) 

PCA Components 45955 175 874,50 

PCA1 11499 71 354,80 

ICA 6233 93 464,74 

PCA2 6162 91 454,74 

Mahalanobis 4859 24 119,93 

Robust Mahalanobis 4834 21 104,94 

kNN 4909 6 29,98 

Multiple Linear Regression 3496 35 174,90 

 

It must be noted, however, that the effectiveness of the methods are highly dependent on 

the type of data that is feed to them. The linear regression model for example depends on 

there being correlation between the dependent variable and the explanatory variables. For 

that reason, the results are next presented separately for each subgroup of tests while the 

structure of the subgroup is also studied.  
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5.2.1 Effectiveness in the subgroups 

The first subgroup had nine 𝐼𝐷𝐷𝑄 measurements. Correlation between these variables was 

very high with average correlation coefficient between two variables over 0.99. Second 

subgroup had six measurement of transmission output power. The correlation was not as 

high as with the 𝐼𝐷𝐷𝑄 variables, but it was still relatively strong. The average correlation 

coefficient between variables was 0.88. Third subgroup consisted of the current 

consumption of the transmission measurements. This subgroup also had very high 

correlation between variables. The average correlation coefficient was 0.95. 

The next three subgroups were constructed with computer algorithm finding inter-

correlated groups of variables from 18 handpicked variables. The correlation in these 

subgroups was lower than in the first three subgroups. Average correlation coefficient 

varying between 0.41 and 0.52. The last subgroup of tests had all of the 18 handpicked 

variables. The average correlation between these variables was low with average 

correlation coefficient being 0.18.  

Table 6 and Table 7 present the outlier detection effectiveness in these subgroups. The 

analysis was conducted with the limits at six sigma level. In these tables, the number of 

outliers found by each method is listed as well as the number of unique outliers found.  

Despite the high correlation and large number of variables in the first subgroup, which 

had the 𝐼𝐷𝐷𝑄 measurements, the methods found relatively small numbers of outliers. On 

the other hand, the first subgroup had the biggest number of unique outliers by a large 

margin. The PCA components –method was the most effective both in total outliers and 

in unique outliers. The 𝐼𝐷𝐷𝑄 results were also compared to results from ∆𝐼𝐷𝐷𝑄. Most of 

the methods were able to detect almost all the same outliers as the ∆𝐼𝐷𝐷𝑄. K nearest 

neighbor and ICA were the methods which performed worst compared to ∆𝐼𝐷𝐷𝑄. Both 

detected under 5% of the ∆𝐼𝐷𝐷𝑄 fails. The best performing method in this comparison was 

PCA, which found all the ∆𝐼𝐷𝐷𝑄 fails.  

One of the most interesting results was the performance of the component-wise PCA 

method on subgroup 4. The 23887 outliers that this method was able to detect 

corresponded to almost 50% of the total defective population. That method also found 
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highest number of outliers from every other subgroup and highest number of unique 

outliers in all but one subgroup. 

Table 6. Outliers found from each subgroup of tests with limits set at 6-sigma level.  

Method Group 1 Group 2 Group 3 Group 4 Group 5 Group 6 Group 7 

Mahalanobis 271 408 406 1216 360 831 1367 

Robust Mahalanobis 266 408 411 1219 360 831 1339 

PCA1 363 470 382 3899 351 5172 862 

PCA2 375 475 483 1879 399 888 1663 

PCA Components 445 1475 4049 23887 5250 6628 4221 

kNN 201 381 367 1480 379 837 1264 
Multiple Linear 
Regression 259 388 203 845 80 841 880 

ICA 372 721 515 1691 395 875 1664 

 

Table 7. Unique outliers found from each subgroup of tests with limits at 6-sigma level. 

