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Introduction

The conventional nuclear magnetic resonance (NMR) imaging relies on the detection of
abundant sources of hydrogen nuclei (protons), usually water and fat in biological tissue. Biochemical species of events occurring at very low concentrations are, hence, not
accessible in the classical proton NMR. The effort to understand these low concentration
events and, e.g., diseases at a molecular level requires development and design of novel
molecular probes, capable of molecular recognition − preferably in aqueous media. These
probes can be combined with known advantages of NMR, such as the use of non-ionizing
radiation and intrinsic chemical resolution. Xenon NMR biosensors [1–3] and their application have risen as one particularly interesting category of molecular probes. The xenon
biosensor approach was initially proposed in 2001 by Pines and co-workers [4], and it is
an increasingly active field of research in the study of non-covalently bound host-guest
systems. Xenon biosensors combine the chemical shift sensitivity of an inert noble gas,
xenon [5], as a guest for a functionalised host molecule [6] along with nuclear spin hyperpolarisation techniques, such as SEOP [7], and indirect detection schemes, such as CEST
[8, 9], to create a promising NMR application for accurate sensing of biochemically interesting molecular environments. In addition, host-guest systems and their interactions
are of vast general interest in chemistry due to their significance in the field of chemical
sensing and drug design.
Cryptophanes [6, 10, 11] are among the most promising category of host molecules for
xenon biosensors, as their affinity for xenon is particularly high [1–3]. The affinity between
a host and a guest characterizes the thermodynamics of the non-covalent binding. In
addition, cryptophanes meet with several other requirements of potential host molecules
for xenon biosensors, e.g., they allow in-and-out exchange between the bound and the
bulk xenon, and considering the NMR experiment, the relaxation behaviour of xenon
inside cryptophanes is close to ideal. Different host-guest complexes can vary a lot, and
some are very dynamic, including almost all cryptophanes. The exchange rate between
the bulk xenon in the solvent and the bound xenon in the host molecules is a parameter of
major importance concerning the hyperpolarisation techniques combined with the indirect
NMR methods [12]. Detailed microscopic description of the host-guest interactions of
xenon-cryptophane complexes is experimentally very difficult, which calls for molecular
modeling.
In this thesis, the host-guest interactions of the core of a potential xenon biosensor in
aqueous media are studied. In particular, the xenon binding free energy and complexation
route with the host molecule, along with solvent effects, are of central interest. The
biosensor core studied here is composed of a xenon guest in the cavity of a cryptophane-A
host. Cryptophane-A (cryptophane-222) is a simple and a very commonly used variant of
the large family of cryptophane host molecules. No functionalised moieties are included
in the structure of the present host molecule, so it is a prototype of a complete xenon
biosensor. These studies are the first of their kind and shed light on the xenon biosensor
in its natural solvent environment.
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Figure 1: Visual representation of a process in which the xenon guest dissociates from
the cryptophane-A host through one of the three entrance portals in the structure of
the host. Two water molecules that are active in the dissociation event, are also shown
in the figure. In reality, in the present MD simulations, the system is solvated in 500
water molecules. Xenon is displaced by the two water molecules and pushed out of the
host cavity. One of the water molecules remains in the cavity of the host, while the
other exits almost immediately after the xenon dissociation. The process takes only a
few picoseconds. Hydrogen atoms of the host molecule have been removed from the
visualisation for clarity.

Molecular dynamics (MD) [13] and metadynamics (MTD) [14, 15] simulations of the
xenon-cryptophane complex were performed at explicit water solvent. The MD simulations were carried out at three different levels of theory, two semiempirical methods [16,
17], which explicitly include electronic interactions, and one force-field method [18]. The
MTD simulations were carried out at the force-field level. The MD-simulation outputs
were used to calculate the binding free energy of xenon with the cryptophane-A host
through a thermodynamic cycle. The dissociation of xenon from the host, which is an
extremely rare event in the molecular time scale, could be reproduced by the MTD simulations, and the complexation route and mechanism of xenon were identified. In addition,
the exchange dynamics of water molecules with the cryptophane host were studied by
calculating the distances of closest water molecules from the center of the host as time
evolves, after which the average water molecule occupation, relative occupations with respect to the MD simulation time, and the mean residence time of water molecules inside
the host cavity could be computed.
The simulations provided insight at a molecular level on the host-guest interactions of
the xenon-cryptophane complex. The binding free energy results are in agreement with
existing experimental and computational values [19–39]. The complexation route and
mechanism of xenon with the cryptophane host in the association/dissociation process
have not been reported before. In this work, xenon was found to dissociate from its host
in three qualitatively different processes, each initialised by the inlcusion of one or more
water molecules, which displace the xenon from the host cavity, analogously to a single
displacement reaction. A dissociation process in which two water molecules displace the
xenon atom is shown in Figure 1. To the best of the author’s knowledge, the inclusion
of explicit water molecules, their role as a solvent, and the exchange dynamics of water
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molecules with cryptophane hosts have only been reported in Ref. [33], in which the significance of explicit water molecules was discovered. Same conclusion was confirmed here,
and the realm of values for the occupation and mean residence time of water molecules
inside the cryptophane host are in agreement. In addition, the distribution of different
occupation numbers is discussed, and for the first time, a qualitative description of the
role of water molecules in the xenon dissociation process is presented.
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Computational modeling of molecular systems

Computational physics [40] is a branch of science in which physical problems are solved
using numerical techniques and the help of computers. It is often regarded as a part of
theoretical physics, since computational physics is also based on theoretical models and
mathematics. On the other hand, the traditional ”pen and paper” method is accompanied
by computer software, and the calculations themselves can be regarded as experiments
of varying degree of realism and sophistication. A firm understanding of the underlying
physics is, however, quintessential.
A straightforward analytical solution for a problem is usually not feasible. E.g., mathematical analysis does not provide an exact solution for a system in which three or more
bodies interact. For this reason, in quantum mechanics, only the hydrogen atom (which
is composed of a proton and an electron) is an exactly analytically solvable system. At
experimental conditions, the number of particles is usually comparable to Avogadro’s
number NA = 6.022 × 1023 , the number of particles in one mole. E.g., a teaspoon of liquid
water has approximately a quarter of a mole of water molecules in it. Computers and
advanced algorithms are used to approach problems of this size. A large part of computational physics involves computer simulations [41], in which one tries to computationally
mimic a natural process or a system. The method used in this thesis, molecular dynamics
[13], is one example of such computer simulations.
Technical development is now faster than ever. Hardware improvements, the development of more elaborate algorithms and, hence, the increase in computational speed render
computational physics a compelling subdiscipline. One of the challenges in computational
physics is to find the balance between accuracy and cost of the computations. Some computationally demanding systems might require weeks or even months of simulation time
to reach the accuracy required.
Simulations act as a bridge between theory and experiment. The validity of computational methods is constantly tested by comparing obtained results with existing experimental data. One may also test a theory by conducting a simulation that uses this
theory as a model, or carry out computer simulations of situations that are impossible
or unfeasible in laboratories, e.g., experiments at extremely high temperatures or with
poisonous materials.

2.1

Dynamics of molecular systems

Statistical physics shows that the experimentally measured value of physical quantity of a
system with a large number of particles (of the order NA ) can be found as an ensemble average over the particles. Phase space for each particle is a six-dimensional space consisting
of all possible values of position and momentum, in terms of which all possible states of a
one-particle system are presented. Molecular dynamics, which is the method used in this
thesis, as well as Monte Carlo methods [41] are used to simulate the system by sampling
the phase-space region available for the system. The collection of points in phase space
that are generated during the simulation is called the trajectory of the system.
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Figure 2: Visual representation of a spherical cluster (a droplet) of 500 water molecules.
The structure has been quantum-chemically geometry-optimised at the semiempirical
GFN2 level of theory [16], and functions as a starting configuration for one of the MD
simulations of this thesis. The visualisation is done on the VMD programme [42].
In MD, time-dependent properties through dynamic equations of motion, and the full
trajectory, are accessible. The trajectory of the particles is generated based on interactions
(or forces) between the particles. These interactions should be as realistic as possible.
Visualising the time evolution of a system is also possible in MD. A starting configuration
for a MD run is shown in Figure 2. In MC, the time-dependence and momenta of the
particles are left out. The trajectory is only partially generated by sampling just the
configurational sub-space of phase space. The configurations are generated by trial moves,
which are accepted or rejected based on energy criteria. Time dependence is lost, but
statistical averages over the sampled configurations can be efficiently calculated.
For a large enough number of sampled configurations of the system, one can expect to
reproduce the ensemble averages rather closely by taking the average over the generated
sample. The larger the sample size, the better the estimate of an ensemble average and,
hence, of an physical observable.

2.1.1

Molecular dynamics simulation

In MD, one models the available degrees of freedom of the nuclear framework of an atomic
or a molecular system, its structure and dynamics, by using the potential energy surface
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(PES) of the system. The PES contains all the information on the interaction energies of
the particles. It can be an extremely complicated multidimensional hypersurface in phase
space. A global minimum on this surface in terms of the nuclear positions corresponds to
the equilibrium geometry of the system.
MD is realised by a step-by-step integration of the appropriate equations of motion of
the system, governed by the PES1 . It can therefore be viewed as a simulation of the system
as it evolves in time – an attempt to reproduce the behaviour of an actual system as it
would behave in nature. The advantage of MD over MC is that it provides the access to
the dynamical properties of the system, e.g., time-correlation functions and the diffusion
of a given particle and, as mentioned, the trajectory. Configurations that are stored along
the trajectory of the system while the simulation proceeds, are called snapshots.
Newtonian laws of motion
Let us consider a system of N particles, where {r} are the coordinates of all particles.
For every particle i at position r i at time t, Newton’s second law says that
d
r i (t) = v i (t)
dt

(1)

and
d2
F i ({r})
−∇Ui ({r})
r i (t) =
=
= ai (t),
(2)
2
dt
mi
mi
where v i and ai are the velocity and acceleration of particle i, mi is its mass, F i is the
force acting on it and Ui is the potential energy, which is determined by the PES. The
general potential shown here can also include external and interaction potentials, e.g.,
an external magnetic field and Coulombic forces between molecules. For our system of
N particles, this produces 2 × 3N differential equations (acceleration and velocity), one
for each spatial coordinate. These equations can be numerically solved by using different
integration algorithms, which will be discussed later.
Generation of the potential energy surface
There are different approaches on how to construct the PES of the system. Generally, in
a non-relativistic situation, a system of N particles can be described by a Hamiltonian
N
N
N
X
X
1X
p2i
Vij +
U0,i ,
+
H = EK + EP =
2mi 2 i6=j
i
i

(3)

where EK is the kinetic energy and EP the potential energy of the system, pi is the
momentum of particle i and V is an interaction potential between particles. In Eq. (2),
Ui would include both potential energy terms of Eq. (3). An external potential U0 can be
explicitly added to the Hamiltonian. The Newtonian equations of motion are related to
the Hamiltonian of Eq. (3) through Hamilton’s equations of motion, which are
1

To be exact, the forces govern the equations of motion, and conservative forces can be acquired from
the PES. However, some simulations include non-conservative forces, e.g., dissipative forces in Langevin
dynamics [41].
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∂H
,
∂pi

(4)

q̇ i =
and

ṗi = −

∂H
.
∂q i

(5)

Here, q i is a generalized coordinate, familiar from Lagrangian mechanics, which can, e.g.,
be the distance between nuclei. Thus, by defining a Hamiltonian which describes the
energy of the system, one can calculate the trajectory of the system in phase space.
An important example related to the Hamiltonian formalism is the Born-Oppenheimer
approximation (BOA) [43] of molecular sciences. In BOA, the degrees of freedom that
describe nuclear and electronic motion are separated. Justification to this resides in the
large mass difference between nuclei and electrons; mp ≈ mn ≈ 1835 me , where mp , mn
and me are the masses of the proton, neutron and electron, respectively. Electrons are,
hence, thought to adapt immediately to a change in nuclear coordinates. For a manyelectron system (e.g., a molecule) this leads to an electronic Hamiltonian in the electric
field of the static nuclei, and separate Schrödinger equations (SE) (see Section 2.2) for the
electrons and the nuclei of the system. The electronic energy, which is determined by the
electronic Hamiltonian with a parametric dependence on nuclear coordinates, can then
be used as the potential energy function in Eq. (2). In the spirit of Eq. (5), the nuclear
coordinates R can also be varied in order to find an optimal geometry of the system,
which usually serves as a starting point for the determination of physical properties, or
for a MD run. An example of a one-dimensional PES as a function of diatomic bond
length is given in Figure 3. BOA is discussed in further detail in Section 2.2.
There are essentially two options for determining the potential energy function of the
system in a MD simulation:
i. Use a pre-parametrised force field by fitting an analytical potential energy function
to experimental and/or computational energy data.
ii. Calculate the electronic structure of the system for each instantaneous simulated
configuration ”on the fly”, from which the energy and forces on nuclei can be determined while the simulation proceeds.
Examples of the two approaches are using the popular AMBER force field [44], which
belongs to the former, and the so-called Car-Parrinello molecular dynamics [45], which
represents the latter.
The software used in this work is called xTB [46]. It is a relatively new package, capable of performing single-point calculations, geometry optimisations, MD simulations and
several other features. The Hamiltonians of xTB are based on a semiempirical quantumchemical approach. Further information on the xTB software package, and in particular
on the technical details, can be found from their GitHub web-page [47]. The three Hamiltonians in the xTB code, are called GFN2 [16], GFN0 [17] and GFN-FF [18]. The former
two correspond to semiempirical methods, and the latter makes up a force-field method.
Electronic structure is explicitly included in the semiempirical methods, but it is done in
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Figure 3: Schematic one-dimensional potential energy surface (PES) that describes the
energy profile of the system E as a function of bond length RAB of a diatomic molecule.
Due to the quantum-mechanical zero-point fluctuations, the dissociation energy D0 lies
slightly above the depth of the PES De .
an approximate way2 . A more detailed description of the Hamiltonians of xTB is given
in Section 2.3.2.
Algorithms
In practice, one needs to implement algorithms for numerical solution of eqs. (1) and (2)
(or other equations of motion). Algorithms are used to discretise the phase space propagation of the system into small time steps ∆t, and are mere instructions for repetition.
Algorithms of MD are derived from the Taylor series expansion of r(t). There are a few
algorithms in common use, differing by their accuracy and computational requirements.
The length of the time step is an important parameter in MD, because it determines the
numerical accuracy of the trajectories and, e.g., how well the physical quantities, which
are kept constant in the simulated statistical ensemble, are conserved. From some initial
set of values for position and velocity of each particle, new positions and velocities after ∆t
are calculated. In xTB, the so-called leap-frog algorithm [48] is used, where the velocity
and position of each particle i are approximated as
2

Electronic structure can be partially included in force-field methods as well, by doing the preparametrisation based on quantum-chemical calculations.
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∆t
∆t
dv i (t)
) = v i (t −
)+
∆t
2
2
dt
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(6)

and
∆t
)∆t.
(7)
2
Other common choices are the so-called Verlet algorithm [49] and the more accurate,
but computationally heavier Predictor-Collector algorithms [50]. When the length of ∆t
(and hence the efficiency of the algorithm) is increased, the amplitude of the error also
increases. Thus, it is essential for MD simulations to find a ”sweet spot”, a compromise
between precision and efficiency.
r i (t + ∆t) = r i (t) + v i (t +

2.1.2

Monte-Carlo simulation

In Monte-Carlo methods [40, 41], one uses extensively random numbers in the calculation
of statistical averages. Only the 3N -dimensional configurational sub-space of the complete
phase space is sampled in MC, and dynamical properties cannot be accessed. The momenta of the particles are totally left out due to the exclusion of time, but for structural
and time-independent properties MC is extremely popular due to its straightforwardness.
The idea is to sample the configurational space by random trial moves, which are either
accepted or rejected based on changes in the energy of the system. After a small random move in the configuration space, the new energy of the system is evaluated: if the
change in the energy is negative, the atomic coordinates after the trial move are accepted
and taken as the new configuration of the system, and if it is positive, the trial move is
accepted with a Boltzmannian probability
pB = e−∆E/kb T .

(8)

This can be done by generating a random number uniformly on (0, 1) and comparing it
to pB . In Eq. (8), ∆E is the change in the energy of the system. This constitutes the
famous Metropolis MC algorithm [51].
The reason for employing MC algorithms in statistical sampling is the efficient calculation of integrals. Statistical averages, which correspond to measured values, can be
written as integrals of the configurational sub-space of the phase space. Generally, a
physically measurable time-independent property A for an ensemble of N particles has
an ensemble average
Z
hA({r})i = A({r})ρ({r}) d{r},
(9)
where {r} = (r 1 , r 2 , ..., r N ), ρ({r}) is the canonical probability density
1 −En /kb T
,
(10)
e
Z
and Z is the partition function of the system, familiar from statistical physics. These
integrals can be very efficiently evaluated by stochastic integration [40, 41], which is, by
ρ(r n ) =
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sampling over the configurational space available to the system, weighted by the Boltzmannian probability density (importance sampling). The ”natural” statistical ensemble
for MD is microcanonical, where the variables N V E (number of particles N , volume V
and internal energy E) are kept constant, whereas for MC the natural ensemble is canonical N V T (temperature of the system T ). The N V T ensemble is a very common choice
for MD simulations as well, as it better represents the experimental conditions.

2.2

Quantum chemistry

Quantum chemistry (QC) [40, 43, 52], or molecular quantum mechanics, is a branch
of physical chemistry that applies quantum mechanics and physical models to chemical
systems. At the heart of QC (and all quantum mechanics) is the Schrödinger equation,
which describes the time evolution of a quantum-mechanical system:
∂
Ψ(r, t) = ĤΨ(r, t).
(11)
∂t
Here, i is the imaginary unit, h̄ the reduced Planck constant, Ψ the wave function of the
system3 , and Ĥ the Hamiltonian operator of the system, which in the non-relativistic case
is
ih̄

h̄2 2
Ĥ = T̂ + V̂ = −
∇ + V̂ (r, t).
(12)
2m
The first term of the Hamiltonian corresponds to kinetic energy and the second term to
potential energy. In a system of many particles, one would have to sum up the terms
over each particle, and also include the interactions between the particles. The shape of
the potential V̂ depends on the type of the quantum-mechanical system of interest. If
the potential energy is independent of time, the SE separates into two equations: one for
the time evolution and one for spatial variation. The latter is called the time-independent
Schrödinger equation (TDSE):


h̄2 2
∇ + V̂ (r) Ψ = EΨ.
(13)
ĤΨ = −
2m
Here, E is the energy of the system. Much of the development in QC is based on the
time-independent SE [43].
In quantum mechanics, a system is completely described by its wave function Ψ(r, t).
On top of the positions of the particles and time, a quantum-mechanical system is characterized by its state. The state of the system is decribed by a set of quantum numbers.
The entirety of quantum mechanics is a linear theory of operators, matrices and vectors,
and particularly of eigenvectors, -functions, -values and equations composed of them, all
acting in Hilbert space (a complex-valued vector space) [53]. The states of a quantummechanical system are represented by vectors in the Hilbert space, so the wave function
Ψ(r, t) has a one-to-one correspondence with a vector |Ψi. Generally, |Ψi is not an eigenvector of an arbitrary quantum-mechanical operator Q̂, instead, |Ψi can be expanded in
3

The wave function reflects the probability of a particle to be ... [KORJAA] is really a function of all
the atomic coordinates {r}, but for now, r will be used to denote the set of coordinates for simplicity.
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terms of all the eigenvectors of an operator4 , usually the Hamiltonian. Operating on such
a wave function with Q̂ yields
!
X
X
X
Q̂ |Ψi = Q̂
cn |ni =
cn Q̂ |ni =
cn ωn |ni ,
(14)
n

n

n

where |ni is an eigenvector of Q̂ with a corresponding eigenvalue ωn :
Q̂ |ni = ωn |ni .