Method Group 1 Group 2 Group 3 Group 4 Group 5 Group 6 Group 7 

Mahalanobis 23 0 0 0 0 0 1 

Robust Mahalanobis 20 0 0 0 0 0 1 

PCA1 49 0 0 12 0 10 0 

PCA2 62 0 7 12 1 0 9 

PCA Components 84 27 6 23 2 10 23 

kNN 6 0 0 0 0 0 0 
Multiple Linear 
Regression 30 0 0 1 3 0 1 

ICA 61 13 8 2 0 0 9 

 

5.2.2 Test limits and effectiveness 

There is no way to know if the unique outliers actually have something wrong with them 

i.e. they  are true negatives or if they just are a byproduct of the outlier detection method 

i.e. false negatives or overkills. To answer that, those outlier chips would have to be 

subjected to further examination and more extensive testing. Unfortunately, that was not 

possible with the scope of this research. 

That was one of the reasons why I decided to try different test limits with the methods. I 

reasoned that if a method still picks up the unique outliers even with the highest possible 

limits, there must be something so extraordinary in these outliers, that they are justified 

to discard.  
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Take for example the PCA. The method, where the limits were applied to each principal 

component separately, found the most outliers by a large margin. It was also the method, 

which found the most unique outliers thus resulting in highest yield loss. With the limit 

raised to the 8 sigma level, the number of unique outliers with that method was only 78, 

indicating that some of the unique outliers could indeed have been false negatives. In 

Figure 11, the number of unique outliers in relation to the limits is pictured. As can be 

seen, adjusting the limits will have effect on the number of unique outliers and is therefore 

an important part in implementing the method. Too high limits will not catch all the 

potentially defective parts while too low limits will result in unnecessary high yield loss 

and to overkills.  

 

Figure 11. Number of unique outliers found in relation to the limit for outlierness. 

 

5.3 Effectiveness on detecting simulated contamination 

Two types of contamination were added to the dataset and the methods were evaluated 

against them. The first 5000 contaminated parts were generated from random multivariate 

normal distribution, which followed the variances and covariance of the original dataset. 

The distribution was widened, however, by multiplying the covariance-matrix with 6. 

This type of contamination would then follow the correlation structure of the original 
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results making it quite hard to detect. In fact, most of that contamination should lie well 

within the distributions of the original dataset, making it impossible to detect. Only the 

extremes of that contamination manifest themselves as outliers, making the detection of 

them possible.  

The second type of contamination also followed the distribution of the real data. It was 

centered at the means of the variables and the variance was six times wider. The difference 

with that contamination was that the variables were independent. There was no correlation 

between the variables. The size of the second type of contamination was also 5000 parts. 

As I anticipated, the first type of contamination was much harder to detect with these 

methods. Most of the methods explicitly look for outliers on the correlation structure and 

when the correlation structure remained similar, the methods struggled to find the 

contamination.  For the same reason, the second type of contamination was easy to detect 

with most of the methods. Especially well it was detected with PCA and ICA as can be 

seen from Table 8, where the results of the contamination detection analysis is presented. 

PCA and ICA were also the most effective methods in detecting the first type of 

contamination, making them the overall most effective methods in terms of detecting the 

simulated contamination.  

Table 8. Percentage of the simulated contamination detected with each of the methods 

with limits set at 6-sigma level.  

Method Contamination 1 
detected 

Contamination 2 
detected 

Total contamination 
detected 

PCA Components 15,15 % 75,12 % 45,14 % 

PCA2 6,64 % 71,59 % 39,11 % 

ICA 7,83 % 70,33 % 39,08 % 

Multiple Linear 
Regression 

1,42 % 50,80 % 26,11 % 

PCA1 2,24 % 47,84 % 25,04 % 

Mahalanobis 0,10 % 44,07 % 22,09 % 

Robust Mahalanobis 0,10 % 42,70 % 21,40 % 

kNN 0,41 % 37,59 % 19,00 % 

 

Like with the real data, the success in detecting the contamination was greatly influenced 

with the correlation structure in the subgroup of tests. Total contamination detected per 

subgroup of tests is presented in Table 9. As can be seen, the methods relying most on 

the correlation between variables, Mahalanobis distance and Linear Regression, 

performed well with the subgroups 1 and 3 where correlation between the variables was 
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high, whereas the Mahalanobis distance was not able to detect almost any of the 

contamination in subgroups 4, 5 and 6 with lower inter-correlation between variables. 

From these subgroups, the PCA methods and ICA picked the contamination the best. 

From the PCA scores 1 and 2, score 2, focusing on the most insignificant components 

performed better. The subgroup 7 had 18 variables with varying degrees of correlation 

between variables. Again, the PCA method focusing on each component alone, the PCA 

method focusing on the most insignificant components (PCA2) and the ICA method were 

the best methods in picking the contamination from subgroup 7. The difference in 

performance between PCA1 and PCA2 methods indicates that the contamination 

manifests mostly in the most insignificant components.  

Table 9. Percentage of the contamination detected in each subgroup of tests with each 

of the methods in 6 sigma level.  

 Percentage of contamination detected 

Method Group 1 Group 2 Group 3 Group 4 Group 5 Group 6 Group 7 

Mahalanobis 50 % 32 % 50 % 0 % 0 % 0 % 22 % 

Robust Mahalanobis 50 % 32 % 50 % 0 % 0 % 0 % 17 % 

PCA1 51 % 47 % 50 % 13 % 3 % 8 % 2 % 

PCA2 50 % 48 % 57 % 25 % 22 % 17 % 53 % 

PCA Components 56 % 53 % 54 % 34 % 23 % 22 % 57 % 

kNN 50 % 1 % 50 % 9 % 13 % 6 % 5 % 

Multiple Linear Regression 49 % 33 % 44 % 18 % 9 % 11 % 18 % 

ICA 50 % 52 % 58 % 25 % 19 % 15 % 55 % 

 

Due to the way of how the contaminated data was generated, some fraction of it fell so 

far from the mean that they were also detectable with the specification limits. For that 

reason it is reasonable to also look how the methods find the contamination, which is not 

detectable with the traditional means. Table 10 follows the structure of Table 9, but only 

the contamination passing the static limits for each variable is considered. As can be seen, 

there is not that great of a difference between those two except in subgroups 1, 5 and 7. 

The reason for that was that most of the contamination fell within the static limits in the 

other subgroups. In subgroups 1, 5 and 7 the order in the effectiveness of the methods 

remains the same as when all the contamination was analyzed. These results therefore 

strengthen the notions made in the previous paragraph.   
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Table 10.  Percentage of contamination detected in each subgroup of tests with each of 

the methods in 6 sigma level. Only contamination, which passed the univariate static 

test limits, is considered.  

 Percentage of contamination detected 

Method Group 1 Group 2 Group 3 Group 4 Group 5 Group 6 Group 7 

Mahalanobis 32 % 32 % 50 % 0 % 0 % 0 % 16 % 

Robust Mahalanobis 32 % 32 % 50 % 0 % 0 % 0 % 12 % 

PCA1 33 % 47 % 50 % 12 % 2 % 8 % 1 % 

PCA2 32 % 48 % 57 % 24 % 18 % 16 % 46 % 

PCA Components 39 % 53 % 54 % 30 % 20 % 21 % 50 % 

kNN 32 % 1 % 50 % 7 % 10 % 5 % 3 % 

Multiple Linear Regression 32 % 33 % 44 % 16 % 9 % 10 % 16 % 

ICA 32 % 52 % 58 % 21 % 15 % 13 % 47 % 
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6 DISCUSSION 

From the results presented in the previous chapter it is quite difficult to confidently say, 

which method is the most applicable for IC production tests. A trade-off between the 

effectiveness and efficiency must be made since the most effective methods would result 

in the largest additional yield loss thus being the least efficient. 

Two metrics for evaluating the efficiency of the methods were used: the time needed to 

calculate the outlierness score and the additional yield loss from the unique outliers. The 

test times were similar between the methods other than for the kNN method, where the 

test time grow faster as the dimensions increases, eating away its efficiency. The most 

efficient method is therefore hard to point out as the efficiency changed across the 

subgroups of tests too.  