(15)

For the Hamiltonian operator, the eigenvalue is the energy of the system, as is seen in
Eq. (13).
From now on, the system of atomic units, where h̄ = e = a0 = me = 1, and Dirac’s
bra-ket notation, as in Eq. (14), will be adopted. Extensive description of basic quantum
mechanics is not necessary here, and more can be found from various sources, e.g., [53,
54].
Electronic structure
For quantitative results, one has to include in the Hamiltonian as many interactions of
the system as possible. Some examples that one might consider are the interactions
caused by external electromagnetic fields, (hyper)fine-structure interactions and, on top
of Coulombic repulsion, the ”apparent” interaction between electrons which is a result
of Pauli exclusion principle. The interactions themselves are known, but when calculating physically observable quantities, the effects caused by these interactions have to be
approximated, and some of the most common approximations, which form the basis for
more sophisticated methods, are briefly introduced in this chapter. Books [40] and [43]
are used as general references.
For a system of more than two interacting bodies, the exact analytical solution of SE
is not possible. The first approximation that is almost always done is the BOA, as was
mentioned earlier. According to BOA, the nuclei of the system are stationary, and the
wave function of the system describes its electronic structure, i.e.,
ĤΨ(r, R) = E(R)Ψ(r, R).

(16)

Here, the electronic coordinates r are the variables, and the nuclear coordinates R are
fixed. The electronic wave function has a parametric dependence on the positions of
the nuclei. For a molecular system of N electrons and M nuclei, the BOA-consistent
Hamiltonian (molecular Hamiltonian) can be written as
#
" N M
N
N
M
X
X X ZI
1X 1
1 X ZI ZJ
1 2
Ĥ = −
∇i + −
+
+
,
(17)
2
r
2
r
2
R
Ii
ij
IJ
i
i
I
i6=j
I6=J
where ∇2i is the Laplacian acting on electron i, ZI the charge (in atomic units) of nucleus
I, rIi the distance between nucleus I and electron i, rij the distance between electrons
4

The eigenfunctions (eigenvectors) of an Hermitian operator, corresponding to physical observables,
form an orthonormal basis in the Hilbert space.
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i and j, and RIJ the distance between nuclei I and J. First, second and third term
correspond to kinetic energy, electron-nucleus attraction and electron-electron repulsion,
the latter of these being the cumbersome one. The last term is the nucleus-nucleus
repulsion. This Hamiltonian only includes the ”large” interactions and leaves out the
system-specific details, e.g., the magnetic Zeeman interaction.
There are three main approaches to solve the many-electron SE: ab initio calculations,
density-functional theory (DFT) and semiempirical methods. In ab initio calculations,
a model is chosen for the electronic wave function and the SE is solved using only fundamental constants and the atomic numbers of nuclei. The wave function model in ab
initio methods can be systematically improved for better accuracy, but the computational
effort also increases rapidly. DFT is a very popular method, which focuses on the electron
density of the system rather than the explicit wave function. In different versions of DFT,
the so-called exchange-correlation functional is varied. This is hard to do systematically
and, hence, DFT methods have no obvious convergence towards more accurate results.
Semiempirical methods use a simplified version of the Hamiltonian which includes some
experimentally and/or computationally obtained and adjustable parameters [55].
In the following section, a short introduction to the main characteristics of these
methods is given, keeping our focus on the semiempirical method, which is the level of
theory in the xTB code used in this work, called density-functional tight-binding (DFTB)
theory [56]. It combines the semiempirical approach with DFT.

2.2.1

Hartree-Fock method

Hartree-Fock method (HF) [57, 58] is the first and the simplest ab initio level of theory,
on which many of the other theories are based on. In HF, each electron is considered to
be moving in an electrostatic field of the nuclei and an average field caused by all the
other N − 1 electrons of the system. HF takes into account quantum-statistical effects via
a variational scheme that satisfies the Pauli exclusion principle. The general interaction
between electrons is usually referred to as the exchange-correlation (EXC) effects. The
exchange part arises from the inclusion of Pauli exclusion principle, and correlation refers
to the level of treatment of Coulombic interaction between electrons5 .
Variation theory
Before discussing HF and its features in further detail, a common tool for finding solutions, called variation theory [43], should be introduced. It provides a theoretical basis
for a systematic way to approach the actual wave function of a system with a known
Hamiltonian, by minimising the energy functional. Suppose that the system is described
by a Hamiltonian Ĥ, and the lowest-energy eigenvalue of the system is E0 (ground state).
The variation theorem says that
R ?
Ψ ĤΨtrial dτ
hΨtrial | Ĥ |Ψtrial i
ε = R trial
≥ E0 ,
(18)
=
?
hΨtrial |Ψtrial i
Ψtrial Ψtrial dτ
5

To be exact, in the context of quantum chemistry, electron correlation is used to refer to the part
in the treatment of inter-electronic Coulombic interaction that ”exceeds” the HF level of theory. This is
why HF is often said to be a method that does not include electron correlation, as it itself is the reference
level.
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for any trial wave function Ψtrial . Here ε is called the Rayleigh ratio. Equality is true
only if the trial function is identical to the true ground-state wave function of the system.
Variation theory gives an upper bound to the true energy of the system, which can be
approached in an iterative manner. The trial wave function that gives the lowest Rayleigh
ratio is thus the optimum wave function of that functional form (for example e−ar ). A
method that uses variation theory to find optimal solutions is said to be variational.
Slater determinant
In HF, for a system of N electrons, a Slater determinant [59] is used for its antisymmetric
properties. The wave function is written as
ψ1 (x1 ) ψ2 (x1 ) ... ψN (x1 )
1 ψ1 (x2 ) ψ2 (x2 ) ... ψN (x2 )
Ψ(x1 , x2 , ..., xN ) = √
,
..
..
..
..
.
.
.
.
N!
ψ1 (xN ) ψ2 (xN ) ... ψN (xN )

(19)

where ψi (xn ) are the one-electron spin orbitals (sometimes called spinors). When ignoring
spin-orbit coupling effects, spin orbitals are a product of a spatial orbital and a spin
function. xn are the joint spin-space coordinates of electron n. The overall wave function
Ψ written this way produces a state that is fully antisymmetric under the interchange of
coordinates of any pair of electrons, as it should be for all fermions (Pauli principle).
Hartree-Fock equations
In HF, the Hamiltonian for N electrons is usually written as
Ĥ =

N
X
i

N

1X 1
,
ĥi +
2 i6=j rij

(20)

where
M

X ZI
1
ĥi = − ∇2i −
2
rIi
I

(21)

is the one-electron Hamiltonian for electron i. Hence, the correlation part, which arises
from the Coulombic electron-electron interaction in Eq. (20), is separated from the oneelectron Hamiltonians. The task is to calculate the expectation value of this Hamiltonian
within the BOA for an arbitrary Slater determinant of the form of Eq. (19), and then
minimise the result with respect to the spin-orbitals, using variation theory as in Eq. (18).
The detailed steps are not as important as the results, but a full derivation can be found
in various sources, e.g., [40, 43]. The derivation results in a set of Hartree-Fock equations,
which in the closed-shell case for spin orbital ψi are
F̂1 ψi (x1 ) = εi ψi (x1 ),
where

(22)
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X

(2Jj − Kj ) ,
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(23)

j=1

Jˆj ψi (x1 ) =

Z

ψj? (x2 )


1
ψj (x2 ) dx2 ψi (x1 ),
r12

(24)


1
ψi (x2 ) dx2 ψj (x1 ).
r12

(25)

and
Z
K̂j ψi (x1 ) =

ψj? (x2 )

F̂ is called the Fock operator, Jˆ the Coulomb operator and K̂ the exchange operator. The
one-electron spin orbitals are eigenfunctions of F̂ .
The exchange operator arises from the antisymmetric property of the wave function,
and it is a purely quantum-mechanical feature. In comparison with the Coulomb operator
ˆ K̂ appears with the ”−” sign, and the two spin orbitals are exchanged with each other.
J,
Hence, the exchange interaction is an attractive term (the negative sign), and it lowers
the Coulombic interaction between the electrons, which can be seen as a consequence of
the fact that electrons with same spin are kept apart. The total energy of the system is
related to the eigenvalues of the Fock operator, which are the orbital energies εi , by
E=

i
1 Xh
εi + hψi | ĥi |ψi i .
2 i

(26)

As we operate on ψi , but the solutions themselves depend on {ψi }, the HF equations
have to be solved self-consistently. That is, starting from a trial wave function (ansatz)
for ψi and solving the HF equations, one produces new spin orbitals, which are used to
construct new Slater determinants that are better approximations to the true ground-state
wave function (according to variational theorem). These wave functions can be plugged
in as a new set of trial functions, and the iteration begins. The cycle of computations is
repeated until the new wave functions do not significantly differ from the wave function
at the start of the cycle6 . The wave functions are then said to be self-consistent, from
which the name self-consistent field (SCF) method for this type of procedure arises. The
optimum wave functions for atoms are the atomic orbitals (AOs). It is worth pointing out
that the word ”atomic orbital” is also used to refer to the single-electron basis functions
that form the basis sets for the electronic structure calculations of molecules. Basis sets
are discussed in Section 2.2.2.
Hartree-Fock for molecules: Roothaan equations
For a system of multiple atoms (e.g., molecules) the numerical solution of Eq. (22) is
far too complex, and one is in need of yet another approximation. Atoms in molecules
are approximated to resemble free atoms, and molecular orbitals (MOs) are written as a
linear combination of atomic orbitals (LCAO)
6

Other divergence criteria are also used, e.g., energy of the system or the values of certain matrix
elements.
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(27)

n

where cni are the to-be-optimised coefficients for atomic orbitals χn , which form a set of
Nb (usually) linearly independent basis functions. The importance of the choice of a basis
set is discussed in the next section. The overall problem is now transformed into finding
the optimal coefficients cni , which calls for matrix manipulations. The important thing is
that matrix equations can be efficiently solved by computer algorithms.
By substituting the expansion above into Eq. (22), with a little algebra one can derive
the so-called Roothaan equations [60]
F C = εSC.
Here, F is the Fock matrix, C is the coefficient matrix,
Z
S ij = hχi |χj i = χ∗i χj dr 1

(28)

(29)

is the overlap matrix for the basis set used, and ε is the diagonal orbital energy matrix. A
set of equations have a non-trivial solution only if the secular equation is satisfied, which
in this case is
det |F − εS| = 0.

(30)

The coefficients which produce the lowest energy are sought in a self-consistent manner,
starting from some set of basis functions and coefficients as the atomic orbitals. At the
limit of an infinite set of basis functions, this energy is called the HF limit. Infinite set is
however never computationally feasible. Finite basis set is thus chosen, which produces
yet another source of error called basis-set truncation error. One has to cleverly balance
between computational time and accuracy.
At its best, HF can produce surprisingly good results, considering the approximations made. However, HF usually serves as a starting point for more elaborate ab initio
methods. The so-called post-Hartree-Fock methods have been devised to include electron
correlation more precisely. Some examples are Møller-Plesset perturbation theory, Coupled Cluster method and Multiconfigurational Self-Consistent Field method. A common
feature for these methods is the utilisation of more sophisticated forms for the wave function than a single Slater determinant. These are created by the inclusion of additional
Slater determinants, with so-called virtual orbitals in them, for the description of electronic excitations. Post-Hartree-Fock methods are not in the scope of this thesis, but for
more information the reader is referred to, e.g., [40, 43, 61].

2.2.2

Basis sets

In electronic structure calculations the choice of a basis set is a critical one. One should
keep the number of basis functions low by choosing them cleverly (to minimise the number
of integrals to evaluate and, hence, the computational effort), but still aim for a small
basis-set truncation error. Basis functions chosen are usually real-valued, because the only
interest is in the inner product of Hilbert space, in which the phase differences disappear
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anyway7 . The basis sets are commonly pre-parametrised by atomic SCF calculations for
optimal properties. At the beginning of a calculation, the basis set which best describes
the properties of interest, is chosen to represent the molecular orbitals. Two of the most
popular type of basis sets are presented next. They serve as a starting point for enhanced
basis sets (which are of the similar form).
Slater-type orbitals
Slater-type orbitals (STOs) are a product of an exponential function and a spherical harmonic, where the exponent parameters are chosen according to a set of selection rules
(originally derived by Slater himself) or more often optimized via atomic SCF. The optimized parameters supersede the values given by the selection rules. STOs are of the
form
χ(r, θ, φ) = N ra e−ζr Y (θ, φ),

(31)

where N is the normalisation factor, a and ζ are the exponent parameters and Y is a
spherical harmonic.
Gaussian-type orbitals
Gaussian-type orbitals (GTOs) have had a great impact through reducing the computational demand of electronic structure calculations. In Cartesian coordinates they are of
the form
2

χijk (r) = N xi y j z k e−ζr ,

(32)

where the origin of the coordinates is at the nucleus of the atom; i, j and k are non-negative
integers that represent the angular momentum l of the orbital through l = i + j + k. The
major advantage of the GTO basis set is that the product of two Gaussian functions at
different centres is equal to one Gaussian function centred at the point between the two
original centres. This reduces the number of two-electron integrals (which arise in the
HF equations) that have to be evaluated over three or four different atomic centres to
integrals over two different centres. Hence, the computational effort is cut tremendously.
Contracted basis set
2

Problem with GTOs is that they are proportional to e−ζr as opposed to the real 1s
hydrogenic orbitals and STOs, which are proportional to e−ζr . In general, for any Coulomb
potential, the electron density should have a cusp at the position of the nuclei, where
r i → RI . That is, the wavefunction Ψ should have a linear r-dependence, when r is
small. This is the so-called Kato’s cusp condition [62]. In addition, as r grows, the
amplitude of GTOs drops too quickly in comparison with the real 1s orbitals and STOs.
A STO produces the correct behaviour of Ψ and the electron density, but a GTO
does not. Hence, GTOs give a poorer representation of the orbitals near the nucleus,
as is shown in Figure 4, so a larger basis must be used than with STOs to gain similar
7

In the calculation of certain magnetic properties, e.g., nuclear-shielding or spin-rotation tensors,
complex-valued basis set can be more convenient.
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Figure 4: Problems with Gaussian-type orbitals (GTOs) in the description of atomic
orbitals near the nucleus. For Coulomb potentials, the electron density has to have a cusp
at the position of the nuclei. An s-type orbital has a nuclear cusp near the nucleus, as
is seen in the zoomed in section of the figure. A Slater-type orbital (STO) produces the
correct behaviour, but a GTO does not. From [43].
accuracy. However, this is not a problem because the Gaussian product theorem more
than compensates for these hindrances. In practice, several GTOs are grouped together
to form a so-called contracted Gaussian function, which is a fixed linear combination of
the so-called primitive, single GTOs. In LCAO, atoms in molecules are approximated by
free atoms, so in the contracted Gaussian each primitive GTO is centred around the same
nucleus to represent an atomic orbital.
There are several ways to find the optimal expansion coefficients (usually referred to
as contraction coefficients) to produce the contracted Gaussian. One way is to make a
least-squares fit of Ng primitive Gaussians to a set of atomic SCF-optimized STOs. This
expansion of a STO in terms of Ng primitive Gaussians is denoted STO-Ng G. A common
choice is STO-3G. Another example is a generally contracted, atomic natural orbital
(ANO) basis set, in which a large primitive Gaussian set is contracted according to a
post-Hartree-Fock calculation that includes electronic excitations. Further enhancements
are needed for the description of molecular environments. For instance, deviations from
a spherical charge distribution can be described by introducing so-called polarisation
functions to the basis set.
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Density-functional theory

DFT is one of the dominant computational methods for electronic-structure problems.
The basic idea in DFT is that the ground-state energy of a many-electron system is completely defined by its electron (probability) density ρ(r). The electronic energy is treated
as a functional E[ρ], where square brackets emphasise the fact that E is a functional of
the density function ρ. A given electron density produces a single energy functional.
For a system of N electrons this means that one is dealing with a N -dimensional
electron density function instead of a 3N -dimensional wave function, the latter of which
is also restrained by antisymmetric properties.
Hohenberg-Kohn existence theorem
The formal proof that the electronic energy is defined by the electron density was given
by Hohenberg and Kohn [63], and is called the Hohenberg-Kohn existence theorem: The
ground-state energy and all other ground-state electronic properties are uniquely determined by the electron density. The proof is based on a reductio ad absurdum argument, or
simply proof by contradiction, and can be found from the original paper or various other
sources. The important thing is that the existence theorem confirms that the ground-state
electronic energy E[ρ] can be written as
Z
E[ρ] = T [ρ] + Vee [ρ] + ρ(r)ν(r) dr,
(33)
where
ν(r) = −

M
X
I

ZI
|r − r I |

(34)

is called the external (electrostatic) potential caused by the nuclei of the system. T [ρ] and
Vee [ρ] are the kinetic energy and the electron-electron repulsion energy, the latter of which
includes both the Coulombic correlation interaction and quantum-mechanical exchange
contribution.
Hohenberg-Kohn variational theorem
The existence theorem states that it is sufficient to know the ground-state electron density
for the determination of molecular properties, but it does not provide any machinery to
do so. There is, however, a very analogous theorem to the variational theorem for wave
functions, as in Eq. (18), called the Hohenberg-Kohn variational theorem [43]. For a trial
electron density function ρ0 (r), the energy E[ρ0 ] cannot be lower than the true groundstate energy E0 of the molecule. The trial density always has a corresponding external
potential ν 0 (r) and therefore the Hamiltonian Ĥ 0 and the wave function Ψ0 . One can
then use Ψ0 as a trial function with the actual molecular Hamiltonian Ĥ and the original
quantum-mechanical variational theorem. Hence,
Z
0
0
0
0
hΨ | Ĥ |Ψ i = T [ρ ] + Vee [ρ ] + ρ0 (r)ν(r) dr = E[ρ0 ] ≥ E0 .
(35)
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Variation of the true ground-state energy should vanish, so to make progress, one uses
the method of undetermined Lagrange multipliers in combination with the requirement
that the real density and the trial density are both subject to the constraint
Z
N = ρ(r) dr.
(36)
Again, the derivation is not as important as the result and the physical picture it provides.
A detailed derivation can be found, e.g., in Ref. [43]. A rough walkthrough is presented
next.
Kohn-Sham equations
In DFT, we suppose a hypothetical reference system of N non-interacting electrons in
an external reference potential νref . This external potential is chosen so that the electron
density of the reference system is the same as the true electron density, i.e., ρref (r) = ρ(r).
Hamiltonian for this reference system is
ĥref =