Four different metrics for evaluating the effectiveness of the methods were used: the 

number of outliers, the number of unique outliers, percentage of the contamination 

detected and for the 𝐼𝐷𝐷𝑄 subgroup the percentage of 𝐼𝐷𝐷𝑄 fails detected. The most 

effective method across all these metrics was the PCA components –method. That method 

seems the most promising in detecting multivariate outliers, which would otherwise 

escape the testing process and I would recommend implementing it in the test flow. 

Removing the unique outliers detected with this method would probably increase the 

reliability of the parts and decrease the reject rate. One possibility would also be to subject 

the outlier chips to more extensive testing to point out defects instead of imminently 

disposing them based on the outlier analysis.  

There seemed to be positive correlation between a method’s ability to detect the simulated 

contamination and the correlation between variables in the subgroup of tests. As can be 

seen from Table 9, the methods found the smallest percentage of the contamination from 

subgroups 4, 5 and 6, which also had smaller average correlation between variables than 

the first three subgroups. This indicates that choosing variables that have strong 

correlation between each other will result in better outlier detection effectiveness with 

these methods.  

Another factor that seemed to affect the effectiveness of the methods was the number of 

variables used. The subgroup 7 had 18 variables in it and again from Table 9 can be seen 
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that most of the methods performed better in this subgroup than in the subgroups 4, 5 and 

6, which had smaller number of the same variables. The only methods performing worse 

in this subgroup were the kNN and PCA1. Increasing the number of variables in the rest 

of the methods seems to increase the effectiveness in detecting the contamination at least 

to some extent.  

6.1 Theoretical implications 

The outlier detection methods that I have used in this experiment have been studied before 

on the literature on statistics and outlier detection and some of them have been studied in 

the literature on IC production tests. I will next go through each method and compare 

implementation of the methods, the results that I got, and other considerations with the 

literature.  

Nakamura and Tanaka (2010) have used Mahalanobis Distance to predict the functional 

tests failure rate of chips from the Mahalanobis distance of 𝐼𝐷𝐷𝑄 measurements. They 

were able to identify the small fluctuations in 𝐼𝐷𝐷𝑄 in some defective chips, which were 

not detected as outliers by the conventional 𝐼𝐷𝐷𝑄 or ∆𝐼𝐷𝐷𝑄 methods. However, similarly 

to my findings, their method also found MD outliers from parts that were not failing the 

functional tests, but the ratio of failing parts to passing parts was higher when the 

Mahalanobis distance was higher. According to Nakamura and Tanaka (2010) the 

Mahalanobis distance of the 𝐼𝐷𝐷𝑄 can be used to complement the functional testing. 

Indeed, the MD in my experiment found outliers with good rate and negligible yield loss 

from not only 𝐼𝐷𝐷𝑄 but from other types of tests also. Berges et al. (2012) found the MD 

to be the only method to detect certain customer return among an array of methods. Their 

choice was to use the known customer return to set a limit for the MD and disregard all 

parts above that limit. That resulted to yield loss of 0.36%, which is much higher than the 

yield loss with my method. 

Berges et al. (2012) also used the PCA to reduce the number of variables before applying 

MD. That method proved to be less effective than MD alone. I had different approach to 

PCA. The one approach where I used the components of PCA to screen for outliers is 

similar to that of Berges et al. (2012) but without the dimension reduction. In my 

approach, also the insignificant principal components are included. Sumikawa et al. 

(2012) had similar approach and they used preemptive and reactive ways to select the 
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subset of tests to the analysis. I used only the preemptive approach, which also happened 

to be more effective on the Sumikawa et al. (2012) research.  

O’Neill (2008) also studied PCA for outlier detection and used the scores calculated from 

the insignificant components similar to my experiment. The difference was that he 

performed the outlier rejection at post-processing while my method is performed as the 

results are collected. The variables that he used were also similar, consisting of 𝐼𝐷𝐷𝑄 

measurements and set of analog signals including current and frequencies. He found the 

total defect excursion, which is the same as the 𝑑1
2 score that I used, to be the best outlier 

criterion for 𝐼𝐷𝐷𝑄. My experiment also suggest it being the best among the two PCA 

scores not only for 𝐼𝐷𝐷𝑄 but for the other subgroups of tests too.  The 𝑑2
2 score performed 

better only in one subgroup. 

Turakhia et al. (2005) used the ICA combined with another SPP module, nearest neighbor 

residual, to identify outliers in 𝐼𝐷𝐷𝑄. They also suggest that this method is not limited to 

𝐼𝐷𝐷𝑄 and can be used with other parametrical data, which is what I have done. They found 

ICA to perform better than the traditional ∆𝐼𝐷𝐷𝑄 approach. I used only the ICA in my 

experiment without the addition of NNR and found that it was not able to detect the same 

outliers as ∆𝐼𝐷𝐷𝑄. One reason for that difference could be that these two methods find 

defects from different sources. But like with Turakhia et al. (2005) research, the sources 

extracted with ICA are not explained with any physical conditions on the chip and as such 

the ICA outlier detection is based only on an assumption. I found no other research where 

the ICA would have been used with IC production test data so I cannot evaluate the rest 

of my results against existing literature. The novelty of this method is certainly one of its 

disadvantages against the other methods.  

Fang et al. (2006) used regression analysis to conduct a new test parameter from two 

correlated parameters. The new parameter was the residual between estimated value from 

the regression and the observed value of the parameter. That is precisely what I also did 

with my experiment, except that I used more than two parameters in the regression 

analysis. Fang et al (2006) found two irregularities from 159337 observations with this 

new test and were able to point both of them to physical irregularities and particles on the 

chip. On the other hand, Berges et al. (2012) used similar approach but failed to identify 

a customer return with it. In my experiment, the regression residuals –method found 

outliers with similar or little bit below average success compared to the other methods. 
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Advantages for using this method nevertheless are that it resulted in very low yield loss 

and is one of the easiest methods to implement. Moving limits can also be applied to that 

method easily to accommodate for the process shifts between lots (Fang et al. 2006). 

The k nearest neighbor has not been used as an outlier criterion in IC production. It has 

nevertheless been a subject of study in other and related fields. Ramaswamy et al. (2000) 

introduced it and studied several algorithms to calculate the distance to k nearest 

neighbor. They found that the time to perform these algorithms depends not only on the 

number of dimensions and the selected parameter 𝑘, but also on the choice of algorithm. 

My research also suggest that the test time increases as the dimensionality increases, but 

I performed the analysis with only one algorithm and one value for 𝑘. With dimensions 

greater than 8, this method was the most time-consuming of all the methods that I studied.  

There are obvious problems with my implementation of the k nearest neighbor method. 

First of all, I suspect that the performance of my current approach depends greatly on the 

size of the training data. Secondly, the curse of dimensionality (Goldstein et al. 1999) 

diminishes the reliability of the results when the number of variables is big even though 

I did not notice any difference in the performance or number of overkills with high-

dimensional data. The first problem can be dismissed if this method is performed in post-

processing with all of the results of a lot. Second problem could be answered with 

choosing the subgroups of tests accordingly and using only small number of variables.  

6.2 Managerial implications 

The benefit of all of the methods that I have introduced in this study is that no additional 

equipment or long additional steps in the test flow are needed to implement them. The 

parameters such as the covariance-matrix for Mahalanobis distance or the eigenvectors 

for PCA can be acquired alongside the characterization of the chips from known good 

chips. If that is not possible then the first lots of the production could be used to acquire 

those. The method themselves can be injected to the test flow like depicted in Figure 8. 

The outlierness score can be calculated on the tester and the limit applied immediately. 