N
X
i

ĥKS
i


N 
X
1 2
− ∇i + νref (r i ) ,
=
2
i

(37)

where ĥKS
are the so-called one-electron Kohn-Sham Hamiltonians. The total energy
i
functional of the actual system, Eq. (33), is now written in terms of the reference system
and a correction term:
Z
E[ρ] = Tref [ρref ] + Jref [ρref ] +

ρ(r)ν(r) dr

(38)

+ T [ρ] + Vee [ρ] − (Tref [ρref ] + Jref [ρref ]).
However, because we have set the reference density equal to the actual density, and J[ρ] is
a classical Coulombic interaction term that has the same form for any system (assuming
a continuous electron density distribution), we can write
Z
E[ρ] = Tref [ρ] + J[ρ] + ρ(r)ν(r) dr + EXC [ρ],
(39)
where EXC [ρ] is equal to the second line in Eq. (38). It is called the exchange-correlation
energy, and its functional derivative is usually denoted νXC :
EXC [ρ] = T [ρ] + Vee [ρ] − (Tref [ρ] + J[ρ]),
νXC =

δEXC [ρ]
.
δρ(r)

(40)
(41)

An effective potential νeff is now defined as
δJ[ρ] δEXC [ρ]
νeff (r) = ν(r) +
+
= ν(r) +
δρ(r)
δρ(r)

Z

ρ(r 0 )
dr 0 + νXC .
|r − r 0 |

(42)
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The electron density that satisfies the variational theorem under the given restrictions
through the method of undetermined Lagrange multipliers is obtained by replacing νref
by νeff in Eq. (37). In other words, solving the electron density for a system of interacting
electrons is equivalent to solving the electron density for a system of non-interacting electrons with an effective potential. Detailed DFT derivation in the effective potential leads
to the following Kohn-Sham (KS) equations that are analogous to the HF equations:


Z
ρ(r j )
KS KS
KS
KS
KS
ĥi ψm = ĥi +
dr j ψm
+ νXC ψm
= εKS
(43)
m ψm .
|r i − r j |
KS
are the one-electron Kohn-Sham orbitals, eigenfunctions of ĥKS
Here, ψm
i , and ĥi is the
one-electron Hamiltonian for electron i. The term in square brackets corresponds to
exactly the same interactions as the first three terms in the HF Eq. (22).
So, to find the electron density that minimises the energy functional, one has to solve
the Kohn-Sham equations, which produce the one-electron Kohn-Sham orbitals. The
total electron density is then the sum over all Kohn-Sham orbitals with corresponding
occupation numbers ni :

ρ(r) =

N
MO
X

ni |ψiKS (r)|2 .

(44)

i

Exchange-correlation interaction
The real challenge in DFT is to find the functional EXC [ρ] and, hence, νXC [ρ], as the
earlier work only states that such functionals exist and can be used in the calculation
of electronic properties. The energy functional is often separated into two parts, one for
exchange energy and one for correlation energy:
EXC [ρ] = EX [ρ] + EC [ρ].

(45)

One should keep in mind that introducing new approximations for the exchange-correlation
energy might violate the energy bound given by variational principle. There are various
different approximations, some of which include empirical parameters. An active community of researchers are trying to find more and more elaborate functionals for better accuracy and computational efficiency. Some recent developments are presented in
Ref. [64].
One of the most primitive approximations is called the local density approximation
(LDA) [65], where one assumes a homogenous electron distribution (electron gas). The
exchange-correlation energy is written as
Z
EXC [ρ] = ρ(r)εXC (ρ(r)) dr.
(46)
In every point in space r, the exchange-correlation energy and its functional derivative are
taken to be the same as for the homogenous electron distribution8 . The electron density
ρ(r) can vary as r varies, however, which is the reason for the word ”local” in the name.
8

The homogenous electron distribution is calculated to a very high precision by quantum Monte-Carlo
simulations.
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An improvement to LDA is to note that the exchange-correlation energy functional
should not only depend on the electron density itself, but also on its gradient. In the
generalized-gradient approximation (GGA) the exchange-correlation energy is written as
Z
EXC [ρ] = f (ρ(r), ∇ρ(r)) dr,
(47)
where f is some suitably chosen function. More detailed schemes are required to state
its analytical form. One example is to fit some empirical parameters on HF exchangecorrelation calculations. Higher-order derivatives, such as ∇2 ρ(r) can be included for
improved performance.
The third approach is constituted by the very popular hybrid functionals [65], in which
EXC [ρ] is expressed as a linear combination of various different approaches. One example
would be to have a 50% contribution from HF exchange and a 50% contribution from a
DFT exchange, to which the DFT correlation would then be added as an additional term.
Another popular choice are the B3LYP [66, 67] or PBE0 [68] functionals.

2.3

Semiempirical methods

Semiempirical QC methods [55] provide efficient alternative computational schemes that
can be several orders of magnitude faster than typical ab initio calculations. The more
favourable scaling, combined with modern computational facilities and algorithms, allows
application of semiempirical methods to very large molecular systems and efficient phasespace sampling over long time periods. For reliable accuracy, a good description of the
interactions at play is needed, particularly for non-covalent interactions (electrostatics and
van der Waals forces), which are of central interest in the study of host-guest systems.
They are the type of molecular complexes studied in this thesis, and will be discussed in
more detail in Section 4, in particular in Section 4.2.1.
The most common semiempirical methods are those based on the aforementioned approximations to either HF theory or DFT. One of the semiempirical DFT methods is called
the density-functional tight-binding theory [56]. Interest on DFTB has been re-ignited
very recently, within a decade or so. It is derived in the DFT framework by expanding
the energy functional as a Taylor series with respect to a reference density. DFTB methods often use a minimal basis set and various approximations to the electronic integrals.
Inner-core electrons are usually not treated explicitly. Instead, so-called pseudopotentials
[69] or other approximations are employed. Compared to ab initio methods, the computational efficiency can be increased by a factor of 100 - 1000. As a result, larger systems
and longer timescales are available for modeling.
Three major sources of error arise from the approximations:
i. Limitations in the electron correlation treatment of the underlying theory, which
for DFTB is DFT.
ii. Use of a minimal basis set, which restricts the description and flexibility of atomic
orbitals in the molecular orbital expansion.
iii. The approximations to the electronic integrals, which are often determined ad hoc.
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The GFNn-xTB family of Hamiltonians [46], which are used in this work, introduce their
own set of correction schemes to account for these errors and to increase the accuracy of the
treatment of non-covalent interactions (in which the performance of DFT is notoriously
poor). Next, an introductory section for DFTB is followed by a description of the GFNnxTB Hamiltonians.

2.3.1

Density-functional tight-binding theory

In the DFTB framework, the KS eqs. (43) are reduced to a tight-binding (TB) formalism.
That is, only tightly bound valence electrons are included, and the Hamiltonian matrix
elements between atomic orbitals i and j, Hij , are accepted as the principal parameters
of the method. Generally, in TB methods, electrons are considered to be localised around
their nuclei, and inter-electronic interactions are treated in terms of their deviation from
the completely non-interacting case. Matrix elements between atomic orbitals that are
far apart, are taken to be negligible. In a solid-state calculation this would typically
mean non-zero matrix elements only between orbitals of the same atom and between
nearest neighbours. For liquids and gaseous materials, the interatomic bonds are (roughly
speaking) put into two categories when a DFTB calculation is initialised: bonds within the
same molecule, and intermolecular bonds. Typically, the covalent bonds that are initially
formed are the ones that can be broken or reformed, but new, spontaneous bonds, are
not allowed. In ab initio methods no information on initial bonds is needed, and every
possible reaction (within the framework of the given theory) can occur. This is sometimes
called ”spontaneous chemistry”.
Originally, the DFTB energy-functional, which was related to the so-called HarrisFoulkes functional [70], was treated non-iteratively. Later on the introduction of higherorder terms in the expansion of the energy functional allowed self-consistent treatment of
Mulliken charges [71], which is a semi-quantitative way of partitioning a molecular charge
distribution to atomic contributions. More self-consistency is introduced along the way
as higher-order terms are included.
In DFTB, the electron density ρ is written in terms of a small deviation δρ around
a reference density ρ0 , which is a superposition of neutral and spherical atomic electron
densities ρA
0:
X
ρA
(48)
ρ = ρ0 + δρ =
0 + δρ.
A

The reference density is thought to neighbour the true ground-state density, as the deviation δρ is considered to be small. The exchange-correlation energy Eq. (40) is expanded
with respect to these density deviations, and the total energy, Eq. (39), can be written as
E[ρ] = E 0 [ρ0 ] + E 1 [ρ0 , δρ] + E 2 [ρ0 , (δρ)2 ] + E 3 [ρ0 , (δρ)3 ] + ...

(49)

Different levels of DFTB theory are classified by the order of the highest correction included in the expansion. The most used variants are truncated after the third-order term,
and same holds for the more accurate Hamiltonians of xTB. Additionally, in DFTB methods it is always assumed that the density fluctuations take place in the valence orbital
space, and core orbitals remain frozen.
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Hamiltonians in the xTB code

This section uses the review article [46] and the originally published articles related to
the GFNn-xTB Hamiltonians [16–18] as general references. The Hamiltonians of xTB
(eXtended TB) follow the typical procedure of other DFTB methods with a slightly
different expression for the DFT energy. The xTB energy for DFT includes a non-local
(NL) dispersion term, and is written as

E[ρ(r)] = Enn +
1
+
2

N
MO
X

i
Z 

Z

ψi∗ (r)

ni

h

T̂ (r) + Vn (r) + εLDA
XC [ρ(r)]



1
NL
0
0
0
+ ΦC (r, r ) ρ(r ) dr ψi (r) dr.
|r − r 0 |

(50)

Here, Enn is the nucleus-nucleus Coulombic energy, ψi are the spatial MOs with occupation
numbers ni , T̂ and Vn the kinetic energy operator and the electrostatic potential caused
NL
by the nuclei, εLDA
XC the LDA exchange-correlation energy per particle and ΦC the kernel
of the inter-electronic non-local correlation energy that is explicitly included in the xTB
formalism. The occupation number is usually taken from the Fermi distribution
2

,
(51)
+1
including a factor 2 for spin, as all GFNn-xTB methods are formulated in a spin-restricted
way. The chemical potential µ has to obey the condition
X
n i = Ne .
(52)
ni =

e(εi −µ)/kb T

i

ΦNL
C ,

By including the non-local term
dispersion interactions arise naturally and connect the DFTB scheme of xTB methods to intermolecular force-field methods (further
discussion later in this chapter). The total electron density is obtained with Eq. (44).
Next, in the GFNn-xTB Hamiltonians, the energy is reformulated in terms of a density
difference ∆ρ, such that
ρ = ρ0 + ∆ρ,

(53)

which is not yet the DFTB electron density expansion of Eq. (48). This decomposes
the total energy expression to a Hartree energy contribution at the reference density
E0H , Hartree energy difference ∆E H , arising from the difference ∆ρ, and an exchangecorrelation part with local and non-local contributions:
LDA
Etot = E0H + ∆E H + EXC
[ρ] + ECNL [ρ, ρ0 ].

(54)

Thus, by including the non-local term, the important long-range correlation effects are
captured as an explicit contribution to the energy.
Energy at the reference density, which is the first term in Eq. (54), is

E0H

= Enn +

N
MO
X
i



Z
n0,i

ψi∗ (r)



1
T̂ (r) + Vn (r) +
2

Z



1
0
0
ρ0 (r )dr ψi (r) dr , (55)
|r − r 0 |
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and the second term, the Hartree energy difference is

H

∆E =

N
MO
X



Z

ψi∗ (r)

∆ni

i



1
T̂ (r) + V0 (r) +
2

Z



1
0
0
∆ρ(r )dr ψi (r) dr .
|r − r 0 |

(56)

The sums are carried over the molecular orbitals. The reference potential V0 is
V0 (r) = Ve,0 + Vn (r) =

NA  Z
X
A


1
ZA
A 0
0
ρ (r )dr −
,
|r − r 0 | 0
|r − RA |

(57)

where the sum is now over the atoms. Eqs. (50) and (54) are completely equivalent. The
latter of these is just reformulated in terms of the density difference, which opens up the
possibility to self-consistently approach the energy minimum of the system by finding the
optimum density difference. If the density difference is not optimized, Eq. (50) would
represent the non-self-consistent Harris-Foulkes functional with a non-local dispersion
correction ECNL .
At this point, the usual Taylor expansion, Eq. (49) of the energy functional in DFTB,
is applied around ∆ρ = 0. The GFN2-xTB method truncates this expansion after the
third-order term, while GFN0-xTB is truncated after the first-order term. The four terms
at different orders can be identified, after which each method introduces its own set of
approximations and/or corrections. All the GFNn-xTB Hamiltonians include terms that
have a physical basis in the expansion. The semiempirical parameters on the Hamiltonians
are not, however, predetermined by experiments or ab initio methods, but are optimized
for a large fit set of atomic parameters for the description of the target properties, which
are Geometries, Frequencies and Non-covalent interactions. Hence, the terms are physically motivated, but the parametrisation procedure follows an approach in which certain
properties are favoured over others. A table in which the differences and similarities of
the GFNn-xTB family of Hamiltonians is visualised, is given in Figure 5. Next, we take
a closer look at the different-order terms in the DFTB expansion of xTB, which have the
same form across the GFNn family.
Zeroth-order energy
We begin by choosing a system of non-interacting and neutral atomic reference densities
as the zeroth-order reference energy. Thus, the zeroth-order term in the expansion obeys
NA
X

0

E [ρ0 ] =

A

N

EA [ρA
0]

A
1X
A B
B
Erep [ρA
+
0 , ρ0 ] + Edisp [ρ0 , ρ0 ]
2 A,B

⇔

(58)
Lennard-Jones/Buckingham-type potential

E 0 [ρ0 ] −

NA
X

EA [ρA
0] =

}|
{
z
(0)
(0)
Erep
+ Edisp

,

A

where EA are the non-interacting atomic total energies, which can be precomputed, and
the double summation represents the interatomic van der Waals -type repulsion and dis-
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Figure 5: Overview on the main features and most important terms in the different
methods of the GFNn-xTB family of Hamiltonians. Dark gray areas denote a quantummechanical treatment while light gray areas denote a classical (or semi-classical) description. Parts that are surrounded by the arrows are treated self-consistently. From [46].
persion terms. Dispersion arises from the long-range correlation (which in DFT framework can be called non-local) effects and repulsion from the atomic electron density overlaps. This repulsion-dispersion interaction is typically modeled as a Lennard-Jones or
Buckingham-type potential in force-field methods. Hence, a connection between xTB and
FF-methods is established.
First-order energy
The first-order electron density fluctuation δρ enables changes in the energy, but not in
the electrostatic potential, so no interatomic Coulomb terms arise, and atoms that are
now charged due to the density fluctuations still experience only the zeroth-order field
from other atoms. This, however, does not hold for the long-range dispersion terms which
are affected by the fluctuation:
E (1) [ρ0 , δρ] = ∆E H
≈

(1)
EEHT

∆ni =δni
∆ρ=0

+

+

∂
LDA
(EXC
[ρ0 ] + ECNL [ρ0 , ρ00 ])δρ
∂ρ

(59)

(1)
Edisp .

Covalent bond formation (caused by the electronic interactions) in the xTB Hamiltonians
(1)
is allowed through an extended Hückel-type (EHT) energy EEHT :
X
EHT
EEHT =
Pmn Hmn
.
(60)
mn
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Eq. (60) is a sum over the products of the matrix elements of a GFNn-xTB -specific EHT
0
EHT
+ δPmn
, and a valence electron density matrix Pmn = Pmn
Hamiltonian matrix Hmn
(recall the expansion of ρ), where m and n refer to atomic orbitals in the basis set.
EHT
Hmn
incorporates a large part of the semiempirical parametrisation and the xTB-specific
EHT
features. Among other terms, the Hmn
matrix element has in it a distance-dependent
scaling function and the overlap matrix Sij , which together largely encode the TB flavour
of the xTB Hamiltonians.
Apart from the long-range terms in Eq. (59), only on-site changes on the occupation
levels of atomic orbitals occur. Related energy changes in common DFTB methods are
handled in a more typical EHT energy, which is responsible for covalent bonding. In xTB,
the extended EHT energy includes more empirical, but chemically motivated parameters
that enable a global and element-specific character to the electronic structure calculation.
Second-order energy
The second-order energy correction is

E (2) [ρ0 , δρ] = ∆E H
≈

∆ni =δni

(2)
EES+XC

∆ρ=δρ

+

+

∂2
LDA
(EXC
[ρ0 ] + ECNL [ρ0 , ρ00 ])δρ δρ0
0
∂ρ ∂ρ

(61)

(2)
Edisp .

As opposed to the first-order correction, the electrostatic (ES) energy between atoms is
now non-zero. In addition, the exchange (XC) energy changes in the short-range region.
Both of these effects are typically described by a short-range damped Coulomb like energy
term, the form of which is specific to xTB. The second- and higher-order terms are
calculated self-consistently.
Third-order energy
At third order, the ∆E H terms are left out, as it is a second-order polynomial in the
difference density. Hence, the non-polynomial XC terms that arise are

E (3) [ρ0 , δρ] =
≈

∂3
(E LDA [ρ0 ] + ECNL [ρ0 , ρ00 ])δρ δρ0 δρ00
∂ρ ∂ρ0 ∂ρ00 XC
(3)
EXC

+

(62)

(3)
Edisp .

The third-order terms are not explicitly included in DFTB methods, but the (semi)local
effects are included in GFN2-xTB Hamiltonian. They serve to stabilize highly charged
regions in electron densities of atoms, e.g., in the electronegative oxygen.
xTB basis set
The wave function ansatz and the energy terms in the GFNn-xTB methods have a similar
mathematical form, but the values of the parameters differ between the Hamiltonians.
The wave function is taken as a normal LCAO with (in most cases) a partially polarized,
minimal-valence GTO basis set. A contracted GTO represents the STO-type AOs, and
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the MOs are built as a linear combination of contracted GTOs with appropriate orbital
coefficients (see Section 2.2.2). Depending on the AO and the GFNn-xTB Hamiltonian,
the number of primitive GTOs varies from three to six. The AO basis-set coefficients
in xTB are optimized simultaneously with the parametrisation of the Hamiltonians and,
hence, vary between the different methods.
By the LCAO procedure, Roothaan-Hall -type equations (as explained in Section 2.2.1)
for xTB are obtained:
F GFNn C = εSC,

(63)

where F GFNn is the respective Hamiltonian matrix of the GFNn-xTB version being used.
These equations are solved self-consistently in GFN2 only. As the basis is non-orthogonal,
no zero differential overlap approximation [43] is applied, as opposed to typical HF-based
semiempirical methods.
Fractional orbital occupation
In contrast with ab initio methods, typical force-field potentials do not allow bond formation and dissociation. In xTB, a finite electronic temperature treatment is used to enable
initially existing covalent bonds to dissociate. Spontaneous formation of new bonds is,
however, not possible in xTB. A fractional orbital occupation number is introduced with
which static correlation effects can be treated. The variational solutions for energies
of each Hamiltonian are augmented by an additional ”electronic entropy” term, which
resembles the entropy of an ideal Fermi-Dirac gas:
XX
[niσ ln(niσ ) + (1 − niσ ) ln(1 − niσ )] .
(64)
GFermi = kb Tel
σ

i

Here, Tel is the electronic temperature, chosen as a parameter (usually 300 K), σ accounts
for spin and ni is the fractional occupation of spin-MO ψiσ , as given by the Fermi distribution in Eq. (51). The spin-restricted formulation of xTB arises from the fact that no
spin-dependent terms are introduced in the GFNn-xTB Hamiltonians.
A qualitative description of the more detailed parametrisation and inclusion of energy
terms in the different GFNn-xTB Hamiltonians is sufficient for this thesis. For an exact
description of each of the Hamiltonians, the reader is referred to the aforementioned
papers [16–18, 46]. A brief overview is given next.
GFN2-xTB
The GFN2-xTB energy is
D4’
EGFN2 = Erep + Edisp
+ EEHT + Eγ + EAXC + EAES + EΓGFN2 ,

(65)

where, Erep is an atom-pairwise repulsion energy term, common in all GFN Hamiltonians,
D4’
Edisp
a dispersion energy described by a modified (improved) D4 dispersion model [72],
EEHT the extended Hückel-type energy, Eγ an isotropic electrostatic and exchange energy,
EAXC and EAES the anisotropic exchange and electrostatic energies, and EΓGFN2 the thirdorder electrostatic and exchange energy. The Coulombic energy terms all utilise the
self-consistently solved Mulliken charges of atoms.

Molecular Dynamics of Xenon in Cryptophane-A

31

GFN2-xTB is the most accurate of the three xTB Hamiltonians. It originates from
the first developed Hamiltonian of xTB, which is called GFN1. GFN2 is ultimately the
same Hamiltonian as GFN1, but has some improvements (which is the reason why GFN1
is not considered explicitly here). It has the same approximations as a third-order DFTB
expansion. One of the major deficiencies of GFN1 was its monopole (charge) -restricted
and spherically symmetric expansion of electrostatic interactions. This led to a poor
description of, in particular, non-covalent interactions. In GFN2, the multipole expansion
is carried up to second order (quadrupole). GFN2 is also completely free from parameters
between pairs of atoms, which was not the case for GFN1 (and is not the case for typical
semiempirical methods), making GFN2 the first semiempirical method with this feature.
The elements are parametrized up to Z = 86 (radon).
GFN0-xTB
The GFN0-xTB energy is
D4
EGFN0 = Erep + Edisp
+ EEHT + EEEQ + Esrb ,

(66)

D4
where Edisp
is the energy computed via a reduced D4 dispersion model, EEEQ the electronegativity equilibration (EEQ) energy [73, 74], which is a semi-classical way of predicting the charge distributions of molecules based on a Taylor expansion of the Coulombic
energy of atoms, and Esrb a short-range term for bond correction, applied only for second
period elements to have a better description of related energies and bond lengths.
GFN0 is designed to provide a faster alternative to GFN2. As self-consistency takes
a major part of the computational capacity, in GFN0 it has been completely ruled out,
rendering it a non-iterative method. Instead of self-consistently solving the partial Mulliken charges of atoms, the electrostatics are treated classically. In the EHT Hamiltonian,
the electric interactions are treated via the EEQ scheme.

GFN-FF
The GFN-FF energy is
EGFN-FF = Ecov + ENCI ,

(67)

where Ecov refers to bonded, covalent interaction energies and ENCI describes the noncovalent interactions. The two terms can be broken down to
bond
bond
,
+ Eabc
Ecov = Ebond + Ebend + Etors + Erep

(68)

NCI
ENCI = EIES + Edisp + EHB + EXB + Erep
.

(69)

and

In the covalent interaction energy Ecov , the five terms correspond to dissociative bonding,
angular bending and torsional terms, as well as separately added repulsive term and
a three-body correction (abc). In the non-covalent part ENCI , EIES accounts for the
electrostatic interaction energies, and is treated similarly to the EEQ scheme, Edisp is a
simplified D4 dispersion energy term, EHB and EXB are the hydrogen and halogen bond
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correction terms, as these are two particularly hard interactions to describe without any
NCI
is the non-covalent repulsion term.
electronic information, and Erep
GFN-FF is fundamentally different from the other Hamiltonians, as it is a nonelectronic variant based on force fields instead of semiempirical and explicit quantummechanical treatment of electrons. As opposed to the typical force field potentials, in
GFN-FF one does not have to predetermine the force field (this can be a tremendous
amount of work). Only the initial coordinate file is sufficient for the determination of
a force field that is based on the initial structure. This requires a considerably realistic
starting configuration for the system, so that the GFN-FF force field is as optimal as
possible. Typically, an initial structure that has been geometry-optimised with a more
accurate level of theory (e.g., GFN2), is sufficient.

Molecular Dynamics of Xenon in Cryptophane-A

3

33

Studying rare processes

Unfortunately, often it is the case that the microscopic phenomena of physical interest
take much longer to occur than the typical time scales currently available for normal MD.
E.g., the rate of a process studied in this thesis, the exchange of a xenon atom with a
cryptophane-A host in aqueous media, has experimentally been evaluated to be around
102 s−1 . This, with a typical MD time-step of the order 10−15 s, would on average take
years of computer time to reach with current methods. It is immediately evident that
normal MD is troubled by a time-scale problem. To overcome this issue, new methods
have been devised, which can all be called methods of enhanced sampling [75].

3.1

Metadynamics

Metadynamics [14, 15] is one example of such enhanced sampling methods. It uses a
history-dependent bias potential to discourage the system from entering configurations
(points in the phase space) that have already been sampled. This is demonstrated in
Figure 6. The affected degrees of freedom are referred to as collective variables (CV). The
two papers referred to above are used as a general reference in this chapter.
On top of greatly enhancing the sampling speed of the phase space, MTD also provides
an interesting indirect advantage: The free-energy surface (FES) of the system can be
reconstructed as a function of the CVs. The FES is essentially the PES weighted by a
Boltzmannian probability distribution. Hence, in comparison with the PES, the FES also
includes temperature-dependence and the kinetic energy of particles, so it is above the
PES in energy. For a potential energy function U (q) and a continuous collective variable
S(q), where q is a generalised coordinate, the free-energy surface F (S, β) can be quite
generally written as
1
F (S, β) = − ln
β

Z
e

−βU (q)


δ(S − S(q)) dq .

(70)

Here, β = kb1T is the thermodynamic parameter. S (without the argument q) is to be taken
as a parameter of the functional F , which controls the behaviour of the delta function δ
as the integration is carried over the variables q. The form of Eq. (70) closely resembles
the equation which relates the Helmholtz free energy A to the partition function Z of the
system:
1
A = − ln Z.
β

(71)

As compared to PES, the FES better describes the thermodynamics and energetics of
systems in their natural (solvent) environment, e.g., large proteins in aqueous media.
In most applications of MTD, the bias potential is introduced to the Hamiltonian
as narrow Gaussian functions that are attached on the path of the system in the phase
space. The bias Gaussians can be thought of as droplets of energy, which slowly fill up the
phase space as it is being sampled during the simulation run. Eventually, every corner of
the phase space is filled by these Gaussians, and there are no more energy minima left
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Figure 6: Illustration of an MTD simulation. The system, represented here as a green
particle, is initially trapped in a potential energy well of the PES. As the bias potential,
represented as orange stripes, fills up the current energy minimum of the PES, the system
reaches new minima, and hence, explores new conformations. As the MTD bias drives the
enhanced sampling of phase space, rare events, which would normally require tremendous
amount of sampling, become accessible. Based on a figure in [15].
towards which the system would naturally tend to. Hence, one can reconstruct a negative
image of the FES, as there is a record on the Gaussians that were deposited during the
simulation.
Storing of Gaussians is not, however, always implemented in the software available.
This is also the case in xTB, as the package is fairly new, but nevertheless a greatly
enhanced sampling of configurations is achieved, and rare events become accessible.
Pros
MTD offers several enhancements to normal MD and it is indeed a very effective way to
explore regions that normal MD would not be able to sample in a feasible time. The pros
can be summarized as follows:
i. MTD accelerates the sampling of phase space tremendously.
ii. It enables the exploration of new reaction paths (that are not close to the global
minimum of FES) as the phase space is being sampled.
iii. No a priori knowledge of the FES is needed.
iv. After the simulation is finished, the FES can be reconstructed by recording the
deposited Gaussians.
v. MTD is also very parallelizable, so the sampling speed grows linearly with CPU/GPU
resources.
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Cons
There are two major drawbacks in metadynamics:
i. The reconstructed negative image of the FES does not converge towards the real
FES of the system, but oscillates around it. Therefore, if MTD is used to explore
the full FES (not certain regions), it is not evident when to stop the simulation.
ii. Finding a collective variable CV that encompasses all the relevant and physically
meaningful configurations in the phase space is far from trivial.
iii. The MTD time does not exactly correspond to real time, as the bias potential
distorts the phase-space evolution of the system.

3.1.1

Metadynamics in the xTB code

There are various ways to implement the bias potential, and different programs use different approaches. In the MTD of xTB [76], the total energy of the system Etot is the
sum of three terms:
el
conf
RMSD
Etot = Etot
+ Ebias
+ Ebias
.

(72)

el
conf
Here, Etot
is the total electronic energy of the system, described in Section 2.3.2, Ebias
is
an external confinement potential [47],

conf
Ebias

= kconf

N
X

log[1 + e−β(R−rj ) ],

(73)

j
RMSD
with parameters set by the user, and Ebias
is the MTD-specific bias potential. In
Eq. (73), R is the origin of the spherical confinement potential, rj is the distance of atom
j from the origin and kconf is a parameter describing the strength of the confinement.
conf
Ebias
can be used to confine desired atoms inside a spherical region, which in the case
of MTD is particularly useful, as non-covalently bound systems tend to drift apart from
each other as the bias potentials are added. The confinement potential is also used in the
case of this thesis, and the motivations are discussed in Section 5.
It is already evident from the name of the bias energy term that xTB uses root-meansquare deviations (RMSD) as the CV. The RMSD is measured between a set of reference
structures, which are the previous configurations of the system in its trajectory. Hence,
the MTD bias energy term is

RMSD
Ebias

=

n
X

2

ki e−α∆i ,

(74)

i

where ki is a user-chosen push/pull parameter, which determines the strength of the bias
potential, α is the spatial width of the Gaussian, and ∆i is the RMSD between the current
structure and a reference structure:
v
u
N
u1 X
t
∆i =
|r j − r ref,i
|2 .
(75)
j
N j
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Here, N is the number of atoms included in the MTD bias and |r j − r ref,i
| is the distance
j
between atom j in the current structure and a reference structure i. The sum in Eq. (74)
is carried over a chosen number of reference structures, between which the RMSD is
measured. In Eq. (75), the summation is over a set of atoms that, if desired, specifies the
RMSD calculation to only include the chosen atoms instead of all of them. The number
of reference structures and the set of atoms are determined by the user.
The transformation (rotation-translation) that minimises the RMSD between the current set and the reference set of distance vectors requires alignment between the structures, and is solved by an algorithm based on quaternions [77], which can be thought of
as three-dimensional complex numbers. This algorithm directly provides the gradient of
the RMSD as a function of the coordinates of the actual structure. These terms can then
be used to derive the atomic forces in the spirit of Eq. (2).

3.2

Other methods

There are several other methods for enhanced sampling, most of which are quite similar
to MTD. Two examples of methods that do not rely on some type of bias potential are
replica-exchange MD (REMD) and simulated annealing MD [15].
REMD is specifically designed for systems which are ”hardly relaxing”. It employs
parallel and completely independent MD calculations of the same system at different
temperatures. The parallel states of the system, characterised by the atomic positions,
are exchanged depending on a criteria based on the temperature and energy differences
of the system, analogous to Eq. (8). Hence, REMD can be seen as a MD simulation
combined with MC-weighted exchange of the system states − a sort of random walk in
the ”replica space” of the parallel systems.
In simulated annealing, the system is subjected to an artifical temperature, higher than
the actual desired temperature, which decreases slowly during the simulation. Annealing
methods are particularly efficient in optimisation problems. Implementation of generalized
simulated annealing (GSA) with MD simulations has proven to be very efficient in protein
folding studies, which constitute a classic example of a difficult system to model [15].
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Xenon NMR

The design of molecular probes or contrast agents in the field of molecular imaging has
provoked interest in the development of hyperpolarisation techniques [7] and indirect
detection schemes [8, 9] in combination with chemically sensitive, but very inert, xenon
atom [5]. The chemical shift information of xenon, due to its extremely sensitive electron
cloud, can provide information on molecular-specific nuclear shielding effects, which are
caused by changes in the chemical environment of xenon.

4.1

Basics of NMR

A brief overview on the basics of nuclear magnetic resonance (NMR) will be given in this
chapter. For more information on the theory and experimental side of NMR, the reader
is referred to, e.g., book [78], which is also used as a general reference in this chapter.
NMR, which was discovered in 1946 [79, 80], is based on the interaction between
the nuclei of atoms and electromagnetic fields, in particular magnetic fields. NMR can
provide chemical, dynamical and structural information. It is a non-ionizing method, as
the radiation involved is in the radiowave region. The famous magnetic resonance imaging
(MRI) method in medical imaging is based on the NMR phenomenon.
Many of the nuclei of the elements have a non-zero spin angular momentum J , which
causes them to also have a non-zero magnetic dipole moment µ. For nucleus K, the
equation relating J and µ is
µK = γJ K = γh̄I K ,

(76)

where I K is the dimensionless spin angular momentum, and γ is the nucleus-specific
gyromagnetic ratio. |I| = I is the spin quantum number of the nucleus. When a magnetic
dipole is placed to an external magnetic field, it experiences a torque that tries to align
the dipole with the external field. As a result, the nuclear spins begin to precess around
the direction of the external field. This precession is called the Larmor precession, and it
obeys the equation
γ
B0 .
(77)
2π
Here, ν is the Larmor resonance frequency and B0 is the magnetic flux density of the
external magnetic field. This corresponds to the energy at which the nucleus is capable
of emitting or absorbing energy quanta. Hence, by studying the resonance frequency of
nuclei, one can get information on the magnetic fields near the nuclei.
The essence of NMR relies on the fact that the magnetic fields experienced by the
nuclei are very local and dependent on the physical and chemical environment of the
nucleus. For example, a hydrogen nucleus can experience a different magnetic field in a
water molecule than in some hydrocarbon. These changes in the local fields are caused
by the behaviour of the electron cloud of the nucleus and other neighbouring nuclei. The
electrons are said to shield the nucleus. Very simply put, Eq. (77) is actually altered by
introducing the indices for the different nuclei K of the system, and by a nucleus-specific
shielding constant σK :
ν=
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γK
(1 − σK )B0 .
(78)
2π
The value of the shielding constant varies between similar nuclei in different molecules and
in different regions of a molecule. Also, the shielding effect in most cases is not isotropic,
but has a strong dependence on direction. Hence, it is usually described by tensors rather
than scalars. However, in liquid or gas phase, it is sufficient to treat the diagonal average
of the nuclear shielding tensor, as due to isotropic rotational tumbling of the molecules,
the non-diagonal elements are averaged out.
The difference in the resonance frequencies of similar nuclei in different chemical environments is called the chemical shift δ, which is the most common NMR parameter of
interest. It is measured relative to some reference frequency νref , which is a very welldocumented resonance frequency of a similar nucleus in some particular region of a known
molecule:
νK =

νK − νref
.
(79)
νref
Quantum-chemical calculations of the NMR parameters of different nuclei are often about
computing the nuclear shielding tensors of the nuclei, based on the electronic structure of
a certain molecule or atom in a given chemical environment.
The Zeeman energy levels of non-zero spin nuclei are quantized. For spin-1/2 nuclei,
the number of states is two: spin-up and spin-down. Depending on the gyromagnetic ratio
γ, as in Eq. (76), the population of these spin-states in a macroscopic sample is not equal.
Instead, one direction is favoured over the other and a small population difference exists.
Due to thermal fluctuations, especially at room temperature, this difference is extremely
small (e.g., for a million 129 Xe nuclei the difference is around ten [1]). Hence, almost all
of the opposite-state nuclear magnetic dipoles cancel each other out. However, due to the
population difference, a small macroscopic nuclear magnetic moment 9 M 0 remains, the
strength of which in thermal equilibrium is
δK =

N γ 2 h̄2 I(I + 1)
B.
(80)
3kT
The NMR signal that is observed is directly proportional to the magnitude of the macroscopic magnetic moment, which is strongly dependent on the number of nuclei N , the
gyromagnetic ratio of the nucleus γ, and the temperature T .
M0 =

4.2

Xenon NMR biosensors

The term biosensor refers to a beforehand designed physical or chemical probe, which is
used in combination with spectroscopic techniques or other imaging methods to study and
understand various biochemical events, or to recognise and measure physical properties.
In the case of a xenon biosensor [1–3], a xenon atom is enclosed by a supramolecular host
structure, which spontaneously searches a target molecule and attaches to it with so-called
targeting units. When the host binds to the target molecule, it experiences a small, but
detectable chemical change in its structure. This change is carried out by a network of
9

The term macroscopic nuclear magnetisation is also used.
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Figure 7: Principle and NMR chemical shift spectrum of a xenon biosensor. A free
xenon (on the left) in the bulk liquid phase has the largest chemical shift. The chemical
shift of a xenon bound to a dissolved host structure is in the middle. On the right, the
entire biosensor has attached to a target molecule. Each situation is distinguishable from
the xenon NMR spectrum. From [2].
interactions to the electron cloud of the xenon atom. The change in the electron cloud
affects the NMR nuclear shielding of the xenon nucleus, which is seen by a change in
the xenon NMR spectrum. Hence, a small change in the chemical environment of xenon
biosensors (the binding event) can be recognized and identified from the xenon NMR
spectrum. This is the basic idea of a xenon biosensor, and a schematic representation of
its NMR spectrum is shown in Figure 7.