That way the only costs of implementing these methods come from the added test time, 

which is reasonable small, and from the extra yield loss. These costs can be justified with 

the extra reliability that is resulted when the outliers are rejected. Another theoretical 
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benefit of using the outlier detection is better outgoing quality, but that would have to be 

studied after the methods are implemented to be certain. 

I therefore suggest that before any outlier detection method is implemented in the test 

flow, the unique outliers resulted from that method should be inspected. If the outliers 

can be linked to physical detects on the chips or to possible reliability issues, then the 

benefit of removing those outliers is clear. Otherwise, there is no reason to discard them.  

Based on the results and the lack of previous research, I would not recommend using the 

k nearest neighbor method for outlier detection on IC production. There are several 

reasons for that. First of all, the kNN method was only able to point out unique outliers 

in one subgroup of tests and even there it found the smallest number of those. There is a 

little benefit to use an outlier detection method, which does not add anything new in the 

testing. Secondly, the kNN method is not backed by any notable previous literature in the 

field of IC production tests. It also had poor performance when compared to ∆𝐼𝐷𝐷𝑄, 

another reason to not recommend it. 

The Mahalanobis distance –based outlier detection can be recommended for highly 

correlated variables. From the results of the simulated contamination I can conclude that 

its performance suffers significantly from the lack of strong correlation between 

variables. As of whether to use the robust or the normal version of the Mahalanobis 

distance, seems to matter very little, at least with the selected subgroup of tests.  

The same can be said of the PCA. It performs best when the correlation between the 

variables is strong and thus it can be recommended for those types of tests. The 

component-wise PCA outlier detection and the 𝑑2
2 score have also potential even when 

the correlation is weaker. That notion is supported by the results of the contamination 

detection analysis.  

One interesting property of the component-wise PCA method was that with the correct 

combination of variables, it was able to detect almost 50% of the faulty chips from only 

handful of variables. It could therefore be used as a pre-processing step to discard portion 

of parts from further analysis, thus reducing costs.  

After the PCA, the ICA was the second best method in detecting outliers and unique 

outliers. It had very similar results to the PCA in all other analysis except when the 
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method was compared to ∆𝐼𝐷𝐷𝑄. In that comparison, the ICA found only 4.9% of the 

∆𝐼𝐷𝐷𝑄 fails when the PCA found all of them. This greatly diminishes the validity of this 

method. Maybe it should be combined with the NNR to get better results like what was 

done by Turakhia et al. (2005). Based on my experiment, however, I would recommend 

using the PCA rather than the ICA.  

The benefits to use the regression residuals as outlier metric are that it is the easiest of the 

methods to understand and implement. Due to the nature of the regression analysis, that 

method should, again, perform better when the variables have strong correlation. 

Generally, the results, especially from the contamination detection analysis, imply that 

the methods will perform better when the correlation between variables is stronger. There 

might also be positive correlation between number of variables and the effectiveness on 

detecting outliers in most of the methods.  

After all, I see the component-wise PCA method as the best choice if multivariate outlier 

removal is introduced in the test flow. It found the highest number of defective chips, 

highest number of unique outliers and highest percentage of the simulated contamination. 

It also performed well even when the variables were less correlated. Alongside the other 

PCA methods, it was able to detect all of the ∆𝐼𝐷𝐷𝑄 fails. The limits for that method 

should be adjusted when implemented so that the additional yield loss stays reasonable. 

Attention should be paid in choosing the variables to use so that the best possible benefit 

from the method is achieved.   

6.3 Critical evaluation of the research 

The reliability of this research is good based on the fact that all the information and tools 

needed to replicate the experiment are explained in sufficient detail and therefore similar 

results should be obtainable if one is to replicate this study with similar data.  