4.2.1

Host-guest systems

Host-guest systems are molecular complexes in which two or more molecules are held
together by non-covalent interactions, creating a (semi)stable configuration. The branch
in supramolecular chemistry that studies these systems is called host-guest chemistry,
and it is a rather new, but very topical subdiscipline of chemistry. The stability of these
systems can vary strongly. An important quantity, which describes the dynamics of hostguest systems is the exchange rate between the host and the guest. It describes the rate
at which the following reaction occurs in thermal equilibrium:
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H +G*
) HG.

(81)

Here, H stands for host, G for guest and HG for the host-guest complex. In a nonequilibrium state, the reaction rates of host-guest association and dissociation are different. Both are characterised by rate constants kin and kout 10 (towards the product and
towards the reactants in Eq. (81), respectively), and the reaction rates ωin and ωout follow
from equations
ωin = kin [H][G]

(82)

ωout = kout [HG].

(83)

and

Square brackets denote concentration. At equilibrium, ω = ωin = ωout , and
[HG]
kin
=
.
(84)
kout
[H][G]
Ka is called the association constant, and it is the fraction of the amount of product with
respect to the amount of reactants in equilibrium.
Another important quantity is the affinity ∆A between the host and the guest. It
describes the energetics of host-guest systems, and is written as
Ka =

∆A = −RT ln (Ka c0 ),

(85)

so Eq. (84) becomes
Ka =

1 −∆A/RT
e
.
c0

(86)

Here, R is the ideal gas constant and c0 = 1 M is used to gain a dimensionless value of Ka
in Eq. (85). ∆A corresponds to the change in free energy of the system when one mole
of the substance reacts according to a given reaction equation in a given environment
(temperature, pressure, etc.). Often the term affinity is used interchangeably for ∆A and
Ka , as either one can be obtained from the other.
In the field of chemical kinetics and transition state theory, the energetic and dynamical parameters are related to each other through the (very approximate) Eyring-Polanyi
equation [81, 82]
kB T −∆A/RT
e
,
(87)
h
where h is the Planck constant. The Eyring-Polanyi equation bears close resemblence to
the empirically derived Arrhenius equation.
In order to design synthetic molecular systems for very specific tasks, it is essential to
understand the dynamics of these systems, and in particular the thermodynamics of the
binding event.
ω≈

10

It is worth noting that the units of the rate constants are different: [kin ] =

12
,
s·mol2

[kout ] =

1
s·mol .
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Xenon atom

In addition to the sensitivity of the electron cloud of xenon, and the wide range of Xe
chemical shift values, xenon has no unpaired electrons rendering it chemically inert11 .
Hence, it does not make chemical bonds with biologically relevant molecules. The gyromagnetic ratio γ of xenon is also quite large, making the macroscopic magnetic moment
of Eq. (80) relatively strong. Its van der Waals volume is a good fit with the commonly
used host cavity sizes. Xenon has two NMR-active isotopes: 129 Xe and 131 Xe. 129 Xe is
better suited for the biosensor application, as it is a spin-1/2 -nucleus, meaning that it
has no quadrupole moment and, hence, is less lenient to relaxation and has sharper peaks.
129
Xe is also the second-most abundant of the xenon isotopes (26.4%).
Xenon is not naturally found in humans, so its NMR signal is easy to distinguish from
background signals, as opposed to the conventional proton NMR. On the contrary, the
absence of xenon is also a major drawback of Xe NMR: The inert atom to be introduced
as an exogenous agent, and its solubility in aqueous media is limited, so the detection
has to be performed in relatively low concentrations. To increase the macroscopic nuclear
magnetic moment, one has to increase either the population difference (polarisation) of
the two spin states or the magnitude of the external magnetic field. The application
of stronger magnetic fields is very limited for improvement due to practical difficulties.
Hence, xenon has to be hyperpolarised to enhance its signal intensity before it can be
meaningfully used in the biosensor applications. Fortunately, the hyperpolarisation of
xenon is quite feasible.
In the biosensor application, when a functional group of the host binds with a target
molecule, the chemical structure of the entire host-guest complex changes, and therefore
the chemical shift of xenon as well. So, in a sense, the role of xenon in the application is
to function as an accurate probe of the local chemical environment of the biosensor.

4.2.3

Hyperpolarisation techniques

Spin exchange optical pumping (SEOP) [7] is a three-part process in which the strength of
the macroscopic nuclear magnetic moment of noble gas isotopes is enhanced by increasing
the population difference of the spin states of the nuclei. The polarisation of some other
highly polarised system is transferred to the nuclear spin polarisation, which increases
the number of nuclei in the desired spin state. The strength of the NMR signal can be
enhanced by several orders of magnitude with the SEOP method.
The three parts of a SEOP experiment are the following:
i. Production of circularly polarised light that is used to polarise the electrons of an
alkali-metal gas, which are effectively one-electron systems (usually rubidium).
ii. Pump the circularly polarised light into the alkali-metal gas. The polarisation of
the light is transferred to spin polarisation of the electrons. The alkali-metal gas is
then directed to a polarisation chamber along with the xenon atoms.
11

In general, chemical inertness of an atom does not necessarily imply a closed-shell electronic structure,
or vice versa. This is usually true, but there are plenty of closed-shell systems that are chemically active.
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iii. Let the spin polarisation of the electrons be transferred to the xenon nuclei in spinexchange collisions 12 , where the spin states of the alkali-metal electrons and the
xenon nuclei are reversed. In theory, almost 100% spin polarisation of the xenon
nuclei can be generated, but in practice the fraction is closer to 50%.

4.2.4

Host molecules

Host molecules are an essential part of xenon biosensors. Multiple properties of xenon,
including its NMR resonance frequency and exchange rate with the host, depend on the
size and chemical structure of the host, as well as on the possible functional groups that
have been attached. The host enables the transport of xenon to the target site and
makes the method chemically extremely specific via the targeting units. In addition, host
molecules can, and are quite often designed to, enhance the properties of the xenon guest,
and in particular, the properties of its electron cloud by, e.g., making the chemical shift
of xenon even more sensitive to changes in the chemical environment of the biosensor.
The xenon-host complex is also a very dynamic system, which is characteristic for many
non-covalently bound structures.
Not every host molecule with a xenon atom inside constitutes a good host-guest system
for the xenon biosensor application. There are certain criteria for the host molecule [2]:
i. The host should have a high affinity for xenon. That is, xenon should be spontaneously drawn into the cavity by the van der Waals -type interactions, rather than
repelled away from it. Due to thermal fluctuations, however, these host-guest complexes are not completely stable, even in the case of a very high affinity between the
host and the guest. The size of the cavity has a great impact on the affinity of the
host for xenon. For 129 Xe, the optimum ratio between the van der Waals volume of
the xenon isotope and the host cavity has been reported to be 0.55 [83].
ii. The host should allow in-and-out exchange between the bulk xenon and the bound
xenon. This requirement is essential for the indirect detection schemes, which are
discussed in Section 4.2.5, combined with hyperpolarisation techniques.
iii. Regarding the physically observable signal in an NMR experiment, the relaxation
rate of the xenon nucleus inside the host should be small. A slower relaxation
enables a longer acquisition period of the signal and, hence, a better NMR spectrum.
However, if the relaxation rate is extremely slow, the long signal acquistion period
might produce problems considering the time scales of the interesting biochemical
events.
iv. When several xenon biosensors are utilised simultaneously in the so-called multiplexing approach, their NMR signals should be distinguishable from each other.
v. A high-enough chemical shift difference between the free (bulk solution) xenon and
the bound xenon is also desirable, as the free xenon signal intensity is usually far
greater than the bound one, and these should not overlap.
12

To be exact, as opposed to almost instantaneous collisions, the majority of the polarisation transfer
occurs via hyperfine interactions between the alkali electrons and the xenon nucleus in Xe-Rb van der
Waals complexes, which have a fairly long lifetime.
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Figure 8: Chemical structure of a cryptophane-A. Three benzene rings on the top and on
the bottom form cyclotriveratrylene (CTV) bowls, and the two CTV bowls are connected
to each other by ethylenedioxy linkers. Three entrance portals, through which atoms
(such as xenon) and small molecules can move, can be seen between the linkers. The
number of atoms in the bonds and in the targeting units/arms varies between different
cryptophanes. From [85].
Cryptophanes
Cryptophanes [6, 11], found in 1981 [10], constitute in general a very promising category
of host molecules for the xenon biosensor application due to their extremely high affinity
for xenon. A large portion of the research in this field has to do with cryptophanes.
Cryptophanes are composed of two CTV (cyclotriveratrylene) bowls that are connected
to each other by ethylenedioxy chains. Three connected benzene rings constitute one
CTV bowl. The interior of cryptophanes is hydrophobic. They are capable of including
several small guest molecules, e.g., chloroform. In spite of the hydrophobicity, water
encapsulation is also possible. The problem with cryptophanes is that they are naturally
not water soluble and, thus, need some kind of modification, e.g., an additional attached
unit which enhances the solubility of the cryptophane and possibly the properties of the
xenon guest. Cryptophanes with solubility enchancement units have been studied, e.g.,
in Refs. [27, 33, 37, 84]. The most used variant of cryptophanes, without any alterations,
is the one studied in this thesis, cryptophane-A. The chemical structure of cryptophane-A
is shown in Figure 8.
Other potential host molecules that have been studied are cucurbiturils, which are
very stiff, but have a very slow in-and-out exchange rate with xenon. This is beneficial
concerning the intensity of the NMR signal. For instance, in Ref. [86], cucurbit[7]uril as
a host structure for xenon in protein sensing was studied. More exotic, self-organizing
cages with metallic units and ligand structures have also been reported, e.g., Fe4 L6 host
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Figure 9: Principle of the Hyper-CEST experiment. Selective saturation of the hostbound xenon atoms (green circle) and chemical exchange between the bound and the free
hyperpolarised xenon (blue circle) result in increased concentration of depolarised xenon
atoms (red circle). The depolarisation of host-bound xenon atoms is continued for several
seconds, after which a difference NMR spectrum between the initial and the final bulk
spectrum is taken. From [90].
of Ref. [87], as well as Co4 L6 and Con Fe4−n L6 capsules of Refs. [88, 89].

4.2.5

Indirect NMR methods

In chemical exchange saturation transfer (CEST) [9], the idea is to transfer the hyperpolarised xenon nuclei and the host molecules to the biologically or chemically interesting
site, let in-and-out exchange occur between the small xenon pool within the host and
the large pool in the bulk solution for several seconds, while simultaneously irradiating
the target site with a selective saturation pulse. The saturation pulse depolarises the
NMR signal of xenon atoms that are bound to a host molecule. CEST combined with
hyperpolarisation methods is usually referred to as Hyper-CEST [12], Figure 9.
In practice, an NMR spectrum of the free xenon in solution is recorded at the very start
of a Hyper-CEST experiment. Then, a selective depolarising saturation pulse is applied
to the xenon nuclei bound to a host molecule. This is done by adjusting the frequency
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of the radiation, i.e., targeting different parts of the spectrum. Hence, hyperpolarised
xenon atoms enter the host molecules, while depolarised xenon atoms come out. As
the exchange rate of xenon is of the order 102 s−1 , hundreds/thousands of in-and-out
exchange events occur during the depolarising saturation pulse. The depolarised xenon
bears no signal (due to very low bulk magnetic moment, as was explained in the NMR
section), so, depending on the irradiation frequency, the signal of the free xenon decreases
by different amounts. The amount by which the bulk xenon signal intensity decreases
as a function of the irradiation frequency is called the z-spectrum. As the saturative
irradiation is continued for long enough, the free xenon signal has decreased substantially
compared to the signal that was acquired at the start. The final NMR spectrum can then
be subtracted from the initial one to generate a non-direct image of the xenon atoms that
have been depolarised in the host molecules. In this way, the Hyper-CEST experiment
provides a great advantage by enhancing the signal significantly because a direct image of
the initially bound xenon atoms would be substantially weaker since the number of free
xenon atoms is far greater than the number of the bound ones.
The CTV bowls cause a change in the xenon resonance frequency of ca. 100 ppm,
which is fortunately large enough to work in the slow exchange regime [1]. In Figure
7, using gas-phase xenon as a reference at 0 ppm and a cryptophane molecule as the
xenon carrier, the free xenon in the bulk solution resonates at ca. 190 ppm, whereas
the xenon atoms inside the cryptophane cavity resonate at ca. 60 ppm. However, it has
been reported that the chemical shift of xenon can span a range of nearly 300 ppm. In
addition, in Ref. [84], a systematic study was conducted to investigate the changes in the
xenon chemical shift caused by mere modifications of the linker groups (and hence the
size of the cavity). Cryptophanes-222 (cryptophane-A), -223, -233 and -333, where the
designation indicates the number of carbon atoms in the linkers, were found to alter the
xenon chemical shift by ca. 10 ppm in a stepwise fashion, where the larger cages yielded
a smaller shift.

4.3

Xenon in Cryptophane-A

The host-guest system studied in this thesis is a xenon guest enclosed in a cryptophane-A
host, shown in Figure 10. That is, only the core (also called the skeleton or the backbone)
of modified cryptophane-A derivatives was used. E.g., the solubility of these systems can
be enhanced by substituting additional CH2 COOH units on the moieties (arms) of the
host. An applicable xenon biosensor would also have the functional group(s) attached to it.
Hence, cryptophane-A serves as a model system for its more complicated derivatives, and
as a starting point for a computational approach to shed light on the microscopic details
of these particular host-guest structures in aqueous media. From the range of different
cryptophane cores, cryptophane-A was chosen because it is the most studied and meets
several desired criteria of a xenon biosensor host structure, discussed in Section 4.2.4.

4.3.1

Earlier studies

Excluding the experimental works that have their main focus on NMR parameters, the energetics and dynamics of xenon-cryptophane host-guest complexes have been experimentally studied in quite a few papers [19–32]. Now, by also including the papers that focus
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Figure 10: Xenon atom in the cavity of a cryptophane-A host, visualised on VMD [42].
The green sphere represents the xenon atom. White, turquoise and red rods represent
hydrogen, carbon and oxygen atoms, respectively. In the MD simulations, the entire
complex is solvated in water, but the water molecules are not shown in the figure.
on NMR parameters, the total number of computational papers on xenon-cryptophane
systems [33–39] is still smaller the than the number of experimental ones. The computational studies investigate the chemical shift of xenon, affinity (energetics) between and
dynamics of the host and the guest, the geometry of the host, the significance of modifications on the structure of the host, and the impact of the chemical environment (solvent)
of the host-guest complex on the entire biosensor.
The topics studied in this thesis, combined with the chosen system and solvent environment, are first of their kind, and only one of the papers [33] involves in roughly the
same issues. Nevertheless, a brief chronological overview on the computational and some
of the relevant experimental papers is given next, focusing on the ones that are significant
with respect to this work13 .
Experimental studies
Almost all of the early experimental studies were conducted in organic tetrachloroethane
solution (in which the non-modified cryptophanes are soluble), so the chemical environment of the host-guest system is not aqueous, as it is in the present simulations. Never13

For a thorough review in Finnish on the computational studies of xenon-cryptophane complexes, the
reader is referred to a B.Sc. project [91] by the author.
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theless, the first results did provide crucial evidence of the existing affinity between xenon
and the cryptophane cavities, and encouraged the host-guest community of researchers to
pursue the topic further.
In one of the earliest papers on xenon-cryptophane complexes, the binding between
a xenon and a cryptophane-A host was studied in 1998, in Ref. [26]. The system was
solvated in tetrachloroethane, and the association constant Ka and the chemical shift
δ were investigated by 129 Xe and 1 H NMR spectroscopy. Xenon was found to have an
association constant of 3900 M−1 at 278 K. The bound xenon had a chemical shift of
approximately 160 ppm with respect to the free xenon resonance, which shows how wide
range of chemical shifts the sensitive electron cloud evokes14 .
The complexation dynamics of xenon with cryptophane-A were studied in 2000, in
Ref. [20]. The experiments were conducted at 238 K in tetrachloroethane solution. They
found that different orders of deuteration of the cryptophane host could be distinguished
by 129 Xe NMR. By combining the chemical shift results of a mixture of deuterated and
non-deuterated hosts with a suitable kinetic model, they could investigate the xenon
exchange dynamics and extract the relevant rate constants. The chemical shift of the
most deuterated host was found to be 1.19 ppm higher than of the non-deuterated one.
The exchange-rate constants of xenon between the deuterated and non-deuterated host
was found to be ca. 2 s−1 , and between the host and and the bulk solvent ca. 35 s−1 .
They concluded that the exchange of xenon between different hosts occurs through the
solution rather than upon collisions of the two hosts.
In 2001, in Ref. [29], the same authors as in Ref. [20] investigated the same topic
in the same physical environment and experimental setup as before, but by proposing a
different NMR scheme. The resulting rate constants varied between 26 and 200 s−1 at
temperatures between 228 and 253 K, respectively. The activation energy of the xenon
complexation was approximated by the Eyring-Polanyi Eq. (87), and was found to be ca.
8.96 kcal/mol. The enthalpic and entropic contributions were also extracted.
In Ref. [24], in 2003, the consequences of the size of the host cavity on the xenon
encapsulation were studied. The three cages with a C2 symmetry were cryptophane223, -233 and -224, and the experiments were conducted in tetrachloroethane solution at
room temperature. The binding constants and decomplexation activation energies, along
with the enthalpic and entropic components, were sought by similar NMR experiments
and conducted in the same physical conditions as in Ref. [29]. The calculated binding
constants for cryptophanes-223 and -233 were 2810 M−1 and 810 M−1 , respectively, which
already suggests a relation between the affinity of the xenon guest and the volume of the
internal cavity of the cryptophane host. The volumes of the three cryptophanes were
found to be 102.1, 117.2 and 109.9 Å3 in the same order as above. For comparison, the
volumes of cryptophane-A and -E (-333) are 95 Å3 and 121 Å3 , respectively. Hence, a
linear relationship between the binding constants and the internal volume of the host was
observed. The resulting activation energies and rate constants were in excellent agreement
with Ref. [29].
A paper in 2008, Ref. [30], concludes and summarises many of the earlier results in
a systematic study of a set of twelve different hosts, starting from cryptophane-111 and
building up to cryptophane-333. Different substituents of the host were also included
in the total set. Four important properties were investigated, which are the xenon14

Some xenon fluoride molecules can even exhibit a chemical shift of the order 10 3 ppm.
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cryptophane binding constant, the in-and-out exchange rate between the two, the chemical
shift of xenon and the relaxation rate of the caged xenon nucleus. The experiments were
conducted at various temperatures between 240 and 355 K, and in tetrachloroethane solution. The resulting xenon binding constants were in agreement with the earlier papers,
and an interesting addition was the binding constant of 28000 M−1 of cryptophane-111,
which was the highest one observed in an organic solvent. Hence, xenon was seen to
exhibit an extremely high affinity for the small host cavity. However, it is concluded,
that in applications the benefit of this high affinity is contracted by very slow in-and-out
exchange of xenon.
In 2009, a successful synthesis of a water-soluble triacetic acid cryptophane-A derivative (TAAC) was performed in Ref. [92]. The xenon association constant was determined
to be 33000 M−1 at 293 K, which was the largest value measured to that date. It is remarkable that the water-soluble derivatives can exhibit an even higher affinity for xenon
than the organic-soluble ones, studied in the early 2000s.
Ref. [31], published in 2010, further inspects the properties of water-soluble derivatives
of cryptophane-A. By crystallographic X-ray measurements, the volume of the watersoluble cryptophane cavities was found to vary by more than 20%, which reveals an
”induced fit” between the host and the guest. That is, the host can adapt a complementary
shape for the guest, which strengthens the attractive interaction between the two. Another
feature discovered was the collapse of empty cryptophane cages, where one of the CTV
bowls folds into the cavity. This collapsed conformation was also discovered in one of the
present MTD simulations, and is mentioned in Section 6.2.
The first evidence of a degenerate exchange in cryptophane-xenon host-guest complexes, which had already been suspected to exist, was given in 2015 in Ref. [19]. The
direct replacement of host-bound xenon by free dissolved bulk xenon is called a degenerate process, as it is distinct from the one in which the cryptophane cage is empty in
between the dissociation and association of xenon. The water-soluble monoacetic acid
cryptophane-A derivative was used, and the experiments were conducted at 298 K in
aqueous solution, as had already been the trend in the 2010s. The average dissociation
rate of xenon, corresponding to the non-degenerate process, and the association constant
were found to be ca. 19 s−1 and 5600 M−1 , respectively.
In 2016, in Ref. [93], the degenerate exchange process, as in Ref. [19], and the associated
affinities were studied using the same water-soluble cryptophane-A derivative in similar
physical environment. The exchange dynamics and the energetics of the binding event
were studied by fitting to data observed by three different methods, including the HyperCEST experiment. The degenerate exchange process was confirmed, and the calculated
values for the non-degenerate dissociation rate were ca. 20 s−1 and 5800 M−1 , which are
in good agreement with the earlier results.
This concludes the brief overview on the experimental studies of xenon-cryptophane
affinities and exchange rates, and by no means is every paper included here. Nevertheless,
according to the results above, it is evident that the realm of values for the xenon exchange
rate with cryptophane hosts is of the order 10 − 102 s−1 , and the association constant
in aqueous media (for the water-soluble derivatives) of the order 103 − 104 M−1 , which
according to Eq. (85) corresponds to ca. 5.5 kcal/mol.
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Computational studies
In 2003, in one of the first computational studies of host-guest systems of xenon in
cryptophane-A, Ref. [36], a thorough investigation on the dependence of chemical shift
on the host size, isotopic substitution and temperature was conducted. Cryptophanes-A
and -E were studied, and the calculations were performed on HF and DFT methods. A
stiff cage was used in the shielding calculations, and the statistical averaging of xenon
one-body configurations inside the cavity was performed by Monte Carlo simulations. At
that time, geometry optimisation of a full cryptophane host molecule was not feasible,
so the total geometry-optimised structure of the host was constructed by combining separately optimised CTV bowls in the presence of the xenon atom. This was carried out
at DFT level of theory, using the B3LYP functional and a small STO-3G basis set. It
is worth noting that B3LYP does not include dispersion corrections, and dispersion is at
the heart of non-covalent host-guest interactions. The discrepancies of B3LYP are addressed in Ref. [34], which will be reviewed a little later in this text. In Ref. [36], the
obtained geometry-optimised structure was used as a static representation of the host in
the shielding calculations. Again, due to computational limitations of that time, only
one half of the cryptohane cage was used at a time for the shielding calculations, and
the total shielding from the two halves was assumed to be additive. The GIAO method,
which is used to achieve gauge invariance of the resulting shielding, was employed in all
of the nuclear shielding calculations. A set of 240 basis functions was used for the xenon
atom, and a set of 1014 basis functions for the rest of the cage atoms. The shielding
response was calculated at different unique distances from the CTV bowl, and the obtained results were compared on DFT/B3LYP and HF level of theory. In this case, DFT
was found to perform better, so HF was chosen to be left out. The shielding values were
broken down to atomic contributions of the host molecule, and so-called Xe-site shielding
functions could be interpolated from the data. These site shielding functions were used
in combination with traditional MC averaging of the configurational behaviour of xenon
inside the host, to generate shielding values at an arbitrary point inside the cavity. The
optimum geometry of cryptophanes with mixed linker groups (-223 and -233) was also
studied by MD simulations, using CHCl3 guest as a representative for xenon. The simulations were performed at room temperature and experimental density, and the hosts were
solvated in (CHCl2 )2 . The optimal geometries obtained by the MD simulations were in
good agreement with the quantum-chemically obtained values. The calculated absolute
values of the xenon chemical shift in the two different cryptophane hosts were in reasonably good agreement with existing experiments. The relative chemical shift difference of
about 30 ppm between the two cages was reproduced quite well. The temperature dependence was produced by the Boltzmannian factor in the Monte-Carlo averaging, and the
positive correlation between increasing chemical shift and temperature was reproduced.
The absolute values were a little off, by ca. 15%. The isotopic substitution was mimicked
by applying a 0.07 Å shorter equilibrium distance in the MC simulations for Xe-D than
for Xe-H bonds. The obtained results were in excellent agreement with existing data.
The dependence of xenon chemical shift on the size of the cavity was studied by employing shielding calculations of xenon inside the structures with mixed linkers, obtained
from the MD simulations. By increasing the cavity volume, the systematic progression
of decreasing chemical shift was reproduced. In the study, it was also shown that small
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distortions of the cage (out-stretched OCH3 group and flattening of the cage) affect the
xenon chemical shift in a detectable manner. It was concluded that the general trends in
many of the studied topics could be reproduced, and the results were in good agreement
with existing experimental values and knowledge. However, it is quite surprising how well
the DFT functionals without dispersion corrections performed in this paper, and there
might be a fortunate cancellation of errors involved.
The effect of chiral substituents on the xenon nuclear shielding and, hence, chemical
shift, was studied in 2006, in Ref. [38]. The synthetic procedures for tethered cryptophane
preparation often produce racemic mixtures (having both diastereomers), and an enantiomerically pure mixture is hard to obtain. The resulting chiral diastereomers can split
the encapsulated xenon NMR signal into a doublet, and if the substituent itself is chiral,
these doublets will split into further sets of doublets. Quantum-mechanical calculations
of the xenon nuclear shielding were performed under the influence of ”chiral potentials”
that represent the substituents. Assignment of the relative order of these peaks would
provide an alternative to the difficult synthetic procedures of enantiomerically pure mixtures. The chiral potentials consisted of spatial partial charge distributions that represent
the atoms of the substituent. The average coordinates for the atoms of the substituent
molecules were obtained by averaging over MD simulations where the xenon guest is again
represented by CHCl3 . A combination of steepest-descent and simulated annealing steps
were performed at experimental density. The GIAO method and the same set of basis
functions as in Ref. [36], were used. The partial charges were generated by the Löwdin
definition, as it produces a more realistic charge distribution than the Mulliken population
analysis. Configurations of the xenon atom inside the cryptohane cage, nor the dynamics
of the host itself, were included. Instead, a single position for the xenon atom was chosen.
The calculations reproduced the relative order of the average xenon chemical shift of the
different diastereomers with chiral substituents. A higher chemical shift was found to
correspond to a like-handed conformation of the substituent, and the lower chemical shift
to a opposite-handed one.
In a 2012 paper Ref. [37], a water soluble cryptophane-A derivative with metallic coordination units on the benzene rings was studied. The chemical shift of the xenon nucleus
inside the permetallated host in aqueous media had previously been experimentally reported to be 277 ppm with respect to the shift in cryptophane-A in tetrachloroethane.
The remarkably large chemical shift difference between the two hosts in different physical
environments required an explanation, as during the experimental work it was unclear
how the metallic units might be responsible for such a major effect. The electrostatic
interaction between the xenon and the metallic units already suggested that the xenon
resonance inside the permetallated host should be more deshielded compared to the normal one, but relativistic effects and quantum-mechanical contributions were presumed to
play a significant role as well. Hence, relativistic ZORA DFT calculations at both scalar
and spin-orbit levels in a static cage were employed for the shieldings. The exchangecorrelation functional was BLYP, and the basis set TZP. The calculations were performed
both with and without a continuum solvation model. The 5p orbitals of xenon were found
to have a non-negligible interaction with some of the molecular orbitals of the permetallated cryptophane host. In fact, three of the molecular orbitals of the host had about
90% contribution from the xenon 5p orbital. The difference of the xenon chemical shift
between the spin-orbit and the scalar relativistic corrections was ca. 5 ppm. It was con-
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cluded that the large deshielding indeed arises from relativistic corrections and specific
orbital interactions. The obtained chemical shift difference between the two cages was in
good agreement with experimental results, but due to the static model, there was still
room for improvement.
In a proof of concept -type paper in 2014, Ref. [35], xenon was studied in water soluble boronic cryptophane-111 derivative host in H2 O2 solution. The reason they chose
this specific solvent is to enable chemical transformation of the cryptophane host by a
small solvent molecule. These tiny modifications were expected to strongly modify the
binding affinities and chemical shifts of xenon inside the host cavity. Both experimental
and computational methods were used, but here we focus on the computational aspects.
The authors had particular interest in the description of the nature of the interactions
which evoke the chemical shift of xenon. Geometry optimisation of the xenon-cryptophane
complex was performed at the DFT/B97-D level, and the resulting configuration of the
system was used as a stiff representation. Second-order Møller-Plesset perturbation theory (MP2) was applied to decompose the non-covalent interactions. As a result, the
dispersion term was found to contribute ca. 60% of the total attractive interactions, and
the electrostatic ca. 25%. This again emphasises the importance of the inclusion of dispersion corrections for the description of non-covalently bound systems and, in particular,
host-guest systems. In addition, as in Ref. [37], the mixing of the xenon 5p orbital with
the phenyl ring molecular orbitals was discovered. The isotropic shielding of xenon nucleus was calculated at the scalar relativistic ZORA DFT level, using the GIAO enhanced
basis set. They conclude that as the chemical transformations occur, the changes in the
electron distribution of the cryptophane molecule induces an electric field gradient at the
site of the xenon nucleus, which in turn contributes to the changes in the xenon shielding,
and therefore in the chemical shift. This effect is known as the ”shielding polarisability”.
For the first time, the components of the interaction energies could be specified. The
computed chemical shift results were in good agreement with the experimental ones (of
the same work).
In Ref. [33], in 2015, several water-soluble cryptophane derivatives were studied by
force-field MD simulations in aqueous media. Free energy perturbation methods were
applied to estimate the binding affinities of xenon with the different hosts. Distribution
of counterions (as there are in tap water) and solvent molecules was also studied. The
referenced paper investigates much of the same topics that are studied in the present
work. The different cryptophane derivatives used have association constants in the range
of 1000 − 6800 M−1 at room temperature. A cryptophane-A derivative has the highest
affinity, and is the one with CH2 COOH substituents on each of the six available tethers of
the host. The free energy perturbation theory was applied through a slowly increasing decoupling parameter in the force-field potential energy, which is responsible for converting
the xenon atom into a non-interacting particle along a series of MD simulations with an
increasing value of the decoupling parameter. To obtain realistic force-field parameters,
the cryptophane molecules were geometry optimised at the MP2 level using the 6-31+G*
basis set. Other methods were then utilised to generate the parameters based on the optimised structure. The system was solvated in water and periodic boundary conditions were
used. The size of the simulation box was (36 Å)3 and the number of solvent molecules in
each simulation was roughly 1200. The simulations were performed at constant pressure
and temperature, using the Nosé-Hoover barostat and a Langevin dynamics thermostat.
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Covalent bonds were held rigid using the SHAKE algorithm, and the actual MD simulations were conducted on NAMD2 software. The calculated values of the free energy of
binding of ca. 4 − 6 kcal/mol were in good agreement with experimental values. The
average number of water molecules inside the host cavity varied between 0.50 and 2.73,
increasing towards higher cavity volumes. This number was found to correlate with the
binding energies in a negative manner. That is, as the average number of water molecules
increases, the free energy of binding decreases. As a conclusion, it is pointed out that
explicit treatment of water molecules is often left out, which might result in overlooking
the important microscopic processes when explicit water is included. In this thesis, our
conclusion is without a doubt the same.
The binding properties of xenon in cryptophane-A and several other cryptophanes
were studied in 2017, in Ref. [34]. The treatment of non-covalent and dispersion interactions of different DFT functionals were benchmarked against spin-component-scaled
MP2/cc-pVDZ calculations. The strengths and limitations of the different methods are
pointed out, and the inclusion of dispersion corrections is once again adressed. Starting
from an X-ray crystallographic structure of cryptophane-D, the desired cryptophane cores
were built and the average conformations of the hosts were sought by force-field MD simulations. These average core structures were further optimised on DFT level of theory,
using the ωB97X-D functional along with the 6-311G(d,p) basis set. The conformational
minima of the different host substituents were sought in a separate geometry-optimisation
round, using ωB97X-D/6-31G(d). After this, the most stable configurations of the cryptophanes were optimised with the xenon atom inside the host cavities for the calculations
of the binding properties. The last round of optimisations were done on the ωB97XD functional, using the 6-311G(d,p) basis set for the light atoms and Def2-TZVP basis
set, along with effective core potentials to account for scalar relativistic effects, for the
xenon atom. A continuum water solvent model was used in the calculation of interaction
energies and chemical shift values of the xenon atom. The shielding calculations were
performed on the spin-orbit corrected ZORA DFT method with the B3LYP-D3 functional. The relativistic TZ2P basis set, together with the GIAO method, was employed.
The interaction energy of xenon inside cryptophane-A with the best DFT functional was
−16.97 kcal/mol, which is almost twice as much as the MP2 benchmark value of −8.94
kcal/mol. The obtained chemical shift in water solution of xenon in cryptophane-A was
87.71 ppm, which corresponds to a 37% change compared to the free xenon-cryptophane
resonance. The obtained results were in good agreement with experimental data. As a
remark, the B3LYP functional predicted each of the host-guest systems to be unstable
(positive complexation energy), which once more emphasises the inevitable inclusion of
dispersion corrections. As was discussed in the overview of Ref. [36], it is quite surprising how successful their calculations with B3LYP were (this is briefly commented in the
paper).
A differential measurement using a pair of pH-sensitive xenon-cryptophane biosensors was conducted in 2018, in Ref. [39]. The high sensitivity of the method relies in
the opposite manner of the evolution of xenon chemical shift in the two cryptophane
hosts with increasing (or decreasing) pH of the solvent. The two hosts were based on
the cryptophane-A core with different numbers of water solubility-enhancing CH2 COOH
units. The origin of the opposite chemical shift behaviour of xenon inside the two very
similar cryptophane hosts was investigated by relativistic DFT calculations. The compu-
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tational analysis is fairly similar to the one in Ref. [35], as the two papers are more or less
by the same authors. The DFT geometry optimisations were performed with the B97-D
functional including the D3 dispersion correction, along with the so-called finite damping
method (BJ-damping). The def2-TZVP basis set was used for the light atoms, and for
xenon, the effective core potential and the related basis set were chosen for a relativistic
treatment. The interaction energies were calculated on ZORA-DFT/PBE0-D3(BJ) level
with an all-electron relativistic TZ2P basis set. The xenon shielding response calculations were performed on ZORA-DFT/PBE0 level, using GIAO-consistent TZ2P basis set.
Similar electric field gradient analysis was employed, and the asymmetry in the gradient
tensor was found to cause the differing chemical shift behaviour of xenon in the two different cryptophane hosts. The overall results were extremely promising for accurate pH
sensing in the region 3.5 − 5.5.
A few conclusions can be drawn from the overview on the computational studies
of xenon-cryptophane host-guest complexes: If DFT is used, the dispersion corrections
should absolutely be included. In geometry optimisations, if xenon is not included, the
relativistic treatment can usually be left out. If xenon is included, particularly in the
shielding calculations, relativistic treatment is crucial. The xenon chemical shifts predicted by the spin-orbit or scalar corrections can differ by a few ppm. A flexible basis
set with gauge invariance arises as an important factor as the xenon nuclear shielding
stems from detailed orbital interactions between the molecular and atomic orbitals of the
host and the guest, respectively. The influence of substituents on the host structure on
both, the properties of the host molecule itself and the xenon guest, should always be
considered. Solvent effects and the inclusion of explicit solvent molecules, especially in
the case of water, were found to play an important role. The computationally produced
binding affinities between xenon and the cryptophane-A host (and the derivatives) ranged
between ca. −4 and −17 kcal/mol. The force-field MD simulations produced the lower
affinities, and dispersion-corrected DFT calculations the higher ones. The chemical shift
of xenon inside the cryptophane-A cavity in water solution, with respect to the shift of
free xenon in water, was reported to be ca. 88 ppm. Different host structures were found
to be capable of spanning a range of nearly 300 ppm of xenon chemical shift values.
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Models and simulations

Prior to the MD simulations, one needs an initial structure that serves as the starting
configuration of the system. It is a list of atomic coordinates. The initial structure is
usually built with a molecular editor, e.g., Avogadro [94], or a packing program, e.g.,
Packmol [95], the latter being the choice in the present work. Using some kind of packing
procedure is practically mandatory if the system of interest is studied in an explicit
solvent. Additionally, the initial structure has to be geometry-optimised to get rid of the
ill-behaved and physically impossible configurations that may arise during the generation
of the initial structure. This might happen because the packing procedures are practically
just a convenient way of distributing the molecules within a given volume without atomic
overlaps, but the atomic distances within and between molecules can still be unphysical.
Sometimes, however, after the geometry optimisation, the system is further annealed
(as briefly discussed in the MTD section) to be sure that the configuration is not unphysical, and also to save time in the equilibration period, which is the period at the beginning
of a MD simulation where the system reaches thermal equilibrium by sampling the phase
space towards energetically lower regions on the PES. Additionally, the force field in the
GFN-FF level of theory is based on the initial structure and, therefore, should not be
generated using a structure that is not physically realistic. No annealing methods were
necessary in the present project, and only a geometry optimisation at the GFN2 level of
theory was performed.
After the initial steps, the MD simulations could be started. When the equilibration period has finished, the system has relaxed to the thermally accessible region of the
phase space and a production period begins, based on which the ensemble averages and
final results are calculated. Potential energy trends, dynamical properties, and structural analysis can be used to identify when the simulated system has reached thermal
equilibrium.

5.1

Initial structures

Packmol is an open-source program that uses coordinate files of molecules (e.g., in the
xyz-format) and certain packing parameters as the input, and then assembles the initial
structure according to the desired criteria. In other words, Packmol fits the molecules
inside a given volume in a semi-random way, making sure no atoms are too close to one
another.
In this thesis, four distinct physical systems (called sites) were built:
i. Water only.
ii. Xenon atom solvated in water.
iii. Cryptophane-A solvated in water.
iv. Xenon atom inside a cryptophane-A, the whole complex solvated in water.
A schematic representation of the four simulated sites is shown in Figure 11. The number
of water molecules in each system was 500.