The resources for this thesis were limited in many ways. Most notable limitation was that 

I could not study the detected unique outliers further since they were already shipped to 

customers. That, or known customer returns would have been needed to properly validate 

my results and to show whether the unique outliers were truly defective or only overkills.  
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The validity of this research can, therefore, be questioned. Especially the validity of the 

results from ICA and kNN methods, because no previous research proofing that the 

outliers that they find are actually defective exist. For the rest of the methods, their 

validity can be explained with previous research. The validity of my research would 

improve greatly if I would be able to link the unique outliers found by the methods to 

known customer returns or defective chips. The research started in this thesis could 

therefore be continued with inspecting the unique outliers.   
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7 CONCLUSIONS 

Statistical outlier detection is an emerging paradigm in IC production tests, where 

statistics have previously been used only in analyzing yield and reliability (O’Neill 2007). 

In this research several statistical multivariate outlier detection methods that had 

potentiality to be used in IC production tests were studied. The research was conducted 

with a literature review on the methods and an experiment with real life production test 

data. The interest in the experiment being the effectiveness and efficiency of the methods.  

The literature review on multivariate outlier detection methods revealed that many of the 

methods are a form of variation reduction. Several variables can be used together to 

reduce variation on the variable of interest and to make the difference between inliers and 

outliers more obvious. It was also found that statistical testing and especially outlier 

detection seems to be an emerging new way to keep the test costs in bay and to further 

improve quality in the semiconductor field. Several statistical outlier detection methods 

such as the DPAT or NNR are already in widespread use and others are still studied.  

The literature review also revealed that most of the research in multivariate outlier 

detection in IC production tests focused on outliers in 𝐼𝐷𝐷𝑄. Some of the multivariate 

outlier detection methods currently used include ∆𝐼𝐷𝐷𝑄, current ratios and NNR. 

However, like stated earlier, many more outlier detection methods are currently 

researched and promising new methods are emerging. For example, the principal 

component analysis has been used with good results to catch outliers from production test 

data. In this research I experimented with the Mahalanobis distance, PCA, ICA, linear 

regression and kNN to find out the efficiency and effectiveness of them in detecting 

outliers. The results from that experiment pointed out the PCA as the most promising 

method in terms of effectiveness.  

The efficiency of the methods was found to be result of the time that the methods took to 

perform and the addition to the yield loss from removing the outliers. The quality costs 

from the test time did not differ notably between the methods. The yield loss, however, 

was tied to the method’s ability to find unique outliers. The most effective methods found 

the greatest amount of those thus resulting in the greatest yield loss. The outlier removal 

is therefore a trade-off between the increased quality and decreased yield from removing 
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the outliers. However, the yield loss with these methods was reasonable low and 

adjustable by setting the limits for outlierness in desired level.  

The practical implications of this research to the case company are several. First of all, 

the model for implementing the outlier detection methods as parts of the test flow are 

provided in Figure 8. Secondly, the results of the experiment provide insight in choosing 

the correct outlier detection method to use. I would mostly suggest the PCA. The 

experiment was performed on several different subgroup of tests, which provides 

information on which kind of variables are most applicable for the methods. Generally, 

more correlated variables performed better than less correlated and increasing the 

dimensionality increased the effectiveness.  

Statistical outlier detection in IC production is emerging field of study. My research 

compliments the previous studies, which have been usually focused on one or two outlier 

detection methods at a time, by giving comprehensive review of multiple methods and 

comparison of them. 

Due to the limited resources available to me, this research has some limitations. One of 

the objectives was to find the effect of outlier removal in outgoing quality rate. 

Theoretically, the outgoing quality rate should increase as outliers are removed, but as I 

was not able to link the outliers to defects in the chips or to field failures, there was no 

way to study the effect on quality. Another limitation of this research was that I 

considered only outlier detection methods, which could be performed on-the-fly. Another 

possibility to perform outlier removal would be statistical post processing, which was 

intentionally left out of this study to keep the scope reasonable.  

Lastly, I want to point out some of the directions in which the research that I have started 

could be continued. The most obvious next step would be to study the unique outliers 

found by the outlier detection methods and see if they can be linked to physical defects 

on the chips or to other possible reliability issues. If that can be done, the effect of 

removing the outliers on the outgoing quality rate can be demonstrated. Other possible 

direction would be to see how these methods could be used in statistical post processing.  
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