Molecular Dynamics of Xenon in Cryptophane-A

55

Figure 11: Schematic representation of the four distinct physical situations that were
simulated. The green circle represents the xenon atom, the red circles with white dots
the water molecules, and the hexagonal shape the cryptophane-A host. The blue area
illustrates the cluster-like model used in the simulations.
The coordinate files for water and xenon were provided by Packmol itself, and the coordinate file for cryptophane-A was obtained from open-source protein data bank (structure 3CYU) crystallographic data [96] by removing the excess atoms of a xenon biosensor
bound to a larger protein. The structure of cryptophane-A was confirmed to be correct
by visual inspection and making sure the number of atoms matches the real chemical
structure of a cryptophane-A [6, 11]. The xenon atom could then be introduced to the
cryptophane cavity with Packmol.
Clusters representing the four sites were spherical in shape. This decision originates
from the shape of the confinement potential in the xTB code used in this work, which
was described in Eq. (73). Confinement was used because currently periodic boundary
conditions (PBCs) are implemented only at the GFN0 level of theory, and the PBC simulations conducted on GFN0 turned out to be consistently unstable due to a programme
error. Water molecules from the finite systems without confinement would drift away.
In addition, the xenon atom and the cryptophane-A cage would slowly drift towards the
edges of the finite water cluster due to their hydrophobic character, unless separately
confined within the water droplet.
The number of solvent water molecules was 500, and the volumes of the spherical
clusters at 300 K were obtained by ”volume guesser” -tool of Packmol (this could have
also been done by hand). The size of the cryptophane-A cage and the xenon atom were
estimated by polarisability-volume calculations, and then by comparing their relative
size to the polarisability volume of water molecules. Cryptophane-A was found to have
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a volume of approximately 62 water molecules, and xenon of approximately 3 water
molecules. An increase in the volume at 300 K, which corresponds to the number of
water molecules that would have been displaced by the solvated xenon or cryptophane-A,
was then applied to the systems. Hence, the number of water molecules, 500, could be
kept constant in each MD simulation.
The reason why the four particular sites were chosen, and the number of water
molecules was kept constant15 , is because by a thermodynamic cycle one can estimate
the free energy difference of xenon bound to the cryptophane-A host, both solvated in
water, compared to xenon and cryptophane-A separately solvated in water. The thermodynamic cycle and the obtained results are discussed in more detail in Section 6.1.

5.1.1

Geometry optimisation

After compiling the initial structures, they had to be geometry-optimised. This was
performed on xTB at the GFN2 level of theory, using default parameters (convergence
criteria for the optimised structure). GFN2 is the most accurate of the three Hamiltonians
in xTB. As was pointed out, the geometry from which the MD simulations are initialised
should be physically realistic, so performing the geometry optimisation at a level of theory
with sufficient accuracy is more than advisable. Otherwise the system will overheat, which
increases the length of the equilibration period, or the system might even become unstable
causing a simulation crash. Another motivation to produce the geometry-optimised initial
structure at the GFN2 level was to generate as optimal force-field parameters as possible
at the GFN-FF level.

5.2
5.2.1

Simulations
Molecular dynamics simulations

The MD simulations were performed on xTB. Each of the four different sites were simulated at the three different levels of theory: GFN2, GFN0 and GFN-FF, constituting a
total of 12 MD simulations. The simulations were performed at constant temperature and
volume, using a Berendsen thermostat [97] at 300 K as the heat bath. The MD time step
was 1 fs, and the configuration of the system was stored every 0.1 ps. Each system was
properly relaxed before starting the production period. Plateau in the potential energy
of the systems and the disappearance of systematic changes in characteristic radial distribution functions (RDF) [41] were taken as indicators of reaching thermal equilibrium.
The production periods for each level of theory were 300 ps for the GFN2, 1 ns for the
GFN0 and 8.5 ns for the GFN-FF. The SHAKE algorithm for the covalent bonds with
hydrogen atoms was used in the GFN0 and GFN-FF simulations, but not in the GFN2
ones. Application of SHAKE enables longer time steps, for which it is usually used. In
the case of this paper, it was used to prevent an artefact in the simulations in which some
of the hydrogens of the water molecules were found to dissociate at the GFN0 level.
In a separate project by the author [98], the structural properties of water were studied
and compared using the three Hamiltonians of xTB. In particular, the RDFs between the
15

As a result, the energetic contribution of water molecules, excluding the interactions with the xenon
atom or the cryptophane molecule, is approximately constant in each site.
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oxygen atoms of the water molecules were calculated and compared with each other and
the existing experimental and computational data. It was discovered that the structural
description of water is quite different with the three Hamiltonians. The results improved as
the level of theory was improved, but not even GFN2 could produce quantitatively correct
values for the well-documented features of the water O-O RDF. Hence, it is reasonable
to keep in mind that these artefacts, especially in the description of hydrogen bonds, are
somewhat expected.
For the water molecules, a spherical confinement potential with a radius of 30.10 a0
(a0 is the Bohr radius) was utilised in the simulations. For xenon and cryptophane-A in
water solution, a second confinement potential with a radius of 15.05 a0 was used. The
parameters of the confinement potential were chosen to be the same across the four sites.
There is no fully operational periodic boundary condition (PBC) [41] implementation for
liquid-phase systems in xTB [47], as was already mentioned, and the simulated systems
without a confinement would slowly break apart, so a confinement potential for these
systems had to be used. In addition, as the cryptophane-A cage is not water soluble, a
smaller radius was chosen for the cage-confining potential to prevent the host from slowly
drifting out of the water cluster (which was the case when only the water molecules were
confined). The radius of 30.10 a0 for the confinement potential corresponds to a volume
occupied by the largest of the four sites at 300 K, which is the site ii., and this radius was
used in each simulation. The rest of the MD-specific parameters were taken as default.

5.2.2

Metadynamics simulations

The MTD simulations were performed at the GFN-FF level of theory. GFN-FF was
chosen because even for MTD simulations, the speed at which the xenon exchange rate
with the cryptophane host occurs is so slow in the molecular time scale, that the phasespace sampling with the semiempirical Hamiltonians of xTB would have been too timeconsuming. GFN-FF, as it is a force-field method, combined with the enhanced sampling
of MTD driven by the bias potential, enables the reproduction of the desired rare events.
Roughly a dozen of MTD simulations were performed, six of which produced a xenon
dissociation event where the xenon atom left the host cage. Suitable values of the parameters that define the strength of the bias potential are not evident, as no extensive
literature on the subject is available. Anyhow, after a few simulations with parameter
tuning, the realm of values that started to produce the rare events was reached. After producing the initial dissociation event, the parameters were not greatly altered between the
production runs. No systematic difference in the bias potential parameters between the
simulations in which the rare event occurred, and those in which it did not, was present.
Each MTD simulation was initialized from the GFN2 geometry-optimised structure of the
xenon-cryptophane complex solvated in 500 water molecules. The MD-specific parameters were chosen to be the same as in the normal MD simulations, except for one MTD
simulation in which the temperature of the system (thermostat) was set to 600 K. The
MTD-specific parameters, however, were mildly (and quite arbitrarily) varied between
the simulations. The atoms between which the RMSD of the bias potential is measured
can also be specified by the user. In our case, the RMSD was measured between the
xenon atom and either the two oxygen and carbon atoms of one of the three -O-C=C-Oethylenedioxy chains connecting the CTV bowls, or between the xenon atom and the six
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Table 1: MTD-specific parameters used in the six MTD simulations that produced the
xenon dissociation event. The parameters in the top row are the temperature T , the value
of the push-pull parameter k, the width of the bias Gaussian α, the number of reference
structures n, and the atoms chosen for the RMSD calculation. The type of dissociation
process by which the xenon atom was found to exit the cryptophane-A host is shown in
the last column (see Section 6.2).
MTD simulation

Dissociation
T (K)

k (mEh )

α (1/a0 )

n

Atomsa

process

1

300

5

2

10

Linker

i.

2

300

10

5

10

Linker

iii.

3

300

10

5

10

Linker

ii.

4

300

10

10

10

Linker

ii.

5

300

5

10

100

Benzene

i.

6

600

5

10

100

Benzene

ii.

number

a

”Benzene” refers to the six carbon atoms of one of the benzene rings of a CTV bowl, and ”Linker” to
the four atoms of one of the -O-C=C-O- ethylenedioxy bonds connecting the CTV bowls to each other.
The MTD-related parameters in the xTB code are discussed in Section 3.1.1.

carbon atoms of one of the three benzene rings of either CTV bowl.
As the main interest was in the qualitative description of the dissociation event, the
exact values of the parameters are not as important as in the MD simulations with which
the free energy of the binding event was approximated. Nevertheless, the parameters used
to push the xenon out from the cryptophane host are shown in Table 1.
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Results and discussion
Free energy of binding

The free energy of the xenon guest binding with the cryptophane-A host was approximated
by a thermodynamic cycle. In practice, this was done by direct subtraction of the total
energy averages of the different simulated sites in the correct order. The idea and order
of subtraction in the calculation is shown in the following equations, and schematically in
Figure 12:
∆EBound = hEiv i − hEiii i,

(88)

∆ENot bound = hEii i − hEi i,

(89)

∆ABinding ≈ ∆EBound − ∆ENot bound .

(90)

and

Here, the terms hEi are the total energy averages of the simulated sites (as in Figure
11), and ∆ABinding represents the free energy difference of the binding event. As the

Figure 12: Schematic representation of the idea in the approximation of the xenon
binding free energy with the cryptophane host by a thermodynamic cycle. The green
sphere represents the xenon atom, the red spheres with white dots the water molecules,
and the hexagonal shape the cryptophane-A molecule. By subtracting the total energies
of these sites in the shown order, we approximate the binding free energy of xenon in
aqueous media.
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Table 2: Averages of the total energies hEtot i and the corresponding errors δE (taken as
the SEM) for the GFN-FF, GFN0 and GFN2 levels of theory. The duration of the MD
production run is also shown. The four columns denote the four different simulated sites,
as in Figure 11.
Site

GFN-FF (8.5 ns)

hEtot i (Eh)
δE (Eh)

GFN0 (1 ps)

hEtot i (Eh)
δE (Eh)

GFN2 (300 ps)

hEtot i (Eh)
δE (Eh)

i.

ii.

iii.

iv.

-167.4472

-167.4417

-189.4632

-189.4648

0.0004

0.0004

0.0008

0.0005

-2188.934

-2192.8756

-2371.508

-2375.4664

0.001

0.0011

0.003

0.0012

-2542.215

-2546.074

-2733.508

-2737.400

0.003

0.004

0.005

0.004

simulations were performed at constant T , we use the symbol ∆A as is typical for the
Helmholtz free energy. In Table 2, the MD simulation production periods, along with the
calculated total energy averages and errors, are shown for each site and level of theory.
In general, the calculation of error margin is based on the assumption of uncorrelated
data. That is, each data point should be statistically independent of one another. In
a MD simulation, values of physical quantities of adjacent snapshots are typically very
correlated due to deterministic integration of Newtonian equations of motion. This correlation depends on the number of time steps between each snapshot. For correlated data,
one has to use some statistical method to produce uncorrelated values and a reliable error
margin.
In this work, the statistical errors were estimated by the data-halving method [99] to
produce values that are non-correlated and have reliable error margins. Standard error
of mean (SEM) was used as the error value, which for the quantity A is
v
uM
X
1u
t (A − hAi)2 .
(91)
δA =
i
M
i
Here, M is the number of data points, Ai the value of A at data point i, and hAi the
mean of A. A simulation result should always be given in the form hAi ± δA . In the
data-halving method, the average of two adjacent data points Ai and Ai+1 is calculated
for every pair of adjacent data points in the original data, thus halving the number M of
data points, after which a new error value can be calculated. This procedure is repeated,
and δA is plotted as a function of the number of data halving rounds. Eventually, after an
initial increase in the error value, a plateau is reached (provided that the amount of data
is sufficient to begin with) which corresponds to a reliable error margin. Errors for each
site at the GFN0 and GFN2 levels of theory were estimated and the absolute value of the
error for the binding free energy was calculated by adding up the errors of the individual
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Table 3: Xenon binding free energy with the cryptophane-A host in aqueous solution at
the three different levels of theory, estimated by a thermodynamic cycle.
Level of theory
GFN-FF

GFN0

GFN2

∆ABinding (kcal/mol)

−4.4

−10

−21

Absolute error (kcal/mol)

1.2a

4

9

Relative error (%)

27a

40

43

a

The GFN-FF error margins were estimated by extrapolating from the GFN0 errors (see the main
text).

sites.
For the GFN-FF level of theory, due to an programme artefact in the fluctuation of the
total energy values, which we expect to be caused by the confining potential that was used,
the error was extrapolated from the error of GFN0 by assuming a common uncorrelated
block length of values for all levels of theory, for which the statistical correlation of the
total energy values disappear. That is, a hypothetical initial error margin for the GFN0
level of theory was calculated by assuming that the error margin scales as √1N , where N
is the number of data points. The error for GFN-FF was then extrapolated from this
hypothetical initial error of GFN0 by scaling it using the number of data points that
corresponds to the GFN-FF simulations.
The results with error margins for the free energy calculations are shown in Table 3.
Each level of theory was found to reproduce the correct sign for the binding free energy,
which is negative, as xenon is expected to be energetically drawn into the cavity of the host
(see Section 4.2.1). When the level of theory (and, supposedly, accuracy) is increased, the
absolute value of the binding energy is seen to increase. A stronger binding free energy
implies a stronger affinity between the cryptophane host and the xenon guest. For GFNFF, GFN0 and GFN2, the obtained binding free energies are (−4.4 ± 1.2), (−10 ± 4) and
(−21 ± 9) kcal/mol, respectively. The value produced by the GFN-FF level of theory is in
good agreement with the existing experimental results (ca. 5.5 kcal/mol) of Refs. [19, 20,
24, 26, 29–31, 92, 93], discussed in Section 4.3.1. The semiempirical methods, GFN2 and
GFN0, yield a somewhat larger binding energy between the host and the guest. GFN0
is in good agreement with the range of dispersion-corrected DFT results and with the
benchmark MP2 result of Ref. [34]. GFN2 agrees with the energies produced by the
more elaborate functionals of the same paper. In addition, the GFN-FF binding energy
is in good agreement with the results obtained by force-field MD simulations and free
energy perturbation methods in the computational study of Ref. [33]. However, moieties
that increase the water solubility of cryptophane-A were included in Ref. [33], so the
values obtained here are not directly comparable. On the other hand, the referenced
MD simulations were performed at force field level of theory, so GFN-FF is expected to
produce roughly similar energies.
The association constant Ka of Eq. (86), and the exchange rate ω of Eq. (87), between
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the cryptophane host and the xenon guest were calculated with the obtained binding
energies. For GFN-FF, GFN0 and GFN2, the association constants through the first
equation are ca. 1.6 × 103 , 19.3 × 106 and 2.0 × 1015 M−1 , respectively. Similarly, the
exchange rates are ca. 3.8 × 109 , 2.0 × 102 and 2.4 × 10−3 s−1 . The association constant
obtained by the GFN-FF results is in best agreement with the existing values (ca. 103 −
104 M−1 ), but on the other hand, the GFN0 result produces the correct order of magnitude
for the exchange rate (ca. 102 s−1 ). These equations are, however, to be taken as very
approximate and sensitive to variations in the binding energy values due to the exponential
factor.
According to the obtained results and the referenced values, the binding free energy of
xenon with the cryptophane-A host is reproduced quite well by the GFN-FF and GFN0
MD simulations. The GFN2 level of theory is seen to overestimate the value of the
binding energy. The overly attractive results of GFN2 might be caused by several factors:
The non-covalent dispersion interaction between xenon and the host cavity is perhaps
overestimated by the GFN2 Hamiltonian. Alternatively, the strong binding energy might
be caused by the smaller cavity volume of the cryptophane-A at GFN2, as compared to
GFN0 and GFN-FF. This is seen from RDFs between the center of the cage and its carbon
atoms. However, no further analysis on the RDFs was performed, so the consideration here
should be taken only at a speculative level. In particular, the initially empty cryptophane
cage was not found to include any water molecules at the GFN2 level (see Section 6.3),
which is likely due to insufficient length of trajectory for water encapsulation, so the
total energy average of site iii. is higher than for a cage filled by water. This affects the
thermodynamic cycle calculation by decreasing the free energy of the binding, making
the host-guest interaction appear energetically more favourable than it is. Additionally,
the possibility of accumulation of errors due to the semiempirical approximations and the
lack of solubility enhancing units can be the cause.

6.2

Complexation route of xenon in cryptophane-A

One of the main goals of this thesis was to find a qualitative description of the complexation route that the xenon atom follows when it enters (association) or exits (dissociation)
the cryptophane-A host. The in-and-out exchange events, which in experimental conditions would happen between the xenon atoms bound to the host molecule and the
(hyperpolarised) bulk xenon, are out of reach for normal MD, so MTD simulations were
performed to generate one of these rare occurences. Instead of trying to reproduce the
actual binding event, which is for practical reasons difficult even in MTD simulations,
the dissociation event in which xenon exits the cryptophane-A host was simulated. The
association is assumed to happen via the same path as the dissociation.
Based on the MTD simulations, we find that the dissociation of xenon happens in two
qualitatively distinct steps:
i. The entrance of one or more water molecules that co-exist with xenon in the
cryptophane-A cavity for a few ps.
ii. The actual displacement and exit of the xenon atom from the cavity, into which one
or more water molecules are now left encapsulated.
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Figure 13: Three qualitatively distinct dissociation processes of xenon from the
cryptophane-A host. Every process is initialised by the inclusion of one or more water molecules that displace the xenon from the host cavity. For a detailed discussion on
the dissociation processes, see the main text.
We, thus, find that the water molecules play a crucial role in the dissociation event, and
this behaviour is consistent throughout the six different MTD simulations in which the
dissociation of xenon was observed. As cryptophane-A has three major entrance/exit
portals between the three ethylenedioxy linkers in its structure, as is shown in Figures 8
and 10, these were expected and, indeed, found to function as the path through which
the xenon atom and also water molecules move.
The observed dissociation processes can be roughly classified in three categories illustrated in Figure 13:
i. One water molecule enters from one of the three entrance portals of the cryptophaneA host, followed by the displacement of xenon atom through one of the portals.
ii. Two water molecules enter, each from a different portal, followed by the displacement of xenon through the last remaining portal.
iii. Two water molecules enter the host. One of them travels through it, while the other
exits through the same portal it entered. This is followed by the entrance of two
new water molecules, after which the xenon displacement occurs. In other words,
the first two water molecules ”try” to displace the xenon atom, but do not succeed.
Videos of the three different xenon dissociation processes are uploaded to the webpage of
the NMR Research Unit [100].
In each case, the water molecules were found to initialise the dissociation event and
push the xenon out, acting like a catalyst in the process. The dissociation is analogous to
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Figure 14: Top: Xenon dissociation event of type ii. from the cryptophane-A host,
followed by the dissociation of one water molecule. Bottom: Distance of the xenon atom
and (the oxygen atoms of) the water molecules from the center of the cryptophane host
against ”time” in the MTD simulation. Coexistence period of ca. 4 ps, during which the
water molecules and the xenon atom all reside in the cavity simultaneously, is highlighted
in orange, and the dashed arrows denote the gating mechanism involved. Hydrogens of
the host are not shown for clarity. From the MTD simulation number 4 (Table 1).

Figure 15: As in the Figure 14, but for a xenon dissociation event of type iii. Coexistence
period 1, of ca. 5 ps, and coexistence period 2, of ca. 2 ps, are highlighted and the gating
mechanism is pointed out. From the MTD simulation number 2 (Table 1).

Molecular Dynamics of Xenon in Cryptophane-A

65

a single displacement reaction. Schematic pathways of the processes ii. and iii. are shown
in Figures 14 and 15, along with a graph in which the distance of the xenon atom and
the water molecules from the center of the cryptophane host are plotted against the MTD
”time” (see Section 3.1) it takes for the processes to complete.
The conformation of the cryptophane cage, and in particular of the -OCH4 units,
changes prior to the exit of the xenon atom from the cavity. The gating mechanism seen
here is a combination of two processes by which an entrance portal opens up: the socalled French door and the sliding door mechanisms [101]. In the French door part (the
gray arrows in Figures 14 and 15), the two -OCH4 groups in the ends of the cryptophane
moieties rotate away from the dissociation route of xenon. In the sliding door part (the
gray dashed lines in the figures), the entire structure of the cryptophane opens up, which
is possible by stretching the linkers which connect the two CTV bowls together.
In the MTD simulation number 6 of Table 1, the one simulation carried out at 600 K,
the cryptophane was found to enter the collapsed conformation incapable of hosting guest
molecules. Hence, two water molecules were displaced from the host as a result. This
conformation, along with other conformational aspects of cryptopanes, are discussed, e.g.,
in Ref. [11].

6.3

Water exchange dynamics

All the present simulations were performed in aqueous media, as water is the most common and biologically most relevant solvent. Particularly in the case of xenon biosensors,
it is the solvent environment in which they are designed to be applied. In the MTD
simulations, the inclusion of one or more water molecules in the host cage was found to
always be associated with the xenon dissociation event, as described in Section 6.2. For
this reason, the role of water molecules was further studied based on the MD simulations
performed. In the simulations, at the GFN0 and GFN-FF levels of theory, an initially
empty cryptophane-A cage in water solution was eventually found to include one or more
water molecules throughout the simulations, and to undergo rich in-and-out exchange
dynamics with the bulk water. At the GFN2 level of theory, this behaviour could not be
reproduced as the trajectory length was insufficient for this exchange to occur. Hence, the
results in this section are completely based on the GFN0 and GFN-FF simulations. The
average number of water molecules and their residence times inside the cryptophane host
were calculated and the results were compared between the GFN0 and GFN-FF levels.
Occupation of water molecules
Distances from the center of the cryptophane-A cage to the closest oxygen atoms of the
500 solvent water molecules, based on the trajectory of the MD simulations of the site
ii., were calculated. The distances are plotted against time in Figure 16. For GFN0,
the entire simulation is shown, and for GFN-FF a period of one nanosecond is shown.
The maximum number of water molecules inside the cryptophane-A cavity was found to
be six at the GFN0 level, and four at the GFN-FF level. The distribution of different
occupation numbers of water molecules inside the cryptophane cavity, relative to the total
MD simulation time, is presented in Figure 17. An in-house Python script was used for
the calculations.
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Figure 16: Top: Distances from the center of the cryptophane-A cage to the six closest
(oxygen atoms of the) water molecules, based on the GFN0 MD simulations. The entire
trajectory of the GFN0 simulation is shown. Bottom: Distances of the four closest water
molecules, based on the GFN-FF MD simulations. The last full nanosecond of the GFNFF simulation is shown. In both graphs, only every 10th snapshot is included to reduce
the amount of plotted data.

Figure 17: Distribution of occupation numbers of water molecules residing in the
cryptophane-A cage, relative to the total simulation time, at the GFN0 and GFN-FF
levels of theory.
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At the GFN0 level, water molecules are seen to experience a very dynamic in-and-out
exchange with the cryptophane-A cage. The cavity of the cage is populated by three water
molecules almost throughout the simulation, but after ca. 700 ps, a period during which
the cage is completely empty, is also seen. At the end of the MD simulation, the average
population settles back to three. At the GFN-FF level, water molecules experience a
little less dynamic exchange with the cryptophane-A cage, as compared to the GFN0
simulations. The maximum number of water molecules is also lower. On average, 3.32
water molecules occupy the cage at the GFN0 level, whereas the occupation number is
2.25 at the GFN-FF level.
In Ref. [33], it was computationally discovered that the average number of water
molecules that occupied the different host cavities is connected to the binding free energy
of xenon. A larger cavity can encapsulate more water molecules, so cryptophanes with
increasing internal volume were found to include an increasing number of water molecules.
This leads to a lower affinity between the xenon guest and the cryptophane host. The
present results would suggest that high average occupation number of water molecules
would lead to a high affinity (the opposite of what was concluded in [33]), but in our case,
the occupation number is not related to the size of the cavity, but rather to the level of
the underlying theory.
Similar features are seen in the relative occupation number graphs, as in the distance
plots of water molecules above. At GFN0, the occupation number, starting from 0, rises
towards 3, where it peaks around the values of 3 to 5, and then drops to 6, which it never
exceeds. At GFN-FF, starting from 1, the occupation number peaks very sharply at 2, and
then drops towards 4, which it never exceeds. It appears that the simulated cryptophaneA host in aqueous media exhibits a wider range of different occupation numbers of water
molecules at the GFN0 level than GFN-FF.
We suspect that the cryptophane cage might be more flexible at the GFN0 level of
theory, as compared to the GFN-FF level. In particular, the flexibility of the ethylenedioxy
linkers and the host moeties in the context of guest association is an important factor, as
discussed in the previous subsection. On the other hand, the treatment of water is quite
different between the two levels of theory, as is pointed out in our separate project [98]
(See Section 5.2.1). Formation of so called ”water channels/bridges”, which connect the
bulk water and the bound water, is a feature of cavity-like host-guest systems in aqueous
media [102]. This might allow easier exchange of water molecules as well as a higher
occupation number. The formation of such a channel, based on Ref. [98], in the case of
GFN0 would explain the discovered results, as well as some of the features concerning
residence times of water molecules, discussed under the next paragraph.
Energetics of inclusion of water molecules
In a system in which there are two distinguishable states A and B, in the spirit of Eq. (85),
the activation (binding) energy ∆ABA between the two states can be approximated by
NB
.
(92)
NA
Here, NB and NA are the populations of the system in the two states. In a realistic
situation, however, a clear distinction between two states of a biochemical system can
∆ABA ≈ −RT ln
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Table 4: Number of water molecules NW inside the cryptophane-A cage, relative to
the total simulation time based on the MD simulations at the GFN0 level of theory.
The activation energy ∆A, approximated by Eq. (92), is also presented. The columns
show the occupation number of the cage. The first row shows the relative occupation
numbers during the total simulation time. The second and third row show the value
of the activation energy and its value normalised by the number of water molecules,
respectively.
Number of water molecules NW
0
Relative occupation (%)

1

2

3

4

5

4.47 11.86 12.31 24.43 17.19 24.55

6
5.19

∆A (kcal/mol)

0

-0.582 -0.604 -1.013 -0.803 -1.016 -0.089

∆A/NW (kcal/(mol × molecule))

0

-0.582 -0.302 -0.338 -0.201 -0.203 -0.015

Table 5: As Table 4, but based on the MD simulations at the GFN-FF level of theory.
Number of water molecules NW
1

2

3

4

2.26

71.76

24.78

1.19

∆A (kcal/mol)

0

-2.062

-1.428

0.382

∆A/NW (kcal/mol × molecule))

0

-1.031

-0.476

0.096

Relative occupation (%)

not be made. In our case, the activation energy of a water molecule binding to the
cryptophane-A host can be approximated through Eq. (92). The relative amount of time
a certain population is presented can be used directly in the calculation, as the total
number of saved configurations is same in both the numerator and the denominator of
the fraction. The reference state B of the denominator was taken to be the relative
occupation of 0 for the GFN0 and 1 for the GFN-FF level of theory. The obtained results
are shown in Tables 4 and 5, for the GFN0 and GFN-FF levels, respectively.
The values here are to be taken as qualitative due to the approximate nature of
Eq. (92), and not directly comparable between each other, as the lowest relative occupation for the GFN0 simulations was 0, and for the GFN-FF it was 1. In addition, at the
GFN0 level, the production period of 1 ns for calculations of this type is fairly limited.
Nevertheless, at the GFN0 level, the activation energy of water molecules binding
with the cryptophane-A host, between the least (NW = 0) and the most (NW = 3 and
5) frequent occupations, is ca. −1 kcal/mol. At the GFN-FF level, the activation energy
between the least (NW = 1) and the most (NW = 2) frequent water molecule occupations
is ca. −2 kcal/mol. Based on the results at the GFN0 level of theory, there is a clear
energetic advantage per water molecule up to occupation number six, where ∆A ≈ 0, after
which the introduction of additional water molecules would become disadvantageous, as
occupation number 7 was not observed. The largest energy gain happens when a single

Molecular Dynamics of Xenon in Cryptophane-A

69

water molecule enters an empty host cavity. Based on the results at the GFN-FF level,
introducing one water molecule to a singly occupied host results in the highest energy gain.
At occupation number four, the inclusion of water molecules is no more energetically
advantageous. As a remark, in the GFN-FF MD simulations, an empty cage was not
observed in the entire production period of 8.5 ns, so at the force-field level it appears
to be extremely beneficial to include the initial (and also the second) water molecule. It
can therefore be concluded that based on both levels of theory, an empty cage in aqueous
media does not remain empty, but is on average filled with one or more water molecules
so that the system could reach an energetically lower region on the FES.
Residence time of water molecules
The exchange dynamics of water molecules between the cryptophane-A host and the bulk
solution was studied by calculating the mean residence time of water molecules inside the
cavity of the host. We define a survival probability function,
P (t) =

Nw
X
i

X
1
pi (t0 , t0 + t, δt),
N −m+1 t

(93)

0

as is done in Refs. [103–105]. Here, Nw is the total number of water molecules, 500, N is
the number of saved configurations (the number of snapshots) and m is the index of the
current configuration. The first sum is carried over all water molecules of the simulation,
and the second sum over the times t0 , which correspond to the stored snapshots of the
MD trajectory. Hence, P (t) is essentially a time-correlation function of the number of
water molecules that remain in the cavity of the host after time t. The value P (0) is the
average occupation number of the host cavity.
For numerical evaluation, one has to define whether a water molecule i is considered
to be inside the host cavity or not. In Eq. (93), this is implemented through the binary
function pi , which takes a value 1 if the i:th water molecule is inside the cavity of the host
at both times t0 and t, and has not left the cavity for a time longer than δt (to allow very
brief exits). Otherwise, the value taken by p is 0.
It is immediately evident that the question of whether an atom is inside or outside of
the dynamic cryptophane cavity is not trivial. For simplicity, the cage cavity was assumed
to have a spherical shape with a constant radius, which will be referred to as the cut-off
distance. The values of the cut-off distance and the parameter δt have to be determined,
and we acknowledge that there exists no self-evident choice. To get an idea, RDFs of the
oxygen atoms of water molecules with respect to the cryptophane center were calculated
at the GFN0 and the GFN-FF level of theory to estimate the cut-off distance that defines
the edge of the cryptophane cavity and, hence, the behaviour of pi . The cut-off distance
was determined to be 3.3 Å. As a comparison, in the additional information of Ref. [33],
this cut-off distance for the water-soluble cryptophane-A derivatives was chosen to be 4.0
Å. For the δt values, the distances of the closest water molecules were inspected (as in
Figure 16), and the maximum time that a water molecule would spend outside the cavity
of radius 3.3 Å, and still return to it, was ca. 1.0 ps. Additionally, different values for δt
were tested, and with values larger than 1.0 ps, the results for P (t) did not greatly vary,
so δt was chosen to be 1.0 ps.
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Figure 18: Top: Values of the survival probability function P (t) of Eq. (93), and an
exponential fit thereto, against time. Bottom: Values of ln [P (t)], and a linear fit. In both
graphs, the results based on the GFN0 level of theory are shown in blue, and the results
based on the GFN-FF level in red.
We approximate the mean residence time τ of a water molecule inside the cryptophane
cavity through a single-exponential fit to the values of P (t):
t

P (t) ≈ P (0)e− τ .

(94)

This should be a reasonable approximation for our case, as we are interested in the
exchange of water molecules, rather than faster ”peeking” events at the perimeter of the
cryptophane cavity16 .
An in-house Python script was used for the numerical calculations of the survival
probability function of Eq. (93). The values of P (t) and ln [P (t)] for different values of t,
varying from 0 to 100 ps, based on the MD simulations at the GFN0 and the GFN-FF
levels, are shown in Figure 18. The exponential fit is also shown in the top graph of the
figure, and the natural logarithm of the values along with a linear fit is shown in the
bottom graph.
In practice, the evaluation of the mean residence time τ is done by taking the natural
logarithm of the values of P (t), and by doing a linear regression fit to the linear data of
the logarithmic values, i.e.,
t
ln P (t) = ln P (0) − .
τ
16

(95)

It is worth pointing out, that with small values of δt, we find another exchange mechanism with a
different residence time τ , which is related to the faster exchange of water molecules near the edges of
the cryptophane cavity (peeking events). This was confirmed by visual inspection of the MD simulations.
Faster exchange at the perimeter of the cavity is closely related to the existence of water channels/bridges
[102], mentioned in the main text.
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Table 6: Fitting parameters of the survival probability function P (t). Average number
P (0) of water molecules inside the cryptophane-A cage, the slope −1/τ of the linear
regression fit to the values ln [P (t)], and the mean residence time τ . The calculations
were based on the simulation results at the two different levels of theory, GFN0 and
GFN-FF.
Level of theory

P (0)

−1/τ

τ (ps)

GFN0

3.32

−0.00506 ± 0.00011

198 ± 5

GFN-FF

2.25

−0.00325 ± 0.00008

308 ± 7

The opposite inverse of the slope of the linear fit reveals the mean residence time τ . The
linear fits and the values for the mean residence of water molecules are shown in Table 6.
The mean residence time τ , based on the fitted values, of water molecules inside the
cryptophane-A cavity at the GFN0 level of theory is ca. 198 ps and, at the GFN-FF
level, ca. 308 ps. The results are consistent with the in-and-out exchange behaviour
of water molecules, as in Figure 16, and with the relative occupation numbers, Figure
17. MD simulations performed at the GFN0 level of theory show a faster exchange
of water molecules as compared to the ones at the GFN-FF level. Earlier computational
results [33] of the mean residence times of water molecules inside the various water soluble
cryptophane-A derivatives, based on force-field MD simulations, indicate a faster exchange
by about one order of magnitude than what was found here. However, the underlying
level of theory (albeit a force-field one, similarly as GFN-FF) is different from the xTB
Hamiltonians. Additionally, the cryptophane-A core studied here was not of the watersoluble type, and the additional solubility enhancing moieties are known to alter the
behaviour of the entire host-guest system.
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Conclusions

The detailed host-guest interactions of xenon biosensors are not well known, and a microscopic description is difficult experimentally. In this thesis project, we set out to study
the behaviour of a potential xenon biosensor core in aqueous media by computational
methods. The modeled system was composed of a xenon atom inside the cavity of a
cryptophane-A host. For simplicity, additional units were not included in the structure
of the cryptophane. The goal of this work was to investigate the thermodynamics of the
host-guest binding event. In particular, the binding free energy and the complexation
route of xenon were questions to be answered. Additionally, the importance of explicit
water molecules as the solvent became the third topic of interest during the project.
Molecular dynamics and metadynamics simulations were performed to study the xenoncryptophane complex in aqueous media. The simulations were performed with the new
open-source software package xTB, which has various features in it. The three different
Hamiltonians of the GFNn-xTB family were used: the semiempirical GFN2 and GFN0,
and the force-field type GFN-FF. The MD simulations were performed at the semiempirical and the force-field levels of theory, and the MTD simulations at the force-field
level.
The correct, attractive sign for the xenon association energy with the cryptophane could
be reproduced, and the values generated by the GFN0 and GFN-FF levels were in agreement with the existing experimental and computational results [19, 20, 24, 26, 29–31, 33,
34, 92, 93]. In particular, the binding energy produced by the GFN-FF MD simulations
agreed well with the earlier studies. The GFN2 simulations were found to overestimate
the binding free energy. This overly attractive interaction might arise from the dispersion
corrections of the GFN2 Hamiltonian. The observed trend was that as the level of theory was increased (the quantum-mechanical treatment of electrons was more accurate),
the absolute value of the binding free energy also increased. However, error cancellation
and the lack of the solubility-enhancing units on the structure of the cryptophane-A are
likely to play a part. Based on the MTD simulations, xenon was found to dissociate from
the cryptophane-A through one of the entrance portals in the structure of the host by
three qualitatively distinct processes, each of which was initialised by the inclusion of
one or more water molecules. The conformation of the cryptophane cage changes prior
to the xenon dissociation in a combination of the French door and sliding door gating
mechanisms. The exchange dynamics of water molecules with the cryptophane host were
studied based on the GFN0 and GFN-FF MD simulations. The results are in the same
qualitative range of values as earlier computational results of Ref. [33]. An initially empty
host does not remain empty, but is filled with water. The GFN0 level of theory produced
a richer in-and-out exchange behaviour of water molecules than the GFN-FF level.
Many of the earlier computational studies, Refs. [33–39], were performed in vacuo or
with static models. That is, they do not explicitly include the important dynamical
aspects and the solvent effects, which were modelled here. The reason was mainly due
to the lack of modern computational facilities and efficient theoretical methods. The
xTB software and the semiempirical GFNn family of Hamiltonians have opened up a
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robust way of modeling configurational and dynamical behaviour of non-covalently bound
systems. The MD trajectories produced here could, e.g., be used in a further project to
study the trajectory-averaged chemical shift values in a flexible model of xenon inside the
cryptophane-A host. Another possibility would be to use the GFN-FF level for a larger
simulation, in which the hyperpolarised bulk xenon and several host structures could be
introduced. In addition, studying the spin dynamics of the hyperpolarised xenon in the
spirit of the CEST experiment would make a very interesting topic.
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(99) Flyvbjerg, H.; Petersen, H. J. Chem. Phys. 1989, 91, 461–466.
(100) NMR Research Unit - University of Oulu http : / / cc . oulu . fi / ~nmrwww /
research/multiscale_modelling.html.
(101) Houk, K.; Nakamura, K.; Sheu, C.; Keating, A. Science 1996, 273, 627–629.
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